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Abstract

We introduce general estimation and inference methods for threshold spatial panel re-
gression with two-way fixed effects in a diminishing-threshold-effects framework. A valid
objective function is obtained through a simple adjustment on the concentrated quasi log-
likelihood with fixed effects being concentrated out, which leads to a consistent estimation
of all common parameters. We show that the estimation of threshold parameter has a neg-
ligible effect on the asymptotic distribution of the main parameter estimators and thereby
regular inference methods apply, though a bias correction may be necessary. The limiting
distribution of the threshold parameter estimator is shown to be non-regular and infeasible,
and for inference, a likelihood ratio test procedure is proposed. The test for the non-existence
of threshold effects faces an identification issue at the null. To overcome this difficulty, we
propose a sup-Wald test and a bootstrap method for its critical values. Monte Carlo results
show that the proposed methods perform well in finite samples. An empirical application is

presented on age-of-leader effects on political competitions across Chinese cities.
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1. Introduction

The spatial panel regression (SPR) model has been receiving increasing attention from

researchers since Anselin (1988), due to its ability to model cross-sectional dependence while
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maintaining full control of unobservable heterogeneity. See, among others, Anselin et al. (2008),
Baltagi et al. (2003), Lee and Yu (2010a), Baltagi and Yang (2013a,b), Yang et al. (2016),
Kelejian and Piras (2016), and Liu and Yang (2020). See Lee and Yu (2010b, 2015) for surveys.

The threshold panel regression (TPR) model is another model specification that has quickly
gained popularity among researchers since Hansen (1999), due to its ability to capture threshold
effects while maintaining full control of unobservable heterogeneity. It divides observations into
distinct regimes, depending on whether the value of an observable variable (threshold variable)
exceeds some threshold value. See, among others, Hansen (1996, 1999, 2000), Chudik et al.
(2017) and Miao et al. (2020). Hansen (2011) presents an overview of the development since
Tong (1978) of threshold models in both econometrics and economics literature.

Spatial effects and threshold effects are both relevant in a wide range of empirical applica-
tions. An SPR model allows to identify and estimate endogenous social effects, contextual effects
and correlated effects, using the terminology of Manski (1993), while a TPR model captures
regime changes once a salient condition is crossed. Combining the two models further allows the
strength of spatial spillovers (endogenous and contextual social effects) to vary across regimes,
and thereby increases flexibility relative to either a pure SPR model or a pure TPR model. Its
importance is reflected by the following interesting applications.

In social sciences, Schelling (1971) identifies “neighborhood tipping” in residential segrega-
tion, where threshold effects occur as a new minority reaches a critical mass in a neighborhood,
triggering spatial interactions between the new minority and existing residents, which influences
behaviors such as moving out and resistance to integration. Strong empirical evidence for this
phenomenon was found by Card et al. (2008). In public economics, Glaeser et al. (1996) analyze
crime and social interactions, finding that the extent of spatial interactions in criminal behavior
depends on the severity of the crime, and such interactions drive the spread of crime through
social networks within communities. In finance, Pesaran and Pick (2007) argue that finan-
cial crises spread across markets due to threshold effects, where interdependence and financial
contagion are triggered only after financial stress or instability across critical levels.

In non-spatial panel settings, Chudik et al. (2017) study the threshold effect of debt on
output. They emphasize the importance of incorporating cross-sectional dependence in such
studies and use interactive fived effects (IFE) to model such dependence. Miao et al. (2020) give a
full theoretical treatment of panel threshold models with IFE, where an empirical application on
debt-growth nexus documents significant evidence for the existence of threshold effect as well as

IFE.! There are other applications of pure TPR models in the literature where spatial effects are

!Pesaran and Tosetti (2011) term the cross-sectional dependence (CD) captured by IFE as strong CD and
that captured by a spatial autoregressive process as weak CD, due to the difference in asymptotic behavior.



relevant but ignored, see, e.g., Reinhart and Rogoff (2010), Cecchetti et al. (2011), Checherita-
Westphal and Rother (2012), Law and Singh (2014), and some applications reviewed in Hansen
(2011). In all of these settings, spatial (network) propagation plausibly hinges on crossing key
thresholds, underscoring the need for spatial panel regressions with threshold effects.
Apparently, empirical applications “have rushed ahead” of econometric theory in this field,
as in many other fields. Therefore, there is a clear need for solid econometric foundations
for spatial panel regressions with threshold effects, which would formally join the two strands
of literature, the SPR and the TPR. Some preliminary attempts have been made. Li (2018)
studies an SPR model with structural change, a special case of the threshold SPR model with
the threshold variable being simply the time variable. A direct quasi maximum likelihood
(QML) approach is proposed for model estimation, where the incidental parameters problem
(Neyman and Scott, 1948) due to the estimation of fixed effects is not addressed. Wei et al.
(2021) extend Hansen (1999) to allow spatial autoregressive (SAR) structure in a panel model.
They adopt the two-stage least squares (2SLS) estimation of Caner and Hansen (2004) but
the asymptotic properties of the estimators are not studied and the inference methods for
the threshold parameter are not given. The 2SLS estimation is known to be computationally
simpler but less efficient than ML-type methods, and it also has limited extendability (see Sec.
4 for Monte Carlo evidence and more discussions). Besides, both works require spatial weight
matrices to be time-invariant and do not consider spatial error dependence. Both studies do
not consider time-specific fixed effects, but these effects might be important and have empirical
implications in many economic studies (e.g., Ertur and Koch 2007; Elhorst and Fréret 2009).
Moreover, the additional time fixed effects further complicate the incidental parameters problem
as shown in an SPR framework (Lee and Yu, 2010a). Wu and Matsuda (2021) extend the M-
estimation of dynamic SPR model with short panels of Yang (2018) by adding threshold effects,
assuming that the threshold parameter is known and the threshold variable is time-invariant.
In this paper, we carry out a formal and general study by relaxing the restrictions mentioned
above, to provide general estimation, testing, and inference methods for threshold spatial panel
regression (TSPR) models with an unknown threshold parameter and a general threshold vari-
able, both individual- and time-specific fixed effects, time-varying spatial weights, and, as an
extension, spatial error dependence (formally treated in Sec. 6). The key challenges in this study
are: (i) spatial effects introduce nonlinearity in the estimation and therefore the least-squares
methods of Hansen (1999, 2000) cannot be applied; (i7) threshold effects introduce discontinuity
in the objective function, which renders the adjusted score method of Yang (2018) inapplicable

and necessitates the study of weak convergence in functional space that is made more difficult



with the existence of nonlinearity; (i7i) fixed effects introduce the incidental parameters problem
(Neyman and Scott, 1948), the transformation method of Lee and Yu (2010a) cannot be applied
to solve this problem due to the time-varying nature of spatial-threshold effects, and their direct
QML estimator is inconsistent when the time dimension is fixed; (iv) the threshold parameter
estimator does not have a proper asymptotic distribution that hinders the statistical inference;
and (v) the threshold parameter is not identified at the null hypothesis of no threshold effects,
making the test for the non-existence of threshold effects a great challenge.

The contributions of this paper are four-fold, in line with these challenges: (i) we proposed
an adjusted QML method for the estimation of the key model parameters by extending Hansen’s
(1999, 2000) diminishing-threshold-effect (DTE) asymptotic framework, to deal with the chal-
lenges arising from the existence of threshold effects in both regression slopes and spatial pa-
rameter(s) and the existence of incidental two-way fixed effects (FEs). Here, the QML method
addresses the issue of nonlinearity and the adjustment to the concentrated quasi-likelihood
solves the incidental parameters problem when 7' (the time dimension) is smaller than n (the
cross-section dimension). (i7) When n and T are of the same magnitude, we derive a bias cor-
rection on the adjusted QML estimates to remove the potential asymptotic biases caused by
the estimation of incidental FEs. These methods (in (¢) and (7)) dispense with transformation
by carrying out concentration and correction and allow spatial weight matrices to vary over
time. They lead to simple inference methods for the main model parameters, valid when T is
not larger than n (see Sec. 2.3.2). (i73) We show that the limiting distribution of the estimator
of the threshold parameter is a scalar multiple of a functional of Brownian motion, where the
scalar cannot be accurately estimated without prior knowledge on the diminishing rate of the
threshold effect. To overcome this difficulty, we introduce a likelihood ratio (LR) test method for
inference on the threshold parameter under the DTE framework. (iv) We introduce a sup-Wald
test to test the non-existence of threshold effects. We show that the limiting distribution of
the sup-Wald test is a functional of chi-square processes and thus its asymptotic critical values
cannot be tabulated. To overcome this difficulty, we introduce a bootstrap method which is
shown to give a valid approximation to the asymptotic critical values.

The following details may help to appreciate further the methods used, the results obtained,
and contributions made. First, our adjusted QML estimator addresses the incidental param-
eters problem by concentrating out fixed effects and adjusting the concentrated loglikelihood
to account for degrees of freedom loss caused by estimating the fixed effects. This adjustment
ensures a consistent estimation of the threshold, spatial, and regression coefficients, as well as

the error variance, provided that T" does not grow faster than n. Second, we establish that the



threshold estimator converges at a rate linked to DTE, and its estimation error has an asymp-
totically negligible impact on other estimators, thereby preserving their asymptotic normality
with the standard convergence rate. When T and n grow proportionally, these estimators ex-
hibit asymptotic bias due to the incidental parameters problem. Third, unlike Hansen (1999),
the LR test statistic, proposed to facilitate inference on the threshold parameter, is based on the
adjusted log-likelihood function. Its limiting distribution is unaffected by the asymptotic bias
of other estimators under their standard convergence rate. Furthermore, it is not an asymptotic
pivot under homoskedasticity alone, as its limiting distribution depends on the third and fourth
moments of the errors. However, it becomes an asymptotic pivot under both normality and ho-
moskedasticity, and a nonparametric correction can be applied otherwise to estimate unknown
parameters in its limit distribution. Finally, the sup-Wald statistic, building on Hansen (1996),
is constructed to test for the non-existence of threshold effects using the adjusted QML esti-
mators, with its limiting distribution derived under local-to-null alternatives. Its critical values
rely on bootstrap but estimation of fixed effects induces non-negligible correlation among the
estimable residuals when T is fixed, which invalidates the standard residual-based bootstrap. A
spectral decomposition removes such correlation (see Sec. 3.2), leading to an estimating equa-
tion bootstrap procedure that provides correct critical values for an asymptotically equivalent
quantity. The Monte Carlo results show that the proposed methods perform well.

The practical relevance of allowing for threshold effects in SPR models is illustrated by
studying the threshold effect of leaders’ age on political competitions across 338 cities in China
over the periods 2010 to 2012. Political competition among city leaders of the same level is
identified by spatial effects in total investments across city level. We find that the competitions
are strong for local leaders who are younger than a threshold age, but tend to vanish for those
who are older than the threshold level, approaching the retirement age.

The rest of the paper goes as follows. Section 2 introduces our model and assumptions,
discusses the adjusted QML estimation and its asymptotic properties, and studies the likelihood
ratio test on the threshold value. Section 3 studies the hypothesis test on threshold effects.
Monte Carlo simulation findings are presented in Section 4. Section 5 applies our method to
study the effects of the age of leaders on political competitions across Chinese cities. Section 6
discusses some extensions. Section 7 concludes. Proofs are collected in the appendices.

Notation. I,, denotes an m xm identity matrix, 1,, an m x1 vector of ones, and 0,,x.,, an nx
m matrix of zeros. For a square matrix, |-| denotes its determinant, tr(-) its trace, and diagv(-)
a column vector of its diagonal elements. diag(-) forms a diagonal matrix using the diagonal

elements of a square matrix or a vector. bdiag(---) forms a block-diagonal matrix based



on given matrices/vectors/scalars. For a real symmetric matrix, pmin(-) denotes its smallest

eigenvalue. For a real n x m matrix A with elements a;;, ||A|| denotes its Frobenius norm,
n : . m

|A[[1 = maxi<j<m )i |ais] its maximum column sum norm, and |[Al[oc = maxi<i<n Y51 |aij

its maximum row sum norm. The operator ® represents a Kronecker product, The true value

of a parameter is denoted by adding a subscript 0. Finally, A*> = A+ A’ for a square matrix A.

2. Model and Adjusted QML Estimation

2.1. Threshold SPR model with fixed effects

Consider a total of n spatial units, interconnected in time ¢ through an n x n spatial weight
matrix W;. There exists a threshold variable g; such that depending on its value the spatial
and regression coefficients may differ. Let di(y) = 1(¢x < ), where 1(-) is the indicator
function and + is the threshold parameter taking values in a bounded set I' = [y, 7]. Define

di(y) = diag{dit(7),...,dn(y)}. We first consider a model of the following form:

Y = MoWiY: + Aaodi(0) Wi Y + XiBro + de(v0) XeBao + po + aeoln + Vi, (2.1)
t = 1,...,T, where Y; = (Y1t,.--,Ynt)’ is an n X 1 vector of responses at time t, X; =
(1t ..., Tpe) is an n X k matrix containing the values of k time-varying regressors, and V; =
(v1¢, Vg, - - ., Upe)" 18 an n x 1 vector of idiosyncratic errors. The Ajg and B¢ (k x 1) characterize

the baseline spatial lag effect and covariates effects, and Ayg and B9 (k x 1) are the corre-
sponding threshold effects. po = {0} is an n x 1 vector of individual-specific effects and
oy = {ato}le is a T x 1 vector of time-specific effects, which are allowed to be correlated with
X, in an arbitrary manner. Therefore, in this paper, the model is referred to as the threshold
spatial panel regression (TSPR) model with two-way fived effects (2FE).2

The neighborhood structure of the n spatial units in period t is captured by a time-varying
spatial weight matrix Wy, and the magnitude of the interaction effects from its neighbors is
measured by the spatial lag parameters. Thus, Model (2.1) implies that each spatial unit i
in any period t receives a certain level of interaction effects from its neighbors (measured by
A10 or Ajg + A20), depending on the level of its threshold variable g;;. When ~ is known,
our model can simply be treated as a second-order SPR model of two spatial lag terms with
weight matrices being Wy and d¢ (o) W4, respectively. An additional complication arises because
di(v0)Wy is no longer time-invariant, even if W; is. This renders the transformation method

(Lee and Yu, 2010a), which requires time-invariant and row-normalized weights, inapplicable

*Model (2.1) allows spatial Durbin effects to be a part of X,;. It can be readily extended to include spatial
error dependence and serial correlation. Further extensions are also possible. See Sec. 6 for details.



for Model (2.1). Thus, an alternative method that accommodates time-varying d;(-y) and allows
for non-row-normalized and time-varying spatial weights is needed. When 7y is unknown and
must be estimated, the situation becomes much more challenging due to the involvement of step
functions d;(y) in the likelihood that renders standard likelihood inference methods invalid.
To overcome these difficulties, we approach the estimation and inference problems for the
TSPR-2FE model using an adjusted QML method. We show that under DTE the estimation
of the threshold parameter v does not have an asymptotic impact on the joint asymptotic
distribution of the other common parameters, leading to valid estimation and inference methods

for these parameters. An LR test procedure is proposed for inference for ~.

2.2. Adjusted QML estimation

Denote A = (A1, \2), B = (B],35), and 0 = (8, \,0?)". Define W = bdiag(W1y,..., Wr),
D(y) = bdiag(di(v),...,dr(7)), Y = (Y{,...,Y ), X = (X{,...,X}), Cu=1r® I, Cy =
It®1,, V= (V/,...,V]), and X(v) = [X, D(v)X]. Model (2.1) can be written in matrix form:
Y = XAoWY + AoD(7)WY + X(70)80 + Cppo + Cacvg + V. To avoid the unidentification of
(1io, 0), as fio + o = (wio + ¢) + (ago — ¢) for an arbitrary ¢, we impose a zero-sum constraint

on oy so that o = — Zthz ay. Thus, the QML estimation is based on the model form:
Y = A\ (WY + )\QoD(’yo)WY + X('YO)/BO + Cyg 4+ V, (2.2)

where C = [C,, C}], Ct = [—1,1%_ 5 Ir—1®1,], ¥ = (¢, "), and o = (aa ..., ar)". Under

the exogeneity of (g, Xt, W;), the quasi Gaussian loglikelihood as if {v;;} were iid N (0, 02) is,

T 1
bar(6,7,9) = =5 W(270) + AN )| = 55 VIBAYOVEAYY),  (23)

where A(X\,v) = Iy — MW — XoD(7)W, and V (8, \,7,%) = A\, 7)Y — X(v)8 — Cy. Given

the set of common parameters (0,~), the first-order condition for the FE parameters 1 implies:
dur (B A7) = (C'C)'CTAN )Y = X(7)4]. (2.4)
Upon substitution, we have the concentrated quasi loglikelihood (CQL) function for (6,7):

T - -
1r(0,7) = =T W(2m0?) + A - 5 S VEANVEA), (25)

where V(8,1,7) = QurlA(\7)Y — X(7)8] and Qur = Ly - C(C'C)IC = (Ir - /1) ®

(I, — %) Maximizing €S .(0, ) gives the direct QML estimators éflT and ’AyffT of # and ~.
Note that, for the regular SPR-2FE model (i.e., f2 = 0 and A2 = 0), Lee and Yu (2010a)

show that when T is fixed the direct QML only gives consistent estimators for spatial and

regression parameters (A and ) but not for the variance parameter o2 - the well known inci-



dental parameters problem of Neyman and Scott (1948). An intuitive interpretation is that the
direct QML estimator of o2 failed to “recover” the effect of degrees of freedom loss due to the
estimation of (n+ 7T — 1) FE parameters u and . When n and T are both large, consistency is
achieved but the asymptotic distribution of the direct QML estimators of common parameters
would not be properly centered. The TSPR-2FE model may face the same issues.

Considering the fact that V'(3,X,7)V (3, A, 7) has (n—1)(T —1) degrees of freedom, that is,
E[V’(Bo, X0,70) V (Bos X0, 70)] = O((n—1)(T —1)), we find that a simple adjustment to ¢5.(6,~)

will achieve a consistent joint estimation of 8 and ~y, regardless of whether 7" is small or large:
* nT’ CnT < ~
nT(67 '7) = _7 111(27['0'2) + In ‘A()‘a ’7)‘ - ﬁvl(ﬁa Aa V)V(Ba )\7 f)/)? (26)

where ¢, = %, which is called the adjusted concentrated quasi loglikelihood (ACQL).

Therefore, the adjusted QML (AQML) estimators of # and « are defined as follows:

(Ot AnT) = argmax €5,.(0,7),
(6,y)e®XT

where O is the parameter space for § and T is the parameter space for v defined above (2.1).

The ACQL function is in fact closely related to the adjusted profile loglikelihood of Pace and
Salvan (2006) and Arellano and Hahn (2007).3 The CQL ¢¢(0,v) = fnT(H,'y,zﬁnT(ﬁ, A7) is
considered as a sample estimate of a target loglikelihood, £,7(6,7,0 (B, A, 7)), where ¥(8, X, v) =
argmin,, E[{,,7(0,7,9)], and E(-) is with respect to true parameters. The bias of using ¢;.(6,7)
to estimate the genuine loglikelihood £,,7(6,7, (53, A, 7)) is shown to be

B()\a v, 0'2; A()?’Y()v 0(2]) = E[EnT(ev 7> Q;nT(B, )\,")/)) — EnT(Q, v, 1[;(/6’ >\7 f},))]
= %‘EI‘LA/_l‘A/(>\7 ’}’)PnTA()\a ,Y)A—IL

where A = A(X\y,v) and Ppr = Lip — Qur. This correction term is not feasible as it
depends on both the general and true parameter values. However, it is easy to see that
tr[A A/ (A, V)Prr AN, 7)ATY = O(tr(Pyr)) = O(n 4+ T —1). This suggests that one can
simply correct £5.(0,~) by subtracting ﬁ%\?’(ﬂ, X, 7)V (B, \,7) due to its asymptotic
equivalence to B()\, 7, a2; Ao, Yo, 03), which leads to the ACQL function £ ,(6, 7).

Remark 2.1. Note that the ACQL (2.6) depends on threshold parameter v through the
indicator function 1{g; < 7}, and thus is not continuous in . Therefore, the adjusted quasi
score method of Yang (2018) cannot be applied for joint estimation of # and « through root-

finding. One needs a valid scalar objective function like £;.(6,v) to perform maximization.*

3We thank two referees for raising this important point that has led to a formal motivation for the adjustment.
4For the same reason, one cannot modify the score function as in Liu and Yang (2015) to account for potential
heteroskedasticity, and estimation of TSPR models under heteroskedasticity remains a challenging problem.



