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Abstract

Many empirical economic research involves panel data where the time dimension 7' is
small. Of immediate interest is to test whether dynamic and spatial effects are relevant,
but handy methods are unavailable. The usual LM or score tests based on the condi-
tional likelihood given the initial observations are inconsistent when T is fixed. In this
paper, simple tests, referred to as adjusted quasi score (AQS) tests, for dynamic and/or
spatial effects in fixed-effects panel data models are proposed. The AQS tests are free
from specifications of the initial conditions and are consistent when T is fixed. Standard-
ized AQS tests are also derived, which are shown to have much improved finite sample
properties. All the proposed tests are robust against nonnormality. Certain joint or con-
ditional tests are fully robust against cross-sectional heteroskedasticity; the others are
fairly robust against mild departures from homoskedasticity. Monte Carlo results show

excellent performance of the standardized AQS tests.
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1. Introduction

Fixed-effects panel data (FE-PD) model has been an important tool for the applied eco-
nomics researchers over the past few decades. However, there have been growing concerns
on whether the panel models are dynamic in nature due to the impacts from the past and
current to the future ‘economic’ performance, and whether the models contain spatial depen-
dence caused by the interactions among economic agents or social actors (e.g., neighbourhood
effects, copy-catting, social network, and peer group effects). In other words, there have been
growing concerns from the applied researchers on whether a dynamic spatial panel data model

(SDPD) with fixed-effects is more appropriate than the regular FE-PD model, or the regular
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fixed effects dynamic panel data (FE-DPD) model, or the static fixed effects spatial panel
data (FE-SPD) model. Thus, it is highly desirable to device simple and reliable tests for the
applied researchers to determine whether to use the complicated general FE-SDPD model or
some simpler model, such as an FE-SDPD model with certain spatial effects dropped, or the
static FE-SPD model with all the dynamic effects dropped, or the FE-DPD model with all
spatial effects dropped, or the FE-PD model with both dynamic and spatial effects dropped.

In the dynamic panel data model literature, it is widely recognized that the (quasi) maxi-
mum likelihood (ML) type of estimation is more efficient than the GMM-type estimation (see,
e.g., Hsiao, et al., 2002; Hsiao, 2003; Binder et al. 2005; Bun and Carree 2005; Gouriéroux et
al. 2010; Kruiniger 2013). However, the ML-type estimation faces an important issue when
the panels are short (there is a large number of cross-sectional units n but a small number of
time periods T'): the initial observations need to be modeled to give an appropriate likelihood
function so that the (quasi) ML estimator can be consistent (see, e.g., Anderson and Hsiao,
1981, 1982; Bhargava and Sargan, 1983; Hsiao, et al., 2002; and Su and Yang, 2015). Ignoring
the initial conditions will result in estimators of the dynamic and spatial parameters that are
inconsistent when T is fixed, and have a bias of order O(T~!) when T grows with n pro-
portionally. Obviously, the inconsistency and bias in the parameter estimation will translate
into the inconsistency and bias in the corresponding tests in the forms of large sample size
distortion or finite sample size distortion of the tests.

While modelling the initial observations does lead to consistent and efficient ML of QML
estimators when the panels are short and dynamic effect exists, it has some drawbacks: when
the true model is static it may lead to estimators that have large bias and standard errors
when 7' is not so small relative to n, and when the model does not contain time-varying
regressors it may not perform well in general. This implies the tests of lack of dynamic effect
based on this estimation strategy may have a poor finite sample performance. The most
serious drawback may be that this approach may not work for models containing spatial lag
effects. Recently, Yang (2016) provided a unified framework for estimating a general spatial
dynamic panel data (SDPD) model with fixed effects, through adjusting the conditional quasi
scores (given the initial differences) associated with the dynamic and spatial parameters. He
showed that the estimation based on the adjusted quasi scores leads to consistent estimators
whether T is fixed or grows with n, and that it is free from the specification of the initial
conditions. Further, when T grows with n, he showed that the new estimation method
automatically corrects the bias of order O(T~!) caused by ignoring the initial observations,
and thus provides an alternative and handy method of bias correction for large panels.

However, testing problems, in particular, the joint tests for possible existence of dynamic
and/or spatial effects in a panel data model have not been considered. In fact, the literature
on statistical tests for the SDPD models is rather thin. This is in stark contrast with the
literature on statistical tests for spatial regression models, or static spatial panel data models.
See, among others, Anselin and Bera (1998), Anselin (2001), Kelejian and Prucha (2001),



Yang (2010, 2015), Born and Breitung (2011), Baltagi and Yang (2013a,b), Robinson and
Rossi (2014, 2015a), and Jin and Lee (2015) for spatial regression models; Baltagi et al.
(2003), Baltagi et al. (2007), Debarsy and Ertur (2010), Baltagi and Yang (2013a,b), and
Robinson and Rossi (2015b) for static panel data models.

In this paper, we propose simple and reliable tests for dynamic and spatial effects in fixed-
effects panel data models with small T, which are shown to be free from the specifications
of the initial conditions. The spatial effect may appear in the model in the form of spatial
error (SE) dependence, spatial lag (SL) dependence, and/or space-time lag (STL) dependence.
The initial constructions of the tests are based on the unified M-estimation method of Yang
(2016): first adjusting the quasi score functions of the conditional quasi likelihood given
the initial differences to achieve consistency, and then developing a martingale difference
representation of the adjusted quasi score (AQS) function to give a consistent estimate of
the variance-covariance matrix of the AQS functions. The resulted tests, referred to as AQS
tests in this paper, are shown to have standard asymptotic null behavior. Further corrections
are obtained on the mean and variance of the concentrated AQS functions for dynamic and
spatial parameters, giving a set of standardized AQS (SAQS) tests having much better finite
sample properties. All the proposed AQS and SAQS tests are robust against nonnormality.
Certain joint or conditional tests are fully robust against cross-sectional heteroskedasticity;
the others are fairly robust against mild departures from homoskedasticity. Monte Carlo
results show excellent performance of the SAQS tests which dominate the AQS tests.

The rest of the paper is organized as follows. Section 2 introduces the general SDPD
models, discusses the tests of interest, and describes the unified M-estimation to facilitate
the construction of various tests. Section 3 presents the AQS tests and their asymptotic
properties. Section 4 presents the standardized AQS tests and their asymptotic properties.

Section 5 present Monte Carlo results. Section 6 concludes the paper.

2. Model, Tests and Unified M-Estimation

The spatial dynamic panel data (SDPD) model that our tests concern takes the form:

Yy = pYi—1 + Wiy + aWoyr 1 + XyB+ Zy + p+ oyl + uy, (2.1)
ut:/\3W3ut+vt, t:1,2,...,T,

where v = (y1t, Y2t, - - - Ynt)’ and vy = (v1¢, Vag, . . ., vpt)" are n x 1 vectors of response values
and idiosyncratic errors at time ¢, and {v;;} are independent and identically distributed (iid)
across i and t with mean zero and variance o2;! the scalar parameter p characterizes the
dynamic effect, A\; the spatial lag (SL) effect, Ao the space-time lag (STL) effect, and A3 the

spatial error (SE) effect; { X} are nx p matrices containing values of p time-varying exogenous

!The iid assumption can be relaxed in certain cases to allow heteroskedasticity in v across .



variables, Z is an n X ¢ matrix containing the values of ¢ time-invariant exogenous variables
that may include the constant term, dummy variables representing individuals’ gender, race,
etc.; B and v are the usual regression coefficients; W,.,r = 1,2, 3 are the given n x n spatial
weight matrices; and p is an n x 1 vector of unobserved individual-specific effects, {a;} are
the time-specific effects, and 1,, is an n x 1 vector of ones.

Model (2.1) is fairly general. It embeds several important submodels popular in the
literature. Yang (2016) presented a unified, initial conditions free, method of estimation and
inference for this general model, and showed that the method can easily be simplified to suit
each special model of interest to a particular applied problem. A question arises naturally:
in a practical application, do we really need such a general and complicated model, or does a
simpler model suffice as it gives easier interpretations of the results? This suggests that before
applying this general model, it is helpful to carry out some specification tests to identify a
suitable model based on the data. To be exact, the tests of interest concern the dynamic and
spatial parameters § = (p, A1, A2, A3)’. They may be the joint AQS tests (the null hypothesis
sets two or more elements of ¢ to zero, and the ‘remaining’ as free parameters), or the marginal
AQS tests (the null sets one element of § to zero, and the remaining as free parameters), and
the conditional AQS tests, setting some element(s) of § to zero. Denoting A = (A1, Aa, A3)’,

the specific tests of interest are as follows.
Joint test H{P: the regular panel data (PD) model suffices, that is, § = 0.

When H{P is not rejected, then one proceeds with the regular panel data model and the
decision is clear. However, when H{P is rejected, i.e., at least one element of § is not zero,
one does not know the exact cause of rejection and hence it would be necessary to carry out

some sub-joint or marginal tests to identify the cause of such a rejection.
Joint test HJ": the regular dynamic panel data (DPD) model suffices, i.e., A = 0.

If HE™ is not rejected, then the cause of rejecting HEP is due to the fact that p # 0;

otherwise, one needs to proceed with the following test.
Marginal test HS™: p = 0, the time-space spatial panel data (STPD) model suffices.

Under H§™P, p = 0. Thus, if H§™P is not rejected, then the cause of rejecting HP is that
at least one element of A is not zero. In this case, one may proceed further to identify which
element of A is not zero by carrying out conditional tests on one or two elements of A\, given
p = 0. If HS™P is rejected after H{™® has been rejected, it is clear that at least one element
of A is non-zero when p is treated as a free parameter, and the marginal tests on A, should

be carried out, respectively, for r = 1,2, 3:

Marginal test H"™': the SDPD model without A1 suffices, i.e., HSPP1: \j = 0,
Marginal test H§P 2 the SDPD model without Ay suffices, i.e., HSPPP2: \g = 0,
Marginal test H"™3: the SDPD model without A3 suffices, i.e., HSPP3: A3 = 0.



Note that the marginal test H5PP? is quite interesting as the general model (2.1) reduces
to an SDPD model with SL and STL effects under the null, which is the model considered by
Lee and Yu (2008) under large n and large T" set-up, allowing fixed individual and time effects.
As seen from the following section, our test results are valid for both the cases where T' is fixed
and where T grows with n. The marginal test H3?"°? may be even more interesting as the null
model becomes an SDPD model with both SL and SE (or SARAR: spatial autoregressive model
with autoregressive errors) effects, which is very popular in practical applications. Another

pair of joint tests of particular interest are,

Joint test HSPPP%: the SDPD model with only SE effect suffices, i.e., A1 = Ay = 0.
Joint test HSPPP°: the SDPD model with only SL effect suffices, i.e., Ao = A3 = 0.

When HSPPP* is true, the general model given in (2.1) reduces to an SDPD model with
only the SE effect. This model is extensively studied by Su and Yang (2015) under large n
and small T set-up, with either random or fixed individual effects. However, specification
test from Model (2.1) to this reduced model has not been considered. When H§PFP® is true,
the general model reduces to an SDPD model with only the SL effect. This is perhaps the
most popular SDPD model among the applied researchers. However, a test for its adequacy
in fitting the data is not available. The last test that we would like to highlight is:

Joint test HEP: the static spatial panel data (SPD) model suffices, i.e., p = Ao = 0.

Under H§PP, the model reduces to a static spatial panel data model with SL and SE (or
SARAR) effects. The SARAR panel data model with fixed effects has been studied by Lee and Yu
(2010) under the quasi maximum likelihood approach, LM tests for the spatial effects are given
by Debarsy and Ertur (2010), and LM-type tests robust against unknown heteroskedasticity
are given in Baltagi and Yang (2013b).

Besides the joint and marginal tests discussed above, some conditional tests might be of
interest as well. By conditional tests we mean tests for certain types of effects, give some
other effect(s) are removed from the model. For example, given that H§P*®? is not rejected,
i.e., Ao is set to zero, one might be interested in testing further whether p = 0, i.e., whether
the static SARAR model suffices; given that HS™P® is not rejected, i.e., p = 0, one might be
interested in testing further whether Ay = 0 and if so a static SARAR model suffices.

The M-estimation. The methodology we adopt in constructing tests statistics for
testing various hypotheses discussed above closely relates to the unified M-estimation and
inference methods presented in Yang (2016). Thus, it is necessary to outline this unified
M-estimation method. As the current paper focuses on the fixed effects model with small
T, the time specific effects can be absorbed into the time-varying regressors X, and the
individual-specific effects need to be eliminated to avoid the incidental parameters problem.
By taking the first-difference, Model (2.1) becomes,

Ayt = PAyt—l + /\1W1Ayt + AQWQAyt_l + AXt/B + Aut, Aut = AgWgA’U,t + A’Ut, (22)



fort =2,3,---,T. The parameters left in Model (2.2) are ¢ = {3', 02, p, \'}’. Note that Ay,
depends on both the initial observations yy and the first period observations y;. Thus, even if
Yo is exogenous, y1 and thus Ay; is not. The M-estimation strategy goes as follows: formulate
the conditional quasi likelihood function as if Ay is exogenous, then make corrections on
the relevant elements of the conditional quasi score vector, and then estimate the model
parameters by solving the estimating equations defined by the adjusted quasi score functions.

Let AY = {Ay,, ..., Ay, , AY 1 = {Ay},..., Ay}, AX = {AX), ..., AX]}, and
Av = {Avh, ..., Avl} . Denote by I, an m x m identity matrix. Let W, = Ip_; @ W, r =
1,2,3. Let B.(\,) = I, — A, W,., and B, (\;) = I7_1 ® B.(\;), for r = 1 and 3, where ®
denotes the Kronecker product. Model (2.2) can be written as:

AY = pAY_l + AMWIAY + MW AY 1 + AXG+ Au, Au= A3W3Au + Av. (23)

We have, Var(Au) = 02Q(\3), where Q(A3) = C @ [B;(A3)Bs(A\3)] 7L, and,

2 -1 0 0 0 0
-1 2 -1 0 0 0
C= z
0 0 0 —1 2 -1
0 0 0 0 -1 2

(T—1)x(T—1)

Letting Ba(p, A2) = pIn + AaWa, the conditional quasi Gaussian loglikelihood of 1 in terms

of Ays, ..., Ayr as if Ay; is exogenous has the form, ignoring the constant term:
() = =5 log(07) — 310g |2(As)] + log [B1(A1)| — 557 Au(6)'Q(A3) "' Au(h), (2.4)

where Au(f) = B1(A1)AY — Ba(p, A2)AY_; — AX 3, and 0 = (3, p, A1, \2)".
Maximizing ¢(¢) gives the conditional QML estimator (CQMLE) of ¢. Under mild con-
ditions, maximizing the conditional loglikelihood ¢(v) is equivalent to solving the estimating

equation S =0, where S(¢)) = 24(1)), the quasi score vector having the forms:
oy

LAX'Q 7 Au(b),
shr Au(0) Q" Au(6) — 5

.
L Au(§)QTAYy,
7z Aul0) ' (2.5)

LAu(0)QIWIAY — tr(B7 W),
J—gAu(G)’Q_IWQAY_l,
| 5 Au(9)(C7' @ Az)Au(9) — (T — 1)tx(Gs),

where A3 = 2(W}Bs + B{Ws) and G3 = W3B; .
Clearly, £(1)) is a quasi Gaussian loglikelihood in both the traditional sense that {v;} are



not exactly Gaussian and the sense that Ay; is not exogenous but is treated as exogenous.
Consequently, it may not be true that lim, ... ﬁé‘ (v0) 2,0, when T is fixed, where
1o denotes the true value of the parameter vector i (see Yang (2016) for details). Hence
a necessary condition for the consistency of the CQMLEs may be violated. It is seen from
the below that even T increases with n, the CQMLEs may encounter asymptotic bias. Yang
(2016) introduce a method that not only gives a consistent estimator of the model parameters
when T is small, but also eliminates the asymptotic bias when T is large. The idea is to first
find E[S(20)], and then adjust the quasi scores S(1) so that the adjusted quasi score (AQS)
S*(1) is such that ﬁs*(d}(ﬁ converges to a well defined distribution.

