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ABSTRACT

This paper investigates the asymptotic properties of quasi-maximum likelihood estimators for spatial
dynamic panel data with fixed effects, when both the number of individuals n and the number of time
periods T are large. We consider the case where T is asymptotically large relative to n, the case where
T is asymptotically proportional to n, and the case where n is asymptotically large relative to T. In the
case where T is asymptotically large relative to n, the estimators are /nT consistent and asymptotically
normal, with the limit distribution centered around 0. When n is asymptotically proportional to T, the
estimators are +/nT consistent and asymptotically normal, but the limit distribution is not centered
around 0; and when n is large relative to T, the estimators are T consistent, and have a degenerate limit
distribution. The estimators of the fixed effects are +/T consistent and asymptotically normal. We also
propose a bias correction for our estimators. We show that when T grows faster than n'/3, the correction
will asymptotically eliminate the bias and yield a centered confidence interval.
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1. Introduction

Spatial econometrics deals with the spatial interactions of
economic units in cross-sectional and/or panel data. To capture
correlation among cross-sectional units, the spatial autoregressive
(SAR) model by Cliff and Ord (1973) has received the most
attention in economics. It extends autocorrelation in times series
to spatial dimensions, and captures interactions or competition
among spatial units. Early development in estimation and testing
is summarized in Anselin (1988), Cressie (1993), Kelejian and
Robinson (1993), and Anselin and Bera (1998), among others.

Spatial correlation and dynamic settings can be extended
to panel data models (Anselin, 1988; Baltagi et al, 2003).
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Kapoor et al. (2007) provide a rigorous theoretical framework for
analysis of spatial panel methods. The model considered for esti-
mation in Kapoor et al. (2007), is a regression panel model with
SAR and error components disturbances. Baltagi et al. (2007) con-
sider the testing of spatial and serial dependence in an extended
model, where serial correlation on each spatial unit over time, in
addition to spatial dependence across spatial units are allowed
in the disturbances. These panel models do not incorporate time
lagged dependent variables as dynamic structures in the regres-
sion equation. By allowing spatial and dynamic features in a re-
gression model, Anselin (2001) distinguishes spatial dynamic mod-
els into four categories, namely, “pure space recursive” if only a
spatial time lag is included; “time-space recursive” if an individual
time lag and a spatial time lag are included; “time-space simulta-
neous” if an individual time lag and a contemporaneous spatial lag
are specified; and “time-space dynamic” if all forms of dependence
are included.

In this paper, we shall consider the maximum likelihood
(ML) or, more generally, the quasi maximum likelihood (QML)
estimation of the spatial dynamic panel data (SDPD) model in the
general time-space dynamic category. Because the time-space
dynamic category is the general one, our asymptotic analysis and
results are applicable to the other three categories as special
cases. As a panel model, individual effect (error components) is
incorporated in the disturbances. We shall provide a rigorous
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theoretical analysis on the asymptotic properties of the ML
estimator (MLE) and the QML estimator (QMLE). The asymptotics
will be based on both n, the cross sectional units, and T, the time
length, go to infinity, or n being a fixed finite integer, while T goes
to infinity. The case with both n and T going to infinity will be the
main interest.

As our model includes the dynamic panel data model without
spatial dependence as a special case, estimation issues of the
dynamic panel data models in the existing econometric literature
are relevant. When the time dimension T is fixed, we are likely
to encounter the “incidental parameters” problem discussed in
Neyman and Scott (1948). This is because the introduction of fixed
effects increases the number of parameters to be estimated. In a
simple dynamic panel data model with fixed effects, the MLE of
the autoregressive coefficient, which is also known as the within
group estimator, is biased and inconsistent when n tends to infinity
but T is fixed (Nickell, 1981; Hsiao, 1986). To avoid the incidental
parameters problem in estimation, alternative estimation methods
have been introduced. By taking time differences to eliminate the
fixed effects in either the dynamic equation or the construction
of instrumental variables (IV), Anderson and Hsiao (1981) show
that IV methods can provide consistent estimates. Arellano and
Bond (1991) and Arellano and Bover (1995) generalize Anderson
and Hsiao (1981) with many more IV moments, by exploring
all possible time lag values of the dependent variable in each
time period. Blundell and Bond (1998) have considered system
estimators, including moments of both levels and first differences
in Arellano and Bond (1991) and Arellano and Bover (1995). Bun
and Kiviet (2006) derive higher order asymptotic approximation
of the finite sample bias for the system estimator under various
circumstances, as both N and T are small or moderately large.
When T is finite, additional IVs can improve the efficiency of
the estimators, even though finite sample biases remain. When
both n and T go to infinity, the incidental parameters issue in
the MLE becomes less severe as each individual fixed effect can
be consistently estimated. However, Hahn and Kuersteiner (2002)
and Alvarez and Arellano (2003) have found the existence of
asymptotic bias of order O(1/T) in the MLE of the autoregressive
parameter when both nand T tend to infinity at a proportional rate.
In addition to the MLE, Alvarez and Arellano (2003) also investigate
the asymptotic properties of the IV estimators in Arellano and
Bond (1991). They have found the presence of asymptotic bias of a
similar order to that of the MLE and the IV estimators, due to the
presence of many moment conditions. The presence of asymptotic
bias is an undesirable feature of these estimates.

Kiviet (1995), Hahn and Kuersteiner (2002), and Bun and
Carree (2005) have constructed bias corrected estimators for
the dynamic panel data model, by analytically modifying the
within estimator. Hahn and Kuersteiner (2002) provide a rigorous
asymptotic theory for the within estimator and their bias corrected
estimator, when both n and T go to infinity with a same rate. As
an alternative to the analytical bias correction, Hahn and Newey
(2004) have considered also the Jackknife bias reduction approach.

For the SAR model, Kelejian and Prucha (1998) provide
a theoretical foundation for asymptotic analysis for their IV
estimator. Lee (2004) analyzes the asymptotic properties of the
QMLE. Kapoor et al. (2007) extend their asymptotic analysis of
IV and method of moments estimators to a spatial panel model
with error components, where T is a fixed finite integer. To the
best knowledge of the authors, there is little analytical work
done on estimates of spatial dynamic models, when both n and
T are large, with the exception of Korniotis (2005). The model
considered in Korniotis (2005) is a time-space recursive model
in that only individual time lag and spatial time lag are present,
but not contemporaneous spatial lag. Fixed effects are included
in the model, and this model has an empirical application to US

state consumption growth. As a recursive model, the parameters
including the fixed effects can be estimated by OLS (within
estimator). Korniotis (2005) has also considered a bias adjusted
within estimator, which generalizes that in Hahn and Kuersteiner
(2002). For the dynamic spatial model considered in this paper,
as the contemporaneous spatial lag is presented, the QMLEs of
the parameters are nonlinear. Our asymptotic analysis is more
complex, but our assumptions are more general. The asymptotics
in Hahn and Kuersteiner (2002) is based on the scenario that n
and T diverge at a proportional rate. Our asymptotic analysis can
cover this scenario and also scenarios that n may go to infinity
faster than T, and vice versa. Following the literature on bias
correction, we have also considered a bias-adjusted estimator for
our QMLE and its asymptotic properties. Monte Carlo experiments
are conducted to provide some finite sample properties of the
estimators. This paper is theoretic and does not provide an
empirical application. But it is interesting to note that the empirical
study on interregional trade with a historical panel data on Chinese
rice price by Keller and Shiue (2007) allows own time and spatial
time lags in addition to a contemporaneous spatial lag in their
spatial model.!

This paper is organized as follows. In Section 2, we introduce the
model, and explain our estimation method, which is a concentrated
QML estimation. With the law of large numbers and central limit
theorem for our setting developed in the Appendix, Section 3
establishes the consistency and asymptotic distributions of MLE
and QMLE. We also propose an analytical bias correction for our
estimators. We show that when T grows faster than n'/3, this
correction will eliminate the bias, and yield a centered confidence
interval. Section 4 concludes the paper. Some useful lemmas and
proofs are collected in the Appendix.?

2. The model and concentrated likelihood function
2.1. The model

The model considered in this paper is
Yor = AoWn Y + voYne—1 + 0oWnYne—1 + XueBo + €Cno + Vine,
t=1,2,...,T, (1)

where Yor = Vies Yaes - -+ > Yur) @and Ve = (Vir, V2, - .., Vpr)" are
n x 1 column vectors and v; is i.i.d.. across i and t with zero
mean and variance ag, W, is an n x n spatial weights matrix,
which is predetermined and generates the spatial dependence
between cross sectional units y;, X, is an n x ky matrix of
nonstochastic regressors, and ¢g is n x 1 column vector of fixed
effects. Therefore, the total number of parameters in this model
is equal to the number of individuals n plus the dimension of the
common parameters (y, o, 8/, A, 02)’, which is k, + 4.

Define S, = S,(Ag) = I, — AgW,. Then, presuming S, is
invertible and denoting A, = S;'(yols + poW,), (1) can be
rewrittenas Yy = Ap Yo 1S, Xne Bo+S; '€no+S; V. Assuming
that the infinite sums are well-defined, by continuous substitution,

[ee]
Yo = ZAZS;l(cno + Xn,e—nBo + Vie—n)
h=0

= Un+ xnt,BO + Une, (2)

h — o hg—1 — 00 hg—1 d —

where p, =) - 0 ANS oy Xt = Y poo AnSy  Xnyt—n, and Up, =
Zﬁio AZSn‘an,r—h-

1 However, error components have not been considered in their empirical
models and no theoretic properties of the estimates are investigated in the paper.

2 Due to space limitation, at the request of the editor and referees, some of the
proofs have been condensed and removed. The detailed proofs and intermediate
steps in some derivations can be found in the working paper version of this
paper. The working paper under the same title is available on the web site:
http://economics.sbs.ohio-state.edu/lee/.
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2.2. Concentrated likelihood function

Denote § = (§',A, 0% and ¢ = (§,A,¢,) where § =
(y,,,o,,B’?/. /At the true value, 6, = (8} ,.)Lo,.aoz)/ and ¢ =
(89, Ao, €,9)" Where 89 = (yo, po, By)'. The likelihood function of
(1)is3

nT nT )
InL,r(0,cy) = —71n2n — 7lna +TlIn|S,(V)|

1 T
— 5.3 2 VOV (), (3)
t=1

where V;: (¢) = Su(AM)Yne — ¥ Y1 — pPWiYn t—1 — Xt f — €p. Thus,
Vnt - Vnt({O)- .