To solve the maximization problem above, we first maximize the objective function for
a given 7 to obtain an estimate ,7(y) of §. Then we define £*%.(v) = €% ,(0,7(7),7), and
search over I'yp = I'N {gi, 1 < @ < n,1 <t < T} for 4,7 that maximizes £:%.(v), where
{git,1 < i < n,1 <t < T} denotes the set of observed values of ¢;; in the sample. This is
because the objective function £:7.(y) is a step function with at most nT" steps as it depends on
~ only through the indicator function 1{¢; < v}. When nT is large, Hansen (1999) suggests
that, to reduce the computational burden, the search can be restricted to a grid of Ny specific
quantiles for some Ny < nT', T'n, = {q),---,qny)}> Where g is the [n + ]\3,0;_11(1 — 2n)]th
quantile of the sample ¢; and n = 1% or 5%. Then Ay, = argmaxveFNOE;'fT(v) is a good

approximation to 4,7. Given 4,7, the AQMLE of 6 is just O, = énT(’ynT).

More about the objective function ¢ ,(6,7). Maximizing £’(6,~) gives consistent
estimates of 6 and « together. However, it may not provide the desired asymptotic distribution.
Define G()\,7) = WA~1(),v). In what follows, a parametric quantity at true parameter(s) is
denoted by dropping its argument(s), e.g., A = A(Xg,7) and G = G(X,70). For 7 to be
consistent, i.e., 0,7 — 0y = op(1), it is necessary that plimnT%mﬁngT(Go, v0) = 0, where,
Pg0) . e X! (1) V (8,1, 7),

oLy -(6,y) | C”—TY’W’\N’(ﬂ Ay) —
* o\ * o2 ) 77) tr[G()‘>7)]a
Sor(0,7) = ' (2.7)

ae*..(6, c ~
202 . ey WD/ (1) V (8, A, 7) — tr[D(1)G (A7),

06200) . cax 718, N, A )V (B, A, ) — 25

002 204 202"
Under Assumption A below and using the facts: \7(50, 20,7) = QurV, WY = GAY =
G(XBy + Ciyp + V), G is block diagonal, and Q,r = (Ip — 1TT1/T) ® (I, — Lnly ), we have

n

E[S; .1(00,7%0)] = E(O1x2k, =727 tr(GJ), —27tr[D(70)GJ], 0), (2.8)

n—1

where G = G — diag(G) and J = Iy ® 1,1/,. As G is bounded in both row and column
sum norms (Lemma A.1 and Assumptions C and D), E[tr(GJ)] and E[tr(D(0)GJ)] are both
O(nT). Thus, E[SF, 7(00,70)] = O(T). The adjustment corrects the degrees of freedom loss, and
the effective sample size becomes N = (n — 1)(T — 1). It follows that %S;mT(@o,fyo) = 0,(1).
Hence, a consistent estimation is possible for both 6 and v based on maximizing £, (6,7),

whether T is fixed or increases with n, reinforcing the validity of ACQL for point estimation.

Remark 2.2. Note that ﬁS;’HT(QO,WO) = Op(\/%), and therefore the asymptotic distri-
bution of v/ N (6,7 — 6p) may not be centered unless % = 0(1). When % = O(1), (2.8) provides a
simple way for bias correction on Ot (see Sec. 2.3.2 for details). Although the adjustment does

not eliminate the asymptotic bias when % = O(1), it leads to general consistency of the ACQL



estimators. Therefore, the subsequent analysis, such as the Taylor expansion of the score func-
tion around the true parameter values and the asymptotic distribution of the ACQL estimators,
can be conducted. More importantly, the adjustment also mitigates the incidental-parameters
issue when constructing the ACQL-based likelihood-ratio statistic in Sec. 2.4 for inference on
Anr- Finally, when T is smaller than n, the adjusted QMLE is not only consistent but also

asymptotically centered, underscoring the effectiveness of the adjustment in that setting.

2.3. Asymptotic properties of the adjusted QML estimators

We study the consistency and asymptotic distributions of the adjusted QML estimators
énT and A,7. We show that énT has regular asymptotic properties but 4,7 has a non-regular
convergence rate and asymptotic distribution, due to the DTE assumption.

Denote Z = Z(Bo, Ao, %0,7) = G(Xo,7)(X(70)B0 + Ctbg), which acts as an additional
regressor as discussed below Assumption G. Let H = [X, Z] with rows {h},}, and M(y) =
% Yoy Zthl E(hihly|qit = 7). Let f(-) be the probability density function of ¢;; and fa(-,-)
the joint probability density function of (gi, ¢;:). The value of f(-) at ¢z = Y0, f(70), plays an
important role. Note, with the new notational convention, M = M (vy). Formal asymptotic

analyses are based on the following assumptions.

Assumption A: The innovations vy are independent and identically distributed (iid) in i
and t, having mean zero, variance ag, and Elvy|® < .

Assumption B:(i) The regressors and the threshold variable are exogenous with elements
(w41, qi) being iid across i and t, (ii) For all v € T, E(||hyl|*lgx = 7) < o0 and f(y) < ¢
for some ¢ < oo, (iii) For all v1,7v2 € T, E(||hit||*lair = 11,q5t = 72) < 00 and fa(y1,72) <
oo, () M(y)f(y) is continuous at v = 79, (v) 0 < Mf(y) < oo, and (vi) the limit of
LEX'(v)QurX(7)] exists and is nonsingular.

Assumption C: The spatial weight matrices {W;} are exogenous with zero diagonals, al-
lowed to vary in time. Both ||[W||1 and ||W|s are bounded.

Assumption D: The true \g lies in the interior of a compact space A. Conditional on the
threshold variable {q;;} and for (v,\) € T x A, (i) A(\,7) is invertible; (ii) both |A=1(\, 7)1
and ||A7Y(\, ) ||loo are bounded.

Assumption E: n is large, and T can be finite or large but cannot grow faster than n, i.e.,
%—>c, where 0 < ¢ < 0.

Assumption F: Threshold effects Aao and [ag satisfy oo = (nT) " "ly and Pag = (nT) ™ "boy
for some T € (0,1/2) with lg € R, lo # 0 and by € R, by # 0.

The iid assumption in A is standard in the spatial econometrics literature (see, e.g., Lee and

10



Yu, 2010a; Li, 2018), but the finite eighth moment condition on errors is more stringent than
in the standard SPR models, where only a finite fourth moment condition is required. This
stronger assumption is needed to establish the weak convergence in functional space of some
linear-quadratic (LQ) forms that depend on v through the indication function 1{g;; < v} (see
Lemma B.1, Appendix B), which is crucial for asymptotic studies on our estimators. Assumption
B(i) assumes that regressors and threshold variable are both exogenous as in Hansen (1999,
2000). As {hi:} can be treated as the model regressors in a reduced form of (2.1) (see (2.15)),
Assumptions B(ii)-B(v) are also common in the threshold literature (e.g., Hansen (1999); Li
and Lin (2024)). Assumption B(vi) is the identification condition for 5. Assumptions C and D
are standard in the spatial econometrics literature. Assumption E allows T'/n to be O(1) or o(1)
(including the case of fixed T'). The AQML method is designed to deliver consistent estimation
under both scenarios. The assumption that T cannot grow faster than n is used to establish the
consistency of 4,7. Assumption F follows Hansen (2000) in letting the threshold effect shrink
with sample size. This reduces the information from neighborhoods of the true threshold,
ensuring that the limiting distribution of the threshold estimator is free of unknown features
of the regressor distribution and thus enabling clean inference on ~. In contrast, if threshold
effects are fixed (that is, 7 = 0), according to Chan (1993), we can expect that the asymptotic
distribution of 4,7 will involve nuisance parameters such as the marginal distribution of x;. In
practice, violations of Assumption F may occur when the threshold contrast is genuinely large
and persistent. Nevertheless, spatial spillovers are usually moderate in magnitude, rendering

the DTE assumption on Ay empirically plausible.

2.3.1. Consistency and convergence rate

To study the consistency of (0,,7,9n7), we first note that the consistency of the linear
estimators (BnT, &%T) depends on that of the nonlinear estimators (j\nT, Anr). Given X and -,

the £ (6,~) given in (2.6) is partially maximized at

Bur(\7) = [X' (1) QurX(M] X' (7)QurA(N, 7)Y, and (2.9)

Grr(A7) = F V' (Bur (A7), ANV (Bar (A7), A7), (2.10)
where we recall N = (n — 1)(T — 1). Hence, the concentrated ACQL function of A and - is
(A7) = =% (In2r + 1) — 2L In 62, (A, y) +In AN, 7)]. (2.11)

Maximizing £}%.(X,v) gives the AQMLEs Anr and 4,7 of A and 7.5

°It is worth noting that £55 (X, v) = maxg 42 €70 (0,7) = L (N, 7) + % Incnr. Thus, £,5(X, ) and 55(X, )
yield the same maximizer, leading to identical estimates for A,y and 3. However, as discussed above, £;1(0,7)
is a valid joint objective function that allows us to provide joint inference methods for all common parameters.
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The population counterpart of £*5.(\,7) is £x5(A,7y) = Igach[ﬂ;T(G,'y)]. Given X and 7,
E[¢:1(8,7)] is partially maximized at ’
Bur (A7) = [EX' () QurX(y)] 'E[X' (1) QnrA(X,7)Y], and (2.12)

&ZT()H 7) - %E[VI(BnT()‘a 7)7 /\7 7>V(BnT()‘a 7)7 )\a 7)] (213)
Thus, substituting B,7(A,7) and 62,(), ) back into E[¢(6,7)], we obtain
Gir (A7) = 5 (In2r + 1) = - Inapr (A, y) + E(ln A (A, 7)]). (2.14)

For standard extremum-type estimation problems, the consistency of A and AnT can be
established if (A\g,70) uniquely maximizes the limit of &£:5.(X,7), and % [£:5(X,7) — £:5(X, )]
converges to 0 uniformly in (\,7) € A x I'. However, under DTE assumption, the limit of
neither %E;’%(Ao,v) nor %ZZCT()\OKY) depends on ~, implying that the consistency of A,z and
Anr should be established using different scalings of the criterion function.

If v9 were known, standard asymptotic arguments (e.g., Theorem 5.9 of Van der Vaart,
1998), the uniform convergence of 3[£:5(X,70) — £:5-(X, 70)] to 0 in A € A and the global iden-
tification of Ag, i.e., Ag uniquely maximizes the limit of %ZZCT()\KYO) on A, lead to consistency
of Anr(70). When 7 is unknown, the convergence of supyc, 5 (N ) — E5(A, )] s still
useful to establish the consistency of XnT, uniformly in v € T', although it cannot provide useful
information to study the asymptotic behavior of 4,7 as threshold effects become zero at the
limit. Therefore, we first show A,7(7) is consistent, uniformly in v € I'.6 Then, based on this
result, we establish the consistency of 4,7. Let 024(\,v) = %(Q’tr[A’_lA’()\, NQur AN, 7)ATY
and H(vy) = [H, D(y)H]. We provide the identification conditions for A as follows.

Assumption G: Either (i) the limit of +[H'(v)QurH(y)] ezists and is nonsingular, or
(id) the limit of (10 027-(Ao, 1) A~ (Mo, A (Ao, )| = In[o2-(A, 1) A=A, 1) AL (A, 7)) is
nonzero for A # Ao, uniformly in v € I.

Assumption G generalizes the global identification conditions for the SPR model of Lee and
Yu (2010a) to our TSPR model (see Appendix B for the primitive conditions, under which
Assumption G holds). It ensures that %S;mT(@o,fy) = 0p(1), uniformly in v € I, specifically
at Ay, but not for general . To gain more intuition on this assumption, noting that WY =

WA (X B10 + D(70)XB20 + Cthp + V), we have from Model (2.2),

Y = XBi10 + ZA 1o + D(70)X P20 + D(70)ZA20 + Ctop + A7V, (2.15)

5The intuition is as follows. Under DTE assumption, the threshold effects vanish asymptotically and the
limiting model reduces to a standard spatial panel data model without threshold structure. Thus, the consis-
tency of A,7(y) can be established, uniformly in v € I'. One can also see from (B.12) in Appendix B that
Impy oo %ES;ynT(Go, ~) = 0, uniformly in v € I, a necessary condition to have consistency of 0,7 (y)-
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because A~! = I, + A10G + A\2oD(70)G, which comes from I,,7 = A + AjgW + A20D(70)W by
right-multiplying A~! on both sides of the equation. Clearly, the above equation can be treated
as a standard panel data model with regressor matrix H(+p). Thus, it is standard to impose
the non-singularity or full-rank condition on the limit of +E[H’(70)Q,rH(7o)] to identify 8 and
A. As the consistency of 4,7 has not been established, a uniform (in ) existence condition,
Assumption G(i), must be imposed. In addition, A can also be identified by the uniqueness
of the conditional variance of Y, O'(Q]A_IA,_I, given X and the threshold variable ¢;;. Again,
without knowing the consistency of 4,7, a uniform (in 7) Assumption G(i7) must be imposed.

The AQMLEs of 8 and o2 are BnT = BnT(j\nT,’ynT) and 672171 = 52T(5\nT,’A>’nT)- It is
interesting to note from (B.4) and (B.5) in Appendix B that, under Assumptions B(vi) and F,
the consistency of BnT and &TQLT follows that of XnT, whether 4,7 is consistent or not. These
suggest that the consistency of 6,7 does not rely on that of 4,7 under the DTE assumption, and
thus can be established separately. With the above identification conditions and the convergence

of supyep %1625 (N, 7) — €25 (X, )] to 0 uniformly in v € T, we have the following theorem.
Theorem 2.1. Suppose Assumptions A-G hold. We have O, — 0y = 0 as N — .

As the adjustment to the concentrated loglikelihood function in (2.6) can help to “recover”
the degrees of freedom loss caused by the estimation of the incidental parameters, we see that
all common estimators are consistent even when T is fixed. In addition, Theorem 2.1 also holds
under fixed threshold effects (7 = 0). In this case, joint consistency of (énT, An1) follows from
the argument of Chan (1993). As discussed above, although An7 is shown to be consistent,
the convergence of the original objective function %EZCT(A,v) is still too fast to be useful for

studying the limiting behavior of 4,7, when the threshold effects shrink to zero at the rate

(nT)~". However, we find the re-scaled objective function:

nT)?" [ pxe (3 *C
() = ST e Rz (1)) — £:5(X0,70)] (2.16)

can be very useful. Specifically, multiplying by (nT)?" gives us the non-diminishing threshold
effects, while taking the differences removes the terms that are not asymptotically negligible,
i.e., those with an order of magnitude bigger than O, ((nT)=%7).

The consistency of 4,7 follows if the maximizer of £;%.(y) has an asymptotically negligible
distance from 7, i.e., the identification condition for . Let D(vy1,72) = D(y1) — D(92) and
H(y) = [H(y), D(70,7)H]. Let C(v) be a 3 x 3 matrix of elements —=tr[C5()C;(v)], a,b =
1,2,3, where C; = G — -5tr(G)L,r, Ca(y) = D()G — Htr(D(y)G)I,r, and Cs(y) =
D(70,7)G — %tr(D(%, v)G)L,r. We introduce the identification condition for ~.

Assumption H: 3 ¢ > 0 s.t. pmin(%H’(v)QnTH(’y)) > |y =7l or pmin (C(fy)) > cly—0l-
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As shown in Appendix B, to study the asymptotic properties of £%.(9,7), one has to establish
arough convergence rate for AT —Ao. As the objective function is highly nonlinear in A and there
is no closed-form solution for its AQMLE, we have to rely on the study of the -component of
the concentrated quasi score (CQS) function given in (2.7). We start with a Taylor expansion
of ngT(énT,ﬁ/nT) = 0 at 6y, then justify the non-singularity of the probability limit of the
negative Hessian matrix under Assumption H, and finally study the order of the component CQS
function Sj ,,7(60, ¥nr). By Theorem 2.1, we show that (nT)" By — 0o) is at most Op(1) under
Assumption E, regardless of the consistency of 4,7. With this preliminary convergence rate, we
show €% (Y1) < =€t — 70| + 0p(1) for some positive constant ¢ < oo under Assumption H.

Meanwhile, the definition of 4,7 ensures that €%.(9,7) > 0. Therefore, we conclude that 4,7

must be sufficiently close to vy in probability, which establishes the consistency of 7.
Theorem 2.2. Suppose Assumptions A-H hold. We have Y,7 — Yo 250 as N = c0.

To establish the convergence rate for 4,7, one needs a more precise knowledge of the con-
vergence rate of 0,7. With the consistency of Anr and the Taylor expansion mentioned above,

we further show that (nT)7 (6,7 — 6g) = 0,(1). Thus, we have the following theorem.
Theorem 2.3. Under Assumptions A-H, anr(3nr — Y0) = Op(1), where apy = (nT)1727.

Theorem 2.3 shows that the convergence rate of 4,7 is a,r, in line with Hansen (1999).
Intuitively, 4,7 converges to vy faster when the threshold effects (Agg and fa9) are greater (i.e.,
7 is smaller or the threshold diminishing rate (n7")~7" is slower), as in this case more sample

information is obtained about v and hence a more precise estimate can be made.

2.3.2. Asymptotic distribution of 6,1

Theorem 2.3 is crucial for establishing the asymptotic distribution of the AQMLE 0,,7. The
generic Theorem 2.4 below reveals that (i) when T/n = o(1), v/N(0,7 — 6p) has a centered
limiting normal distribution, and inference about 8y can be made simply based on the AQMLE
On7; and (i) when T'/n = O(1), VN (0,7 — 6y) has a non-centered limiting normal distribution,
and a bias correction must be made on énT for valid inference about 6.

To derive the result, a Taylor series expansion of S;ynT(énT/%LT) =0 at g gives

-1

VN @z — 60) = [Hir (0, 901)] XS5 (80, Aur),

where we use H*(0,7) to denote — 8‘3, ot (0 for simplicity and {6,.} are on

‘9 0, in rth row

the line segment between 0,7 and 0p. Thus, the asymptotic properties of v N (énT —6y) depend

on those of fSe n7(00, YnT) provided that phm HnT(Q7 Anr) is nonsingular. We have

‘Fsg w1 (00, nr) = VlﬁS%T(Go,%T) + \/% bo.nT (Ao, Ynr) + 0p(1), (2.17)
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where by u7(M,7) = {O1xar, —ptr(GI), —Ltr[D(y)GJ], 0}, which is (2.8) rescaled, and

%X/ (f)/) QnTva

gru (9 ) L Z’QnTV —|— [V’G/QRTV — aOtr(QnTG)] (2 18)
on 0,7) = .
) LAD()QurV + AV'GD()QurY - ofer(QurD()G))

%(V’Q,ﬁv — Nod).

It is easy to verify E[S;"(f0,70)] = 0. Furthermore, with the convergence rate of 4,7
proved in Theorem 2.3, we show that \} 0. % (00, YnT) converges to a Gaussian distribution
with mean zero and variance NVar[Sa Y 1(600,70)] and that bg 7 (Ao, ¥nr) = Op(1). Then, by
showing ﬁ\\sékfil;r(@o, Anr) — S5 7 (60, 70) | = 0 and [|bg 7 (Ao, 1) — bo,nr (Ao, Y0) || = 0, we
show that v/N (8,7 — 0,7(70)) = 0p(1). We have the following theorem.

Theorem 2.4. Under Assumptions A-H, we have, as N(= (n—1)(T — 1)) — o0
. A _ D . _ —

(1) VN(Onr — 00) — /L2 1 bo.ur —> N (0, im 1S,

(i1) VN Oz — Onr(0)) == 0,
where bG,nT = b@,nT(A0a70)7 ZnT = L E[agl gnT(00770)]7 and QnT = VaI'[ enT(90770)]'

Several important conclusions are drawn from Theorem 2.4. First, Theorem 2.4(7) shows
that the convergence rate of 6,7 is v/N in general. Second, if 7' is fixed or small relative to n,
then the bias term \/> > bg 7 disappears as N — oo and hence the estimators of all common
parameters are asymptotically unbiased and inference about 6y proceeds as usual.” Third, when
% —c#0, %E;% bg,nr = O(1) and thus a bias correction on énT must be made for valid

inference. The bias-corrected AQMLE is:
On5 = Ot — \/ S0t Do, (2.19)

where Bg,nT and inT are the consistent estimators of bg ,7 and X, given below.® It is easy
to see that ég% has the same asymptotic variance as énT, that is, %E;%QHTE;%. Fourth, from
Theorem 2.4(i1), we also see that given the convergence rate of 4,7 in Theorem 2.3, 4,7 can be
treated as if it is the true value of . In other words, the estimation error associated with 4,7
has asymptotically negligible effects on the asymptotic property of the AQMLESs of common
6.9 Finally, the classical threshold regression theory (Chan, 1993) implies that the asymptotic

"This is in contrast to the direct approach of Li (2018) where the estimator of error variance is inconsistent.

8The split-panel jackknife method of Dhaene and Jochmans (2015) is not applicable for bias removal in our
setting. This is because the method requires cross-sectional independence (Assumption 3.1), which does not
hold under spatial spillovers, and it relies on the leading bias term having the same functional form across all
subpanels, whereas in our model the bias term depends on the data-driven indicator 1(g;x < ) through D(7).

