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Abstract

The quasi-maximum likelihood (QML) method and the generalized method of moments

(GMM) are the two popular methods in the estimation and inference for spatial regression

models. In this paper, a Monte Carlo comparison is made of the two methods based on

several spatial regression models: the regression model with spatial lag dependence (SLD),

or with spatial error dependence (SED), or with both SLD and SED.
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1. Introduction

The maximum likelihood (ML) or quasi-ML (QML) method is popular in the estimation and
inference for spatial regression models (Anselin, 1988; Anselin and Bera, 1998; Lee, 2004; Baltagi
and Yang, 2013a,b; Robinson and Rossi, 2014a,b; Liu and Yang, 2015a,b; Yang, 2015a,b).
Another popular method is GMM (Kelijian and Prucha, 1998,1999; Lee, 2001a,b, 2007; Lin
and Lee, 2010; Liu and Lee, 2010). We consider in detail three popular spatial regression
models: the linear regression model with spatial error dependence (SED), that with a spatial
lag dependence (SLD), and that with both SLD and SED, also referred to as the SARAR model
in the literature. See Anselin and Bera (1998) and Anselin (2001) for excellent reviews on these
models.

The line-up for the paper is as follows. Section 2 outlines the QML method. In section 3 we
propose a simple method of bias reduction of QML estimator for regrssion model with spatial
lag dependence, regression model with spatial error dependence as well as spatial model with
both SLD anf SED. Sections 4 outlines the GMM for, respectively, the SED model, the SLD
model, and the SARAR model. Section 5 presents the Monte Carlo simulation results. Section
6 concludes the paper.



2. QML Estimation of Spatial Regression Models

2.1 QML estimation of SED model

Consider the following linear regression model with spatial error dependence (SED), where
the SED is specified as a spatial autoregressive (SAR) process:

Yn = Xnβ + un, un = ρWnun + εn, (1)

where Yn is an n×1 vector of observations on the dependent variable corresponding to n spatial
units, Xn is an n × k matrix containing the values of k exogenous regressors, Wn is an n × n

spatial weight matrix that summarises the interactions among the spatial units, εn is an n× 1
vector of independent and identically distributed (iid) disturbances with mean zero and variance
σ2, ρ is the spatial parameter, and β denotes the k × 1 vector of regression coefficients.

QML method. The quasi Gaussian loglikelihood function of θ = (β′, σ2, ρ)′ for the SED
model is given by, `n(θ) = −n

2 log(2πσ2) + log |Bn(ρ)| − 1
2σ2 (Yn−Xnβ)′B′

n(ρ)Bn(ρ)(Yn−Xnβ),
where Bn(ρ) = In − ρWn. Maximizing `n(θ) gives the MLE, θ̂n of θ if the errors are indeed
Gaussian, otherwise the QMLE. Given ρ, `n(θ) is partially maximized at,

β̃n(ρ) = [X ′
nB

′
n(ρ)Bn(ρ)Xn]−1X ′

nB
′
n(ρ)Bn(ρ)Yn, and σ̃2

n(ρ) = 1
nY

′
nB

′
n(ρ)Mn(ρ)Bn(ρ)Yn, (2)

where Mn(ρ) = In − Bn(ρ)Xn[X ′
nB

′
n(ρ)Bn(ρ)Xn]−1X ′

nB
′
n(ρ). The concentrated log-likelihood

function for ρ upon substituting the constrained QMLEs β̃n(ρ) and σ̃2
n(ρ) into `(θ):

`cn(ρ) = −n
2
[log(2π) + 1] + log |Bn(ρ)| − n

2
log(σ̃2

n(ρ)). (3)

Maximising `cn(ρ) gives the unconstrained QMLE ρ̂n of ρ, which in turn gives the unconstrained
QMLEs of β and σ2 as, β̂n ≡ β̃n(ρ̂n) and σ̃2

n ≡ σ̂2
n(ρ̂n). Thus, θ̂n = (β̂′n, σ̂

2
n, ρ̂n)′.

