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Abstract

Motivated by a recent study of Bao and Ullah (2007a) on finite sample properties of
MLE in the pure SAR (spatial autoregressive) model, a general method for third-order
bias and variance corrections on a nonlinear estimator is proposed based on stochastic
expansion and bootstrap. Working with concentrated estimating equation simplifies
greatly the high-order expansions for bias and variance; a simple bootstrap procedure
overcomes a major difficulty in analytically evaluating expectations of various quantities
in the expansions. The method is then studied in detail using a more general SAR model,
with its effectiveness in correcting bias and improving inference fully demonstrated
by extensive Monte Carlo experiments. Compared with the analytical approach, the
proposed approach is much simpler and has a much wider applicability. The validity of
the bootstrap procedure is formally established. The proposed method is then extended

to the case of more than one nonlinear estimator.
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1 Introduction

Many econometric models share the following common features: (7) there is a nonlinear
parameter that is the main source of bias in model estimation and main cause of difficulty
in bias correction, (i¢) there are many other parameters in the model but their estimates,
given this nonlinear parameter, are either unbiased or can be easily bias-corrected, and
(7i7) the constrained estimates possess analytical expressions, leading to an analytical form

for a concentrated estimating equation. These include spatial autoregressive model, spatial
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panel model with fixed effects, dynamic regression model, dynamic panel model with fixed
effects, Box-Cox regression, Weibull duration model, etc.. The bias problem arising from
the estimation of the nonlinear parameter has been widely recognized and a satisfactory
treatment of it has been the main focus of many researchers in the last two decades (see,
among others, Kiviet, 1995; Hahn and Kuersteiner, 2002; Hahn and Newey, 2004; Bun and
Carree, 2005; Bao and Ullah, 2007a,b; Bao, 2013). Another important issue, the high-order
correction on the variance of a bias-corrected estimator, has not been formally addressed.
Stochastic expansion (Rilstone et al., 1996; Ullah, 2004) is seen to be a very useful tool
for studying the finite sample properties of a nonlinear estimator (Bao and Ullah, 2007a,b,
2009; Kundhi and Rilstone, 2008; Bao, 2013). However, in high-order bias and variance
corrections: (i) it involves high dimension matrix manipulations and (i7) it requires closed
form expressions of expectations of various quantities in the expansions, which are either
very cumbersome to derive or simply do not even exist. We show in this paper that (i) can
be overcome by focusing on the nonlinear parameter and working with the concentrated
estimating equation, and (ii) can be overcome by a simple bootstrap procedure.

To illustrate the above ideas, consider first the spatial autoregressive (SAR) model:
Yo = AMWoY, + X8 + e, en = oup, (1>

where Y,, is a vector of observations on n spatial units, X,, is an n X p matrix of values

of p exogenous regressors, W, is a specified n x n spatial weights matrix, €, is a vector of

independent and identically distributed (iid) disturbances of zero mean and finite variance

o2, )\ is a scalar spatial parameter, and 3 is a p x 1 vector of regression coefficients.!
Denote 6 = {\, #/,0%}. The Gaussian log-likelihood function is,

1

n
0,(0) = -5 log(2m0?) + log |An(N)| — 257

[An(/\>Yn - Xnﬂ]/ [An(/\>Yn - Xnﬂ] ’ (2>

where A, (\) = I, — A\W,, and I, is an n x n identity matrix. Maximizing ¢(6) gives the
maximum likelihood estimator (MLE) of 6 if the errors are exactly normal, otherwise the
quasi-MLE (QMLE). Given A, the constrained QMLEs of 3 and o2 are

Ba(N) = (X1 X,) 1 XL A (V)Y and 62(N) = n 1Y AL (A M,A, ()Y, (3)
where M,, = I,, — X,,(X} X,,) "1 X/,. These lead to the concentrated log-likelihood of \ as
c n n 52
() = ~ 2log(2m) + 1] - 2log63(3) + log|4, (). @

Maximizing ¢¢ ()\) gives the unconstrained QMLE \,, of A. The unconstrained QMLEs of 3
and o2 are thus (3, = fn(An) and 62 = 62(\,). Write 0, = (A, 5, 62)".

n

'For theory and applications, see Cliff and Ord (1973, 1981), Ord (1975), Anselin (1988, 2001), Case
(1991), Case, et al. (1993), Besley and Case (1995), Brueckner (1998), Anselin and Bera (1998), Kelejian
and Prucha (1998, 1999, 2001), Bell and Bockstael (2000), Bertrand, et al. (2000), Topa (2001), Lee (2002,
2003, 2004a, 2007a,b), Mynbaev and Ullah (2008), Robinson (2010), Su and Jin (2010), Su (2012), etc..
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To study the finite sample properties of 0,, following the stochastic expansion approach,
one needs to derive analytically the expectations of various quantities involving derivatives
of £,(6) (up to fourth order for third-order bias and variance corrections). While finding
the expectations is not a problem in theory as it involves only quadratic forms of w,, the
dimensionality of the problem (up to (p + 2)3 x (p + 2)) greatly complicates the results
that in turn hinders their practical tractability (see Bao, 2013, for a second-order bias
formula). We note that if A were known, then 3,()) is unbiased and 62(\) can be made
unbiased by multiplying a factor n/(n — p). This suggests that in estimating the SAR
model the main source of bias and the main difficulty in correcting the bias are associated
with the estimation of A. Lee (2007a) made a similar remark based on his Monte Carlo
results. Further, given X the finite sample variances of 3,(\) and 62()\) both possess explicit
expressions. Thus, for bias and variance corrections for the SAR model it may be only
necessary to focus on the estimation of A. A multidimensional problem is thus reduced
to a scalar one, which greatly simplifies the higher-order stochastic expansions. However,
working with the concentrated log-likelihood ¢¢(\) makes the analytical derivation harder
as it now involves ratios of quadratic forms (see Section 3 for details). Thus, for these
expansions to be of a general practical value, they must be supplemented with simple ways
for evaluating various expectations involving ratios of quadratic forms.

The above arguments extend directly to all other models of similar features as the
SAR model. Take, for example, the Box-Cox transformation model (Box and Cox, 1964):
h(Yn, A) = X0 + ou,, where all quantities are defined similarly as the SAR model (1),
except that h denotes a known nonlinear monotonic transformation indexed by an unknown
transformation parameter A\, applied to Y,, elementwise. The concentrated log-likelihood of
A takes the form £ (\) = —2[log(2m) +1] — Zlog 62(A) + Y11 log hy(Yr 5, A), where 62()\) =
=W (Yo, ) Mph(Yy, A) and hy (Y, A) = Oh(Yn,i, A)/0Y,. It is clear that the analytical
expectations of various quantities involving the derivatives of £5(\) are not obtainable, and
working with the full likelihood in this case does not solve this problem.

The above discussions show clearly the need for a general method for high-order bias
and variance corrections that avoids the analytical derivations of various expectations, and
thus works for all models even when the analytical expectations are not obtainable. Noting
that the derivatives of £ () for both the SAR model and the Box-Cox model discussed
above can be expressed as functions of the parameter vector 6 and the error vector w, with
iid elements, naturally, their expectations can be bootstrapped (see Efron, 1979).

In this paper we present a general method for third-order bias and variance corrections
under a fairly general model specification that encompasses all the models mentioned above.
The proposed approach is hybrid — combining stochastic expansion and bootstrap, with the
former providing tractable approximations to the bias and variance (up to third-order) of a
nonlinear estimator, and the latter making these expansions practically implementable. A

key assumption followed in the literature is relaxed, resulting in different bias and variance
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formulas when concentrated estimating equation is used. The important issue: third-order
correction on the standard error of a bias-corrected estimator, is formally studied.

When applied to the SAR model, the proposed approach quickly leads to a complete set
of results for third-order bias and variance corrections, which extends Bao and Ullah (2007a)
by (i) allowing regressors in the model, (i7) allowing nonnormal errors, and (iii) providing a
third-order bias correction on ;\n, and second- and third-order corrections on the variances
of ;\n and the bias-corrected ;\n Compared with Bao (2013), where only a second-order
bias formula, for én is derived based on the full likelihood, our method can be viewed as a
simpler alternative when only second-order bias correction on An is concerned. In addition,
our method provides a complete set of third-order results, including the third-order variance
of the bias-corrected \,. More importantly, the proposed approach is much simpler and
has a much wider applicability than the analytical approach. The validity of the proposed
bootstrap procedure is formally established, in general and under the SAR model. Finally,
the method is extended to the models of more than one nonlinear parameter.

The rest of the paper is organized as follows. Section 2 presents the general method
for third-order bias and variance corrections of a general nonlinear estimator. Section 3
presents the main theoretical results corresponding to the SAR model, followed by Monte
Carlo results for the finite sample performance of the proposed method under the SAR
model, where the effectiveness of the proposed method in correcting bias, variance, and
hence in improving inference is fully demonstrated. Section 4 extends the proposed method

to models of more than one nonlinear parameter. Section 5 concludes the paper.

2 A General Method for Bias and Variance Corrections

In this section, we first present revised third-order results by relaxing a key assumption,
to suit the concentrated estimating equation, and then we introduce the bootstrap method

for estimating quantities in the bias and variance formulas and prove its validity.

2.1 Third-Order Bias and Variance of a Nonlinear Estimator

Bao and Ullah (2007a), extending Rilstone et al. (1996), considered a general class of

v/n-consistent estimators identified by the moment condition or estimating equation

0, = arg{,(0) = 0}, (5)

where 1, (0) = ¥, (Z,;0) is a k x 1 vector-valued function of the observable data Z, =
{Z;}7, (iid or non-iid) and a parameter vector 6, of the same dimension as ¢, and normalized

to have order Op(n_l/ 2).2 They obtained a third-order stochastic expansion for én, and a

2This is in fact a generalized version of the well-known M-estimation (maximum likelihood type esti-
mation) of Huber (1964). Obviously, the maximum likelihood or quasi-maximum likelihood, least squares,

method of moments, and generalized method of moments are the special cases of this estimation method.
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second-order bias and a third-order MSE for én, assuming Ev,(6p) = 0, where 6y denotes
the true value of the parameter vector 6.

We note that the condition, Et,(6y) = 0, is neither necessary nor true in general for
deriving high-order results based on a general estimation equation as in (5). It is required
for achieving asymptotic efficiency but not for achieving consistency (see, e.g., Amemiya,
1985; White, 1994). Under the joint estimation, it is usually true if the model is correctly
specified and the ML method is followed, but may fail if the model is misspecified. Under
the constrained estimation, however, it is generally untrue whichever the estimation method
is followed and whether or not the model is correctly specified, except in some special cases,
e.g., the pure (no regressors) SAR model with o2 unknown (Bao and Ullah, 2007a). Thus,
this condition needs to be relaxed, in particular under the constrained estimation framework.

To fix the idea, let & = (A, @’)’ where A is the scalar nonlinear parameter of which the
estimation incurs bias that is difficult to correct, and given A the estimation of the parameter
vector o has an analytical solution, either unbiased or easily bias-correctable. Let ¢, ()
be the constrained estimator of « for a given A value. Let 6y = (Ao, ))’. Partition v,,(6)
according to (A, /), i.e., Yn(0) = {an(A, @), ¥, (A, a)}. Define 1, (A) = PYan(X, @n(N)).
Then, the estimator An of A would typically be

An = arg{tn(A) = 0}, (6)

with 1, (\) = 0 being referred to as the concentrated estimating equation (CEE), in contrast
to the joint estimating equation (JEE) embedded in (5).% Note that by ‘nonlinear’ we mean
the CEE, z/;n(/\) = 0, does not have an analytical solution. We first focus on the cases
where A is a scalar. The CEE looks identical to the JEE when 6 is a scalar, and thus
the corresponding expansion is expected to have the same form, though the regularity
conditions need to be strengthened. However, there is a major difference: the expectation
of ¥n(Ag) may not be zero even if Etp,(6y) = 0. If G,()\) is /n-consistent, it is typical
that E[th,(Ao)] = O(n™1), i.e., the expectation goes to zero at an n-rate. If this is true,
then E[th,(\)] constitutes an important term in the bias correction. In this case, the bias
formulas need to be modified. As a consequence, the higher-order approximations to the
variance need to be modified as well. The mean squared error (MSE), however, remains in
the same form as it directly follows the stochastic expansions for M.

Let Hyp(\) = d"(N)/dA", 7 = 1,2,3. Let ¢, = (o), Hpm = Hyn(Xo) and HS, =
H,., — E(H,,),r = 1,2,3. Define Q, = —E(Hy,)"!. Note that here and hereafter the

expectation operator ‘E’ corresponds to the true model or the true parameter values 6.

3Making inference about the parameter of interest in the presence of many parameters not of direct interest
(called the nuisance parameters) is a standard statistical problem, and it is typical in these situations to
replace the nuisance parameters by their estimators (constrained) in the object function or the estimating
function. There is a vast literature on the satisfactory handling of nuisance parameters. Most of this work
focused on the modification of the likelihood function and the concentrated likelihood function. See Laskar

and King (1998) for a survey and a comparison of the various methods.
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Let A be the parameter space of A. So far we have not yet specified the form of the z/;n(/\)

function, thus as general theories we need some generic smoothness conditions on ¢, ().

Assumption A: A is compact with N being an interior point. E(y,) = O(n™Y), and
An, as a solution of (X)) =0, is a \/n-consistent estimator of .

Assumption B: z/;n(/\) 1s differentiable up to rth order for \ in a neighborhood of \g,
E(H,y) = O(1), and HS, = Op(n"2),r =1,2,3.

Assumption C: E(Hy,)~! = O(1), and Hy,! = O,(1).

Assumption D: |H,,(A) — Hpn(Xo)| < |A = Xo|Uy, for X in a neighborhood of Ao, =
1,2,3, and E(|U,|) < C < 0o for some constant C.

The /n-consistency is a standard requirement for a higher-order stochastic expansion.
In the context of CEE, the /n-consistency of ), implies E(¢,,) = o(n~""/?) but not zero in
general due to the estimation of the nuisance parameters. If the estimators of the nuisance
parameters are also \/n-consistent, it can be argued that E(t,) = O(n~'). Further, the
V/n-consistency of ), implies ¢, = Op(n_%). The Assumptions B and C are the tightened
versions of the Assumptions 4 and 5 in Bao and Ullah (2007a). The conditions E(H,,) =
O(1) and H?, = Op(n_%) are needed so that H,, in a relevant term can be replaced by
E(H,,) with the error Op(n_%) being absorbed into the overall error term.* We are ready

to state the general theorems. All the proofs are given in Appendix A.

Theorem 2.1: Under Assumptions A-D, we have a third-order stochastic expansion:
An— Ao = a_1/9 +a—1+a_g/+ Op(n_2>u (7)

where a_, 5 Tepresents terms of order Op(n_s/Q) fors=1,2,3, and they are: a_y o = an/;n,
a1 = QuH{a_1/5 + %QnE(Hgn)(aQ_Iﬂ), and a_g;p = QuH7a 1 + %Qann(aQ_I/Q) +
QnE<H2n>(a_1/2a_1> + %QnE<H3n>(ail/2>

The third-order stochastic expansion for An based on CEE is seen to have an identical

form as those in Rilstone et al. (1996) and Bao and Ullah (2007a,b) when there is only one

parameter in the model. The same holds for the MSE expansion given below.

Corollary 2.1: Under Assumptions A-D, assume further that a quantity bounded in
probability has a finite expectation. We have a third-order expansion for the MSE of A

MSE(A,) = m_1 +m_g/s +m_o+O(n"3), (8)

where m_gj9 = O(n=%?),s = 2,3,4, with m_, = E(a2_1/2), m_zsp = 2E(a_y/2a_1), and
m_z =2E(a_y5a_3/3) + E(aZ,).

4Under a specific model with a specific estimation method, these generic conditions may be replaced by
a set of weaker and more primitive conditions. The Assumption A may be relaxed to allow for asymptotic
(first-order) bias, and our methods can in principle be applied to do higher-order bias reduction for dynamic

or nonlinear panel models with fixed effects, see Hahn and Kuersteiner (2002) and Hahn and Newey (2004).
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The leading term m_; = Q2E(¢)2) gives the asymptotic variance of A, and m_; +m_z/o
and m_1 +m_z/p +m_z give, respectively, the 2nd- and 3rd-order expansions for MSE(;\n)
Turning to the expansions for bias and variance of ;\n, the relaxed Assumption A leads to

results that are different from those based on JEE. First, we give the result for bias.