To facilitate the discussions, denote a parametric quantity (scalar, vector or matrix) by
dropping its arguments, e.g., B; = Bi(A1), B1 = B1(\1), @ = Q(A3), and denote the same
quantity evaluated at the true parameter value by adding a subscript ‘0, e.g., B1g = B1(A10),
Qo = Q(N3p). Let C = C®1, and N = n(T—1). Denote Au = Au(6y). The usual expectation
and variance operators correspond to the true parameter values.

The following ‘knowledge’ about the processes in the past is necessary.

Assumption A: Under Model (2.1), (i) the processes started m periods before the start
of data collection, the Oth period, and (ii) if m > 1, Ay is independent of future errors
{vi,t > 1}; if m =0, yo is independent of future errors {vy, t > 1}.

Under Assumption A and the assumptions that (i) the errors {v;} are iid across i and
t, (ii) the regressors are exogenous, and (ii) both Bj; and By, exist, Yang (2016) shows
that BE(AY_1Av) = —02D_19B3; and E(AYAv) = —02 DBy, (see also Lemma A.6,

Appendix A, for more general results), which lead immediately to the followings:

E(AWQ'AY ;) = —oZtr(C'D_y), (2.6)
E(AUQ 'WIAY) = —o2tr(C'DyWy), (2.7)
E(AUQ 'WoAY ;) = —oZtr(C'D_1gWy), (2.8)

where D_1 = D_;(p, A1, A2) and D = D(p, A1, A2), having the following expressions,

I, 0, .. 0, 0
D, - ?— 21, In .0, Bt
.BT_‘*(In - B)?, ET—5(IR - B)?, . é— 21, In
B —2I,, I,
D an—B)Q, ?—2In, 0 B
ET—S(In — B)?, ET—4(IR - B)?, . é —2I,



and B = B(p, M1, A2) = By (M) (pln + Ao Wa).

The results (2.6)-(2.8) show that the (p, A1, A2) elements of E[S(¢g)] are not zero. Hence,
plimn_m%a%ésnE(wg), plimn_m%ai/\lésnE(wg), and plimn_m%ai&ésnE(wg) are all non-
zero, suggesting that the tests based on S(vg) obtained by treating Ay; as exogenous cannot
be consistent in general. Thus, it is necessary to adjust the quasi scores so as to give a set of

unbiased estimating functions. The adjusted quasi score (AQS) functions are:

LAX'Q 1 Au(6),
2 (Y Au(0) — 2
LAu(0)Q'AY_ | +tr(C™'D_
W)= ZijAuEe;'Q 1W1A1;+Er<c—1D1\>7{71), (29)
L Au(0)'2 'WoAY. + tr(C'D_ W),
| L Au(0)(07 ® A3)Au(0) — (T — 1)ix(G).

Solving S*(¢) = 0 leads to the M-estimator 1[JM of ¢. This root-finding process can be
simplified by first solving the equations for 8 and o2, given § = (p,\')’, resulting in the

constrained M-estimators of 3 and o2 as

B() = (AX'Q'AX)TIAX'QHBIAY — ByAY), (2.10)
52(6) = LAG6)'QtAG(0), (2.11)

where Aa(8) = Au(B(6), p, A1, A2). Substituting 3(8) and 62(4) into the last four components
of the AQS function in (2.9) gives the concentrated AQS functions:

SLSAG(0)QTTAY. + tr(CTID ),

)
A(5)Q W AY + tr(CT!DWy),

(2.12)
)
)

. 52(s
Si0) =4 »

/Q_IWQAY_l + tr(C_lD_1W2),
AU (C! @ Ag)Ad() — (T — 1)te(Gl).

L 63(0)

Solving the resulted concentrated estimating equations, S¥(J) = 0, we obtain the uncon-
strained M-estimators dy of 6. The unconstrained M-estimators of § and o2 are thus
By = [(dy) and 62 M=0 2(§y). Yang (2016) show that under regularity conditions the M-
estimator ¢y = ( ,’,[, Ag M o 1) is v/ N-consistent and asymptotically normal. The M-estimators
under various constraints imposed by the various hypotheses postulated above will remain to
be v/N-consistent and asymptotically normal. An asymptotic result that is of particular im-
portance to the construction of the AQS-based test statistics is that the ‘normalized’ S* (1))
is asymptotically normal with zero mean and finite variance. It is important to note that
the adjustments (2.6)-(2.8) are free from the initial conditions, and hence the resulted AQS

function and the M-estimators are free from the initial conditions.



3. Adjusted Quasi Score Tests

The AQS functions given in (2.9) are the key elements in the construction of the AQS
tests. In this section, we first formulate the AQS test in a unified manner, and then present
details of the tests corresponding to the various joint, marginal and conditional AQS tests
specified in Section 2. All the proofs are given in Appendix B.

Some general notation and convention simplify the presentations: (i) ¢ denotes the vector
of parameters in the concentrated AQS function, and A the space from which § takes values;
(73) tr(-), | - | and || - || denote, respectively, the trace, determinant, and Frobenius norm of a
matrix; and (ii7) diag(ay) forms a diagonal matrix using the elements {ax} and blkdiag(Ay)
forms a block-diagonal matrix using the matrices {Ax}. The subscript ‘)’ is often dropped

from an n-dependent quantity shall no confusion arise. 0 is a k x 1 vector of zeros.

3.1. General method

The construction of the joint and marginal AQS tests depends critically on the availabil-
ity of the variance covariance (VC) matrix of the AQS function S*(¢g) given in (2.9), i.e.,
I*(¢)9) = % Var[S*(¢o)]. The dynamic nature of Model (2.1) makes such an estimation very
difficult, as the derivation of the expression of I'*(¢g) runs into a similar problems as the full
QML estimation of the model — initial differences need to be specified or modeled when T
is fixed and small. To overcome this difficulty, Yang (2016) propose a martingale difference
(M.D.) method, i.e., decompose the joint AQS function into a sum of M.D. sequences so that
the outer-product-of-martingale-differences (OPMD) gives a consistent estimate of I ().
As a result, the OPMD estimate of I'*(¢)g) is free from the specification of initial conditions.
This together with the fact that the AQS functions are free from the specification of initial
conditions lead to the AQS tests that are free from the initial conditions.

First, under Assumption A, Yang (2016) developed the following representations:

AY = R Ay;+mn+SAuv, (3.1)
AY_4 R_1Ay; + n—1 + S_1Auwv, (32)

where R = blkdiag(Bo, B3, ..., BL 1), R_; = blkdiag(I,, By, ..., Bt 2), n = BBy AX f,
n-1=B_1BjAX B, S=BB; B3, S-1 =B_1B;)Bs;,

I, 0 ... 0 0 0
B I ... 0 0 I 0 ... 0 0
B = .O .n . ’ and B—lz "
B2 B ... By I B BIt I, 0

Using these representations and Au = B:;OIAU, the AQS function at g is expressed as



IT} Av,

Av' P Av — 2—2,

S*(ahy) = Av' U Ay + Av'Tly + Av'@yAv + tr(C7ID_gp), (3.3)
Av' Uy Ay + Av'Tls + Av'®3Av + tr(C 1Dy W),

AV U3Ay) + Av'Tly + Av'® A + tr(CTID_1 g W)),

AV ®5Av — (T — 1)tr(Gsp),

\

where I =—-CyA X, Hg_—cbn 1,Hg_—cbwm, H4_—CbW2n 1, &= (C’ '®1,),
v0

Py=-1 o Py=-1 o 2 ‘1’5— [C' L&(Gh+Gso)l, ‘111——CbR 1,

\112_ 2 and Cb Cc- 1®Bgo

2

The expression (3.3) is the key to the proof of the asymptotic normality of \/—INS*(Z/J()),
and to the development of the OPMD estimate of the VC matrix of S*(¢g), so that the an
AQS test can be constructed. Note that S*(1)g) contains three types of stochastic elements:

II'Av, AV®Av, and Av'UAyq,

where II, ® and ¥ are nonstochastic matrices (depending on ) with II being N x p or
N x 1, and ® and ¥ being N x N. As noted in Yang (2016), the closed form expressions
for variances of II'Av and Av'®Aw, and their covariance can readily be derived, but the
closed-form expressions for the variance of Av'WAy; and its covariances with II'Av and
Av'®Av depend on the knowledge of the distribution of Ay, which is unavailable. Yang
(2016) went on to give a unified method of estimating the VC matrix of AQS function, the
OPMD estimate, which is summarized as follows.

For a square matrix A, let A% A' and A? be, respectively, its upper-triangular, lower-
triangular, and diagonal matrix such that A = A" 4 Al + A%, Denote by Il;, ;s and ¥ the
submatrices of I, ® and ¥ partitioned according to t, s = 2,...,7T. Define ¥y, = ZSTZQ Wy,
t=2,...,T,0 = Wy, (B3yB1o) !, Ay{ = B3oB1oAy1, and Ayj, = ¥, Ay;. Define

G = i Il Avy, (3.4)
g2 = Ca(AvgAly + AvyAvj, — 02dyy), (3.5)
g3 = AvnlAG+ Ou(AvyiAys; + 0%) + 315 AvaAyiy, (3.6)

where for (3.5), & = 21, (®Y + &) Av,, Avy = ST, &% Av,, and {d;;} are the diagonal
elements of C®; for (3.6), {A¢} = AC = (0% + ©1)Ay?, and diag{©;;} = ©7. Then,

H/A’U = Z?:l 914, (37)
Av'®AY — E(AVPAV) = YT g, (3.8)
AV T Ay —E(AVTAy) = 37 g3 (3.9)

and {(91;, 92i» 93i)', Fn,i}i—, form a vector martingale difference (M.D.) sequence, where

10



Fri = Fno®Gni, {Gn,i} are the increasing sequence of o-fields generated by (vj1,. .., vj7,j =
1,...,1),i=1,...,n, and Fy is the o-field generated by (vo, Ayo).

Now, following these results, for each II,.,r = 1,2, 3,4, defined in (3.3), define g1,; accord-
ing to (3.4); for each ®,,r =1,...,5, defined in (3.3), define gs,; according to (3.5); and for
each ¥,,r = 1,2,3, defined in (3.3), define gs,; according to (3.6). Define

g = (9115 921i> 9310 + 912i + 922i, g32i + G13i + 923i, 933i + 914i + 924i, 925i)’- (3.10)

Then, S*(v0) = > ;" 8, and {g;, Fn;i} form a vector M.D. sequence. It follows that
Var[S*(¢o)] = > ;= E(gig}). The ‘average’ of the outer products of the estimated g;, i.e.,

T =% Yl &) (3.11)

thus gives a consistent estimator of the variance of I'* (1)), where g; is obtained by replacing
Yo in g; by 1[JM and Av in g; by its observed counterpart Ev, noting that Ay is observed.

Note that the AQS functions for parameter estimation given in (2.9) and the OPMD
estimate of VC matrix given in (3.11) are developed based on the assumption that the errors
are iid. Lemmas A.5-A.9, Appendix A, give a set of results that allow the errors to be
heteroskedastic across the spatial units as in Assumption B below, which facilitate the proofs
that some tests are robust against unknown cross-sectional heteroskedasticity.?

Now, consider the general linear hypotheses:
H() : C/Z/J() = 0,
where C is (p+5) x k with k£ < p+4, representing a set of linear contrasts of ¢. Let g; be the
restricted estimate of g;, obtained by replacing vy in g; by ZZJM, the restricted M-estimator of

Yo (under Hy), and v by 0, the restricted estimates of the model errors. An AQS-based
test for testing the general linear hypothesis Hy : C'1pg = 0 is thus,

Tags = S*(9) (X0, 8:8)) ' S*(0), (3.12)

Obviously, the set-up of Hy above is fairly general and covers all the hypotheses postulated
in Section 2. For example, one can test Hy : Ay = Ay = A3 by defining the two columns of
C as (049, 1,—1,0)" and (0},3,1, —1)". For testing HYP: § = 0, the four columns of C are,
respectively, (07,,1,1,03)", (03,,1,0,1,0,0)", (0,,4,0,0,1,0)", and (05,4, 03, 1)".

The asymptotic distribution of Tygs, i.e., X%, can be proved under some additional regu-
larity conditions generic to all tests, and some additional regularity conditions specific for a

given test. The generic conditions are as follows.

Assumption B: The innovations vy are such that (i) {vit} are independent across i =
L,...,nandt=0,1,...,T with E(vy) = 0, (i1) Var(vi) = 02yhni, where 0 < hy; < ¢ < o0
and L3 | by =1, and (iii) Elvy|*T < oo for some ey > 0.

2These results could potentially lead to all test statistics that are fully robust against unknown cross-
sectional heteroskedasticity. However, a detailed study on this is beyond the scope of this paper.
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Assumption C: The time-varying regressors {Xy, t =0,1,...,T} are exogenous, their
values are uniformly bounded, and limpy_ oo %AX '"AX exists and is nonsingular.

Assumption D: (i) For r = 1,2,3, the elements w,;; of W, are at most of order L;I,

uniformly in alli and j, and wy; = 0 for alli; (ii) v, /n — 0 asn — oo; (W) {W,,r =1,2,3}
are uniformly bounded in both row and column sums.

Assumption D allows the degree of spatial dependence, e.g., the number of neighbors
each spatial unit has, to grow with the sample size but in a lower speed. As a result, the
convergence rate of certain parameter estimators may need to be adjusted down to \/m.g
For certain tests where the null model contains spatial effects, Assumption B needs to be
tightened by requiring h,; = 1,7 = 1,...,n. Lemmas A.5-A.9 in Appendix A present more

general results that could potentially lead to tests that are valid under Assumption B.

3.2. Joint, marginal and conditional AQS tests

To facilitate the practical applications of the AQS tests, we now present details for each of
the hypothesis postulated in Section 2 so that the practitioners can pick and apply a specific
test directly without going through the complicated general case. Certain tests, i.e., those
specifying p = 0 at the null, can be much simpler than the general one presented above. Let
SDPD(4) denote the general model. An AQS test corresponds to a model reduction by setting
certain elements in § to zero, i.e., STPD(A) sets p to 0, DPD(p) sets A to 0, PD sets ¢ to 0.

Denote a component or a subvector of the AQS vector S*(¢) by adding a relevant sub-
script, e.g., S3(1) is the p-element and Sj(1) is the d-subvector of S*(¢)). Denote a di-
agonal element or a diagonal block of (Z?Zl gigg)‘l by adding a relevant subscript, e.g.,
(>, gigg);l is the p-p element and (Y7, gigg)gl is the -8 block of (Y1, gigg)‘l.