Liu and Yang (2015) show that, under regularity conditions, the QMLE θ̂n is asymptotically
normal with mean θ0, and variance-covariance (VC) matrix Σ−1

n ΓnΣ−1
n , where

Σn =


1
σ2
0
X ′

nB
′
nBnXn 0 0

0 n
2σ4

0

1
σ2
0
tr(Gn)

0 1
σ2
0
tr(Gn) tr(Gs

nGn)

 ,

Γn =


1
σ2
0
X ′

nB
′
nBnXn

1
2σ3

0
γX ′

nB
′
nιn

1
σ0
γX ′

nB
′
ngn

1
2σ3

0
γι′nBnXn

n
4σ4

0
(κ+ 2) 1

2σ2
0
(κ+ 2)tr(Gn)

1
σ0
γg′nBnXn

1
2σ2

0
(κ+ 2)tr(Gn) κg′ngn + tr(Gs

nGn)

 ,

ιn is an n × 1 vector of ones, γ and κ are, respectively, the measures of skewness and excess
kurtosis of the idiosyncratic errors εn,i, gn = diag(Gn), Gn = Gn(ρ0) = WnB

−1
n (ρ0), and
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Gs
n = Gn +G′n.

2.2 QML estimation of SLD model

The regression model with spatial lag dependence (SLD) takes the form:

Yn = λWnYn +Xnβ + εn, (4)

LettingAn(λ) = In−λWn, the log-likelihood function of θ = (β′, σ2, λ)′ is `n(θ) = −n
2 log(2πσ2)+

log |An(λ)| − 1
2σ2 [An(λ)Yn −Xnβ]′ [An(λ)Yn −Xnβ]. Given λ, `n(θ) is maximized at

β̃n(λ) = (X ′
nXn)−1X ′

nAn(λ)Yn and σ̃2
n(λ) = 1

nY
′
nA

′
n(λ)MnAn(λ)Yn, (5)

where Mn = In −Xn(X ′
nXn)−1X ′

n. These lead to the concentrated log-likelihood of λ as,

`cn(λ) = −n
2
[log(2π) + 1]− n

2
log σ̂2

n(λ) + log |An(λ)|. (6)

Maximizing `cn(λ) gives the unconstrained QMLE λ̂n of λ. The unconstrained QMLEs of β and
σ2 are thus, β̂n ≡ β̃n(λ̂n) and σ̂2

n ≡ σ̃2
n(λ̂n). Write θ̂n = (β̂′n, σ̂

2
n, λ̂n)′.

Lee (2004) shows that θ̂n is asymptotically N(θ0,Σ−1
n ΓnΣ−1

n ), where

Σn =


1
σ2
0
X ′

nXn 0 1
σ0
X ′

nηn

0 n
2σ4

0

1
σ2
0
tr(Gn)

1
σ0
η′nXn

1
σ2
0
tr(Gn) η′nηn + tr(Gs

nGn)

 ,

Γn =


0 1

2σ3
0
γX ′

nιn
1
σ0
γX ′

ngn

1
2σ3

0
γι′nXn

n
4σ4

0
κ 1

2σ2
0
γι′nηn + 1

2σ2
0
κtr(Gn)

1
σ0
γg′nXn

1
2σ2

0
γι′nηn + 1

2σ2
0
κtr(Gn) κg′ngn + 2γg′nηn

 + Σn,

ιn, γ and κ are defined as in Section 3.1, gn = diag(Gn), Gn = Gn(ρ0) = WnA
−1
n (λ0), Gs

n =
Gn +G′n and ηn = σ−1

0 GnXnβ0.
Letting Vn1 be the submatrix of Σ−1

n ΓnΣ−1
n corresponding to β and V̂n1 be its estimate, an

asymptotic t-statistic for inferences for c′0β0 is thus,

tSLD =
c′0β̂n − c′0β0√

c′0V̂n1c0

, (7)

which is asymptotically N(0, 1). Finite sample properties of tSLD is of interest.
As β̃n(λ̂) = β0 + (λ − λ̂)(X ′

nXn)−1X ′
nGnXnβ0 + op(1), we see clearly that any estimation

bias of λ̂ is quickly passed down to the QMLE of β0. Thus the t-statistic computed using β̃n(λ̂)
and the variance estimate V̂n1 can be unreliable. This fact is confirmed by the Monte Carlo
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results. As such it is desirable to find ways to improve tSLD.