Corollary 2.2: Under Assumptions A-D, assume further that a quantity bounded in

probability has a finite expectation. We have a third-order expansion for the bias of An:
Bias(\n) = b_1 +b_3/5 + O(n™?), (9)

where b_g o = O(n=%/?),s=2,3, with b_y = E(a_ijo+a-1) and b_z/y = E(a_35).

Thus, b_1 alone gives a second-order expansion for the bias of ;\n, and b_1 +b_3/o gives
a third-order expansion. Note that E(a_;/3) = 0, E(¢,). This term is O(n~!) under CEE,
and can be identically zero when JEE is used. Rilstone et al. (1996) and Bao and Ullah
(2007a,b) considered in their general theory only second-order expansions for the bias. Their
formulas correspond to our b_; term only. Comparing with their second-order expansions
for the bias, we see that b_; contains an extra term, QQnE(z/;n) When CEE is used, this
term plays a pivotal role in bias and variance corrections. This point is confirmed by the
additional Monte Carlo results for the SAR model, available from the author upon request.

Adding a third-order bias-correction term b_3 /5 into the formula gives us a choice for
further improvement on the bias-correction procedure if necessary. With the results of

Corollary 2.2, the second- and third-order bias-corrected estimators of A are, respectively,
/A\gC2 = ;\n —/5_1 and /A\gc3 = ;\n —/b\_l —/b\_g/g, (10)

where 3_1 and /b\_g /2 are the estimates of b_1 and b_3 /5, respectively.

Remark 1: The practical implementation of /A\}’LC3 requires the estimation of b_3 /5, which
greatly complicates the algebraic work and computer coding if the analytical approach is

followed, but adds only a little if the bootstrap procedure introduced later is followed.

Remark 2: There is an issue on the validity of replacing b_1 by b_, for feasible third-
order bias correction. This issue is addressed in Corollary 2.5, in conjunction with the issue

on the validity of using a bootstrap method to obtain the estimates /b\_l and /b\_g /2

~

While it is important to have higher-order expansions for MSE(A,,) for the purpose of
efficiency comparison, it is more important to have higher-order expansions for the variances
of ;\n, ;\202 and /A\}’LC3 for inference purpose. For ;\n, one is tempted to simply combine the
expansions for bias and MSE to give second- and third-order expansions: Var(\,) =m_; +
m_z/s +O(n~?), and Var(Ap) =m_1 + m_z+m_g—b% + O(n_%). Theoretically these
are correct, but empirically they do not guarantee positiveness of the variance estimator

when n is not large. We thus propose having variance expansions directly out of (7).
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Corollary 2.3: Under Assumptions A-D, assume further that a quantity bounded in

probability has a finite expectation. We have a third-order expansion for the variance of An:
Var(A\,) = v_q + V_g/9 +V_2 + O(n_%), (11)

where v_1 = Var(a_y/s), v_g/9 = 2Cov(a_y/9, a-1), and v_g = 2Cov(a_y/9, a_gss) +
Var(a_1 +a_3z/2), with v_g/9 = O(n=%/?),5s =2,3,4.

The third-order expansions are presented by clearly separating out the terms of different
order, thus allowing one to choose between the 2nd- or 3rd-order approximations according
to the actual needs. With the results of Corollaries 2.2 and 2.3, one can correct ;\n and its
standard error for an improved inference for A. However, the bias-corrected estimators, ;\202
and /A\}’LCS, contain additional random elements due to the estimation of the bias. Therefore,
for improving finite sample inference for X it is more relevant to use Var(A22) or Var(Abe3)

to calculate the standard errors of /A\}’LC2 or ;\}’LCS. We have the following corollary.

Corollary 2.4: Under Assumptions A-D, assume further that (i) a quantity bounded
in probability has a finite expectation, and (ii) boy—b_y = Op(n_%) and /5_3/2 —b_3/y =

Op(n~2). We have the third-order ezpansions:
Var(AP®®) = v_; + V_g/9 + V2 — 2ACOov(An, b_1) + O(n_%), (12)
where ACov denotes asymptotic covariance. Further, Var(Ab??) = Var(Abe3) + O(n_%).

Thus, the variances of /A\}’LC3 and A, agree only up to second order, suggesting that for

improving finite sample inference for A, A2 should be used in conjunction with Var(Ab®).

2.2 A bootstrap method for estimating the bias and variance corrections

The second- or third-order corrections on the bias and variance of nonlinear estimators
are practically tractable only if one could find a simple way to estimate the quantities like
E(H,,), E(¥2), E(H1,%2), etc. The analytical approach is to first find the closed form
expressions for these expectations and then replace 6y in the resulted expressions by its
consistent estimator 6,. In case that the error distribution is not fully specified, these ex-
pectations may involve higher order moments of the errors which have to be estimated as
well. However, finding these expectations analytically is either very cumbersome or impos-
sible (see Section 4 for more cases, and Section 5 for more discussions). Thus, alternative
methods are highly desirable. We now introduce a simple bootstrap method for estimating

these quantities. Consider a general model of the form
g(Zn790> = Un, (13)

where u,, is the standardized disturbance vector of iid (not necessarily normal) components
with zero mean, unit variance, and cumulative distribution function (CDF) Fy. Clearly,
the SAR model given in (1) can be written in this form: J()_I[An(/\g)Yn — X00] = up.
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Assume that the key quantities z/;n and H,, can be expressed as z/;n = z/;n(un, 6p) and
Hyp = Hpp(un, bp),r =1,2,3. Let 4y, = g(Zp, én) be the vector of estimated residuals based
on the original data, and F, be the empirical distribution function (EDF) of 4, (centered).

The bootstrap estimates of the quantities in the bias and variance corrections are thus;
E(LHI ) = B [QL (s, 0,)HD, (0%, 0,)], 4,5 =0,1,2,..., r=1,2,3, (14)

where E* denotes the expectation with respect to .7:"”, and @, is a vector of n random draws

from .7:"” To make (14) practically feasible, we propose the following bootstrap procedure:

1. Compute 0,, defined by (5), tn = g(Zn,0,) by (13), and EDF F,, of centered i, ;
2. Draw a random sample of size n from .7:"”, and denote the resampled vector by iy, ,,
3. Compute z/;n(ﬁ; b 0,) and Hypn (4, 0,),r=1,2,3;

4. Repeat steps 2.-8. for B times, to give approximate bootstrap estimates as,
fori,7=0,1,2,..., r=1,2,3,

where the approximations in the last step can be made arbitrarily accurate by choosing
an arbitrarily large B, leading directly to the bootstrap estimates of b_,/5, m_,/» and
v_g/o appeared in Corollaries 2.1-2.4, except ACov(;\n, I;_l) in Corollary 2.4, which will
be addressed in next subsection under the ‘specified’ model (13). Note that in the entire
bootstrap process, the same estimate én based on the original data is used when recalculating
z/;n and H,, based on each bootstrap sample ﬁ;;b. The reestimation of the model parameter

0 is thus avoided, which makes this bootstrap procedure time-efficient.

2.3 Validity of the bootstrap method

As in Remark 2, the validity of the bootstrap procedure for third-order bias correction
centers on the validity of replacing b_1 by its bootstrap estimate /b\_l. Clearly, b_ /5 depends
on 6. It may also depend on Fy through some of its higher order moments g = p(Fo).
In general, denote b_,/5 = b_z/2(U0) where Jg = (0, 119)’; s = 2,3. Then, the bootstrap

!/

estimates of b_,/, must be such that 3—5/2 = b_s/g('lén> where 9, = (0, i) and fi,, =

1(Fy), the corresponding moments of F,,.5 Let Ny, be a neighborhood of 9.
Assumption E: (i) 0, is \/n-consistent for ¥y, (ii) Bias(d,) = O(n™"), and (iii)

b_1(V) is continuously differentiable and b_s,5(V) is differentiable in ¥ € Ny, .
Assumptions E(7) and E(ii) are satisfied by the nonlinear estimator \,, and thus are

expected to hold for 9, (see Lemma B.6). Assumption E(7i7) is satisfied if the ¥y, function

is smooth enough. The validity of bootstrap bias corrections is established below.

SIntroducing po and fin is only for theoretical purpose, as practical implementation of the bootstrap

method does not require fi,. This stands in contrast to the analytical approach.
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Corollary 2.5: Under the model specified by (13), Assumptions A-E, and the assump-

tion that a quantity bounded in probability has a finite expectation, we have:
E(b_1) = b_1+O0(n"2) and E(b_3/5) =b_3/5+O(n"2). (15)
It follows that Bias(\b?) = O(n_%) and Bias(AP%) = O(n=2).

The results of Corollary 2.5 show that the bias-corrected estimators defined in (10) are
valid in the sense that replacing b_; by its bootstrap estimate /b\_l does not induce additional
bias of order lower than O(n~2). It is evident that replacing the third-order term b_g /2 by
its bootstrap estimate /b\_g /2 only induces an additional bias of order O(n~2) or higher.

The validity of the bootstrap implementation of the third-order variance correction given
in (12) rests on the validity of replacing v_; by its estimate. Similarly to the case of bias
correction, write v_z /9 = v_g/9(Jp) and let v_, /5 = v_s/g(ﬁn) be the bootstrap estimates of
V_g/2,8 = 2,3, 4. Unlike the case of third-order bias correction where Bias(b_1) has the same
order as the error term, Bias(v_;) may not have the desired order for a third-order variance
correction. Thus, a further correction on ¥_; may be necessary. Note that v_; is the first-
order variance of \,, based on CEE, which relates to v_1, the first-order variance of A, based
on JEE, through v_1 = vy +v_gp +v_2 + O(n_%) where v_g 5 = O(n™%/2),s = 2,3,4.
Thus, to bias-correct v_; it is sufficient to bias-correct ;. The higher-order terms v_3/,
and v_y are not needed as seen from the proof of Corollary 2.6. As v_; is typically an explicit
and smooth function of ¥y, and [, is an explicit and smooth function of én, a Taylor series

A~ A~

expansion of v_1(¥,) and then of fi, = u,(6,) lead to a second-order bias-corrected v_1:
~bc2 _ ~ ~/ N ~/ ~ -~
02 =01 =V g b1 =V €1 —dog, (16)
where b_; is the second-order bias of én which can be obtained from the second-order
stochastic expansion of 6, based on the JEE defined in (5) or simply using b_; and then
further bias-correcting @(;\202); c_1 is the second-order bias of fi,, which relates to b_y
through a Taylor;zxpansion of pn(0y); d_g = %tr[v_lﬂgm%AVar(ﬁn)}; and v_1 9 = Zv_1 (V)
and v_y gy = %V_l(ﬁ% partitioned according to 6 and u. To ease the presentation, the
detailed derivation of (16) is given in Appendix A along the proof of Corollary 2.6, and the
exact expressions of b_1, c_; and d_5 are given in (A-12), (A-14) and (A-15).
Let b1 = Zb_1(9) = (b 4,0, ,)" Let 7, be the EDF of uy, = upn(6o), fin, the rth
moment of F,, fln, = a%ounﬂn and i, , = ai%/lnm. Put p1, = (ptnr, 7 = 3,4,...)". For the

validity of (16) and our third-order variance correction, the following conditions are needed.

Assumption F: (i) v_1(¥) is twice differentiable, v_3/5(1) is continuously differen-
tiable, and v_y(0) is differentiable in ¥ € Ny,, (ii) b’_LMOCov(z/NJn, ) = O(n_%), and (iii)
. . 1 , , _1
Lo = E(fitnr) + Op(n™2) and finy = E(finy) + Op(n™2), r=3,4,....

The smoothness conditions in F(i) ensures the proper order of the quantities in certain

expansions. Assumption F(i7) says that either the dependence of b_; on pg is weak or the
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correlation between 1, and p, is weak. This is reasonable considering the fact that ), is
the concentrated estimating function of Ay and pu, represents higher-order moments of F,.

Assumption F(7i7) follows from some smoothness conditions on the g function in (13).

Corollary 2.6: Under Model (13), Assumptions A-F, and the assumption that a quan-

tity bounded in probability has a finite expectation, the variance expansion (12) becomes:
Var(AP®) = v_1 +v_3)5 +v_g — 2B(H_; 5 )ACov(Ay, 6,) + O(n"3), (17)

where b_1,g, = %nb—l(ém Mn(én))\@:%; and B(02P +0_gy +0-2) = v_1 + v_g/3 + vz +
O(n_%). Thus, the bootstrap estimate of Var(A2®3) with 5° has a bias of order O(n_%).

Note that ACov(0,,, A,) often has a close-form expression and hence can be estimated by
the plug-in method. Asb_j g, —E(b_1,) = Op((n_%)), E(b_14,) in (17) can be replaced by
5_1790 of which the bootstrap estimate can be obtained simply by numerical differentiation.
When the underlining JEE involves only the linear and quadratic forms of u,, as in many
applications, v_; typically depends on the 3rd and 4th moments of Fy and in a linear
manner. See Sections 3 and 5 for more discussions. In summary, our proposed approach
for bias and variance corrections takes the advantages of both stochastic expansions and
bootstrap, neither of which alone allows us to handle a problem of this type comfortably.
The usefulness and effectiveness of this approach is fully demonstrated in the following

section using the SAR model, and the validity of this approach is established therein.

3 Bias and Variance Corrections for SAR Model

We now consider the estimation of spatial lag parameter A in the general SAR model
specified in (1), to give a detailed demonstration of the applications of the general methods
presented in the earlier section. The nature of the SAR model indeed renders it a special
attention in terms of bias and variance corrections. First, the parameter A enters the
model in a nonlinear manner, hence the estimation of it is likely to incur bias. Second, the
degree of spatial dependence among the spatial units depends not only on the magnitude
of the spatial parameter A, but also on the number of neighbors each spatial unit has, or
equivalently the number of non-zero elements that each row of the W,, matrix contains. A
very important special case of this is that the number of neighbors, h, say, grows with n
(see, e.g., Case, 1991), and in this case, Lee (2004a) showed that the QML estimators of A
and 8 may not be y/n-consistent, but rather \/n/—hn—consistent. Thus, the effective sample
size is n/hy,, and the bias and variance formulas given above need to be adjusted to allow for
this possibility. Conceptually, this may be fairly straightforward as one may simply replace
n by h,/n everywhere in the expansion formulas. Theoretically, however, much needs to
be done in terms of regularity conditions and formal proofs of the results. We do so in this

paper by following the theoretical foundations laid out in Lee (2004a).
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Bao and Ullah (2007a) made their first attempt to address the bias issue by working
with the pure SAR model with normal errors, and provided analytical formulas for the
second-order bias and mean squared error (MSE) for the MLE An based on the stochastic
expansion technique first introduced by Rilstone et al. (1996). Their results, though limited
to the pure SAR model with normal errors, shed much light on a general solution to the
bias problem of the general SAR model (or a class of similar models). Bao (2013) followed
up with this issue through the full likelihood and derived an analytical second-order bias
for the QMLE én, but the MSE formula and the third-order results were not given.

In dealing with the case of 02 unknown in the pure SAR model, Bao and Ullah (2007a,
p.400) advocate the use of concentrated likelihood function of A as (i) it simplifies the
maximization procedure substantially, and (i7) it also simplifies the derivations for the
higher-order results since it is much easier to work with a scalar case than with a vector.
We concur with their view and stress further that (i) these simplifications are even greater
if the SAR model involves exogenous regressors, and (ii) for the purpose of bias correction,
A is the parameter of primary interest as, given A, the model reduces to a linear regression,
and the constrained QMLEs f,(\) and 62()) are either unbiased or can be made unbiased.
More importantly, as the general result in Section 2 suggests, use of CEE captures the

additional second-order bias inherited from the estimation of linear or scale parameters.

3.1 The main results

The QMLE An of the spatial parameter A\, which maximizes the concentrated log-
likelihood function ¢<()) given in (4), can be equivalently defined as A, = arg{¢,(\) = 0},
where 1, ()\) is the derivative of %é%(/\) and has the form,

Un(A) = =hnTon(A) + hn Rin(N), (18)
with its rth derivative, H,,(\) = dd%z/zn(/\), r=1,2,3, given as follows
P Hin(A) = =Tin(A) = Ran(A) + 2R1,(V), (19)
ho ' Han(A) = —2T5n(A) = 6R1n(A) R2a(A) + 8RY, (), (20)
h'Hsn(\) = —6T3,(\) +6R3,(N\) — 48R%, (A Ran(N) + 48R, (N), (21)
where T,,(A) = n=ltr(GTTH(N)),r=0,1,2,3, Go(A\) = WA L (N),6

Yo AL (N) M WY,
Rln(/\> = YéA%(/\)MnAn(/an and Rgn(/\>

YW M W,Y,
Y AL (N M A, (VY

(22)

Clearly the function 1, ()\) defined in (18) leads to a concentrated estimating equation,

and fits into the general framework described in Section 2. The difference is that the quantity

5The author is very grateful to Jihai Yu and a referee for pointing out errors in the expressions for Hay, (\)
and Hs,(A). The corrections, though correspond to the higher-order terms, do lead to further improved and

more coherent results in that A2 performs consistently better than Abe2 Gee Yang (2010a).
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h, may alter the rate of convergence of An in the first-order asymptotics (Lee, 2004a) and
of course the magnitude of the quantities in the higher-order asymptotics. Paralleled with
the general theories given in Section 2. we now present a complete and rigorous treatment
for the SAR model, taking into account of the possibility that h,, is unbounded.

