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3.1. Introduction

This lecture introduces tests of hypothesis in spatial linear regression
(SLR) models including:

@ tests for covariate effect (CE) or SD effect in all SLR models;

@ tests for SE effect in SLR-SE model;

Q tests for SL effect in SLR-SL model;

© tests for SE effect and/or SL effect in SLR-SLE model:

@ joint test for the existence/non-existence of both SL and SE effects,
o marginal test for SE effect allowing the existence of SL effect,
e marginal test for SL effect allowing the existence of SE effect.

The test in (2) is also called the conditional test of SE given no SL.
The test in (3) is also called the conditional test of SL given no SE.
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Three fundamental principles for hypothesis tests

There are three fundamental principles one can follow when constructing
tests of hypothesis concerning parameters 6 in a model:

@ Likelihood ratio principle,
(Jerzy Neyman and Egon S. Pearson, 1928, 1933; Samuel S. Wilks, 1938)

@ Wald principle, (Abraham Wald, 1943)

@ Score or Lagrange multiplier principle,
(C. R. Rao, 1948; J. Aitchison and S. D. Silvey, 1958)

These three tests are referred to in statistical literature on testing of
hypotheses as the Holy Trinity or the three classical tests.

@ The three principles are equivalent to the first order of asymptotics —
their limiting null distribution is chi-square with d.f. being the number
of restrictions imposed by the null hypothesis,

@ but differ to some extent in the second order properties.
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Types of null hypothesis

Linear hypotheses/restrictions:

Ho: R@():I’, (31)
where ris a g x 1 nonrandom vector and R is a q x p nonstochastic
matrix, ¢ < p, with rank(R) = q.

@ With proper choices of R and r, various hypotheses corresponding to
the SLR-SLE models can be formulated, e.g., 810 = B0,
B30 = P40 =0, Ao = po =0, Ao = 0 (single parameter hypothesis).

@ The test of 53 = (849 = 0 may correspond to spatial Durbin effects.

Nonlinear hypotheses/restrictions:
Ho: c(6y) =0, (3.2)

where c: © — RY is a continuously differentiable function on the
parameter space © C R9 and 6, is assumed to lie in the interior of ©.
Nonlinear hypotheses are of less interest in the SLR context.
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Basic theories for limiting behavior of test statistics

We follow the general notations of Lecture 2: 6, ¢,(0), Sn(9), Z,(0), and
Jn(0), are, respectively, p x 1 vector of parameters, (quasi) loglikelihood,
(quasi) score, VC matrix of (quasi) score, and expected negative Hessian.

Recall from Lecture 2: under the general quasi ML framework,
Vil — 60) = N[O, im nJ, " (60)Zn(00) T ' (60)],  (3.3)
which can equivalently be written as
bn 2 N[bo, T; " (60)Zn(60)T5 " (60)],
where 2 denotes “distributed asymptotically as”.
Note: the establishment of (3.3) requires the following result:
=8n(60) —= N[O, lim .o 1Z,(60)]- (3.4)

Under correct specification, Z,(6o) = Jn(6o), = 0n <~ N[00, Z, ' (60)].
Now, Z,(6y) = Fisher Information (FI) = variance of efficient score.
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3.1.1. LR test statistic and its limiting behavior

When error distribution is correctly specified, i.e., when ¢,(9) is the
genuine loglikelihood function, the LR test statistic is defined as
LRn = _2[‘€n(§n) - gn(é\n)], (3-5)

where 6, is the restricted MLE of 6 under Hp and d,, is the MLE of 6 under
the full model. Under Hp, LR, < x2.

@ When error distribution is misspecified, £,(6) becomes a quasi
loglikelihood and the result (3.5) no longer holds in general, except,

@ when Z, = a7, (generalized IME), then we have a quasi LR (QLR)
test: QLR,, = —2[((0n) — £n(05)]/étn.
@ For general QML estimation, with Z,, # a7,, the LR test statistic can

be distributed as a weighted sum of chi-squares (see Cameron &
Trivedi, 2005, Sec. 8.5.3).
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3.1.2. Wald test statistic and its limiting behavior

The Wald test is the most versatile one among the three as it only requires
that 6, 2 N(6o,V,) where nV, is positive definite for large enough n,
where 6, can be any estimator with an asymptotic normal distribution.

e Test of individual coefficient. Let V, be a consistent estimator of V),
and 7,5 be the jth diagonal element of V,. Then, the asymptotic
standard error of 8 (the jthe component of d,) is se(fy) = \/Pnj.
Wald test statistic is simply Ty = (85 — 00)/+/Pnj-

@ Test of linear hypothesis, Hy: Rfy, = r. Wald statistic takes the form:
T = (Rfn — r)/(RVaR')""(Rbn — r) £ x2, under Ho. (3.6)
@ Test of nonlinear hypothesis, Hy: c(f) = 0. Wald statistic is:
Tn = ¢ (0,)[C(Bn)VnC'(6)] ' c(fn) 2 X2, under Hy, (3.7)

where C(0) = vyc(0) is the g x p Jacobian of the ¢(8) function.
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3.1.8. LM test statistic and its limiting behavior

When error distribution is correctly specified, i.e., when S,(6) is the
genuine score function, the LM or Score test statistic is defined simply as

LMFI Sn(en) (en)Sn(an) N Xq, under HO, (3.8)

where FI denotes Fisher Information, and 6, is the MLE of 6 under Ho.