2.3 QML estimation of SARAR model

Combining the SED and SLD models considered above, we have the so-called spatial au-
toregressive model with autoregressive errors, also known as the SARAR model:

Yn = λW1nYn +Xnβ + un, un = ρW2nun + εn. (8)

The Gaussian log-likelihood function of θ = (β′, σ2, λ, ρ)′ is

`n(θ) = −n
2

log(2πσ2)+ log |An(λ)|+log |Bn(ρ)|− 1
2σ2

[Yn(δ)−Xn(ρ)β]′ [Yn(δ)−Xn(ρ)β] (9)

where An(λ) = In−λW1n, Bn(ρ) = In−ρW2n, Xn(ρ) = Bn(ρ)Xn and Yn(δ) = Bn(ρ)An(λ)Yn.
The constrained QMLEs of β and σ2, given δ = (λ, ρ)′, are

β̃n(δ) = [X ′
n(ρ)Xn(ρ)]−1X ′

n(ρ)Yn(δ) and σ̃2
n(δ) = 1

nY
′
n(δ)Mn(ρ)Yn(δ), (10)

where Mn(ρ) = In−Bn(ρ)Xn[X ′
nB

′
n(ρ)Bn(ρ)Xn]−1X ′

nB
′
n(ρ). Then, the concentrated Gaussian

loglikelihood function for δ is,

`cn(δ) = −n
2
[ln(2π) + 1]− n

2
ln(σ̂2

n(δ)) + ln |An(λ)|+ ln |Bn(ρ)|. (11)

Maximizing (??) gives the QMLE δ̂n of δ, and thus the QMLEs of β and σ2 as β̂n ≡ β̃n(δ̂n) and
σ̂2

n ≡ σ̃2
n(δ̂n). Write θ̂n = (β̂′n, σ̂

2
n, δ̂

′
n)′. The concentrated score function upon dividing by n is,

ψ̃n(δ) =


− 1
n

tr(G1n(λ)) +
Y ′

n(δ)Mn(ρ)B̄n(δ)Yn(δ)
Y ′

n(δ)Mn(ρ)Yn(δ)
,

− 1
n

tr(G2n(ρ)) +
Y ′

n(δ)Mn(ρ)G2n(ρ)Mn(ρ)Yn(δ)
Y ′

n(λ)Mn(ρ)Yn(δ)
,

(12)

where G1n(λ) = W1nA
−1
n (λ), G2n(ρ) = W2nB

−1
n (ρ) and B̄n(δ) = Bn(ρ)G1n(λ)B−1

n (ρ).
Jin and Lee (2013) shows that under some regularity conditions, θ̂n is asymptotically normal

with mean θ0 and asymptotic VC matrix Σ−1
n ΓnΣ−1

n , where

Σn =


1
σ2
0
X ′

nB
′
nBnXn 0 1

σ0
X ′

nB
′
nµn 0

0 n
2σ4

0

1
σ2
0
tr(B̄n) 1

σ2
0
tr(G2n)

1
σ0
µ′nBnXn

1
σ2
0
tr(B̄n) µ′nµn + tr(B̄s

nB̄n) tr(Gs
2nB̄n)

0 1
σ2
0
tr(G2n) tr(Gs

2nB̄n) tr(Gs
2nG2n)

 ,
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Γn =


0 γ

2σ3
0
X ′

nB
′
nιn

γ
σ0
X ′

nB
′
nb̄n

γ
σ0
X ′

nB
′
ng2n

γ
2σ3

0
ι′nBnXn

nκ
4σ4

0

κ
2σ2

0
tr(B̄n) + γ

2σ2
0
ι′nµn

κ
2σ2

0
tr(G2n)

γ
σ0
b̄′nBnXn

κ
2σ2

0
tr(B̄n) + γ

2σ2
0
ι′nµn κb̄′nb̄n + 2γb̄′nµn κg′2nb̄n + γg′2nµn

γ
σ0
g′2nBnXn

κ
2σ2

0
tr(G2n) κg′2nb̄n + γg′2nµn κg′2ng2n

 + Σn,

ιn, γ and κ are defined in the earlier sections, µn = σ−1
0 BnG1nXnβ0, b̄n = diag(B̄n), g2n =

diag(G2n), B̄s
n = B̄n + B̄′

n and Gs
2n = G2n +G′2n.

Letting Vn1 be the submatrix of Σ−1
n ΓnΣ−1

n corresponding to β and V̂n1 be its estimate, an
asymptotic t-statistic for inferences for c′0β0 is thus

tSARAR =
c′0β̂n − c′0β0√

c′0V̂n1c0

∼ N(0, 1). (13)

3. Simple Method of Bias reduction for QML Estimators

In spatial regression models, the main source of finite sample bias in model estimation and
the main cause of difficulty in bias correction is the spatial parameters as it enters the model in
a highly nonlinear manner. Given the spatial parameter other estimators in the model in either
unbiased or can be easily bias-corrected. Many other econometric models, including dynamic
regression model, dynamic panel model with fixed effect,Box-Cox regression, Weibull duration
model, et cetera, share similar features as the three spatial regression models considered in
this paper. Many researchers have recognised and focused on providing treatment to the bias
problem arising from the estimation of the nonlinear parameter in the last two decades (among
others, Kiviet, 1995; Hahn and Kuersteiner, 2002; Hahn and Newey, 2004; Bun and Carree,
2005; Bao and Ullah, 2007a,b; Bao, 2013; Yang, 2015a,b; Liu and Yang, 2015).