The QMLEs 6, and €, are the extreme estimators derived from
the maximization of (3). When the V,;’s are normally distributed,
O,y and C,r are the MLEs; when the V,’s are not normally
distributed, 8,r and ¢,r are QMLEs. As the number of parameters
goes to infinity when n goes to infinity, it is convenient to
concentrate ¢, out and focus asymptotic analysis on the estimator
of 0y via the concentrated likelihood function. For the concentrated
likelihood function, the dimension of parameter space does not
change as n and/or T increase.

For notational purposes, we define Y, = Yp, —Yprand Y, 1 =
Ynieo1 — Yy 1 fort = 1,2,..., T where Y,y = 1 S, Yy and
Yor—1 =7 iy Yui1. Similarly, we define X,, = X, — X,r and
Vnt = Vnt - VnT-

Denote Z;y = (Yni—1, WnYn¢—1,Xnr), then from (3), using
the first order condition that al“L”TTn(M") = ;—2 Zle Ve (),

the concentrated estimators of ¢,y given 6 are C,r(0) =
% Zthl(Sr, (A) Yy — Zy:6) and the concentrated likelihood is

nT nT 5
InL,7(0) = —71n2n - 71no +Tn|S;(A)]

1 e
-5 ; 1 (Ve (), 4)
YVhere Vnt(() = Sn(A)?nt - Znt8 and Znt = (Yni—1 —

Yur.—1. WaYn -1 — WaYar _1, Xar — Xar). The QMLE 6,7 maximizes
the concentrated likelihood function (4), and the QMLE of ¢y is
énr(énr). From (4), the first and second order derivatives of the
concentrated likelihood function can be derived; see (36) and
Box Il in Appendix C. To analyze the asymptotic properties of (36)
and Box II evaluated at true parameters, we use the law of large
numbers and central limit theorem for double arrays developed in
Appendix A (see Lemma 7 through Lemma 13).

3. Quasi maximum likelihood estimators and their asymptotic
properties

For our analysis of the asymptotic properties of estimators, we
need the following assumptions:

Assumption 1. W, is a constant spatial weights matrix and its

diagonal elements satisfy w, ;; =0fori=1,2,...,n.
Assumption 2. The disturbances {v;},i = 1,2,...,nand t =
1,2,...,T, are i.i.d. across i and t with zero mean, variance 002

and E |vie|*™ < oo for some 5 > 0.

3 AsTis large, we can ignore the influence of the initial condition. When T is fixed,
we need to specify the initial condition if MLE is used; and we may also consider
the estimation by the generalized method of moments where lagged dependent
variables can be used as IVs.

Assumption 3. S; (1) is invertible for all A € A. Furthermore, A is
compact and ) is in the interior of A.

Assumption 4. The elements of X;,; are nonstochastic and bound-
gd,4 unﬁformly in n and t. Also, limy_, o, % ZLl X/ Xne exists and
is nonsingular.

Assumption 5. W, is uniformly bounded in row and column sums
in absolute value (for short, UB).> Also S;!(%) is UB, uniformly in
rE A

Assumption 6. ) | abs(A%) is UB,® where [abs(A,)]; = ]An,ij|.

Assumption 7. n is a nondecreasing function of T and T goes to
infinity.

Assumption 1 is a standard normalization assumption in spatial
econometrics, and Assumption 2 provides regularity assumptions
for vj. Invertibility of S,(A) in Assumption 3 guarantees that (2)
is valid. Also, compactness is a condition for theoretical analysis.
In empirical applications, where W, is row normalized, one just
searches over a parameter space on (—1, 1).” When exogenous
variables X, are included in the model, it is convenient to
assume that the exogenous regressors are uniformly bounded,
as in Assumption 4. Assumption 5 is originated by Kelejian and
Prucha (1998, 2001) and is also used in Lee (2004, 2007). In many
empirical applications, each of the rows of W, sums to 1, which
ensures that all the weights are between 0 and 1. That W,, and
Sy (1) are UB is a condition that limits the spatial correlation
to a manageable degree. Assumption 6 combines the absolute
summability condition and the UB condition of the powers of A,
which will play an important role to derive asymptotic properties
of QMLEs. This assumption is essential for the paper, because it
limits the dependence between time series and between cross
sectional units. In order to justify the absolute summability of A,
in (2) and Assumption 6, a sufficient condition is ||A,|| < 1 where
the matrix norm is the row sum norm or the column sum norm
(see Horn and Johnson (1985, Corollary 5.6.16). When ||A,|| < 1,
Zﬁio AZ exists and can be defined as (I, — A,)~L. If W, is row-
normalized, it seems natural to consider the parameters of spatial
and temporal effects of X, y and p satisfying the constraint |A| +
Y|+ |p| < 1. This constraint has implications on Assumptions 3
and 6. First of all, it implies that [A\] < 1, and, hence S,(}) is
invertiable. This is so, when W, is row-normalized, it is usually
row-normalized from a symmetric matrix (Ord, 1975). In this
situation, W, is diagonalizable and all the eigenvalues wy;, i =
1,...,n, are real and |wyi| < 1. The eigenvalues of S;(A) are
1 — Awy;, which are all different from O for all A € (—1, 1). This
implies Assumption 3 that S, (}) is invertiable. The constraint ||+
|po| + Aol < 1 implies also that Z,j“;lAﬁ is well-defined. As W,
is diagonalizable, W,, = RnDﬁR;] where D} = diag{wn1, ..., @}
and the columns of R, consist of all the normalized eigenvectors of
W,. Because A, = S, (yol, + poWh), it follows that A, = R,D,R;!

41 Xne is allowed to be stochastic and unbounded, appropriate moment
conditions can be imposed instead.

Swe say a (sequence of n x n) matrix P, is uniformly bounded in row and
column sums if sup, [[Palloc < o0 and sup,.q ||Pxll; < oo, where [Pyl =
SUP1 < jen Djy |pi.n| is the row sum norm and [|Psll; = supy<;jen iy [Py | is
the column sum norm.

6 This assumption has effectively ruled out some cases, and, hence, imposed
limited dependence across units or time series. For example, if Ao, = 1— 1/n under
n — oo, it is a near unit root case for a cross sectional spatial autoregressive model
and S,! will not be UB. For spatial dynamic panel model, if Ao + 0o + 0 = 1, Y
might have deterministic trends as well as a nonstationary stochastic component
(see Yu et al. (2007) for detail).

7 For the case W, is not row normalized but its eigenvalues are real, A can be a
closed interval contained in (—1/ |wn_min , 1/@n max) Where wy min and @y, max are
the minimum and maximum eigenvalues of W, (Anselin, 1988).
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where D, = dlag{”1"‘3’;‘1‘0""11 e, V]"’;""L‘;’”” } is the eigenvalue matrix
of Ap. Vl/hen Mol + Ivol + lpol < 1, it is easyooto show
that |w| < 1foralli = 1,...,n Thus, Y ;2 Al =
> o Ra DﬁRn1 = Ruy(I, — Dp)7'R;" is a well defined matrix.
Assumption 6 imposes stronger convergence of this series in term
of absolute values and assumes UB as n — oo. Assumption 7
allows two cases: (i)n — oo as T — oo; (ii) nis fixed as T — oo.
Because (ii) is similar to a vector autoregressive (VAR) model with
restricted coefficients, our main interest is in (i); but our analysis
is applicable to both cases. If Assumption 7 holds, then we say that
n, T — oo simultaneously.

3.1. Consistency of the concentrated estimator é,,T

For the concentrated log likelihood function (4) divided by
the sample size nT, the corresponding expected value function is
Qu.r(0) = E maxe, - InLy7(6, ¢,), which is

1 1 1 1
Qur(0) = —ElnLyr(6) = — In2m - flnaz + —In|Sy(A)]
n n

Z (OVne(©). (5)

To show the consistency of 6,7, we need the following uniform
convergence result.

Claim 1. Let ® be any compact parameter space. Then under

Assumptions 1-7, - Ly 7(0) — Qur(0) 20 uniformly in6 € ©
and Qn 1 (0) is uniformly equicontinuous for 0 € ©.

For local identification, a sufficient condition (but not nec-
essary) is that the information matrix Xy, ,r, where Xy, ;7 =

_F 1 9% InLy.7(60) 1 92InLy 7(0)
nT 8096’ nT 9690’

full rank for any 6 in some neighborhood N(6;) of 6y (see
Rothenberg (1971)). Denote G, = W,S;! and #H; =

A1 @nes GuZue80) (Zne, GuZneo) Which is (ky + 3) x (ky + 3),
Xg,,nr 1s derived in Appendix C as

1 EﬂnT *
EHO.HT = 0 0
[ 1% (ky+3)

), is nonsingular and —E has

0k, +2) x (ky+2) * *
1 / 2 1
+ 01 (ke +2) a [tF(G,.Gn) + tr(Gn)] * | 4o <?> ) (6)
1 1
01k, ——tr(G —
1% (ke +2) oZn (Gn) 208

which is nonsingular for large enough T if E #,7 is nonsingular in

the limit or %(tr GGy +tr Gfl - W) is nonzero (see Appendix D
for proof). Also, its rank does not change in a small neighborhood
of 6y (see (41))). When limr_, o, EJ,r is nonsingular, the global
identification of the parameters is shown in Theorem 1. When
limy_, oo EH#,r is singular, global identification can still be obtained
from Theorem 2 via a condition on the variance structure of the

0.2
model. Denote 6.7(A) = ~2tr(S; 'S} (A)Sa(M)S; ).

Theorem 1. Under Assumptions 1-7, if limr_, o EF,r is nonsingu-
lar, 6, is globally identified and é,,r LY 6.

Theorem 2. Under Assumptions 1-7, 0y is globally identified and
Our 2 0o i

limp oo (210 ]0gS; VS| = 2In o2 (WS 1 (1)'S; (W)]) # 0 for
A #E X8

8When n s finite, the condition is
% In o2 (M)S 1 (W)ST (M)] # 0 for A # Ag.

