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In this Supplementary Material, we provide the detailed proof of Theorem 4.1, and a

more comprehensive set of Monte Carlo results.

I. Proof of Theorem 4.1

First, the result HnT (ψ̂)−HnT (ψ0)
p−→ 0 is implied by result (b) in the proof of Theorem

3.1. Next, the result Σ̂nT − ΣnT (ψ0)
p−→ 0 follows from

(a) 1
nT

∑n
i=1[ĝiĝ

′
i − E(gig′i)] = op(1), and (b) 1

nT [Υ(ψ̂)−Υ(ψ0)] = op(1).

By the expression of Υ presented in Section 4, the proof of (b) is straightforward by the MVT

and consistency of ψ̂M. We focus on the proof of (a), which follows if (i) 1
nT

∑n
i=1(ĝiĝ

′
i −

g∗i g
∗′
i )

p−→ 0, (ii)
∑n

i=1 g∗i g
∗′
i =

∑n
i=1 gig′i, and (iii) 1

nT

∑n
i=1[gig

′
i − E(gig′i)]

p−→ 0. The

proof of (i) is straightforward by MVT. We focus on the proof of (ii) and (iii).

Proof of (ii): Recall that g∗ri = g∗Πi, g
∗
Ψi, g

∗
Φi is obtained by replacing vit by z∗it in gri =

gΠi, gΨi, gΦi presented in (4.3), (4.4) and (4.6). It suffices to show that, for r = 1, . . . , 4,

ν = 1, 2, 3, and ι = 1, . . . , 5 + kφ,∑n
i=1 g

∗
κ,ig

∗′
$,i =

∑n
i=1 gκ,ig

′
$,i, for κ,$ = Πr,Ψν ,Φι.

First, assuming without loss of generality that Πit are scalars, we show that for r, ν =

1, . . . , 4,
∑n

i=1 g
∗
Πr,i

g∗Πν ,i
=

∑n
i=1 gΠr,igΠν ,i, we have by (4.3),

g∗Πr,i
=

∑T
t=1 Πr,itvit +

∑T
t=1 Πr,itb

′
i(Γ0ft0) = gΠr,i +

∑T
t=1 Πr,itb

′
i(Γ0ft0),

where b′i is the ith row of B30. Denote the vector of the diagonal elements of a matrix

diag(A) = (a11, a22, . . . , ann)′, we can write∑n
i=1 g

∗
Πr,i

g∗Πν ,i
=

∑n
i=1 gΠr,igΠν ,i +

∑n
i=1 gΠr,i[

∑T
t=1 Πν,itb

′
i(Γ0ft0)]

+
∑n

i=1 gΠν ,i[
∑T

t=1 Πr,itb
′
i(Γ0ft0)] +

∑n
i=1[

∑T
t=1 Πr,itb

′
i(Γ0ft0)][

∑T
s=1 Πν,itb

′
i(Γ0fs0)]

=
∑n

i=1(gΠr,igΠν ,i) + g′Πr
diag(DΠ,νF0Γ′0B

′
30) + g′Πν

diag(DΠ,rF0Γ′0B
′
30)

+diag(DΠ,rF0Γ′0B
′
30)

′diag(DΠ,νF0Γ′0B
′
30),
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where DΠ,r = (Πr,1,Πr,2, . . . ,Πr,T ) is a n × T matrix whose tth column corresponds to Πr,t,

the subvectors of Πr corresponding to t = 1, . . . , T . According to the expressions of Πr in

(3.2), DΠ,r can be written as DΠ,r = KrMF0, where Kr are some n× T matrices constructed

from X,W`, ` = 1, 2, 3 and ψ0. Therefore we have DΠ,rF0Γ′0B
′
30 = KrMF0F0Γ′0B

′
30 = 0n×n.

Hence the result
∑n

i=1 g
∗
Πr,i

g∗Πν ,i
=

∑n
i=1 gΠr,igΠν ,i follows.

Second, we show that
∑n

i=1 g
∗
Ψr,i

g∗Ψν ,i
=

∑n
i=1 gΨr,igΨν ,i, for r, ν = 1, 2, 3. By (4.4), the

bilinear term g∗Ψr,i
can be written as,

g∗Ψr,i
=

∑T
t=1 ξr,itvit +

∑T
t=1 ξr,itb

′
i(Γ0ft0) = gΨr,i +

∑T
t=1 ξr,itb

′
i(Γ0ft0).

So, we can write
∑n

i=1 g
∗
Ψr,i

g∗Ψν ,i
as∑n

i=1 g
∗
Ψr,i

g∗Ψν ,i
=

∑n
i=1 gΨr,igΨν ,i +

∑n
i=1 gΨr,i[

∑T
t=1 ξν,itb

′
i(Γ0ft0)]

+
∑n

i=1 gΨν ,i[
∑T

t=1 ξr,itb
′
i(Γ0ft0)] +

∑n
i=1[

∑T
t=1 ξr,itb

′
i(Γ0ft0)][

∑T
s=1 ξν,itb

′
i(Γ0fs0)]

=
∑n

i=1 gΨr,igΨν ,i + g′Ψr
diag(Dξ,νF0Γ′0B

′
30) + g′Ψν

diag(Dξ,rF0Γ′0B
′
30)

+diag(Dξ,rF0Γ′0B
′
30)

′diag(Dξ,νF0Γ′0B
′
30),

where Dξ,r is a n×T matrix whose t-th column is ξr,t = Ψr,t+y0. According to the expressions

of Ψr given in (3.2), Dξ,r can also be written as KrMF0, where Kr are some n× T matrices

constructed from y0,X,W`, ` = 1, 2, 3 and ψ0. Therefore we have DΨ,rF0Γ′0B
′
30 = 0n×n, and

the result
∑n

i=1 g
∗
Ψr,i

g∗Ψν ,i
=

∑n
i=1 gΨr,igΨν ,i follows.

Third, we show that
∑n

i=1 g
∗
Φr,i

g∗Φν ,i
=

∑n
i=1 gΦr,igΦν ,i for r = 1, . . . , 5 + kγ . By (4.6),

the quadratic term g∗Φr,i
can be written as

g∗Φr,i
=

∑T
t=1 z

∗
itϕr,it +

∑T
t=1(z

∗
itz

d
r,it − dit)

=
∑T

t=1 vitϕr,it +
∑T

t=1(vitz
d
r,it − dit) +

∑T
t=1 b

′
i(Γ0ft0)(ϕr,it + zdr,it)

= gΦr,i +
∑T

t=1 b
′
i(Γ0ft0)(ϕr,it + zdr,it) = gΦr,i +

∑T
t=1 b

′
i(Γ0ft0)ϕ∗r,it

where ϕ∗r,it = ϕr,it + zdr,it. Then, we can write∑n
i=1 g

∗
Φr,i

g∗Φν ,i
=

∑n
i=1 gΦr,igΦν ,i +

∑n
i=1[gΦr,i

∑T
s=1 b

′
i(Γ0fs0)ϕ∗ν,is]

+
∑n

i=1[gΦν ,i
∑T

t=1 b
′
i(Γ0ft0)ϕ∗r,it] +

∑n
i=1 [

∑T
t=1 b

′
i(Γ0ft0)ϕ∗r,it][

∑T
s=1 b

′
i(Γ0fs0)ϕ∗ν,is]

=
∑n

i=1 gΦr,igΦν ,i + g′Φr
diag(Dϕ,νF0Γ′0B

′
30) + g′Φν

diag(Dϕ,rF0Γ′0B
′
30)

+diag(Dϕ,rF0Γ′0B
′
30)

′diag(Dϕ,νF0Γ′0B
′
30) =

∑n
i=1 gΦr,igΦν ,i

where Dϕ,r is a n × T matrix whose tth column is ϕr,t =
∑T

s=1 Φr,tsz
∗
s . Similarly, ac-

cording to expressions of Φr in (3.2), we have Dϕ,rF0Γ′0B
′
30 = 0n×n. Therefore the result
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∑n
i=1 g

∗
Φr,i

g∗Φν ,i
=

∑n
i=1 gΦr,igΦν ,i follows.