Recall ¢, = 1n(No) and Hy, = Hypn(Xo), 7 = 1,2,3. Similarly, let A, = A, (o), Gn =
Grn(N0)s Trn = Trn(Xo),r = 0,1,2,3, and R, = Ryn(Xo),r = 1,2. Let 1, = U—loGanBO.
With the specification of the SAR model and the quasi-maximum likelihood estimation
method, the generic regularity conditions listed in Section 2 can be made more specific or
more primitive. First, the set of rather primitive conditions of Lee (2004a) for the /n/h,,-

consistency of the QMLE A are essential and are summarized below in Assumptions 1-6.

Assumption 1: The true \g is in the interior of a compact set A.

Assumption 2: The innovations {uy;} are iid with mean zero, variance one, and CDF
Fo. E\um\“7 exists for some v > 0.

Assumption 3: The elements wy, ;; of W, are at most of order h. ' uniformly for all i
and j, where the rate sequence {hy,} can be bounded or divergent but satisfying h1*</n — 0
for some € > 0 as n — oo. As a normalization, w,; = 0 for all i. Furthermore, the
matrices {W,} are uniformly bounded in both row and column sums.

Assumption 4: The matriz A, is nonsingular, {A;'} are uniformly bounded in both
row and column sums, and {A;1(\)} are uniformly bounded in either row or column sums,
uniformly in A € A.

Assumption 5: The elements of the n X p matriz X,, are uniformly bounded for all n,

and lim,, .o, X' X,, exists and is nonsingular.
N—00 p<An<in

_1
Assumption 6: The elements of Myn, are O(hy,?) uniformly, andlim, . %%Mnnn =

¢, where either ¢ > 0, or ¢ = 0 but lim, %(ln\agAglA’gl\ —In|a2(N) A L)ALV #
0, whenever X\ # X\o, where o2()\) = U—gtr[A’glA;L(/\)An(/\)A_l].

n n n

The Assumptions 1-6 listed above are the Assumptions 1, 2, 3’, 4-7, and 10 of Lee
(2004a). Under these assumptions, the QMLE An is a \/n/—hn—consistent estimator of Ag.
In the regular case where h,, is bounded, i.e., the degree of spatial dependence does not grow
with the sample size, An becomes v/n-consistent. These assumptions lead to the first-order
asymptotics for én, which are shown to be essential as well for the higher-order stochastic
expansions for ;\n, and the higher-order expansions for the bias, MSE, and variance of M-
Some further conditions are needed for ensuring proper orders of Ry, and Rs,, which are

crucial for the proper behaviors of the derivatives H,,,r = 1,2, 3. Denote &7210 =62(\o)-

Assumption 7: (i) B[22 (Y AL M, W, Y0) (G, — 0 ) (62 — 0d)] = O((%)%), and (ii)
B[ (VW M, Wi Yo) (500 — 05 ) (62 — 02)] = O((22)7), for 52, between o and 62,

These conditions are weak as under the earlier assumptions %L (Y, A, MW, Y,) = Op(1),
b (VW) MW Yn) = Op(1), 62y —02 = Op(n_%), and 5 —op* = Op(n_%); see Appendix

B for their proofs. Thus, the two random quantities involved in (i) and (iz) of Assumption
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7 are both O,(n~1), suggesting that their expectations would be of order O(n~!), which
is smaller than the desired order O((%)%) To ensure the proper stochastic behavior of
H,.,,r=1,2,3, the following conditions are needed.

Assumption 8: (i) hSE[(Ri, —ER1,)*] = O((%2)7), s = 2,3, 4; (ii) h2E[(Ran—ER2,)?]
= O((12)7); and (iii) B E[(Rin — ER1n)*(Rap — ERo,)] = O((22)3),5 = 1,2.

The three conditions in Assumption 8 are in fact rather weak since, following the results
of Lemma 3.1 below, all the random quantities inside the expectation sign are of order
Op(%) or lower, which suggests the conditions are met as long as their expectations do not

‘explode’ beyond the order O((ﬁnﬂ)%) We have the following important lemma.

Lemma 3.1: Under Assumptions 1-7, we have
(i) hnRin = Op(1), E(hyR1n) = O(1), and hy Ry = E(hy Rip) + Op((22)7);
(”) hnRQn = Op(1>7 E<hnR2n> = O(1>7 and hnR?n - E<hnR2n> + Op((hn> )

n
With this lemma and under the conditions listed above, we are able to prove the following

W=

theorem and corollaries. These theorem and corollaries parallel the general theorem and
corollaries given in Section 2 with the order of magnitude of each term adjusted to allow

for the possibility that h,, increases with n. All proofs are given in Appendix B.

Theorem 3.1: Under Assumptions 1-8, we have a third-order stochastic expansion:
;\n—/\o =a_1/9 ta- +a—3/2+0p((%>2>7 (23)
where a_1/2 = Qnd}n; a-1 = in/;n + Q%Hlnd;n + %Q%E<H2n>d~]72u and
a_z/2 = Qnd}n + QQ%HanEn + Q%E<H2n>d~]721 + Q%H%nd;n + %Q%H%ﬂ[]r%
+5QE(Han) Hintop + 5Q0E(Han)*y) + 5B (Han) ¥,
having stochastic orders a_g/o = Op((%)sﬂ), s=1,2,3; and Q,, = —1/E(Hyy,).
Note that {a_,/o} have the same expressions as those in Theorem 2.1. The difference is

in their stochastic orders. To simplify the presentations and to facilitate the practical im-

plementations of our results, define 1, = {Qn, 05,1}, c2n = {Qn, 2, 3Q2E(Hap), 04,1},

c3n = {Qn, 202, Q3E(Hay,), 3,305, 3QLE(Hay), $QUE(Ha,)? + s QaE(Hsy,)}Y, Cop =

ny 2% ’ 2%8n

Cin + Con, and C3,, = c1y + Cop + €3, Let
Cn = {Jjna Hlnl/;nu 1/;7217 H%nl/;nu H2n1/~172p Hlnd}iu 1[]2}/ (24>
Then, a_1/2 = Cllncn, a_q1 = C/annu a_3/2 = ancn, and Xn — AO = Céncn —+ Op((%>2>

Corollary 3.1: Under Assumptions 1-8, assume further that a quantity bounded in

probability has a finite expectation. We have a third-order expansion for the bias of An:
Bias(An) = b_1 + b_z5 + O((12)?), (25)
where b_1 = Cy, E((n) and b_g/9 = ¢4, E(C,); and 2nd- and Srd-order bias-corrected QMLEs:

;\2C2 = ;\n - 6'2InE<Cn> and ;\203 = ;\n - 6'3/71E<Cn>7 (26>
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where the quantity with an ~ denotes the estimate of the corresponding quantity.

Comparing with the second-order bias formula of Bao and Ullah (2007a) for the pure
SAR model, we see that our second-order bias formula b_; contains an extra term 20, E(¢)y,),
which is of order O((%)) in general but vanishes under the pure SAR model with normal
errors. If the second-order bias-correction is not enough, our approach provides an easy
way for the third-order correction. In contrast, the analytical approach involves tremendous

amount of extra algebraic work even with a simple model of normal errors.

Corollary 3.2. Under Assumptions 1-8, assume further that a quantity bounded in
probability has a finite expectation. We have a third-order expansion for the MSE of An:

N

MSE(;\n) =m_1+m_3;p+m_g+ O((%ﬂ‘) )s (27)

Jorm_y = ¢, E(Gréh)ein, m_z/o = 2¢1,E(CnGy ) con, m—2 = 5, E(CnGr) con+2¢1, E(Cr (7 ) csn.

It is seen that introducing the notation ¢;, and (, greatly simplifies the expression for
the MSE expansion. Simplification is even greater for the variance expansions as seen from

the following corollaries, which makes the practical implementations much easier.

Corollary 3.3. Under Assumptions 1-8, assume further that a quantity bounded in

probability has a finite expectation. We have a third-order expansion for the variance of An:
Var(A,) = v_1 +v_g/s +v_g + O((12)3); (28)

where v_1 = ¢}, Var((u)cin, v_g/2 = 2¢,,Var(Ca)can, and v_g = (c2n + c35) Var(Gu)(can +
3n) + 2¢), Var((p,)can.-

Note that v_1 +wv_3/9 +v_o = Var(a_i/s +a_1 + a_3ss) = C3,Var(¢,)Cs,, which
guarantees the positiveness of the third-order variance estimate. Similarly, one may use
Var(a_y /o +a_1) = Cy,Var((,)Cy, for second-order variance correction. The asymptoti-
cally equivalent but simpler variance expansions, Var(A,) = m_1 +m_s /2 + O((%)Q) and
Var(A\,) = m_; +m_z/5+m_g—b%, +O((%)%), may be used. However, as pointed out in
Section 2, these simplifications may not guarantee the positiveness of the variance estimates,
thus it is recommended that the results in (28) be followed in the practical applications.

One important issue left is the variances of the bias-corrected estimators, i.e., Var(;\}’LCQ)

and Var(;\}’LCS), which is more relevant in improving the finite sample inferences for .

Corollary 3.4. Under the assumptions of Corollary 3.3, assume further that bog—b_y =
O((%)%) and /b\_3/2 —b_g)9 = O((%)Q) We have the third-order expansion:

Var(Ab%) = v_ + v_g/5 + v_5 — 2ACov(An, b_1) + O((12)3) (29)

and Var(Abe2) = Var(\be3) + O((%)g), where ‘ACov’ denotes the asymptotic covariance.
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It turns out that the variance of \, agrees with the variances of ;\202 and ;\203 to the
second-order O((%) %) but differ on the third-order O((%)Q) With the results of Corollaries

3.1-3.4, various t-ratios for inference for A can be formed:

Xbcz‘ Y
tiy = L (30)
00

where ;\}’LCi denotes the ith-order bias-corrected estimator, and 17]() the estimated jth-order
corrected variance, i, j = 1,2, 3. Clearly, i = 1 and j = 1 correspond to the original QMLE
A, and its asymptotic variance. Monte Carlo results given in Section 4 show that the usual
t-ratio, t11, leads to the worst results, whereas the fully third-order corrected t-ratio, tss,
leads to the best inferences for .

It would be interesting to see the impacts of bias correcting An on the estimation of
the regression coefficients 8 and the error variance o2. As discussed in the introduction, in
estimating an econometric model with nonlinear, linear and scale parameters, the estima-
tion of the nonlinear parameter is the main source of bias and the main difficulty in bias
correction. Now, given the bias corrected QMLE of A, ;\202 say, what are the finite sample
properties of 3,(AP?) and 672(APe2) = —2_52(3\be2)? We have, for A, = A, or AP

n—p N
Bias[3,(\n)] = —bpBias(An) — 00QE(Entn) + O(hun2), (31)
Bias[572(An)] = —208TonBias(An) + 20 B(Cuthn) + 03dnQ2E(W2) + O(hun ), (32)

where bn = (Xylan>_1X7ILGanBO = O(l), fn = (X;LXR>_1X7/LGnun = Op(n_%>a Cn =
02Ton — LY AL MW, Yy, = Op((han) %), and dy, = Tip + L, = O(hh).

n-n

~

As Bias(\,) = O(@nﬂ) and Bias(\P??) = O((@nﬂ)%), the above results show clearly the
impacts of using A, = A, or A>? on the finite sample performance of G,(A,) and 6*2(X,,).
Monte Carlo results (not reported for brevity) show that the biases of 3,(A2?) and 2(Ab<2)
are very small, and can be significantly smaller than these of 3,(),) and 672(),,). Although
in theory the second term in (31) is O(@) and the middle two terms in (32) are O(n™1),
Monte Carlo results do not show that they have significant contributions to bias. Indeed,
h

we can show that when A = 0, the second term in (31) becomes O(:% ). These are consistent
with our discussion in the introduction. In any case, the above results can be used to further

correct 3,(AP?) and 672(AP°2) so that they become truly unbiased up to O(Ln).

3.2 The bootstrap method for practical implementation

While working with the concentrated estimating equation greatly simplifies various ex-
pansions, it does not overcome the difficulty in analytically evaluating the expectations of
various quantities in the expansions. From the expressions given in (18) to (21) we see
that, in order to calculate various expectations in the bias, MSE, and variance expansions,

all we need is to find the expectations of R, and R, (the ratios of linear-quadratic and
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quadratic forms), their powers, and the cross-products of powers, and then evaluate them
at the estimated parameter values. In other words we need to derive analytically,

E(RY), k=1,---,10; E(RS ), k=1,---,4; and E(RY, RS, k=1,---,6,m=1,2,
and then in the resulted closed form expressions replace 6y by én and certain moments of F
by their estimates, for up to third-order expansions. However, this is either too cumbersome
if the errors are normal, or too difficult if the errors are nonnormal, unless for the special case
of a pure SAR model with normal errors.” For the general SAR model with normal errors,
we managed to derive only a second-order bias formula (requiring only E(R%,), k = 1,2, 3,
E(Rsgy,) and E(R1,R2,)) by extending the results of Smith (1993). However, the results are
too tedious to be fit into the current paper. In the case of the general SAR model with
nonnormal errors, we failed to obtain any analytical results.

Thus, for the higher-order results presented above to be practically feasible for a general
SAR model, it is highly desirable to have an alternative way to evaluate these expectations.
Clearly, it is when the errors are non-normal and the model contains regressors that gives
a practical attraction. To solve this puzzle, the bootstrap procedure outlined in Section 2

is made explicit below. Note that the two key ratios can be written as:

u;LMnGnun + u;LMnnn
ul, Mpuy,

u, Gl M, Gruy, + 2ul, G Myny, + 1), Myny,

ul, Myuy, ’

Rln = Rln(unu 90) =

)

R2n = R2n(unu 90) =

where 7, = UO_IGanBO. These show that ¢, = z/;n(un, 0o) and H,, = {H1p, Hop, H3n} =
H,(un,0y). Hence, ¢, = Cu(un, bp). In other words, all the random quantities in the bias,
MSE, and variance formulas can be expressed in terms of u,, and 6y. This leads naturally to
a bootstrap procedure for estimating the expected values of these random quantities (see,

e.g., Efron, 1979; Amemiya, 1985, p. 135). The suggested bootstrap procedure is:

~2

1. Compute the QMLEs 0,, = (3,62, \,)" based on the original data,

Al
ns
Compute QML residuals G, = &_l(flnYn — Xan), where A, = I,, — AW,
Resample 1, (centered) in the usual way, and denote the resampled vector by 11;;,),

Compute Run(ii}, , 0n) and Rop (i, ,, 0n), and thus Hy (@2 ,,0,), and (o (@, 0n),

e e

5. Repeat steps 3-4 B times to give sequences of bootstrapped values for H, and (,.

"In this case, the high-order bias and variance formulas involve E{(u}, A1tn) (ulpAzun)? /(uhun)7} for
symmetric matrices A; and A, and 4,j = 0, 1,2, ..., which can be found using the results of Smith (1993).
For this simple model, the resulted analytical expressions (Bao and Ullah, 2007a) are complicated but
manageable. Either dropping normality or adding exogenous regressors or both invalidate these results.
Working with the full likelihood function makes it possible for an analytical solution but at the expense
of more tedious expressions; see Bao (2013) for a second-order bias formula for 0,. As we are primarily

interested in the finite sample properties of A, we thus work with the concentrated likelihood function.
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The bootstrap estimates of various expectations thus follow. For example, the bootstrap

estimates of the mean and variance of 1/3721 (the third element of ¢,,) are, respectively, E(¢2) =

B it Ui (i 4, 0n), and Var($2) = 5 300 (@5 4, 6n) — [E($2)]?. With the quantities
Cin,t = 1,2,3, and (, introduced below Theorem 3.1, the practical implementations of

our bootstrap-based bias and variance corrections (whether 2nd-order or 3rd-order) can be

made much simpler — all that are needed are the following bootstrap estimates:

E<Hn> = BZbl (nb,é),
E@") = BZb 1 Cn (T, 0,), and

E(Cn(%) = B Zb 1(71( nb’ )CI( nb’ )
See, e.g., Efron (1979) and Lahiri (2003) for details on the general bootstrap principles.