In this paper, we introduce a simple bias redution method for QML estimators. The pro-
posed method is very simple and yet quite general as it is applicable to almost all the spatial
econometrics models appeared in the literature.

Consider again the SARA model and ψ̃n(δ), its concentrated score function upon dividing
by n presented in previous section. Let θ0(δ0) be the true value of the parameter vector θ(δ).
Denote a quantity at the true parameter value by dropping its arguments shall no confusion
arise, e.g., An = An(λ0), Bn = Bn(ρ0), G1n = G1n(λ0), G2n = G2n(ρ0), and Mn = Mn(ρ0).
The the concentrated score given in (??) at the true parameter values can be written as

ψ̃n(δ0) =


Y ′

n(δ0)Mn(BnG1nB
−1
n − Ḡ1nIn)Yn(δ0)

Y ′
n(δ0)MnYn(δ0)

,

Y ′
n(δ0)Mn(G2n − Ḡ2nIn)MnYn(δ0)

Y ′
n(δ0)MnYn(δ0)

,

(14)

where Ḡrn = 1
ntr(Grn), r = 1, 2.
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Clearly, E[ψ̃n(δ0)] 6= 0 (even though the joint score function has the expectation zero). This
is one of the main source of bias in estimating δ. Yang (2015b) and Liu and Yang (2015a,b) pro-
posed general methodologies for up to thrid-order bias-correction of δ̂n, which requires bootstrap
to estimate the bias-correction terms. We now propose a much simpler alternative, which leads
to a significant bias-reduction although may not be as effective as the general bootstrap-based
methods of Yang (2015b) and Liu and Yang (2015a,b).

Consider the numerators of ψ̃n(δ0). Using the reduced form expression for Model (??):
Y (δ0) = Xn(ρ0)β0 + εn, we have

Y ′
n(δ0)Mn(BnG1nB

−1
n − Ḡ1nIn)Yn(δ0) = ε′nMn(BnG1nB

−1
n − Ḡ1nIn)εn

+ε′nMn(BnG1nB
−1
n − Ḡ1nIn)Xn(ρ0)β0 ≡ ε′nΦ1εn + ε′nΠ, and

Y ′
n(δ0)Mn(G2n − Ḡ2nIn)MnYn(δ0) = ε′nMn(G2n − Ḡ2nIn)Mnepsilonn ≡ ε′nΦ2εn,

where Π = Mn(BnG1nB
−1
n −Ḡ1nIn)Xn(ρ0)β, Φ1 = Mn(BnG1nB

−1
n −Ḡ1nIn) and Φ2 = Mn(G2n−

Ḡ2nIn)Mn. It follows that

E[Y ′
n(δ0)Mn(BnG1nB

−1
n − Ḡ1nIn)Yn(δ0)] = σ2

ε tr(Φ1), and
E[Y ′

n(δ0)Mn(G2n − Ḡ2nIn)MnYn(δ0)] = σ2
ε tr(Φ2).

These suggest a set of adjusted estimating equation:

ψ̃◦n(δ) =


Y ′

n(δ)Mn(ρ)[Bn(ρ)G1n(λ)B−1
n (ρ)− Ḡ1n(λ)In]Yn(δ)− n

n−k σ̃
2
n(δ)tr[Φ1(δ)],

Y ′
n(δ)Mn(ρ)[G2n(ρ)− Ḡ2n(ρ)In)]Mn(ρ)Yn(δ)− n

n−k σ̃
2
n(δ)tr[Φ2(δ)],

(15)

which is unbiased in the sense that E[ψ̃◦n(δ0)] = 0. Solving ψ̃◦n(δ) = 0 leads to a potentially finite
sample bias-reduced estimator for δ, denoted as δ̂◦n. The corresponding estimators for β and σ2

are, respectively, β̂◦n ≡ β̃n(δ̂bc
n ) and σ̂◦2n ≡ σ̃2

n(δ̂◦n), which potentially also enjoy a bias-reduction.
This bias reduction method can be applied to spatial autoregressive (SAR) or spatial lag

dependence (SLD) model simply by setting ρ = 0 and deleting the second equation in (15) .
The adjusted estimating equation for SLD model is thus:

ψ̃◦n(δ) = Y ′
n(λ)Mn[G1n(λ)− Ḡ1n(λ)In]Yn(λ)− n

n− k
σ̃2

n(λ)tr[Φ1(λ)] (16)

where Φ1 = Mn(G1n − Ḡ1nIn). Similarly, setting λ = 0 and deleting the first equation in
(15) gives the method for the spatial error dependence (SED) model. The adjusted estimating
equation for SED model is the following:

Y ′
n(ρ)Mn(ρ)[G2n(ρ)− Ḡ2n(ρ)In)]Mn(ρ)Yn(ρ)− n

n− k
σ̃2

n(ρ)tr[Φ2(ρ)] (17)

where Φ2 = Mn(ρ)(G2n − Ḡ2nIn)Mn(ρ).

6



Mote Carlo experiments have been done to investigate the finite smmple performance of
the bias reduction method proposed. The result suggested stable performance of the estimator
and more importantly significant bias reduction of regular QML estimators in all three models
considered.

It would be interesting to present some theories to show that δ̂◦n has a smaller finite sample
bias than the QMLE δ̂n, so do the β̂◦n and σ̂◦2n compared with the QMLEs β̂n and σ̂2

n.
To make the comparison complete. We also examined the performance of the general method

of bias correction based on stochastic expansion and bootstrap proposed by Yang (2015), where
stochastic expansion provides tractable approximations to the bias and variance of the nonlinear
estimatiors and the bootstrap makes these expansions practically implementable.

4. GMM Estimation of Spatial Regression Models

As argued by many researchers, the ML method can be computationally damanding for some
spatial weights matrices. Alternative methods have subsequently been proposed. The 2SLS
method has been noted for spatial lag model with exogenous regressors in Anselin (1988,1990),
Kelejian and Prucha (1997,1998) and Lee (2003), among others. For spatial error dependent
model, the generalized least square can be easily adopted. Morover, a method of moments
(MOM) approach has been introduced in Kelejian and Prucha (2001). Finally for the SARA
model, Kelejian and Prucha (1998) introduced a method of generalized 2SLS in combination
with the MOM approach. Lee (2010) proposed distribution-free best generalized method of
moments estimators for all three spatial regression models aforementioned. Lee (2010) argued
that these BGMMEs, within the class of GMMEs based on linear and quadratic moment con-
ditions, have the merit of computational simplicity and asymptotic efficiency. Is it argued that
the BGMMEs are asymptotically as efficient as the MLE when the disturbances are normally
distributed and asymptotically more efficient than the Gaussian QMLE otherwise.

4.1 GMM Estimation of SARAR Model

Let us first consider the SARA model. For the estimation of model (8). We consider the
transformed equation BnYn = BnXnβn + λBnWnYn + εn. Let Qn be an n× q matrix of instu-
ments variables constructed as functions of the regressors and spatial weight matrices. Denote
εn(θ) = Bn(ρ) [An(λ)Yn −Xnβ], where θ = (ρ, λ, β′, )′ . The moment functions corresponding
to the orthognality conditions of Xn and εn = εn(θ0) are Q′

nεn(θ). In addition to the linear mo-
ment functions Q′

nεn(θ), Lee (2001b, 2007) suggests the use of the quadratic moment functions
ε′n(θ)Pjnεn(θ) where Pjn are n × n constant matices such that tr(Pjn) = 0 for j = 1, ...,m.
With the selected Pjn and Qn, the GMM uses the empirical moments:

gn(θ) = (Qn, P1nεn(θ), ..., Pmnεn(θ))′ εn(θ). (18)
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At θ0, gn(θ0) = (Qn, P1nεn, ..., Pmnεn)′ εn has zero mean because E(Q′
nεn) = Q′

nE(εn) = 0 and
E(ε′nP

′
jnεn) = σ2

0tr(Pjn) = 0 for j = 1, ...,m. The variance of the moment functions takes the
form:

Ωn = var(gn(θ0)) =

[
σ2

0Q
′
nQn µ3Q

′
nωmn

µ3ω
′
mnQn (µ4 − 3σ4

0)ω
′
mnωmn + σ4

0∆m

]
, (19)

with ωmn = [diag(P1n), ..., diag(Pmn)] ,∆m =
[
vec(P (s)

1n ), ..., vec(P (s)
mn)

]
, whereP (s) = P + P ′.