Fourth, we examine the cross-product terms. Similarly to the early cases, we have∑n
i=1 g

∗
Πr,i

g∗Ψν ,i

=
∑n

i=1 gΠr,igΨν ,i +
∑n

i=1 gΠr,i[
∑T

t=1 ξν,itb
′
i(Γ0ft0)]

+
∑n

i=1 gΨν ,i[
∑T

t=1 Πr,itb
′
i(Γ0ft0)] +

∑n
i=1[

∑T
t=1 Πr,itb

′
i(Γ0ft0)][

∑T
s=1 ξν,itb

′
i(Γ0fs0)]

=
∑n

i=1 gΠr,igΨν ,i + g′Πr
diag(Dξ,νF0Γ′0B

′
30) + g′Ψν

diag(DΠ,rF0Γ′0B
′
30)

+diag(DΠ,rF0Γ′0B
′
30)

′diag(Dξ,νF0Γ′0B
′
30) =

∑n
i=1 gΠr,igΨν ,i.∑n

i=1 g
∗
Πr,i

g∗Φν ,i

=
∑n

i=1 gΠr,igΦν ,i +
∑n

i=1 gΠr,i[
∑T

t=1 b
′
i(Γ0ft0)ϕ∗ν,it]

+
∑n

i=1 gΦν ,i[
∑T

t=1 b
′
i(Γ0ft0)Πr,it] +

∑n
i=1[

∑T
t=1 b

′
i(Γ0ft0)Πr,it][

∑T
t=1 b

′
i(Γ0ft0)ϕ∗ν,it]

=
∑n

i=1 gΠr,igΦν ,i + g′Πr
diag(Dϕ,νF0Γ′0B

′
30) + g′Φν

diag(DΠ,rF0Γ′0B
′
30)

+diag(DΠ,rF0Γ′0B
′
30)diag(Dϕ,νF0Γ′0B

′
30) =

∑n
i=1 gΠr,igΦν ,i,∑n

i=1 g
∗
Ψr,i

g∗Φν ,i

=
∑n

i=1 gΨr,igΦν ,i +
∑n

i=1 gΨr,i[
∑T

t=1 b
′
i(Γ0ft0)ϕ∗ν,it]

+
∑n

i=1 gΦν ,i[
∑T

t=1 b
′
i(Γ0ft0)ξr,it] +

∑n
i=1[

∑T
t=1 b

′
i(Γ0ft0)ξr,it][

∑T
t=1 b

′
i(Γ0ft0)ϕ∗ν,it]

=
∑n

i=1 gΨr,igΦν ,i + g′Ψr
)diag(Dϕ,νF0Γ′0B

′
30) + g′Φν

)diag(Dξ,rF0Γ′0B
′
30)

+diag(Dξ,rF0Γ′0B
′
30)

′diag(Dϕ,νF0Γ′0B
′
30) =

∑n
i=1 gΨr,igΦν ,i.

Summarizing all the results above, we have
∑n

i=1 g∗i g
∗′
i =

∑n
i=1 gig′i.

Proof of (iii). To show 1
nT

∑n
i=1[gig

′
i − E(gig′i)]

p−→ 0, it suffices to show that

1
nT

∑n
i=1[gκ,ig

′
$,i − E(gκ,ig′$,i)], for κ,$ = Πr,Ψν ,Φι,

where r = 1, . . . , 4, ν = 1, 2, 3, and ι = 1, . . . , 5 + kφ.

First, we show 1
nT

∑n
i=1[gΠrigΠν i−E(gΠrigΠν i)]

p−→ 0. Letting vi· = (vi1, vi2, . . . , viT )′ be

the subvector of v that picks up the elements with the same i, and Πr,i· be defined similarly,

we can write

1
nT

∑n
i=1[gΠrigΠν i − E(gΠrigΠν i)] = 1

nT

∑n
i=1 Π′

r,i·(vi·v
′
i· − σ2

v0IT )Πν,i· ≡ 1
nT

∑n
i=1 Un,i

By Assumptions A and B, Un,i are independent across i. Elements of Πr, r = 1, . . . , 4 are

uniformly bounded by Assumptions C, D, E, and Lemma A.1. Then, it is straightforward to

show that
∑n

i=1 Un,i = op(1) by Chebyshev’s inequality.
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Second, we show 1
nT

∑n
i=1[gΨrigΨν i−E(gΨrigΨν i)]

p−→ 0, r, ν = 1, 2, 3. By (4.4), we have

1
nT

∑n
i=1[gΨrigΨν i − E(gΨrigΨν i)]

= 1
nT

∑n
i=1 ξ

′
r,i·(vi·v

′
i· − σ2

v0IT )ξν,i· +
σ2

v0
nT

∑n
i=1[ξ

′
r,i·ξν,i· − E(ξ′r,i·ξνi·)]

= 1
nT

∑n
i=1 U1n,i + 1

nT

∑n
i=1 U2n,i.

Let {Gn,i} be the increasing sequence of σ -fields generated by (vj1, . . . , vjT , j = 1, . . . , i), i =

1, . . . , n, n ≥ 1. Let Fn,0 be the σ -field generated by (v0,∆y0) , and define Fn,i = Fn,0⊗Gn,i.

Clearly, Fn,i−1 ⊆ Fn,i for each n ≥ 1, i.e., {Fn,i}ni=1 is an increasing sequence of σ-fields.

As ξ′r,i· is Fn,i−1 -measurable, E (U1n,i | Fn,i−1) = 0. Thus, {U1n,i,Fn,i} form a M.D. array.

Using Assumptions A, B, E, and F, it is easy to see that E
∣∣∣U1+ε

1n,i

∣∣∣ ≤ Kv < ∞, for some

ε > 0. Thus, {U1n,i} is uniformly integrable. With constant coefficients 1
nT , the other two

conditions of weak law of large numbers (WLLN) for MD array of Theorem 19.7 of Davidson

(1994, p .299) are satisfied. Thus, 1
nT

∑n
i=1 U1n,i

p−→ 0. The convergence of the second term
1
nT

∑n
i=1 U2n,i

p−→ 0 follows from Assumption F.

Third, we show 1
nT

∑n
i=1[gΦrigΦν i − E(gΦrigΦν i)]

p−→ 0, r, ν = 1, . . . , 5 + kφ, without loss

of generality we show 1
nT

∑n
i=1[g

2
Φri

−E(g2
Φri

)]
p−→ 0, for r = 1, . . . , 5 + kφ. Recall expression

(4.7), gΦ,i =
∑T

t=1 vitϕit +
∑T

t=1(vitz
d
it − dit), where {ϕit} = ϕt =

∑T
s=1

(
Φu
ts + Φ`

ts

)
z∗s , and{

zdit
}

= zdt =
∑T

s=1 Φd
tsz

∗
s , further recall that z∗t = vt +B30Γft, we can write,

gΦri =
∑T

t=1 vitϕr,it +
∑T

t=1(vitz
d
r,it − dr,it)

=
∑T

t=1 vitϕ
v
r,it +

∑T
t=1(vitv

∗
r,it − dr,it) +

∑T
t=1 vitcr,it

= v′i·ϕ
v
r,i· + v′i·v

∗
r,i· − 1′Tdr,i· + v′i·cr,i·

where {ϕvr,it} = ϕvt =
∑T

s=1

(
Φu
r,ts + Φ`

r,ts

)
vs, {v∗r,it} = v∗t =

∑T
s=1 Φd

tsvs, and {cr,it} = cr,t =∑T
s=1 Φr,tsB30Γfs. It follows that for r = 1, . . . , 5 + kγ ,

1
nT

∑n
i=1[g

2
Φri

− E(g2
Φri

)] =
∑9

k=1 Uk,

where U9 = 2
nT

∑n
i=1{(v′i·v∗r,i·)(v′i·cr,i·)− E[(v′i·v

∗
r,i·)(v

′
i·cr,i·)]},

U1 = 1
nT

∑n
i=1{(v′i·ϕvr,i·)2 − E[(v′i·ϕ

v
r,i·)

2]}, U2 = 1
nT

∑n
i=1{(v′i·v∗r,i·)2 − E[(v′i·v

∗
r,i·)

2]},

U3 = 1
nT

∑n
i=1{(v′i·cr,i·)2 − E[(v′i·cr,i·)

2]}, U4 = 2
nT

∑n
i=1(v

′
i·ϕ

v
r,i·)(v

′
i·v

∗
r,i·),

U5 = − 2
nT

∑n
i=1(v

′
i·ϕ

v
r,i·)(1

′
Tdr,i·), U6 = 2

nT

∑n
i=1(v

′
i·ϕ

v
r,i·)(v

′
i·cr,i·)

U7 = − 2
nT

∑n
i=1(v

′
i·v

∗
r,i·)(1

′
Tdr,i·), U8 = − 2

nT

∑n
i=1(v

′
i·cr,i·)(1

′
Tdr,i·).

For U1, we can write (v′i·ϕ
v
i·)

2 = (
∑T

t=1 vitϕ
v
it)

2 =
∑T

t=1(vitϕ
v
it)

2 +
∑T

t=1

∑
s 6=t vitϕ

v
itvisϕ

v
is.
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The second term can be written as
∑T

t=1 vitκit, where κit =
∑

s 6=t ϕ
v
itvisϕ

v
is. By Assumptions

A and B, κit is independent of vit. Recall that a′its is the ith row of the n × n matrix

Φu
ts + Φ`

ts, we have E(κ2
it) = σ6

v0

∑
t

∑
s a

′
itsaits, which equals the (i, i) element of matrix

A = (Φu + Φ`)(Φu + Φ`)′. By Assumption E and Lemma A.1, A is uniformly bounded in

both row and column sums with elements of uniform order O
(
h−1
n

)
. So, by Lemma A.4, we

have 1
nT

∑n
i=1

∑T
t=1 vitκit = op(1). For the first term, as vit is independent of ϕvit, we have,∑T

t=1{(vitϕvit)2 − E[(vitϕvit)
2]}

=
∑T

t=1{v2
it(φ

u
it + φ`it)

2 − E[(vitϕvit)
2]}

=
∑T

t=1{v2
it(φ

u2

it + φ`
2

it + 2φu
2

it φ
`2
it )− σ2

v0E(ϕv
2

it )}

=
∑T

t=1(v
2
it − σ2

v0)φ
u2

it +
∑T

t=1(v
2
it − σ2

v0)φ
`2
it + 2

∑T
t=1 v

2
itφ

u
itφ

`
it

+
∑T

t=1[φ
u2

it − E(φu
2

it )] +
∑T

t=1[φ
`2
it − E(φ`

2

it )]

≡ H1n,i +H2n,i + 2H3n,i +H4n,i +H5n,i,

where φuit =
∑T

s=1 a
u′
itsvs, φ

`
it =

∑T
s=1 a

`′
itsvs, and au′its, and a`′its are respectively the ith row of

Φu
ts, and Φ`

ts.