Joint test H{®: § = 0. Under HfP, the model SDPD(J) is reduced to the simplest
PD model, and the estimation of the model at the null is simply the ordinary least squares
(OLS) estimation, i.e., f = (AX'C'AX)'AX'C'AY and 62 = LAY'C A7, where
AG = AY — AX}3, leading to ¢ = (#,52,0,). Under HE®, B = By = I,,, and By = O,
where O,, denotes an n x n matrix of zeros. It is easy to see that 3 and 52 are robust against
unknown cross-sectional heteroskedasticity. Based on the fact that the 8 and o2 components
of the AQS vector are zero when evaluated at z/;, the AQS test statistics takes the form:

Tf = S5/(9) (X &), S5'(¥) (3.13)
where {g;} are obtained by evaluating {g;} defined in (3.10) at 1o = ¥ and Av = A®.

Theorem 3.1. Under Assumptions A-D and HP, we have Tygq L, x2. In particular,

the null distribution of Tfé’s is robust against unknown heteroskedasticity {hn;}.

3This typically occurs to the estimator of the spatial error parameter; see Lee (2004), Liu and Yang (2015),
Su and Yang (2015), and Yang (2016). However, to simplify the proofs the asymptotic properties of the
proposed tests, this feature is not explicitly reflected as the implementations of the tests do not require ¢.

12



The very attractive feature of this joint test is that it is robust against cross-sectional
heteroskedasticity of unknown form as specified in Assumption B, besides being robust against
nonnormality of the idiosyncratic errors v;;. The same goes to the conditional tests where
under the null and given the ‘condition’ the model becomes pure panel model of which

estimation is simply the least squares.

Joint test HJP: A\ = 0. Under H{*®, By = B3 = I, and By = pl,,. The estimation
of the null model goes as follows. The constrained M-estimators of 3 and o2, given p, are
B(p) = (AX'CT'AX)TAX'CTYAY — pAY.4) and 52(p) = +A (p)C™ 1Av(p), where
Ad(p) = AY — pAY_; — AX((p). The constrained M-estimator of p under HE™ is

p=arg { ks AT (p)CTAY s + 0L — pln) = } , (3.14)

leading to the constrained M estimators of 3 and o2 as 3 = ((p) and 52 = 52(p). The
constrained M-estimator of v is thus z/; ={ B’ , &3, p,0,0,0}. The following lemma shows that
the restricted M-estimator j defined in (3.14) is robust against unknown heteroskedasticity.*

Lemma 3.1. Under Assumptions A-D, if the parameter space Y for p is compact and pg
is in the interior of it, the M-estimator p for the DPD model is consistent, and so are the
M -estimators 3 and 2. Furthermore, VN[(,52,p)" — (8o, 72, po)'] 2, N(0,T).

With the (3, 02, p)-components of the AQS vector being zero when evaluated at ¥, the
AQS test statistic becomes

TRED = SY/(4) (L0, &:8) S (¥), (3.15)
where {g;} are obtained by evaluating {g;} defined in (3.10) at 1o = ¥ and Av = A#(p).
Theorem 3.2. Under Assumptions A-D and HEPP, we have Tygg L, x3. In particular,

the asymptotic null behavior of Eé? is robust against unknown heteroskedasticity {hn;}.

Note that p used in Theorem 3.2 needs not be the constrained M-estimator defined in

(3.14), and can be replaced by any v/ N-consistent and heteroskedasticity robust estimator.

Marginal test H5™: p = 0. Under the null, By = A\oW5. The constrained M-estimator

X of X solves the following estimating equations:

a(N)Q W AY + tr(C!DW,) =0,
a(A)'Q'WLAY | + tr(CT1D_1Wy) = 0,
AGN)(C™L @ Ag)Aa(N) — (T — 1)tr(G3) =

“The concentrated AQS function for p contained in (3.14) clearly shows that the M-estimator is not only
consistent when T is fixed but also eliminates the bias of order O(T~"). In contrast, the estimator based on
the unadjusted score is inconsistent when 7 is fixed and has a bias of order O(T!) when T grows with n. See
Hahn and Kuersteiner (2002), and Yang (2016) for more discussions and related works on the DPD model.
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where Ai(A) = BIAY =\ W3AY_ | —AX3()\), and B()\) and 62()\) are obtained from (2.10)
and (2.11) by setting p = 0. Let 8= B(:\), 52 = &3(:\), and ¢ = {B’,&Z,O, :\’}’. The AQS
test for H5™™ has the form

TS = S3(0) (T &:8)) 7. (3.16)

where {g;} are obtained by evaluating {g;} defined in (3.10) at 1o = ¢ and Av = B3 'a()).

Theorem 3.3. Under Assumptions A-D and HS™P, if further, (i) hp; = 1,i=1,...,n,
(i1) B1_01 and BS_O1 are uniformly bounded in both row and column sums and (iii) A is V/N-
consistent, then we have Tygs" L, N(0,1).

The asymptotic normality of the test statistic Tyge> at the null typically requires that

the constrained estimator A be v/ N-consistent. This is implied by the general result of Yang
(2015) under homoskedastic errors and hence is not discussed in this paper. Furthermore, A
needs not be the constrained M-estimator discussed above, and any other estimator this is
v/N-consistent can be used. See the proof of the theorem given in Appendix B. The result of
Theorem 3.3 shows that the asymptotic null behavior of the test statistic ngg P is not fully ro-
bust against unknown heteroskedasticity {h,;}. Use of the results in Lemma A.9 may provide
a version of the variance estimator that is robust against unknown heteroskedasticity but it
is not clear how to make the AQS function and X also robust against unknown heteroskedas-
ticity. However, our Monte Carlo results show that this test and its improved version given
in Sec. 4 are quite robust against unknown heteroskedasticity. These discussions apply to all

the tests given below, as well as their improved versions presented in Sec. 4.

Marginal test H§™P*: )\, = 0, where r can be 1, or 2 or 3, giving three marginal tests
corresponding one specific type of spatial effects. Among these three marginal tests, the test
of H§PPP2: Xy = 0 is the most interesting one as under H§PPP? the model is reduced to the
popular SDPD model with SL and SE (or SARAR) effects. We consider only this case as the
others can be handled in the similar manner. Under H§™™2? By = pI,,. The constrained

M-estimators (g, :\17 :\3) of (p, A1, A3) solve the following estimating equations:
mAﬁ(Pa A1, A3)/QTAY 4+ tr(C7IDy) =0,
(p, A1, A3)'Q "W AY + tr(C'DW,) = 0,

1
62(p,A1,A3) A
o Ao, A A (O © A)Ai(p, M, Ag) — (T = 1)tr(Ga) =0,

<

where Adi(p, A1, A3) = BIAY —pAY_; —AX (p, A1, A3), and B(p, A1, A3) and 62(p, A1, A3) are
obtained from (2.10) and (2.11) by setting Ao = 0. Let 3 = 3(p, A1, A3), 62 = 62(p, A1, A3),
and o = {3,525, \1,0, \3}. The AQS test for HSPP? has the form

T2 = 55, (D) [( T, &), ] % (3.17)

where {g;} are {g;} defined in (3.10), evaluated at 1y = ¥ and Av = BglAﬁ(ﬁ, A, :\3)
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Theorem 3.4. Under Assumptions A-D and HEPPP?, if further, (i) hp; = 1,i=1,...,n
(ii) Byg and By are uniformly bounded in both row and column sums and (iii) (§, A1, A3)
are /N -consistent, then we have T5eeP? — L, N(0,1).

Joint test H§PP®%: \; = \y = 0. This is an interesting joint test as under the null the
model reduces to a popular SDPD model with spatial error only, which was studied by Su
and Yang (2015) under fixed T and with initial observations modeled. Under H§P™* By = I,
and By = pl,,. The M-estimators p and :\3 of p and A3 solve the estimating equations:

Ad(p, /\3>/Q_1AY_1 + tr(C_lD_1> =0,
Aﬁ(p, /\3)’(0_1 ® A3>Aﬂ(p, /\3) — (T — 1)tr(G3) =

1
6—12) (,07>\3)

1
6—12) (,07>\3)

where Ad(p, \3) = AY — pAY_1 — AXB(p, A1, A3), and ((p, A3) and G2(p, \3) are obtained
from (2.10) and (2.11) by setting A\; = Ay = 0. Let 3 = B(p, \3), 62 = 52(p, A3), and
Y ={3,52,p,0,0,\3}'. The AQS test for HS?*P* has the form:

TR = Si (0) (0 88))) ) S5, (), (3.18)

where {g;} are {g;} defined in (3.10), evaluated at 1y = ¢ and Av = B3 Ad(p, A3).

Theorem 3.5. Under Assumptions A-D and H§PP*, if further, (i) hp; =1,i=1,...,n

(i1) B:;)l is uniformly bounded in both row and column sums and (iii) p and A3 are vV N-

j D
consistent, then we have Tyoe* — X3.

Joint test HP™P%: Ay = A3 = 0. Under the null hypothesis, the model reduces to another
popular model, the SDPD model with only the spatial lag effect. Under H5P*P®, By = pI,, and

Bs = I,. The constrained M-estimators p and A1 of p and Ay solve the following equations:

A’U(p, /\1>/Q IAY_ 1 —i—tr(C_lD_l) =0,
AG(p, A1) "WIAY + tr(C-'DW,) =

02(07/\1)
02(07/\1)
where AG(p, A1) = BIAY — pAY_; — AXB(p, 1), and B(p, A1) and 52(p, A1 = \3) are

obtained from (2 10) and (2.11) by setting Ao = A3 = 0. Let § = 3(p, A1), 62 = 62(p, A1),
and ¢ = {3, 52, p, A\1,0,0}". The AQS test for HSP*®® has the form

TRR = S (D) (1 881) 1, Sih, (), (3.19)

where {g;} are {g;} defined in (3.10), evaluated at 1o = ¥ and Av = AG(p, A;).

Theorem 3.6. Under Assumptions A-D and HEPP®®, if further, (i) hp; =1,i=1,...,n
(i1) B1_01 is uniformly bounded in both row and column sums and (iii) p and M1 are V/N-

) sppps D
consistent, then we have TAQS — X2
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Joint test HS‘PD: p = Ao = 0. Under the null, B, = 0 and D = —CBl_l. The model
becomes the static SARAR model. The constrained M-estimators A\; and A3 of A\; and A3 solve

the following estimating equations (see also Lee and Yu (2010)):

mm(h, A3)QTWIAY — (T — D)te(By W) = 0,
()\1 )Au(/\l, /\3) (C_l & Ag)Aﬁ(/\l, /\3) — (T — 1)t1‘<G3) =0
where A(A1, A3) = BIAY — AX3(A1, A3), and G(A1, A3) and & (/\1, A3) are obtained from

(2.10) and (2.11) by setting p = Ay = 0. Let B8 = B(/\l,/\g), G2 = JU(/\l,/\g), and ¢ =
{3,52,0,1,0, A3} The AQS test for HS*® has the form

v

TR = S () (0 &) S (), (3.20)

where {g;} are {g;} defined in (3.10), but evaluated at ¢y = ¢ and Av = By 'i(A1, A3).
Theorem 3.7. Under Assumptions A-D and HS™, if further, (i) hy; = 1,i=1,...,n,

(ii) Byg and Bsy are uniformly bounded in both row and column sums and (iii) Ay and X3

. D
are V' N -consistent, then we have Typg — X3

Conditional tests are those for testing whether the model can be further reduced, given
that it has already been reduced. For example, HIP': Ay = 0, given \y = A3 = 0; HP*:
A3 = 0, given A\; = Ay = 0; H3P?: p = 0, given Ay = 0. The last conditional test says that
based on the model without Ag, we want to see if p = 0, i.e., if the model SDPD(p, A1, A3)
can be reduced to SPD(A1, \3), a static spatial panel data model. The conditional tests
conditional upon p = 0 are the tests of model reduction for the SDPD(A) model, and the LM-
type of tests have been developed by, e.g., Debarsy and Erther (2010) and Baltagi and Yang
(2013a) for models with homoskedastic models, and Born and Breitung (2011) and Baltagi
and Yang (2013b) for models with heteroskedastic errors. All these conditional tests can be
easily developed based on the general methodology presented above. Some conditional tests
are robust against heteroskedasticity in light of Theorems 3.1 and 3.2, and some can be made
to be robust against heteroskedasticity in light of Baltagi and Yang (2013b) and Lemmas
A.8 and A.9. Given the fact that the OPMD estimator of the VC matrix of estimating
equations are robust against cross-sectional heteroskedasticity or can be made so in light of
Lemma A.9, any AQS or SAQS test can be made to be heteroskedasticity robust, provided
the AQS function is robust. However, it is not clear how to adjust the AQS functions so that
they are fully robust against heteroskedasticity due the presence of initial differences Ayj.
All the tests developed above can be implemented in a unified manner based on the general
expressions of the AQS function given in (2.9) or (3.3), and the general OPMD estimate of its
VC matrix given in (3.11). For each specific test, all it is necessary is to change the definitions
of the matrices B,.,r = 1, 2, 3 according to the null hypothesis, and modify the user-supplied

function that does root-finding. Matlab codes are available from the author upon request.
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4. Finite Sample Improved AQS Tests

The joint and marginal AQS tests presented above are simple but may not be satisfactory
when n is not large enough. The reason is that the variability from the estimation of 3
and o2 are not taken into account when constructing the test statistics. It is thus desirable
to find ways to improve the finite sample performance of these tests. Clearly, after 5y and
o2 being replaced by ((dy) and 6,(dy) in the last four elements of S*(t) given in (2.9),
the concentrated AQS functions no longer have mean zero, although they do asymptotically.
Furthermore, the variance of the concentrated AQS functions may also be affected. Thus,
re-adjustments on the mean and variance may help improving the finite sample performance
of the AQS tests (see Baltagi and Yang 2013a,b).

4.1. General method

Rewrite the concentrated AQS function given in (2.12) as

S35 =4 7O
— 'OTITWLAY_ ) + ¢3AG(8)' QT AG(0)],

a(8)(C™1 @ As)Ad(d) — g4 Aa(8)Q T Au(5)],

)
) :

4.1
) (4.1)
)

where ¢1 = +tr(C71D_1), 2 = 2 tr(CTDW)), ¢35 = +:tr(C'D_; W3) and ¢4 = ~t1(G3),
and consider the numerator S¢ y(0) of St (d), i.e., the vector without the scale multiplier %.
The ideas are: finding the mean of S7 y(dp) and recentering, and then finding the variance
estimate of the recentered S7 y(dp) and restandardizing.