1 2¢/-1¢—1
L InfogS; S

3.2. Distribution of QMLEs

The asymptotic distribution of the QMLE 9nT can be derived
from the Taylor expansion of M around 6y. At 9y, from (35)
and (36), the first order derivative of the concentrated likelihood
function at 6, is in (37) of Appendix C, which involves both linear
and quadratic functions of V. Also, from (2),

2nt = Z:t - (UnT,—la Wnl_]nT,—l’ OHXI(X)s (7)
Where~2:t = ((Dz:n,t—l + Un,t—l)a (ann,t—l + WnUn,t—l), Xnt)
with 56,“ 1 = Xnt_1 — Xnr._1. Hence, Zm has two compo-

nents: one is Z,;“[, which is uncorrelated with V;,; the other is
—(UnT —1, WalUur,—1, Onxi,), which is correlated with V;,; when
t<T-1

Hence, from the first order condition in (37) and the decompo-

.. = . 1 dlnLyr(6) _ 1 9InLy;(B)
sition of Z; in (7), VA ey R Anr Where
1 9InLi (60)
N
1 1 o k!
—— %
g nT; e
11 T(GZ*B)’V+] ! XT:(VGV 2tr G,) (8)
— — —o,tr ,
Jg T L nént00) Vnt Ug \/ﬁt nt“n 0 n
1 1 XT:(V v 2)
i — No,
204 /T (= ’
and
AnT

9
This decomposition is useful, as the second component has isolated
the source of possible asymptotic bias of —= 3lnln.rB) , due to the

ST 00
estimation of the fixed effects. As is derived in Appendix C, the
. 0
variance matrix of \]ﬁ 37;(0) is equal to
E ( 1 9InL; 1 (6o) ' 1 dln Lﬁqr(90)>
/nT a0 /nT a0’
1
= 290,nT + -QHO,HT +0 (T) s (10)
0 (ky+2) % (kx+2) . * *
n
and 29,7 = 7#4;2061 O1xet2) 521:' 1 G T is a
0 01 (ky+2) Py ntan oy
0 0

symmetric matrix, with 4 being the fourth moment of v;;, where
Gn,ii is the (i, i) entry of G,. When V;;; are normally distributed,
£2¢y,nr = Obecause M4—305‘ = 0 for a normal distribution. Denote
2@0 = llmT_)oo 290 nT and ng = llmT_)OO .ng nT» then,

( 1 9lnki,) 1 9Ly (6)
JiT 90 JaT 9o’

lim E ) = 290 + .ng.

(11)

. . . . dlnL* (6 .
The asymptotic distribution of ingig(w can be derived

from the central limit theorem for martingale difference arrays
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en(0) =

kxx 1

h=0

1

202

L ((ZAQ(@)) sn—l(x))
n =0
L (wn (Z Aﬁ(@)) s (A))
n h=0

1 = h -1 1 S h -1 1
—ytr(Ga(d) (ZAnw)) Sy ) + ~ptr(Ga )W <2An<9)> 53100 + Gy

h=0

Box I.

(Lemma 13). For the term A,r, from Lemma 9 and Lemma 11,
A = \[2gn + O /) + 0,(5) where g, = ,(60) is 0(1)
with the equation in Box I.

When Yo = pPo = 0'<ﬂn - ((trSn‘l)/n, (tr Gn)/na 01><kx7 (tr Gn)/nv
1/(202))’. When Ay = po = 0, we have S, = I, G, = W,
and ¢, = (1/(1 = yo), (trWo)/n, O1xy,, (ttWy)/n, 1/(204))". If
Mo = po = 0 is imposed in the estimation so that we estimate
Ynr = oYn.t—1 + €no + Vi, the leading asymptotic bias term will
be the same as that of Hahn and Kuersteiner (2002).

Assumption 8. limy_, o, E#,r is nonsingular or lim,,_, o, %(tr GGy +
2
trG2 — 2y £,

Assumption 8 is a condition for the nonsingularity of the limit-
ing information matrix Xy, in addition to the global identification
in Theorems 1 and 2. When limy_, o E#,7 is singular, as long as

2
we have limy_, o 1 (trG,G, + tr G — @) # 0, the limiting
information matrix Xy, is still nonsingular (see Appendix D).

1 dInly 1 (60)

Claim 2. Under Assumptions 1-8, T 55—+ Ant —d> N(0, Xy, +

29,), where Ayr = ﬁ(pn + 0, (max( /T"—3, \/; )) from (9) with

¢n from Box . When {v;},i = 1,2,...,nandt = 1,2,...,T, are
1 InLy 1(fp)

d
normal, Tr 55 + Agr — N(0, Zgy).
. 1 9%InL,7(0) 1
i Also, under Assumptions 1-8, we I;ave HTH% - =
0“1InLp 7(6p) 1 971InLy 7 (60) 0°Qn,7(60)
gosr = 16 —6oll - 0p,(1) and 7 —75= — —F— =

0, (ﬁ) (see (38) and (39)). Hence, for the Taylor expansion

= -1
S A 1 8% InLy 7 (Bnr) 1 dInLy 1 (6p)
nT (Onr — 6o) = (_ T VT ) " as -+ wehave

a2 a
1 0°InLy 1) _ 1 1
TaT T 0006 = Zgoar + Op (max(,/ ;7. 7

Theorem 3 in Appendix D for details). Combined with Claim 2, we
have the following theorem for the distribution of 6,.

(see Proof for

Theorem 3. Under Assumptions 1-8,

- - 2559) -0 (o 5.))

d _ _
AN (o, S5 (Zop + Q) ):001) , (12)
where @g, v = 20?;17% is 0(1).
When 7 — 0,
A d — —
VT (Bar — 66) = N(O, X' (g, + 24)) T, ). (13)

When¥—>k<oo,

A d _ _
VT Our — 00) + Vk@gor = N(O. Zg ' (Zgy + 20) Z5, ). (14)

When % — 00,

T(Oar — 60) + ©go,nT £o.

Additionally, if {vi}, i = 1,2,...,nand t =
normal, (12) becomes

A 1
VT (Gur — 60) + \/g‘pf)oﬂ + 0, (max <\/Z \/;>)

SN, Zh.

(15)
1,2,...,T, are

(16)

Hence, énr is consistent, but has a bias of the order O(T~1).
For the distribution of é,,T, when T is relatively large, the QMLEs
are +/nT consistent and asymptotically properly centered normal,
when n is asymptotically proportional to T, the estimators are ~/nT
consistent and asymptotically normal, but the limit distribution
does not center around the truth; when n is relatively large,
the estimators are T consistent and have a degenerate distribution.

The estimators of fixed effects are /T consistent and asymptot-
ically centered normal, as shown below.

Theorem 4. Assume that the elements of ¢yo are bounded. Then un-
der Assumptions 1-8, fori = 1,2,...,n, JT (6,-,,,T — c,-,o) —d> N(O,
002) and they are asymptotically independent with each other.

3.3. Bias reduction

From (12), the QMLE &,r has the bias —7¢gonr and the
confidence interval is not centered when % — kwhere0 < k <
oo. Furthermore, when T is small relative to n in the sense that
n

7 —> 09, the presence of @y, nr causes 6y to have the slower rate

T~ of convergence. An analytical bias reduction procedure is to
correct the bias Byr = —gg, 1, by constructing an estimator B,y
and defining the bias corrected estimator as

A~

. . Bur

0 = Our — T (17)

From Theorem 3, B,y = —29’0%% where ¢, = ¢,(6) from Box |,

and we may choose®

. 1 82InLy (@) \\

B.r = E{ ———— 0 18
nT |:< (nT 3090’ ) en(0) . (18)

=UnT

9 An asymptotically equivalent alternative way is to replace 29_0 ,1nT by the
empirical Hessian matrix of the concentrated log likelihood function.
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Table 1
Performance of estimators before bias correction
T n 6o y P B A o?

(1) 10 49 05 Bias —0.0628 —0.0031 —0.0077 —0.0024 —0.1168
SD 0.0322 0.0591 0.0452 0.0477 0.0566
RMSE 0.0733 0.0807 0.0635 0.0667 0.1352
CcP 0.5020 0.9430 0.9290 0.9300 0.4530

(2) 10 49 0{; Bias —0.0701 —0.0080 —0.0111 —0.0105 —0.1193
SD 0.0322 0.0570 0.0453 0.0457 0.0567
RMSE 0.0792 0.0779 0.0641 0.0639 0.1372
CcP 0.4050 0.9300 0.9230 0.9370 0.4330

3) 10 196 05 Bias —0.0625 —0.0036 —0.0076 —0.0024 —0.1105
SD 0.0161 0.0304 0.0226 0.0246 0.0285
RMSE 0.0647 0.0417 0.0320 0.0344 0.1146
CcP 0.0310 0.9380 0.9260 0.9260 0.0580

(4) 10 196 9(’; Bias —0.0691 —0.0067 —0.0109 —0.0091 —0.1129
SD 0.0160 0.0292 0.0226 0.0236 0.0285
RMSE 0.0710 0.0405 0.0329 0.0322 0.1169
CcP 0.0130 0.9300 0.9140 0.9320 0.0530

(5) 50 49 05 Bias —0.0121 —0.0018 —0.0008 0.0005 —0.0220
SD 0.0141 0.0260 0.0202 0.0213 0.0280
RMSE 0.0221 0.0350 0.0278 0.0288 0.0433
CcP 0.8460 0.9460 0.9370 0.9480 0.8590

(6) 50 49 Bg Bias —0.0132 —0.0024 —0.0009 —0.0006 —0.0221
SD 0.0139 0.0243 0.0203 0.0201 0.0281
RMSE 0.0224 0.0327 0.0279 0.0269 0.0435
CcP 0.8310 0.9530 0.9340 0.9580 0.8570

(7) 50 196 0§ Bias —0.0122 —0.0002 —0.0004 0.0012 —0.0211
SD 0.0071 0.0134 0.0101 0.0110 0.0140
RMSE 0.0148 0.0182 0.0139 0.0149 0.0271
CcP 0.5990 0.9410 0.9450 0.9470 0.6530

(8) 50 196 0{; Bias —0.0133 —0.0008 —0.0005 0.0004 —0.0212
SD 0.0070 0.0125 0.0101 0.0103 0.0141
RMSE 0.0156 0.0171 0.0140 0.0141 0.0273
CcP 0.5040 0.9430 0.9480 0.9480 0.6640

6¢ =(0.2,0.2,1,0.2, 1) and 60 = (0.3,0.3,1,0.3, 1).

We show that when T/n'/?> — o0, 6!, is ~/nT consistent and
asymptotically centered normal, even when n/T — oo. For
the bias corrected estimator, we need the following additional
assumption.

Assumption 9. > ;° A"(#) and Y [, hA'1(6) are uniformly
bounded in either row sum or column sums, uniformly in a
neighborhood of 6.

Assumption 9 can be justified by Lemma 14. Our result for the
bias corrected estimator is in Theorem 5.

Theorem 5. If T/n'/> — oo, under Assumptions 1-9, ~/nT (6}, —
d _ _
00) > N(0, Z, ! (Zg, + £26)) Zy, ).