First consider H1n,i. By Assumptions A and B, we have E(H1n,i) = 0, and

E(H1n,iH1n,j) = E[φu′i· (vi·v
′
i· − σ2

v0IT )φui·][φ
u′
j· (vj·v

′
j· − σ2

v0IT )φuj·] = 0.

Therefore, {H1n,i} are uncorrelated across i with expectation 0. Moreover, by Assumptions

A and B, we have

E(H2
1n,i) =

∑T
t=1 E[(v2

it − σ2
v0)

2φu
4

it ] =
∑T

t=1{E[(v2
it − σ2

v0)
2]E(φu

4

it )}

= (µ(4)
v0 − σ2

v0)
∑T

t=1 E[(
∑T

s=1 a
u′
itsvs)

4]

= (µ(4)
v0 − σ2

v0)
∑T

t=1 E[
∑T

p=1

∑T
q=1(a

u′
itpvp)

2(au′itqvq)
2 +

∑T
s=1(a

u′
itsvs)

4]

= (µ(4)
v0 − σ2

v0)
∑T

t=1{σ4
v0(

∑T
p=1 a

u′
itpa

u
itp)(

∑T
q=1 a

u′
itqa

u
itq) +

∑T
s=1 E[(au′itsvs)

4]}

= (µ(4)
v0 − σ2

v0)
∑T

t=1{σ4
v0(

∑T
p=1 a

u′
itpa

u
itp)

2 +
∑T

s=1[σ
4
v0(a

u′
itsa

u
its)

2 + µ
(4)
v0 (

∑n
j=1 a

u4

its,j)]}

= (µ(4)
v0 − σ2

v0)σ
4
v0

∑T
t=1(

∑T
s=1 a

u′
itsa

u
its)

2 + (µ(4)
v0 − σ2

v0)σ
4
v0

∑T
t=1

∑T
s=1(a

u′
itsa

u
its)

2

+(µ(4)
v0 − σ2

v0)µ
(4)
v0

∑T
t=1

∑T
s=1(

∑n
j=1 a

u4

its,j),

where auits,j is the jth element of auits,j , which is, by Assumption E and Lemma A.1 uniformly

bounded. au′itsa
u
its is the (i, i) element of Φu

tsΦ
u′
ts, which is, by Assumption E and Lemma

A.1, uniformly bounded. So, as T is fixed and small, we have
∑T

t=1(
∑T

s=1 a
u′
itsa

u
its)

2 ≤

C < ∞,
∑T

t=1

∑T
s=1(a

u′
itsa

u
its)

2 ≤ C < ∞, and
∑n

j=1 a
u4

its,j ≤ maxj |a2
its,j |

∑n
j=1 a

u2

its,j =

maxj |a2
its,j |(au′itsauits) ≤ C < ∞. Thus, we have E(H2

1n,i) ≤ C < ∞. Therefore, by the
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WLLN we have 1
nT

∑n
i=1H1n,i = op(1).

Next, we consider H2n,i =
∑T

t=1(v
2
it − σ2

v0)φ
`2
it . As φ`it =

∑
s a

`′vs is Gn,i−1-measurable,

we have E(H2n,i|Gn,i−1) = 0. Thus {H2n,i,Gn,i} form a M.D. array. Similar as H1n,i, we can

show that E(H2
2n,i) ≤ C < ∞. With constant coefficients 1

nT , the other two conditions of

WLLN for MD array of Theorem 19.7 of Davidson (1994, p .299) are satisfied. So, we have
1
nT

∑n
i=1

∑T
t=1H2n,i = op(1).

For H3n,i, we can write H3n,i =
∑T

t=1 v
2
it(

∑T
p=1 a

u′
itpvp)(

∑T
s=1 a

`′
itsvs) =

∑T
s=1 v

′
sκis, where

κis =
∑T

t=1

∑T
p=1 a

`
itsa

u′
itpvpv

2
it. So we can write 1

nT

∑n
i=1H3n,i =

∑T
t=1 v

′
t(

∑n
i=1 κit), which is

a bilinear form. By Assumptions A, B, E and Lemma A.1, we can verify the conditions of

Lemma A.4 (vi) holds. Therefore we have 1
nT

∑n
i=1H3n,i = op(1).

Finally, the proof for convergence of H4n,i and H5n,i are the same. So, we only show the

proof for H4n,i. Write,

1
nT

∑n
i=1H4n,i = 1

nT

∑n
i=1

∑T
t=1(

∑T
p=1 a

u′
itpvp)(

∑T
q=1 a

u′
itqvq)

= 1
nT

∑T
t=1

∑T
p=1

∑T
q=1 v

′
p

∑n
i=1(a

u
itpa

u′
itq)vq

= 1
nT

∑T
t=1

∑T
p=1

∑T
q=1 v

′
pΦ

u′
tpΦ

u
tqvq = 1

nT v′Φu′Φuv

By Lemma A.1 and Assumption E, Φu′Φu is uniformly bounded in either row or column sums.

Thus, the result 1
nT

∑n
i=1H4n,i = op(1), and 1

nT

∑n
i=1H5n,i = op(1) follow from Lemma A.4.

Combining the results above, we have U1 = op(1)

Ur, r = 2, 3, 7, 8, 9 are the means of n independent terms, therefore their convergence can

be shown using WLLN similarly as in the proof of 1
nT

∑n
i=1H1n,i = op(1) in U1.

The proof of convergence of Ur, r = 4, 5, 6 are similar. Here we present the proof for U4.

We can write

U4 = 2
nT

∑n
i=1(v

′
i·ϕ

v
i·)(v

′
i·v

∗
i·) = 2

nT

∑n
i=1[v

′
i·(φ

u
i· + φ`i·)](v

′
i·v

∗
i·)

= 2
nT

∑n
i=1(v

′
i·φ

u
i·)(v

′
i·v

∗
i·) + 2

nT

∑n
i=1(v

′
i·φ

`
i·)(v

′
i·v

∗
i·)

= 2
nT

∑n
i=1 φ

u′
i· (vi·v

′
i·v

∗
i· − µ

(3)
v0 di·) + 2

nT

∑n
i=1 φ

`′
i·(vi·v

′
i·v

∗
i· − µ

(3)
v0 di·) + 2µ

(3)
v0
nT

∑n
i=1 ϕ

v′
i· di·.

The first term is the mean of n uncorrelated terms, its convergence can be shown using WLLN

similarly as in the proof of 1
nT

∑n
i=1H1n,i = op(1) in U1. The second term is the mean of a

M.D. array , its convergence can be shown using WLLN for MD array similarly as in the proof

of 1
nT

∑n
i=1H2n,i = op(1) in U1. The convergence of the third term can be shown similarly as

in the proof of 1
nT

∑n
i=1H4n,i = op(1) in U1.

Subsequently, the cross-product terms: 1
nT

∑n
i=1[gΠigΦi − E(gΠigΦi)], 1

nT

∑n
i=1[gΠigΨi −

6



E(gΠigΨi)] and 1
nT

∑n
i=1[gΨigΦi −E(gΨigΦi)] can all be decomposed in a similar manner, and

the convergence of each of the decomposed terms can be proved in a similar way. These

complete the proof of Theorem 4.1.

II. Additional Monte Carlo Results

In this section, we provide an extended set of Monte Carlo results including those unre-

ported but involved in the discussions in the main text. Tables I-VI extends Tables 1-6 in the

main text by including the estimated robust standard errors (r̂se) for the BC-CQMLE. Table

I-a to Table VI-a contain estimated robust and no-robust standard errors for the M-estimator.
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Table I. Empirical Mean(sd)[r̂se] of BC-CQMLE and M-Estimator: DGP1, T = 3, m = 10
W1 = W2 = W3: Rook Contiguity, r0 = 1, r = 1

Normal Error Normal Mixture Chi-Square

ψ BC-CQMLE M-Est BC-CQMLE M-Est BC-CQMLE M-Est

n = 50

1 .9746(.103)[.075] .9982(.100)[.100] .9770(.103)[.073] .9998(.100)[.098] .9736(.104)[.075] .9955(.104)[.098]

1 .9744(.106)[.078] .9925(.103)[.099] .9691(.110)[.077] .9890(.107)[.099] .9782(.112)[.077] .9965(.109)[.099]

1 .5801(.088)[ − ] .9007(.141)[.132] .5674(.167)[[ − ] .8832(.212)[.202] .5752(.123)[ − ] .8930(.200)[.177]

.3 .2427(.072)[.047] .2959(.062)[.062] .2407(.083)[.045] .2930(.068)[.065] .2435(.073)[.046] .2953(.060)[.061]

.2 .1766(.141)[.099] .1929(.129)[.124] .1741(.136)[.097] .1936(.121)[.127] .1720(.133)[.098] .1904(.125)[.120]