Letting Q2 be the symmetric square root matrix of {2, and AX* = 0 IAX , we have
Q 2AG(S) = MO 2(BiAY — BoAYL),

where M = Iy — AX*(AXYAX*)"TAX* i isa projection matrix. Noting that MAX* =
and that at the true parameter values Qg (BlOAY BoAY_1) = AX*By + Qq BSOIA’U

the numerator SZ y(do) of the concentrated AQS functions can be further written as

AVBL MEAY_ 1 + ¢19AvM*Av,

AVBY MEWAY + oo Av'Mg* A,
AVBY MEWLAY | + ¢z0Av'ME*Av,
AVME(C @ G5) M Av — paoAv' MG Av,

Sen(do) = (4.2)

where G§ = 1(G4 + G3), M* = Q" 2MQ~% and M** = B 'M*B; .5

"Noting that M* = Q7' —Q 'AX(AX'Q 'AX)TAX'Q ™!, the calculations of Q72 and its inverse, which
can be computationally demanding when N is large, are avoided in real applications.
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By Lemma A.6, it is easy to see that E[Sy(00)] = (Kpy, Brios Hasgs Hrge)'s Where gy =
o70tr[(BheBso) ' M{(¢10C — D_10)], fix,y = o5tr[(B3gBso) " Mg(d20C — WiDy)], p1ag, =
aootr[(BjoBso) T M (¢30C — WaD_19)], and pyy, = 03 t1[ME*(C'® G5 — ¢40C)], giving the

recentered AQS function as:

S:j\l((s()) = S:,N((s()) - (Mpov HXx105 Moo > M>\30>/' (4'3>
To develop an OPMD estimate of the VC matrix of S¢%(do), we have by (3.1) and (3.2),

AV Ay + AVTL + AVS 1AV — pp,

. Av'Uy Ay + Av'Tl + Av'PoAv — iy,
Sen(do) = , , / " (4.4)

Av'U3Ay; + Av'Tlz + Av'P3Av — iy,

AV PIAV — pipg,,

where II; = Bj;'Min_i, Il = B! MiWin, II; = By 'M;Waon_i; &1 = By 'MiS_; +
p10ME*, By = Bi'MEWS + ¢ooMi*, &3 = B! MiW,S_ + ¢30M*, &y = MF*(C ®
SoIM" — dyoME*; Uy = B! MER_;, Uy = B! MW, R, U3 = By, 'M{W,R_.
Similar to {g;} defined based on (3.3), we define {g{} based on (4.4). Now, {g7} are
functions of unknown parameters & and the unobserved errors Av. Replacing &y by é and
Av by Ad(8) in {gf} to give {g2}, one obtains an OPMD estimate of %Var[S:j\l(dg)] as

Tk 1 ¢ ~0~0
== Zgi g’ (4.5)
i=1
and the standardized AQS (SAQS) test statistic for testing Hp : C'dp = 0 as

Tsags = S55(8) (0, 8285) ' S23(0), (4.6)

where C is 4 x k (k < 4), and the limiting null distribution of Tspqs can be shown to be X%
Monte Carlo results presented in the following section show that the SAQS tests offer much

improvements over the AQS tests when n is not large.

4.2. Improved joint, marginal and conditional AQS tests

Again, to facilitate the practical applications of the standardized AQS tests, we present
details of the tests for each of the hypothesis postulated in Section 2. Clearly, all the stan-
dardized AQS tests can be expressed in a single form as in (4.6). However, each test has a
certain specific property and hence deserves a detailed study. Similarly, one can formulate
the tests in the same manner as the AQS tests presented above by using only the standard-
ized AQS component(s) of the parameter(s) that the test concerns, although the remaining

components evaluated at the restricted estimates of § and Awv are no longer strictly zero
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(but negligible). Similarly, denote the component or subvector of S¢ y(d), and the element or
block of (Y7, g78 )_1 by adding a relevant subscript, e.g., St} ,(6) is the A\-component of
Sey(0), and (21, g28%)} " is the A-X block of (7, g28%) . The details for each tests
are as follows.

Joint test HP: § = 0. Under HEP, the model SDPD(J) is reduced to the simplest PD
model, and the estimation of the model at the null is simply the ordinary least square (OLS)

estimation. The standardized AQS test for testing H5": 6 = 0 is thus,
kok ~0 &0 _1 kok
T;EQS = SC,I\I/(())( ?:1 g; gi/) Sc,N(())a (4~7>

where {g?} are obtained by evaluating gf at dp = 0 and Av = AY — AX 5(0).

Corollary 4.1. Under the assumptions of Theorem 3.1 and HEP, T;?QS L, Xi. Thus,

the asymptotic null behavior of T;?QS is robust against unknown heteroskedasticity {hn;}.

Joint test HJ™: A = 0. Let 6 = (5,0,0,0) and A% = AY — pAY_; — AX3(5). The
standardized AQS test takes either the form of (4.6), or the following simpler form,

*k N n ~o~or\—1l qxx N
Tigs = SenA(0) (211 8785) y Semad), (4.8)

where {g°} are {g¢} with dy and Aw replaced by § and A%.

Corollary 4.2. Under the assumptions of Theorem 3.2 and HJ", Tgyos L, X3. Thus,

the asymptotic null behavior of Tgyas is robust against unknown heteroskedasticity {hqy;}.

Strictly speaking, the test statistic defined in (4.8) is not identical to the corresponding one
obtained from (4.6). This is because the constrained M-estimator p solves the concentrated
AQS function for p as in (3.14), and thus the p-element of S *;,(5 ) is not identically 0. However,
such a difference is negligible. The same issue applies to the tests given below.

Marginal test H™": p = 0. Let 5 = (0, /N\’)’ and AY = Bgl[BlAY — M WoY. | —
AX((8)]. The standardized AQS test takes either the form of (4.6), or the simpler form,

~ _14 1
TSR = Seh, (O [(Tr, &egy) )2, (4.9)

where {g°} are {g®} with dy and Aw replaced by § and A%.

Corollary 4.3. Under the assumptions of Theorem 3.3 and HE™P, T2 D, N(0,1).

Marginal test H5™ % Xy = 0. Let 5 = (p, :\1, 0, :\3)’ and Av = Bgl[BlAY —ByY_ ; —
AX((5)]. The standardized AQS test takes either the form of (4.6), or the simpler form,

N

TERR? = 57, (O (T, &0E) )] (4.10)

where {g¢} are {gf} with dy and Av replaced by § and A%. Similarly, the test TgS9PP
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for testing H5PPP*: A\; = 0, and the test TES‘SDPD:” for testing H5PPP3: A3 = 0 are developed.
However, these tests are less interested and hence details are not given.

Corollary 4.4. Under the assumptions of Theorem 3.4 and HG P2, TE3? L, N(0,1).

Joint test HSP™%: X\; = Ay = 0. Let 6 = (5,0,0,\3)’ and Ad = B3 '[AY — gAY ; —
AX((6)]. The SAQS test takes either the form of (4.6), or the following simpler form,

*ok N ~ozon —1 *ok N
T§E§§4 = c,N/,>\1,>\3(5> ( > ic1 & gi/))\h)\SSc,N,)\h)\g((s)’ (4.11)
where {g°} are {g¢} with dy and Aw replaced by § and A%.

Corollary 4.5. Under the assumptions of Theorem 3.5 and H5"™™*, T5eo* L, X3

Joint test HSPPP5: \y = A3 = 0. Let 6 = (j, A1,0,0)' and A = AY —ByAY 1 —AX3(3).
The SAQS test takes either the form of (4.6), or the following simpler form,

*x S ~ozor —1 *x N
TSRE° = S rone (0) (220 & gi/)AQ,ASSc,N,,\Q,,\3(5>a (4.12)
where {g2} are {g°} with § and Av replaced by § and Ad.

Corollary 4.6. Under the assumptions of Theorem 3.6 and H§PPP®, TES® L2,

Joint test HS™: p =Xy = 0. Let & = (0,A1,0,\3)" and Ad = B3 [B1AY — AX3(9)].
The SAQS test takes either the form of (4.6), or the simpler form,

*%k N ~o~or\—1 *%k N
TSias = Senpra(0) (2211 8787") , \, Sepna(0)s (4.13)

where {g°} are {g¢} with dy and Aw replaced by § and A%.

Corollary 4.7. Under the assumptions of Theorem 8.7 and H§™, Téips L2, 2.

All the conditional AQS tests discussed in Section 3 have their counterparts based on the
standardized AQS function. Similar to the case of the regular AQS tests presented in Sec.
3, the standardized AQS tests can also be implemented in a unified manner based on the
general expressions (4.3) or (4.4), and the VC matrix estimate defined in (4.5). Matalb codes

are available from the author upon request.

5. Monte Carlo Simulation

Extensive Monte Carlo experiments are carried out to investigate the finite sample perfor-
mance of the proposed AQS test and standardized AQS (SAQS) test, in terms of the size of

the tests, the means and standard deviations (sds) of the test statistics at the null hypothesis.

20



The following data generating process (DGP) is followed:
Yt = pye—1 + MWiye + AaWaye—1 + Poin + Xef1 + Zy + o+ ue, up = AsWaug + vy,

with certain parameter(s) being dropped corresponding to each specific test, for generating
observations at the null. The elements of X; are generated as in Yang (2016), and the
elements of Z are randomly generated from Bernoulli(0.5). The spatial weight matrices are
generated according to Rook, Queen contiguity, or group interaction schemes.® The values of
(Bo, B1, 7,04, 0v) are set to (5,1,1,1,1), T = 3 or 6, and n = (50, 100, 200,500). Each set of
Monte Carlo results is based on 5000 samples. The error (v;) distributions can be (i) normal,
(4i) normal mixture (10% N(0,4) and 90% N (0, 1)), or (iii) lognormal.” The fixed effects
i are generated according to either % Zthl X + e, where e ~ (0, Iy), resulting in the fixed
effects that are correlated with the regressors.

We only report results, in the form of empirical means, standard deviations (sds), and
the sizes at the nominal levels 10%,5% and 1%, corresponding to the seven pairs of tests
described in details in Sections 3 and 4 with T" = 3. The results for other tests lead to
similar conclusions and are available from the author upon request. Furthermore, Monte
Carlo experiments are repeated with 77 = 6 and the results (not reported for brevity but
available upon request) show similar patterns as the case of T' = 3.

Table 1 presents results for testing HEP: § = 0. When n is not large, the AQS test can
be severely oversized, whereas the standardized AQS test can be slightly undersized. As n
increases, the mean, sd, and size of the SAQS test quickly approach to their nominal values
corresponding to the x? distribution, but even when n = 500, the AQS test shows a clear
departure from x? with its mean, sd and size significantly larger than the nominal values. As
shown in Theorem 3.1 and Corollary 4.1, these pair of tests are robust against cross-sectional
heteroskedasticity. The results given in the last panel of Table 1 confirm this. The results
further reveal that heteroskedasticity deteriorates the finite sample performance of AQS test,
but not the finite sample performance of the SAQS test.

Tables 2a and 2b presents results for testing HJ*®: A = 0, allowing p to be present in the
model as a free parameter, with errors being homoskedastic or heteroskedastic, respectively.
The results show an excellent performance of the standardized AQS test with its empirical
means, sds and sizes being very close to their nominal values even when n = 50. In contrast,
the regular AQS test may have sever size distortions when n is not so large, which converges
to its nominal level in a significantly slower speed than that of the standardized AQS test.
The true value of p does not have a significant effect on both tests. As shown by Theorem 3.2
and Corollary 4.2, both AQS and SAQS tests are robust against unknown heteroskedasticity.

5The Rook and Queen schemes are standard. For group interaction, we first generate k = \/n groups of
sizes ng ~ U(.57,1.50), g =1,--- ,k and i = n/k, and then adjust ny so that 2221 ng = n. See Yang (2016)
for details in generating these spatial layouts.

"In both (ii) and (iii), the generated errors are standardized to have mean zero and variance o2,
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The results reported in Table 2b confirm these theoretical results. From the results, we also
observe that the unknown heteroskedasticity seems affect the finite sample performance of
the AQS test more than that of the SAQS test.

Table 3 presents results for testing HEPPP%: \; = Ay = 0, allowing p and A3 to be present
in the model as free parameters. The null model corresponds to an interesting model popular
in practical applications, showing the importance of such a test. The results again show an
excellent performance of the standardized AQS test, which significantly improves the regular
AQS tests. As n increases, the null distributions of both tests converge to x3 quite fast.

Table 4 presents results for another interesting test H5"*°® where the null specifies Ay =
A3 = 0, allowing p and A\; to be present in the model as free parameters. The results again
show that the AQS test can be severely oversized, while the standardized AQS test exhibits
a moderate size distortion when n is not large which quickly disappears as n increases. In
this case, the true values of p and A3 seem to have a noticeable effect on the performance of
both tests. Both tests are consistent in the sense that as n increases their null distributions
converge to the standard normal distribution.

Table 5 presents results for testing H5PPP2: Ag

= 0, allowing p, A1 and A3 to be present
in the model as free parameters. The results again show that both tests are consistent in
the sense that their sizes, means, and sds at the null converge to the nominal values, but the
standardized AQS test significantly improves the regular AQS test in finite samples. It is
interesting to note that in this testing situation the error distribution plays a more significant
role on the finite sample performance of the tests with a skewed error distribution (DGP 3)
leading to a more severe sized distortion.

Table 6 presents results for another interesting test H§™: p = 0, allowing \ to be present
in the model as free parameters. The results show again that the standardized AQS test
significantly improves regular the AQS test in terms of sizes, and means and sds of the test
statistics in finite samples, but both tests are consistent in the sense that as n increase, the
size, mean and sd of the test statistics at the null converge to their nominal values. The true
values of the \'s do not seem to have a noticeable impact on the finite sample performance
of the tests. Finally, Table 7 presents results for testing H§™: p = Ao = 0, treating A\; and
A3 as free parameters. The results exhibit similar patterns as the results for the other tests.

Some additional Monte Carlo experiments are run and the results are not reported for
brevity. The results for the conditional tests reveal similar patterns. The results under a
larger T' = 6 show that the finite sample performance of both tests improve, but the gen-
eral observations remain. We have also run extensive Monte Carlo experiments to check the
robustness of those tests which in theory are not fully robust against unknown heteroskedas-
ticity. The results (not reported for brevity) show that these tests are quite robust against
mild departure from homoskedasticity of the errors. Considering the fact that the standard-
ized AQS tests are as simple to implement as the regular AQS tests, it is recommended the

standardized AQS tests be used in the practical applications, unless n is fairly large.
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6. Conclusions and Discussions

General methods for constructing tests for the existence/nonexistence of dynamic and/or
spatial effects in the fixed effects panel data model are introduced, based on the adjust quasi
scores and their martingale difference representations. The methods for standardizing the
tests for improved finite sample performance are also introduced. The standardized versions
of the tests are shown to be as simple as the non-standardized versions but are more reliable in
finite samples, hence are recommended for the empirical applications. The results presented
in the paper show that the general methodology for constructing tests are promising. While
certain tests are fully robust against unknown cross-sectional heteroskedasticity, the others
are not although Monte Carlo simulation has demonstrated that they are also quite robust
against mild departure from homoskedasticity. It is interesting to develop tests that are
fully robust against unknown cross-sectional heteroskedasticity, and the general theoretical
results presented in Lemmas A.5-A.9, Appendix A, offer a possibility. However, there are two
difficulties: (7) these tests typically involve the estimation of submodels and the consistent
estimators of the model parameters under heteroskedasticity may not be available, and (i7)
the way to further adjust the AQS functions to be heteroskedasticity robust is not clear given
the presence of the initial differences in the AQS functions. Thus, a detailed study of this

issue is beyond the scope of this paper and will be carried out in a future research.
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Appendix A: Some Fundamental Results

The development and the proofs of theoretical results reported in this paper depend

critically on the following lemmas.

Lemma A.1. (Kelejian and Prucha, 1999; Lee, 2002). Let {A,} and {B,} be two se-
quences of n X n matrices that are uniformly bounded in both row and column sums. Let Cp,

be a sequence of conformable matrices whose elements are uniformly O(1;1). Then

(i) the sequence {A, By} are uniformly bounded in both row and column sums,
(ii) the elements of A, are uniformly bounded and tr(A,) = O(n), and
(iii) the elements of A,Cp, and C, A, are uniformly O(v;1).