Under some regularity conditions, Lee and Liu (2010) carefully picked the IV matrices to
be Q∗

1n = X̄∗
n, Q

∗
2n = Ḡ1nX̄nβ0, Q

∗
3n = ln, Q

∗
4n = diag(Ḡ(t)

1n), and Q∗
5n = diag(G(t)

2n), and
the weighting matrices of the quadratic moments to be P ∗1n = Ḡ

(t)
1n, P

∗
2n = D(Ḡ(t)

1n), P ∗3n =
D(Ḡ1nX̄nβ0)(t), P ∗4n = G

(t)
2n, P

∗
5n = D(G(t)

2n) and P ∗l+5,n = D(X̄∗
nl)

(t), for l = 1, ..., k∗. Where
X̄n = BnXn, X̄∗

n is the submatrix of X̄nwith the intercept column deleted, and k∗ is the number
of columns in X̄∗

n. For an n× n matrixA, let A(t) = A− (1/n)tr(A)In. Let D(A) be a diagnal
matrix with diagnal elements being A if A is a vector or diagnal elements of A if A is a square
matrix.

With these selection of moment functions, Lee and Liu (2010) showed that

θ̂b = arg minθ∈Θg
′∗
n (θ)Ω∗−1

n g∗n(θ) (20)

is the BGMME with the class of optimal GMMEs derived from minθ∈Θg
′
n(θ)Ω−1

n gn(θ), where
gn(θ) is given by ( 18). And it has the asymptotic distribution that

√
n(θ̂B − θ0 → N(0,Σ−1

B ),

where ΣB = limn→∞
1
n
D′∗

n Ω∗−1
n D∗

n and

D∗
n = E(

∂

∂θ′
g∗n(θ0)) = −


0 Q

′∗
n Ḡ1nX̄nβ0 Q

′∗
n X̄n

σ2
0tr(P

∗(s)
1n G2n) σ2

0tr(P
∗(s)
1n Ḡ1n) 0

...
...

...
σ2

0tr(P
∗(s)
k∗+5,nHn) σ2

0tr(P
∗(s)
k∗+5,nḠ2n) 0



With the initial
√
n consistent estimators β0, σ

2
0, µ3, µ4, P ∗jn and Q∗n can be estimated.

And the feasible BGMM estimator has the same limiting distribution as the BGMM estimator
defined in (20).

Another approach by Kelejian and Prucha (1998) is also examined in this papar in contrast
with BGMM proposed in Lee and Liu (2010). Kelejian and Prucha (1998) first estimated β̂ and
λ̂ by 2SLS. With the initial esimates and the residuals, they then estimated ρ̂ using method of
moment. With ρ̂ , they again used 2SLS to estimate β̂ and λ̂. Results of this method is also
presented in the section of Monte Carlo experiment for a more complete comparison.
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4.2 GMM Estimation of SED Model

By setting λ0 = 0 in SARA model, we go back spatial error dependence model. Everything
follows from SARA model. Let P †1n = G

(t)
2n, P

†
2n = D(G(t)

2n) and P †j+2,n = D(X̄∗
nj)

(t)forj =
1, ..., k∗ be the weighting matrices of the quadratic moments. Let Q†

1n = X̄∗
n, Q

†
2n = ln, Q

†
3n =

diag(G(t)
2n) be the IV matrices. Let g†ρn(ρ, β) = (Q†

n, P
†
1nερn(ρ, β), ..., P †k∗+2,nερn(ρ, β))′ερn(ρ, β)

and Ω†
ρn = var(g†ρn(ρ0, β0)), where Q†

n = (Q†
1n, Q

†
2n, Q

†
3n). Then, ρ̂B and β̂B derived from

minρ,β g
†
ρn(ρ, β)′(Ω†

ρn)−1g†ρn(ρ, β) is the BGMM estimator.

4.3 GMM Estimation of SLD Model

By setting ρ0 = 0 in SARA model, we obtain spatial lag dependence model. Let P ∗1n =
G

(t)
1n, P

∗
2n = D(G(t)

2n), P ∗3n = D(G1nXnβ0)(t), and P ∗j+3,n = D(X∗
jn)(t)forj = 1, ..., k∗ be the

weighting matriced of the quadratic moments. And Q∗
1n = X∗

jn, Q
∗
2n = G1nXnβ0, Q

∗
3n = ln and

Q∗
4n = diag(G(t)

n ) be the IV matrices. Let

g∗λn(λ, β) = (Q∗
n, P

∗
1nελn(λ, β), ..., P ∗k∗+3,nελn(λ, β))′ελn(λ, β)

and Ω∗
λn = var(g∗λn(λ0, β0)), where Q∗

n = (Q∗
1n, Q

∗
2n, Q

∗
3n, Q

∗
4n). Then λ̂B and β̂B derived from

minλ,β g
∗
λn(λ, β)′(Ω∗

λn)−1g∗λn(λ, β) is the BGMM estimator.