Hence, if T grows faster than n'/3, the analytical bias correction

will give us estimators that are asymptotically normal and

centered around 6. For the case & — k, 6}, has removed the

T
asymptotic bias @g, »r. Note that & — k implies T /n'/3

1/3

— oo0. For
— 00,8}, is +/nT consistent,
which is also an improvement upon the T consistency of énr.

Thus, énlr might have better performance in economic applications,
especially when n is much larger than T.

the case £ — o0, as long as T/n

3.4. Monte Carlo results

We conduct a small Monte Carlo experiment to evaluate the
performance of our MLEs and the bias corrected estimators. We
generate samples from (1) and use 6§ = (0.2,0.2, 1, 0.2, 1)/,9(’)’ =
(0.3,0.3,1,0.3, 1)’ where 6y = (¥o, po, Bys *0, 02), and X, Cno
and V,; are generated from independent normal distributions'®

10 we generated the spatial panel data with 20 + T periods and then take the last
T periods as our sample. The initial value is generated as N (0, I,,) in the simulation.
We have also generated the data with a much longer history 1000+4-T and the results
are similar.

and the spatial weights matrix we use is a rook matrix. We use
T = 10and T = 50,and n = 49 and n = 196. For each set
of generated sample observations, we calculate the MLE 6,; and
evaluate the bias énr — 6p; we then construct the bias corrected
estimator § and evaluate the bias 6!, — 6. We do this 1000 times
to see if the bias is reduced on average by using the analytical bias

. . 1000 , ) .
correction procedure,!! i.e., to compare Tloo iz1 (Onr — 6p); with

Tloo Zi]:o?o (é,}T — 0p)i. With two different values of 6, for each n
and T, finite sample properties of both estimators are summarized
in Table 1 and Table 2, where Table 1 is for the performance
of the estimators before bias correction and Table 2 is for the
performance after the bias correction. For each case, we report the
bias (Bias), standard deviation (SD), root mean square error (RMSE)
and coverage probability (CP).

We can see that both estimators have some bias, but the
bias corrected estimators reduce those biases which are originally
larger. This is consistent with our asymptotic analysis, because
the bias corrected estimators will eliminate the bias of order
O(T~1). Also, bias reduction is achieved while there is no significant
increase in the variance of the estimators. Before bias correction,
the CPs of the estimators under 95% confidence level have lower
values due to the bias, especially when n is relatively large. After
bias correction, the CPs are close to the specified 95% confidence
level.

For different cases of n and T, we can see that for each given n,
when T is larger, the biases of two sets of estimators will be smaller
and the variance will be smaller; for each given T, when n is larger,
the biases of two sets of estimators will be nearly the same, but
the variance will be smaller. This is consistent with our theoretical
prediction, because the bias is of the order O(T~') and the variance

MEorn = 196and T = 50, each iteration takes about 3 s on average using a

desktop with 4G memory and duo 2.66 GHz CPU.
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Table 2
Performance of estimators after bias correction
T n 6o Yy P B A o?

(1) 10 49 0§ Bias —0.0039 —0.0005 —0.0001 —0.0008 —0.0287
SD 0.0338 0.0623 0.0474 0.0483 0.0623
RMSE 0.0467 0.0857 0.0650 0.0671 0.0911
CcP 0.9270 0.9260 0.9320 0.9360 0.8600

(2) 10 49 0(‘)’ Bias —0.0038 0.0036 0.0004 —0.0039 —0.0322
SD 0.0337 0.0606 0.0475 0.0459 0.0623
RMSE 0.0470 0.0855 0.0653 0.0642 0.0921
CcP 0.9130 0.8970 0.9340 0.9220 0.8510

3) 10 196 05 Bias —0.0040 —0.0011 —0.0000 —0.0009 —0.0217
SD 0.0169 0.0320 0.0237 0.0249 0.0314
RMSE 0.0237 0.0441 0.0322 0.0346 0.0484
CP 0.9120 0.9240 0.9380 0.9270 0.8160

(4) 10 196 03 Bias —0.0035 0.0027 0.0003 —0.0037 —0.0250
SD 0.0168 0.0310 0.0237 0.0237 0.0314
RMSE 0.0236 0.0436 0.0322 0.0328 0.0497
CcP 0.9110 0.9020 0.9390 0.9370 0.7950

(5) 50 49 05 Bias —0.0001 —0.0018 —0.0005 0.0005 —0.0025
SD 0.0143 0.0263 0.0204 0.0213 0.0286
RMSE 0.0197 0.0355 0.0280 0.0289 0.0393
CcP 0.9400 0.9460 0.9370 0.9460 0.9300

(6) 50 49 0(‘,’ Bias —0.0002 —0.0019 —0.0004 —0.0002 —0.0026
SD 0.0141 0.0246 0.0205 0.0201 0.0287
RMSE 0.0194 0.0332 0.0280 0.0269 0.0395
CcP 0.9410 0.9470 0.9360 0.9570 0.9270

(7) 50 196 0§ Bias —0.0002 —0.0001 —0.0001 0.0013 —0.0015
SD 0.0071 0.0136 0.0102 0.0110 0.0143
RMSE 0.0097 0.0184 0.0140 0.0149 0.0194
CcP 0.9430 0.9380 0.9440 0.9470 0.9430

(8) 50 196 05 Bias —0.0003 —0.0003 —0.0001 0.0007 —0.0017
SD 0.0070 0.0127 0.0102 0.0104 0.0144
RMSE 0.0096 0.0173 0.0140 0.0141 0.0195
CcP 0.9420 0.9410 0.9450 0.9440 0.9440

6¢ =(0.2,0.2,1,0.2, 1) and 60 = (0.3,0.3,1,0.3, 1).

of the estimators is of the order O(%). Also, for different values of
6o, the biases become larger when 6 is larger, and the variances do
not change much.

We also run the simulation when V;;; is generated from inde-
pendent exponential distribution with unit variance (demeaned by
the population mean). The disturbances are skewed. In order not to
produce more tables unnecessarily, the Monte Carlo simulation is
conducted only for the parameter vector 6§. From Table 3, we can
see that the bias correction can improve the performance of esti-
mators, even for non-gaussian error terms. By comparing the cor-
responding estimates in Table 3 with those in Tables 1 and 2 under
normal disturbances, we see that the biases and SDs are similar
except that the SDs for the estimates of o in Table 3 are relatively
larger.

Finally, we conduct a simulation to compare the performance
of estimators when we use both the SDPD model and VAR model
(n = 9and T = 200). For the SDPD process without exogenous
variable, Yne = AnYnr—1+S; 'Cno+S, Vae, which can be considered
as a restricted form of the VAR process Y, = @Y, 1+ tno + €nes
where @, is n x n coefficient matrix, €, is N(0, X.) for each
t and is independent over time. When the true data generating
process (DGP) is SDPD, we use (o, po, A0) = (0.2,0.2,0.2),
W, is a 9 x 9 queen matrix, ¢, and V,; are generated from
independent normal distributions. When the true DGP is VAR,
the 9 x 9 coefficient matrix &, is designed to have eigenvalues
smaller than 1 in absolute value,'? «,,g and €, are generated from
independent normal distributions. Given a DGP, we first use the
SDPD model to get the bias corrected estimators (7, p5r, AL;) and

getA, = (I, — i;TWn)‘l(ﬁanI,, + Py Wa), then, we use the VAR

12 Each element of the 9 x 9 coefficient matrix @, is generated from uniform
distribution (0, 1). We row normalize the coefficient matrix (so that none of the
eigenvalues will be greater than 1 in absolute value) and then multiply it with 0.8
so that all the eigenvalues will be smaller than 1 in absolute value.

model to get ﬁ)n. We do this 1000 times to compare the Biases, SDs
and RMSEs of each element in A, with its corresponding element
in &, (there are in total 9 x 9 = 81 elements). The results are in
Table 4 where the X axis denotes 81 elements of vectorized A, or
@, and Y axis denotes the corresponding values of Biases, SDs and
RMSEs. We can see that when the true DGP is SDPD, the restricted
SDPD estimators outperform unrestricted VAR estimators, mainly
due to the small SDs of the restricted estimates. When the true
DGP is VAR, the restricted estimates have larger biases for some
parameters, and overall, they have some larger RMSEs than those
of the unrestricted VAR estimates.

4. Conclusion

In this paper, we derived the properties of QMLEs of spatial
dynamic panel data with fixed effects, and with special attention
to the asymptotics when both n and T are large. Estimates of the
fixed effects are +/T consistent and asymptotically normally dis-
tributed. For distribution of the common parameters, where T is
asymptotically large relative to n, the estimators are +/nT consis-
tent and asymptotically normal, with the limiting distribution cen-
tered around 0; when n is asymptotically proportional to T, the
estimators are +/nT consistent and asymptotically normal, but the
limiting distribution is not centered around 0; and when n is large
relative to T, the estimators are T consistent, and have a degen-
erate limiting distribution. We also propose a bias correction for
our estimators. We show that when T grows faster than n'/3, the
correction will eliminate the bias of order O(T~!) and yield a cen-
tered confidence interval. The contribution of this paper is that it
establishes the asymptotic properties of QMLEs and bias-corrected
estimators of the spatial dynamic panel model, when both nand T
are large.
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Table 3
Performance of estimators under non-normality
T n y 0 B A o?

Before bias correction

(1) 10 49 Bias —0.0606 —0.0065 —0.0064 —0.0032 —0.1162
SD 0.0321 0.0590 0.0451 0.0477 0.1035
RMSE 0.0715 0.0798 0.0637 0.0663 0.1850
CP 0.5230 0.9590 0.9260 0.9330 0.6800

(2) 10 196 Bias —0.0621 —0.0019 —0.0089 —0.0002 —0.1124
SD 0.0161 0.0304 0.0226 0.0246 0.0530
RMSE 0.0644 0.0418 0.0326 0.0349 0.1294
CP 0.0310 0.9400 0.9160 0.9140 0.4390

3) 50 49 Bias —0.0116 —0.0005 —0.0006 —0.0003 —0.0223
SD 0.0141 0.0260 0.0202 0.0213 0.0561
RMSE 0.0220 0.0351 0.0276 0.0294 0.0798
CP 0.8660 0.9410 0.9480 0.9440 0.9010

(4) 50 196 Bias —0.0121 —0.0009 —0.0001 0.0012 —0.0214
SD 0.0071 0.0134 0.0101 0.0110 0.0282
RMSE 0.0148 0.0182 0.0136 0.0151 0.0427
CP 0.5930 0.9470 0.9540 0.9340 0.8720

After bias correction

(5) 10 49 Bias —0.0019 —0.0042 0.0014 —0.0016 —0.0279
SD 0.0337 0.0622 0.0473 0.0482 0.1018
RMSE 0.0466 0.0846 0.0651 0.0668 0.1548
CP 0.9180 0.9400 0.9350 0.9340 0.8410

(6) 10 196 Bias —0.0035 0.0006 —0.0014 0.0013 —0.0237
SD 0.0169 0.0321 0.0237 0.0249 0.0522
RMSE 0.0235 0.0442 0.0324 0.0351 0.0798
CP 0.9120 0.9240 0.9320 0.9200 0.8570

(7) 50 49 Bias 0.0003 —0.0004 —0.0003 —0.0002 —0.0028
SD 0.0143 0.0263 0.0204 0.0213 0.0560
RMSE 0.0196 0.0355 0.0277 0.0295 0.0774
CP 0.9330 0.9360 0.9510 0.9430 0.9380

(8) 50 196 Bias —0.0002 —0.0008 0.0002 0.0012 —0.0018
SD 0.0071 0.0136 0.0102 0.0110 0.0282
RMSE 0.0098 0.0184 0.0137 0.0152 0.0382
CP 0.9450 0.9450 0.9550 0.9340 0.9400

We use ¢ = (0.2,0.2,1,0.2, 1).