3.3 Validity of the bootstrap method

We first provide some heuristic arguments for the validity of the proposed bootstrap
method. Formal results are given in Corollaries 3.5 and 3.6 and proofs are given in Appendix
B. As all the quantities in the expansions are smooth functions of either Ry, only or both
Ry, and Rs,. It may suffice to argue that the above bootstrap procedure leads to wvalid
estimates of E(R1,) and E(Rz2,). Recall F is the CDF of uy,;. Let uo = p(Fo) be the higher-
order moments of Fy that E(R1,) and E(Ry,) depend upon. Let F, be the EDF of i,.
Consistency of én ensures the consistency of using fi,, = u(fn) to estimate o (see Lemma
B.6, Appendix B). If, in the real world, one knew both Fy and 6y, one may approximate
E(Rjyn), j = 1,2, to an arbitrary accuracy by

E(Rjn) = & 3™ Rjn(unm, 6o), 5 =1,2,

where 1w, ,, is a random n-vector drawn from Fy and M is a large positive integer. If,

however, one knew Fy but not 6y, one may estimate E(R;;,) by
E<R]n> = (ﬁ ZM R]n(un ms 90)) = ﬁ Zn]\{le Rjn(un,ma én)a .7 = 17 27

where the estimation error comes only from the estimation of the model parameters. If,

o :én

instead, one knew 6y but not o, one may estimate E(R},) using the bootstrap estimates
~ * M * .
E(Rjn) = E*(Rjn(uy,y, 00) = 5 B Y bei Rjn(up . 00), j=1,2,

for a large B, where u;;b id Fn, Fn is the EDF of u,, and E* denotes expectation with
respect to F,. The error in estimating E(R;;,) now comes from the estimation of Fy.

In reality, however, one knows neither 6y nor Fy. Under the bootstrap world, these
unknown quantities are made ‘known’ to be their estimates én and .7:"”, and the bootstrap
DGP that mimics the real world DGP given in (1) is

nb—/\ WY*bJFXanJFUn n,b>
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where @ , £, and 6, = (An, B,,62) are the estimates of 8y = (Ao, Bh, 02) based on
the original data. Based on the generated bootstrap data {Y*,, X,,, W} and the bootstrap

parameters én, one computes the bootstrap analogue of Ry, and Ry, defined in (22) as

Y, AL M WY,
Y ALM, ALY

Y WM, WY,
Y ALM, ALY

* —
Rln,b -

and R, , =

which after simplifications become Ry, (u) ,, én) and Ry, (4 ,, én), the bootstrap analogue

of Rin(un,0o) and Riy(un, ) given above. Thus, the bootstrap estimates of E(R;,) are

E(Rjn) = E*[Rjn(,4, 0n)] = 5 2421 Rin(@5,4,0n), 5 = 1,2,
for a large B, where E* denotes expectation with respect to the EDF F,. In this case, the
error of using E(Rjn) to estimate E(R;,) comes from the estimations of both 6y and Fy.

The bootstrap estimates E(Rjn) are seen to have identical structures as the Monte Carlo

estimates E(R;;,) assuming a known Fj, the simple bootstrap estimates E(R;;,) assuming
a known 6y, and the original estimand E(R;,) assuming both 6y and Fy known. These
arguments suggest that if we write E(R;y,) = R;jn (0o, jt0), then we have E*[R;, (4 ;. 0,)] =

A~

Rjn(0n, fin). On the other hand, if the closed form expressions for Ry, (6o, po) exists, then
their analytical or plug-in estimates are Rjn(én, fin), the same as the bootstrap estimates.
From these, we conclude that the wvalidity of the proposed bootstrap method follows that of
the analytical method. However, the bootstrap method avoids the analytical derivations of
the expectations and the direct estimations of pg, which, in particular the former, greatly
extends the applicability of the methods for bias and variance corrections.

The above arguments extend directly to the more general functions b_g/9(0o, po), s =
2,3, and v_s/g(ﬁg,ug), s = 2,3,4, in that their bootstrap estimates can be written as
/b\_s/g = b_s/g(én,/ln) and V_g/9 = v_s/g(én,ﬂn). Evidently, both the b and v functions
satisfy the general smoothness conditions set out in Assumptions E and F in Section 2.3.

The validity of the bootstrap method for bias correction is established as follows.

Corollary 3.5: Assume the assumptions of Corollary 3.1 hold. For the bias-corrected
estimators defined in (26) with bias corrections estimated using the proposed bootstrap
method, we have: Bias(A\b¢2) = O((%)%) and Bias(Abe3) = O((%)Q)

Note that the exact content of g is not important as /i, is not required in the bootstrap
process. The proof of the results, however, requires that fi,,, or in general .7:"”, possess similar
properties as én, i.e., being \/W—consistent and having a bias of order O(@nﬂ) These
properties are shown in Lemma B.6 for .7:"”, and in detail for the case of third moment. The
cases of higher order moments can be shown in a similar manner.

The validity of the bootstrap method for third-order variance correction follows closely
the arguments used in the proof of Corollary 3.5, except that the estimation of the first-

order term v_1 needs an additional attention for achieving a third-order variance correction.
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Similar to the general case of Section 2, one shows for the SAR model v_1 =v_1 +v_3/5 +
v_g + O((h") 2), and by (A-9) the first-order variance of A, based on JEE takes the form:

o/ 0

vor =1, 4 72 2008 97 M + (Ho.4 — 3)9597), (33)
where 7, = 0}, Munn, + t1[Go (G + GI)], Go, = G, — Lt1(Gy) I, g5 = diag(GS) (the vector

of diagonal elements of G7), and g, is the rth moment of w,;, » = 3 and 4. Clearly, v_;
is an explicit and smooth function of 9y, and it depends on py = (o3, f0,4)" linearly.
With b_; g, defined in Corollary 2.6 and 3°§ defined by (16) with n replaced by n/h,,

the validity of the third-order variance correction is established as follows.

Corollary 3.6: Assume the assumptions of Corollary 3.4 hold. The variance expansion
(29) becomes Var(AP3) = v_j+v_ 3/0 U 0 —2E(b_, o YACov(Ap, O, )+O( (2 )%), and further
B0 +0_3/2+0-2) =01 +v_32 +v 2+ O((tn )5>-

The implication of the result in Corollary 3.6 is that the bootstrap estimate of Var(;\gcg)

bc2

with v°9” is valid in that it does not induce additional bias larger than O((@nﬂ)g), because

the other term E(b’_ 160 JACOV(An, 6,,) is of order O((%)Q) and the error from the estimation
of it will be O((h") 2). ACov(Ap, 0,) can be estimated by the plug-in method as an explicit

expression of AVar(f,) is available (Lee, 2004a), and E(b_1,) can be replaced by b_j 4,

which can be estimated numerically (see Sec 3.4 for details). The full expression for 7§ is

given in (B-9) and (B-10), and the detail for the practical implementation of 3 is given

in Appendix B, after the proof of Corollary 3.6. Some useful remarks are given below.

o/ o

The i)\lj can be simplified greatly when either h,, is unbounded, under which 2= G Gn =
O(h;') = 0(1) and ko 2 G < O (ha 2 ) = o(1), or the variability in the number of neighbors

n g

for each unit gets small as n goes large.® In these cases, v_; essentially equals 7., !, and

~be2 _ ~ ~ 10 U
025 = V-1 — Voq,9,bo1 — 5tr[Vq g0 AVar(6y)], (34)
where v_j g, = —7'n_27"n and V 1,008 = QTn_ST'nﬂl — Tn_Q%n with 7, and 7,, being the gradient

and Hessian of 7,; b_y = {b_1, (B — 22,62 — 62°°?} with 32 and 62" being the
second-order bias-corrected estimators of By and o3 obtained from (31) and (32) using AP<2,
Monte Carlo results show that 7$? defined in (34) works very well in that the additional

bc2

terms in the full expression of v°5 are negligible unless n is small and errors are skewed.

3.4 Monte Carlo Simulation

Extensive Monte Carlo experiments are carried out to investigate (i) the finite sample
performance of the QMLE A, and the bias-corrected QMLESs ;\202 and ;\203 of the spatial

SThis is seen from (i) Lg5’ gy, is the sample variance of the elements of diag(Gr), which is 0 when Ao = 0;
(1) G = Wiy + XoW2 + )\OWS ., if [Xo| <1 and wy,i; < 1; and (4i¢) the diagonal elements of Wy, r > 2

inversely relate to the number of neighbors for each unit, say {k:}i—;, see Anselin (2003). In fact, when W,
is row-normalized and symmetric, diag(W;?) = {k; '}. That Var(k;) = o(1) can be seen to be true for many

popular spatial layouts such as Rook, Queen, group interactions, etc, see Yang (2010b). Note 7, = O(%)
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lag parameter A, (ii) the finite sample performance of the corrected standard errors (se),
(7i7) the impact of the bias and se corrections on the subsequent inferences for A, and (iv)
the impact of bias corrections for A, on the estimators of 8 and o2.

Monte Carlo experiments are carried out based on the following SAR model:
Yo = AW,LY, + Boln + Xn1 81 + Xn2B2 + oun,

where 1,, is an n-vector of ones. For all the Monte Carlo experiments, 3 = {5, 81, f2} is set
at {b,1,1}or {.5,.1,.1}, 0 at 1 or 2, A takes values {.5,.25,0, —.25, —.5}, and n takes values
{50,100, 200,500}.7 Several ways of generating W,,, (X,1, Xp2), and u, are considered.

First, the values {x1;} or {x1;} of X,1, and the values {z9;} or {xg .} of X, are,

MRSAR-A: {z1;} i N(0,1)/v/2, and {2} i N(0,1)/v/2, or
MRSAR-B: {z1:} = (22, + zir)/\/i and {z2;} = (v, + vir)/\/i

where in MRSAR-B, {z;, 2y, Ur, Vi } N (0,1), across all i and r. Apparently, MRSAR-A gives
iid X values, and MRSAR-B gives non-iid X values, or different group means under group
interaction, see Lee (2004a) and below for details. The two schemes give signal-to-noise
ratios 1 when 31 = 82 = 0 = 1. Partial results with 8 = {5,1,1} and o = 1 are reported.

More extensive results are available at http://www.mysmu.edu/faculty/zlyang/.

Spatial layouts. Three general spatial layouts are considered in the Monte Carlo
experiments. The first is based on Rook contiguity, the second is based on Queen contiguity
and the third is based on the notion of group interactions. The methods used in generating
these three spatial layouts are similar to those used in Yang (2010b).

The detail for generating the W,, matrix under rook contiguity is as follows: (i) index
the n spatial units by {1,2,- -, n}, randomly permute these indices and then allocate them
into a lattice of k x m(> n) squares, (i7) let W;; = 1 if the index j is in a square which
is on immediate left, or right, or above, or below the square which contains the index i,
otherwise W;; = 0,7,5=1,---,n, to form an n x n matrix, and (¢4¢) divide each element of
this matrix by its row sum to give W,,. Similarly, one generates the W,, matrix under Queen
contiguity with additional neighbors sharing a common vertex with the unit of interest.

To generate the W, matrix according to the group interaction scheme, suppose we have
k groups of sizes mi, ma, - - -, my. Define W,, = diag{W;/(m; —1),j =1,---,k}, a matrix
formed by placing the submatrices W; along the diagonal direction, where W} is an m; x m;

matrix with ones on the off-diagonal positions and zeros on the diagonal positions. The

9As in Lee (2007a), the maximization of £5()\) is performed globally without imposing a restricted lower
bound on A. This is important when the true A value is negative and big, because QMLE is downward biased
and a restricted lower bound, —0.9999 say, would result in the searching process to hit the lower bound quite
often, thus failing to reach the true maximum point. This would in turn give a wrong impression that the
QMLE can be upward biased and the bias-correction may not work in certain cases. This is believed to be
the reason for the incoherent Monte Carlo results of Bao and Ullah (2007a). See Anselin (1988, p. 78-79)

for a theoretical discussion on the parameter space of A in relation to the eigenvalues of W,,.
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group sizes {m;} can be the same or different, and independent or dependent on n, allowing
for a full range of spatial scenarios considered in Lee (2004a). The details are as follows:
(1) calculate the number of groups according to & = K(n), and the approximate average
group size m = n/k, (ii) generate the group sizes (my, ma, - -+, my) according to a discrete
distribution centered at m, and (#i:) adjust the group sizes so that Z?Zl mj = n.10

In our Monte Carlo experiments, we use K (n) = Round(n®) with e = 0.35,0.50, and 0.75,
representing respectively the situations where (a) there are few groups of many spatial units
in each, (b) the number of groups and the sizes of the groups are of the same magnitude,
and (c) there are many groups of few elements in each. Clearly, h, = O(n'~¢). The group

sizes are drawn from a discrete uniform distribution from 0.5m to 1.5m.

Error distributions. To generate u,, three distributions are considered: dgp1: the el-
ements {u;} of u, are iid standard normal, dgp2: {u;} are iid standardized normal mixture,

and dgp3: {u;} are iid standardized log-normal. Specifically, for dgp2,

w=((1=&)Zi +&7Z) /(1 —m+mx 02 i=1,--- n,
where {;} i Bernoulli(7), and {Z;} i N(0,1) independent of {{;}. The parameter =
represents the proportion of mixing the two normal populations. In our experiments, we
choose m = 0.1, meaning that 90% of the random variates are from standard normal and the
remaining 10% are from another normal population with standard deviation 7. We choose

7 = 4 to simulate the situation where there are gross errors in the data. For dgp3,
u; = [exp(Z;) — exp(0.5)]/[exp(2) — exp(1)]°%, i = 1,--- ,n,

which gives an error distribution that is both skewed and leptokurtic. The normal mixture
gives an error distribution that is still symmetric like normal but leptokurtic. Other non-
normal distributions, such as normal-gamma mixture and chi-square, are also considered

and the results (available from the author upon request) exhibit a similar pattern.

Finite sample performance of bias and se corrections. We report the Monte

Carlo means, rmses and sds of \,,, A>°? and AP°3 under various combinations of the values for

(n, A, o), the error distributions, and the spatial layouts. We also report the averages (over
Monte Carlo samples) of the 1st-, 2nd- and 3rd-order ses: 171(;\n)%, 172(;\n)%, ‘73(;\71)% and
173(;\203)%, defined in (28)-(29) and calculated based on the proposed bootstrap method.!!

10Clearly, this design covers the scenario considered in Case (1991). Typical forms of K (n) include
K(n) = n/m where m is a prespecified constant independent of n and K(n) = Round(n®). Lee (2007b)
shows that the group size variation plays an important role in the identification and estimation of econometric
models with group interactions, contextual factors and fixed effects. Yang (2010b) shows that it also plays
an important role in the robustness of the LM test of spatial error components.

"n connection to Corollary 3.6 and discussions thereafter, the partial derivative 5_1,90 needed in
\73(5\203)% is estimated by the bootstrap numerical derivative: [(b_1 at 6, + i) — (b_1 at 6,)]/e, where
i is a (p+2) x 1 vector with 1 on its ith position and zero elsewhere, i = 1,--- ,p+2, and ¢ is taken to be

0.0001 in our experiments. The v_; in \73(5\203)% is estimated by 92 with details given in and after (B-9).
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Each set of results is based on 10,000 Monte Carlo samples, and 999+ floor (n°"®) bootstrap

samples for each Monte Carlo sample. Table 1 summarizes partial results with 5 = {5,1, 1}

and o0 = 1. From the results (also unreported), some general observations are in order:

(i)

(i)

(iii)

(vii)

(viii)

the bias-corrected QMLEs ;\202 and /A\}’LC3 are in general nearly unbiased and clearly
outperform the original QMLE A

~

An is always downward biased and the bias can be very serious depending on the

spatial layout, the sample size and the error standard deviation;

Abe3 improves over A2 but using AP°? seems to be sufficient under most of the

situations as far as bias-correction is concerned;'?

spatial layouts can have a huge impact on the finite sample performance of An — the

stronger the spatial dependence the worse ;\n performs;

the values of o and the slope parameters also have a big impact — the bigger the o is,

or the smaller the || and |32| are, the bigger are the biases, rmses and sds of A

the value of A\ and the way the regressors being generated affect the finite sample
performance of An —as A decreases, the bias of An decreases under iid regressors but
increases under non-iid regressors, whereas the [rmse|(se) of An always increases as A

decreases, with a sharper amount for the case of non-iid regressors;

the error distribution does not affect much on the general performance of the three

estimators, showing the robustness of the proposed approach.