5. Monte Carlo results

In the Monte Carlo experiments, the model is specified as
Regresion 1:

Yn = λW1nYn + ιnβ0 +X1nβ1 +X2nβ2 + un, un = ρW2nun + εn,

Regression 2:

Yn = λW1nYn +X1nβ0 +X2nβ1 +X3nβ2 + un, un = ρW2nun + εn,

The regressors X1n, X2n and X3n are mutually independent vectors of independent standard
normal random variables. The error term, epsilonni are independently generated from the
following two distributions: DGP1: epsilonni are iid standard normal , DGP2: epsilonni iid
standardized log-normal with parameters 0 and 1, whose distribution is both skewed and lep-
tokurtic. The number of repetition is 1000 for each case in the Monte Carlo experiments. The
regressors are fixed across replications. In each case, we report the mean and standard devia-
tion (SD) of the empirical distribution of the estimates. We set β0 = 2, β1 = 1 and β2 = −1 in
the data generating process. The sample sizes considerd are n = 50, 100, 200, 500. The weight
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matrices W1n and W2n are set to be the same and are generated by Queen Contiguity.

The first case considered is SLD model where ρ0 = 0 and λ take values from {−0.5,−0.250.25, 0.5}.
The estimators considered are (i) 2SLS estimator with IV set to be Qn = (Xn,WnXn,W

2
nXn),

(ii) the BGMME presented above, (iii) the Gaussian QMLE, (iv) bias reducted QMLE using the
simple method proposed in section 2, (v) second order bias corrected QMLE by Yang (2015).
We use initial estimates from 2SLS to implement the BGMM.

Table 1.1 reports the estimation results of SLD model in REG1. First we observe that SD
and bias reduce as sample size get larger for all estimators. Looking at the SDs, the 2SLS
estimator of λ0 have the largest SDs than other estimators for all sample size considered. When
the disturbances are normally distributed, BGMM estimator has larger SD than QMLE for
small sample size n = 50, 100. When sample size is 200, 500, BGMME performs as good as
QMLE in terms of SD. When the disturbances are not normally distributed, BGMME improves
upon QMLE interms of SD for both λ and β under all sample sizes. BRQMLE and BCQMLE
have almost the same SDs as QMLE is both cases when errors are normally distributed and
follows log-normal distribution under all sample sizes. Looking at the bias, 2SLS estimator of
λ tend to be biased upward while QMLE estimator of λ tend to be biased downward. BGMM
estimator has smaller bias than QMLE in both spatial parameter λ and linear parameter β
under all sample sizes in both DGP. BRQMLE significantly reduces the bias of QMLE and
has almost the same level of bias as BGMM. BCQMLE has the smallest bias among all the
estimators under all sample sizes and both DGP. Table 1.2 reports the estimation results of
SLD model in REG2. The pattern of relative performance of the estimators maintains but the
overall performance of every estimator inproved in terms of both smaller SDs and smaller bias
under all sample sizes. Improvment in QMLE is most significant, and is it now performing
almost as good as BRQMLE in terms of the bias, where the latter only improved a little after
the change of regressor.

The second case we consider is SED model, where λ0 = 0 and ρ0 take values from {−0.5,−0.250.25, 0.5}.
The estimators considered are (i) fesible GLS estimator (ii) BGMME discussed in section 3.2
(iii) the Gaussian QMLE (iv) bias reducted QMLE proposed in section 2 (v) second order bias
corrected QMLE by Yang (2015). We use initial estimates from FGLS to implement BGMM.

Table 2.1 reports the estimation results of SED model. First we observe that SD and bias
reduce as sample size get larger for all estimators. BGMM estimators gives strange result under
all sample sizes. We found that some of the estimates during the Monte Carlo replications
exploded, therefore the mean and SD of BGMM exploded. The objective function seems to
be unbounded for some replications. Performace of other estimators are as expected. GLS has
the largest SD. QMLE is biased downward. BRQMLE again significantly reduced the bias of
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QMLE and the SD of BRQMLE is even slightly smaller than that of QMLE under all sample
sizes. BCQMLE still gives smallest bias among all the estimators.