Our asymptotic analysis in this paper has focused on the spatial
dynamic model with fixed effects, but the remaining disturbances
are ii.d. across spatial units. We expect that our asymptotic
analysis can be easily extended to dynamic panel models with error
components, and spatially and serially correlated disturbances. The
spatial panel data model in Baltagi et al. (2007) is an example.
Their model is a regression panel model with serial correlation
and spatial dependence in disturbances: Y,; = Xu:fBo + Cno + €nt
where €,y = AgWyenr + Upe and Uy = yoUp¢—1 + Vye. Denote
the n-dimensional vector of total disturbances n,; = cno + €nt-
The disturbance process implies the structure 1, = AgWpnne +
Yoln,t—1 — YoroWnnn—1 + Cig + Var, where cip = (1 — yo)(In —
XoW,)cno. The process of 7, is in the form of our dynamic model
when ¢}, is treated as fixed effects and with nonlinear constraints
on the spatial and dynamic coefficients. Hence, our theory can be
easily adopted to cover the estimation of this model for the case
with T (and n) goes to infinity.

The dynamic panel model analyzed in this paper allows
individual-invariant, time-varying exogenous variables in the
equation, but it does not incorporate cross-section dependence due
to unobserved macroeconomic variables or shocks. Such a cross-
section dependence has been considered in some recent panel time
series models, e.g., Phillips and Sul (2003) and Pesaran (2006),
among others. As an extension of this paper, Lee and Yu (2007)
have considered the ML estimation of the SDPD model with both
(additive) individual and time fixed effects. By estimating both
the individual and time fixed effects, the asymptotic bias problem
becomes more severe. With only individual fixed effects, for the
case that % — 0, as shown in this paper, the QMLE of 8 is
asymptotically normal centered at 0 (without an asymptotic bias).
However, with both individual and time fixed effects, there exists

an asymptotic bias of order O(%). So, contrary to the model with
only individual effects, for the model with both individual and time
effects, an asymptotic bias of order either O(%) or O(%) exists. Lee
and Yu (2007) have also constructed a bias-corrected estimator
which can remove such biases, but will require conditions that
both T/n? and n/T> go to zero. The model in this paper with
only individual effects is of interest in its own as it includes the
scenarios of a fixed finite n or f — 0." Under such scenarios,
the spatial dynamic model can be regarded as a structural vector
autoregressive model with restricted coefficients.

For future research, it may be of interest to model common and
persistent shocks directly as in Phillips and Moon (1999), Phillips
and Sul (2003) and Pesaran (2006) in a random component or
factor structural framework with the spatial setting. In addition, as
in Korniotis (2007), the model may be extended to accommodate
endogenous control variables. With endogenous control variables,
a possible estimation method is the generalized method of
moments, if proper instrumental variables can be found. The
method of maximum likelihood may also be possible if the model is
expanded into a simultaneous equation system. These extensions
are of interest, as those features can be important in many
macroeconomic applications.' In addition to the above extension,
it may also be of interest to extend the model to incorporate high
order contemporaneous spatial lags and spatial time lags. With
high order spatial lags, the ML approach is not computationally

13 Leeand Yu (2007) have found a data transformation approach, which can avoid

the additional bias caused by the time effects. However, the transformed approach
is valid only for spatial weights matrices with row-normalization.

14 we appreciate referees for pointing out these important features in empirical
macroeconomics models.
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Table 4
Biases (1st row), SDs (2nd row) and RMSEs (3rd row) under different DGPs
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practical. A practical approach may be based on the generalized Denote
method of moments. For the cross section model with high 0 o
orcle.r spathl lags, the generallzed methgd of mometnts.has been Uy = Z PanVin.t 41— W = QunVin.t41—hs (19)
considered in Lee and Liu (2007). A possible generalization to the h= h=1

estimation of spatial dynamic panel models remains to be seen.

Appendix A. Some basic lemmas

Let Ve = (vir, Ve, -« - ., Une)’ be nx 1 column vector. We assume
that{v;},i=1,2,...,nandt =1, 2,...,T, arei.i.d. acrossiand
t with zero mean, variance o and E vy |**" < oo for some n > 0.

where {Ppy )52, and {Qun}he ; are sequences of n x n nonstochastic

square matrices. Denote U,y = Uy — Uy where Uy =
T = — —

(Zt:l Unt) /T,and Up;—1 = Upt—1 — Upr,—1 Where Unr,-1 =

( ttol lUm) /T. Also W, Y&Vn,tq and \7,“ are similarly defined.

Below, we state the law of large numbers and central limit theorem
useful to derive the asymptotic properties of our estimators. Let Dy
be n x 1 vector of uniformly bounded constants for all n and t and
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let B1, and B, be n x n nonstochastic square matrices. We first list
the basic assumptions needed for those lemmas.

Assumption A1l. The disturbances {vy},i = 1,2,...,nandt =
1,2,...,T, arei.i.d. across i and t with zero mean, variance O‘g

and E |vie|*™ < oo for some 7 > 0.

Assumption A2. P, = By,P" and Q; = B,,Q" where P" and
Q,? are the P, and Q, to the power of h. Furthermore, By,, Bz,
> he abs(Ph) and Y ;7 abs(QM) are UB, where [abs(P,)]; =
|Pu.ji-

Assumption A3. The elements of nx 1vector D,,; are nonstochastic
and bounded, uniformly in n and t.

Assumption A4. n is a nondecreasing function of T.

Lemma 1. With Upe and Wy in (19), Uy = 352, PunVir41-n and
W = Zh 1 QunVn 141 where

1
?(Pnl‘f‘PnZ‘f' +Pnh)— ang fOI’h<T
Pan=19 = (20)
T an,hfﬂrg fOT h > T,
g=1

and Oy, has the same pattern. Furthermore, Y e Py = Y het Pan,

and Zlﬁ] Qun = Zflil Qun-

Lemma 2. Under Assumption Al, for t > s, E(UyW)) =
o5 (Zﬁil Pn,fferhQéh) and E(Uy, Wys) = ogtr (Zl?il Pi/1,t—5+hQ"h)'

Lemma 3. Under Assumption A1, E(V,B1, ns)(V/gBZHV,,h) is equal
to (,lL4 - 3‘70) Zi:l B1,HBZ,H + Op (trBln X trBZn + tl'B]nBZn +
trBy,B,,) for t =s =g = h; oytrByy X trByp fort =s # g =h;
ogtr(BinB,,) for t = g # s = h; ogtr(BiyBoy) fort = h # s = g;
and 0 otherwise.

Lemma 4. Under Assumption A1, for t > s,

o n
COU(U;th[» U/nswns) = (M4 - 30(;1) Z Z(P;Yt_5+hQn,t—s+h)ii
h=1 i=1

x (PhQun)it + 0 tr |:<Z PnhP,,l_ts+h) (Z Qn,ts+hQ,;h)
=1 =1
+ (Z thP,Q,tHh) (Z Qn,[HhP,Qh)} :
=1 =1

Lemma 5. Suppose B, Gy, and Dy, are n x n square matrices with
all elements being non-negative, and By, Z,fil Cpp and Zﬁil Dy, are
UB. Then, Y, ; CanBnDyy is UB.

Lemma 6. Under Assumptions A1, A2 and A4, Var(ZtT=1 Uy W) =
o(nT).

Lemma 7. Under Assumptions A1, A2 and A4,

1 & 1 & 1
—SNUw,—E[=NUW,|=0,—], 21
nT — nt nt (nT ; nt nt) p (ﬁ> ( )

1
? («/nT2)7 (22)

o2 00 f
ZH W) = 2tr (352, PyQu) = 0(1) and

E(;UHTWnT) = TOtr (>, ﬁ;hénh) = 0(3) where Py and Gy are
defined in (20).

where E (

~ T
{Unt = % Zt:l
D Unt = 0p (f) and -z T Zthl D;rmﬂt =0p (ﬁ)

Lemma 8. Under Assumptions A1-A4, % Zthl D,

Lemma 9. Under Assumptions A1 and A4, for an n x n nonstochastic
UB matrix B,

1 < 1 « 1
—SWVBVy—E|l—=SVBVy| =0, —), 24
v (o Yvn) <o (L), @

1- _ 1-, - 1

Evr;TB"V"T —E (EVnTBnVrﬂ‘) = Op (m> ) (25)
1 & 1 & 1

— Y VBV —El—=) VBVy|=0,—]). 26
i (> wnd) <o (L), @
where E(-- Zt ) ViBiV) = loftr(B) = 0(1) and
E(1V/,B vnT)_ Lodtr(B,) =0 (7).

Lemma 10. Under Assumptzon Al, E([(Uy;— 1)]) = (ug —
300)Zh 121 1[(Pnh)y] +30§[Zh 1(Pnhpnh)u]

Lemma 11. Under Assumptions A1, A2 and A4, ﬁ (I[_J;T _ ‘_/nT —E

(D1 Var)) = Op (ﬁ) where \/%E (U1 Var) = \/;naotr
(X2, Pan) + O( /T%) when T — oo.