9This also justifies a two-step estimation in which one first estimates 4,7 via AQML and then solves the
centered score SgY,7(0,9nr) = 0 in (2.18) to obtain an asymptotically unbiased estimator of 6.
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theory for 0,1 in Theorem 2.4 continues to apply when the threshold effect is fixed in sample
size (i.e., 7 = 0). Thus, inference for 6 remains valid regardless of DTE assumption, which is

only required when the researcher is interested in inference for the threshold parameter ~.

Remark 2.3. In summary, Theorems 2.1-2.4 establish the asymptotic properties of the
estimators in a coherent sequence. Since the linear estimators (BnT,égT) can be written as

functions of the nonlinear ones (A7, 4n7) as in (2.9) and (2.10), the analysis begins by focusing
on the consistency of (5\nT, An1). Under the DTE assumption, the limit of the objective function
scaled by the sample size loses its threshold structure, allowing the consistency of j\nT, and hence
of (Br, 6271), to be established independently of 4,7 (Theorem 2.1). To recover identification
of the threshold parameter, we rescale the objective function appropriately and then prove the
consistency and convergence rate of 4,7 (Theorems 2.2 and 2.3). Finally, the derived rate of

Anr implies that its estimation error is asymptotically negligible for the limiting distribution of

énT, so that 6,7 and énT(Vo) are asymptotically equivalent (Theorem 2.4).

Inference for 6. In practice, to perform statistical inference on 6, one relies on consistent

estimations of ¥,,7 and €2,7. For the former, its analytical expression is

N%,(z)E[X/(’Yo)QnTX(’Yo)], ﬁE[X/(VO)QnTZ(VO)]a O2kx1
Yor = ~, Y9207 (70), %E[SnT(’YO)] ; (2.20)
~, ~, E

where Sp2,7(7) = 32 BIZ' (V) QurZ(IHESar (1)), Sur(7) = 7 {tx(G), tx[G (]}, Sur(y) =
Ar 1tr(GG®), tr][G°(7)G’]; tr[G(7)G], tr[G°(v)G*(V)]}, Z(7) = [Z, D(7)Z], and G°(y) =
D(v)G. Thus, the sample analogue, i}kv = —%%S@"MT(&7)\6:%%7?}“, consistently esti-
mates X,7; see the proof of Theorem 2.2 given in Appendix B.

For the latter, we have Q,7 = X,7 + Iy, where

O2kx2k, et BIX (70) QnrR(70)]; O2kx1
72
FnT = ~ F227nT(ryO)’ ;ﬁ[ng[Rl(’yo)]‘nT] ) <221)
T
~, ~, ZiTé

R(7) = [diagv(G), D(y)diagy(G)], To2ur(7) = 5 E[Z' (1) QurR()] + “5F-ER (NR()] +
E[B,7(7)], k3 and k4 are the skewness and excess kurtosis of the errors, and B, () is 2 x 2 with
elements: By ,7 = ﬁ ZtT:l Zle tr[(Gi—Gi) Gy, BlQ,nT(’Y) = ﬁ ZtT:1 2521 tr[(di(7)Gi—
dp(7)Gr)Gi] = By p(7), and Boour(7) = i X imt Sger t2l(de(7) G — din(7)Gr)de ()G 10

A consistent estimator of I',,7(6g,70) is obtained by plugging in 0,7 or ézﬁfp for 6y, YT for g,

9The result for the standard SPR model Lee and Yu (2010a) does not involve k3. This is due to the time-
varying feature of our model, reflected by the terms {G:} and {d:(70)G+} in Bnr(70).
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and the consistent estimators of k3 and k4 derived based on the ideas in Meng and Yang (2024):

T ~ T A4 ~4 T T T
~ Z;L 1 U? nT A~ Z;L 1 ],nT 3O—nT Zn En— ? 1 qukqjl
R3nT = — and A4 pr = " 1
UnTZ Zk 1qu nTZ Zk 1495k
where 0; 7 is the jth element of V = \Nf(ﬁAnT, S\nT,%T) = Q.r]A(\ nT,'ynT)Y X(’ynT)ﬂnT]

and g¢;i, is the (j, k)th element of Q,7. The 0,7 are to be replaced by HbCT it T/n=0(1).

I

2.3.3. Asymptotic distribution of 4,1

Next, we establish the asymptotic distribution of 4,7. Its convergence rate, which is a,r,
has already been established in Theorem 2.3. To use these results in Theorem 2.4, we define
KiT(’y) = E,’;T(éngp,’y), which must be uniquely maximized at v = 4,7 because otherwise it
contradicts that (0,7, 4nr) maximizes 05 (0,v). With a constant term EflT(yo) subtracted, we

still have 4, = argmaX[EiT (7) —Zbe(vo)]. We then make the change-of-variable v = vo+v/a,r
yel’

and therefore a, (3,7 —7) = argmaX[EiT('yO +v/anT) _eiT(VO)]- Thus, the asymptotic analysis
v
of an1(4n1 —"0) relies on that of the objective function EiT(Wo +v/anT) —EiT(fyo), whose limiting

distribution involves the following quantities:

1= lim T[5,Mdy+ loao (m +m2)] and Zy = lim T2 (2lgoorsdyTs + l0001-$47r2)
nT— o0 nT—o00

T
where m(7y) = TZt . 1E(Z] 1gzgt|th =), m(y) = %Ztﬂ > E(giQit|Qit = 9),
m3(7y) = LT Zt 1 Zl 1 E(giithit|qir = ) with g5+ being the (7, j)th entry of G’s tth block Gy,
and 0y = (b),lo)’. Under Assumption B(v), it is easy to see that =; must be strictly positive.

Thus, the following theorem provides the asymptotic distribution of 4,,7.

Theorem 2.5. Under Assumptions A-H, we have, as N — oo,

2 —
. D 0 E r
ant (Y1 — Y0) — 70H2 argmax | — ’2| + W(r)],
=] —oo<r<oo

where = = E1 + E2 and W (r) as a two-sided standard Brownian motion on the real line, i.e.,
W(r) = Wy(—r)1{r < 0} + Wy(r)1L{r > 0}, and W,(-) and Wy(-) are two independent standard
Brownian motions on [0, 00) with Wy (0) = W3(0) =0

Remark 2.4. According to Chan (1993), when the threshold effects are fixed over sample
size (i.e., 7 = 0), it may be possible to demonstrate that nT'(,7 — v0) = O,(1), but the
asymptotic distribution of nT' (9,7 — 7o) might be a functional of a compound Poisson process
that depends on the marginal distribution of z;;, and hence is not useful for making inference
on 7. In contrast, under the shrinking threshold effects assumption, Theorem 2.5 shows that

the limiting distribution of 4,7 does not involve this undue component. However, in order to
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conduct inference on v directly through the above theorem, one has to find a consistent estimate

for the scale component Note that both =; and Z5 involve dy or [y, neither of which can

S

be estimated accurately without prior knowledge of the nuisance parameter 7.

2.4. Inference for 4,r based on the likelihood ratio test

It is of practical interest to infer more precisely on the true value of 4. While Theorem 2.5
provides a theoretical base, its application is hindered by the difficulty in the estimation of g
or lp and thus an alternative method is desired. Inspired by Hansen (1999) on regular threshold
panel regression models, we introduce an inference procedure for the threshold parameter ~
in the TSPR model by inverting a likelihood ratio test. Recall £3%(y) = E;T(énT(v),v). The
likelihood ratio statistic for testing the null hypothesis Hy: v = o is:

LR,2(2) =~ (65 Gur) = 650 (222)

Theorem 2.6. Under Assumptions A-H, we have, as N — oo,
D 2
LRnT<”y()) —r W U,

where w? = 1—1—5—? with 21 and Ey being given in Theorem 2.4, and U = max [—|r|+2W (r)],
= —ooL<r<od
of which the distribution function is characterized by P(U < z) = (1 — e=%/2)2.

Note that w? = =, since & = Z; + Z». Thus, w? must be strictly positive, because =

E]‘U]

is so and 03Z is the variance of some LQ form (see Lemma B.3 in Appendix B). In a special
case where errors are iid normal, one has Zy = 0 because k3 = k4 = 0. It follows that w? =1
and LR,r(v0) is an asymptotic pivot. Our result differs from Hansen’s (1999, Theorem 1) for
standard panels, in that his 035 term does not involve the third and fourth moments, k3 and
K4, of errors as it is just the variance of some linear form.

When errors are not normally distributed, ©? must be estimated consistently. Let 0y =

(859, A20)’, the collection of the threshold effects. Then, by Assumption F, we have

(nT)~272, njl}gloo T[2X2000k3050 T3 + Agodkama)
= = . 2.23
(nT)=272, lim [0, M 020 + A3q03(m1 + 72)] ( )

nT— o0

|

Thus, by multiplying (nT)~2" on both the numerator and denominator, we replace dy and I
with 00 and Agg, respectively. As we already have consistent estimators for 059 and Agg, the need
for 7 is eliminated. Let Z = (Z},...,Z4)". Note that 05 M0y = -1 S0 o1 E[(a,820)% +
2200 Zisly Bo0 + Z2N30lqi = 0] and Ohgms = = S ST Elgiie (2820 + Zish2o)lai = o),
where Z;; is the ith element of Z;. As Y; = At_l(Xtﬂo + po + awly, + Vi), we have ), =
WiY: = Z; + G4V;, which implies E(Z;al,|qic) = E(Virxl,|git), E(gii 1 Zitlgit) = E(gii 1 Vit|qir) and
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E(Z%|qi) = E(VA|qit) — a%E(Z?Zl 93;.41¢it), where Vit is the ith element of ;. Thus, we have

: T
Z n%linoo >oic1 2= B2l git = 70)
=1 lim 337, ZtT:1 E(Y1it|qit = ’yo)’
nT'— o0

where 1 ;s = (2,820)% + 2A20 Vil Boo + VAAS, + )\%Oagg%t and 925+ = T[2X2000k3Gi:.¢ (%, B20
+ Vitdoo) + )‘%0035491'2@t]- To find their sample counterparts, we let 43 and 44 be the consistent
estimations of k3 and k4, which are standard to find in the literature (see Li, 2018), §;j+
the ith row and jth column of Gt(j\nT,’ynT). Thus, their sample counterparts are just baut =
(xgtﬁz,nT)Q+25\2,nTyit$§tﬁA2,nT+yﬁ5\§7nT+5\%,nT5’ZT§%t and Vs, = T[2X0 w1 &nrisii (T Bonr+
yz-tXQ,nT) + X%’HT&TQLTM@%J], respectively. Therefore, we finally propose to estimate w? by
SP S Knlgit — Anr) V2,

S S Kn(git — Anr) 1

where Kj,(u) = h™1k(u/h) for some bandwidth h — 0 and kernel function k(-). With this, a

&r=1+

test of Hy : v = 7o rejects at the asymptotic level of a if LR,7(70)/%? exceeds U1_n, where
U1—o = —2In(1 — /1 — @) is the 1 — o quantile of U. From Table I of Hansen (2000), we have
U1_4 = 5.94, 7.35 and 10.59 for a = 0.1, 0.05 and 0.01, respectively.

3. Testing for the Existence of Threshold Effects

A threshold value vg may always exist, but whether the threshold effects enter the model

depends on whether 6 = (85, \2)" is non-zero. Therefore, a test of
HO : 920 =0

is of great practical interest. However, at the null, the threshold parameter v is not identified,
which poses a great challenge in constructing such a test. In particular, the asymptotic dis-
tributions of the classical tests are nonstandard and it is impossible to tabulate their critical
values.!! To overcome the difficulties facing the classical tests, we propose a sup-Wald test and
study its asymptotic property by adopting a local-to-null reparameterization similar in ideas
to Hansen (1996): 639 = \/%, where ¢ = (¢}, ), ¢ is a k x 1 vector and ¢ is a scalar. In
this sequence of alternatives, we see that the diminishing rate is faster than the one specified in

Assumption F, which facilitates our study of the distributional theory of the test statistic. We

propose a novel bootstrap procedure to bootstrap the critical values of the test statistic.

"This is in fact a classical problem raised by Davies (1977) and investigated by Andrews (1993) and Hansen
(1996), under regular panel regression models.
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3.1. The sup-Wald test and its asymptotic distribution

The construction of the sup-Wald-type test statistic is straightforward. For each v € I'; we
first obtain 6,7 (). Under the null, one has (see Appendix B for details)

VN Or(v) = 00) = S57 (1) [ St (00,9) + /T bor o, )] +0p(1), (1)

where the analytical expression for 3% (v1,72) is in (B.22). It can be shown that \FSG v r(60,7)
converges weakly (in distribution) to Sg(7y), a mean-zero Gaussian process, under the uniform
metric. The covariance kernel of Sp(y) is defined by n%}gnw Qr(71,72), where QF (71,72) is
given in (B.24). Here, the two arguments v, and 7, are used because they are treated as
distinct parameters in the subsequent derivations. A bias-corrected estimator éECT(v) is then
obtained by substituting 0,7 with énT( ) in the expression for HbT given in (2.19), while keeping
the general parameter 7. Let Qur(7,7) = Si7! (7, 7)1 (7,7) 571 (7,7), where S(y,7) =
EZT(%’MG:@”T(»Y) and Q. (v,7) = QnT(%'V)‘e:énT('y) are the respective plug-in estimators.
Thus, the Wald statistic for a given ~ is simply

Wor(v) = NS (y)LIL'Qur (v, 7) L] L% (7), (3.2)

where L is a selection matrix defined as L = [Ogxr Ix Okx1 Okx1 Okx1; Oixk Oixx 0 1 0.
This statistic is, however, practically infeasible as its asymptotic distribution depends on the
nuisance parameter v. We define a sup-Wald test statistic,
sup Wy,p = sup W,r(v), (3.3)
ver

in the same spirit of Hansen (1996) for a linear threshold regression, which is shown to be an
asymptotic pivot with the asymptotic distribution free of model parameters including . Thus,
we can approximate the distribution of sup W, using simulation!

Let Q(v1,72) = 7 (71, 72) ¥ (71,72) 21 (11, 72), where $*(y1,72) = Jim Enr(,72)
and Q*(v1,72) = Ml}inoo Q7 (71,72). We have the following theorem.

Theorem 3.1. Under Assumptions A-E, G, and the alternatives Hy: 099 = \/fﬁ7

supWyr =N sup W¢(v), as N — oo, with
vyel

We(y) = [L'S* 7 (7,7)86(7) + () [L'Q(v, v)L] T L/Z* 1 (7, 7) S (v) + E(7)d],

where () = VTL'S* Yy, 79)S*(v,7)L and Sg(v) is a mean-zero Gaussian process with co-

variance kernel Q*(vy1,72).

Under the null hypothesis, ¢ = 0 and supW, converges in distribution to sup,cr WO(y) =
sup,er So(7)' %1, 7)LIL'Q(y,v)L] 'L'E* 7 (,7)Sp(7). It is a functional of chi-square pro-
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cesses, and thus its asymptotic critical values cannot be tabulated, in general. In special cases
of testing for the existence of a structure change, Andrews (1993) and Li (2018) show that the
critical values depend only on the column dimension of regressors and the parameter space of g

so that they can be tabulated. For threshold SPR models, an alternative approach is desired.

3.2. Bootstrap critical values for sup-Wald test

We propose a bootstrap procedure, the estimating function bootstrap, to approximate the
asymptotic null distribution of the test statistic, extending the idea of Hansen (1996). The
challenge lies in the way of simulating the asymptotic distribution with the nonlinear spatial
components in the model, in contrast to Hansen (1999) for a regular panel regression.

From Theorem 3.1, LNS;};T(HO,V) 2, Sp(7y), where S3% 1(6p,7) is in (2.18). To simulate
the null distribution of the sup-Wald statistic, we need the expression of S;%T(HO, ) at the null,
which is of the form by (2.18),

;%X/(W)QnTV,

. SY'WQurV — tr[QurGil,
Sponr(010,7) = 7° (3.4)

;%Y/W/D/(V)QnTV —tr[Q,7D(v)G1],

%V,QnTV - %7
where 07 = (ﬂi, A, 0'2)/, G = WAl_l, and A; = Al(/\l[)) with A1()\1) = A(/\, ’}/)|)\2:0. The fact
that V(¢o,7) = Q,rV at the null has been used in the above derivation, where ¢ = (5, X')".

Our idea is to bootstrap ;%T(Qlo, 7), and thus the distribution of W°(). Note that the real

world null DGP (data generating process) is
AY =XpBio+ Cyo + V.

Its sample analogue is A1 (5\1)Y = XpG + C@@ +V, which can potentially be used as a bootstrap
DGP that mimics the real world DPG at the null. However, this is infeasible as due to the
incidental parameters problem one cannot find a consistent estimator for V when T is fixed.
Furthermore, the involvement of incidental parameters 1y would invalidate any potential boot-
strap procedure. Although a Q,r transformation of the null DGP can remove vy and Q,7V
can be ‘consistently’ estimated by the unrestricted residuals V(q@nT, An1), the elements of Q, 7V
are correlated and cannot be used for bootstrapping.

Very interestingly, we find that the spectral decomposition, Q,r = SS’, helps us do the
trick that leads to an asymptotically valid bootstrap DGP, where S is the nT" x N eigenvector

matrix of Q, 7 corresponding to eigenvalues of one. The details are as follows. First, Q,7V =

21



SS’V. Since S'S = Iy, the elements of S’V are iid normal if {v;;} are iid normal, and are
uncorrelated if {v;:} are iid. In addition, SV = S’'Q, 7V can be ‘consistently’ estimated by
\N/'*(ggnT,%T) =9 V(qunT,ﬁnT), which leads to a potentially valid way of simulating Q,7V
through bootstrapping \N/'*(QASHT, AnT)-

Another challenge is the generation of bootstrapped values of Y or WY as it appears in
both the A\i- and Ao-components of S;%T(Glg, 7).'2 We show how WY can be related to S'V.
Under Hy, WY = G1A1Y and A1Y = XBi0 + Ctpg + V. Let Ppr = I,7 — Qur and write

A Y = Ppr+ Qur)A1Y =P A Y + QurX B0+ Qur'V.

The first term is not correlated with Q,7V and can therefore be treated as constant during
bootstrap draws. With Q,,7V = SS’V and the elements of V* = S’V being iid or uncorrelated,
a bootstrap value of V* is therefore translated into a bootstrap value of A;Y or Y or WY.
These lead to the bootstrap DGPs for Y and WY mimicking the real world DGPs at null:

Y* — Afl(j\l,nT)[,UJ(Bl,nTa 5\l,nT) + SV*(anTa '?nT)]a (35)

(WY)* = T](Bl,nTa 5\l,nT) + Gl(j‘l,nT)SV*(anTa 'A)’nT)7 (3-6)

where 1(81, A1) = PurA1(AM)Y + QurXB1, (B, A1) = G1(A)u(B1, A1), and By and Ay
are the unrestricted estimates of 51 and Aj. In bootstrapping, one can choose (3.5) or (3.6).
The following bootstrap algorithm uses the latter.
Estimating Function Bootstrap:
1. Calculate the unrestricted AQML estimators énT and Anr, the unrestricted transformed
restduals V*((Z)nT, AnT), and U(Bl,nTa 5\1,nT);
2. ¥y €T, calculate and save @nT(”y,’y) and EZT(%V), which are the plug-in estimators of
Qnr(7v,7) and X (7, 7y) with 01 = GALRT and 0o = 0;

3. Let Fyr be the empirical distribution function (EDF) defined by the centered V*((]BHT, AnT)-
Draw a random sample of size N from F,r and denote it by V?v Compute the bootstrap

value (WY)? = ﬁ(Bl,nTa 5\1’7@) + Gl(j\LnT)SV?V through (3.6);

4. For each v, calculate a bootstrap value of S;%T(élmgp,'y) and denote it by gng(’y) based
on V4 and (WY)?;

5. Compute supWhy = supyer xSy (157" (7, V)LIL Qur (v, 1)L L E (1,7) 88 0 (7):

6. Repeat steps 3-5 B times;

'2This issue is not involved in the standard linear panel regression model in Hansen (1999) as only the linear
B-component of Sg7,(610,7) is needed in the simulation.
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7. Calculate the bootstrap p-value of the test: pl{/V = %25:1 1{supWl > supWyr}, and

reject the null when p?,v is less than the pre-chosen level of significance.

The following theorem justifies the asymptotic validity of the above procedure.

Proposition 1. Suppose Assumptions A-E, G, H and the null hypothesis hold, we have

b
supr;T L2 sup Wo(y),
~vel

where D° denotes the bootstrap distribution.

For the proof of Proposition 1, it is sufficient to show that Tlﬁgg’nT(fy) converges weakly
in F,7 to a Gaussian process with covariance Q*(7y1,72). The details of the proof are given in
Appendix B. The above theorem implies that we can approximate the asymptotic null distri-
bution of the statistic supW,r by the EDF of {supr;T, b=1,...,B} for a sufficiently large B.