.2 .2219(.076)[.057] .2028(.079)[.077] .2224(.075)[.057] .2062(.077)[.078] .2210(.078)[.057] .2032(.078)[.080]

.2 .1881(.200)[.135] .1931(.195)[.181] .1835(.195)[.135] .1869(.187)[.187] .1896(.191)[.135] .1892(.190)[.180]

n = 100

1 .9994(.076)[.057] .9988(.075)[.073] 1.0005(.078)[.056] 1.0006(.078)[.072] 1.0009(.080)[.057] 1.0012(.078)[.074]

1 .9929(.073)[.058] .9984(.072)[.072] .9892(.075)[.057] .9960(.073)[.072] .9934(.076)[.058] .9993(.075)[.073]

1 .6306(.065)[ − ] .9497(.099)[.095] .6196(.134)[ − ] .9341(.204)[.185] .6300(.098)[ − ] .9493(.150)[.141]

.3 .3117(.058)[.030] .2996(.046)[.047] .3146(.064)[.030] .2990(.050)[.051] .3137(.062)[.030] .3016(.049)[.050]

.2 .1956(.092)[.072] .1936(.091)[.091] .2062(.085)[.070] .2023(.084)[.087] .1960(.093)[.072] .1947(.092)[.089]

.2 .1869(.079)[.056] .1989(.073)[.073] .1829(.081)[.055] .1959(.075)[.076] .1877(.079)[.055] .1994(.074)[.074]

.2 .1921(.133)[.101] .1971(.133)[.132] .1799(.127)[.101] .1899(.127)[.130] .1939(.134)[.101] .1983(.133)[.130]

n = 200

1 .9851(.051)[.041] 1.0003(.053)[.052] .9852(.052)[.040] 1.0002(.054)[.052] .9811(.051)[.041] .9963(.053)[.051]

1 .9792(.051)[.040] .9997(.052)[.051] .9798(.053)[.040] .9995(.054)[.051] .9812(.054)[.040] 1.0014(.054)[.051]

1 .6252(.046)[ − ] .9756(.075)[.072] .6210(.092)[ − ] .9688(.143)[.140] .6262(.072)[ − ] .9773(.119)[.107]

.3 .2571(.031)[.024] .3003(.034)[.033] .2583(.034)[.024] .3002(.036)[.036] .2577(.033)[.024] .3009(.037)[.035]

.2 .1874(.065)[.054] .1974(.065)[.064] .1903(.067)[.053] .2000(.064)[.064] .1937(.065)[.054] .2012(.064)[.064]

.2 .2007(.048)[.037] .1996(.052)[.050] .1995(.047)[.037] .1983(.050)[.050] .1990(.049)[.037] .1997(.052)[.050]

.2 .1993(.091)[.074] .1980(.090)[.089] .1980(.091)[.073] .1976(.090)[.089] .1960(.088)[.074] .1960(.087)[.089]

n = 400

1 .9951(.036)[.029] .9985(.036)[.036] .9964(.036)[.029] .9997(.036)[.035] .9971(.036)[.029] .9999(.036)[.036]

1 .9861(.037)[.029] 1.0005(.037)[.036] .9858(.038)[.029] 1.0000(.037)[.036] .9837(.037)[.029] .9980(.036)[.037]

1 .6425(.032)[ − ] .9899(.050)[.051] .6367(.068)[ − ] .9891(.105)[.105] .6424(.051)[ − ] .9880(.081)[.078]

.3 .2593(.027)[.018] .2999(.023)[.023] .2595(.031)[.018] .3001(.027)[.027] .2595(.029)[.018] .3000(.025)[.024]

.2 .1993(.048)[.040] .1994(.048)[.048] .1985(.049)[.040] .1999(.048)[.047] .2008(.049)[.040] .2002(.048)[.048]

.2 .2057(.030)[.024] .2001(.031)[.031] .2046(.030)[.023] .1998(.032)[.032] .2041(.030)[.024] .1999(.031)[.032]

.2 .1954(.065)[.054] .1995(.066)[.066] .1994(.068)[.054] .2035(.066)[.066] .1915(.066)[.054] .1982(.066)[.066]

Note: 1. ψ = (β′, σ2
v , ρ, λ

′)′; 2. r0 = true number of factor, r = assumed number of factor.
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Table I-a. Empirical sd and average of estimated standard errors of M-Estimator

Parameter configurations as in Table I.

Normal Error Normal Mixture Chi-Square

ψ sd crse bse ese sd crse bse ese sd crse bse ese
n = 50

1 .100 .100 .098 .112 .100 .098 .095 .125 .104 .098 .097 .117

1 .103 .099 .098 .113 .107 .099 .097 .127 .109 .099 .098 .117

1 .141 .132 .133 .157 .272 .222 .131 .122 .200 .177 .132 .132

.3 .062 .062 .059 .067 .068 .065 .058 .075 .060 .061 .058 .072

.2 .129 .122 .118 .135 .121 .127 .116 .152 .126 .120 .117 .142

.2 .079 .077 .074 .084 .077 .078 .073 .095 .078 .080 .074 .087

.2 .195 .181 .170 .182 .187 .187 .170 .200 .190 .180 .170 .191

n = 100

1 .075 .073 .072 .077 .078 .072 .071 .084 .078 .074 .072 .080

1 .072 .072 .072 .076 .073 .072 .071 .085 .075 .073 .072 .080

1 .099 .095 .097 .106 .204 .185 .095 .069 .150 .141 .097 .085

.3 .046 .047 .042 .043 .050 .051 .041 .047 .049 .050 .042 .044

.2 .091 .091 .089 .095 .084 .087 .087 .105 .094 .089 .088 .100

.2 .073 .073 .070 .074 .075 .076 .069 .082 .074 .074 .070 .079

.2 .133 .132 .127 .131 .127 .130 .126 .143 .133 .130 .126 .136

n = 200

1 .053 .052 .051 .053 .054 .052 .051 .056 .053 .051 .051 .055

1 .052 .051 .051 .053 .054 .051 .051 .056 .054 .051 .051 .055

1 .075 .072 .073 .076 .149 .140 .072 .048 .119 .107 .073 .057

.3 .034 .033 .033 .034 .038 .036 .033 .035 .037 .035 .033 .034

.2 .065 .064 .064 .066 .067 .064 .063 .070 .064 .064 .064 .068

.2 .052 .050 .050 .051 .050 .050 .049 .055 .052 .050 .050 .053

.2 .092 .089 .088 .090 .090 .089 .088 .095 .087 .089 .088 .093

n = 400

1 .036 .036 .036 .036 .036 .035 .035 .038 .036 .036 .036 .037

1 .037 .036 .036 .037 .037 .036 .036 .038 .036 .037 .036 .038

1 .050 .051 .051 .052 .108 .105 .050 .028 .081 .078 .051 .036

.3 .023 .022 .022 .023 .027 .026 .022 .022 .025 .024 .022 .022

.2 .048 .048 .047 .048 .048 .047 .047 .050 .048 .047 .047 .049

.2 .031 .032 .032 .032 .032 .032 .032 .033 .031 .032 .032 .033

.2 .066 .066 .065 .066 .066 .066 .065 .068 .066 .066 .065 .067
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Table II. Empirical Mean(sd)[r̂se] of BC-CQMLE and M-Estimator: DGP1, T = 3, m = 10
W1 = W2: Group Interaction; W3: Queen Contiguity, r0 = 1, r = 1

Normal Error Normal Mixture Chi-Square

ψ BC-CQMLE M-Est BC-CQMLE M-Est BC-CQMLE M-Est

n = 50

1 .9637(.109)[.088] .9988(.116)[.116] .9624(.108)[.087] .9971(.116)[.112] .9599(.112)[.088] .9934(.119)[.112]

1 .9811(.109)[.084] 1.0012(.109)[.107] .9753(.108)[.083] .9973(.109)[.102] .9745(.111)[.084] .9964(.111)[.104]

1 .6111(.096)[ − ] .9072(.144)[.137] .6096(.179)[ − ] .9064(.237)[.232] .6114(.135)[ − ] .9134(.201)[.185]

.3 .2601(.064)[.049] .3011(.070)[.069] .2590(.067)[.049] .3005(.072)[.069] .2555(.065)[.049] .2977(.071)[.068]

.2 .1403(.135)[.082] .1716(.126)[.132] .1366(.137)[.082] .1768(.130)[.119] .1360(.136)[.082] .1685(.121)[.118]

.2 .2141(.099)[.069] .2062(.092)[.093] .2093(.099)[.069] .2004(.091)[.086] .2100(.101)[.070] .2028(.091)[.087]

.2 .1477(.162)[.130] .1908(.178)[.188] .1547(.155)[.130] .1797(.187)[.180] .1451(.154)[.130] .1849(.174)[.179]

n = 100

1 .9691(.079)[.061] .9987(.081)[.079] .9729(.080)[.060] 1.0017(.085)[.081] .9674(.079)[.060] .9956(.083)[.080]

1 .9577(.083)[.063] .9973(.080)[.079] .9594(.087)[.063] .9966(.082)[.079] .9601(.083)[.063] .9995(.080)[.079]

1 .6444(.068)[ − ] .9554(.104)[.099] .6406(.135)[ − ] .9497(.209)[.181] .6447(.100)[ − ] .9557(.1545)[.141]