The empirical sd of A, can be slightly different from that of /A\}’LC3 when sample size is
small, suggesting that the variances of A and /A\}’LC3 may differ on higher-order term
(see panels (a)-(c), Table 1). The results in the last four columns of Table 1 show
that 173(;\203) provides the best approximation to the variance of ;\}’LCS. The empirical
sds of ;\202 and /A\}’LC3 agree closely, suggesting that the finite sample variances of ;\202

and /A\}’LC3 are about the same. These are consistent with the result of Corollary 3.4.

In summary, the proposed bias-correction procedure works excellently in general, it is simple

and widely applicable, and thus should be recommended for the practitioners.

The performance of t-ratios. The finite sample behavior of the ¢-ratios t;; for testing

Hp : A =0, defined in (30) are investigated. Partial Monte Carlo results in terms of means,

sds, and tail probabilities are reported in Table 2. From the results, the following conclusions

can be drawn: (i) the asymptotic ¢-ratio t1; can perform quite badly with severe distortions

on mean and sizes; (i7) use of second-order bias-corrected estimator only (f91) immediately

improves; (4i7) use of the second-order bias-corrected estimator and its second-order variance

2In many cases, such as AR and MA models, b_j /2 is in fact zero as a referee points out. This might

help explain the small difference between A5°? and A2 for the SAR model we consider.
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gives further improvements; and (iv) use of the third-order bias-corrected estimator and its

third-order variance estimate gives the best results.

The performance of 3,(\>%?) and #&%(;\202). Monte Carlo experiments are also
carried out to investigate the performance of QMLEs of 3 and o2 following a second-order
bias corrected \,. Monte Carlo results (not reported for brevity) show that the biases of

Bn(AP2) and n"Tp&%(;\zCQ) are very small, and can be significantly smaller than these of

~

Bn(An) and n"Tp&%(/\n). Thus, further bias corrections as discussed around (31) and (32)

may not be necessary. More detailed study is interesting but beyond the scope of this paper.

4 Extension to a Vector of Nonlinear Estimators

In previous sections, we have focused on the models of only one nonlinear parameter.
Econometric or spatial econometric models may well contain two or more nonlinear pa-
rameters. An immediate example is the so-called SARAR model, which extends the SAR
model given in (1) by allowing the disturbance &,, to follow a SAR process. Other examples
include the spatial heteroskedastic model and the Box-Cox heteroskedastic model. We will
discuss these three examples in some details after the extension of the method.

When there are two or more nonlinear parameters in the model that are the main
source of bias in model estimation and the main cause of difficulty in bias-correction, our
method can be extended in a straightforward manner. Use of CEE still greatly reduces the
dimensionality, and more importantly it captures the additional second-order bias inherited
from the estimation of linear and scale parameters.'®> Furthermore, as far as bootstrap
method is concerned, there is little difficulty in extending a scalar nonlinear estimator
problem to a vector nonlinear estimator problem. The detail is as follows.

Using the same notation, under the same set-up (except that z/;n is now a vector), and
with almost identical conditions as in Section 2 (except that | - | in |[Hpn(A) — Hpn(Ao)|
and |\ — Xo| of Assumption D is replaced by the matrix norm | - ||), we have the third-
order stochastic expansion for the vector ), defined by the CEE, A, = arg{¢,(\) = 0}:
Ao — Ao = a_1/2+a—1+a_z/;+ Op(n~2), where

a_i2 = Quthp, a1 = QnH}a 179+ 3Q,E(Hap)(a_1/2® a_1/2),
a_gp = Q,H7a_1 + %Qann(a—l/Z & a_l/g) + %QnE<H2n><a_1/2 R a_q
+a1 ®a_y/p) + §QE(Hsn) (a1 @ a_1)s © a_y)s),

and ® denotes the Kronecker product. This CEE-based expansion takes the same form as
that based on JEE of Bao and Ullah (2007a), except that when taking the expectations for

3However, if one is interested in the analytical properties of the bias corrections, e.g., the main cause of

the bias problem and the factors affecting the magnitude of the bias, it is easier to work with JEE.
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deriving the biases, the terms involving E(z/;n) do not vanish. The bias terms of \,, are:

b_q = QQnE<l/~Jn> + QnE<H1nQnd;n> + %QnE<H2n>E[<Qnd;n> ® (anzn)]’ and
bosjp = UE(Hfa-1)+ $QE[HS,(a_1/2® a_1/2)] + $QE(Han)E(a_1/2 ® a_y

a1 ®a_19) + s E(Hzn)E(a_1/2® a1/ ® a_y9).

We have the options of performing second-order bias correction on ;\n: ;\202 = ;\n —/b\_l,
and the third-order bias correction: ;\203 = ;\n — /b\_l — /b\_g /2, where /b\_l and /b\_g /2 are the
bootstrap estimates. Note that the nonstochastic matrices €2, and E(Ha,,) appear between
the random quantities Hy, and z/;n inside the expectation sign. This makes the evaluation
of the expectations more difficult. Using the well-known properties of Kronecker product
A® B)(C® D) = AC ® BD and vec(ACB) = (B’ ® A)vec(C), where ‘vec’ vectorizes
a matrix by stacking its columns, one can ‘pull’ these nonstochastic matrices outside the

expectation sign (see, e.g., Horn and Johnson, 1991). For example, b_; can be expressed as
b1 = QQnEw;n) + QnE(dXz ® Hip)vec(Qn) + %QnE<H2n>(Qn ® Qn>E<d~1n ® 1/~Jn>a

which simplifies the estimation (plug-in and bootstrap) of various expectations. While the
same can be done for b_3 /5, the final expression becomes lengthy. To avoid this complication,

we revise the bootstrap procedure described in Section 2.2 as follows:

1. Draw B independent random samples, {1y, ,, b=1,2,..., B}, from F,
2. Calculate the bootstrap estimates of E(Hyy,) and E(Hay,),

E(Hin) = % 0= Hin(itf y, 0) and E(Hap) = 5 Yy Hon(% . 0r)

3. Based on the bootstrap estimates (4, = —E~(Hy,) and E(Hy,), calculate the bootstrap
estimate of, e.g., E[H3, (a_1/o ® a_y3)], as

A~

1 = ~ % N o A T (ak N AT
B Z {[H%(un,ba On) — E<H2n>Hann(un,bv On) ® ann(un,lﬁ 9n>]} .
b=1

All the other expectations in b_3/, can be handle in the same manner. The computa-
tional cost is still low as the bootstrap replications do not involve reestimation of model
parameters. The validity of this procedure can be inferred from that in Section 2.2. The
results on higher-order variance-covariance matrix of An can be handled in a similar man-
ner. We outline a few applications, concentrating on bias correction, to demonstrate the

extended method. Detailed treatments are beyond the scope of the paper.

The SARAR Model. Consider an extension of Model (1) by allowing the disturbance
to follow a SAR process (Anselin, 1988): Y,, = A\W1,,)Y,, + X,.0 + &, &n = pWonepn + oup.
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Both spatial parameters enter the model in a nonlinear fashion and thus their estimation is
expected to incur bias. Letting A, (\) = I, =AW, and B, (p) = I,,— pWha,,, the concentrated

quasi-Gaussian loglikelihood for (A, p), assuming u,, ~ N(0, I,,), is
n n ~
(N, p) = =5 llog(2m) + 1] = 7 loglaz (A, p)] + log |4 (N)| + log | Bu(p)],

where 62(X, p) = LY (A)Myu(p)Yn(A), Yn(A) = An(A)Yy, and My(p) is an n x n matrix

involving only the p parameter. The concentrated estimating function is

Y (N My (p) W1 Yy
. —Ton(N) + Y (AN) M (p)Yn(N) '
)= . Yo () Ma(p) Ya (V)
—Kon(p) - 2Y,1(A) M (p) Yn(A)”

where Ton(A) = 2tr(Win4,1(N), Konlp) = tr(WanB,'(p)), and My,(p) = d%Mn(p).
Straightforward but tedious algebra leads to the expressions for the 2 x 2 matrix Hy,, (A, p),
the 2 x 4 matrix Hy,(\, p), and the 2 x 8 matrix Hs, (A, p). Bias and variance corrections
proceed with the above bootstrap method.

Spatial heteroskedastic regression. An alternative extension of Model (1) is to let

1
en = o3 (v)uy, where ', (v) = diag{w;(y),i=1...,n} and w;(7y) are the given skedastic
functions with a ¢ vector of unknown heteroskedasticity parameters v (Anselin, 1988). The

concentrated quasi-Gaussian loglikelihood for (A, ), assuming u,, ~ N (0, I,,), is
n n -
(r (A7) = =5 llog(2m) + 1] = 7 loglon (A, 7)] + log | An(A)] = Y _log @i(v),
i=1

where 62(\, ) = LY, /(A) My (7)Yn(A), Ya(A) = Ay (A)Y,, and M, (7) is a projection matrix

n

involving only the v parameters. The concentrated estimating function is

Y (A) M (1) Win Y
~ _T()n(/\> + YTQ(/\)Mn(an(M ’
PN, ) = 1 on@in, (1) YL My(1)Ya(d) . 1
_E; wz(7> B QYTQ(/\)Mn(p”Yn(/\)v 7=1,...,q,

where w@;,.(v) = a%jwi(’y), and Mnj(’y) = a%].Mn(’Y), j =1,...,q. Straightforward but
more tedious algebra leads to the expressions for the matrices H;n (A, 7),j = 1,2,3. Bias

and variance corrections proceed with the above bootstrap method.

Box-Cox heteroskedastic regression. Consider a non-spatial model: h(Y,,\) =

1
XnB + o'z (y)uy, where the response Y,, is transformed by the Box-Cox transformation
h(y,\) = %(y’\ —1),A # 0;logy, A = 0, A is an unknown transformation parameter, and the

disturbances are heteroskedastic defined as in the spatial heteroskedastic model considered
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above. See, e.g., Yang and Tse (2006, 2007) for some interesting applications of this model.

The concentrated quasi-Gaussian loglikelihood for (), 7), assuming normality, is
n n n n
(a0 7) = =5 llog(2m) +1] = 7 loglon (A, 7)] + Z; log hy (Y, ) = 3 log @i(7)
i —

where 62(X,7) = Lh(Y,, ) My (7)h(Yn, A), hy (Y, A) = a?/ h(Y;, A) and M, (7) is as in the

spatial heteroskedastic model considered above. The concentrated estimating function is

Z hya(Yi, A) Wy (Y, A) Mo (7) h(Yn, A)

~ A\ . hY }/;7 /\ h/(Ynu /\>Mn(7>h(Ynu /\> ’
v 12 @iy (7) W (s DMy (MY N)
n 2= mi(y) 2k (Y, NMp()h(Y, Ay 7 =

=1

where hy (Y, A) = (%h(Yn, A) and hyy(Yi, \) = %hy(Yi, A). The expressions for Hjn (A, ),
j =1,2,3, can be derived in a straightforward manner though tedious, but their expecta-
tions do not have closed form expressions, even working with the joint likelihood function,

1 h }/lv>\
as the expectations of the form, E[hy(Y;, Ao)], E(%
expressions. However, the proposed bootstrap method does not require the closed form

), etc., do not have closed form

expressions for these expectations, which stands in contrast to the analytical method.
Each of the three cases presented above merits a detailed study theoretically and em-
pirically, but are quite involved and thus are clearly beyond the scope of the current paper.

We will pursue these studies in future research.'*

5 Conclusions and Discussions

To address the bias issue in a model containing nonlinear, location as well as scale param-
eters, one can focus on the estimation of the nonlinear parameter and use the concentrated
estimating equation to obtain higher-order expansions to achieve bias and variance cor-
rections. This often turns a multidimensional problem to a single dimension and greatly
simplifies the higher-order expansions. It is argued that for these abstract formulas to be
practically useful, it is necessary to have a feasible method for estimating the various ex-
pectations in the formulas. Thus, a simple bootstrap procedure is introduced. These ideas
and methods are explored in a full detail in the context of a spatial autoregressive model.
Monte Carlo results show that this approach is very effective in that it almost eliminates

the bias of the QMLE, which can be quite large when spatial dependence is strong.

MThere is a general issue on the existence of E(a_, /2) in conducting bootstrap bias corrections, which
boils down to the existence of the moments of ratios of two stochastic quantities. If the denominator of a
random ratio is bounded away from zero with probability one (indeed it is, as it typically corresponds to
the estimator of the error variance), the existence of the moments of the random ratio boils down to the
existence of the moments of the numerator. Thus, moment requirements for bias correction based on a CEE

are essentially equivalent to the moment requirements for bias correction based on a JEE.

27



To appear in Journal of Econometrics
DOI: http://dx.doi.org/10.1016/j.jeconom.2014.07.003

We have emphasized through out the paper the tow important aspects of the proposed
method: simplicity and generality. That is, in cases where the analytical approach is
feasible, the proposed approach provides a simpler solution that works equally well; in cases
where the analytical approach is infeasible, the proposed approach again provides a simple
and satisfactory solution. The latter aspect is further demonstrated using the well-known
Box-Cox regression models. Another example where the analytical approach is infeasible
but the proposed one is may be the dynamic panel regression with short time periods and
endogenous initial observations (see Hsiao, et. al., 2002, or Hsiao, 2003). The advantage
of the proposed approach can be further seen by extending the SAR model to panel with
fixed individual effects: our results can be easily extended over, but the analytical results
of Bao (2013) cannot be easily done due to the lack of independence in the transformed
disturbances. In summary, the approach proposed in this paper offers a general solution
for a class of problems that cannot be solved, or cannot be easily solved by the analytical
approach, and thus should be recommended to the practitioners.

An important extension of the proposed method is made to the models involving two or
more nonlinear parameters that are the main source of bias in model estimation and the main
cause of difficulty in bias-correction. The proposed bootstrap method shows little difficulty
in such an extension. Further, besides the dimensionality reduction, it is emphasized that
use of CEE captures the additional bias inherited from the estimation of linear and scale
parameters, which is typically of second order. This latter point is very interesting and
deserves more attention in line with the models discussed in the early section. However,
these are beyond the scope of the paper and will be dealt with in future research.

Our methods can in principle be further generalized to allow for asymptotic (first-order)
bias. Typical models of both features are the panel models (dynamic or nonlinear) with fixed
effects, and in these cases, it would be interesting, as a future work, to extend our methods
to give higher-order bias correction to the problems considered in Hahn and Kuersteiner
(2002) and to offer an alternative to the jackknife and analytical bias reduction method of
Hahn and Newey (2004) which is based on an iid data set-up.