Lemma A.2. (Lee, 2004, p.1918). For W, and B,, r = 1,2, defined in Model (2.1),
if |W,|| and ||B.g|| are uniformly bounded, where || - | is a matriz norm, then ||B; ‘|| is

uniformly bounded in a neighborhood of Arg.

Lemma A.3. (Lee, 2004, p.1918). Let X,, be an n x p matriz. If the elements X,, are
uniformly bounded and lim,, %X;Xn exists and is nonsingular, then P, = X,,(X X,) 1 X}

and M, = I, — P,, are uniformly bounded in both row and column sums.

Lemma A.4. Let {A,} be a sequence of n x n matrices that are uniformly bounded in
either row or column sums. Suppose that the elements an ;i of An are O(u;') uniformly in
all i and j. Let v, be a random n-vector satisfying Assumption B, and b, a random n-vector
independent of v, such that {E(b2,)} are of uniform order O(u;%). Then,

(i) E(v,A,v,) = O(%), (ii) Var(v], Anv,) = O(&),

tn tn

(111) Var(vl, Apv, + b v,) = O(2), () v Apvn = Op(-),

ln

(v) b Ao — E(vhAyun) = Op((2)3),  (vi) vhAnby = Op((2)7).

Proof of Lemma A.4. Simply modify the proof of Lemma A.5 of Yang (2016) by
allowing heteroskedasticity {h,;} in vy,. [ ]

Lemma A.5. Let {®,} be a sequence of n x n matrices with row and column sums
uniformly bounded, and elements ¢y, ;; of uniform order O(u;Y). Let v, be an n x 1 random
vector satisfying Assumption B. Let b, = {by;} be a sequence of n x 1 random vectors,
independent of vy, such that (i) {E(b2,)} are of uniform order O(i;t), (ii) sup;E|by|?Te <
0o, and (iii) 237" | hni(b2; — Eb2,) = op(1). Let H, = diag{hni,i = 1,...,n} and define
the bilinear-quadratic form:

Qn = b v, + 0,0, — 02tr (D, Hy),

and let U%n be the variance of Q. If limn_,ooL}L+2/6°/n =0 and {%U%n} are bounded away

from zero, then Qn/0q, -, N(0,1).
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Proof of Lemma A.5. This lemma extends Lemma A.5 of Yang (2016) by allowing
heteroskedasticity on {v;}, and thus the proof proceeds similarly. Assume (W.L.O.G.) @,
is symmetric with elements qﬁn ije Write Qn = 30 brivi + vi&ni + Pnyii (v — 02hy;)] =
>oiy Yni, where &, = 22 1 Pnijvj. Let G; = o(v1,...,v;) be the o-fields generated by
(v1y...,v;),5 = 1,...,n, and F,o the o-field generated by b,. By independence between
by, and vy, Fni = Fno X G; is the o-field generated by (bn,vi,...,v;). By construction,
Fnji-1 © Fpi. Clearly, Y,,; is Fy;-measurable and &,; is F,, ;—i1-measurable. It follows that

E(Ynil|Frni-1) = me(vz)—l—E(vz)fm—i—qﬁn #B(? —02)hn;) = 0, and hence {Yy;, Friy, 1 < i < n}
form a M.D. array, and UQ =y, B, 2). Define Z,,; = Yni/0g,. Then, {Z,;, Fpi, 1 <i <
n} also form a M.D. array. The proof of the lemma thus amounts to verify the conditions
for the central limit theorem (CLT) for M.D. arrays, e.g., the condition (A.1) or (A.3) and
condition (A.2) of Theorem A.1 in Kelejian and Prucha (2001):

(@) Yo,y E[E(\Zm\ﬂ‘s\fm_l)] — 0, for some ¢ > 0;
(b) Yoy B(Z2|Fni1) = 1.

The detail for the proof of (a ) follows closely that of Theorem 1 of Kelejian and Prucha (2001),
where the quantities |by;|, b2,, |bni|? are replaced by their expectations, and with reference to
the proof of Lemma A.13 of Lee (2004b) to take care of unbounded ¢,,.

To prove (b), we have > I | E[Z2,|F 1] — 1= Uéi S E(Y2 | Fric1) — E(Y2))]. With
Yoni = bnivi + v;&ni + ¢n,ii(vz‘2 — 02hypi), it is easy to see that

Lﬁ Z?:1 [E<Y72n‘fn,i—1> - E<Y72u‘>] = 050% Z?:l hm‘(b?n‘ - Eb?n) + 050% Z?:l hm‘(f?n - Tgﬂ
+202) 2 370 bpibni + 22 37 | Gnittailng + 22 D001 Oniikisi(bni — Bbpg) = S Qr

where 72, = Var(&,;) = 402, Z
to showthat Q. 5 0,r= 1,...,5.

First the result for Q; follows from the assumption (iii) of Lemma A.5, and the result for

hn; and ps; = E(v3). Thus, to show (b) it is sufficient

nzg

Q5 follows from the assumption (ii) of Lemma A.5 and Chebyshev inequality. Now,
n — n 1 n -1
Q2 = UgoLn > ic1 b (§721i - Tgﬂ = 4030% Z? 1 an](v thm> + 8030% Z?:l VjEny-

where a,; = ?:j+1 hm¢%7ij, Enj = Zi;ll Cn,ikVk, and ¢y ip = Z?:j—l—l i ®n,ijPn,ik- Clearly,
both {(vi — 0Zohni), Gi} and {vjen;, Gi} are M.D. arrays, and hence their convergence in
probability to zero is proved by applying the weak law of large numbers (WLLN) for M.D.
arrays of Davidson (1994, p. 299). It follows that Qs —— 0.

By applying Chebyshev inequality, we show that Q3 2. 0. Now, it is easy to see that
Qq =24 Z;le dy, ;v; where d,, j = Z?:j-f'l bniift3i 9. Thus, the convergence of Q4 is proved
by applying Chebyshev inequality, noting that both h,; and ¢, ;; are uniformly bounded. m

Lemma A.6. Suppose Assumption A and Assumptions B(i)-(ii) hold for Model (2.1).
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Assume further that (i) the time-varying regressors Xy are exogenous, and (ii) both B1_01 and

BS_O1 exist. Then, we have,

E(AY1AV) = —o%D_10B3 H, (A1)

E(AYAV) = —0%D¢B3 H, (A.2)

where D_1 = D_1(p, A1, \2) and D = D(p, A1, A2) are given below (2.8), H = Ip_1 ® H,,
and H,, = diag{hp;,i = ..., n}.

Proof of Lemma A.6. From (2.2), we have Ay, = BOAyt_l—i—Bl_OlAXt—i—Bl_Ol BS_OIAvt, t=
2,...,T. Under Assumption A, if m > 1, then

E(Ay1 Avh) = By B3y E(Avi Avh) = —02,Byy Bag Han;

if m = 0, then E(Ay; Avh) = By By E(y1Avh) = Byy Byy E(viAvh) = —02,Big By Ha.
The above result remains to be true for ¢t > 2, i.e.,

E(Ay:Aviy1) = By Byg E(viAviyy) = =035 Big Bag Ha.

It follows that, for ¢t > 2,
E(AyAv)) = BoE(Ay_1Av)) + By By E(AvAv)

—02)Bo By B3y Hn + 202 By By Mo
= 02)(2I, — Bo)Biy B3y Hn;

E(Ay11Av)) = BoE(AyAv)) + By Bag E(Avi 1 Av))
02,(2By — B3) By Bag Hn — 020 B1g Bsg Hn
= —02y(I, — Bo)?Byy B3y Hn.

Finally, for ¢t > 3, we have, E(Ay,Avh) = —U%OBE_S(In — Bg)2B1_01B§OIHn, for t > 4, we have,
E(AyAvy) = —02BE (I, — Bo)? By Bag Hn, and so forth. Summarize these, we obtain the
results of Lemma (A.6). |

Lemma A.7. Under the assumptions of Lemma A.6, we have

0p+17
tr(D_wC_l) — tr[D_lo(C_l & (Bg_OIHnBS()))]u
E[S*(¢0)] = { tr(WiDoC™!) — tr[W,Do(C~! @ (B3 HnBso))],

tr(WgD_loc_1> — tr[WgD_lg(C_l & (BS_OIHnt()))],
(T = 1)[tr(GaoH) — tr(Gio))-

\

Proof of Lemma A.7. It is immediate from the results of Lemma A.6. [ ]

The following discussions and results extend those in Section 3.1 by allowing unknown
heteroskedasticity {hy,;} in vy across i. They may potentially lead to test statistics that are

fully robust against unknown heteroskedasticity. Let S°(1g) be the centered version of S* (1))

26



according to Lemma A.6, i.e.,

LAX'Q—lAu(eo)

(00)'Qpt Au(f) — 525,

(60) Q5 AY_; + tr[D_Olo(C’_l ® (Biy HaBso))],
Au(eo) Qg "WLAY + tr[W1Do (O~ @ (B HnBso))l,

1 ~Au(6o)'Q Qg "W AY g + t1[W3D_10(C™! ® (B3 HpBao)),
1 Au(eg) (C~1' ® Azp)Au(bp) — (T — 1)tr(GaoHy),

§%(tho) = 1

\

which can be further written by (3.1) and (3.2) as

1} Av,
A’U/(I)lA’U—2—2,
. AV Ay + Av'TL + Av'®9Av + tr[D_10(C~ @ (Bt Hy Bso))l,
S(%): v ¥1AY1 v iy U @200 1“[ 10( ( 30 30))] (A.3)

AV Ty Ay + Av'Tly + Av'B3Av + tr[Wi Do (C~! @ (Big Ha Bso))],
Av'UsAy1 + Av'Tly + Av'®4Av + tr[WoD_19(C~! ® (Bjg HnBso)),
Av’<I>5Av — (T - 1>tr<G30Hn>u

\

where all the quantities are defined in (3.3), except that H,, = diag{hn;,i =...,n}.
Lemma A.8. Suppose Assumptions A-D hold for Model (2.1). If B1_01 and BS_O1 are

uniformly bounded in both row and column sums, we have TlﬁSo(z/zo) L, N(0,T°).

Proof of Lemma A.8. First, under Assumptions C and D, the elements of all the II
matrices are uniformly bounded.® By Lemma A.1, all the ® and ¥ matrices are uniformly
bounded in both row and column sums. From (A.3), we see that S°(¢g) consists of three

types of elements: II'Av, Av'®Av and Av'WAy;, which can be written as

II'Av = ZtT:1 vy, Av®Av = ZtT:1 ZST:1 v;®Fvs, and AV'UAy; = ZtT:1 vV Ay,
where II}, @}, and ¥} are formed by the elements of the partitioned II, ® and W, respectively.
By (2.1), y1 = Bl_olBgoyO +m + Bl_olBg_Olvl, leading to Zthl vUFAy; = Zthl vy +
Zthl v, Wity for suitably defined non-stochastic quantities 71, ¥;* and ¥; . These show

that, for every non-zero (p 4+ 5) x 1 vector of constants ¢, ¢/S°(1g) can be expressed as

c'S°(¢o) = Zt 1 Zs 1 Vi Atsvs + Zt 1 v Brot + Zthl v,9(yo) + ',

for suitably defined non-stochastic matrices A5 and By, the function g(yp) linear in yo, and
the non-stochastic vector p. As {yo,v1,...,vr} are independent, the asymptotic normality
of \/—c 'S°(1hg) follows from Lemma A.5. Finally, the Cramér-Wold devise leads to the joint
asymptotic normality of NSO(z/JO). [

Recall: for a square matrix A, A%, A' and A? are, respectively, its upper-triangular, lower-
triangular, and diagonal matrix such that A = A%+ Al + A4, TI,, ®;, and ¥, the submatrices

8We omit the detailed discussions on the exact magnitude of the elements of II related to the degree of
spatial dependence ¢, as specified in Assumption D.
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of II, ® and V¥ partitioned according to t,s = 2,...,T; ¥y = ZSTZQ U, t = 2,...,T,
© = Wy (B3oBig) ™!, Ay; = BsoBioAys, and Ay}, = Wiy Ayr; Fry = Fro®Gnyi, with {Gp i}
being the increasing sequence of o-fields generated by (vj1,...,vjr,j=1,...,i),i=1,...,n,

and F, o being the o-field generated by (v, Ayp).

Lemma A.9. Suppose Assumptions A-D hold for Model (2.1). Consider the key quanti-
ties in S°(vg): (I'Av, AV'®Av, Av'TAy,) = Qo). Define

g = Yo W Avy,
goi = St o(AviAi + AvyAvt, — 02dit),
g3i = AvgAG + 04 (Avg Ay + 020 hn) + S s Avi Ay,

where & = .1 (®Y + ®L)Av,, Avy = N1, ®Aw,, and {di} are the diagonal elements
of ®(C @Hy), {AG) = AC = (0" + OYAyS, and diag{O©;;} = ©. We have,

(1) Qo) —E[Q(vo)] = >_iL, &i, where gi = (g1, 92i: 93:)’,

(id) Var[Q(vo)] = 321 E(gig;), and

(i11) 5 Yoics [gig — Elgigl)] = op(1).

Proof of Lemma A.9. Proof of (i) is trivial, and the result (i7) follows from the fact
that {g;, Fy,i} forms a vector M.D. sequence. We focus on the proof of (iii). To facilitate the
proof, the following dot notation is convenient: (a) for the N x 1 vector Av with elements
{Av;} double indexed by i = 1,...,nforeacht =2,...,T, Av, is the subvector that contains
all the elements with the same ¢, and Awv;. is the subvector that picks up the elements with
the same ¢; (b) for the N x N matrix ® with elements {®;; js, 4,5 =1,...,n; t,s =2,...,T},
where it is the double index for the rows and js the double index for the columns, ®. . is
the n x n submatrix corresponding to the (¢, s) periods, ®;. ;. the (T'—1) x (T'— 1) submatrix
corresponding to the (¢, ) units, ®; ;. the (T'— 1) x 1 subvector that picks up the element
from the itth row corresponding to s =2,..., 7.

With the vector dot notation, we have gi; = II, Av;., go; = Av] A& + Av) Av: — 17, d;.,
and g3; = Avg AG + 04 (Ave AYS: + 020 hni) + Avl_Ay;,, where d;; are the diagonal elements
of ®(C x H) and ‘_’ plays the same role as ‘.” but corresponds to ¢t = 3,...,T. Note that
under Assumptions D and E, one can easily see by Lemmas A.1-A.3 that the elements of all
the II’s, ®’s,, and U’s are all uniformly bounded. The proofs proceed by applying the weak
law of large numbers (WLLN) for M.D. arrays, see, e.g., Davidson (1994, p. 299).

First, with gf; = I} Avi., 3 Yimy 9159 — B(91591:)] = % Sy L. (Av. Av), — 02, O)IT;. =
% >oiy Uy, where C is defined below (2.3). Without loss of generality, assume U, is a
scalar, as if not we can work on each element of it. Clearly, {U,,;} are independent, thus form
a M.D. array. By Assumption B and using the fact that the elements of II;. are uniformly
bounded, it is easy to show that E\Um\HE < K, < o0, for € > 0. Thus, {Uy,;} are uniformly
integrable. With the constant coefficients + the other two conditions of WLLN for M.D.