Therefore, we can reject the null at the significance level of @ when p%’/v < a.

Remark 3.1. The above bootstrap procedure approximates the limiting distribution of
supWy,r. As supW,,r is an asymptotic pivot, directly bootstrapping on supW,,r can potentially
lead to refined inference as it approximates the finite sample distribution of supW,r. However,
this procedure, though possible in theory, may not be practical, as an estimation of the full
model is required for every bootstrap sample, which can be computationally intensive.

Remark 3.2. Our proposed bootstrap procedure does not require re-estimation of the
model, null or full, and thus is computationally simple. Step 3 of the bootstrap algorithm can
instead be as follows: generate Y* using DGP (3.5), estimate the null model to give é’inT, and
then compute a bootstrap value of S;iT(Glo,'y) using Y* and élf,nT' This evidently increases
the computational burden. Our simulation results show that this does not make a significant
difference. Thus, we recommend the proposed bootstrap procedure for computational simplicity.

Remark 3.3. When bootstrapping the null distribution of a test statistic where only the
estimation of the null model may be required, it is important to use unrestricted estimates and
unrestricted residuals to set up the bootstrap DGP that mimics the real world at the null, as

we never know whether the null is true or untrue, an important point made by Yang (2015b).

4. Monte Carlo Study

Monte Carlo experiments are performed to evaluate the finite sample performance of the

proposed estimators and the test statistics. The following data-generating process is used:

Y;f = AthY; + AZdt(fY)WtY% + XtBl + dt(’Y)Xt52 +p+ oly + V;fa t= 17 < 7T7
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where the time-varying weight matrices W;’s are generated according to Queen contiguity,'®
are generated from N(0,22), the threshold variable g;; is set equal to xy, the fixed effects u
are generated according to %EleXt + e, where e ~ N(0, Iy), and the time fixed effects « are
generated from N(0, I7). The distributions of the error term can be (i) normal, (i) normal
mixture (90% N(0,1) and 10% N(0,42)), or (i) chi-square with 3 degrees of freedom. In both
(i1) and (i4i), the error distributions are standardized to have mean zero and variance o2 = 1.
Partial Monte Carlo results are reported in the main text (Tables 1-3) under 51 =1, \; = 0.2,
B2 = Ao = (nT)7%2 and v = 0. Additional Monte Carlo results are reported in Supplementary
Material, Tables C.1-C.3, for the cases of (a) fixed threshold effects (52 = 0.5, Ao = 0.3), (b)
non-zero vy (= 1), and (c¢) an extended model with spatial error dependence discussed in Sec. 6.
The number of Monte Carlo runs under each parameter configuration is 1000.

Table 1 presents the Monte Carlo results for AQMLE based on (2.6) and bias-corrected
AQMLE (bc-AQMLE) based on (2.19), for various combinations of n = 50,100,200 and 7' =
5,10,20,40. As direct QMLE based on (2.5) shares the same estimated values as AQMLE for
all parameters except o2 (see Footnote 5), only the results of direct QMLE of o2 are provided
at the bottom of the table. As a comparison, the 2SLS estimator of Wei et al. (2021) is also
included in our Monte Carlo experiments. Monte Carlo biases and standard deviations (sd,
reported in brackets) are presented for all parameters, with empirical averages of the robust
standard error estimates (sAd) also shown for AQMLE and be-AQMLE. Note that be-AQMLE of
v is the same as AQMLE of v as the latter does not incur asymptotic bias. Only the estimation
of 6 is subject to asymptotic bias, as shown in Theorems 2.4 and 2.5.

The results indicate that the finite sample performance of the 2SLS estimator can be poor,
exhibiting large biases and high standard deviations. The direct QML method improves the
estimation of all parameters but the error variance, aligning with our theory that the direct
QML estimator of o2 is inconsistent when T is fixed due to the incidental parameters problem.
In contrast, the results demonstrate an excellent finite-sample performance of our AQMLE in
terms of both consistency and efficiency of the estimation. Our bc-AQMLE performs even
better, particularly when both n and T are large. All estimators improve as the sample size
increases, regardless of the error distribution. The v/N convergence rate of both AQMLE and
bc-AQMLE is clearly demonstrated by the Monte Carlo standard deviations. Moreover, the
robust standard error estimates (sAd) are, on average, very close to the corresponding Monte

Carlo standard deviations, with this closeness increasing as the sample size grows.

13To generate W; under Queen, randomly permute the indices {1,2,...,n} for n spatial units and then allocate
them into a lattice of k x m squares. Let W, ;; = 1 if square j shares a common boundary or vertex with square
¢ and 0 otherwise, following the convention in Anselin (1988).
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Table 2 reports the coverage probabilities of the nominal 95% confidence intervals for all
parameters. Coverage probabilities for AQMLE are denoted by CP, while those for be-AQMLE
are denoted by CP-bc. For ~, the confidence intervals are obtained by inverting the LR test
introduced in Sec. 2.4, whereas for the other parameters, they are constructed from the asymp-
totic variance formula in Theorem 2.4. The results show that for the linear and scale parameters
(B1, B2,0?%), CP and CP-bc are both close to 95% across different error distributions as sample
size increases. By contrast, for spatial parameters, especially A1, CP can fall below the nominal
level in large T designs (e.g., n = 50, T' = 20 or 40), reflecting the effect of asymptotic bias de-
scribed in Theorem 2.4. The bias—corrected estimator substantially improves coverage in these
cases, with CP-bc much closer to 95%. For ~, coverage remains stable across specifications, in
line with the theoretical properties of the LR-based inference procedure.

Table 3 summarizes Monte Carlo results for the size and local power of the supWald test for
the non-existence of threshold effects introduced in Sec. 3. Under the null hypothesis (820 =
A20 = 0), the rejection rates align with the nominal levels under different error distributions,
showing that the proposed bootstrap procedure works well. We also examine the local power of
the test, and the results are shown in the last two columns of the table. As expected, rejection
rates increase rapidly as a9 and Agg deviate from zero. When fag = Ago = 10/ VnT, the power

of our test reaches 100% for all sample sizes.

5. An Empirical Application

In this section, we apply our method to study the age-of-leader effects on political com-
petitions across Chinese cities. The tournament competition among Chinese city government
leaders has been an important topic in China’s economic growth literature (Yao and Zhang,
2015). Local government leaders compete against one another in enhancing local investment
and promoting the local economy’s growth so as to increase their chances for political promo-
tion. Based on this theory, Yu et al. (2016) document a strong spatial effect for the city-level
total investment. Besides, the age of a local leader is another pivotal factor determining the
leader’s chances of promotion. A leader’s chance diminishes quickly as he or she gets older (Yao
and Zhang, 2015; Yu et al., 2016). Thus, those leaders who are close to retirement age (60)
should have less incentive to join this tournament competition than the young leaders, and thus
a weaker spatial effect should be expected among the old leaders. That is, we would expect that
the spatial correlation of city-level total investment has a threshold effect based on the leaders’
age. In contrast to Yu et al. (2016) who try various cutoff ages to see the change of the spatial

correlation over leader’s age, our threshold SPR model can directly estimate the threshold age.
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First, a test of no threshold effects is carried out using the sup-Wald test developed in Sec. 3,
and then if this test is rejected, a confidence interval for the threshold parameter is constructed
by inverting the LR test given in Sec. 2.4.

Model and data. Following the above discussions, we consider the following model:
v = A1 D5 Wigeinvje + Ag Y0y wijrinvil{ager <} + xS+ pi + o + v,

where inv;; denotes the total investment of local government of city ¢ in year t, age;; denotes
the age of the local leader of city ¢ in year t, x;;+ is a vector of time-varying regressors including
fiscal revenue, fiscal expenditure, population, manufacturing ratio, GDP per capita and a set of
province level variables: fiscal revenue, fiscal expenditure, and public capital investment, p; and
ay are the two-way fixed effects, and vy is the idiosyncratic error. We follow Yu et al. (2016)
and define those same-province cities whose within-province rankings of GDP per capita are
either one place above or below a city as this city’s spatial neighbors, because they are the main
competitors in the tournament competition. Because there is no theoretical evidence to justify
the threshold effects for regression coefficients, they are not included.

We analyze the annual total investments (in RMB) of 338 cities in the 27 provinces in
mainland China from 2010 to 2012. FEconomic data is from Fiscal Statistics of Cities and
Counties in China, China City Statistical Yearbook and China Statistical Yearbook for Regional
Economy for the period 2010-2012. The ages of leaders are obtained from local government
websites. The data is standardized to make all the variables have comparable scales.

Test for the presence of threshold effects. Before the estimation of the model, we
conduct hypothesis testing on the presence of the age-of-leader threshold effect. In China’s
local official system, there are two types of leaders in the local governments, party secretaries
and mayors. Party secretaries are mainly responsible for personnel work and overall decision-
making while the mayors are for the formulation and implementation of specific economic and
social policies so that Yao and Zhang (2013) find the weight of economic performance is lower
for the party secretary than for the mayor in the assessment of local leaders. Consequently,
we consider only mayors in our analysis. In addition, as Yu et al. (2016) find the age-of-leader
effects on political competitions are more clear among old leaders and old leaders have different
spatial responsiveness to their young and old neighbors, we also separate the leaders into young
and old groups. Here, “old” leaders are defined as those whose ages exceed the median age (49
years and 8 months).

We conduct a sup-Wald test on mayors, examining four types of competitive effects: “all vs

all,” which examines spatial correlation among all mayors; “old vs all,” which measures spatial
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correlation between old mayors and all their neighboring counterparts; “old vs old,” which con-
siders spatial correlation solely among old mayors; and “old vs young,” which looks at the spatial
correlation between old mayors and their younger neighbors. The resulting sup W, statis-
tics and associated bootstrap p-values, based on 699 bootstrap replications, are (3.785,0.336),
(8.360,0.060), (11.543,0.015), and (1.885,0.845), respectively. Consequently, we can reject the
null hypothesis of no threshold effect at the 10% significance level for the “old vs all” pattern
and at the 5% level for the “old vs old” pattern.

Estimation results. Table 4 reports the regression results for the two scenarios when we
can reject the null hypothesis of no threshold effect. “Model 1”7 and “Model 2” correspond to
the “old vs all” pattern and “old vs old” pattern, respectively. The estimations of threshold
coefficient v are 55.33 (55 years and 4 months)and 54.58 (54 years and 7 months) for these
two models, respectively. We also report the 95% confidence intervals that are based on the
likelihood ratio test. The estimations of A; in these two models suggest that the spatial cor-
relations when the ages of local mayors are beyond the threshold levels are slightly negative
(-0.033 and -0.041) but not significant. In contrast, when the ages of local mayors are below
the threshold levels, the spatial correlations among local investments are the estimations of
A1 + A2 and thus become strongly positive as Ay are positive with a much larger magnitude.
These empirical findings are in line with our theoretical expectation, considering that mayors
normally take office in their forties or fifties and the mandatory retirement age for them is 60.

A more comprehensive study on this topic is of interest as future research.

6. Extensions

We have by far focused on a threshold SPR model (2.1) that contains only a spatial lag
(SL) structure with additive fixed effects, for ease of exposition. The proposed estimation and
inference methods are, in fact, quite general and can be extended to include additional features in
the model such as spatial error dependence, serial correlation, time dynamics, multiple threshold
effects, threshold effects on error parameters, interactive fixed effects, etc.

An immediate and much-needed extension is the inclusion of spatial error (SE) effect:

Y = MoWieYs + Aaodi (v0) WeYs + X810 + die(70) X 20 + 1o + cwoln + Uy,

U =poWUi+ Vi, t=1,...,T,

where parameter p and weight matrices {W} together characterize the SE effects, and the other

“The CCP Decision on Establishing a Retirement System for Veteran Cadres (1982, Document No. 13)
stipulates that prefectural-level officials should generally retire no later than age 60. This regulation remained in
effect during our study period (2010-2012).
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parts are defined in Model (2.1). Let B(p) = I,r — pW¢, where W¢ = bdiag(W7,...,WF).
We redefine 6 = (¢', 02) with ¢ = (3, ), p)’ to accommodate the extra spatial error parameter.

The quasi Gaussian loglikelihood function of all the parameters becomes

T
ar(6,7,6) = =" (270%) + 10 [AQ, )] + 10 [B(o)] — 55 V(6,7 )V (6,7, )

where V(¢,v,1) = B(p)[A\, 7)Y — X(7)8 — CyY]. £,7(0,7,1) is partially maximized at

P(8,7) = [C'(p)C(p)] 1C (p)B(p)[A(N, 7)Y — X(v)8],

where C(p) = B(p)C. Thus, following arguments similar to those leading to (2.6), we obtain
the adjusted concentrated quasi loglikelihood function of (6,~):

T T </ ~
wr(6.7) = =55 n(270%) 4+ In [A\ )|+ n[B(o)| = S5V (6,7)V(6,7).

where V(¢,7) = V(6,7,9(6,7)) = Qc(p)B(p)[A(\, 7)Y = X(7)5], and Qc(p) is the projection
matrix into the complement space of C(p), i.e., Qc(p) = Inr — C(p)[C'(p)C(p)]*C'(p). The
adjusted QML estimators of § and v are simply

(énTv ’AYnT) = argmax E;T(ea ’Y)u
(6,y)e©XT

where © is now extended to include the parameter space for p, which is denoted by A,,.

In practice, we can also first maximize the objective function conditional on ~ to get énT(*y),
and then apply the grid search algorithm in Sec. 2.2 to obtain 4,,7. With some additional regu-
larity conditions (e.g., both ||[We||; and |[W®||o are bounded; both |[B~1(p)||; and | B1(p) |l
are bounded on A,; p is identifiable), we expect that the estimation error of 4,7 still has
an asymptotically negligible effect on O Thus, we can establish results similar to those in

Theorems 2.1 - 2.4. The Hessian matrix H},.(0,v) = —8%58(2}7) now has components:

Hy = 22X (p,7)X(p,7), X' (MY(p,7), X(p,7)G*(p)V(6,7), HX(p,7)V (6,7,
Hyy = 2£Y'(p,7)Y(p,7) + [t(G2(A, 7)), tr(D(7)G2(A,7)); ~, tr(D(1)G(A, 7)),
Hy, = 22Y'(p,7)G*(p)V(6,7),  Hi o =2FY'(p,7)V(6,7),
Hy, = 22V (¢,7)[F'(0)F(p) — F*(p)Pc(p)F*(p)]V(¢,7) — tr[F*(p)],
H; o= SV (0, F(0)V(0,7),  Hizpe = 55 2V(6,79)V(9,7) — No?,
p)B(p)[X, D(1)X], Y(p,7) = Qc(p)B(p)[WY, D(1)WY], Pc(p) =

L.t — Qc(p) and F(p) = WeB~1(p). The VC matrix 2,7 has distinct elements:
NQgp = [ XX, BXR+ LXZ, 2Xf, 35X,

NQyy, = JLSZ’Z + 287/R + k4 R'R + [tr(R1R)), tr(R1R3); ~, tr(R2R3)],
NQ)\p = %Z’f—i—n4R’f+[tr(R1Fs);tr(RQFS)], NQ)\J% = %Z’q—i—%R’q—&—%[‘cr(Rl);tr(Rg)],
NQy, = tr(FF*) + kaf'f, NQpp2 = ﬁ[Ztr(F) + kaf'q), NQu2,2 = 4%(2N + k4q'q),

by} 0-0 vrv 0’0
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where Z = Qc¢B[Z, D(7)Z], Ry = Q¢cBGB~!, Ry, = Q¢cBDGB™ !, F = QcFQc, R =
[r1,72], and r1,72, f and ¢ are the vectors of diagonal elements of Ry, Rg, F and Qc,
respectively. Lastly, in this case, ég% = Oy — [%H:{T(én;ﬁ,%ﬁ)]_l lA)g,nT, where bg 7 =
0152k, tr(Rq), tr(Rs), tr(F), 0 — T%T[legk, tr(G), tr(DG), tx(F), 0]

Moreover, confidence intervals for v can be constructed based on the LR statistic obtained

in the same way as that in Sec. 2.4,

2 * N ~ *
LRnT('Y) = EwnT(enTa ’YnT) - EnT(QnT(7)7 'Y)]

When errors are normally distributed, the asymptotic distribution of LR, (7o) is still pivotal,
following the distribution of . In this case, the asymptotic 1 — « confidence interval for v is the
set of values of ~ satisfying LR, 7(7) < U1_4. Finally, to test the presence of threshold effects,
the sup-Wald test statistic and the bootstrap procedure given in Sec. 3 can be easily adapted
to suit this extended model. See Supplementary Material for Monte Carlo results.

Our estimation and inference methods can also be extended to handle models with other
additional features. First, an extension to allow for serial correlation (SC) in the error term (e.g.,
Vit = QU;—1 + ey with |p| < 1) is also straightforward, like the one above with SE structure.
The arguments and ideas behind the estimation and inference methods still apply.

Second, we can generalize our model to the dynamic TSPR framework. When only a time
lag is added and T is large, the AQML approach should provide a consistent estimation for all
common parameters, and thus the asymptotic properties of these AQMLESs can be derived in a
similar manner. When T is fixed and a space-time lag is also added, the analysis will be more
complicated, as it incurs an additional set of incidental parameters (the initial conditions). In
this case, the adjustment to the concentrated loglikelihood (given the initial values) would not
be as simple but the notion of target likelihood would still apply.

Third, the extension to include multiple thresholds (Hansen, 1999) is also of theoretical and
practical interest. For this extension, our AQML approach would still apply and the objective
function with multiple thresholds corresponding to (2.6) is also straightforward to construct.
Thus, the adjusted QML estimators of all common parameters, including the multiple threshold
parameters, jointly maximize the new objective function. In practice, the grid search over
multiple thresholds can be computationally much more demanding than over a single threshold.
We recommend using the sequential estimation method with refinement (Bai, 1997; Hansen,
1999) to alleviate the computational burden.

Fourth, our methods can also be extended to include the threshold effects on the error

parameters, e.g., the error variance (Miao et al., 2020). In this case, the threshold effects on
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error parameters need to be incorporated into the QML function. For example, when error
variance has threshold effects, for each observation the variance parameter will appear in the
form of 02 + 021 (g < 7y), where o is the baseline parameter and o3 is its threshold effect.

Finally, our methods can be extended to allow interactive fized effects (IFE) in the model,
extending Miao et al. (2020) to the threshold spatial panel framework. In spatial panels, it is
typical that n is large and T' can be small or large (small relative to n). We therefore choose to
concentrate out the factor loadings instead of the common factors (as in Miao et al., 2020). We
would expect that our methods can provide a consistent estimation for all ‘common’ parameters,
including the common factors. In addition, we expect that the estimation error of the threshold
estimate still has no asymptotic effect on the asymptotic properties of the other parameter
estimates and that a similar set of inference methods can be developed.

However, each and every extension discussed above i interesting and of practical relevance,
and a combination of (some of) them may be more so. For example, a dynamic TSPR model
with IFE can feature time dynamics, space-time dynamics, various spatial effects and interactive
fixed effects, thereby extending Li et al. (2025) by incorporating threshold effects. However, a

formal study on these extensions can be quite involved and will be handled in future research.

7. Conclusion

In this paper, we consider estimation and inference for a threshold spatial panel data model
with both individual and time fixed effects, where threshold effects are allowed for both spatial
and regression parameters. The presence of the threshold effects renders the commonly used
orthogonal transformation approach inapplicable to wipe out fixed effects. We propose an ad-
justed quasi mazimum likelihood estimation method, where the objective function is obtained
by adjusting the concentrated quasi loglikelihood function (with fixed effects being concen-
trated out) to “recover” the effect of degrees of freedom loss due to the estimation of these
incidental parameters. We study the asymptotic properties of the adjusted QML estimators in
the diminishing-threshold-effect framework and propose a likelihood ratio statistic to construct
confidence intervals for the threshold parameter. We also consider the hypothesis testing on
the presence of threshold effects and a sup-Wald statistic based on the bias-corrected adjusted
QML estimation is proposed. Monte Carlo results show excellent performance of the proposed
estimation and inference methods. We apply our model to study the age-of-leader effects on
political competitions across Chinese cities and find competitions only exist among city leaders

who are younger than a threshold age.
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Appendix A: Some Basic Lemmas

Lemma A.1. (Lee, 2002): Let {A,} and {B,} be two sequences of n X n matrices that are
uniformly bounded in both row and column sums. Let C, be a sequence of conformable matrices

whose elements are uniformly O(h,1). Then

(i) the sequence {A, By} are uniformly bounded in both row and column sums,
(ii) the elements of A, are uniformly bounded and tr(Ay) = O(n), and
(iii) the elements of A, Cy and Cn A, are uniformly O(h,;1).