A referee has raised two intriguing issues which we are unable to address in this paper:
one is to provide theoretical interpretation for the downward bias of the QMLE of A, and
the other is to compare the high-order analytical bias derived from the CEE with the one
derived from the JEE considered in Bao (2013). As a rigorous study on either issue can
be quite involved, we plan to pursue these two issues in future research. Finally, there is
an issue on bias-correcting ¥_1 when v_1 does not possess a closed form expression. An
alternative would be the jackknife-bootstrap estimate of the bias of 5_1: (n—1)(0_1 —0_1),
where 7_ = %Z?Zl U_14, and V_;; is obtained in the same way as v_; except that the
ith residual is deleted. This leads to a jackknife-bootstrap bias-corrected estimator of v_y:
i)\j_b }) “=nv_;—(n— 1)5\_1. This approach is simple but computationally demanding. Clearly,

a rigorous study on its properties renders a separate future research.
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Appendix A: Proofs of the Results in Section 2

Proof of Theorem 2.1: Assumption B allows the Taylor expansions of ¥,,(A,) = 0
around Ag to be carried out up to third-order, and Assumptions A and D guarantee that
the errors in the Taylor approximations are of order O,(n~'), O,(n™%/2), and O,(n~?),

respectively, for the 1st-, 2nd- and 3rd-order Taylor expansions. We thus have,
0 = Pn+ Hin(Ay— Xo) +O0p(n71),
= : 3
0 = Un+ Hin(An— Ao) + 3Hon(An — X0)? + Op(n~2),
0 = o+ Hin(An — Xo) + 3 Hon(Ay — Mo)? + 2 Hz (A — No)® + Op(n72),

P

which give, as —H;,' = O,(1) from Assumption C,

An—Xo = —Hj W, +0,(nh), (A-1)
M=o = —Hp b — LH Hon(An — Ao)2 + Op(n2), (A-2)
Ao —Xo = —Hl, — SH I Hop(M — Mo)? — LHL Hsn (A — M) + Op(n=2).(A-3)

Under Assumptions B and C, Q,, = —E(Hy,,)™" = O(1), H;,' = O,(1), and Hf, =
Hy, — E(Hy,) = O,(n~1/2). These conditions lead to the following result

o o _§
_Hl_nl = <Q7_Ll - an>_1 - (1 - Qann>_1Qn - Qn + Q?LHIR + QiHIEL + Op(n 2)?

which reduces to —H,! = Q, + QZH, 4+ Op(n~1), or = Q, + O,(n~1/?). Substituting
—H;L =Q, +0,(n"/?) into (A-1) gives a first-order stochastic expansion for A,

An = X0 = Uty + Op(n1) =a_y )5+ Op(nh). (A-4)

Substituting (A-4) into (A-2) for A, — Ao, and replacing —H L1 in the first two terms of
(A-2) respectively by Q, + Q2H{, + Op(n™!) and Q,, + Op(n_%), we obtain,

~

An — Ao :a—1/2+a—1 +Op(n_%>7 (A_5>

where a_1 = Q,H{,a_y/5 + %QnE(Hgn)(aZ_I/Q). Finally, substituting (A-4) and (A-5) into
(A-3) for ;\n — Ap in the 3rd and 2nd terms, respectively, and replacing —H fnl in the first
three terms of (A-3) respectively by Qn—l—Q%an—i—QfLHf%—i—Op(n_%), Qu+Q2H7, 4+0,(n71),

and €, + Op(n_l/ 2), we obtain a third-order stochastic expansion for ;\n,
An— o = a_1y2+a-1+a_g;o+Op(n7?), (A-6)

where a_g/9 = Q, H{, a1 + %Qann(aQ_I/Q) + Q. E(Hap) (a1 0a-1) + %QnE(Hgn)(ail/Q).
Proof of Corollary 2.1: We have MSE()\,) = El(a_yjo+a_1+a_g + O0p(n2))%,

which simplifies to MSE(\,) = m_1 + m_3sp +m_o + O(n_%), where m_; = E(a2_1/2),

m_3s9 = 2E(a_1/2a-1), and m_o = E(2a_2a_3/5 + a? ), following the assumption in the

corollary: a quantity bounded in probability has a finite expectation.
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Proof of Corollary 2.2: We have b_1 = E(a_y/3) + E(a_1), and b_3/,5, = E(a_3/5)-

The result follows as expected error term is O(n~2) by the assumption in the corollary.
Proof of Corollary 2.3: Straightforward from the proofs of Corollaries 2.1 and 2.2.

Proof of Corollary 2.4: The additional assumptions stated in the Corollary ensure
that Var(AP®) = Var(A, —b_q —/5_3/2> = Var(Ap)— 2Cov(An, b_1) —l—O(n_%) =v_1t+v_g/,+
v_g— 2ACov(An, b_1) + O(n_%) as the other terms can all be merged into O(n_%).

Proof of Corollary 2.5: Recall b_; y = ;—ﬁb_l(ﬁ). The mean value theorem gives
b1 (0n) = bo1(B0) + by 9, (On — Do) + (b 5. =y 5y) (D — Do), (A-7)

where 9, lies between 9, and 9Jy. Under Assumption E, E(@n — ) = O(n™1), bo19, =
O(n™1), b_1g, —b-19, = Op(n_%), and 0, — ¥y = Op(n_%). Taking expectation on
both sides of (A-7) leads to E[b_1(0,)] = b_1(99) + O(n~2). The result E[b_g/g('lén)] =
b_3/2(90) + O(n~?) follows from the differentiability of b_3/5(¢}) and v/n-consistency of D

Proof of Corollary 2.6: Under Assumption E, we have by Taylor series expansions,
b—l(énu Mn(én» = b—l(e()u Mn) + B/_Lgo(én - 90) + Op(n_2>
= b_1(00, o) + "1y (1 — p10) + E(b'_1 ) (6n — b0) + Op(n™?)

noticing that 5_1790 depends on p,, and pu, — g = Op(n_%). It follows that ACOV(;\n,/b\_l) =
V.1 o ACOV(An, i) BB g YACOV( A, ) +O(n3). As ACov(An, ftn) = 2 Cov(thn, pin) =
O(n_%) by Assumption F(i7), the first result of Corollary 2.6 thus follows.

The proof of the second result starts from the derivation of (16). First, recall v, = ¢ (6y)
defined in (5). Let B, = E(¢y¢),) and I, = ~E(g5r¢n). Partition v = ($1a,95,)',
¥, = {%;;},and I, = {I;;} according to Ao (or 1) and ag (or 2). Note that v_; = Q2 Var(¢),,)
and §,, = —[E(CﬂToz/NJ(/\O))]_I. A 3rd-order Taylor expansion of ¢, = 11,(Xo, én(Xo)) around

an(Ao) = ap, combined with a 3rd-order stochastic expansion of &, (\g) — o based on

(A-8)

Yan (Ao, Gn(Ao)) = 0, gives a 3rd-order stochastic expansion for ¥y, with its first-order term
being ¥1,, — I12lp to,, Which in turns gives a 2nd-order expansion for —[E(%Oz/;(/\g))] with

its first-order term being 7, = ;1 — ]I12]I2_21]I21. Combining these two expansions leads to

V1 =V_1+V_gotvoa+t O(n_%), where the 1st-order term of Var(A,) based on JEE,
vy =7, 211 — 2lhallys Doy + [1ol55) Baolloo Tay), (A-9)

and the exact expressions for v_3/, and v_» are available but not needed as seen below.

Under Assumptions E and F(i), we have by a Taylor series expansion,
v-1(0n) = vo1(90) + 0L 5, (I = 90) + 5 (0 = 90) 01,900, (9 — Do) + Op(n™3),  (A-10)
where v_1 9 = 59—191)_1(19) and v_y g9 = %{;ﬂ/v_l(ﬁ). By vy =v_1+v_gn+vs —i—O(n_%),
Elv_1(0n)] = v_1 40"y g E(n — 00) + $tr[v_y go9 AVar(d,)] + O(n™2)
= v+ y’_LﬁOE(@n — o) + %tr[v_lﬂgo%AVar(@n)] +0(n™2)
). (A-11)

wlon N

njot

= wv_1+ V/—lﬁob—l + V'_me_l +d 2 +0(n"
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The result of (A-10) immediately suggests a 2nd-order bias-corrected estimator of v_;:

PP =01~y gb1— 7, ¢ 1—do,
as given in (16). Obviously, b_ is the 2nd-order bias of §,, and can be obtained from the 2nd-
order stochastic expansion based on 1, () defined in (5): 6,, — 6y = a_jpt+aq+ Op(n_%),
where a_y/p = Qu¢, and a1 = Q,H} a_;/, + %QnE(Hgn)(a_l/g ® a_i/3), ® denotes
the Kronecker product, Q, = —E(Hy,)™ !, Hy, = ai%wn(eo), H{, = Hy, — E(H;,), and
Hy,, = 6%6]}]11”. This gives Bias(f,) = E(a_ip +a1)+ O(n_%) =b_;+ O(n_%) where,

b—l = QQnE<wn> + QnE<w;L ® H1n>vec(ﬂn> + %QnE<H2n>(Qn ® Qn>VeC(2n>' (A'12>

Note that, unlike the early works which assume E(1,,) = 0, E(3,,) can be O(n1).
Alternatively, b_; can be defined with its first component being b_; defined in (9), and
the second component being the second-order bias of &(;\202) that can be easily obtained
for a given specific model bearing in mind that « is a vector of linear parameters and that
&(Np) has an explicit expression, as demonstrated in the subsequent sections.
The quantity c_; is the 2nd-order bias of [i, and can be obtained from the expansion

of fly,r = %Zn 4", the rth moment of the EDF F,, of @i, = un(0,), r = 3,4,. ..,

i=1 “'ni>
y . 2 A . A 3
finr = tnr =+l (O = 60) + 5 (6 = 00)"fim,r (6 — b0) + Op(n2),
: . 3
= ppy+ M;L,r(a—l/Z +a_i)+ %a’_l/zumﬂa_lﬂ + Op(n 2), (A-13)

where we recall fi,, » is the 7th moment of the EDF F,, of u, = un(00), fin, = aieoﬂnvr and

flnr = ae?%“nﬂ“ Under Assumption F(iii), we obtain Bias(f, ) = c_1 + O(n_%), where
0

C-1= {tr[QnE<¢nM;L,r>] + E(ﬂ%,r)[b—l — Q,E(¢)] + tr[EWnﬂ“)annQn]}pr (A-14)

and d denotes the dimension of p,.
Finally, using 0, — 00 = a_1 2+ Op(n~!) = Quthn + Op(n 1), and fin s = fin s+ fif, , (O —
00) + Op(n™1) = pinyr + i pa_1/2 + Op(n™Y) = piny + B(fi, ) @nthn + Op(n~1), we obtain

A~

d,= %tr[v_17ﬂ0ﬂ6AVar(19n)]
= %tr(y_wo%ﬂnilnﬂn) + (V1 o0, 2 Cov (v, @)| + %tr[v_17uo%\/ar(wn)], (A-15)

where @y, = {tin,r + E(fins ) Rntn} 4 -

It is easy to verify that b_; = b_; + Op(n_%), and that the same results hold for ¢_,
V-1, and U_y .. It follows that E(3”$?) = v_y + O(n_%) as d_y = d_s + op(n_%). By
Assumptions E(i) and F(i), U_3/9 = v_3/5 + (8%61)_3/2)(19” — ) —i—Op(n_%), which leads to

5

E(0_g/9) = v_g/ + O(n_%); and E(V_2) = v_g + O(n™2). The rest is trivial.

Appendix B: Proofs of the Results in Section 3
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Lemma B.1 (Kelejian and Prucha, 1999; Lee, 2002): Let {A,} and {B,} be two
sequences of n X n matrices that are uniformly bounded in both row and column sums. Let
Cy, be a sequence of conformable matrices whose elements are uniformly O(h,'). Then

(i) the sequence {A, By} are uniformly bounded in both row and column sums,

(ii) the elements of A, are uniformly bounded and tr(A,) = O(n), and

(iii) the elements of A,C, and C, A, are uniformly O(h,').

Lemma B.2 (Lee, 2004a, p.1918): Let X,, be an n X p matriz such that (i) its elements
are uniformly bounded; and (ii) lim, oo %X;LXn exists and is nonsingular. Then the pro-
jectors P, = Xp(X! X)) ' X! and M,, = I, — X,(X! X,,) "1 X!, are uniformly bounded in
both row and column sums.

Lemma B.3 (Lemma A.9, Lee, 2004b): Let {A,} be a sequence of n x n matrices that
are uniformly bounded in both row and column sums. For M, defined in Lemma B.2,

(i) tr(M,Ay,) =tr(A,) + O(1), (i) tr(A, M, A,) = tr(Al,A,) + O(1),

(ii3) tr[(MpA,)?] = tr(A2) + O(1), (iv) tr[(A!, M, A,)?] = tr[(A,A,)?] + O(1).
Furthermore, if the elements an;j of Ay are O(hyY) uniformly in all i and j, then,

(v) tr* (M Ap) = tr?(An) + O(%)) and (vi) 371 (MpAn)ii)® = iy ag + O(hy ),
where (M, Ay,)ii is the ith diagonal element of M,A,,.

Lemma B.4 (Lemma A.12, Lee, 2004b, extended): Let {A,} be a sequence of n X
n matrices that are uniformly bounded in either row or column sums. Suppose that the
elements ay ;j of Ay are O(h,t) uniformly in alli and j. Let £, be a random n-vector of iid

elements with mean zero, variance o and finite 4th moment, and b, be a constant n-vector
—-1/2

of which the elements are of uniform order O(h, '"). Then
(i) E(ehdnen) = O0(5%), (ii) Var(e), Anen) = O(7-),
(iii) Var(e), Anen + ben) = O(7%), (iv) e, Anen = Op(-),

(1) chAnen = B(ehAngn) = Op(()7),  (vi) ) Anby = Op((2)7).

Note that the results (v) and (vi) in Lemma B.4 extend Lemma A.12 of Lee (2004b),
where (v) follows directly from the generalized Chebyshev’s inequality and the result (ii):
P((%)%\%Anan—E(%Anen)\ > M) < 552 Var(el Anen) = 75 0(1); and (vi) follows from
the generalized Chebyshev’s inequality: P((%’l)%\@%Anbn)\ > M) < 5 Var(e), Ayb,) =
Ly AL Anb, = 50(1).

Lemma B.5 (Kelejian and Prucha, 2001, p.227, extended): Let A,, and D,, be n x n
matrices, by, an n x 1 vector, and £, an n X 1 random vector of iid elements with mean zero,
variance o, skewness vy, and excess kurtosis k. Let Q = e, Apen+ble, and S, = €/, Dye,.
Then, (i) B(Q,) = o?tr(A,) and E(S,) = o?tr(D,,),

(ii) Var(Q,) = otr[A, (A, + A')] + o*kal,a, + o?bl b, + 20%vyal by,

(iii) Var(S,) = otr[D,(D,, + D.)] + o*kd.,d,,

(iv) Cov(Qn, Sp) = o*tr[A, (D, + D.)] + o*kal,d, + o3yb,,d,,

where a, and d, are column vectors of diagonal elements of A, and D, respectively.
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Lemma B.6: For the SAR model specified by (1) satisfying Assumptions 1-6, the EDF
F, of the QML residuals @y, is such that for each continuity point u of Fo,

(i) B(Fa(u)) = Folu) + O("2), and Fp(u) = Fo(u) + Op((22)3);
if further Eluy ;|""¢ exists for some € > 0 and r = 3,4, ..., then the sample and population

moments fi, = u(Fy) and po = p(Fo) are such that

(i1) fin = 1(Fn) = o + Op((52)2), and B(fin) = po + O(%2).

Proof. To prove (i), assume W.L.O.G. 09 = 1, so that &,(= 4,) = MnAn(;\n)Yn =
én + 7 where &, = Mye, is the OLS residuals from regressing A,Y,, on X,, and 7, =

—(An — Ao) M, W,.Y,,. Let F,, be the EDF of &,. We first show that (i) holds for F,.

Write &, = &, + 7, where 7, = (I, — M,,)e,. Note that Var(7,) = I, — M,, = O(n™!),
and Fp,(u) = LS 1(ny < u) where 1(-) is the indicator function. We have, E(Fp(u)) =
LS P(&ni <u)=13T | P(en; + 7ni < u). For some e > 0,

Pleni+Tni<u) = Pleni+Tni <u,|fpi| <€)+ Plen;+Tni <u,l|fni| >€)
< Plepi <u-+e)+ P(|fni| >€)
= Folu+te)+0(n1),
where P(|7,;| > €) < 6%Var(ﬂm) = O(n~!) by Chebyshev’s inequality. Similarly, we have,
Pleni + i <u) > Fo(u—e€) + O(n~t). These imply that P(&,; < u) = Fo(u) + O(n™1).
Hence, E(F,(u)) = LS P(Eni < u) = Fo(u) + O(n1). For the second part, note that
Var(Fp(u)) = L 37  Var(1(&n; < w)) + %Z?Zl D i1 Cov(1(gn; < u),1(En; < u)),
where Var(1(£,; < u)) = P(&n; < u)[1 — P(&,; < u)] = Fo(u)[1 — Fo(u)] + O(n™?), and
Cov(1(€n; < u),1(Enj < u)) = P(Eni < u, Enj <u) — P(Eni < u)P(Ey; < u). We have,
P(éni<u, énj <u) = Pleni+Tni<uenj+nj <u,l|fni| <e ;| <e)

+P(en,i + i < U eni + Tnj < u, (|Fni| > € or |7 | > €))
Plen; <u+eenj <u+e)+ P > €) + P(|fn ;] > €
Folu+e€)?+0(n1).

Similarly, we have P(,; < u, &,; < u) > Fo(u —€)? + O(n~1). It follows that P(&,,; <
u, te; < u) = Fo(u)? 4+ O(n~t), and that Cov(1(En; < u),1(s; < u)) = O(n7?) as
P(éni < w)P(En; < u) = (Fo(u) + O(n™1))(Fo(u) + O(n™)) = Fo(u)® + O(n~"). Thus,
Var(Fp(u)) = O(n~1). Tt follows that F,(u) = Fo(u) + O (n_%)

Now, moving from F,, to F,, we have Var(#,) = Var[(An— o) Mpnn + (An — Ao) My Grtin]
= Var(An) My nn, My, 4 Var((An — Xo) My Grtin) + 2Cov[(An — Ao) My, (An— Ao) My, G rtiy]
= O(h ), by noticing that the elements of M, G,u, and of M,n,u,G;m, are Op(1), and
that the elements of M, n,n,, M, are O(1). Repeating the same process as for .7-"n on fn, and
applying the results for F,(u), we obtain, E(F,(u)) = E(F,(u)) + O(%) = Fo(u) + O(%")
and 7, (u) = F(u) + Op((22)2) = Fo(u) + Op((22)2).