N
arrays of Davidson are satisfied. Thus, % Yo Uni L50.
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Second, with go; = Av] A& + Av, Av; — 1., d;., we have,

% Z?:l [Q%z - E(Q%@)]
= 3 Limi[(AvLAEG)? — E((AvL A )2)] + ¥ L [(AvLAvy)? — E((Avj.Avf)?)]
R i (AL AL ) (Avp AvE) — £ 300 (Vp1di) (Av].AE.)

_% i (i) (Avg Avy — (AU;AU;))] = Zi:l H,.

Now, Hy = % > [AE (Av. Avl, — 02,C)AE;.] T [AE.CAL. — E(AE.CAE,.)]. For

the first term, letting V;,; = Afg,(sz.Avi, — UUOC’)A&., we have E(V},;|Gni—1) = 0 due to

the fact that AE;. is G, ;—1-measurable. Thus, {V;,;, G, i} form a M.D. array. It is easy to see

that E\anje\ < K, < o0, for some € > 0. Thus, {V},;} is uniformly integrable. The other two

conditions of the WLLN for M.D. arrays of Davidson are satisfied. Thus, % Yoy Vi L50.
For the second term of Hy, recall & = Y7, (®¥ + ®f,)Av,. We have,

Abie = 30y S5 (Rjris + Pirjs) Avjs = Y023 1o (Rjris + Pir o) Avjs = Y57 dijAvj.,
where ¢;j; = (‘I’Jzt +®;54.). Thus, (A&:)? —B[(A&:)?] = Y021 [0, (Avj. Av). — 0%, C)dije] +
2571 ST A e @l Avg. Tt follows that

N 2imi {(A&)? — E[(A&:)?)}
n i— n i—1 j—1
= % D i Zj:ll[ ijt- (Av;. AU - Ugocmijt] + 2% > i Zj:l Zi:l A”}qﬁijtqj;ktA”k
= ]1[ Zn_l { Z? ]—l—l[ iyt (AUJ A’Ul - UgOC>¢Z]t ]}
n— i1
+2N Z ! A’U { Zz =j+1 Zk 1 ¢Ut ¢zkt Avg. }

Clearly, the first term is the ‘average’ of n — 1 independent terms, and the second is the

‘average’ of a M.D. array as the term in the curling brackets is G, j_1-measurable. Condi-
tions of Theorem 19.7 of Davidson (1994) are easily verified, and hence + "1 {(A&;¢)? —
E[(A&:)?} = 0p(1). Similarly, one shows that & Y7 | {A& A — E[(AAEs)]} = op(1) for
s #t Thus, 20 7 [AE CAE — B(AE.CAEL.)] = 0,(1), and Hy = 0,(1).

The proofs for H 3 and Hy can be done in a similar manner as the proof for the second

term of Hy. The proofs for Hy and Hj are similar to the proof of the first part of Hy, as they

each involves a sum of n independent terms.
Third, with gs; = Avg A + 04 (Avy AYS, + 02hni) + Av] Ay{i , we obtain,

N ialedi - <g§i>1 = & S [(Av3, — 202 b ) ACH] + 252 ST B [ACZ — E(AC)]
+N Zz 1 [(Av%Ay%)Z - E<<AU2sz1i> )]
2700 S0 ©2 N[ AvaiAyg; — E(AvgiAys,)]
+N Z [(Av_ Ay )? — E((Avi_Ayy;)?)]
+3 Yo ©i[Av3AGAYY — B(AvEAGAYS,)] + % i1 Oiihni Avg; AG
3 i [AvzAG(AY_ Ay ) — E(AugiAG(AV]_ Ay, )]
+]%f Z? 1 ©ii[(Ave Ayy;) (Av;_Ayy; ) — E((AviAyy,) (Avi_Ayy; )]
+ J\lf0 Zz 1 Oiihni[Avi_Ays;, — E(Avi_Ayy; )] = 271"0:1 -

As ACZZ is Fpi—1-measurable, @1 is the average of a M.D. array and its convergence to 0
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in probability follows from WLLN for M.D. array. For Q, note that A = (0" 4+ 0Y) Ay =
(% + ©°)ByyBioAyy. It follows that Qy = 250 S (Ay, AAy, — B(Ay,AAy,)] = o0p(1)
by Assumption F, where A = ((0% 4+ ©%)B3¢B1o) (0" + ©)B3gBy is easily seen to be
uniformly bounded in both row and column sums. Writing Ay; = BsoB1oAyo + BsoAx1 50 +

Avy = g(yo, vo) + v1, the convergence of Q3, Q4 and Qg can be easily proved though tedious.
The results for Q5 and Q1o are proved by the independence between Av;_ and Ayj,  are
independent, Ayj, = ®4 Ay, and Assumption F. The convergence of ()7 to 0 in probability
follows that of Q1. Finally, the results for Qg and Q9 can be proved by further writing
Ayiy = @i Ayy = P44 (BsoBio) Ay = q(Ayo, vo) + Pri (BsoBio) vi.

Subsequently, for the cross-product terms, we have,

+ 370 (91592 — E(g15924)] )
= Ly [H’ (Av. AV, — 02, C)A&. ]+ T S0 (ITL.CAE;.)
+3 o0 I [Av Avl Avf — E(Av. Av] Av)] + % S0 (V1 d)IT, Ay

N
% o1 lg1i93i — E(914934)]

= N Zi:l H;[A’UZA’UQZACZ — E(AUZA’UQZACZ)]
o Yoy Oull] [Avi (AvgiAys; + 0 2hni) — B(Av (AvgiAyf; + 025hni) )]
+L 50 T [Av Av_ Ayt — E(Av. Avl_ Ay, )]

~ 2192193 — E(g2i93i)]
= & Ly [(Av] A&) (AvgiAG) — E((Avf A&) (AviA))]
o iy Ouil(Av) AL (AvgiAys; + 030 hni) — B((Av] A&) (AvgiAyp; + 0% hni))]
oy i [(Av) AG) (Av_ Ayt ) — B((AVAL) (Avi_ Ay, )]
3 i [(AvL A ) (AvgiAG) — B((Av].Avf) (AvgiAG))]
o i [(Av,AvE) (AvgiAys; + 02 hni) — B((Av]. Ay ) (AvgiAys; + 005 hni))]
o i [(Av] Avy) (Avj_ Ay, )— E((Av;. Av]) (Avi_Ayy; )]
+x i (1 ds )Av2zACz] & i [(Vp1di)©ii(Avai Ays; + oo i)
% Z?: (17 1di)(Avi_Ayj;, - — E(Av;_Ayj; )]

The convergence of each of the terms above can be proved in a similarly manner as these

terms appear in similar forms as the terms appeared in the H, and Q,. [ |
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Appendix B: Proofs of the Main Theoretical Results

Proof of Theorem 3.1. The quantities needed for evaluating the AQS function defined
n (3.3) become: I} = — c—lAX I = =% C_llBB IAXﬂ, I3 = Lc—lwlAX@ I, =
1Oc 1W2183 1AX5,<I>1 T L By=—- c IB_,, &3 = o C—1W1,<I>4: U%Oc*WQB_l,
D5 = [C’ Lo (W) +W3)} L = 1OC IR_1, Uy = 0, \113 = UL%c—IWQR_I, R, =
blkdlag(In, 0,...,0),B_1 =15 ,®1I,,and I _;isa (T'— 1) x (' — 1) matrix with elements
1 on the positions immediately below the diagonal elements, and zero elsewhere. Further,

By = 0,,, and hence Dy = —C ® I, and D_19 = —C_1 ® I,,, where

-1 0 0 -~ 00 0
2 -1 0 -~ 00 0
C,=|-1 2 -1 - 00 0
0 0 0 - 02 -1

(T—1)x(T—1)

These show that with ¢ = (5, 00,0, 0,0,0)’, all the ® and ¥ matrices are either of the form
A®1I, or of the form A x W for some (T'—1) x (T'—1) matrix A and a spatial weight matrix
W satisfying Assumption D. Thus, E[S*(¢¢)] = 0 even when the errors are heteroskedastic
by Lemma A.7. Hence by Lemma A.8, we have \/—INS*(Z/J(ﬁ 2, N(0,T*(¢0)].

By the mean value theorem, one easily shows that \/—%[Sg(z/;) — S5 (o)) = o0p(1), where
z/; = ( ’, ~30, 0,0,0,0)" and we note that the OLS estimators B and 630 are robust against
unknown heteroskedasticity {hy,;}. Now, since by (3.11) S*(¢0) = >/, &, where {g;, Fni}
form a vector M.D. sequence, we have % Yo lgigi—E(gig!)] = 0p(1) by Lemma A.9. Finally,
by the mean value theorem and the consistency of 3 and &2,, one shows that % Yo (gigl—

gig.) = 0p(1) under heteroskedasticity. This completes the proof of Theorem 3.1. ]

Proof of Lemma 3.1. Consider the AQS vector S*(3, 2, p) for the DPD model, and
the concentrated AQS function which defines p under HJ®P:

Spep(p) = 5gl(p) Aﬁ/(mC_IAY—l + n(li—p - Ttl_fp)2)’
where B(p) = (AX'C'AX)TAX'C HAY — pAY_;) and 62(p) = LAY (p)C'AG(p),
where At(p) = AY — pAY_; — AXB(p).
Define S*(3,02,p) = E[S*(B,02,p)]. Given p, S*(8,02,p) = 0 is partially solved at
Blo) = (AX'CIAX)'AX'C (BAY — pEAY 1) and 02(p) = SB[As(p)C"Au(p)),
where Av(p) = AY — pAY_; — AXB(p). Substituting 3(p) and 52(p) back into S*(3, 72, p)

gives the population counter part of Sigy(p) as

gf?ﬁn(ﬂ) - 5gl(p)E[A5/(P>C_1AY—1] + n(ﬁ - Ttl_fpﬁ)'
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By Theorem 5.9 of van der Vaart (1998), 5 will be consistent if (i) inf ., o >¢ | S3gp(p)| > 0
for every € > 0, and (ii) sup ey \/—%\Sﬁng(p) — Sz (p)| = 0, which are straightforward. The
asymptotic normality can be proved using Lemma A.5. Details of the proof are available

from the author upon request. [ |

Proof of Theorem 3.2. First, with vy = (8o, 0%, po,03)" it is easy to show that
E[S*(¢0)] = 0 under the general heteroskedasticity {h,;}. Thus, under A = 0, S°(¢g) de-
fined in (A.3) reduces to S*(1p) defined in (3.3), and hence by Lemma A.8, one shows that

* D *
\/—%S (109) — N(0,T*(¢)p)). By Lemma A.9, one shows that % Z?:ﬂgn,fg%,i —E(gig})] P,
0. By the mean value theorem, and v/N consistency and robustness of /3, 52 and p against
unknown heteroskedasticity {hy; } as shown in Lemma 3.1, we have \/—%[S/*\(z[}) — 55 ()] 250
where ¢ = (3,52, p, 03)’, and + > i1 (8ni8; — 8ig)) 2, 0. The result of Theorem 3.2 thus

follows. u

Proof of Theorem 3.3. Referring to the AQS vector S*(1) given in (3.3) setting pg to
0, Lemma A.1 shows that all the ® and ¥ matrices are uniformly bounded in both row and
column sums. Assumptions C and D, and the additional assumptions stated in the theorem
guarantee that the elements of all the II quantities are uniformly bounded. Lemma A.5 and

hence Lemma A.8 are applicable under homoskedastic errors. Now, S°(tg) defined in (A.3) re-
duces to S*(¢0p) defined in (3.3), and hence Lemma A.8 leads to ﬁS*(l/fO) 2, N(0,T*(¢p0)).

With the v/N-consistency of ¢ = (3,52,0, ), we have \/—%[S;(z/;) — S5 (%o)] 2,0 by the
mean value theorem and Lemma A.2. Now, by Lemma A.9 with h,; = 1,71 =1,...,n, we
have % > icilen,ig,; — E(gig})] -2, 0. By the mean value theorem, v/ N-consistency of v,
and Lemma A.2, we have % Z?Zl(gmg;m - gig)) 2, 0. The result of the theorem thus

follows. u

Proof of Theorems 3.4-3.7. Similar to the proof of Theorem 3.3. The details are

available from the author upon request. [ |

Proof of Corollaries 4.1-4.7. Lemma A.3, Assumptions C and D, and the additional
assumptions (if any) stated in the corollaries guarantee that the matrices M and Mg* ap-
peared in (4.2) and (4.4) are both uniformly bounded in both row and column sums. The
rest of the proofs of these corollaries parallel the proofs of Theorems 3.1-3.7. The details are

available from the author upon request. [ |

A final note for the proofs of all the theorems and corollaries, the exact order of the
key quantities in connection with the degree of spatial dependence represented by ¢, as in

Assumption D can be learned through Lemma A.4 and Lemma A.5.
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Table 1 Empirical Mean, sd and Size of Ty for Testing 6 = 0

AQS Test SAQS Test
n dgp | mean sd  10% 5% 1% | mean sd  10% 5% 1%
Group Interaction
50 1 4.80 3.20 .1590 .0908 .0206 4.15 2.62 .0990 .0378 .0054
2 6.01 4.11 .2712 .1742 .0638 4.13 2.45 .0880 .0330 .0024
3 5.35 3.56 .2156 .1270 .0352 4.14 249 .0874 .0356 .0024
100 1 4.55 3.19 .1448 .0816 .0192 4.17 2,79 .1096 .0552 .0098
2 5.24 3.67 .2084 .1240 .0364 4.07 2.56 .0928 .0386 .0040
3 490 3.45 .1792 .1018 .0288 4.17 272 1072 .0494 .0078
200 1 4.29 295 .1258 .0606 .0142 4.10 2.76 .1058 .0478 .0082
2 4.79 3.43 .1646 .1008 .0264 4.11 271 .1002 .0484 .0070
3 4.46 3.21 .1396 .0756 .0214 4.06 2.76 .1014 .0490 .0082
500 1 4.15 2,99 .1128 .0624 .0136 4.07 290 .1038 .0572 .0104
2 4.33 3.13 .1282 .0672 .0182 4.04 2.80 .1018 .0498 .0076
3 4.23 3.01 .1218 .0656 .0150 4.05 2.82 .1030 .0522 .0102
Rook Contiguity
50 1 4.63 3.14 .1496 .0828 .0180 3.99 2.56 .0870 .0356 .0054
2 5.79 3.94 .2498 .1568 .0544 3.97 235 .0720 .0262 .0016
3 5.26 3.64 .2046 .1202 .0352 4.04 2.50 .0830 .0340 .0042
100 1 4.38 3.05 .1290 .0696 .0150 4.02 2.70 .0954 .0458 .0066
2 5.06 3.65 .1886 .1106 .0354 3.94 2,53 .0818 .0374 .0046
3 4.60 3.29 .1540 .0870 .0234 3.92 2.60 .0872 .0374 .0044
200 1 4.22 296 .1190 .0638 .0132 4.03 2.76 .1012 .0510 .0078
2 4.75 3.42 .1634 .0926 .0272 4.09 2.73 .1004 .0474 .0082
3 4.30 3.05 .1216 .0622 .0164 3.93 2.66 .0888 .0388 .0066
500 1 4.05 2.88 .1074 .0560 .0104 3.98 2.79 .1004 .0506 .0090
2 4.28 3.01 .1236 .0626 .0134 4.00 2.71 .0950 .0446 .0070
3 4.13 295 .1152 .0600 .0118 3.96 2.77 .1006 .0472 .0064
Group Interaction, Heteroskedastic Errors
50 1 5.60 3.71 .2348 .1376 .0430 4.22 248 .0922 .0336 .0034
2 7.16 4.93 .3618 .2608 .1136 4.18 2.35 .0770 .0284 .0026
3 6.31 4.30 .3030 .2048 .0764 4.19 2.45 .0886 .0316 .0018
100 1 4.83 3.38 .1652 .0954 .0278 4.15 2.69 .1006 .0464 .0060
2 5.73 4.18 .2446 .1580 .0542 4.08 2.49 .0886 .0356 .0016
3 5.17 3.65 .2030 .1196 .0336 4.10 2.57 .0910 .0376 .0048
200 1 4.45 3.11 .1404 .0734 .0164 4.10 2.75 .1030 .0462 .0074
2 5.09 3.74 .1920 .1156 .0372 4.07 2.65 .0926 .0418 .0054
3 4.68 3.35 .1582 .0834 .0216 4.06 2.69 .0908 .0428 .0082
500 1 4.24 3.03 .1180 .0612 .0154 4.06 2.83 .1024 .0512 .0118
2 4.62 3.37 .1592 .0848 .0220 4.09 2.80 .1068 .0488 .0082
3 441 3.17 .1352 .0734 .0190 4.07 2.80 .1044 .0490 .0080

Note: for dgp, 1=normal, 2=normal mixture, and 3=lognormal.
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Table 2a Empirical Mean, sd and Size of Tygg for Testing A = 0, Homoskedastic Errors.