.3 .2638(.050)[.035] .3005(.053)[.052] .2637(.059)[.034] .2993(.061)[.060] .2648(.055)[.035] .3010(.059)[.058]

.2 .0689(.084)[.075] .1881(.089)[.086] .0686(.085)[.075] .1867(.090)[.085] .0687(.089)[.075] .1816(.085)[.086]

.2 .3473(.086)[.066] .2174(.083)[.080] .3447(.085)[.066] .2190(.089)[.082] .3403(.086)[.066] .2110(.085)[.082]

.2 .2132(.117)[.091] .1917(.127)[.125] .2093(.122)[.091] .1845(.125)[.124] .2212(.110)[.091] .1887(.123)[.124]

n = 200

1 .9918(.042)[.035] .9988(.041)[.042] .9909(.044)[.035] .9980(.043)[.043] .9933(.043)[.035] 1.0002(.043)[.042]

1 .9935(.052)[.041] .9979(.050)[.049] .9957(.050)[.041] .9999(.049)[.049] .9939(.050)[.041] .9989(.049)[.049]

1 .6683(.048)[ − ] .9744(.071)[.069] .6708(.097)[ − ] .9779(.136)[.134] .6694(.075)[ − ] .9780(.103)[.100]

.3 .3105(.031)[.020] .3001(.028)[.028] .3118(.044)[.020] .3004(.039)[.037] .3096(.036)[.020] .2992(.032)[.032]

.2 .0408(.037)[.059] .1894(.063)[.062] .0392(.039)[.059] .1894(.065)[.062] .0414(.035)[.059] .1894(.061)[.062]

.2 .3381(.031)[.051] .2095(.056)[.056] .3378(.032)[.051] .2082(.059)[.057] .3367(.032)[.051] .2115(.057)[.057]

.2 .2178(.096)[.065] .1948(.085)[.085] .2194(.096)[.065] .1898(.087)[.085] .2161(.092)[.065] .1927(.086)[.085]

n = 400

1 .9561(.036)[.027] 1.0005(.036)[.036] .9607(.036)[.027] .9997(.036)[.036] .9558(.036)[.027] .9989(.036)[.036]

1 .9481(.041)[.029] 1.0001(.037)[.036] .9508(.046)[.029] .9991(.037)[.036] .9467(.043)[.029] .9997(.037)[.036]

1 .6382(.033)[ − ] .9866(.051)[.050] .6315(.066)[ − ] .9797(.110)[.109] .6375(.049)[ − ] .9898(.083)[.082]

.3 .1532(.047)[.015] .2999(.023)[.023] .1618(.064)[.015] .3001(.028)[.027] .1527(.054)[.014] .2995(.025)[.024]

.2 .1161(.048)[.048] .2004(.057)[.056] .1181(.048)[.047] .1981(.054)[.055] .1126(.047)[.048] .1979(.057)[.056]

.2 .2611(.063)[.040] .2001(.043)[.043] .2664(.060)[.039] .2008(.045)[.045] .2551(.060)[.039] .2007(.046)[.046]

.2 .1880(.083)[.047] .1997(.060)[.059] .1968(.078)[.047] .1989(.058)[.059] .1843(.083)[.048] .1977(.060)[.059]

Note: 1. ψ = (β′, σ2
v , ρ, λ

′)′; 2. r0 = true number of factor, r = assumed number of factor.
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Table II-a. Empirical sd and average of estimated standard errors of M-Estimator

Parameter configurations as in Table II.

Normal Error Normal Mixture Chi-Square

ψ sd crse bse ese sd crse bse ese sd crse bse ese
n = 50

1 .116 .116 .110 .124 .116 .112 .109 .139 .119 .112 .110 .131

1 .109 .107 .103 .117 .109 .102 .102 .133 .111 .104 .103 .125

1 .144 .137 .136 .161 .277 .232 .136 .126 .211 .183 .137 .136

.3 .070 .069 .065 .075 .074 .069 .065 .083 .071 .068 .066 .079

.2 .126 .132 .111 .119 .130 .119 .109 .128 .124 .117 .111 .125

.2 .092 .093 .084 .095 .091 .086 .084 .108 .093 .087 .085 .102

.2 .178 .188 .168 .171 .187 .180 .169 .180 .174 .179 .168 .176

n = 100

1 .083 .079 .078 .082 .085 .081 .077 .089 .083 .080 .077 .086

1 .080 .079 .078 .082 .083 .079 .077 .089 .080 .079 .078 .085

1 .104 .099 .100 .108 .209 .181 .099 .073 .155 .141 .100 .084

.3 .053 .052 .049 .050 .061 .060 .048 .051 .059 .058 .048 .050

.2 .089 .086 .085 .088 .090 .085 .084 .094 .085 .086 .084 .091

.2 .085 .080 .078 .083 .089 .082 .077 .088 .085 .082 .078 .085

.2 .127 .125 .119 .120 .125 .124 .120 .126 .123 .124 .119 .123

n = 200

1 .041 .042 .042 .044 .043 .043 .042 .046 .043 .042 .042 .045

1 .051 .049 .049 .051 .049 .049 .049 .055 .049 .049 .049 .053

1 .071 .069 .069 .073 .142 .134 .070 .043 .110 .100 .070 .059

.3 .028 .028 .025 .025 .039 .037 .025 .022 .032 .032 .025 .023

.2 .063 .062 .062 .063 .065 .062 .062 .066 .061 .062 .062 .065

.2 .056 .056 .055 .056 .059 .057 .055 .058 .057 .057 .055 .057

.2 .085 .085 .083 .084 .087 .085 .084 .087 .086 .085 .083 .085

n = 400

1 .036 .036 .036 .036 .036 .036 .035 .038 .037 .036 .036 .037

1 .037 .036 .036 .037 .040 .036 .036 .038 .037 .036 .036 .037

1 .052 .050 .050 .051 .113 .109 .050 .027 .084 .082 .050 .036

.3 .023 .023 .022 .022 .033 .026 .023 .023 .026 .024 .023 .023

.2 .057 .056 .056 .056 .053 .055 .055 .059 .058 .056 .056 .058

.2 .043 .045 .044 .044 .045 .046 .044 .046 .046 .046 .044 .046

.2 .060 .059 .059 .059 .058 .059 .058 .060 .060 .059 .059 .059
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Table III. Empirical Mean(sd)[r̂se] of BC-CQMLE and M-Estimator: DGP1, T = 3, m = 10
W1 = W2 = W3: Rook Contiguity, r0 = 2, r = 2

Normal Error Normal Mixture Chi-Square

ψ BC-CQMLE M-Est BC-CQMLE M-Est BC-CQMLE M-Est

n = 50

1 .7616(.106)[.064] 1.0212(.200)[.165] .7876(.132)[.062] 1.0404(.208)[.167] .7760(.122)[.063] 1.0350(.205)[.155]

1 .6464(.141)[.072] .9876(.172)[.159] .6812(.173)[.070] .9923(.178)[.160] .6705(.145)[.072] .9965(.177)[.155]

1 .2120(.046)[ − ] .7848(.176)[.170] .2017(.061)[ − ] .7028(.184)[.177] .2104(.052)[ − ] .7481(.189)[.179]

.3 -.1793(.108)[.045] .2698(.110)[.098] -.1395(.170)[.043] .2616(.115)[.110] -.1591(.132)[.045] .2520(.119)[.113]

.2 .2638(.177)[.090] .1941(.190)[.188] .2488(.168)[.088] .1931(.198)[.190] .2487(.164)[.091] .1898(.197)[.190]

.2 .2348(.151)[.085] .2133(.143)[.142] .2282(.147)[.079] .2266(.143)[.140] .2174(.154)[.083] .2166(.147)[.141]

.2 .0139(.272)[.133] .1574(.329)[.303] .0476(.263)[.131] .1521(.310)[.294] .0374(.266)[.134] .1706(.311)[.297]

n = 100

1 .7475(.135)[.066] .9699(.141)[.144] .7750(.149)[.063] .9817(.142)[.142] .7556(.143)[.065] .9759(.144)[.147]

1 .7796(.104)[.051] .9863(.105)[.109] .7989(.119)[.050] .9729(.106)[.109] .7881(.109)[.051] .9724(.110)[.114]

1 .2053(.031)[ − ] .8981(.115)[.121] .1968(.041)[ − ] .9023(.149)[.146] .2024(.036)[ − ] .7435(.133)[.136]

.3 -.0547(.123)[.043] .2906(.097)[.093] -.0094(.169)[.040] .2991(.101)[.092] -.0454(.137)[.042] .2837(.100)[.102]

.2 .1294(.254)[.095] .1964(.160)[.163] .1234(.241)[.089] .1950(.163)[.166] .1123(.237)[.094] .1833(.164)[.167]

.2 .1771(.208)[.075] .2011(.098)[.095] .1797(.194)[.069] .2024(.114)[.110] .1675(.199)[.073] .1987(.114)[.117]

.2 .1992(.302)[.109] .1902(.202)[.201] .2117(.288)[.105] .1845(.204)[.207] .2263(.287)[.108] .1951(.212)[.215]

n = 200

1 .9759(.176)[.037] 1.0102(.087)[.087] 1.0022(.167)[.036] 1.0021(.088)[.087] .9866(.168)[.037] 1.0014(.089)[.088]