Table 2.2 reports the estimation results of SED model in REG2. In this specification, the
abnormal performace occurs only when sample size is 50. When BGMM is well-behaved, it has
slightly bigger SD and slightly bigger bias than QMLE. Similar to SLD model, performace of
QMLE improved significantly after the exclusion of constant term. BRQMLE no longer im-
proves upon QMLE, as it seems not to be sensitive to the change in regressor. The BRQMLE
is almost the same as QMLE in terms of SD and bias under all sample sizes.

Lastly,we consider SARA model, where both λ0 and ρ0 take values from {−0.3, 0.3}. The
estimators considered are (i) G2sls estimator in Kelejian and Prucha (1998), (ii) BGMME in
section 3.1, (iii) he Gaussian QMLE (iv) bias reducted QMLE proposed in section 2 (v) second
order bias corrected QMLE by Yang (2015). We use preliminary estimates from G2SLS to
implement feasible BGMM.

The estimation results of SARA model in REG 1 are are given in table 3.1. Except for the
the case where n = 500, BGMM performs abnormally in all other cases. When sample size is
500, BGMME has the same level of bias as QMLE and give smaller SD when error term in not
normal. QMLE give downward bias in both estimates of λ0 and ρ0. BRQMLE improves upon
QMLE in terms of biasness while giving a larger SD. BCQMLE again has the smallest bias while
maintaining the SDs at same level with QMLE. In REG2 of SARA model presented in Table
3.2, we see again the abnormal performance of BGMM disapears. BGMM tend to have upward
bias in ρ and a small downward bias in λ while QMLE tend to have downward bias in both λ

and ρ. BGMME has smaller SD than QMLE when error term in non-normal under sample size
100,200,500. Again, we see that BRQMLE does not significantly improve upon QMLE when
constant term is excluded, especially when sample size is small, as QMLE has fairly small bias
after the exclusion of constant term. BCQMLE in this case performs only slightly better than
the regular QMLE.

6. Conclusions

This paper compares QML method with GMM when used in estimating spatial regression
models and proposed a new method to reduce to bias of QML estimator in estimation of
spatial regression models. We found that, for SED and SARA model, BGMM estimator can
be unstable to the inclusion and exclusion of the constant term as well as specification of the
parameters, such that the estimates can be explosive in some cases, especially when sample
size is small. QML estimator is also sensitive to the inclusion and exclusion of the constant
term. It produces fairly small bias when constant term is excluded. Non-iid regressors always
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lead to worse estimations, and inclusion of constant term certainly make the regressors non-iid.
We think this might be the reason that QMLE performs significantly better when there is no
intercept in our cases. The proposed bias reducted QML estimator is stable to the inclusion or
exclusion of the constant term and it always improves QMLE when constant term is included
in the regressors. Because constant term is always included in the model in practice, we think
that this method is valuable for its simplicity and effectiveness.
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Appendix A: Monte Carlo Result Table

Appendix B: Settings of Monte Carlo Experiments

Spatial Weight Matrix: We use three different methods for generating the spatial weight
matrix Wn: (i) Rook contiguity, (ii) Queen contiguity, and (iii) Group Interaction, with
details given in Yang (2015b). The degree of spatial dependence specified by layouts (i) and (ii)
are fixed while in (iii) it grows with the increase in sample size. This is attained by allowing
for the number of groups, k, for each sample to be directly related to n. We have considered
k = n0.5 and k = n0.65, where k is the number of groups for each n and hence the degree of
spatial dependence indicated by the average group size is m = n/k. The actual sizes of the
groups are generated from a discrete uniform distribution from .5m to 1.5m.

Regressors: The fixed regressors are generated by REG1: {x1i, x2i}
iid∼ N(0, 1)/

√
2 when

Rook or Queen contiguity is followed; and according to either REG1 or REG2: {x1,ir, x2,ir}
iid∼

(2zr+zir)/
√

10, where, (zr, zir)
iid∼ N(0, 1) when group interaction scheme is followed. The REG2

scheme gives non-iid regressors where the group means of the regressors’ values are different,
see Lee (2004). Note that both schemes give a signal-to-noise ratio of 1 when β1 = β2 = σ = 1.

Error Distribution: To generate εn = σen, three DGPs are considered: DGP1: {en,i} are
iid standard normal, DGP2: {en,i} are iid standardized normal mixture with 10% of values from
N(0, 4) and the remaining from N(0, 1), and DGP3: {en,i} iid standardized log-normal with
parameters 0 and 1. Thus, the error distribution from DGP2 is leptokurtic, and that of DGP3 is
both skewed and leptokurtic.
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