Lemma A.2. (Lemma B.4, Yang, 2015a): Let {A,} be a sequence of n x n matrices that are
uniformly bounded in both row and column sums. Suppose that the elements ay;; of A, are
bounded uniformly in all i and j, and a,; # 0 for some i. Let v, be a random n-vector of
iid elements with mean zero, variance o® and finite Jth moment, and b, a random n-vector

independent of v, such that {E(b2,)} are bounded. Then

(i) E(v,A,v,) = 0(n), (ii) Var(v], A,v,) = O(n),
(111) Var(v], Apv, + b v,) = O(n), (i) v}, Apvy, = Op(n),
(v) v Apvn — B(v] Agvy) = Op(n2),  (vi) vl Apb, = Op(n2).
Lemma A.3. (Lemma A.5, Yang, 2018): Let {®,} be a sequence of nxn matrices with row and
column sums uniformly bounded, and elements of uniform order O(h,'). Let v, = (v1,...,v,)"
be a random vector of iid elements with mean zero, variance o2, and finite (4+2€o)th moment for

some €9 > 0. Let b, = {bp;} be an nx 1 random vector, independent of vy, such that (i) {E(b2,)}
are of uniform order O(h, V), (i) sup;E|bn;|>T® < oo, (iii) "2 37" [#n.i(bni — Ebni)] = 0p(1)

n

where {¢n i} are the diagonal elements of ®,, and (iv) %” S B2, — E(b2,)] = 0p(1). Define

the bilinear-quadratic form:
Qn = b, vy + 0, @0, — o2tr(D,,),
and let O'én be the variance of Qn. If lim, h711+2/50/n =0 and {%”Uzgn} are bounded away

from zero, then Qn/0q, 2, N(0,1).

Lemma A.4. (Adapted from Lemma 1, Hansen, 1996): If {w;} are iid, E[¥(w;)] < oo for a

matriz function ¥ of w;, and w; has a continuous distribution, then

supH% i U (w;) 1{w; < v} — B[P (w;)1{w; < 'y}]H — 0 a.s.
R
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Appendix B: Proofs of the Theorems

This appendix presents proofs of the main theorems of the paper. The proofs of the main
theorems are greatly facilitated by Lemmas B.1-B.4 given below. Their proofs are given in

Supplementary Material. All quantities involved are defined in Sec. 2.2 and Sec. 2.3.

Lemma B.1. Under Assumptions A-E, we have

Tinr () = \/%H'D(V)QnTV = J(v),

Fonr(v) = 75[V'QurD(7)GV = 03tr(QurD(7)G)] = J(v),

where “ =" denotes weak convergence with respect to the uniform metric, and both Ji(y) and

Jo(7y) are mean-zero Gaussian processes with almost surely continuous sample paths and vari-

ances lim %gE[H'D(W)QnTD(V)H] andn%igloo%E[(tr(QnTD(v)G)QqLQnTD(7)GG’D(V))H

nT'— oo

'ﬂ;\‘[’é‘ E[diagv(Q,rD(7)G) diagv(Q,rD(v)G)], respectively.

Lemma B.2. Under Assumptions A-E, we have,
For(v) = 2L5H'D (v7,70) QrurD (Ynr, 70)Hdg = nilpiLnOOT(S(’)M(SO flvl,
ot () = SFBV'GD(,,70)QurD(r, )GV = lim BT flo],
Lnr(v) = SFltr[(D(yar,70)G)?] = Jim I§maflol,

where Y7 = Yo+v/anT, v is on a compact set T = [—v, 0], m and 7o are defined above Theorem

2.5 T = %, and D(v1,72) = D(71) — D(72).

Lemma B.3. Under Assumptions A-E and for Jr () in Lemma B.1, r = 1,2, we have,

Ryt (v) = \/anr [0 T1 01 (Y01, 70) + loT2,01 (Y01, 70)] = VoZEf W (v

where Jp ot (Y1 70) = Trnt (Y1) — Trmt(90), YT = Y0 +v/anT with v being on a compact set

[—v,v], and W (v) is a standard Brownian motion with E being given in Theorem 2.5.

Lemma B.4. Under Assumptions A-FE, there exist constants B > 0, 0 < k < 0o, and 0 <[ <

0o, such that for all n > 0, and € > 0, there exists a v < 0o such that

DrnT( ) HFs,nT('Y)H
(a) P<761§\1/fT o] <(1- n)k) <e () P<’quNIzT|’y_,W)| > (1 —|—77)l> <€,

(C)P<2pr W>(1+n)l><e, (d) P sup wﬂﬂrn)l <€
Y nT Y nT

1Prnr ()] 1Ts ez (r70)
(e) P Sup RIS 77) <e (f) P SUP Tathl n) <e€

for large enough (n,T) and r =1,2,3 and s = 1,2, where Npyp = {7 : =% < |y — | < B},

D1nr(v) = 86F1nr(7)00,  Donr(y) = §K1nr(7),  Dsnr(y) = loLGT(v%
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Fir(7) = -5HD(70,7)QurD (70, 7)H, By pr(v) = 25H (%) QurD (70, 7)H
Kinr(v) = 25 V'G'D(70,7)QurD (70,7 )GV,  Kaur(v) = 2V (70)QurD(70,7)GV,

Linr(v) = zrtr[D(%,7)Gl, Lonr(v) = z7tr[(D(7,7)G)?,

Lsnr(7) = 7rtr[D(70,7)GJ], PLur(7) = 77H'D(70,7)QurD (10, 7)GV,
Panr(7) = 751 (70)QurD (70, 7)GV, P3r(7) = 75V (70) QurD (70, 7)H,
Trnr(7), 7= 1,2, are defined in Lemma B.1, and D(vy,7) is defined in Lemma B.2.

Equipped with Lemmas B.1-B.4, recall the notations defined in Sec. 2:

o B=(81,85)", A= (A1, \2), ¢ = (B, ), do = (b, lo)'s 02 = (B3, A2)'s

e D(y) =bdiag(di(7),---,dr(7)), A7) =Inr — MW = X2D(7)W,
G(\7) = WA (A7), G\ 7) =G\ ) —diag(G(A,7));

o Z=G(XBy+Cty), H=[X, Z];

o X(y) = [X, D()X], Z(v)=[Z, D(v)Z], H(y)=[H, D(y)H],
V(7) =[GV, D(7)GV], R(y)= [diagv(G), D(y)diagv(G)],

and define the following new notations: A/ denotes the submatrix of A, consisting of the first
k rows and columns; and Al denotes the subvector of h, consisting of the first k elements. We

are ready to prove Theorems 2.1-2.3.

Proof of Theorem 2.1: We first prove the convergence of BnT( nT,'y) and &%T(S\nTﬁ),
uniformly in y € T'. We have A(A,7)A™! = L,p+(Ao—M1)G+(A20—A2)D(7)G+A20D (70, 7) G,
noting that A=Y = I,7 + A10G + A0D(70)G. By Y = A~Y(XBy + Cypg + V) and X3y =
X(7)Bo + D(70,7)XB20, we have

ANY)Y =X(7)Bo+[Z(7) +V(1)](Ao—A) + D (70, v)Hb20 + A20D (70, 7)GV +Cipo + 'V, (B.1)

Combining it with (2.9) and (2.10), we have

Bar(X7) = Bo+ [X' (M) QurX ()] HX (%) QurlZ(7) + V()] (Ao — A) (B.2)
+ X' (7)Qnr[D (70, v)Hb20 + A2oD(70,7)GV + V]}, and
Grr(A7) = % (o = N'[Z(7) + V) Mur (1)IZ(7) + V()] (Ao = A) (B.3)

¥ (Mo — N[Z(7) + V(1) Mur(7)[D (70, v)Hb20 + A20D (70, 7)GV + V]

Z\

+ %[D(’Vov 7)Hb20 + A20D(70,7)GV + VM7 () [D (70, 7)Hb20 + A20D (70, 7)GV + V],

where Mur(7) = Qur — QurX (1) X' (1) QurX ()] X'(7) Qur-
Under Assumption B(vi), the limit of +X'(7)QurX(7) exists and is nonsingular. In addi-
tion, uniformly in v € T, %X’(V)QHTV and %[Z(v), D(70,7)H]'Q,rV are O,((N)~'/?) by
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Lemma B.1; £X'(7)Qur[V(7), D(70,7)GV] and [Z(7), D(y0,7)H)'Qur[V(7),D(70,7)GV]
are o,(1) by Lemma A .4; similarly, + X' (7)Qnr[Z(7y), D(v0,7)H], %V’QnT[V( ), D(70,7)GV],

¥ [V(7).D(10,7)GV]'Qur[V(7), D(%,7)GV] and %[Z(7), D(v0,7)H)'Qur[Z(7), D(70,7)H]
are all O, (1) by Lemma A 4, as their expectations are all O(1). Besides, 4 V'QurV —02 = 0,(1)

by Lemma A.2 and 639 = O((rT)~") by Assumption F. These together lead to

Bur (X 7) = Bo + [#X (N QurX()] 1 HX (1) QnrZ(7) (Ao — A) + 0p(1), and (B.4)
Gor(A7) = 0+ 2V'QurV(7) (Ao — ) + (ho = V{FV(NQnur V() + ¥Z'(7)QurZ()
= N2 NQurXN[F X' (N QurX ()] X (1) QurZ (1)} (Ao = A) + 0p(1). (B.5)

These imply that

Bur(Mar,7) = Bo + 0p(1) and 6o (Aur,7) = 0 + 0,(1), (B.6)

uniformly in v € T', as long as AT = Ao +0,(1). That is, to show the consistency of énT, we only
need to show that of A,z By Theorem 2.5 of Newey and McFadden (1994), the consistency of

A7 follows if
(a) sup N5 (A ) = E5(N )] = 0p(1),
(Ay)EAXT

(b) %}m +0:5(X,v) is uniformly equicontinuous in A for any 7,
nid —oo

¢) Ao uniquely maximizes lim —-£*%.(\,~) over (\,7) € A x T.
N*nT

nT—o00

Proof of (a): For simplicity, we establish ~ sup == [€25.(X, 7) = 25.(X, )| = 0,(1) instead,

(Ay)eEAXT
as ﬁ = O(1). Note from (2.11) and (2.14),
ar (N ) = B (A )] = =363 (A, ) — nany (A7) + o7 (ln [AX, )] = E(n A (X, 7))

For the second term, Lemma A.4 implies that sup, e+ Ln|A\7)| — E(In|A\7)])] = o,(1)
for any given A. Also, for a given v, it is 0,(1) for each A and uniformly equicontinuous in A

(see the proof of (b)). Hence, sup —[In|A(X,7)| — E(In|A(X,7)])] = op(1).
(Ay)EAXT
For the first term, if, uniformly in (\,7) € A x I, 62:(\,7) > ¢ > 0 and 62,(\,7) —
6-7%T()‘a ’Y) = OP(1)7 then In a-'r2LT(>‘7 '7) —In 6-721T()‘7 ’Y) = 111[1 + 6;’12“()‘5 7)(6-721T()‘7 ’Y) - 6-721T(>‘7 7))] =
0,(1) uniformly in (X, ) € AxT. From (B.1), rewrite A(X\, 7)Y = X(v)Bo+(Z(7), D(y0,7)H)o'+

Ctho + AN\, 7)A"IV, where ¢ = ((A\g — A)/,05,)". Then by (2.13),

Grr(X7) = Bopr(X, ) + 6"{E[5(Z(7), D(0,7)H) Qur(Z(v), D(v0,7)H)] (B.7)
(v

— E[H(Z("), D(0,7) QurH)X(M)E[£X(7) QurX(7)] ' E[£ X (1) Qur(Z(v), D(y0,7)H)]} o,

where 02,(),7) is given above Assumption G. The remaining term in (B.7) is non-negative as

the quantity in the curly brackets is a Schur complement of +E[H(7)Q,rH ()] and thus must
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be positive semi-definite (p.s.d.), where H(~v) = [H(v), D(y0,v)H].
For the first term in (B.7), we have,

Zr(Ay) = 2y S e (AT AN ) AN ALY — 2 S 1 A ) AT AT A (A )L
- &nT()‘7’Y) + OP(E)?
where 52,(),7) = % S tr(ATTAL N, ) A(A, 1) A L), Note that

= 3577 (A7) — o] + ;AN 9)] — In|A]

[\

— — — —1 L
= — 5[ oy tr (AT AL M)A NAY) = ([T, 147 AL (L) AN ) A )] <0,

due to the fact that arithmetic mean is no less than geometric means. As o2,.(\,7) = 62,(\,7)+

Op(%), the above inequality implies
o2 (A7) < ~blnod — b n A )|~ In|A + 0,(1) = 0,(1).  (BS)

Hence, we conclude that 025(),v) is bounded away from zero on A x I', and so is 62,(\, 7).
Thus, it is left to show 62,(X,7) — 527(\,7) = 0p(1), uniformly in (A,7) € A x T. Firstly,
using A\, 7)A™ = Ly + (Ao — A1)G + (A20 — A2)D(7)G + A20D(70,7)G, we have

o2r(N\,y) = o8 + 2039177%(7))5[ + oAV Gy (7) AT, (B.9)

where AT = ((Ao—=A)', A20)’, GLur () = ¥[tr(QurG), tr(QurD(7)G), tr(QurD(70,7)G)]  and

tr(QurGG'),  tr(Q.rD(7)GG'), tr(QnrD (70, 7)GG),
Giar(7) = 5 ~, tr(QurD(7)GG'D(v)),  tr(QurD(0,7)GG'D(v)),
~, ~, tr(QnTD(/yOa ’}/)GG/D(’)@, ’Y)))

By plugging (B.9) into (B.7) and using the fact that the elements of E[G; ,r(v)] and
E[G1,,7(7)] are uniformly bounded on I' by Assumption C and D and 0y = O((nT)~7) by

Assumption F, we have, corresponding to (B.5),

o27(A7) = 03 +203E[GL (1] (Mo — A) + (Ao — A {oREIGY (1)) + Bl Z/ (1) QurZ())

— Bl%Z' (7)QurX(ME[F X' (1) QurX (V)] T E[&X (1) QnrZ(Y)] } (Ao — A) +o(1).  (B.10)
We see that B[4 V'QurV(7)] = 03E[G;(7)] and E[{V'(7)QurV(3)] = o3BG, (7)), Thus,
Lemma A4 implies & V'QurV(7) — 03B[G1nr(1)] =5 0, £ V/(1)QurV(7) — o3B[GE 7(7)] =5
0, and +X'(7)QurX(7), +Z'(7v)QurX(7) and +Z'(7)QnrZ(7) converge to their expectations
almost surely, uniformly in v € I'. The convergence of 62,(),7) to &2,(\,v) is also uniform on

A because A appears simply as linear or quadratic factors in these terms. Therefore, we have

620N, y) — 625(A, ) = 0p(1), uniformly in (A\,7) € A x T
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Proof of (b): Recall from (2.14),
Nl ) = =%E (2 +1) - 4E naip (A, y) + FE(n AR, 7).

From (B.10), we see that the limit of 52,.(), ) is uniformly equicontinuous on A given 7, as its
terms are linear or quadratic in A with the corresponding vector or matrices being bounded. To

see the uniform equicontinuity of +E(In|A(),v)|) on A, a Taylor expansion around A gives,

~FE(n]A)]) = FE[(n Ao, 7)]) + tr(G(A, 7)) (A1 = Aio) + tr(D(1)G(A, 7)) (A2 = Az)],

where A lies between X and Ag. As %tr(G()\, v)) and %tr(D(”y)G()'\, «v)) are uniformly bounded
by Assumptions C and D for any A and ~, we conclude %E(ln]A(/\,’y)D is also uniformly

equicontinuous on A for any +.
Proof of (c): Again, for simplicity, we show that \gp uniquely maximizes n%lgloo %Z’;LCT()\, v)

over (A7) € A x I. Letting 52,7()\,v) = Eo2,(), ), we have

w6 () = 65 (. 0)]
= —3lna5p (A7) —agp (A )] = 5 arr (V) — nanr (o, )] = 3nanr (Ao, )
152 (M, 70)] + Rl [A (A 7)| — 1 [A (o, 7)) + Elln [A (o, 7)] — In|A]
= — 5oy (\y) = nanr (A 7)) = 5 apr(A ) — nanp(Xo, )]
+ o7 Elln AN 7)] = In|A (X, )] +o(1),
where the last equation holds as 52,.(Xo, ¥)—27(Xo,70) = o(1) by (B.10) and —=E[In|A (Ao, )|—
I AJ] = B A0, )A ] = LBl L + Aaod(0,7)Gl] = o(1) by Aag = O((nT) 7).
Thus, it amounts to showing the last three terms are always negative for A\ # A\g given any +.
For the first term, noting that o2,(\,v) — 324(A, ) = 0p(1), uniformly in (\,7) € A x T,
and using the results in (a), we have
- %[ln‘?iT()\,’Y) — i (A, 7))
== 3l + 57555 (o = AV Z/(NM(NZ(7) (Ao = N)] + 0p(1).
We note that Z'(v)M(v)Z(v) is the Schur complement of + [H'(7)QnrH(7)] so that it is p.s.d..
Thus, the limit of the above equation is non-positive.
For the second and third terms, using ¢2.(\,v) — 024(A\,7) = 0p(1) and 527(Xo,7) —
o27(Xo,7y) = 0p(1), shown in the proof of (a), we have
= 367N ) = nGrr (Mo, )] + 7rE(n AN )]) — E(ln |A (X, 7))
= —sllnopr(A ) — air(ho, 7]+ opln |A )| = InA (Ao, 7)[] + 0p(1),

the limit of which is also non-positive, implied by (B.8) as a2+(A\o,7) = 03 + 0,(1) by (B.9) and
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L[In|A(Xo,7)| — In|A[] = 2= [In Ly + A2od(70,7)G]] = 0p(1). Together, we have

w0 () = 5 (o, 70)]
= =3Il + 55 (o = N'Z (M) Z(y) (Ao = V)]
= 3[no7 (X 7) = noir(ho, )] + gpln AN )| = In[A(Xo, 7)[] + 0p(1).
As discussed above, we have n%iinw%[gz%(k,v) — £%.(M0,70)] < 0. From the matrix par-
tition formula, nIl“linoo +H'(7)QnrH(y) is non-singular if and only if n71}1_1>100 +X (7)QurX(v)
and n%lgloo +Z'(y)M(7)Z(v) are non-singular. Hence, if Assumption G(i) holds, then we have
n']l}gloo +Z' (y)M(7)Z(7) is positive definite (p.d.) and the limit of —=[0x5.(X,7) — €25 (Ao, 70)]

is strictly less than zero unless A = Ao, i.e., Ag is the unique maximizer of %Z;‘LCT()\,V). If

Assumption G(i) fails, identification requires that the limit of —3[Ino2,(X,v) —Ino2, (Ao, )] +
%[(ln|A()\,fy)|) — (In]A(Xo,7)])] is strictly less than zero for any v and A # g, which is
equivalent to Assumption G(i7). n

Primitive conditions for Assumption G: Since H(v) = [X, Z, D(y)X, D(v)Z], As-
sumption G(i) requires that the columns of Q,7[X, Z, D(y)X, D(y)Z] are not asymptotically

multicollinear, uniformly in 7. As for Assumption G(ii), we note that

ar (o (ho, M)A (Ao, VAT (Ao, )] = Infopr (X, AT A7) AT (A7)
= —[mopp(A9) = Inoyr(ho, )] + spn A )| = In|A(Xo, )]
= — [l + (057(\ ) = opr (X0, 7)/nr (Mo, N + 77 In [A(X, 1) AT (Ao, )]
By (B.9), we have 02,(,7) = 027(A, 7) = 2030107 (7) (%0 = A) + 03 (Ao = NG (7) (ho = A).
Moreover, A(X\,7)A " (Ao, ) = It + (A0 — A1) G (N0, 7) + (A20 — A2)D(7)G (g, ). Therefore,
Assumption G(i4) is satisfied under primitive conditions ensuring that, for A # Ao, the limit of
~In{1+ 20867 () (o = X) + 03 = M/GEL7 () (o = X)]/027 (o, 1))
+ wgp [ Lz + (Mo — M)G (Ao, 7) + (A20 — A2)D(7) G (Ao, 7)|

is nonzero, uniformly in v € I

Proof of Theorem 2.2: We show the consistency of 4,7 in two steps:

(a) We derive a preliminary convergence rate for 0,7, (nT)" (7 — 6o) = Op(1);

(b) Based on the convergence rate, we then establish the consistency of 4,7.