1 .9668(.137)[.039] 1.0071(.071)[.072] .9769(.123)[.038] 1.0055(.070)[.072] .9739(.131)[.038] 1.0087(.074)[.075]

1 .2973(.029)[ − ] .9489(.083)[.087] .2837(.046)[ − ] .9640(.096)[.099] .2920(.036)[ − ] .9348(.103)[.104]

.3 .2091(.192)[.022] .3011(.050)[.048] .2346(.181)[.021] .3061(.051)[.049] .2251(.184)[.022] .3175051(.051)[.049]

.2 .1786(.103)[.052] .1982(.083)[.084] .1808(.094)[.050] .1983(.084)[.084] .1754(.106)[.051] .1981(.090)[.091]

.2 .1900(.063)[.034] .1993(.060)[.059] .1858(.063)[.033] .1994(.061)[.062] .1843(.068)[.033] .1982(.067)[.069]

.2 .1933(.139)[.073] .1994(.125)[.123] .1839(.126)[.072] .1980(.127)[.129] .1926(.138)[.073] .1978(.131)[.147]

n = 400

1 .9289(.047)[.019] .9996(.028)[.028] .9290(.048)[.018] .9989(.031)[.031] .9301(.048)[.018] .9984(.029)[.030]

1 .8905(.091)[.029] .9963(.049)[.050] .8978(.089)[.029] .9983(.051)[.051] .8925(.089)[.029] .9865(.048)[.049]

1 .3138(.022)[ − ] .9893(.071)[.071] .3073(.034)[ − ] .9888(.084)[.085] .3095(.027)[ − ] .9833(.083)[.083]

.3 .1682(.180)[.020] .2996(.030)[.030] .1970(.185)[.019] .2988(.031)[.032] .1807(.182)[.019] .2983(.034)[.034]

.2 .1662(.043)[.026] .1994(.031)[.031] .1680(.046)[.025] .1960(.032)[.033] .1662(.044)[.026] .1973(.032)[.033]

.2 .2073(.032)[.018] .2003(.026)[.028] .1999(.035)[.018] .1970(.028)[.029] .2041(.032)[.018] .2000(.027)[.028]

.2 .1910(.078)[.045] .1996(.074)[.075] .1982(.076)[.045] .1961(.075)[.076] .1930(.078)[.045] .1962(.076)[.076]

Note: 1. ψ = (β′, σ2
v , ρ, λ

′)′; 2. r0 = true number of factor, r = assumed number of factor.
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Table III-a. Empirical sd and average of estimated standard errors of M-Estimator

Parameter configurations as in Table III.

Normal Error Normal Mixture Chi-Square

ψ sd crse bse ese sd crse bse ese sd crse bse ese
n = 50

1 .206 .129 .144 .155 .218 .119 .148 .147 .205 .127 .148 .155

1 .188 .138 .155 .158 .178 .132 .162 .158 .177 .135 .160 .155

1 .176 .164 .200 .170 .284 .152 .171 .207 .227 .159 .189 .189

.3 .130 .068 .074 .087 .115 .064 .076 .093 .119 .066 .076 .083

.2 .216 .162 .182 .198 .202 .144 .180 .169 .197 .157 .187 .190

.2 .153 .112 .120 .143 .143 .103 .123 .130 .147 .108 .121 .140

.2 .329 .238 .243 .303 .310 .232 .251 .294 .311 .236 .250 .297

n = 100

1 .144 .120 .122 .146 .142 .110 .119 .142 .144 .115 .121 .147

1 .116 .100 .104 .118 .106 .094 .104 .113 .113 .097 .104 .120

1 .115 .127 .139 .137 .159 .111 .108 .149 .133 .121 .127 .156

.3 .097 .071 .071 .088 .101 .062 .066 .082 .100 .068 .069 .102

.2 .183 .145 .149 .178 .163 .132 .147 .166 .174 .138 .148 .168

.2 .151 .115 .114 .145 .136 .099 .109 .124 .144 .108 .112 .149

.2 .214 .185 .186 .222 .204 .180 .191 .217 .212 .182 .188 .215

n = 200

1 .097 .067 .066 .087 .088 .064 .068 .087 .089 .066 .068 .088

1 .081 .070 .071 .081 .070 .067 .074 .077 .074 .069 .072 .080

1 .083 .094 .100 .095 .146 .088 .069 .143 .115 .092 .085 .117

.3 .049 .038 .037 .048 .055 .035 .037 .046 .054 .037 .038 .049

.2 .089 .081 .081 .098 .084 .078 .085 .094 .091 .081 .086 .099

.2 .060 .056 .056 .067 .061 .054 .057 .066 .067 .056 .057 .069

.2 .139 .123 .122 .148 .127 .122 .128 .144 .135 .123 .126 .147

n = 400

1 .028 .027 .026 .031 .031 .027 .027 .034 .029 .027 .027 .032

1 .049 .049 .050 .052 .051 .049 .051 .054 .048 .049 .050 .053

1 .071 .069 .072 .071 .114 .069 .048 .110 .089 .069 .061 .088

.3 .052 .033 .024 .058 .062 .031 .023 .069 .057 .032 .023 .064

.2 .031 .031 .032 .033 .032 .032 .034 .033 .032 .031 .034 .033

.2 .026 .026 .026 .028 .028 .026 .027 .029 .027 .026 .026 .028

.2 .074 .072 .072 .076 .074 .072 .074 .076 .076 .072 .074 .076
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Table IV. Empirical Mean(sd)[r̂se] of BC-CQMLE and M-Estimator: DGP1, T = 10, m = 10
W1 = W2 = W3: Rook Contiguity, r0 = 1, r = 1

Normal Error Normal Mixture Chi-Square

ψ BC-CQMLE M-Est BC-CQMLE M-Est BC-CQMLE M-Est

n = 25

1 .9958(.069)[.062] .9957(.069)[.065] .9995(.070)[.062] .9994(.070)[.065] .9991(.069)[.062] .9990(.069)[.066]

1 .9966(.070)[.063] .9967(.070)[.066] .9926(.072)[.062] .9927(.072)[.065] .9995(.069)[.062] .9996(.069)[.065]

1 .8256(.078)[ − ] .9176(.087)[.085] .8199(.186)[ − ] .9112(.207)[.170] .8265(.133)[ − ] .9186(.147)[.136]

.3 .2979(.038)[.034] .2987(.038)[.035] .3018(.037)[.034] .3015(.037)[.035] .2986(.038)[.034] .2994(.038)[.035]

.2 .1941(.076)[.069] .1940(.076)[.073] .1971(.074)[.069] .1971(.074)[.071] .1978(.072)[.069] .1976(.072)[.071]

.2 .2020(.064)[.058] .2011(.064)[.061] .1982(.063)[.057] .1974(.063)[.061] .1976(.063)[.057] .1968(.063)[.061]

.2 .2064(.120)[.101] .2017(.121)[.117] .1983(.113)[.101] .2033(.115)[.113] .1975(.110)[.101] .2028(.112)[.113]

n = 50

1 .9978(.044)[.041] .9979(.044)[.042] .9992(.045)[.041] .9993(.045)[.043] .9996(.046)[.041] .9997(.046)[.043]

1 .9985(.046)[.045] .9985(.046)[.047] .9997(.048)[.045] .9997(.048)[.046] 1.0007(.049)[.045] 1.0007(.049)[.047]

1 .8610(.059)[ − ] .9568(.066)[.064] .8686(.136)[ − ] .9653(.141)[.139] .8649(.098)[ − ] .9611(.103)[.101]

.3 .2985(.026)[.024] .2994(.026)[.026] .2991(.027)[.024] .3000(.027)[.027] .2979(.026)[.024] .2998(.026)[.026]

.2 .1973(.060)[.055] .1974(.060)[.059] .1980(.060)[.055] .1981(.060)[.059] .1952(.059)[.055] .1983(.059)[.059]

.2 .2000(.042)[.038] .1997(.042)[.041] .1986(.044)[.038] .1988(.044)[.042] .2017(.042)[.038] .2013(.042)[.042]

.2 .1984(.087)[.078] .2012(.088)[.086] .1963(.087)[.078] .2011(.087)[.085] .1987(.084)[.078] .2013(.084)[.084]

n = 100

1 .9995(.029)[.028] .9995(.029)[.030] 1.0000(.032)[.028] 1.0000(.032)[.032] 1.0009(.031)[.028] 1.0009(.031)[.030]

1 1.0013(.033)[.031] 1.0004(.033)[.033] 1.0016(.034)[.031] 1.0016(.034)[.033] .9981(.033)[.031] .9971(.033)[.033]

1 .8837(.041)[ − ] .9841(.046)[.046] .8843(.098)[ − ] .9848(.107)[.105] .8821(.071)[ − ] .9882(.078)[.075]

.3 .2997(.018)[.017] .3002(.018)[.018] .2985(.019)[.017] .2992(.019)[.018] .2999(.018)[.017] .3001(.018)[.018]

.2 .1961(.038)[.035] .1986(.038)[.037] .1990(.038)[.035] .1989(.038)[.037] .1998(.038)[.035] .1997(.038)[.037]