Lemma 12. Let B, denote the lower diagonal matrix constructed
from a symmetric B, by deleting the diagonal and the upper triangle
entries. Under Assumptions Al and A2, if B, is UB and K, is an
n-dimensional nonstochastic vector with all its elements uniformly
bounded, then

%2312?1@:] buijvie)? — 202 [tr(B2) —vec) (By)vecn (By)]

= o Vi By Vo — 0B, B = 0p ().
) Yt Y kni(z;; bujv) = =Y KBiVa =
Mﬁ)

) Yotot Yy Unet, I(Z —1 bujvi) = ¢ LS U, 1By Ve =
o )

(d)nTZtlz muntll—nTZthUnrl_Op<r)

where vecp(By,) is the n-dimensional column vector formed by the the
diagonal elements of B,.

For the central limit theorem that follows, we will consider the
following form:

T
QnT = Z (U/n,[_1vnt + D;,tvnt + V,;[annt

t=1

- ooztr Bn)

where B, is an arbitrary n x n symmetric UB matrix," and Znei =
(Uj -1 + dpi)vie + bnﬁii(vizt ) + 2(2 —1 b, l]vjt)vlt Then, the

15 The assumption that B, is symmetric is maintained w.l.o.g. since V; B, V,; =
V3 [(Ba + By)/ 21V
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mean and variance of Q, are 1q,, = 0 and

00 T
o = Togtr (Z P,;hpnh) +04 Y DpDu

h=1 t=1

+T ( t4 — 308 an i+ 20 tr(Bz))
+2us3 Z Z ngiby, i,

t=1 i=

where 1, = Evj, fors = 3, 4, b, ;i's are diagonal elements of B, and
dp is the ith element of Dy;.

Lemma 13. Under Assumptions A1-A4 and that B, is UB, if the

1. 2
sequence ;03

is bounded away from zero, then, (T%"—T AN (0, 1).
nT

Lemma 14. If sup,; [1Ax(60)lloo < 1 (resp: sup,- [ Ax(60) [l < 1),

then the row sum (resp: column sum) of Zﬁio/\ﬁ(@) and

Zﬁ; hAﬁfl(Q) are bounded uniformly in n and in a neighborhood
Of 90.

Proof for Lemma 13. 'We are going to use the CLT of the
martingale difference array in Gansler and Stute (1977, p. 365),
to prove our CLT (see also Potscher and Prucha (1997), p. 235).
Consider the o -field

Fori =0 W11, V21, o5 Unty ooy Ulpmty e s s

Un,t—15 U1ty « + Vit), (27)

then E(zp; i| Fnr.i—1) = 0and E(zy¢ i| Fn.c—1.n) = 0.As a convention,
define F,;0 = Fnr—1n Thus, {Zpi, Frpin1 <t < T,1 <
i < n} forms a martingale difference array. To see explicitly

that this is a difference array, letj = n(t — 1) +ifor1 <
i < nand1 < t < T. Thus, j takes integer values from 1
to J where ] = nT. The o-field #,,; can be renamed as ¥#;;

and z; = Zzy;. As E(zj|#;j-1) = 0 because E(z,,[,,-|5«'n,t,,-_1). =
0 and E(Znti|~77nt 1n) = 0, {Zntia ?nti} = {Z],j7 -7:}]—1} IS a
martingale difference array. Denote z; = z,, ; = ;'”'T’, where
1
Znei = (Uie—1 + dne)Vie + bnii(vi — o) + Z(ijl b ijvje) vie, we
will apply the martingale CLT to Y1, z; = > {_; 31, Zui. The
T
ﬁ Y1 i1 Elznei*™® — 0and
Qur

p
i) - Yoy D B Fio) = 1.
Toshow( ): Foranyp > 0and q > Osuchthat 1 + - =1,as

sufficient conditions are (i)

1Zne,il < (unge—1,il + ldne,iDviel + |bm‘i|5|bm‘i|a
i1
5 ) 1 1
x |vi — oy | + 2|vie| - E |Brii| P [Dri @ [vj¢ |,
=

the Holder inequality implies that

1
i P
|Znt,i| = |:(|un,t1,i| + |dnt,i|)p + Z |bnij|:|

j=1
1
i—1 q
2 2
x {wﬂq + bl - 102 — 0217 + 2% vye]* - (Z |bnij||vjt|q>i|
j=1

16 proofs for other lemmas of this Appendix and those of Appendix B can be
found on the working paper version under the same title via the web site:
http://economics.sbs.ohio-state.edu/lee/.

Hence,

q
i p
Elzail? < E [(|un.t_1,f| +ldnea)” + |bm»j|}

=1

X |:E|v,-[|q + |buii] - E[vz — o]

i—1
j=1

Because the fourth and more moments of v;; exist, by taking q =
2 + 6 for some small §, there exists a constant ¢; > 0 such

i 9
that E|zu i|? < CiE[(Junc—vil + |dudl)? + Yj_; |bnil]?. By the

c--inequality and because B, is UB, there exist constants ¢c; > 0,
c3 > 0and ¢4 > 0 such that

q
i P
[uun,t_l,,w + ldnil)” + Y |bn.ij|}

=1

'E\Q

=20 [(|un,t—1,i| + |dni)? + cs]

~1 248
2 (Jun,e—1,41" + |dnailD) + €3] < Colune—1,i** + ca,

‘l:\-n

<2

as ¢ = 2 + & implies % = 1+ 68 As Elupei|* = 0(1)

uniformly inn, t and i (from Lemma 10), it follows that E|zp; ; i

c1GEun1.i*** 4+ cic4 = 0(1) uniformly. Because 05;}5

=
8
O[(nT)'*2], one has — S S Elzae? <( 2)
T nT)
which goes to zero. This proves (i).
To show (ii): Because zp; ; = (Up—1.i + dpii + 2 Z 1 buijvie)vie +
nn(v,[ ), it implies that

; 2
i—1
2 g 2
E(zm,i|fnt,i—1) =0y (un,t—],i + dnti +2 § bnijvjt)

=
i—1

+ (g — U(;l)bfm' + 2p3byii (unﬁtl,i +dpi + 2 Z bnijvjt) ,
=1

as E(vi(v: — 08)) = s and E(v2 — 0)* = pa — oy Therefore,

T T n

ZZE(Z'" 1|J'nt1 1) = (o)) ZZ(unt i+ Zzbmjvjt)

t=1 i= t=1 i=1

T i—1
+2 Z 00 nti + MU3bnii (un t—1,i +2 Z bnsz][)

t=1 i=1 j=1

n

n

T
+ (s — (o]} )T Z bnu + 213 Z Z briitni + O'g Z Z dm,

t=1 i=1 t=1 i=1

This can be compared with Génr' which can be rewritten as

00

o =Togtr (Z P,;,,Pnh) + 20T |:tr(Bz) - Z bml
h=1

T

+T(ug — (7()) Z bnu +2us3 Z Z dneibpii + 0'02 ZDmDnt

t=1 i=1

From these, we can see that (ii) follows from the results in
Lemmas7and 12. W
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18%Ink,r(6) 1
nT 9680’ T

Q‘,_.

1 = -
ps Z e WaYi
t=1 t
T T
Z (Wao) WaFo + (GG ) % > w,
t=1 t=1

* *

1 ~ ~
22V (©)

=1

Wi Yoe) Ve (£)

Vi (Ve (€)

GZ

204

Box II.

Appendix B. Lemmas for some statistics in the model

Denote Zm = (Yn- 1, WqYn.t—1, Xt ), we provide some lemmas
related to Zy;, Zyr and Vi, Vir.

Lemma 15. Under Assumptions 1-7, for an n x n nonstochastic UB
matrix B,

1 s s 1 s s 1

n—T; iBiZne — E— ;szn w = 0p <Jﬁ> (28)
1XT:”B\7 E]XT:”/BF/ =0 ! (29)
nT — ntPnVnt nT £ ntPn¥nt — Yp \/ﬁ )

! XT: V! B,V Z BV = 0 ! (30)
nT L nt nt — nVnt — Yp \/ﬁ s

where Ext %1y ZiBadoc 15 OC1. Eie Yi_y ZiBaTi i O (7) and
E% > i1 VieBnVar is O(1).

Lemma 16. Under Assumptions 1-7, for an n x n nonstochastic UB
matrix By,

gt L 2yB20 = o, (ﬁ) , (31)
13 B — B2 BV = O, <1> (32)
n n /nT

IV,:TB,?\_/”T — El\‘/,;TBn\'/nT =0, (L) : (33)

where E1Z! . B.Z,r is O(1), E1Z)
o(2).

From (7), Zm = Z* — (U,.,T 1, WU,.,T _1, 0) where
Zy = ((Xneo1 + Unem1)y Waneor + Wolneor), Xoo) with
Xnit—1 = Xnit—1 — x,ﬁ,_l. Hence Z,; has two components: one

is Z* , uncorrelated with V,,; the other is —(Unr,—1 WnUnT,—l 0),

nt’
correlated with V,; whent < T — 1. Following is a lemma related

to Z;‘t and Z,;.

1BuVir is 0 (3) and EL1V/ B, Vyr is

Lemma 17. Under Assumptions 1-7, for an n x n nonstochastic UB
matrix By, E = Y11 Z! BZu — E-5 31| Z4B,Z}, = O (%) where
EL S\ Z¥BZ}, is O(1).

Lemma 18. Under Assumptions 1-7, if the elements of ¢y are uni-
formly bounded, then the elements of % Zle((G"cno + GnZutb0)i
(Znt)i) are 0p(1) uniformly in n and i, where (GnCno + GnZn80); iS
the ith element of (G,Cno + GnZy:So) and (Zy;); is the ith row of Zy.

Appendix C. Concentrated QMLEs

C.1. Reduced form of (1)

AsZye = (Yne—1, WyYn -1, Xnt), the reduced form of (1) can be
represented as

Yo = S;lzn[(So + 5;1 (cnO + Vnt)
= n[80 + )‘-OGnZntSO + 5,:1(Cn0 + Vnt)v
fort=1,2,...,

(34)
T because S; ! = I, + AoGy. This implies that

flnt = Sn_lzntfso + Sn_l‘;nt = 2111'80 + XOGnZntSO + Sn_l(/nt- (35)

C.2. The first and second order conditions

For the concentrated likelihood function (4), the first order
derivatives are

1 9InL,1(6)
/nT 00

Zy V()

((w Vo) Ve ©) = trGa ) ) | (36)

04 f Z( (O)Vne(£) — no?)

and the second order derivatives are given in Box II.
Hence,

1 8 In Ln,T(GO)

~/nT a6
1 1 s -
—_— v,
002 ,—nT [2:]: nt ¥ nt
1 1 .
= ;\/7 (GnZne80) Ve + —5 = rZ(V’ GV — ogtrGy) |, (37)
0

=r
Z Vnt - nao

and the information matrix is equal to the equation in Box III.
Using Lemma 16, X7 is O (4). Hence, Ty nr = Zjy +

0(7).