Proof of (a): Applying the mean value theorem (MVT) to each element of Sj nT(énT’ AnT)
where Sp, 1(6,7) is given in (2.7), we have

0= S;,nT(é”T’ ’%LT) = S;,nT(eo’ ’A)/nT) + [%S;,nT(e’ ’%LT)}G:@ in rth row ] (énT - 90)’

37



where {6} are on the line segment between 0,7 and 6. In the following, we use 8 to denote

{0} and H}(6,7) to denote — 4 S; (0 for simplicity. Thus, we have

‘9 0, in rth row

()" By — 00) = [ Hp (8. Awr)] ™ 5275 (B0, ). (B.11)
Therefore, the proof of the result in (a) is equivalent to showing for any given ~,
i) sl Hyp(0,7) = Hig(00,7)] = 0p(1),
it) i [Hyr(00,7) = E(Hyr(00,7))] = 0p(1),
iii) The limit of —=E[H7(6o,7)] is non-singular,

(
(
(
(iv) LS5 (B0, 7) = Op(1).

The Hessian matrix H (0, ) has the following components:

Hpy = 22X (7)QurX(7), X'(1)QurWY, X' (7)QurD()WY, LX'(4)V(¢,7)],
Hy = YW Qur WY +tr(G*(\, 7)), H} , = S Y'W'QurD (1)WY +tr(D(7)G*(A, 7)),
H} > = 2EY'W'V(,7), H},,, = 2 Y'W'D(7)QurD(7)WY + tr[(D(7)G (A, 7)),

H;, o= 2EY'W'D()V(6,7), Hizpo = 252V (6,7)V(0,7) — No?l.

To prove (i), we note that WY = Z + GV and V(¢,7) = Q.r[A\, 7)Y — X(7)8] =
Qnr[X(7)(Bo — B) + (Z(7) + V(7))(Ao = A) + D(70,7)Hb20 + A20D(70,7)GV + V] by (B.1).
Hence, for any given ~, %H;T(é, 7) = Op(1) by Lemma A.1 and A.2. As b1 — 0y -2 0, we
have 6 — 6y = o,(1). Noting that 0P appears in H(f) multiplicatively for p = 2,4,6 and
7P =0y" + op(1), we have —=H?*1.(0,7) = —=H ' (6,08,7) + op(1). Thus, it is equivalent to
showing —=[H (6, 08,7) — H (60, 7)) 25 0. As proof for each component in H*(¢,03,7) is

similar, we only show one of them for example,

apH 2 (9, 08,7) — H 2 (60,7)] = WV (6,7) = V(¢o,7)]

== §o1(Z+ GV)'Qur[X(7)(8 — Bo) + (Z(’Y) + V(M)A = o)l = 0p(1),

by Lemmas A.1 and A.2, and 6 — 6y = o0,(1).

To prove (ii), we note that V(¢g,7) = Qur'V + QurD(70,7)Hb + AooQurD(70,7)GV
by (B.1). Hence, == [H?(00,7) — E(H7(60,7))] = 0p(1) follows directly from Lemma A.4 and
O20 = O((nT)~%).

To prove (iii), using the facts that Agg = O((nT")~7) and the elements of G (Ao, y)D(7,7)G
are uniformly bounded, we have —tr[G(Ag,7) — G] = Htr[G(Ao, V) (Lnr — A(Xo,7)A™Y)] =
20£7(G (A, 7)D(7,70)G] = Op((nT)~7). Meanwhile, as Qur = (Ir — “27) @ (I,, — 2212, we
have £tr(QurIl) — Z=tr(Il) = Oy(1) for Il = GG/, D(7)GG’ or D(7)GG'D/(v). Thus, one
shows that —=E[H+(00,7)] — Enr(0o,7) = o(1) for any ~, where S,7(69,70) is in (2.20).
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Therefore, it amounts to proving the limit of ¥,7(6p,) is nonsingular on I', which follows
if ¥,7(00,v)p = 0 implies p = 0, where p = (p}, b, p3), p1 is a 2k x 1 vector, ps a 2 x 1 vector,
and p3 a scalar. The first row block of the linear equation system X,7(6p,v)p = 0 implies

p1 = —[XY)QurX(V)] X' (7)QnrZ(Y)]p2, while the last row shows p3 = _2085;&(7)1’72-

Substituting them into the remaining equation of the linear system gives us

[FezZ (VM(MZ(Y) + 57 CP (1)]p2 = 0,

where Cl?() is the submatrix of C(v) by deleting its third row and column. As shown before,

the first term in the square bracket is p.s.d.. Also, —(C[Q]( ) is p.s.d. because
ar? CPI(7)z = giptr((z1Cf + 22C5(7)) (21 CF + 22C5(7))] 2 0,

for all z = (21,22)" in R2. Under Assumption H, either +Z'(7)M(y)Z(y) or -=Cl () is strictly
p.d.. Therefore, we must have ps = 0 from the above equation, implying both p; = 0 and p3 = 0

by the first and last equations of the linear system. Hence, 71ﬂim Yn1(0p,7y) is non-singular.
nit —oo

To prove (i), using WY = Z + GV and V(¢0,7) = QurV + QurD(70,v)Hba +
A20QnrD(70,7)GV and with S5%(6o, ) defined in (2.18), we have

St (80,7) = eut[S5r(00,7) + 27—t Brnr(7)] (B.12)

/

where By ,7(7) = —{01x2k, L2 tr[G(No,7)d], L tx[D(7)G (Ao, 7)d], 0},

BQ,nT(7> = _{01X2lm tr(QnT(G()‘O>’7) - G))> tr(QnTD(’Y)(G()‘Oa’Y) - G))a 0}/1 and
%X/(V)QnT[D(’Y()a v)Hb20 + A20D(70,7)GV],
ﬁ(z + GV)'Qur[D(v0,7)Hb20 + A2oD(70,7)G V],

B3,nT('7) =
5[Z + GV]'D(7)Qur[D (70, 7)Hb20 + 20D (70, 7)GV]

0
L[D(Wo, ¥)Hb20 + A20D(70,7)GV]' Qur[2V + D (70, v)Hb20 + A2oD(70,7)GV].

O»&

As ¢,r = O(1), it is sufficient to show that (nT)™~1Sj (0o, 7) and (nT) 'Brpr(y), r =
2,3 are all bounded for any . By Lemma A.3 and Lemma B.1, Sg”jLT(HO, v) = Op(vnT),
. . . T— *U nT *U
uniformly in v € I'. Since 7 € (0, 3), (nT)"1S; Sr(fo,v) = ( \)ﬁ Ser(0o,7) = 0p(1). A
for Bs ,,7(7y), note that 629 = (nT')~7dg, where 5o = (b, lo)’, by Assumption F. Thus, it is easy

to see that (nT)"1Bs,7(y) = Op(1) uniformly in v € T. We show the third component of

Bs 1 () for example as the others can be shown similarly. By Lemma A 4,

(nTo.);l [Z + GV]'D(7)Qnr[D(70,7)Hb20 + A20D(70,7)GV]

0

= aOnT [Z + GV]'D(7)Qn7[D(v0,7)Hdo + loD(70,7)GV]

= 1 =E[Z'D(7)QurD(70,7)Hd + V'G'D(7)QurD(70,7)GVlip] + 0,(1) = Op(1).

ognT
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Similarly, we also have (nT)" !By, r(v) = Op(1) uniformly in v € T'. We show one of the two
non-zero elements in By ,7(7) for example, as the other can be shown similarly. Noting that

G(20,7) = G = G(Xo,7) (Tt — A(Xo, 7)A™!) = A20G (A0, 7)D(7,70)G, one has
(nT)7tr(QurD(7)(G(Xo,7) — G))
= 2tx(QurD(7)G (X0, 7)D(7,70)G) = Op(1). (B.13)
Finally, we show (nT)" !By ,7(y) = 0p(1). Note that the nonzero elements in By ,7(7y) is

either O(T) or O,(T) so that elements of (nT)™ !By ,r(7) is either O( I or OP(%). As

< —> ¢ < oo and 7 € (0, 2) I = nf%% = 0(1). Thus, the desired result holds.

) pl—T7

Proof of (b): Note that

~ “ sc n 2T ~ n n 2T A N _
O 0 (Ans An) =25 (A5 70)] = — T2 1062 —In 62 (Mo, Y0)]+ T2 In [A (A, ) A7L].

For simplicity, we denote XTT = (Mo — A7), A20) and @LT = (Ao — Anz), 0%)". By (a) and
Assumption F, (;SnT, ! =0((nT)~7). Thus, using (B.3) and 62, = &iT(j\nT,ﬁnT), we have

625 — 520(00,70) = 2V'QurKy (ur) ALy + LA KA (3n7) Qur Ky (3nr) AL,
+ A Kt (3 )M (3or) Kt (3n7) 8 + 0p((nT)27), (B.14)

where Kg(v) = (Z(7), D(y0,v)H) and Kv(v) = (V(v), D(v,7)GV).
By Theorem 2.8 of Hall (2015), we have In |A(Ayr, 4n7) A~ = tr[In(A (A7, Ynr)A™Y)] =
tr[2§:1(_1)m+1 (A(j\nTy'AYnTr)nAil— nT)’m] By further us1ng A(j\nT, ﬁ/nT)A—l — T + ()\10 _

Ant)G 4 (A20 — M) D(Gnr)G + A2oD (Y0, 97)G and Al . = O((nT)~7), we have

L AN, Anr) AT = G ) A = A G () M + 0p(0T)727),  (B.15)

where Ga () = %{tr(G),tr(D(’y)G),tr(D(’yg,’y)G)}I, and

tr(G?), tr(D(y)G?), tr(D(7,7)G?),
Gonr(V) =77 | ~  tr(D()G)?), tr(D(y,7)GD()G),
~ ~ tr((D('YO»’V)Gy)?

Before proceeding with the subsequent derivation, we recall Gy ,7(v) and Gy ,7(7) in (B.9).
Note that G1nr(Y) = Ganr () + Op(5), (WT)7[G1n7(7) — G2 (V)] = Op(71=) = 0p(1). Simi-
larly, G1,n7(7) = Ga.ur(y) + Op(3;), where
tr(GG’), tr(D(y)GG'), tr(D(y0,7)GG),

~  tr(DH)GE), tr(D(y,7)GG d(v)),

~; ; tr(D(7,7)GG),

Then, using the Taylor expansion for logarithm and plugging in (B.14) and (B.15), we have

M=

G3,nT (7) = niT

t=1

2

40



D™ 162, — n.62(Mo, 70)] + P22 In [A (A, nr) A7

nT)27 A~ N nT)37 2 ] )\
= — R V'QurKv (nr) Ay — Gtz Ay (Gr) QurKy () Al
QurKv ()AL ]2

+ (D)7 Gy o) M — DAY G ()Mo + 0p(1), (B.16)

n 27‘ R R R R .
- (2;50 O Ky (A M (Yo ) Kt (A1) D + [(N?z

where we use the facts that 62,(\o,70) — 08 = Op(N~2) and 2,.(\o,0) appears multiplica-

tively. Consider the combination of the first and fifth terms,

n 2T R R ~
— DTN QurKy () — 02Gh o () N

‘70

n 2T R R " ~
= — YDAV QurKv (3nr) — 036, i (Gnr) + 03(G r(Bnt) — G ur ()M = 0p(1),

o3

as + V'QurKv(7) — O'(Q)QLHT(’Y) is Op(N~'/2) uniformly in v € T, which can be shown similarly
to Lemma B.1, Al . = O,((nT)™7), and (nT)7[Gr.n7(Y) — Gonr(7)] = 0p(1).
Then, for the second term, we have + K4 (7)QnrKv () = 02G1,7(7)+0p(1) = 02G3r(7)+

op(1), uniformly in v € I'. These together lead to

(W27 e (S, Anr) — €25 (M0, %0)]

n 2T A~ . . ~
= — D)™ T) )\T/ [GQ nT (’YnT) + G3 nT (’YnT) 2g2,nT ('YnT)gé,nT (’YnT)])\ILT

(S§UZT ¢T/ Kj (’AY”T)M(’AY”T)KH (,?HT)&LT + Op(l)- (B.l?)

First, we note that Ganr(v) + Gsnr(v) — 262,07 ()95 (V) = $C(7), which is p.s.d. as
120015 = pptrl(1C + 2C30) + T30 (1€ + 5C4(1) + C3)] > 0 for all 2 =
(21, 22,23)" in R3. Second, for any comformable vector d, d'[% Ky (7)M(7)Ku(7y)]d can be writ-

ten into the form of a’Qa with some nT' x 1 vector a and nT x nT idempotent matrix @), so that

the second term of (B.17) is also non-positive. Therefore, we have n%lgloo (nz“) (055 (A, Anr) —

055(Xo,70)] < 0. By Theorem 5 of Smith (1992) and under Assumption H(7), we have

pmln(%K/H(’AYTLT)M(ﬁ/nT)KH(’?nT)) > pmm( H ('YnT)QnT/H(’VnT)) > Cﬁ/nT - ’70|-

Tt follows that 1" [E;‘ICT(XHT,'%T)—E;‘ZCT()\O,’yo)]S—%cﬁnT—'yo\H(nT)TgZ;LTHQ—i-Op(l).Bythe
(1)

definition of ()\nT,’ynT) we have (5 (Aa> ) — L5 (X0, 70)) > 0. Hence, we must have

that |37 — v0| = 0p(1). Similarly, Assumption H(ii) can also guarantee that 4,7 — o — 0. m

Proof of Theorem 2.3: We first show that (nT)7 (6,1 — ) = op(1). Given the results
(i)-(iv) from the proof of Theorem 2.2, we only need to show that (nT)™ !By 7 (Ao, 4nr) and
(nT)™ 1 B3 7 (00, 4nr) are both o,(1), which is directly implied by the consistency of 4y,7.

Then, let B, k, | and Ny, be defined in Lemma B.4, and m = max(k,,[|6]],|lo],1,03).
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Pick 7, ¢ > 0 small enough such that max(n,:) < m and

Mo = —1Tk - + $(mn + 6m>) + —— (dmn + 8m2n + 18m31 + 4m*s) < 0.

k
0'(2)+L 0'(2)—L
Let E,r be the joint event such that (1) |97 — Y| < B, (2) n:f—; <1, (3) (nT)7|0pr — 60| < o,

(4) inf 5t > gk, (5) sup Lt < by, (6) sup BentOl < (14,
vy

~EN,,p 110l Ny [7—70 eNor [v—ol
|L7‘ nT(’Y)l ”P'r nT(’Y)” Hjs nT(’Yv’YO)”
(7) sup <(1+n)l, (8) sup 2 <n, (9) sup “ELRE <,
~eNT [v—ol SEN 7 [v—ol veNr Vant|[v—0l

for s=1,2 and r = 1,2, 3, and (10) will be established later.
To use the result (nT)7 (O — 6y) = op(1), we let KiT(v) = E;‘;T(énT, ), which must have a

unique maximizer, v = 4,7. We have,
o () — G (0)) = 5 ARz, )| = In ARz, 70)]

- Q&ET [V (én1,7)Qnr V (Snr,7) — V' (bn1,70) Qur V (dnr, 70)]- (B.18)

For the first differenced term, we have, by Theorem 2.8 of Hall (2015),

I [Aar, )| = In|A(Aur,70)l]
= A Tex[D (90, 7)G(Aar,70)] = 53,7 Tex{D (70, 1) GAur,70)]*} + Rem
= Tt [D(70,7)G] — 373, Ttr{[D(70,7)GI*} + Rem,

= Ai(7) + A2(7) + Az(v), (B.19)

where A3(y) = Rep, is the remainder term. Noting that G(S\nT, ) — G = G(S\nT, 'YO)[(}\lmT —
Mo)G + (;\g,nT — X20)D(70)G], the elements of [D(y0,7)G(Anr,70)]", © > 1, are uniformly
bounded by Lemma A.1, and 5\27nT = Op((nT)™7), implied by 5\27nT — Ao = 0p(1) and Ay =
O((nT)~7), we see As3(7) is of smaller order relative to Az(7), uniformly in v € T.

For the second differenced term in (B.18), Qur'V(¢nr,7) = QurlAnr, 7)Y — X(7)Bnr] =
Qur[V + H(y0)(¢0 — dur) + D(0,7)Hba 07 + V(70) (Ao = Anr) + A2,nrD(30,7)GV]. Thus,

V(6. 7)Qur V(o1 7) — V' (01, 7%0) Qur V(énr, 70)
= [V(@ur.7) + V(607,70 Qur[V(nr.7) = V(dnr.70)] = 302y Be(7) (B.20)
where Bs(7y),s =1,...,9, respectively, takes the following forms, 2V'Q,,rD(vo, V)HéQ,nT,
220,07V QurD(10,7)GV, 60, H'D(v0,7)QurD(10,7)Hb2 1,
220,n70) ,7HD(10,7)QurD(70,7)GV,  2(do — bur) H (70) QurD(v0,7)Hba i,

22,07 (¢0 — Sur)H (70)QurD (70, V)GV, 2(Ao — Anr)' V(%) QurD (0, 7) Hbz 1,
22,7 (M0 — An)' V' (70)QurD(70,7)GV,  and A3, V'G'D(%,7)QurD(70,7)GV.
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From (B.19) and (B.20), we have

bir) = bir(0) 30 B =260 A400) | Asr) L As()
CnTanT(’Y - 70) h 26’%TanT (7 - '70) anT (7 - ’70) anT(’V - 'YO)

A2(v)
?anT ('Y*'YO)

(B.21)

are uniformly bounded on the set E,p. This implies that #@w)

will shrink to zero as sample increase. Therefore, we let % < ¢ be the event (10) of E,p.

Fix € > 0, one can choose v for large enough (n,T) such that P(E,r) > 1 — ¢, by Theorem

As is shown latter

~

2.2, Assumption E, (nT)7 (0,7 — 6p) = 0p(1) shown at the beginning and Lemma B.4. Suppose
v € [y + v/anT,v0 + B] and E,7 holds. Let oy = (nT)zjgvnT and b, = (TLT)TBQJLT so that
1607 — 0|l < ¢, where 8,7 = (I 1, bur)’, by event (3). Besides, we have of —1 < o — o(nT) ™" <
&?W < 02 +1(nT)™™ < 02 + 1. Given these, we are going to study each term on the right-hand
side of inequality (B.21).

By events (1), (3), (4) and (7), we have

Ax(7)  _ A5Ttr[(D(v,7)G)?’] (A2nr — A20) (Ao + A20)Ttx[(D(70,7)G)?]
ant(7 = 70) 2an7(v = 70) 2an7(7 = 70)
_ TD3pr(y) | llnr = lolllar + lo|| Lo (7))
2(y =) 2(7 = 0)
1- 1 1 - 1
< - §T(1 —n)k+ §L(2]l0] +0)(1+n)l < —§Tk + i(ﬁm + 6m>1).

By events (1), (2), (3), (7) and (9), we have
_ Bi(v) + Ba(y) — 2620 A1(v)
2{7721TanT(7 - '70)
_ V'QurD(70,7)Hbo nr B M { V' QurD(10,7)GV — 3tr[QnrD(y0,7)G]}

&gTanT(’Y - %) 6721TanT('Y —70)
05T A2n1tr[D(70,7)GI] (0§ — 027)TA2,nrtx[D(70,7)G]
&ELTnanT (v =) &,%TanT('Y - %)
[0 | T1nr (v, 20)l | Nl | T2 (7, 70) I n T7|lur|og | Lanr (7)) n Ll || L1 e (V)]
@%T anT (7 —70) 6721T anT (7 —70) nlfT&iT(V - %) &Y%T(’Y —70)
_ doll + 0 + (lol + )l + eoB(L+ m)l + o(1+ )] _ iy + 4+ 4
h &2 h 02 —1 ’
nT 0
Next, by events (1), (3), (4), and (5), we have
B Bs(v) __ 05H'D(70,7)QnrD (v0, 7)Hb3
262 pant (Y — 70) 262 pant (v — 70)

(B2, — 020) H'D (70, 7) QurD (70, 7)H (B2, 7 + 620)
2&721TanT(7 —70)

Dy nr : & Finr

S ) RETT S MY S N S
QUnT('Y - ’YO) QUnT(’Y - ’70)
—(1 —=n)k + (2||60]| + )(1 +n)l k 3m3.
B It Y LR S SN %
207 205 +2t of—tL
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Similarly, we have, by events (1), (3) and (8),

_Ba(v) + Bs(v) + Bi() _ 1PLoc ()N, [l [ Pont (N 4 1807 || P ()]

: < NIdnzll|inT -
262 nanr (Y — 0) 62 (v —70) 62 (v — )
_ (3oll + )il + )+ (lol + )+ e(ldoll + ) _ 8mZn
h 52 St
nT 0

Then, we show that by events (1), (3), (5) and (6),
B +Bs()  _ ddurllll Frar (I, el || Konr ()]
267 ant (Y =) Grr(v = 0) o (Y = 0)
[(lldoll +¢) + (|l0| +0lA+n)l _ 8w’

Finally, by events (1), (3), (4) and (7), we have

B By(v) _ PRt (A2t — A20) Aznr + A20)] V'G'D(70,7) QurD (70, 7) GV
Q&ELTGJTLT (7 - 70) 25-72LTCLTLT (7 - ’70)
D3 n7(7) Lo = lol|lnr + o] | K1 nr ()]
DY) + ~2
26 5(v = 0) 267 (7 — )
.k N t2llo] + ) (1 +n)l o _ k N 3m3.
20(2)+2L 208—2L = 200+2L UO—L

Together, we show that
Lr (1) = Gy ()
CnTanT(7 - '70)

<M0<0.