.2 .2014(.029)[.027] .2001(.029)[.029] .2006(.029)[.027] .2001(.029)[.029] .1983(.029)[.027] .1989(.029)[.029]

.2 .2006(.056)[.053] .2006(.056)[.057] .1982(.058)[.053] .2002(.058)[.057] .1982(.058)[.053] .2003(.058)[.057]

n = 200

1 .9990(.023)[.022] .9998(.023)[.023] 1.0005(.024)[.022] 1.0003(.024)[.024] .9997(.023)[.022] 1.0002(.023)[.023]

1 .9990(.022)[.022] .9997(.022)[.023] .9996(.023)[.022] .9998(.023)[.023] 1.0009(.023)[.022] 1.0001(.023)[.023]

1 .8901(.030)[ − ] .9989(.033)[.033] .8905(.070)[ − ] .9981(.076)[.076] .8886(.051)[ − ] .9880(.057)[.054]

.3 .2978(.013)[.012] .2999(.013)[.013] .2971(.014)[.012] .2999(.014)[.014] .2975(.014)[.012] .2998(.014)[.014]

.2 .2006(.028)[.027] .2001(.028)[.028] .1991(.029)[.027] .1988(.029)[.029] .1985(.029)[.027] .1982(.029)[.029]

.2 .2003(.021)[.020] .1999(.021)[.021] .2015(.021)[.020] .2001(.021)[.021] .2001(.021)[.020] .1996(.021)[.021]

.2 .1974(.042)[.040] .1997(.042)[.042] .2006(.043)[.040] .2003(.043)[.043] .2011(.043)[.040] .2002(.043)[.043]

Note: 1. ψ = (β′, σ2
v , ρ, λ

′)′; 2. r0 = true number of factor, r = assumed number of factor.
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Table IV-a. Empirical sd and average of estimated standard errors of M-Estimator

Parameter configurations as in Table IV.

Normal Error Normal Mixture Chi-Square

ψ sd crse bse ese sd crse bse ese sd crse bse ese
n = 50

1 .069 .066 .118 .065 .070 .066 .134 .065 .069 .066 .127 .066

1 .070 .067 .116 .066 .072 .066 .129 .065 .069 .066 .122 .065

1 .087 .088 .152 .085 .207 .087 .101 .170 .148 .088 .123 .126

.3 .038 .036 .064 .035 .037 .036 .076 .035 .038 .036 .068 .035

.2 .077 .074 .130 .073 .074 .073 .146 .071 .072 .073 .136 .071

.2 .064 .062 .105 .061 .063 .061 .118 .061 .063 .061 .110 .061

.2 .121 .110 .161 .113 .115 .110 .176 .113 .112 .110 .167 .113

n = 100

1 .044 .043 .055 .042 .045 .043 .061 .043 .046 .043 .057 .043

1 .046 .048 .059 .047 .048 .048 .066 .046 .049 .048 .061 .047

1 .066 .064 .080 .064 .151 .065 .047 .139 .109 .065 .061 .101

.3 .026 .026 .033 .026 .027 .026 .037 .027 .026 .026 .035 .026

.2 .060 .059 .073 .059 .060 .059 .081 .059 .059 .059 .077 .059

.2 .042 .041 .051 .041 .044 .041 .056 .042 .042 .041 .054 .042

.2 .088 .083 .097 .084 .087 .083 .105 .084 .084 .083 .101 .084

n = 200

1 .029 .030 .033 .030 .032 .030 .036 .030 .031 .030 .034 .030

1 .033 .033 .037 .033 .034 .033 .039 .033 .033 .033 .037 .033

1 .046 .047 .052 .046 .108 .047 .027 .105 .079 .047 .037 .075

.3 .018 .018 .020 .018 .019 .018 .021 .018 .018 .018 .020 .018

.2 .038 .037 .041 .037 .038 .037 .044 .037 .038 .037 .043 .037

.2 .029 .029 .032 .029 .029 .029 .034 .029 .029 .029 .033 .029

.2 .056 .057 .061 .057 .058 .057 .063 .057 .058 .057 .062 .057

n = 400

1 .023 .023 .024 .023 .024 .023 .025 .023 .023 .023 .024 .023

1 .022 .023 .024 .023 .023 .023 .025 .023 .023 .023 .025 .023

1 .033 .033 .035 .033 .078 .033 .017 .076 .057 .033 .024 .054

.3 .013 .013 .014 .014 .014 .013 .014 .014 .014 .013 .014 .014

.2 .028 .029 .030 .029 .029 .029 .031 .029 .029 .029 .031 .029

.2 .021 .021 .022 .021 .021 .021 .023 .021 .021 .021 .023 .021

.2 .042 .042 .043 .042 .043 .042 .045 .042 .043 .042 .044 .042
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Table V. Empirical Mean(sd)[r̂se] of BC-CQMLE and M-Estimator: DGP1, T = 10, m = 10
W1 = W3: Rook Contiguity; W2: Group Interaction, r0 = 1, r = 1

Normal Error Normal Mixture Chi-Square

ψ BC-CQMLE M-Est BC-CQMLE M-Est BC-CQMLE M-Est

n = 25

1 1.0018(.071)[.062] 1.0017(.071)[.065] 1.0015(.070)[.062] 1.0013(.070)[.065] 1.0000(.070)[.062] .9999(.070)[.066]

1 .9966(.069)[.062] .9965(.069)[.064] 1.0007(.067)[.061] 1.0005(.067)[.063] 1.0017(.066)[.062] 1.0015(.066)[.065]

1 .8284(.078)[ − ] .9208(.087)[.085] .8161(.180)[ − ] .9071(.200)[.169] .8347(.130)[ − ] .9278(.145)[.129]

.3 .2970(.037)[.033] .2982(.037)[.035] .2970(.037)[.032] .2981(.037)[.036] .2937(.039)[.033] .2949(.039)[.036]

.2 .1950(.081)[.071] .1949(.082)[.075] .1956(.079)[.070] .1952(.078)[.074] .1975(.078)[.071] .1971(.078)[.075]

.2 .1995(.051)[.046] .1992(.051)[.049] .1960(.053)[.046] .1957(.053)[.048] .1951(.052)[.046] .1947(.052)[.048]

.2 .1888(.140)[.117] .1888(.145)[.146] .1798(.141)[.117] .1795(.145)[.150] .1851(.136)[.118] .1844(.141)[.146]

n = 50

1 .9956(.046)[.041] .9960(.046)[.043] 1.0012(.046)[.041] 1.0010(.046)[.044] 1.0014(.045)[.041] 1.0009(.045)[.042]

1 .9999(.046)[.045] 1.0001(.046)[.047] .9995(.047)[.045] .9997(.047)[.047] 1.0020(.047)[.045] 1.0022(.047)[.047]

1 .8663(.059)[ − ] .9628(.066)[.063] .8676(.137)[ − ] .9643(.152)[.140] .8673(.100)[ − ] .9640(.111)[.102]

.3 .3017(.023)[.021] .3004(.023)[.022] .3001(.025)[.021] .2988(.025)[.023] .2990(.022)[.021] .2977(.023)[.022]

.2 .1999(.043)[.042] .2003(.043)[.044] .1989(.045)[.042] .1992(.045)[.043] .1956(.046)[.042] .1959(.046)[.044]

.2 .1986(.028)[.026] .1993(.028)[.026] .1986(.028)[.026] .1987(.028)[.027] .2004(.027)[.026] .2005(.027)[.026]

.2 .1869(.090)[.081] .1942(.092)[.091] .1896(.090)[.081] .1890(.092)[.090] .1945(.091)[.081] .1948(.092)[.090]

n = 100

1 1.0006(.031)[.028] 1.0005(.031)[.030] 1.0004(.031)[.028] 1.0004(.031)[.030] 1.0001(.030)[.028] 1.0001(.030)[.030]

1 1.0002(.034)[.031] 1.0002(.034)[.033] 1.0000(.033)[.031] 1.0000(.033)[.033] .9986(.032)[.031] .9986(.032)[.033]

1 .8836(.042)[ − ] .9928(.047)[.046] .8795(.095)[ − ] .9773(.105)[.102] .8807(.070)[ − ] .9786(.078)[.075]

.3 .2993(.018)[.016] .2998(.018)[.018] .3012(.018)[.016] .3006(.018)[.018] .2992(.018)[.016] .2987(.018)[.018]

.2 .1964(.041)[.038] .1986(.041)[.040] .1976(.040)[.038] .1997(.040)[.040] .1957(.040)[.038] .1959(.040)[.040]

.2 .1997(.033)[.031] .1999(.033)[.033] .1976(.033)[.031] .1997(.033)[.033] .1984(.033)[.031] .2003(.033)[.033]

.2 .2005(.069)[.063] .2001(.070)[.069] .1962(.067)[.063] .1978(.068)[.068] .1992(.067)[.063] .2007(.067)[.068]

n = 200

1 .9994(.021)[.020] .9996(.021)[.021] .9990(.021)[.020] .9993(.021)[.021] .9993(.021)[.020] .9995(.021)[.021]

1 .9999(.023)[.022] .9999(.023)[.023] .9986(.023)[.022] .9996(.023)[.023] .9994(.024)[.022] .9995(.024)[.023]

1 .8909(.029)[ − ] .9902(.032)[.033] .8927(.071)[ − ] .9923(.079)[.075] .8944(.049)[ − ] .9941(.055)[.055]

.3 .3002(.012)[.012] .2999(.012)[.012] .3008(.013)[.012] .2999(.013)[.013] .3001(.013)[.012] .2999(.013)[.012]

.2 .1986(.028)[.026] .1996(.028)[.028] .1994(.026)[.026] .1996(.026)[.026] .1998(.029)[.026] .2000(.029)[.028]

.2 .1992(.027)[.025] .1998(.027)[.026] .1984(.026)[.025] .1988(.026)[.026] .1979(.028)[.025] .1983(.028)[.026]

.2 .1986(.050)[.045] .1998(.050)[.049] .1963(.047)[.045] .1995(.048)[.048] .1953(.048)[.045] .2001(.048)[.048]

Note: 1. ψ = (β′, σ2
v , ρ, λ

′)′; 2. r0 = true number of factor, r = assumed number of factor.
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Table V-a. Empirical sd and average of estimated standard errors of M-Estimator

Parameter configurations as in Table V.