C.3. The variance of the gradient

o) ‘
_

From (8), as 2:[ is uncorrelated with V,;, we have the equation
in Box IV.

For the first matrix, it is equal to 290 ar + 0(3) using

Lemma 17. For the second matrix, Ezt 12y = Opy(ke+2) and
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1 92InLy1(fo) ) @
EQO,nT =—E <EW 290 nT — EQO,HT where
E * *
o Z
T
[C) R ~ - 1
T = | Z(cnzmao) I ——E D~ (GuZudo) Guludo + — [tr(G,Go) + 1G]
0 0 t=1
0 ! tr(Gy) !
R I‘ E—
1x (kx+2) aozn n 2051
0 +2) x (k+2) " * 1 "
—EGuVar)'Zyr  ——E [(GoZy180) GuVar | + —tr(G,G *
and 29(3)” _ O’gn ( n nT) nT O'OZTI [( nénT 0) n nT] nT ( n n)
LE (ZeyVur)' LE [(GaZurd0) Vir | + ;tr(c ) 11
on nr e ogn e " ognT " T oy
Box III.
E( 1 8lnL*T(90) 1 E)lnL*T(GO))
/nT a0 /nT a0’
—EY Z¥7* * *
% nT Z iz
= Zx 1 7% 1 8 7% I~ 7% 1 / 2
= Zuso) 2y ——E D (GaZ380) GaZyySo + - [tr(G,Gy) + tr(GD)] =
0 t=1
1 1
01 (ky+2) @tr(cn) Z;
o(kx+2)><(kx+2) * "
L 2us Lo 4 =300 o
* *
o nT Z Gn,iE Z Zoe o 4T Z Gn,iE Z G"Zntao + 7 ; Grii *
— 302 nq — 30,
L E WsLEY " GaZ3s + B OtrG 0
o nT Z g’ Ha Z 0 208n " 408
Box IV.
= L% 1 (6o) dInL* ;(6o) 2
E ZZ:I an:tﬁ() = Onxl- Hence, E(\/% BéT e \/% 891’- 2 ) = sup |— 1 78 In LnT/(g) <_lE 97In LnT/(G))
EGO,nT + QGO,nT +0 (%) where 0ec® nT 0000 nT 0000 ij
1
0k, +2) x (kx +2) 1 * * =0, (ﬁ) ) (40)
fa — 30 01 (ke t2) - Z Gﬁ,n’ * and
QF)Q,HT = 0_4 n i1
0 1 _3%InLs(0)
015 (ke +2) ——trG, sup [——E——~ _ 5, = sup |8 — 6l - O(1), (41)
202n 408 peo, | nT 09000’ Rl M 0
When V,; are normally distributed, £24, it = O(k,+4) x (ke+4) DECaUse foralli,j=1,2,...,k.+ 4.

s — 304 = 0 for a normal distribution.

C4. About _LEB InLyr(©)  _

1 9%InL,r(0)

36936’ nT ECECA
1 9% InLyr (%)
nT 3006’

Denote ||6 — 6| as the Euclidean norm of & — 6y, and @, as a

Proof for (38). The detailed expressions of each entry of the
a2 a2
difference —%% - —%%) are straightforward
from Box IL. First, 1tr(G2(M) — G2 = 1r[(Gy(1))?1(A — Ao) where
A lies between A and Ay. As %tr[(Gn(A))3] is UB by Lemma A.7
in Lee (2004), 1tr(G2(x) — G2) is of the order | — Aq| - O(1).

Second, as Vo (£) = Va — (A — Ao)Wn¥n — Zy(8 — &) and

_ 1 pd2Ink(B)
irE g0~ and

neighborhood of 6. We have WyYn = GiZuSo + GyVy, using Lemma 15, all the entries in
2 2 the above matrices difference are of the same order as || — 6],
;% < 1T %) multiplied by stochastic terms of orders not larger than 0,(1).

n n 92
16 — 6ol - 0p(1) (s e — o TR — (= ) = 6 — 6ol - 0p(1). W

=116 — 6ol - 0,(1),

1 8%1InL,r(6p) B 1 Proof for (39). As Xy, .1 = —E-- % all the entries of the
AT 0000/ ~ Zoor = Op { - /nT )’ (39) " difference (—+ 2 ';‘;gg,“’(’)) Xg.n1 have zero means. The detailed
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expressions of the entries are immediate from Box II evaluated at

6p. Using Lemma 15, all the entries in above difference are of the
1

order 0, (ﬁ) |

Proof for (40). Again all the detailed expressions of entries of the

difference —ﬁ % - (—iE%) follow from Box II. As

Vnt({) = Vnt — O“ - AO)WnYnt nt(5 80) and Wn?nt = anntso +

~ 2
InL
GnVye, by Lemma 15, we have supgcgo —%% — X1
ij

O, (\ﬁ) because ® is bounded. =

Proof for (41). The entries of — l T M Xg,,nr are all differ-

ences in expectations, which are of orders no larger than O(1) by

. 1 %Ly ©)
Lemma 15; hence, we have sup,.e, ‘ FE = — Y|
ij

360067
SUPgeo, 110 — 6ol - O(1) because @ is bounded. =W

Appendix D. Proofs for claims and theorems

Proof of Claim 1. To prove - ln Ly7(6) — Qn1(0) ) uniformly

in 6 in any compact parameter space ©:
From Vo (£) = Yo — AWy Y — Zn8, we have Vi (¢) = Ve —
(A X)W Yy — Zm(8 — 8o). Hence,

Vi (OVae(©) = ViV + (A — 20)* (W Yie) Wi Ve
+ (8 — 80)/ZpeZue (8 — o)
+ 20 — A0) (Wa V) Zne (8 — 80) — 2(A — Ao)
X (Wi Yt) Ve — 2(8 — 80)'Z., Ve, (42)
where, using WoYne = GaZueSo + GaVne,
(Wa¥n) Wa¥oi = (GaZni80) (GnZnt8o)
+ 2(GnZn80) GaVint + (GpVint) G V.

Using Lemma 15,

1 < = = 1 s - p
— Y 20 Zw —E—Y ZyZn >0
nt&nt nt&nt )
nT = nT =
1 T
— ) (Wa¥) Vi — PL Z(w Vo) Ve > 0,

As )\ and 6 are bounded in ®, we have ﬁ
ﬁE Zt:l
=—1In27r—1Ino?+1n|s,(W)|-
Qur(0) = E--

from zero in ()

1lL 0 0 Ly
—InLyr(0) = Qur(®) = —5— —Z

1 VI @OV (0) —
! &)V (£) 2> 0 uniformly in 6 in ©. Also, LinL,7(0)
201nT ZZ- 1 v (g)vnt(é-) and
= InLy 7(6). Using the fact that o is bounded away

D V@)V ()

— —EZ [(;)vm(;)> 2 0 uniformly in .

To prove Q, 1(0) is uniformly equicontinuous in 6 in any compact
parameter space ®:

We have Qu(f) = ELInL,r(0) = —1In27
3Ino? 4+ LI ISi D] = 53E 3 Vi@V (©). As Var(€) =
Sn()\)s;lzntao - ZMS + Sn(k)srjlvn[.

1 & 1 < oy s
E— Y Vil@Vuc(@©) = —E Y (S:0)S; ' Zudo — Zu)
t=1 n t=1

-15 > lT —1 2 —1'¢r -1
X (Sn(M)Sy Znebo — Zntd) + . optr(S, S;(AM)Sa(A)S, )

2 ! -15 > i —1y7
+E ;(snmsn Zue8o = Zued)'Sy(1)Sy V. (43)
The third term ZE "/ (Sy(M)S; 'ZneSo — Zue8)'Sn(A)Sy Vi is
0(#) according to Lemma 15, and the order O (1) is uniformly
in 0 in ®, because it is a polynomial function in 8 and ® is a
bounded set. The first term is equal to (8’ — 8y, A — Ag)EHnr (8’ —
80, A — Ag)’ using Sn(A)Sn‘] = I, — (A — Xo)Gy; the second term

172 — _
is equal to T=16;2(%) where 02(A) = “2tr(S; 'S, (M)S,(M)S; ),

which are all polynomial functions of 6. To prove Q,r(0) is
uniformly equicontinuous in 6, the following are sufficient:
(1) Ino? is uniformly continuous; (2) %ln |Sp(A)| is uniformly
equicontinuous; (3) (8" — &), A — Ag)Hur (8’ — 85, A — o)’ is
uniformly equicontinuous; (4) o;() is uniformly equicontinuous.

(1) is obvious, because o2 is bounded away from zero in ©.
For (2), 2 In[Sy(A2)| — 2 In[Sp(A1)] = 2tr (WaS; 1 (X)) (A2 — A1)
where A lies between A, and Aj. As Sn‘(A) is UB, uni-
formly in & € ©, ltr(W,S," (1)) is bounded, and, hence,
%ln|5()\)| is uniformly equicontinuous. For (3), because § and
A are bounded and because E#,r is O(1), the result follows.

For (4), 0202) — 020u) = SBtr(S) 15,0800, ) —
% 0 tr(S/ 1S, (A)Sa(h1)Sy 1) = 02[(ha — 1) (g + Ay — 2Ag) T

— (b — hq) SO | by using S, (1)S; ! = Iy— (A —9)G. As cncn
and G, are UB, anz (X) is uniformly equicontinuous. H

Proof of nonsingularity of the information matrix. We can
prove the result, by using an argument by contradiction (similar
to Lee (2004)). For Xy, = limy_. oo Xy nr, Where Xy, ur is (6),
we need to prove that Yy = 0 implies @ = 0 where o =
(af, o2, a3)’, a3, a3 are scalars and a4 is (ky + 2) x 1 vector. If
this is true, then, columns of X, would be linear independent, and
g, would be nonsingular. Denote #; = limr_.oc o 3(_; ZyoZnt,
Hsy = limT%oo % Zthl Zéthanao, Hys = JféA and H =
limy_, oo - 31— (GaZn80) GnZneSo, then

s 1
60 == 0'5
E Hs E 35, Oky+2)x1
: G()Z / 2 : 1
« | EHs Ed, + lim =2 [tr(G,Gy) + tr(G)]  lim —tr(Gy)
n—oo n 1 n%oorll
01 (ky+2) nlllgo ;U(Gn) E

Hence, Y,a = 0 implies

1 1
72Ee}€5 X a1+ szJfg;L X Oy = 0,
% %o
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1 1 1
—Edts x aq + | SEH + lim = [tr(G,Gy) + tr(GD)] | x ez
O’O (TO n—oo n

1
+ lim Ttl‘(Gn) X 03 = O,
n—oo O"On

1 1
lim —tr(Gn) X 0y + — X a3 = 0.
n—o00 GO 20-0
The first and third equations imply, respectively, ¢y = —(E#;) ™!