For (ii), we prove the result for the case where i is the third moment. The cases of

higher moments can be proved in a similar manner but with more tedious algebraic work.
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It suffices to work with the original residuals &, = MnAn(;\n)Yn instead of the standardized

residuals 4, = 6;, !

€, as defined in the main text as bootstrap is invariant of 6,,.

We have é,, = &, — (;\n — X\o)Y,, where &, = M,e, and Y;, = W,,Y,,. Let ® denote the
Hadamard product, then /i, = %(én ©E&n)é, = %(én ©E&n)én — %(;\n —X0)(En ® &)Y, +
Op(ﬂ) =L, 08)6+0 (( )%) Thus fi, is \/n/hn-consistent as L, 08)8 =
po +Op(n™ 2) due to the properties of OLS residuals. If a quantity bounded in probability
has a finite expectation, then E(f,) = LE[(§,©&,)'&,] — —E[(/\ —X0)(En®&,) Y, —i—O(%"),
where the first term equals pg + O(n~') by the property of OLS residuals, and the second
term is O(%") because E(\, — Ag) = O(%"), E[(&, ® £,)'Y,] = O(1), and (&, ® &,)'Y, —
E[(Z, ® &,)'Ya] = Op((22)3). Thus, E(jin) = po + O(22). Q.E.D.

Proof of Lemma 3.1. Denote 62, = 62()\g). By the mean value theorem,

6y =05 — 0y (62— 03) — (9 — 05 ) (620 — 7)), (B-1)

. R . _1 _
where 2 lies between 62, and 0. We need to show 62, — 03 = O,(n"2) and G,5 — 0 * =

Op(n_%), so that 6,7 — 052 = Op(n_%). As 62) = 1YIAI M, AY, = Lu, Myu,, by

Assumptions 2 and 5, and Lemmas B.2, B.1(4) and B.5(ii), Var(62,) = O(n!). By the

generalized Chebyshev’s inequality: P(y/n|62, — 03| > M) < gznVar(62)) = 71z0(1). It
(

follows that 62, — o = Op(n_%), and hence 62, — 08 = Op(n~ %) ok g—i—O ( _l))2 =

w|>—t3
w|>—t

od+0,(n"2), and finally 6 = (a§+o (n2))l= %—4(1+o (n )) = 05" +0,(n77).

For Lemma 3.1(i), hyRin, = 226 2V Al M,W,Y, = 226 2 () M,,Gruy + ul,Many,).
Lemma B 4(iv) implies h—"u;LMnGnun = Op(1) and Lemma B.4(vi) implies h—"u W Myn, =
Op(( n)2 ) AsGl=0s2+ Op(n_%), it follows that

hnRin = 20! M, Gou, + O,((22)2) = 0,(1). (B-2)
noo n

Now, by (B-1), E(h,R1n) = %—2 [(2Y! AL MW, Y,)] — og “E[(22Y) Al M, W, Y,,) (62
od)|—E[(L2 Y, Al M, W, Yo (G —00 o 1) (62,—02))], where the st term equals “2tr(M,G )
O(1) and the 3rd term is O(( )3 ) by Assumption 7. For the 2nd term, Cauchy—Schwarz
inequality and Lemma B.4(iii) lead to,

(Vo A, M Wi Yn ) (67 — o)
B[V, AL M WYy — ogte(MaGn)) (67 — 05)]| + o5 Eltr(MnGn) (670 — o)
L{var(ul, M, Gpun, + ul, Mnnn)Var(u My, — nag)}% +O(h,Y)

HOGE)0m)}2 + O(hy!) = O(hn®).

where we note E(62,) = 02 + O(n™!) and E[tr(M,G,,) = O(7%). These lead to,

B
<
<

=

E(h,Rip) = t2tr(M, Gy )+O( )+O((#) ) =0(1). (B-3)

Taking difference between (B-2) and (B-3) and using Lemma B.4(v), we obtain h, Ry, —
1/2
E(hyRun) = 2ul, My Gy, — 2240 (M,Gy) + Op((22)7) — O(20) = 0,,((12)7).
O'On n n n
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For Lemma 3.1(i4), note that h,Ro, = 2267 2V W, M, W,Y;, = L6 2 (ul, Gl M, Gy, +
2ul, Gl My, + nl, Myny,). Similar arguments as for Lemma 3.1(7) lead to

hnRop = :;2 (un G MpGrug + 1, Mpny) + Oy ( >%> = Op(1), (B-4)
0
B(hnRon) = Sotx(G,MnGh) + 2221, My + (k) = 0(1). (B-5)
The results follow by differencing (B-4) and (B-5) and applying Lemma B.4(v). Q.E.D.

Proof of Theorem 3.1. Clearly, the ¥()\) function given in (13) is differentiable for
A in a neighborhood of Ag with its first three derivatives H,,(\),r = 1,2, and 3, given in

(14)-(16). These allow us to implement the following third-order Taylor expansion:

- wn(ﬂn> - Jjn + Hln(ﬂn - AO) + %HQn(Xn - A())2 + %HSn(Xn - A())3
+%[H3n(X> - HSnKXn - A())37

where \ lies between ;\n and A\g. Under Assumptions 1-6, ;\n is \/n/—hn—consistent. Incor-
porating h,, and following the arguments leading to the result of Theorem 2.1, the result of
Theorem 3.1 follows if the following results hold:

(a) W = Op((%2)?) and E(¢n) = O(52);

(b) E(Hym) = O(1) and Hg, = Op((12)3), r = 1,2, 3;

(¢) H;,! =0,(1) and E(Hy,)~' = O(1); and

(d) Hsn(X) = Han = Op((42)?).

First, Lemma B.1 and Assumptions 3 and 4 give h,T,, = O(1),r = 1,2, 3.

For (a), by (B-2), ¥ = ~huTon + huRun = —hTon + ), My Gt + Op((52)7). As
ul, My, Gy —odtr(M,G,) = Op((35)2 ) by Lemma B.4(v) and tr(M,,G,,) = tr(G,,)+0(1) =
nTon+O(1) by Lemma B.3(i), ¢, = Op((22)2). By (B-3), E(¢h) = —hnTon+ "2 tr(M,G) +
O(2). By Lemma B.3(i), tr(MyGy) = tr(Gy) + O(1). Tt follows that B(#h,) = O(lx).

n

For (b), Lemma 3.1 implies (h,R1,)° = (E(hpR1n))® + Op((h") 2), for s = 2,3,4;

(hnRan)? = (E(hnRan))? + Op((22)2); and (hyRin)*(hnR2n) = (E(nR1n))*(E(hnR2n)) +
Op((%)%) for s = 1,2. These and Assumption 8 give E((h R1,)%) = (E(hpRin))® +
O((5)2), s = 2,3,4; B((hnRan)?) = (E(hnRa0))? + O((22)); and B((hnRin)*(hnR2n)) =

(E(hnR1n)) E(hpRap) + O((h") 2),s = 1,2. Finally, as h, T}, = O(1),r = 1, 2, 3, the above
results lead immediately to E(H,,) = O(1),r =1,2,3, and Hy, = Op((h") 2),r=1,2,3.
For (c), by (B-3) and (B-5), and the result E((h,R1,)?) = (E(hpR1n))? + O((%ﬂ),
E(H1n) = —hnTin — E(hnR2n) + 72-E((hnR1n)?)
= —haTin = Btr(G, My G) — L My — O(B0) + 2 (B (M, Gy) + O(20) 2

n

/
= —hnTln — %tIA(G;LMnGn) h" Mnnn + e (hntr<M G ))2 + O(%)

o2 n’?n

= —Int(G2) — o2 (GG — b, My + 72 (L2tr(Gn))? + O(22)

o2 n’?n

- _%[tr<Gn - TOnIn>2 + tr<G TOnIn> (Gn - TOnIn> + %gn;LMnnn] + O(%)
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This shows that E(Hln) < 0 for n sufficiently large and thus E(Hy,)™! = O(1). As
Hin = E(Hip) + Op((22)3), we have Hy,! = O,(1).
For (d), as 62(\) = %Y;A;(A)MnAn(A)Yn, we have

62(\) = 1Y’A’MA Yo —2(A = Xo0) LY AL M, WY, + (A — Xo)22Y W) M, W, Y,
= 525 =200 = 20)0p(hY) + (A = 20)20p(h; 1) = 6% + Op((han)~2),

N 1

leading to 6, 2(A\) = (62)4+O0,((hyn)~2)) L =6, (H—O ((hnn)_%))_l = &;02+Op((hnn)_%).
Now, as hy Rin(X) = 6,2(N) 2y AL (N) M, W,,Y,,, we have,

haRin(N) = (/\)h"Y’A’MWY 62N\ — /\)h"Y’W’ManYn
= <han+op<<hnn> ) = Op((E2)3) = hy Ry + Op((12) ).

1

Similarly, one shows that h, Ro,(A\) = h,Ra, + O (( )2). By the mean value theorem,
RT3, () = %tr(GfL(;\)) = %tr(G%)—i—ll%tr(GfL(;\))(;\ Xo), where X lies between X and Ao.
By Assumption 4 and Lemma B.1, Mtr(G’3 N) = O(l). It follows that h, T3, (\) — hp T3, =
Op((12)3). These lead to Hz,(X) — Ha, = Op((12)3), Q.E.D.

Proof of Corollary 3.1. Straightforward.

Proof of Corollary 3.2. Straightforward.

Proof of Corollary 3.3. Straightforward.

Proof of Corollary 3.4. Straightforward.

Proof of Corollary 3.5. As b_; is differentiable to the desired order, the expansion
(A-7) holds. By Assumptions 1-6 and Lemma B.6, 9, is \/n/hnp-consistent and has bias
of order O(%) It follows immediately that E(b_;) = b_1 + O((%)Q) Similarly, b_g /5 is
differentiable, giving E(/b\_g/2> =b_g/5+ O((%)Q) The results thus follow.

Proof of Corollary 3.6. As by = b_1(én, un(én)) is differentiable w.r.t. 6, up to the
desired order, the expansion (A-8) holds with n replaced by n/h,, i.e.,

b-1(Bn 110 (0n)) = b-1(00, ) + Uy g (B — 60) + Op((%2)?)
= b-1(0o, f10) + V"1 (i = p0) + BB ) (0 = b0) + Op((22)?).
This gives ACov(\,b_1) = by, 2 Cov(dn, i) + E(D_ g )ACov(An, b,) + O((22)3).

It is easy to show that ©, = h,Ton + hnRS, — haB(RS,) (62, — 02) + Op(!2), where
° = %(u;LMnGnun + ul,M,my,) and 62, = —u M, u,,. It follows that

in
Cov(Pn, tns) = hnCov(RS,, piny) — Lotr(M,G >Cov<azo,um>+0<<%>%>
= Y B[(u), My Gty + M) Sy (Ul — pio,r)
+ L tr (M, G ) B[, Myt ) S0y (uly — pi0,0)] + O((22)3)
B (B0 g2 — o) tr(MpGr) + n_gﬂ(),r—i—llnMnnn
D (4ig oy — 0, )81 (MnGr) + O((12)2)
= O((h") 2),r = 3,4,
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where fig, is the rth moment of Fy. Thus, b/_LMOQnCOV(ZZJn, fn) = O((h")%) showing that
Assumption F(ii) is satisfied, and the first result of Corollary 3.6 follows.

The proof of the second result starts from deriving 9°$> under the SAR model. With the
joint estimating function: v,(0) = 2={ L[/ (X, B)W,Y, — o?tr(GL(N))], 0—125”(/\, B) X,

n o2

L[l (N, Ben(N, ﬂ)—naQ]}/, where g, (X, B) = An(\)Y,— X, 0, it is straightforward to derive

204

¥, L, Hy,, and Hy,, defined around (A-9). The top-left corner element of ]IglEn]Igl
(A-9) leads to v_; given in (33). Obviously, v_; is differentiable up to the desired order.
By Lemma B.6, the expansion (A-10) holds with n replaced by n/h,, i.e.,

1) = -1 (00) + 'y gy (D — Do) + 3 (D — 00)'v_1,900, (0 — Do) + Op((22)3). (B-6)

As 0, = arg{in(0) = 0}, which is \/n/hy-consistent in general, we have as in Bao
(2013) a second-order stochastic expansion: 6, — 6y = a_y;+aq+ Op((%)%), where
aA_1/2 = Qnn, a1 = Qanl)na—l/2 + %QnE<H2n>(a—1/2 ®a—1/2>7 and Hcl)n = Hyp — E<H1n>

Further, as py, , is differentiable w.r.t. 6y, we have similar to (A-13),

g =t + (B — 00) + 3 (6 — 00) finr (0, — B) + Op((22)7),
= MnT+Mnr(a 1/2 Ta_1 >+2a 1/2Mn7"a 1/2+O ((h")%>a (B'7>

where, we recall, j,, , is the rth moment of the EDF F,, of u,, = u,(6y), and fi,,» and fiy, ,
are its first- and second-order partial derivatives, r = 3, 4, which can easily be seen to satisfy
Assumption F(iit) with n replaced by n/h,,. Similar arguments as in the proof of Corollary

26lead tov 1 =v 1 +v_ g9 +v o+ O((ﬁnﬂ)%) Putting everything together, we obtain
. 5
Elo_1(0)] = vt + V. g by + 10 e +doa + O((B2)2), (B-8)
where, as E(¢,) = 0 and V1 oty = 0, the quantities b_1, c_; and d_5 are simplified to

b_1 = Q,E(¢], ® Hy, )vec(2,) + 32,E(Ha, ) (2, ®@ Qy,)vec(Ey),
c_1 = { tr[QnE(z/Jn/l;W)] + E(/l;w)b_l + tr[E(ﬂmT)QnEnQn]}Qﬂ, (B-9)
d_y = 5tr(v_y g0 20 Q) + tr[v_1 o0 QnE(nwy,)],

and w,, = {Mn,r + E(/l;w)ﬂnz/}n, r=3, 4}/. Therefore, a bias-corrected estimator of v_1 is:

~bc2 ~ ~ ™ ~ ~ 3
V1 =UV-1— V—l,Gob—l —V_1,40C-1 — d_2, (B—lO)

)

s[F

which can readily be shown to have a bias of order O((22)2) for estimating v_;. The bias
5
2

>

3

)

Practical Implementation of 7°$?: First note that to avoid the handling of the

from estimating the other terms in Var(A2) are all O(( ), completing the proof.

additional large matrices E(¢), ® Hj,) and E(Hsy,), b_; can simply be estimated through
b_1, (31) and (32) as pointed out in the remarks given below (34).

For estimating E(finr), E(jin,r), E(¥nfy, ), and E(¢,w;,) = {E(z/znun )+ E () },
Note that u, = u,(6y) = UO_I[A(/\O)Yn — XnP0) and py, , = o uri(6p). We have,

1
n
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Lonr = %Z?Zl u;fum and fip, = %Z?Zl[(r — Duy, umu o um], (B-11)

LoD _ 1, 1 1
where in; = ggouni(fo) = (=5 wh, n7_o—_0xn17_2_2

um(eg))’ with w/; being the ith row
of W, and «, the ith row of X,, and i, = %, 89/ uni(fp) is a symmetric matrix with
last column a = (2 3men, %03 xl,, 434 uni(6o))’, last row o', and other elements zero. To

facilitate the calculatlons (B- 11) can be expressed in matrix form, for r = 3,4,

fing = Ll and jin, = "Ll (i, © (1, © ul2)) + LDy, (B-12)

3=

where Uy, = (Up1, -« ., Upn) = —(U—l()WnYn, U—loXn, ﬁun(eg)), a" = {a]} for a vector a, 1,, is
an m X 1 vector of ones, and D, has last row a = (#YAWAuQ L o (X ury, 434 1,up),
last column o/, and other elements zero. Clearly, E(/i, ) and E(jiy,) can be estimated by
their sample analogue, i.e., fi,, and fi,, evaluated at 0,,. E(¢nfin, ) and E(¢n i) can be
easily estimated by bootstrap, although their analytical expressions can be derived.