Normal Error Normal Mixture Chi-Square

ψ sd crse bse ese sd crse bse ese sd crse bse ese
n = 25

1 .071 .067 .120 .065 .070 .066 .136 .065 .070 .067 .127 .066

1 .069 .065 .113 .064 .067 .065 .131 .063 .066 .066 .121 .065

1 .087 .088 .155 .085 .200 .086 .099 .169 .145 .088 .126 .129

.3 .037 .035 .063 .035 .037 .035 .072 .036 .039 .035 .067 .036

.2 .080 .076 .132 .075 .078 .074 .150 .074 .078 .075 .142 .075

.2 .051 .049 .088 .049 .053 .049 .103 .048 .052 .049 .095 .048

.2 .145 .132 .179 .146 .145 .132 .196 .153 .141 .132 .189 .147

n = 50

1 .046 .043 .056 .043 .046 .043 .061 .043 .045 .043 .059 .042

1 .046 .048 .060 .047 .047 .048 .066 .047 .047 .048 .062 .047

1 .066 .065 .081 .063 .152 .065 .045 .140 .111 .065 .061 .102

.3 .023 .023 .029 .022 .025 .022 .033 .022 .023 .022 .031 .022

.2 .043 .044 .055 .044 .045 .044 .061 .043 .046 .045 .059 .044

.2 .028 .027 .036 .026 .028 .027 .040 .026 .027 .027 .038 .026

.2 .092 .089 .100 .091 .092 .089 .106 .090 .092 .089 .103 .090

n = 100

1 .031 .030 .034 .030 .031 .030 .036 .030 .030 .030 .035 .030

1 .034 .033 .037 .033 .033 .033 .039 .033 .032 .033 .037 .033

1 .047 .047 .052 .046 .105 .046 .026 .102 .078 .046 .037 .075

.3 .018 .018 .020 .018 .018 .018 .020 .018 .018 .018 .020 .018

.2 .041 .041 .045 .040 .040 .040 .047 .040 .040 .041 .048 .040

.2 .033 .033 .036 .033 .033 .033 .038 .033 .033 .033 .038 .033

.2 .070 .067 .072 .068 .068 .068 .075 .068 .067 .067 .074 .068

n = 200

1 .021 .021 .022 .021 .021 .021 .023 .021 .021 .021 .023 .021

1 .023 .023 .024 .023 .023 .023 .025 .023 .024 .023 .025 .023

1 .032 .033 .035 .033 .079 .033 .017 .075 .055 .033 .024 .055

.3 .012 .012 .013 .012 .013 .012 .013 .012 .013 .012 .013 .012

.2 .028 .028 .029 .028 .026 .028 .030 .028 .029 .028 .030 .028

.2 .027 .026 .028 .026 .026 .026 .029 .026 .028 .026 .029 .026

.2 .050 .048 .049 .048 .048 .048 .050 .048 .048 .048 .050 .048
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Table VI. Empirical Mean(sd)[r̂se] of BC-CQMLE and M-Estimator: DGP1, T = 3, m = 10
W1 = W2 = W3: Rook Contiguity, r0 = 1, r = 2

Normal Error Normal Mixture Chi-Square

ψ BC-CQMLE M-Est BC-CQMLE M-Est BC-CQMLE M-Est

n = 50

1 .7243(.174)[.063] .9988(.154)[.151] .7857(.196)[.061] .9895(.142)[.137] .7507(.185)[.062] .9899(.155)[.151]

1 .7370(.181)[.076] .9838(.172)[.160] .8110(.199)[.071] .9965(.154)[.148] .7728(.190)[.074] .9877(.162)[.157]

1 .1701(.039)[ − ] .6797(.144)[.147] .1607(.048)[ − ] .6254(.195)[.155] .1653(.043)[ − ] .6560(.180)[.155]

.3 -.1715(.210)[.054] .2939(.107)[.102] -.0564(.262)[.049] .2932(.096)[.090] -.1249(.234)[.052] .2885(.100)[.102]

.2 .0957(.282)[.130] .1870(.190)[.191] .1202(.246)[.114] .1806(.171)[.167] .1032(.264)[.124] .1622(.183)[.191]

.2 .1705(.246)[.111] .2053(.143)[.150] .1852(.209)[.093] .2024(.121)[.126] .1716(.234)[.103] .1899(.135)[.147]

.2 .1402(.356)[.151] .1876(.303)[.301] .1377(.329)[.142] .1767(.290)[.284] .1523(.345)[.147] .1980(.307)[.315]

n = 100

1 .8124(.195)[.055] .9979(.111)[.119] .8778(.179)[.052] .9943(.109)[.110] .8396(.192)[.053] .9967(.106)[.118]

1 .8458(.149)[.055] .9950(.107)[.115] .8929(.150)[.052] .9886(.105)[.109] .8674(.161)[.053] .9924(.113)[.122]

1 .2444(.033)[ − ] .7933(.103)[.119] .2243(.052)[ − ] .7402(.178)[.158] .2360(.042)[ − ] .7570(.144)[.139]

.3 .1514(.258)[.040] .2972(.076)[.077] .2215(.228)[.035] .2999(.073)[.073] .1780(.253)[.038] .2965(.073)[.083]

.2 .1662(.177)[.091] .1997(.147)[.149] .1676(.162)[.079] .1961(.135)[.140] .1666(.176)[.085] .2028(.136)[.160]

.2 .1957(.149)[.067] .1976(.124)[.135] .1806(.142)[.060] .1973(.120)[.123] .1877(.142)[.065] .1985(.119)[.140]

.2 .1591(.243)[.111] .1921(.206)[.224] .1900(.214)[.104] .1930(.197)[.212] .1819(.248)[.106] .1960(.207)[.233]

n = 200

1 .8223(.069)[.037] .9987(.081)[.087] .8431(.084)[.036] .9986(.076)[.087] .8371(.078)[.037] 1.0006(.079)[.085]

1 .7641(.076)[.038] .9978(.078)[.086] .7966(.102)[.037] .9985(.073)[.085] .7788(.088)[.038] .9971(.078)[.085]

1 .2247(.025)[ − ] .8775(.088)[.100] .2199(.035)[ − ] .8154(.140)[.145] .2229(.028)[ − ] .8644(.115)[.123]

.3 -.0425(.074)[.029] .2982(.060)[.060] -.0077(.120)[.028] .2998(.057)[.063] -.0255(.098)[.029] .2987(.059)[.065]

.2 .1351(.143)[.068] .1993(.101)[.112] .1421(.133)[.065] .1976(.099)[.109] .1467(.133)[.066] .2017(.101)[.111]

.2 .1101(.101)[.055] .1999(.094)[.095] .1249(.104)[.051] .1996(.082)[.093] .1195(.100)[.053] .1996(.089)[.096]

.2 .1984(.185)[.082] .2003(.131)[.152] .1959(.170)[.080] .1966(.130)[.151] .1922(.168)[.081] .1963(.138)[.151]

n = 400

1 .9381(.056)[.029] .9991(.055)[.060] .9462(.057)[.028] .9994(.053)[.060] .9397(.058)[.028] .9995(.053)[.065]

1 .9412(.058)[.028] .9980(.055)[.059] .9548(.056)[.028] .9986(.052)[.059] .9449(.058)[.028] .98941(.053)[.063]

1 .2859(.022)[ − ] .9591(.059)[.070] .2745(.035)[ − ] .9230(.108)[.118] .2811(.028)[ − ] .9025(.085)[.088]

.3 .2165(.082)[.017] .2993(.036)[.039] .2236(.078)[.017] .2990(.038)[.046] .2217(.083)[.017] .2973(.039)[.036]

.2 .2168(.072)[.040] .2002(.069)[.078] .2034(.071)[.039] .1992(.070)[.074] .2047(.076)[.039] .1977(.071)[.084]

.2 .2156(.049)[.025] .2001(.048)[.054] .2166(.046)[.024] .2005(.047)[.053] .2150(.047)[.025] .2008(.047)[.058]

.2 .1888(.096)[.054] .1998(.097)[.108] .1989(.099)[.053] .1998(.098)[.106] .1960(.105)[.054] .2008(.101)[.117]

Note: 1. ψ = (β′, σ2
v , ρ, λ

′)′; 2. r0 = true number of factor, r = assumed number of factor.
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