2

EFs) x ap and oz = —21im;_, o0 UTOtr(Gn) X ofp. By eliminating o
and a3, the second equation becomes

{(% (Edt,. — Et,s(EHs) T 'EHs;.)) + limy 0 2[tr(G,Gy) + tr(G2)
— 222G} » o, = 0. Because tr(G,Gy) + tr(G2) — 25 —
1t [(C) + C)(C, + C)'] > 0 where G, = G, — ], combined
with the condition that limr_, o, E#,r is nonsingular, we have o, =
Oand hencea =0. W

Proof of Theorem 1. As EY"/_, V N,,t = n(T — 1)od, at 6y, (5)
implies ElnLy1(6p) = —T In27 — T Inog + Tln|S,| — 22,

2
Denote 62(A) = Ztr(S; 1’5,;(A)sn(x)s,;1). By using S,(1)S; ! =
I, + (Ag — A)G, for (43), it follows that
1 1
—EInLyr(6) = —EInLy7(6)
nT

= —f(lno —lncro)—i—

Y -1
(2 P ZE e (Ve (0) — 2T>

—Tln()‘-a)_

lnISn(?»)l - - ln ISn

! Tz n1(8,2) +0(1)

where Ty 4(1, 0%) = —1(Ino? —Inod) + 2 In[S,(A)| — 1
52z (07 (1) —0?) and

In|S,| —

Tynr(3.0) = ZE [ @60 = ) + G = )G Zud)

t=1
X (Zu (80 — 8) + (o — A)Gnéma(o} .

Consider the process Y, = AoW,Yp + Vi for a period t,
the log likelihood function of this process is InL, (A, o ) =

5In2m — Hlncr +1n 1S, (M) — =15 (Sn(A) Yne)'Sa (M) Ve, Let Ey(-)
be the expectatlon operator for Ym %ased on this process. It follows
that Ep(2InL,5(A,02)) — Ep(2InLy (k. 0d)) = —2(no?
Inog) + 3 InSy(W)| — 11n[Sy(Ro)| — 535 (07(2) — o?), which
equals Ty ,(A, o). By the information inequality, InL, ,(, 02) —
InLyn(ro, 0¢) < 0.Thus, Ty n(, 0%) < 0 for any (A, 0%). Also,
To.n.7(8, A) is a quadratic function of § and A. Under the condition
that limr_, o E#,r is nonsingular, T, ,7(§,A) > 0 whenever
(6, A) # (80, Xo), S0, (8, 1) is globally identified. Given Ao, 002 is
the unique maximizer of Ty ;, (Ao, 0'2). Hence, (8, A, 0?) is globally
identified.

Combined with uniform convergence and equicontinuity in
Claim 1, the consistency follows. W

Proof of Theorem 2. From proof of Theorem 1, niTE InL,r(6) —
LEINLr(6) = Tin(h,0%) — 55Tonr(8, 1) + o(1). When
limr_, o EF,r is singular, §o and A9 cannot be identified from
To.n7(8, A). Global identification requires that the limit of
Ti.n(h, 02) is strictly less than zero. As Ty ,(A,0%) < 0 by
the information inequality, Ty ,(A, 02) # 0 is equivalent to
TInfogs, s,V # n|oZ(0)S; ' (M)S; V(M) (see Lee (2004,

Proof of Theorem 4.1)). After Ao and 002 are identified, given X,

8¢ can be identified from T ,, 1 (8, A). Combined with uniform con-

vergence and equicontinuity in Claim 1, the consistency follows.
|

Proof of Claim 2. From (7), Z,; = Zm — (Unr.— 1, WalUar _1, Onseie)s
which has two components: one is Z;;, uncorrelated with V,; the
other is —(Unr,—1, WnUnr,—1, Onxk,), correlated with V,; when
) 1 dlnLyr@) 1 9L @)
t < T — 1. Correspondingly, VT Ry i Anr
dInLk - (0) . - dInL* (6)
467(;0 is in (8) and A, is in (9). For \/%57;0
the CLT of martingale difference arrays (Lemma 13) can be applied.

ﬂwn +

where

For A,r, using Lemma 9 and Lemma 11, it is equal to

0 (\/Tza) + 0, (ﬁ ) where ¢, is O(1) in Box1. ®

Proof of Theorem 3. According to the Taylor expansion, +/ nT(énT
— 1 9? l"Ln,T(énT) - 1 alnL:»T(GO)
— 6 = <—57(,9(,9, ) : (ﬁ 39 — AnT) where

dlnL; (60) d
T SN, Sy + ), A = \Jren + 0 () +

Op (ﬁ) with ¢, = 0(1) and 0,7 lies between 6, and QnT.

As 1 L@ (1 %InLygGa) (1 9%Inly7(6p) n
nT 0006 = nT 0006 nT 0006

1 92 lnLn,T(QO) . .

— o —aany— — 26t ) + Zgnr where the first term is

|6xr — 60| - 0p(1) from (38) and the second term is O, (\/%)

92 I Ly 1 (Bur) -
from (39), —r g5~ = [6ar — 6o - 0p(1) + 0y (ﬁ) +
Yg.n7- Because H9nr — 6| = 0,(1) and Xy, ,r is nonsingular
in the limit, —-L 2 1"3213250”” is invertible for large n and T and

(— i Do ‘“af;agﬁ"”)) is 0,(1). Then, /AT (Bur — 6o) = 0,(1) -

(Op(l) +0 (\/—>) which implies that
~ 1 1
Our — 6o = Op | max peati B B (44)

. -
Hence, v/nT B,y — 0p) = <E§0’HT +0, (max( L, %))) .

PR L;T(Go)
/nT a0

1 1 B
)
E—lnT +0p (max (/E, ;)) , (45)

. aInL* (6
we have /nT(O,r — 6p) = Eeolnr : \/%37;0 +

T 1 9InLE ()
0, (max(JE,?)) . ﬁ‘a(} —
0, (max (/37 +)) - Aur, which implies that /nT(Br — o) +
Ee_o,lnr - Agr + 0p (max (,/ 7)) Ar = (Zglr 4 0p(1) -

aInL* - (6o)
1
ﬁiT As X, = limr_o Zg,nr exists, then using

Claim 2 and A, = f(p,, + 0 (\/—) + 0, (\E) VnT(QnT —

0,(T7") forn > 0, we

=<

— A,,T). Using the fact that!”

-1
290.117' : AnT -

17 For two nonsingular matrices C, and Dy with C, — Dy =
have ;' — D' = G, '(Dx — G)D; ' = 0,(T™").
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_ d _
fo) + ﬁzgo}nfwn +0, (max (,/T%, ﬁ)) =N, ;' (Zy, +
Q). =

1
Proof of Theorem 4. From the first order condition %;(“”)

0—2 thl Ve (£), we have ¢;r () = 1 thl(sn(x)ym — Zu8). As
SnYnt = Znt80 + Cno + Vnt and Sn()‘)sg:l = In - ()‘ - )\O)Gn, it

implies that & (8) = 7 Y {_; ((In — (A = %0)Gn) Znt 8o + €xo + Vir)
— Zy8). Hence, for each fixed effect,

A a 1¢
Ciont (Onr) — Cijo = _¥ Z((Gncno + GnZntS0)i » (Zne)i)

t=1
2 T
() + 1 e 2006
As elements of % ZL]((Gncﬂg + GuZat80); » (Zne)i) are Op(1) uni-
formly inn and i by Lemma 18 and énT —6p =0, (max (@ %))
by Theorem 3, the dominant term of 6,-,,1T(§,1T) — ¢i,0 would be
7 31—, vir. So, for each fixed effect, /T (E,;nr (Bnr) — co) 4 N(O,
002) and they are independent from each other asymptotically. B
Proof of Theorem 5. Theorem 3 states that ~/nT(@ar — 60) +
JEZalen + 0y (max (/. ﬁ))iw(o, S (S + 2a)
i As Ol = b + 2= LELMLIOn) 10, @ ), /T (@), —
60) > N(O, T3 (Zu + 2u0) 501 if ﬁ( LRt

@) = gy @n(00)) > 0 and 2

— 0. Assuming that ;3 — 0,
we are going to prove that

n 1 0210 Ly (Onr) A _
Tt | @) — Zihren o) | 0.
(46)
1 321 Ly (Gn )

;rom (44)and (45), — rE =550 = %, " " +0p(max($, f))
ence,
n 1 0210 Ly (Onr) A _

\/; _EE# ©n(Onr) — Eeo?nr(pn(eo)

- \/; (Zatr (i) = en60)))
+\/>§0n(9nT) x Op (max (; \ﬁ))

As Oy — 0o = O, (max (%, ﬁ)) and ¢, (6p) is 0(1), according to
the Taylor expansion of ¢, (énr) in Box I around ¢;,(6%), to prove
(46) is reduced to prove that elements of % < oo where
Gy lies between é,,T and 6. As A, (9) ST (vl + pWh),
we have % ST, (’A”(e) Sy W, M”(H) = 0 for
i = 1,2,...,k and % 1(A)Wn 1()»)(J/In + pWy).

aah
Because!® 17 — hAﬁq(@)% forh > 1, 3%, dAa%(/e)

18 This can be proved by mathematical induction. Step (i) For h = 2, (’A (9) =

An(0) 22D g MmO p (). Using W,S71(0) = ST (OW, dAg.A("’An(e?)
An (9) "A"‘“) . So, "*‘ ‘9) = 2A,(0) 29 Step (ii) Suppose Y2 — pAt-1(g) )

then Au_©) hA“ 1(9) 2@ 4,(0) + AlO) 2@ = (h + 1)ALH) 22E) . same
dA,,(G)

arguments can be applied to other components of

S hAT1(0) 20 As (1) Y52 Al(©) and Y52 hART1(9) are
uniformly bounded in either row sum or column sum, uniformly
in a neighborhood of 6y, (2) Sn*1 (A) is UB, also uniformly in A in a
neighborhood of 1y and (3) W, is UB, it follows that the elements

of a‘f)”;,g) will be uniformly bounded in a neighborhood of ;. As Ot

converges in probability to 6y, elements of % are 0,(1). =
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