Thus, we have shown that on the set E,,p with probability large than 1—e¢, if v € [yo+0/anr, Y0+
B, then fiT(v) - KiT(m)) < 0. We can similarly show that if v € [y — B,y — v/anr] then
() = () < 0. Since 2 (37) — € () = 0, this implies that [3nr — 0| < 7/ant is
with probability larger than 1 — €. That is, an7 (1 — 70) = Op(1). [ |

Proof of Theorem 2.4: Recall B, ,,r(y),r = 1,2, 3, defined in (B.12).

Proof of Result (i): Using (B.11) and (B.12), we have

\/N(énT —bp) = [%HET@’ ﬁ’nT)] - \lﬁ[sék%ﬁ(@o, AnT) + Zr 1 Br nT('YnT)]

From the proof of Theorem 2.2, we see that H;';T(é, AnT) — Xnr = 0p(1) as Jnr — Y0 50

and 0 — 6y -5 0 implied by b,p — 6y = op(l). Lemma A.3 and Lemma B.1 imply that
1
it
again due to Y, — Y0 25 0. The derivation of Var(Sg Y ) is straightforward following Lemma

" N . C . . . . 1 *u
Sgomr (0o, 4nT) converges to a mean zero Gaussian distribution with variance 5 Var(Sg57),

B.5 of Yang (2015a), but is complicated when compared with X,7(6o,70) is given in (2.20).
Some intermediate results are useful to derive the final expression. We focus on the variance of
one specific quadratic term, as the derivations for the other variances or covariances are similar
or less difficult. Let x4 be the excess kurtosis of the idiosyncratic errors. Hence, the variance of

ﬁV’G’QnTV can be written as ﬁ‘ﬁg E[diagv(Q,rG)'diagv(Q,rG)]+ ?E[tr(QnTGQnTG—F
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Q.rGG’)] by Yang (2015a). After some algebra, we have 3 diagv(Q,rG)'diagv(Q.rG) =
T2 diagv(G)'diagv(G) + Op(2), %tr(QnTGQnTG) = 1tr(GG) + = L S (G —
Gr)Gi+0p(2) and +tr(Q.rGG') = -5 ZtT:l tr(GG’) + Op(2). With these results, we have
+ Var(S; Y1) = Qur(00,70) + o(1), where Q7 (6o, 0) is given in (2.21).
Next, we see that ﬁBl,nT(Ao,%T) - \/%bg,n’_r 250 as AnT — Yo 25 0. Hence, it is left
to show that —< B3 a7 (00, Jnr) = 0p(1) and —=Baur (Mo, Jur) = 0p(1). For Baur (00, Fnr), by
020 = (nT)"78p and Agg = (nT)""ly, the 3rd component of \/iﬁBg,nT(Ho, An1) equals to

(nT)™ =12 /et ag"TT [Z + GV]D(3n7) Qur D (70, Yur)Hdo + D (70, Y1) G Vo).

Note that these terms in 22%[Z + GV]'D(%,7)Qnr[D (Y0, Ynr)Hdo + D (Y0, Y1) GVlig] have
forms similar to F,7(0n7) or Kpp(0pr) from Lemma B.2 and 4,7 = Yo + Onr/anr by Theorem
2.3, and therefore we can show that they are all O,(1) following the proof of Lemma B.2. As
(nT)™1/2 = 6(1) by Assumption F, the 3rd component of ﬁB&nT(GO, An1) 18 0p(1). Similarly,
the 4th component of ﬁBB,nT(GO, AnT) equals to

Qf [42L 50 H'D (0, A1) QurD (70, Ynr)Hbo + 2L 15V G'D (10, Yn1) QrurD (10, Yn1) GV

+ Q%V,QnTD(,‘yO? ﬁ/nT)H(sO + 2anT ZOV,G D(707 fYnT)QnTD<’YOa 7nT)H(50

+ (nT)" 2% V' QD (70, 4n1) G V1o .

The first two terms in the square bracket are Op(1) by Lemma B.2, the third is O,(1) by
Lemma B.3, and the fourth and the fifth (without the factor (n7")”) can be shown to be Op(1)
following the proof of Lemma B.2. Therefore, the 4th component of ﬁBng(ﬂo,’ynT) is also
0p(1). Similarly, the other components of ﬁBng(Ho, Yn1) are shown to be o,(1).

Finally, we show all the components of ﬁBng(Ao, AnT) are also op(1). Consider its second

non-zero element for example; the proofs of others are simpler. Similar to (B.13),

— ﬁtr[QnTD(’A}/nT)(G()‘Oa’AVnT) -G
= W%tr[QnTD(’AYnT)G(/\o,’AYnT)D('YOa'A)’nT)G”
= (nT)" Y2 /eur "2 42[QurD (3u7) G (Ao, 3)D (20, 1) Gl = 05(1),
because (nT)"~1/2 = o(1), and lo,?i%Ttr[QnTD(’AYnT)G()\Oa Yn1)D (70, 4n7) G] has similar form to

Ly (0pr) from Lemma B.2 and thus can be shown to be Op(1) in a similar manner. By the

continuous mapping theorem (CMT), the result in (¢) follows.

Proof of Result (ii): When vy were known, it is easy to see that the AQMLE énT(yo) is

consistent to . Thus, by the mean value theorem, we also have
A " . -1
\/N(enT(’YO) —bo) = [nLTHnT(HJ ”YO)] %( 0, wr T Zr 1 Brnr),
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where H*(6, ) denotes — 50 Se (0 and {6,.} are on the line segment, between

|9 =0, in rth row
énT(*yo) and 0y. As 6 — 6y -2 0 implied by HnT(*yo) — 60y = o0p(1), anH* (0,70) v
op(1). Thus, it is equivalent to showing that \F[SG (0o, nr) — Sgh7] = op(1), because

ﬁBZnT()\Ov;}’nT) and ﬁBS,nT(GO,’?ﬂT) are both Op( ), shown in ( ) and \F[Bl nT()\o,’ynT)

By 1] = 0p(1) is directly implied by 4,7 — 70 = o0p(1). For the non-zero components of
ﬁ[S;%T(GO,ﬁnT) Sp. v rl, they are O (\/7) by Lemma B.3, completing the proof. [ |
Proof of Theorem 2.5: Let Q,r(v) = [ﬁi (Yo + v/anz) — £} (70)] and Q(v) =

%[—EJM +2/2EfW (v)]. We first show QnT(v) = Q(v) on any compact set T = [—7, 7].
For ease of presentation, we follow the notations used in the proof of Theorem 2.3 and
define Bi(v) = Bs(yo + v/anr), for s = 1 to 9, and A}, (v) = An(y + v/anr), for m =
1,2,3. Recalling the notations defined in Lemma B.4, the proof of Lemma B.2 implies that
Fy w1 (Yo +v/ant), Ko nr(v0+0/007), L1nr (Y0 +v/anr) and L3 n7 (70 +v/ay7) are all Op(-— T)
and P, ,r(y0 + v/ayr) for r = 1,2,3 are all op(ﬁ). Given these, we see that Bf(v) for
s =4 to 8, that involve these above quantities, are all 0,(1), since (nT)7(dnr — ¢o) = 0p(1) by
Theorem 2.4 and (n1")"629 = O(1) by Assumption F. Similarly, we have Bj(v) = Fpr(v)+0p(1),
B (v) = Kpr(v) + 0p(1), A5(v) = —%TLRT(v) +0,(1), A5(v) = 0p(1), and finally
Bi (v) + B3 (v) — 267745 (v)
= 2V'Q,rD (70,7 + ’U/CLnT)HéQJLT + 25\2,nTV/QnTD(70, Y + v/anr)GV
=262 A0, nrTtxr[D(70, 790 + v/anr) G]
= — 2R (v) — 2 (nT)7 (621 — 02)Tan L1 (Yo + v/ant)
= 2 =620t T Laur (Yo + v/ant) + 0p(1) = —2Rpr(v) + 0p(1),
where we use % = 0(1) by Assumption E.
Then, from (B.18), (B.19) and (B.20), we have
Qur(v) = — 3= [0 By (v) — 2670 Af(v)] + A5 (v) + Aj(v)
= — 5o [Fur(v) + Kz (v) = 2Rar(v)] = § Lur (v) + 0p(1).
Using Lemma B.2, Lemma B.3 and 62, — 03 = 0,(1), we finally get Q,7(v) = Q(v).
By Theorem 2.3, a,7(Ynr —Y0) = argmax Q,7(v) = Op(1). The functional Q(v) is continu-
ous and has a unique maximum; lim‘y|_,oz Q(v) = —oo almost surely since lim, o B(v)/v =0

almost surely. Therefore, the conditions of Theorem 2.7 of Kim and Pollard (1990) are satisfied,

which implies that

. D
anT (YT — 70) — argmax Q(v).

—oo<v<oo
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2 -
Making a change-of-variable v = 070% the asymptotic distribution is then rewritten as
=1
argmax Q(v) = argmax [—Z1 f|v] + 21/d3EfW (v
—oo<v<oo —oo<v<oo
= UTO% argmax [——]7’| + 2/ 0= fW 0—0_527’)]
1 —co<r<oo
2 = 2=
= UTO% argmax [— D= (7))
1 —oco<r<oo =t
_ 9% E Ir|
= F = argmax =5+ W (r)].
1 —oco<r<oo

Proof of Theorem 2.6: By Theorem 2.3, we can write 4,7 = o + Z”—? Note that

LRyr(10) = - 107 (nr) = 67 (70)]
- %%[EZT(énT,%T) - E;T(énT('VO)a’YO)]

= 20 (Onr, Anr) = G (Onr,70)] + 0p(1) (Theorem 2.4)

= 2Q,7(bur) + 0p(1) 25 25upQ(v).

“]\[I]

=l

2
This limiting distribution equals, by the change-of-variable v = 70
Uigsup[—Elf\v\ +2/03EfW (v)] = Uigsup[—Elf] + _27“] + 24/ fW (5

v T

sup[—|r| + 2W (r)] = =w? U.

r

|
Wi

To find the distribution of U, note that U = 2max(U1, U3), where U1 = sup[—|r|/2 + W (r)]
r<0

and U = sup[ |r|/24+ W (r)]. U1 and Us are iid exponential random variables with distribution
a:) = P(2maX(Ul,Ug) < $) = P(Ul <

function P(Ul < x)=1-—e" It follows that P(U <
[

x/2)P(Uy < /2) = (1 — e~ %/2)2,
Proof of Theorem 3.1: Applying the MVT to each element of S;ynT(énT('y), ), one has

0= S;,nT(é"T(’y)’ 7) = ‘S’;,nT(GO’ ’7) + [%Sg,nT(ary)’G:ér in rth row ](énT(V) B 90)’

where {6,} are on the line segment between 6,7(7) and 6. In the following arguments, we
for simplicity, where the components of

use H:;T(é’ 7) to denote — 8%’ S; nT 97 ’7) ‘9:@' in rth row
*+(0,7) are in the proof of Theorem 2.2. Note that § — 6 250, as O,r(7) — 6 = 0
implied by Theorem 2.4. Together with Lemma A .4, these imply that the limit of H;;T(G v)

is equivalent to that of ¥ (v, ), where
%E[X/( 1)QnTX(72)], ﬁE[X,(Vl)QnTZ(VQ)], Ookx1
X0 nr (15 72) ZESr(m)|, (B22)

Sirn20) = | B2 () Qur k()]
G-%%ES';LT(WQ)a 208

~
)
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S nr(11572) = 5oz BIZ' (1) QurZ(12)] + ElS;1(31,72)], Snr(7) is in (2.20) and
Sir(12) = g {tr(GG), tr[G°(11)G; tr[G(12) G, tr[GO(71)G(12)]}.

Thus, by (B.12) and 31 a7 (Y \[bg nr( nT ) 250, we have

VN(625(7) = 60) = i (1,7) 5 [57(80:7) + Bar(7) + Baar ()] + 0p(1).  (B.23)

1

By Lemma B.1, we have WS;};LT(HO,W) = Sp(7v), a Gaussian process with mean zero and

covariance kernel lim €% ,(y1,72), where
nT—o0

Qrr(v1,72) = Znp(v1,92) + Thp(v1,72) (B.24)
Ok x 2k Jj\;';‘gE[X'(’Yl)QnTR(W)], O2kx1
* sk 2
(i, y2) = ﬁiﬁE[R’(%)QmZ(W)}, L3 nr(71:72), ;ﬁ[j;gE[R/('Yl)lnT] .
~, ;jigz E[17rR(72)], %

U5y r(1,72) = %GifE[Z’(M)QnTR(W)] + SEER (1)R(2)] + BB (11,72)], Bip(11,72) =
Bi1nr, Bionr(12); Botar(), s Soret Sopet tE[(de(11) G —die(71)Gr) di(72)Gel, and Biy nr,
Bi2,nr(y) and Bay nr(y) are given below (2.21).

By Lemma A.4 and under the alternatives, one shows that @[Bg}nT('y) + Banr(7)] =

(X0 (v,70) — ZE (7, 7)) Le 4+ op(1). With (B.23), L'6y = 629, VT 0y = ¢ and ¢ = L'Le,
VNLG}S(7) = VNL + L [ Hip (0.7)] 53 S; (60, 7)

= VTL'Lc + L/E;}l (v, V)T]-NS;%T(007 )

+ VTS (4,7) S0 (1:70) = S (7, 7)1 Le + 0,(1)

= L'S* 1y, 7)Ss(7) + E(v)e.

Given the uniform convergence of éfLT () to g, it is also standard to show Qnr (7,7)—-Q(v,v) —
0, based on the proof of Theorem 2.2. Therefore, we have W,r(y) = W¢(y) by the CMT. =

Proof of Proposition 1: We only need to show that §3 () converges weakly in Fp7 to

a Gaussian process with covariance Q*(7y1,72). For this, we define
2X(1)SVY,
o 52 [1(B10, A10) + G1SVR'SVY, — tr[QurGil,

SG,nT(’Y) = 0 B B

2z[1(B10,A10) + GISVRI'D(7)S VY — tr[QurD(7)Gil,

1 ~7b/~7b N
2T VAV — 2o

Let P* and E* denote the probability and expectation, respectively, under the bootstrap em-

pirical distribution F,,7, conditional on the observed data. We use 0,+(1) to denote a sequence

48



of random variables that converges to zero in probability, and O,«(1) to denote a sequence that
is bounded in probability, both under the bootstrap distribution conditional on the original
sample. Furthermore, =* denotes weak convergence under JF,p, with respect to the uniform
metric on I'. Thus, it suffices to show that, under the null hypothesis and uniformly in v € T,
the following two conditions hold:

(@) =5h0r(7) = FSibhur(7) = 0p (1) and () FS5b0(7) = Sa()-

To show (a), we observe that the difference between ngT('y) and g’;f’nT(v) arises from
the replacement of 619 with él,nT~ We only show the result for the third component as the
others can be shown more easily. The proof of Theorem 3.1 implies that él,nT — b9 =
Op+((N)~1/2). Thus, as 6;%—06 2 = 0,+(1) and 0~2 appears multiplicatively, we only need show
that (i) Z=[0(B1urs Anr) = 1(B10, M0)D(7)SVR = 0p+ (1) and (i) ﬁ{fg[c;l(xlmsm —~
G1SVRI'D(7)SVY — tx[QurD(1)(G1(Aar) = G1)l} = 0+ (1).

For (i), recall (51, A\1) = G1(\1) (PrrA1(M)Y 4+ Q,rXf1) and note that Gl(j\l’nT) -G =
G1(Anr)Inr — Ai(ALnr)ATY) = (A — M0)G1 (A1) G1. Thus, we have,
=B Mar) = 1(B10, M10)'D(1)S VY,
=L [(Arnr = M0)G1(Anr) G1L(Prr ALY + QurXpi0)/D(7)SVY,

- ﬁ[o\l,nT —M0)Pur WY — QurX(Binr — B10)]' G, (A1) D(7)SVY,.

2

2

We show the first term for example, as the second term can be shown similarly. Firstly, we have
\/N(;\LHT — A10) = Op+(1), implied by the proof of Theorem 3.1. Secondly, we note that \7?\, is
a random sample drawn from centered V*(&nT,%T) =5 V(qgnT, An1), Which is a “consistent”
estimator for S’V whose elements are iid normal if {v;;} are iid normal, and are uncorrelated
if {v;;} are iid. Therefore, as B goes to infinity and the value of Y is treated as constant
during bootstrap draws, we have 3[G1(PnrA1Y + Q.7XB10)'D(7)SVY = 0,+(1), given the
exogeneity of regressors and the threshold variable in Assumption B, uniformly in v € T'.

For (ii), the left-hand side of the equation can be written as
VNQiar = M10) 3 {52 VES'G1GL (Anr)D(1)S VR, = £x[QurD(7)Gi (A ur)Gil},

which is also 0p+(1) as VN(A1n7 — A1g) = Op+(1) and the remain quantity is o,+(1) implied by
Lemma A.4. Thus, we have shown (a).

To prove (b), we first show that ﬁS;%T(V) is asymptotically a mean-zero Gaussian process
with covariance kernel Q*(v,~) in F,r under Hy. The result then follows by establishing the

tightness of the convergence. For the former result, we express S;f’nT(v) in terms of the linear

and quadratic forms of \Nf?\,. As A1Y = X319 + Cypp + V, the third component of S;f’nT('y) for

49



example can be written as

Stanr(7) =72 [G1(PrrArY + QurXfio) + GISVR)D(1)SVY — tr[QurD(7)G1l
=2(G1PnrV)'D(7)SVY + {5 (GiSVR)'D(7)SVY, — tr[QurD(7)Gil}

+ 52[G1(Coo + XB10)/D(7)SVYy = I (7) + Iz () + (7). (B.25)

AsY (or V) are treated as constant during bootstrap draws, we have that \75’\, are resampled
independently of V under F,, 7. Therefore, the above expression is simply a linear and quadratic
form of \7?\,, which is a “consistent” estimation for S’V. As the sample size and B go to infinity,
we can verify that (B.25) satisfies the conditions of the CLT in Lemma A.3 for each v € I, as
the vectors and matrix corresponding to linear and quadratic terms are bounded as required,
by Lemma A.1. Similarly, the other components of Sé‘f’nT(’y) satisfy the same conditions. These
ensure the asymptotic normality of \ﬁSH nT( ), which can then be extended to any finite
collection of ~ to establish the convergence of finite-dimensional distributions.

We next verify that the & E* [S;%T(’YI)S;%T(VQ)] = Q1 (71,72)]690=0 +0(1). For illustration,
we focus on verifying %E* [S;g,nT('Vl)S;Z/,nT(W)] = Q%) (715 72)|og9=0+0(1), where Q%0 (71,72)
represents the Ao-Ao element of the covariance matrix, as the remaining elements can be estab-
lished similarly. That is to show + [E*(II; (1)1 (72)) + E* (I (71) a2 (72)) + E* (I3(71)II3(72)) +
2B (I (y1)12(72)) +2E* (Ha (1) M3 (v2)) +2E* (1L (v1)I3(72))] = Q3 , (71, 72)ls0=0 +0(1). Ac-
cording to the derivations in the proof of Theorem 2.1, 3 [E*(ITy (y1)IT1 (72)) +E* (T2 (v1 ) Ha(v2))] =
LB Er(GO(1)G (7)) |agg—o + 4 E*[diagv(G1)'D(y)diagy(G1)] + E* Baznr ()] rs—o +0(1)
and +E*(Il3(11)I3(72)) = +E*[Z'D(v)QurD(7)Z]|g,0=0 + o(1). Besides, the covariance terms
yield 2E*(Iz(7)I3(7)) = 22LE*[Z'D(7)QurD(7)diagyv(G1)lla,—o+o(1), ZE* (I ()IIa(7)) =
o(1) and ZE*(II; (7)II3(7)) = o(1). Thus, we have shown the desired result. The other elements

of +Var* [S;%T('y)] can be shown similarly. Subsequently, the stochastic equicontinuity can be

established by similar arguments to the proof of Lemma B.1. This completes the proof of (b).
Finally, as 570(7,7) = S*(%, ) lamezo = 0p (1) and Fp(3,7) = 2 (1.7 lasgmo = 0p (1),

uniformly in 7 € I' (see the proof of Theorem 3.1), the final result follows from the CMT. m

Supplementary Material

The Supplementary Material contains the detailed proofs of Lemma B.1—B.4 and addi-
tional simulation results, including the fixed-threshold-effects model, the nonzero threshold
parameter case and the model with spatial error dependence, which is available online at

http://www.mysmu.edu.sg/faculty/zlyang/SubPages/research.htm.
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Table 1: Empirical bias(sd)[sd] of the estimators for FE-SPR model with threshold effects;

W;=Queen Contiguity; error = 1(normal),

2(normal mixture), 3(chi-square).