It left with the estimation of v_1 4 and v_j gg. Rewrite (33) as v_1 = 7, ! + 7,, 2k,
where 7, = 05 2858,8,00 + Gny kin = 20 110,39 o + (po4 — 3)9%92, ®, = MG X,
and G, = tr[G;,(G;, + Gy)]. Noting that g5, ®,, and G,, depend only on \g, 7, depends only

on 0y, and K, depends on both 0y and pg and linear in ug, we obtain,

-2 2 )
V—1,60 = 7, (Kngo — Tn) — 27 Tnkn} V1,10 = Tp " Kn,uos

_ —2 2 )
V_100my — Tn neouo 27, ° Tn“n Mo V—Lpophy = Tn Knpop)

— 3 -2 - -4, -/
U_1000, = 27,2 (TnTy, — Km0 Th, — Tnkn — Tnkl, 90) + 7, (Iﬁnﬁo% — Tn) + 67, ST ) K.

where 7, and 7, are the gradient and Hessian of 7,,, having the forms

20502, @0l + Gn Foi1, d0g 0000, —2057 By, d, 5
o= | 205°®,®,06 and 7, = | ~,  20,%®,®,, —20,"®,®,06
—ay " B5®], Pl ~ o~ 204 58, ®/, @ 5o

where 7, 11 = 20()_256(@%(1)”—1—@%@”)50—1—@”; and the partial derivatives of k,, have the forms:

— .0 V¥ o/ o — o — o !
Kongy = 1200 110,395 P + 95'D1) Bo + 2(ho.4 — 309295, 200 110395 @y —05 110,395 PnBo}
Bn,ug = (200 QOI(I)nBOu gyozlgyoz) ) ’%n,uouf) = O2x2,

< 205 (9P + 92 Dn)Bor 205 g0 B, —05 g8 B )
n,uobl, —

o o , and

24, 9y, 0, 0

R, 200 H03(95 P + g7/ ®n), —og Mo 3(95/®n + g5/ ®n) o
Kngooh, = |~ 0, —04 3 110,390,952 )
~, ~, 300 " 110,395 ©nBo

where xx = 200 10,3(7 P + 205 P + g7/ D) Bo + 20,0 — 3) (795, + g7/4r), and the
single dotted and double dotted g,, ®,, and G,, denote the first and second derivatives.

Finally, we have G,, = 2tr[G2(GS + G)] and G, = 2tr[GS(GS + G) + G2(GS + G,
which can be easily calculated based on G, = G?L, and G,, = 2G§L.
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Table 1. Empirical Mean[rmse](sd) of Estimators of A\, and Averaged Bootstrap SEs

A n An \ Abe2 \ Abe3 IEEEEE

(a) Queen Contiguity, Normal Errors, MRSAR-A

.50 50 | .411 [.195)(.174) | .492 [.175)(.175) | .497 [.175](.175) | .159 .171 .179 .172
100 | .459 [.123](.116) | .498 [.117](. 117) 500 [.117](.117) | .113  .116  .120 .116
200 | .480 [.078](.076) | .499 [.075](.075) | .499 [.075](.075) | .073 .074 .076 .075
500 | .493 [.049](.048) | .501 [.048](.048) | .501 [.048](.048) | .048 .048 .049 .049
.25 50 | .163[.222](.204) | .242[.209](.209) | .246 [.210](.210) | .190 .203 .202 .204
100 | .212[.146](.140) | .248 [.142](.142) | .250 [.143](.143) | .136 .139 .139 .140
200 | .231[.094](.092) | .250 [.093](.093) | .250 [.093](.093) | .090 .092 .092 .092
500 | .242 [.060](.060) | .250 [.060](.060) | .250 [.060](.060) | .060 .060 .060 .060
.00 50 | -.078 [.229](.216) | -.006 [.224](.224) | -.003 [.226](.226) | .210 .222 .215 .225
100 | -.034 [.157](.153) | -.002 [.156](.156) | -.001 [.157](.157) | .1561 .154 .151 .155
200 | -.018 [.106](.104) | -.000 [.105](.105) | .000 [.105](.105) | .103 .104 .104 .104
500 | -.008 [.068](.067) | -.000 [.068](.068) | -.000 [.068](.068) | .068 .068 .068 .068
-.25 50 | -.317 [.233](.223) | -.255 [.236](.236) | -.254 [.237](.237) | .221 .232 .220 .236
100 | -.279 [.164](.161) | -.253 [.166](.166) | -.253 [.166](.166) | .158 .161 .156 .163
200 | -.266 [.112](.111) | -.252 [.112](.112) | -.251 [.112](.112) | .110 .112 .110 .112
500 | -.256 [.073](.072) | -.250 [.073](.073) | -.250 [.073](.073) | .072 .073 .072 .072
-.50 50 | -.552 [.228](.222) | -.504 [.236](.236) | -.504 [.237](.237) | .223 .232 .217 .237
100 | -.519 [.162](.161) | -.501 [.166](.166) | -.501 [.166](.166) | .159 .161 .155 .163
200 | -.514 [.113](.113) | -.502 [.114](.114) | -.502 [.114](.114) | .113 .114 .112 .114
500 | -.505 [.073](.073) | -.500 [.073](.073) | -.500 [.073](.073) | .074 .074 .073 .074
(b) Queen Contiguity, Normal Mixture Errors, MRSAR-A
.50 50 | .420 [.182])(.164) | .494 [.165])(.165) | .498 [.165](.165) | .149 .160 .167 .162
100 | .462 [.120](.114) | .499 [.114](.114) | .500 [.114](.114) | .108 .111 .115 .112
200 | .482[.076](.074) | .500 [.074](.074) | .500 [.074](.074) | .071 .072 .074 .074
500 | .492 [.049](.048) | .500 [.048](.048) | .500 [.048](.048) | .048 .048 .048 .048
.25 50 | .169 [.207](.190) | .241 [.195])(.195) | .244 [.195](.195) | .179 .190 .191 .194
100 | .213 [.140](.135) | .248 [.136](.136) | .249 [.137](.137) | .130 .133 .134 .136
200 | .230 [.092](.090) | .249 [.090](.090) | .249 [.090](.090) | .088 .089 .090 .090
500 | .242 [.060](.060) | .250 [.060](.060) | .250 [.060](.060) | .059 .059 .060 .060
.00 50 | -.070 [.217](.206) | -.004 [.213](.213) | -.002 [.214](.214) | .197 .207 .204 .215
100 | -.032 [.150](.147) | -.002 [.150](.150) | -.001 [.150](.150) | .145 .148 .146 .151
200 | -.018 [.104](.103) | -.001 [.103](.103) | -.001 [.103](.103) | .100 .101 .101 .102
500 | -.008 [.068](.067) | -.001 [.067](.067) | -.001 [.067](.067) | .067 .067 .067 .067
-.25 50 | -.314 [.223](.213) | -.258 [.224](.224) | -.257 [.225](.225) | .208 .216 .209 .226
100 | -.275 [.155](.153) | -.251 [.157](.157) | -.250 [.157](.157) | .152 .154 .151 .158
200 | -.263 [.111](.110) | -.249 [.112](.112) | -.249 [.112](.112) | .108 .109 .108 .111
500 | -.257 [.072](.072) | -.251 [.072](.072) | -.251 [.072](.072) | .071 .072 .071 .072
-.50 50 | -.550 [.218](.212) | -.506 [.224](.224) | -.505 [.225](.225) | .210 .216 .207 .228
100 | -.520 [.155](.153) | -.503 [.158](.158) | -.503 [.158](.158) | .152 .154 .150 .159
200 | -.513 [.112](.111) | -.502 [.113](.113) | -.502 [.113](.113) | .111 .111 .110 .112
500 | -.505 [.074](.073) | -.500 [.074](.074) | -.500 [.074](.074) | .073 .073 .073 .074
Note: sé; = mean(\7 (An)é) €y = mean(\A/z()A\n)é) Ses = mean(Vg()A\n)é) and se§ = mean(V3 ()\bcs) )
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Table 2a. Null Behavior of ¢-Ratios for Testing Hy : A = 0: Group Interaction with k = n%3°

Empirical Tail Probabilities: L=left, R=right

n Test dgp | Mean SD L-1% L-25% L-5% R-5% R-25% R-1%
Nominal Values 0.0000 1.0000 0.0100  0.0250 0.0500 0.0500 0.0250 0.0100
50 t11 1] -0.5904 1.0572 0.0470  0.0965 0.1553 0.0210 0.0113 0.0051
2 | -0.6080 1.0801 0.0554 0.0974 0.1585 0.0209 0.0109 0.0042
3 | -0.5607 1.1100 0.0622 0.1072 0.1590 0.0159  0.0069 0.0030
to1 1| 0.0088 1.1571 0.0193  0.0404 0.0729 0.0796  0.0472 0.0265
2 | -0.0526 1.1665 0.0246  0.0505 0.0794 0.0712 0.0436 0.0244
3 | -0.0655 1.1712 0.0339  0.0601 0.0926 0.0610 0.0340 0.0151
too 1] -0.0085 1.0573 0.0143 0.0315 0.0591 0.0574 0.0323 0.0156
2 | -0.0644 1.0830 0.0201  0.0417 0.0705 0.0563 0.0323 0.0152
3| -0.0739 1.0780 0.0280 0.0487 0.0809 0.0425 0.0208 0.0077
t3s3 1| 0.0151 1.0400 0.0122  0.0279 0.0527 0.0565 0.0323 0.0156
2 | -0.0206 1.0105 0.0138  0.0283 0.0539 0.0487 0.0282 0.0131
3 | -0.0191 0.9636 0.0175 0.0324 0.0533 0.0354 0.0162 0.0063
100 t11 1]-0.5341 1.0220 0.0383 0.0771 0.1376 0.0185  0.0084 0.0038
2 | -0.5089 1.0464 0.0387 0.0828 0.1385 0.0202 0.0101 0.0035
3] -0.5296 1.0904 0.0518  0.0959 0.1508 0.0241 0.0111 0.0047
to1 1| 0.0300 1.0906 0.0138  0.0315 0.0590 0.0687 0.0403 0.0203
2| 0.0339 1.1103 0.0169 0.0351 0.0657 0.0745 0.0423 0.0200
3 | -0.0398 1.1400 0.0205 0.0468 0.0812 0.0722 0.0407 0.0199
too 1] 0.0189 1.0320 0.0111  0.0274 0.0529 0.0574 0.0304 0.0137
2 | 0.0216 1.0671 0.0153 0.0326 0.0612 0.0647 0.0339 0.0151
3] -0.0479 1.1219 0.0209  0.0470 0.0791 0.0664 0.0365 0.0161
t3s 1] 0.0345 1.0163 0.0094 0.0244 0.0484 0.0564 0.0299 0.0135
2 | 0.0455 1.0131 0.0099 0.0242 0.0451 0.0579 0.0298 0.0134
3 | -0.0070 0.9977 0.0094 0.0242 0.0496 0.0506 0.0261 0.0112
200 t11 1] -0.3593 1.0045 0.0254 0.0539 0.0978 0.0236  0.0125 0.0059
2 | -0.3578 1.0367 0.0283  0.0581 0.1062 0.0295 0.0148 0.0063
3| -0.3633 1.0686 0.0326  0.0628 0.1104 0.0328 0.0163 0.0053
to1 1| 0.0483 1.0508 0.0114 0.0277 0.0523 0.0628 0.0346 0.0173
2 | 0.0393 1.0823 0.0137  0.0302 0.0555 0.0690 0.0414 0.0199
3| 0.0054 1.1089 0.0159 0.0363 0.0626 0.0701  0.0433 0.0206
too 1| 0.0445 1.0266 0.0105 0.0255 0.0498 0.0578 0.0313 0.0146
2 | 0.0346 1.0680 0.0130 0.0295 0.0550 0.0648 0.0378 0.0176
3| 0.0003 1.1114 0.0176  0.0372 0.0648 0.0703  0.0419 0.0199
ts3 1| 0.0455 1.0044 0.0093  0.0238 0.0467 0.0531 0.0282 0.0130
2 | 0.0399 1.0202 0.0100  0.0243 0.0477 0.0594 0.0325 0.0137
3| 0.0182 1.0088 0.0099 0.0230 0.0464 0.0557 0.0301 0.0116
Note: (1) X1 and X5 are generated from MRSAR-B schme, 0 =1, and 3 = (5,1, 1)’;

(2) dgp: 1=normal, 2=normal mixture(r = 4,p = .1), 3=lognormal;

(3) tij: t-ratio with sth-order corrected estimator and jth-order corrected variance of it.
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Table 2b. Null Behavior of t-Ratios for Testing Hy : A = 0: Group Interaction with k = n?-°

Empirical Tail Probabilities: L=left, R=right

n stat dgp | Mean SD L-1% L-25% L-5% R-5% R-25% R-1%
Nominal Values 0.0000  1.0000 0.0100  0.0250 0.0500 0.0500  0.0250 0.0100
50 t11 1] -0.5396 1.0523 0.0430 0.0833 0.1395 0.0220 0.0118 0.0055
2 | -0.5609 1.0624 0.0468 0.0875 0.1460 0.0199 0.0096 0.0054
3| -0.5135 1.0627 0.0427 0.0841 0.1398 0.0227 0.0111 0.0049
to1 1| 0.0607 1.1225 0.0167 0.0342 0.0627 0.0767  0.0467 0.0245
2| 0.0036 1.1299 0.0218 0.0410 0.0675 0.0706  0.0413 0.0209
3 |-0.0106 1.1193 0.0201  0.0393 0.0696 0.0660 0.0386 0.0186
too 1| 0.0412 1.0279 0.0120  0.0269 0.0517 0.0569 0.0317 0.0139
2 | -0.0115 1.0438 0.0171  0.0327 0.0572 0.0530 0.0277 0.0117
3| -0.0205 1.0448 0.0162 0.0333 0.0589 0.0530  0.0281 0.0121
ta3 1| 0.0789 1.0401 0.0102  0.0244 0.0463 0.0651 0.0384 0.0185
2| 0.0332 1.0210 0.0125 0.0260 0.0467 0.0553 0.0303 0.0144
3| 0.0275 0.9763 0.0102  0.0238 0.0422 0.0497 0.0260 0.0122
100 t11 11]-0.3930 1.0200 0.0292 0.0619 0.1088 0.0219 0.0126 0.0049
2 | -0.3850 1.0367 0.0288 0.0632 0.1112 0.0266 0.0131 0.0059
31 -0.3872 1.0523 0.0332  0.0677 0.1129 0.0271  0.0134 0.0055
to1 1| 0.0542 1.0577 0.0121  0.0289 0.0543 0.0625 0.0351 0.0171
2| 0.0470 1.0737 0.0128 0.0292 0.0576 0.0710 0.0405 0.0185
3| 0.0103 1.0824 0.0167 0.0355 0.0643 0.0638 0.0364 0.0162
too 1| 0.0472 1.0117 0.0100  0.0245 0.0496 0.0533 0.0274 0.0129
2| 0.0391 1.0373 0.0108 0.0268 0.0524 0.0629 0.0335 0.0148
3| 0.0053 1.0654 0.0161  0.0347 0.0620 0.0597 0.0332 0.0146
tas3 1| 0.0638 1.0149 0.0094 0.0234 0.0479 0.0560 0.0304 0.0137
2| 0.0590 1.0145 0.0085 0.0220 0.0435 0.0627 0.0332 0.0146
3| 0.0301 0.9899 0.0099 0.0226 0.0440 0.0525 0.0273 0.0112
200 t11 11]-0.3265 1.0085 0.0213  0.0499 0.0939 0.0265 0.0124 0.0050
2 | -0.3182 1.0250 0.0239 0.0524 0.0979 0.0288  0.0133 0.0055
3| -0.3165 1.0360 0.0237  0.0552 0.0972 0.0322 0.0173 0.0072
to1 1| 0.0418 1.0376 0.0094 0.0251 0.0492 0.0640 0.0343 0.0141
2| 0.0433 1.0531 0.0121  0.0280 0.0521 0.0663 0.0353 0.0149
3| 0.0217 1.0610 0.0125 0.0287 0.0575 0.0649 0.0377 0.0182
too 1| 0.0377 1.0101 0.0087  0.0220 0.0463 0.0575 0.0296 0.0119
2| 0.0386 1.0330 0.0116  0.0268 0.0503 0.0602 0.0316 0.0134
3| 0.0179 1.0592 0.0129  0.0290 0.0575 0.0634 0.0358 0.0175
tas3 1| 0.0437 1.0078 0.0084 0.0215 0.0448 0.0580 0.0303 0.0121
2| 0.0475 1.0119 0.0101  0.0228 0.0464 0.0574 0.0306 0.0123
3| 0.0346 0.9970 0.0083 0.0201 0.0465 0.0559 0.0310 0.0135
Note: (1) X1 and X» are generated from MRSAR-B scheme, o = 1, and 8 = (5,1, 1)";

(2) dgp: 1=normal, 2=normal mixture(r = 4,p = .1), 3=lognormal;

(3) tij: t-ratio with ith-order corrected estimator and jth-order corrected variance of it.
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