AQS Test SAQS Test
n dgp | mean sd  10% 5% 1% | mean sd  10% 5% 1%
Group Interaction, p=0
50 1 3.72 290 .1624 .0902 .0236 | 3.26 2.42 .1116 .0554 .0092
2| 460 3.64 .2590 .1576 .0566 | 3.35 2.36 .1158 .0520 .0086
3| 410 3.11 .2064 .1214 .0356 | 3.29 2.32 .1094 .0470 .0060
100 1 3.45 279 1398 .0774 .0184 | 3.19 249 1118 .0548 .0116
2 3.94 3.27 .1944 1148 .0374 | 3.20 2.41 .1072 .0526 .0076
3 3.76 3.12 .1700 .1012 .0306 | 3.27 2.53 .1200 .0590 .0122
200 1 3.20 2.65 .1222 .0642 .0128 | 3.07 2.49 .1088 .0546 .0090
2 3.59 288 .1556 .0862 .0218 | 3.17 2.40 .1052 .0520 .0084
3 3.38 272 1372 .0704 .0178 | 3.13 2.42 .1060 .0506 .0102
500 1 3.04 250 .1018 .0530 .0108 | 2.99 2.43 .0940 .0474 .0100
2 3.20 2.67 .1188 .0632 .0136 | 3.02 2.42 .0982 .0506 .0082
3 3.15 254 .1132 .0606 .0104 | 3.04 2.41 .1034 .0496 .0074
Rook Contiguity, p =0
50 1 3.56 2.84 .1504 .0802 .0230 | 3.11 236 .1022 .0462 .0068
2| 445 353 .2406 .1556 .0498 | 3.22 2.28 .1034 .0444 .0048
3 3.98 3.16 .2000 .1178 .0328 | 3.16 2.29 .1048 .0442 .0046
100 1 3.26 2.67 .1212 .0644 .0156 | 3.03 2.38 .0980 .0486 .0076
2 3.77 3.04 .1708 .0988 .0272 | 3.07 227 .0910 .0416 .0064
3 3.49 283 .1460 .0810 .0214 | 3.06 2.33 .0996 .0420 .0074
200 1 3.09 2.55 .1050 .0534 .0148 | 2.97 241 .0946 .0464 .0096
2 3.40 278 .1362 .0828 .0172 | 3.01 234 .0986 .0460 .0068
3 3.28 275 1252 .0714 .0186 | 3.04 2.45 .1032 .0508 .0094
500 1 3.01 243 .1024 .0490 .0096 | 2.96 2.37 .0970 .0458 .0084
2 3.19 261 .1176 .0610 .0144 | 3.02 2.39 .1004 .0478 .0092
3 3.18 2.55 .1142 .0586 .0134 | 3.07 2.42 .1010 .0500 .0100
Group Interaction, p=.5
50 1 3.78 291 1756 .1022 .0232 | 3.30 2.40 .1240 .0578 .0068
2| 466 3.65 .2678 .1692 .0566 | 3.40 2.37 .1238 .0542 .0056
31 419 327 2174 1324 .0408 | 3.38 2.44 .1278 .0606 .0078
100 1 3.47 279 1458 .0822 .0192 | 3.21 2.48 1182 .0546 .0106
2| 4.09 3.29 .2066 .1226 .0386 | 3.28 2.40 .1162 .0536 .0074
3 3.68 3.04 .1612 .0944 .0276 | 3.20 2.45 .1104 .0550 .0092
200 1 3.26 2.66 .1240 .0652 .0156 | 3.13 2.50 .1110 .0548 .0114
2 3.61 293 .1592 .0928 .0234 | 3.19 242 .1144 .0564 .0068
3 3.44 281 .1382 .0756 .0196 | 3.19 251 1144 .0542 .0104
500 1 3.10 2.53 .1092 .0578 .0118 | 3.05 2.47 .1042 .0526 .0102
2 3.22  2.65 .1222 .0660 .0150 | 3.04 2.42 1052 .0520 .0080
3 3.15 2,57 .1136 .0570 .0116 | 3.04 2.43 .1036 .0496 .0100

Note: for dgp, 1=normal, 2=normal mixture, and 3=lognormal.
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Table 2b Empirical Mean, sd and Size of Ty for Testing A\ = 0, Heterokedastic Errors.

AQS Test SAQS Test
n dgp | mean sd  10% 5% 1% | mean sd  10% 5% 1%
Group Interaction, p=20
50 1 443 3.49 2418 .1550 .0534 | 3.41 2.41 .1256 .0550 .0070
2 5.49 4.35 .3282 .2340 .0986 | 3.56 2.38 .1306 .0570 .0076
3| 484 3.78 .2830 .1934 .0692 | 3.42 2.36 .1244 .0556 .0048
100 1 3.80 3.11 .1676 .0966 .0306 | 3.26 2.46 .1120 .0546 .0114
2| 456 3.87 .2512 .1638 .0604 | 3.34 247 .1234 .0574 .0096
3] 411 336 .2076 .1238 .0410| 3.29 241 .1160 .0520 .0078
200 1 3.36 2.70 .1328 .0698 .0170 | 3.11 2.41 .1052 .0506 .0088
2 3.97 3.33 .1940 .1184 .0362 | 3.32 253 .1242 .0592 .0124
3 3.58 2.89 .1566 .0852 .0226 | 3.16 2.42 .1104 .0492 .0084
500 1 3.17 2.61 .1168 .0582 .0154 | 3.08 2.49 .1060 .0534 .0124
2 3.40 2.76 .1346 .0736 .0178 | 3.12 2.40 .1038 .0514 .0080
3 3.30 2.70 .1334 .0698 .0176 | 3.12 248 .1128 .0526 .0116
Rook Contiguity, p=0
50 1 4.30 3.45 .2258 .1362 .0468 | 3.23 2.33 .1044 .0454 .0066
2 5.36 4.26 .3252 .2246 .0970 | 3.40 2.28 .1154 .0468 .0056
3| 487 3.84 .2840 .1826 .0716| 3.39 2.32 .1116 .0500 .0066
100 1 3.46 2.81 .1378 .0778 .0188 | 3.07 2.36 .0956 .0476 .0068
2| 418 3.40 .2180 .1300 .0448 | 3.19 2.33 .1050 .0508 .0052
3 3.79 3.08 .1722 1032 .0318 | 3.13 2.35 .1072 .0484 .0074
200 1 3.28 2.70 .1212 .0674 .0160 | 3.04 2.40 .0992 .0504 .0088
2 3.75 3.16 .1732 .0982 .0328 | 3.13 2.42 .1062 .0514 .0088
3 3.52 2.88 .1498 .0880 .0196 | 3.12 241 .1070 .0546 .0080
500 1 3.15 2.63 .1158 .0578 .0150 | 3.05 2.51 .1064 .0518 .0122
2 3.29 276 .1262 .0688 .0196 | 3.03 2.43 .0984 .0474 .0104
3 3.22 262 .1174 .0636 .0150 | 3.04 2.40 .0988 .0492 .0106
Group Interaction, p=.5
50 1 4.34 3.42 2298 .1440 .0468 | 3.35 2.34 .1168 .0496 .0056
2 5.37 4.26 .3220 .2214 .0958 | 3.52 237 .1260 .0568 .0078
31 478 3.79 2790 .1830 .06566 | 3.42 2.35 .1258 .0504 .0048
100 1 3.84 3.14 1770 .1050 .0310 | 3.29 2,50 .1192 .0568 .0100
2| 450 3.76 .2364 .1502 .0548 | 3.32 2.38 .1134 .0522 .0076
31 4.07 3.29 .2014 .1252 .0334 | 3.25 2.34 .1120 .0492 .0060
200 1 3.38 2.74 .1378 .0760 .0148 | 3.15 2.46 .1144 .0514 .0102
2 3.81 3.13 .1730 .1020 .0328 | 3.20 2.43 .1064 .0524 .0110
3 3.64 293 .1612 .0932 .0244 | 3.22 248 .1158 .0544 .0110
500 1 3.16 2.58 .1164 .0616 .0130 | 3.07 2.46 .1062 .0556 .0096
2 3.41 277 1392 0724 .0182 | 3.12 243 .1110 .0492 .0088
3 3.28 2.63 .1264 .0632 .0146 | 3.10 2.42 .1100 .0524 .0070

Note: for dgp, 1=normal, 2=normal mixture, and 3=lognormal.

Heteroskedasticity hn; o |7 2322 AXil.
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Table 3 Empirical Mean, sd and Size of

TSDPD4

ags - for Testing A\ = X2 =0

AQS Test SAQS Test
n dgp | mean sd  10% 5% 1% | mean sd  10% 5% 1%
Group Interaction, (p,A3) = (0,0)
50 1 2.52 239 .1592 .0914 .0206 2.24 2.04 1198 .0582 .0098
2 3.12 299 .2316 .1430 .0504 2.34 2.04 .1354 .0640 .0094
3 2.73 2.66 .1822 .1102 .0296 2.22 2.00 .1188 .0572 .0092
100 1 2.33 2.25 1354 .0688 .0150 2.18 2.04 .1160 .0554 .0090
2 271 273 1828 .1098 .0352 2.23 2.07 .1208 .0610 .0108
3 2.48 2.52 .1554 .0896 .0262 2.19 2.09 .1192 .0594 .0122
200 1 2.16 2.17 .1158 .0618 .0146 2.08 2.06 .1086 .0532 .0120
2 2.39 2.38 .1430 .0834 .0228 2.14 2.03 .1156 .0578 .0104
3 2.25 2.21 1274 .0682 .0150 2.11 2.01 .1104 .0536 .0090
500 1 2.07 2.09 .1050 .0560 .0136 2.04 2.04 .1012 .0524 .0118
2 2.17 220 .1182 .0670 .0180 2.06 2.02 .1070 .0544 .0118
3 2.17 2.15 .1216 .0642 .0140 2.10 2.05 .1124 .0564 .0108
Rook Contiguity, (p,A3) = (0,0)
50 1 2.35 233 .1456 .0738 .0214 2.07 1.96 .1056 .0474 .0086
2 3.06 2.99 .2238 .1382 .0456 2.27 2.00 .1240 .0596 .0078
3 2.68 2.61 .1794 .1056 .0306 2.17 1.98 .1116 .0554 .0088
100 1 2.19 2.15 .1220 .0632 .0136 2.05 1.95 .1034 .0510 .0090
2 2.44 2.41 .1532 .0886 .0200 2.04 1.87 .1032 .0430 .0044
3 2.37 235 .1440 .0846 .0216 2.10 1.98 .1066 .0532 .0086
200 11 2.06 2.06 .1168 .0584 .0106 1.99 1.95 .1084 .0498 .0066
2 2.24 2.26 .1304 .0686 .0184 2.02 1.97 .1012 .0448 .0084
3 2.12 2.10 .1120 .0606 .0114 1.98 1.90 .0946 .0470 .0066
500 1 2.00 2.04 .1006 .0500 .0110 1.97 1.99 .0964 .0464 .0096
2 2.13 2.13 .1148 .0566 .0134 2.02 1.97 .1026 .0478 .0084
3 2.01 2.02 .1016 .0546 .0114 1.95 1.93 .0952 .0476 .0088
Group Interactiomn, (p,A3) = (.5,.3)
500 1 2.55 245 1642 .0926 .0252 2.25 2.05 .1270 .0622 .0098
2 3.29 3.15 .2474 .1628 .0608 2.46 2.14 .1484 .0714 .0116
3 2.85 2.73 .1994 .1224 .0358 2.34 2.09 .1332 .0664 .0106
500 1 2.30 2.28 .1360 .0752 .0180 2.14 2.06 .1172 .0576 .0108
2 2.71 2.72 1808 .1124 .0348 2.22  2.05 .1266 .0594 .0102
3 2.40 2.42 .1492 .0858 .0244 2.12 2.03 .1120 .0582 .0100
500 1 2.19 2.19 .1266 .0626 .0146 2.11 2.08 .1158 .0548 .0110
2 2.43 2.41 .1496 .0836 .0208 2.17 2.04 .1188 .0564 .0104
3 2.26  2.28 .1294 .0726 .0178 2.10 2.05 .1090 .0558 .0108
500 1 1.97 1.96 .0942 .0468 .0086 1.94 1.92 .0912 .0442 .0086
2 2.14 2.14 .1138 .0610 .0156 2.03 1.99 .1008 .0502 .0100
3 2.11 2.18 .1096 .0572 .0144 2.05 2.08 .0998 .0524 .0126

Note: for dgp, 1=normal, 2=normal mixture, and 3=lognormal.
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Table 4 Empirical Mean, sd and Size of