2SLS AQML be-AQML 2SLS AQML be-AQML
(a) (n,T) = (50,5) (b) (n,T) = (50, 10)
B .0380(2.629) .0032(.075)[.071] -.0005(.075)[.071] | .0241(0.084) -.0002(.049)[.050] -.0010(.049).050]
By  -.0313(2.644) -.0072(.111)[.112] -.0022(.111)[.112] | -.0561(0.159) -.0011(.083)[.083] -.0013(.083)[.083]
A1 .1803(15.798) -.0257(.060)[.059] -.0083(.060)[.059] | -.1339(0.638) -.0229(.045)[.042] -.0044(.044)[.042]
X2 -.2001(15.856) .0125(.052)[.054] .0116(.052)[.054] | .2380(0.931) .0048(.037)[.037]  .0038(.037)[.037]
o?  .1887(0.127) -.0208(.093)[.098] -.0233(.093)[.098] | .1611(0.083) -.0103(.065)[.067] -.0126(.065)[.067]
v .6503(2.117)  .0093(.147)[ - -] .0093(.147)[ - -] | .3965(1.424) -.0129(.121)[- -] -.0129(.121)[- -]
B .0436(0.893)  .0015(.071)[.070] -.0022(.071)[.070] | .0192(0.077)  .0029(.048)[.050]  .0021(.048)[.050]
By -.0472(0.923) -.0049(.110)[.111]  .0000(.110)[.111] | -.0501(0.146) -.0047(.082)[.083] -.0048(.082)[.083]
A -.0338(9.795) -.0233(.061)[.059] -.0059(.061)[.059] | -.1508(0.539) -.0244(.046)[.042] -.0059(.046)[.042]
Xy .1028(9.870)  .0117(.053)[.054] .0109(.053)[.054] | .2234(0.839) .0073(.039)[.037]  .0063(.039)[.037]
o2  .1921(0.244) -.0157(.225)[.206] -.0183(.224)[.206] | .1573(0.166) -.0003(.164)[.150] -.0027(.163).150]
v .6024(2.135) -.0120(.155)[- -] -.0120(.155)[ - -] | .4129(1.409) -.0268(.141)[- -] -.0268(.141)[- -]
By .0572(0.453)  .0032(.068)[.071] -.0004(.068)[.071] | .0204(0.077)  .0008(.054)[.050]  .0001(.054)[.050]
By  -.0553(0.515) -.0041(.113)[111] .0009(.113)[.111] | -.0518(0.144)  .0015(.089)[.083]  .0014(.089).083]
A .0110(3.326) -.0225(.060)[.058] -.0052(.060)[.058] | -.1459(0.524) -.0203(.045)[.041] -.0019(.045)[.041]
Xy -.0074(3.561)  .0067(.054)[.053] .0060(.054)[.053] | .2112(0.850) .0045(.038)[.037]  .0036(.038)[.037]
o?  .1830(0.183) -.0279(.152)[.150] -.0304(.151)[.150] | .1562(0.120) -.0109(.111)[.108] -.0133(.111)[.108]
v .5347(2.145) -.0010(.149)[ - -] -.0010(.149)[ - -] | .4080(1.412) -.0332(.144)[- -] -.0332(.144)[- -]
(¢) (n,T) = (50,20) (d) (n,T) = (50, 40)
B .0134(0.066) .0017(.032)[.032]  .0009(.032)[.032] | .0080(0.025) .0013(.021)[.021]  .0007(.021)[.021]
By -.0217(0.097) -.0020(.054)[.054] -.0014(.054)[.054] | -.0227(0.052)  .0009(.036)[.037]  .0008(.036)[.037]
A .0028(0.432) -.0209(.032)[.031] -.0016(.032)[.031] | -.0342(0.159) -.0223(.022)[.022] -.0028(.022)[.022]
X2 .0208(0.616) .0027(.032)[.032] .0012(.032)[.032] | .0992(0.305) .0022(.023)[.024]  .0019(.023)[.024]
02  .1125(0.054) -.0033(.045)[.046] -.0056(.045)[.046] | .0800(0.038) -.0023(.033)[.032] -.0044(.033)[.032]
v -4050(1.158) -.0226(.122)[ - -] -.0226(.122)[ - - | | -.1565(0.944) -.0027(.060)[ - -] -.0027(.060)[ - - ]
B .0095(0.062) -.0005(.031)[.032] -.0012(.031)[.032] | .0100(0.030) .0003(.022)[.021] -.0003(.022)[.021]
By  -.0132(0.103) -.0011(.054)[.054] -.0004(.054)[.054] | -.0245(0.051)  .0015(.039)[.037]  .0014(.039)[.037]
A -.0016(0.374) -.0242(.033)[.032] -.0049(.033)[.032] | -.0200(0.314) -.0196(.023)[.022] -.0001(.023)[.022]
Xy -.0080(0.659) .0077(.030)[.032] .0061(.030)[.032] | .0737(0.419) .0017(.023)[.024]  .0013(.023)[.024]
o2  .1124(0.117) -.0069(.109)[.107] -.0090(.109)[.107] | .0807(0.084) -.0033(.071)[.076] -.0055(.071)[.076]
v -.3896(1.094) -.0135(.128)[- -] -.0135(.128)[ - -] | -.1893(0.991)  .0025(.072)[- -]  .0025(.072)[ - - ]
B .0107(0.063) .0015(.032)[.032]  .0007(.032)[.032] | .0087(0.027) .0006(.021)[.021]  .0000(.021)[.021]
By  -.0213(0.091) .0005(.053)[.054] .0011(.053)[.054] | -.0223(0.054)  .0009(.039)[.037]  .0009(.039).037]
A .0058(0.427) -.0227(.032)[.031] -.0034(.032)[.031] | -.0119(0.356) -.0223(.023)[.022] -.0028(.023)[.022]
X2 .0192(0.567)  .0050(.029)[.031]  .0034(.029)[.031] | .0637(0.519) .0048(.024)[.024]  .0044(.024)[.024]
02 .1142(0.086) -.0046(.078)[.077] -.0068(.078)[.077] | .0797(0.059) -.0020(.055)[.055] -.0041(.055)[.055]
v -3495(1.091) -.0241(.124)[- -] -.0241(.124)[ - -] | -.1670(0.995)  .0037(.081)[- -]  .0037(.081)[ - - ]

Note: (¢) Error distributions: error = 1, 2, 3, for the three panels under each (n,T);

(ii) True parameter values: By = 1,A\; = 0.2,y = 0,02 = 1, and 32

(i4i) Empirical bias(sd) for QMLE of ¢ under the three error distributions:

(a) {—.2323(.073), —.2283(.177),

=X = (nT)iO 2

—.2379(.119)}; (b) {—.1271(.057), —.1183(.145), —.1276(.098)}

(¢) {—.0721(.042), —.0754(.102), —.0733(.072)}; (d) {—.0467(.031), —.0477(.068), —.0464(.053)}
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Table 1 (Cont’d): Empirical bias(sd)[sd] of the estimators for FE-SPR model with threshold effects;
W;=Queen Contiguity; error = 1(normal), 2(normal mixture), 3(chi-square).

2SLS AQML be-AQML 2SLS AQML be-AQML
(e) (n,T) = (100, 5) (f) (n,T) = (100, 10)
B1 .0306(0.221) -.0010(.047)[.045] -.0021(.047)[.045] | .0089(0.058)  .0007(.030)[.032]  .0006(.030)[.032]
B2 -.0094(0.356)  .0029(.086)[.081]  .0029(.086)[.081] | -.0342(0.117) -.0017(.055)[.055] -.0025(.055)[.055]
A1 -.0986(0.802) -.0132(.043)[.042] -.0054(.042)[.042] | -.0402(0.525) -.0118(.032)[.030] -.0023(.032)[.030]
Ao .1955(1.555)  .0119(.049)[.052]  .0120(.049)[.052] | .0753(0.821)  .0039(.027)[.026]  .0038(.027)[.026]
o2 .0781(0.080) -.0146(.072)[.070] -.0156(.071)[.070] | .1021(0.054) -.0083(.046)[.047] -.0094(.046)[.047]
v -.7348(1.432) -.0438(.204)[- -] -.0438(.204)[- -] | .3430(1.497) .0243(.080)[ - -] .0243(.080)] - -]
B -.0160(2.345)  .0011(.045)[.045]  .0000(.045)[.045] | .0096(0.061) -.0007(.032)[.032] -.0008(.032)[.032]
B2 .0317(2.350)  .0037(.083)[.081]  .0037(.083)[.081] | -.0323(0.110) -.0005(.055)[.055] -.0013(.055)[.055]
A1 -.0078(7.182)  -.0105(.044)[.043] -.0028(.044)[.043] | -.0489(0.583) -.0115(.030)[.030] -.0020(.030)[.030]
Ao .0885(7.232)  .0049(.049)[.052]  .0050(.049)[.052] | .0951(0.873)  .0004(.026)[.026]  .0003(.026)[.026]
o2 .0736(0.159) -.0052(.154)[.151] -.0062(.154)[.151] | .1040(0.117) -.0098(.108)[.106] -.0108(.108)[.106]
v -.7482(1.460) -.0262(.202)[ - -] -.0262(.202)[ - -] | .2983(1.554) .0236(.079)[- -] .0236(.079)[ - -]
B1 .0385(0.555) -.0023(.045)[.044] -.0033(.045)[.044] | .0080(0.057) -.0010(.034)[.032] -.0011(.034)[.032]
B2 -.0390(0.596)  .0099(.083)[.081]  .0100(.083)[.081] | -.0323(0.098) -.0012(.057)[.056] -.0021(.057)[.056]
A -.0934(1.867) -.0115(.044)[.042] -.0038(.044)[.042] | -.0370(0.547) -.0087(.029)[.029]  .0008(.029)[.029]
Ao .1126(2.126)  .0037(.052)[.052] .0038(.052)[.052] | .0628(0.825) .0023(.026)[.026]  .0022(.026)[.026]
o2 .0804(0.122) -.0196(.110)[.107] -.0205(.110)[.107] | .0963(0.084) -.0018(.086)[.079] -.0029(.086)[.079]
vy -.7584(1.465) -.0354(.235)[- -] -.0354(.235)[- -] | .4271(1.516) .0130(.078)[- -] .0130(.078)[ - -]
(9) (n,T) = (200,5) (h) (n,T) = (200,10)
B1 .0008(0.082) -.0005(.036)[.035] -.0009(.036)[.035] | -.0127(0.056)  .0006(.022)[.023]  .0005(.022)[.023]
B2 -.0277(0.210)  .0041(.064)[.060]  .0043(.064)[.060] | -.0016(0.076) -.0014(.039)[.039] -.0015(.039)[.039]
A1 -.0918(0.529)  -.0050(.033)[.033]  .0003(.033)[.033] | -.0648(0.167) -.0053(.024)[.022] -.0001(.024)[.022]
Ao .1848(1.113)  .0020(.032)[.032]  .0020(.032)[.032] | .0913(0.210)  .0005(.021)[.021]  .0006(.021)[.021]
o2 .0933(0.058) -.0053(.049)[.050] -.0059(.049)[.050] | .0850(0.037) -.0038(.035)[.033] -.0044(.035)[.033]
v .3477(1.342) -.0167(.114)[- -] -.0167(.114)[- -] | .2709(0.854) -.0013(.055)[- -] -.0013(.055)[ - -]
B .0040(0.078)  .0015(.035)[.035]  .0011(.035)[.035] | -.0032(0.136)  .0002(.022)[.023]  .0001(.022)[.023]
B2 -.0336(0.141) -.0042(.060)[.060] -.0040(.060)[.060] | -.0126(0.148)  .0000(.038)[.039] -.0001(.038)[.039]
A1 -.0546(0.589) -.0084(.033)[.033] -.0031(.033)[.033] | -.0260(0.801) -.0072(.022)[.022] -.0020(.022)[.022]
Ao .1443(0.900)  .0052(.031)[.032]  .0052(.031)[.032] | .0511(0.825) .0027(.020)[.021]  .0029(.020)[.021]
o2 .0925(0.118) -.0093(.112)[.107] -.0099(.111)[.107] | .0868(0.082) -.0040(.072)[.076] -.0046(.073)[.076]
v .4237(1.344) -.0148(.104)[ - -] -.0148(.104)[ - -] | .2858(0.936) -.0013(.044)[- -] -.0013(.044)[- -]
By -.0001(0.070) -.0009(.034)[.035] -.0013(.034)[.035] | -.0041(0.073)  .0010(.024)[.023]  .0008(.024)[.023]
By -.0256(0.130) -.0002(.058)[.060]  .0000(.058)[.060] | -.0117(0.109) -.0014(.041)[.039] -.0016(.040)[.039]
A1 -.0943(0.522) -.0039(.031)[.033]  .0014(.031)[.033] | -.0351(0.366) -.0059(.022)[.022] -.0007(.022)[.022]
Ay .1759(0.837) -.0008(.033)[.032] -.0008(.033)[.032] | .0547(0.433)  .0001(.021)[.021]  .0002(.021)[.021]
o2 .0890(0.090) -.0058(.085)[.079] -.0064(.085)[.079] | .0855(0.060) -.0032(.056)[.055] -.0038(.056)[.055]
v .4289(1.338) -.0194(.132)[- -] -.0194(.132)[- -] | .2572(0.949) -.0006(.055)[- -] -.0006(.055)[ - -]

Note: (i) Error distributions: error = 1, 2, 3, for the three panels under each (n,T);
(i) True parameter values: f; = 1,A\; =0.2,7 =0,02 =1, and fy = Ay = (nT) %2
(ii7) Empirical bias(sd) for QMLE of ¢ under three error distributions:
(e) {—.2196(.057), —.2121(.122), —.2235(.087)}; (f) {—.1164(.041), —.1177(.096), —.1106(.076)}
(g) {—.2082(.039), —.2114(.089), —.2086(.067)}; (h) {—.1079(.031), —.1081(.065), —.1074(.050)}
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Table 2: Coverage percentages of the 95% confidence interval; W;=Queen Contiguity.

2

n T 51 ﬂg )\1 )\2 g v
CP CP-bc| CP CP-bc| CP CP-bc| CP CP-bc| CP CP-bc | CP
Error distribution: normal
50 5 93.2 932 |95.0 95.0 |[928 94.0 |92.8 93.0 [926 924 | 952
50 10 94.4 942 | 944 944 |90.2 934 |936 94.0 |93.2 92.6 | 98.4
100 5 94.8  95.0 | 942 94.0 |93.8 94.0 |96.0 96.0 |93.2 92.8 | 96.8
100 10 946 94.8 | 954 954 | 946 96.6 |93.6 93.6 |95.2 95.0 | 98.2
200 5 96.0 96.0 |956 956 |93.6 944 |958 96.0 |92.6 92.6 | 96.4
200 10 96.2 95.8 |95.6 956 |94.8 95.0 |944 944 |942 942 | 97.8
50 20 93.6 93.8 |94.8 948 |89.2 928 |944 942 |94.6 942 |97.2
50 40 94.8 94.8 |952 952 |8.0 952 |96.0 96.2 |95.0 95.0 |97.6
Error distribution: normal mixture
50 5 954 946 | 946 948 |93.6 93.8 |934 934 |874 874 | 958
50 10 95.2 95.0 |94.8 948 |904 92.8 |932 93.6 |90.6 90.6 | 95.0
100 5 96.4 96.6 |95.6 956 |924 93.0 |946 946 | 882 88.0 | 93.6
100 10 96.2 96.2 | 956 956 [92.2 91.6 |942 944 |92.6 92.8 | 96.0
200 5 93.4 932 |926 924 |96.0 96.0 |954 954 |91.2 91.2 | 98.0
200 10 94.8 94.8 | 956 956 |94.2 952 |94.0 94.0 |94.0 938 | 974
50 20 96.2 96.0 |954 954 |91.0 964 |944 944 |934 934 | 978
50 40 95.8 96.0 | 96.0 96.0 |86.0 942 |956 954 |93.8 934 | 96.2
Error distribution: chi-square
50 5 94.8 944 932 93.0 [93.0 93.8 |93.8 942 |86.0 86.0 | 96.8
50 10 95.8 96.0 |94.6 944 |93.2 938 |952 952 |[904 90.4 | 96.6
100 5 95.2 954 |96.0 96.0 |93.8 944 |956 958 |91.2 91.0 | 95.0
100 10 94.8 94.8 |95.0 95.0 |[91.2 916 |956 956 |924 92.2 | 96.6
200 5 95.0 95.0 | 946 946 |93.8 94.8 | 958 958 |[94.0 94.0 | 97.8
200 10 95.2 952 952 952 [93.2 924 |95.0 952 |94.2 94.2 | 96.0
50 20 93.6 936 |946 944 |89.2 96.0 |956 958 |934 92.8 | 96.4
50 40 954 954 | 956 958 |84 954 |944 946 |944 93.8 | 95.6

Note: True parameter values: 31 = 1,A\; = 0.2,7 = 0,02 =1, and 3 = Ay = (nT) "2
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Table 3: Rejecting frequency of tests for threshold effects at 0.01, 0.05, and 0.10 levels;
W, = Queen Contiguity; error = 1 (normal), 2 (normal mixture), 3 (chi-square).

A=P2=0 Ao = P2 =2/VnT | Xy =p2=10/v/nT
0.10 0.05 0.01 | 0.10 0.05 0.01 0.10 0.05 0.01
1 50 5 | .171 .092 .030 | .546 .424 .196 | 1.000 1.000 1.000

10 | .124 .079 .018 | .464 .356 .162 | 1.000 1.000 1.000

20 | .114 .038 .018 | .402 .288 .110 | 1.000 1.000 1.000

40 | .096 .038 .008 | .374 .262 .116 | 1.000 1.000 1.000

100 5 |.164 .112 .038 | .338 .240 .090 | 1.000 1.000 1.000
10 | .097 .046 .013 | .322 .214 .104 | 1.000 1.000 1.000

200 5 | .104 .064 .017 | .398 .276 .114 | 1.000 1.000 1.000
10 | .096 .034 .006 | .356 .266 .108 | 1.000 1.000 1.000

2 50 5 1.229 .150 .069 | .624 .502 .266 | 1.000 1.000 1.000
10 | .176  .122 .054 | .496 .390 .230 | 1.000 1.000 1.000

20 | .158 .100 .032 | .414 .310 .164 | 1.000 1.000 1.000

40 | 138 .078 .024 | .430 .294 .138 | 1.000 1.000 1.000

100 5 | .198 .150 .056 | .382 .282 .118 | 1.000 1.000 1.000
10 | .157 .101 .038 | .336 .212 .080 | 1.000 1.000 1.000

200 5 | .132 .078 .025 | .400 .302 .142 | 1.000 1.000 1.000
10 | .130 .080 .022 | .384 .292 .116 | 1.000 1.000 1.000

3 50 5 1.210 .140 .055 | .568 .440 .232 | 1.000 1.000 1.000
10 | .133 .090 .041 | .432 .316 .152 | 1.000 1.000 1.000

20 | .136  .070 .022 | .402 .276 .114 | 1.000 1.000 1.000

40 | 124 .076 .022 | .406 .284 .124 | 1.000 1.000 1.000

100 5 | .140 .096 .038 | .352 .272 .104 | 1.000 1.000 1.000
10 | .122  .072 .027 | .322 .228 .086 | 1.000 1.000 1.000

200 5 | .096 .042 .014 | 418 .304 .134 | 1.000 1.000 1.000
10 | .122 .068 .024 | .356 .254 .114 | 1.000 1.000 1.000

error n T

Table 4: Estimates of spatial competitions in government investments among Chinese cities.

Government Investments Model 1 Model 2
Mayor: old vs all Mayor: old vs old

Threshold estimate:

Threshold (7) 55.33 54.58

95% confidence interval [50.00, 57.92] [54.25, 57.92]
Spatial effects:

Base effect (A1) -0.033 (.034) -0.041 (.036)
Threshold effect (Ao) 0.105** (.035)  0.137"* (.038)
Impact of covariates:

Fiscal revenue 0.308™*  (.061) 0.312**  (.061)
Fiscal expenditure 0.129™*  (.043) 0.123**  (.043)
Population 0.023  (035)  0.025  (.035)
manufacturing ratio 0.767*  (.062) 0.769**  (.062)
GDP per capita -0.131"*  (.048) -0.134***  (.048)
Provincial fiscal revenue 0.259***  (.077) 0.273**  (.077)
Provincial fiscal expenditure -0.126 (.080) -0.135% (.080)
Public capital investment -0.007 (.015) -0.013 (.015)

Note: Significance levels: *:10%, **:5%, and ***: 1%. Standard errors are in parentheses.
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