TSDPDS

ags > for Testing Ao = A3 =0

AQS Test SAQS Test
n dgp | mean sd  10% 5% 1% | mean sd  10% 5% 1%
Group Interaction, (p, A1) = (0,0)
50 1 2.62 2.51 .1772 .0990 .0260 2.32 2.13 .1344 .0690 .0124
2 3.23 3.13 .2488 .1574 .0530 2.43 2.12 .1448 .0694 .0116
3 2.89 2.72 .2018 .1240 .0378 2.37 2.09 .1366 .0676 .0096
100 1 2.31 2.26 .1328 .0740 .0152 2.16 2.04 .1128 .0564 .0100
2 2.74 2.73 1912 1120 .0328 2.29 2.11 .1306 .0628 .0104
3 2.55  2.63 .1658 .1004 .0298 2.25 2.19 .1322 .0656 .0140
200 1 2.19 2.10 .1212 .0616 .0130 2.12 1.99 .1120 .0548 .0098
2 2.51 2.59 .1596 .0896 .0270 2.24 2.16 .1258 .0626 .0120
3 2.27 231 .1334 .0746 .0198 2.12 2.09 .1182 .0578 .0128
500 1 2.09 2.13 .1094 .0606 .0142 2.06 2.09 .1058 .0578 .0124
2 2.16 2.13 .1152 .0614 .0130 2.05 1.97 .1024 .0512 .0088
3 2.13 2.16 .1132 .0604 .0158 2.07 2.06 .1066 .0542 .0130
Rook Contiguity, (p, A1) = (0,0)
50 1 2.49 2.45 .1584 .0914 .0226 2.19 2.08 .1242 .0586 .0118
2 3.17 3.07 .2368 .1522 .0504 2.39 2.09 .1422 .0664 .0098
3 2.78 2.76 .1880 .1160 .0380 2.27 2.09 .1224 .0650 .0122
100 1 2.20 2.20 .1226 .0640 .0142 2.06 2.00 .1070 .0492 .0084
2 2.53 2.54 .1550 .0950 .0262 2.13 2.00 .1124 .0546 .0084
3 2.35 2.35 .1420 .0804 .0210 2.09 1.99 .1100 .0528 .0094
200 1 2.03 1.97 .1048 .0502 .0088 1.96 1.88 .0970 .0436 .0060
2 2.25 2.22 .1306 .0666 .0150 2.01 1.88 .0996 .0436 .0054
3 2.11 2.12 .1126 .0562 .0140 1.98 1.92 .0934 .0442 .0092
500 1 2.05 2.04 .1010 .0518 .0126 2.02 2.00 .0964 .0486 .0108
2 2,11 2.15 .1152 .0602 .0150 2.01 2.00 .1016 .0508 .0110
3 2.06 2.04 .1058 .0548 .0114 2.00 1.95 .0994 .0494 .0092
Group Interaction, (p, A1) = (.5,.3)
50 1 2.71 2.57 .1844 .1088 .0322 2.39 2.16 .1466 .0736 .0118
2 3.34 3.19 .2566 .1640 .0596 2.51 2.16 .1566 .0778 .0130
3 2.99 2.87 .2166 .1316 .0408 2.44 2.16 .1494 .0752 .0128
100 1 2.53 2.49 .1660 .0948 .0244 2.36 2.26 .1472 .0764 .0162
2 2.93 2.95 .2066 .1302 .0462 2.42 2.22 1454 .0792 .0154
3 2.69 2.64 .1814 .1094 .0326 2.38 2.22 .1468 .0760 .0150
200 1 2.26 2.31 .1354 .0750 .0190 2.17 2.19 .1240 .0664 .0156
2 2.53 2.54 .1630 .0930 .0242 226 2.15 .1300 .0638 .0132
3 2.44 2.42 .1474 .0860 .0224 2.28 2.20 .1272 .0680 .0138
500 1 2.17 2.15 .1184 .0646 .0144 2.14 2.11 .1134 .0608 .0126
2 2.24 2.24 1288 .0698 .0174 2.13 2.07 .1118 .0576 .0122
3 220 2.21 .1226 .0652 .0160 2.13 2.12 .1146 .0606 .0130

Note: for dgp, 1=normal, 2=normal mixture, and 3=lognormal.
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Table 5 Empirical Mean, sd and Size of Ty

for Testing Ao =0

AQS Test SAQS Test
n dgp | mean sd  10% 5% 1% | mean sd  10% 5% 1%
Group Interaction, (p, A1,A3) = (0,0,0)
50 1 0.01 1.14 .1582 .0872 .0204 0.01 1.08 .1324 .0678 .0130
2 0.00 1.15 .1590 .0902 .0236 | -0.01 1.08 .1372 .0696 .0132
3 0.01 1.45 .2592 .1820 .0766 0.00 1.22 .1860 .1078 .0234
100 1 0.02 1.07 .1250 .0708 .0164 0.02 1.04 .1170 .0586 .0124
2| -0.03 1.09 .1314 .0746 .0182 | -0.03 1.05 .1206 .0618 .0122
3 0.05 1.33 .2122 .1366 .0512 0.04 1.15 .1538 .0862 .0192
200 1] -0.03 1.05 .1160 .0572 .0146 | -0.03 1.03 .1104 .0522 .0124
2 0.02 1.04 .1182 .0624 .0160 0.02 1.02 .1108 .0582 .0124
3| -0.01 124 .1788 .1110 .0418 | -0.01 1.12 .1440 .0782 .0156
500 1] -0.02 1.01 .1046 .0550 .0114 | -0.02 1.00 .1022 .0530 .0100
2 0.01 1.02 .1084 .0534 .0108 0.01 1.01 .1058 .0512 .0100
3 0.02 1.13 .1388 .0836 .0250 0.02 1.06 .1190 .0632 .0162
Rook Contiguity, (p, A1,A3) = (0,0,0)
50 1 0.02 1.07 .1252 .0618 .0140 0.03 1.02 .1054 .0490 .0076
2| -0.01 1.11 .138 .0802 .0190 | -0.01 1.04 .1174 .0592 .0110
3 0.02 1.42 .2430 .1660 .0674 0.03 1.18 .1654 .0920 .0248
100 1 0.00 1.04 .1166 .0552 .0122 0.00 1.01 .1036 .0484 .0092
2| -0.01 1.03 .1116 .0558 .0110 | -0.01 0.99 .0982 .0452 .0068
3| -0.02 1.27 .1914 .1236 .0438 | -0.02 1.11 .1426 .0790 .0152
200 1 0.01 0.99 .0998 .0474 .0100 0.01 0.98 .0952 .0442 .0090
2| -0.01 1.01 .1084 .0512 .0092 | -0.01 0.99 .1006 .0454 .0070
3| -0.03 1.18 .1554 .0958 .0342 | -0.03 1.07 .1234 .0638 .0150
500 1 0.02 0.98 .0906 .0466 .0076 0.02 0.98 .0880 .0444 .0074
2 0.01 0.97 .0942 .0448 .0074 0.01 0.96 .0912 .0430 .0062
3 0.00 1.09 .1284 .0716 .0194 0.00 1.03 .1110 .0550 .0104
Group Interactiomn, (p, A1, As3) = (.5,.2,.2)
50 1 0.00 1.16 .1632 .0912 .0238 0.00 1.10 .1418 .0718 .0162
2 0.00 1.16 .1578 .0942 .0232 0.01 1.09 .1334 .0742 .0136
3 0.05 1.45 .2580 .1754 .0684 0.03 1.21 .1830 .1008 .0232
100 1 0.00 1.11 .1380 .0766 .0204 | -0.01 1.07 .1270 .0682 .0146
2| -0.01 1.11 .1372 .0762 .0196 | -0.01 1.08 .1240 .0654 .0130
3 0.05 1.36 .2124 .1408 .0576 0.03 1.18 .1594 .0846 .0228
200 1 0.02 1.01 .1028 .0536 .0128 0.02 1.00 .0976 .0504 .0104
2 0.00 1.02 .1088 .0540 .0108 0.00 1.00 .1032 .0488 .0094
3 0.01 1.25 .1814 .1174 .0418 0.01 1.13 .1414 .0812 .0186
500 1 0.01 1.08 .1128 .0556 .0138 0.01 1.07 .1102 .0542 .0136
2 0.02 1.08 .1204 .0656 .0184 0.02 1.07 .1186 .0628 .0170
3 0.00 1.39 .1576 .0962 .0308 0.00 1.31 .1364 .0780 .0220

Note: for dgp, 1=normal, 2=normal mixture, and 3=lognormal.
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Table 6 Empirical Mean, sd and Size of Tjs®

for Testing p =0

AQS Test SAQS Test
n dgp | mean sd  10% 5% 1% | mean sd  10% 5% 1%
Group Interaction, A= (0,0,0)
50 1 0.01 1.11 .1370 .0740 .0172 0.02 1.05 .1128 .0592 .0096
2 0.00 1.29 .2078 .1334 .0476 0.01 1.11 .1460 .0704 .0124
3| -0.01 1.18 .1682 .0946 .0264 0.01 1.07 .1228 .0606 .0110
100 1] -0.02 1.08 .1260 .0670 .0162 | -0.02 1.04 .1144 .0582 .0114
2| -0.04 1.19 .1672 .0974 .0284 | -0.03 1.08 .1300 .0654 .0152
3| -0.01 1.12 .1470 .0824 .0220 | -0.01 1.06 .1264 .0648 .0132
200 1] -0.04 1.03 .1132 .0566 .0096 | -0.03 1.01 .1080 .0512 .0072
2| -0.02 1.10 .1352 .0748 .0194 | -0.01 1.04 .1110 .0574 .0118
3| -0.01 1.06 .1138 .0606 .0162 0.00 1.02 .1046 .0512 .0114
500 1 0.00 1.01 .1014 .0538 .0114 0.00 1.00 .0988 .0520 .0104
2| -0.03 1.04 .1132 .0588 .0138 | -0.03 1.01 .1034 .0488 .0104
3 0.01 1.02 .1040 .0506 .0130 0.02 1.00 .0980 .0476 .0116
Rook Contiguity, A= (0,0,0)’
50 1] -0.01 1.12 .1478 .0824 .0190 0.01 1.06 .1238 .0606 .0106
2| -0.06 1.32 .2136 .1370 .0494 | -0.04 1.14 .1508 .0822 .0140
3| -0.05 1.22 .1794 .1078 .0324 | -0.03 1.10 .1430 .0710 .0142
100 1 0.01 1.07 .1292 .0738 .0168 0.02 1.04 .1150 .0632 .0114
2| -0.03 1.18 .1642 .0970 .0304 | -0.02 1.07 .1262 .0622 .0118
3 0.00 1.12 .1426 .0774 .0194 0.00 1.05 .1216 .0624 .0086
200 1 0.00 1.04 .1154 .0618 .0136 0.01 1.02 .1096 .0566 .0114
2| -0.03 1.10 .1316 .0754 .0224 | -0.02 1.03 .1102 .0558 .0124
3| -0.02 1.07 .1244 .0672 .0172 | -0.01 1.03 .1102 .0588 .0128
500 1] -0.02 1.01 .1048 .0522 .0094 | -0.02 1.00 .1026 .0506 .0090
2 0.00 1.06 .1190 .0650 .0148 0.00 1.03 .1102 .0560 .0098
3| -0.03 1.04 .1174 .0580 .0128 | -0.02 1.02 .1116 .0530 .0100
Group Interaction, A= (.3,.3,.3)
50 1 0.03 1.14 .1544 .0858 .0220 0.03 1.07 .1300 .0634 .0110
2 0.01 1.28 .2030 .1300 .0464 0.02 1.12 .1504 .0760 .0112
3 0.03 1.19 .1656 .0984 .0300 0.04 1.08 .1318 .0650 .0122
100 1 0.02 1.06 .1232 .0678 .0140 0.02 1.02 .1134 .0582 .0102
2| -0.03 1.19 .1662 .0976 .0308 | -0.02 1.07 .1300 .0654 .0110
3 0.00 1.11 .1384 .0770 .0178 0.01 1.05 .1172 .0560 .0100
200 1 0.02 1.04 .1102 .0582 .0126 0.02 1.02 .1054 .0526 .0100
2| -0.01 1.10 .1306 .0746 .0176 0.00 1.03 .1112 .0542 .0094
3 0.00 1.07 .1234 .0660 .0156 0.01 1.03 .1096 .0548 .0114
500 1] -0.01 1.01 .1024 .0528 .0112 | -0.01 1.01 .0998 .0506 .0098
2 0.00 1.06 .1202 .0666 .0160 0.00 1.03 .1124 .0588 .0116
3 0.01 1.01 .1072 .0508 .0092 0.01 1.00 .1024 .0460 .0078

Note: for dgp, 1=normal, 2=normal mixture, and 3=lognormal.
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Table 7 Empirical Mean, sd and Size of Tye for Testing p = Xy =0

AQS Test SAQS Test
n dgp | mean sd  10% 5% 1% | mean sd  10% 5% 1%
Group Interaction, A1 =0,A\3 =0
50 1 2.58 247 1718 .0976 .0240 2.28 2.08 .1338 .0644 .0108
2 3.28 3.15 .2516 .1646 .0588 2.39 2.06 .1386 .0650 .0086
3 290 2.79 .2014 .1246 .0400 2.33 2.09 .1310 .0662 .0112
100 1 2.32 230 .1338 .0708 .0200 2.16 2.07 .1132 .0546 .0126
2 2.78 2.79 .1874 .1166 .0362 2.23 2.04 .1206 .0604 .0094
3 2.45 2.43 .1520 .0868 .0220 2.15 2.01 .1138 .0564 .0094
200 1 2.15 2.13 .1198 .0624 .0134 2.07 2.01 .1092 .0532 .0094
2 2.45 2.46 .1576 .0902 .0212 2.16 2.04 .1206 .0592 .0092
3 2.26 2.22 .1296 .0676 .0164 2.10 1.99 .1086 .0512 .0094
500 1 2.06 2.03 .1096 .0556 .0116 2.03 1.99 .1068 .0528 .0104
2 2.20 2.18 .1278 .0650 .0168 2.07 1.99 .1102 .0510 .0104
3 2.13 2.13 .1130 .0598 .0150 2.05 2.02 .1040 .0520 .0116
Rook Contiguity, A1 =0,A3=0
50 1 2.39 233 .1452 .0782 .0186 2.11 1.97 .1098 .0512 .0076
2 3.14 3.02 .2334 .1528 .0528 2.30 2.00 .1290 .0592 .0068
3 2.76  2.66 .1908 .1124 .0332 2.20 1.98 .1172 .0568 .0074
100 1 2.18 2.16 .1214 .0638 .0140 2.03 1.95 .1022 .0474 .0066
2 2.59 2.69 .1660 .0970 .0314 209 1.96 .1036 .0508 .0086
3 2.42 2.45 .1462 .0854 .0250 2.11 2.00 .1080 .0594 .0084
200 1 2.06 2.08 .1084 .0550 .0118 1.98 1.97 .0968 .0472 .0104
2 2.39 240 .1404 .0778 .0212 2.11 1.98 .1070 .0516 .0078
3 2.14 2.13 .1160 .0612 .0134 1.98 1.91 .0984 .0464 .0070
500 1 2.06 2.00 .1050 .0560 .0140 2.03 1.96 .1000 .0510 .0110
2 2.13 2.07 .1260 .0600 .0110 2.01 1.89 .1070 .0420 .0060
3 2.05 2.09 .0980 .0530 .0140 1.98 1.99 .0960 .0440 .0130
Group Interaction, A; =0.3,A3 =0.3
50 1 2.46 2.35 .1534 .0842 .0206 2.17 1.98 .1114 .0528 .0096
2 3.24 3.14 .2456 .1586 .0554 2.36 2.06 .1362 .0642 .0098
3 2.83 2.74 .1974 1152 .0344 2.28 2.03 .1262 .0584 .0094
100 1 2.29 2.20 .1324 .0670 .0142 2.12 1.98 .1102 .0498 .0096
2 2.66 2.64 .1758 .1056 .0286 2.15 1.94 .1064 .0502 .0072
3 2.42  2.44 1498 .0846 .0230 2.10 2.00 .1084 .0536 .0094
200 1 2.18 2.19 .1222 .0638 .0148 2.10 2.07 .1122 .0560 .0112
2 2.38 2.41 .1460 .0812 .0216 2.10 2.01 .1114 .0536 .0094
3 2.24 224 1290 .0694 .0168 2.07 2.00 .1096 .0532 .0100
500 1 2.02 2.06 .1070 .0570 .0120 1.99 2.01 .1030 .0540 .0110
2 2.10 2.19 .1120 .0540 .0140 1.99 2.01 .0940 .0470 .0110
3 2.07 2.14 .1120 .0610 .0130 2.00 2.02 .1030 .0510 .0100

Note: for dgp, 1=normal, 2=normal mixture, and 3=lognormal.
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