@ LM test is most preferred as it requires estimating only the null model.
This is especially so when the null model is an OLS regression.

@ 7Z,(6,) can be replaced by — 28 }0 5,» to give an observed
information (01) variant of LM test denoted by LM}".

@ It can also replaced by 7, 9i(0n)gL:(9n), if Sn(fo) = 21 gni(fo)
where {gni(6o)} form a martingale difference (M.D.) sequence, to give
an M.D. variant of LM test, denoted by LM}".

@ These tests are asymptotically equivalent, valid for any type of Hy, but
may not be robust against distributional misspecification (DM).

Z.L. Yang, SMU ECON747, Term | 2024-25 8/59



DM-Robust LM test statistic for model reduction

When error distribution is misspecified, LM tests may not be valid as IME
may fail to hold. However, it can be modified to allow for DM.
Robust LM test for model reduction. Let § = (¢', ¢’)’ and consider
H() 1Yo = 0.
Partition Sp(0) = [S},5(¥, ), Sp,. (7, ¢)]', corresponding to (v, ¢),
In = [Zn99:Znve: Inwo, Ineel, and Tn = [Tn09: Tnwe: Tneds Tneel-

As S,s(Jn,0) = 0 at the null estimate 1, of ¥, the construction of robust
LM test depends on Sy, (J5,0). A Taylor expansion leads to

\%Sng;(ﬁn, 0)= #Snw(ﬁ()a 0) - \%nn(ﬁo)snﬁ(ﬂo, 0) + 0p(1), (3.9)

where My(90) = Tnw0(90,0) T, 54(Y0, 0). It follows that

n
Var[%snw(én, 0)] = 1 [Zn.0 (60, 0) — Zn w9 (90, 0)1,(90) — Ma(P0)Zn,9 (Y0, 0)
+ Nn(90)Zn,09 (Vo, 0)(Jo) | + o(1).
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A general LM test for model reduction, robust to DM, is given as:
& (F = & m o @ =i
LMn = S;MP (In7¢¢ - 21-,77<p19|_|;7 + I_InIn71_9fL9r|;7) Sn7<p, (3.10)
where S, , = S,.,(Jn,0) and similarly are the other tilde-quantities
defined. The limiting null distribution of LMj, is Xdlm . Note:
@ When error distribution is correctly specified, Z,(6p) = Jn(6o), and
I — 2TnoMy + MnZnooMy = Tn oy — InpoZnoo Ly po-
@ On the other hand, for testing ¢ = 0, LM:® given in (3.8) reduces to
LMy = 8, (Z,1) ., Snes (3.11)

where (-),, denotes the pp-block of the corresponding matrix. Using
the inverse of a partitioned matrix, we have

= (In,apgp - In,gm?In,qWI Lpﬁ) . (312)

@ LM; reduces to LM}, when error distribution is correctly specified.

Z:"),.
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OPMD form of DM-robust LM test statistic

If Sh(6o) = 27:1 9ni(0o), an M.D. representation, then by (3.9) S,,W(ﬁ,,,O)
has an asymptotic M.D. representation:

2S00 (F2,0) = L ¢ G (90, 0) = Ma(Vo)gm.o (0, 0)] + 0p(1),  (3.13)
where (g5, 9 9ni.,)" = Gni, and {gni,, — Mngni»} form an M.D. sequence.
An OPMD (outer-product-of-martingale-difference) variant of LM is:
LM = (7, 85, ) (0 86, 850) (S, 86, (3.14)
where §f; = Gni.p — nnio-
@ LM/ can be obtained by directly working on LM},

@ LM/ £ LM, where £ denotes asymptotic equivalence.

@ For many spatial models, an M.D. representation for quasi score can be
made, and an OPMD variant of robust LM test can be derived.

@ MD and OPMD are natural methods leading to LM tests robust against both
DM (distributional misspecification) and UH (unknown heteroskedasticity).
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DM-Robust LM test for a general hypothesis

An important point: although score test starts from the likelihood setup,
the score principle is applicable to any problem where the estimators solve
a first-order conditions, including the general class of M-estimators.

LM test for a general hypothesis, linear or nonlinear, can also be extended
to allow for DM. We give a general form of robust LM test for nonlinear
hypothesis, Hy: ¢(6p) = 0, as linear hypothesis is a special case.

o First, if 4, solves S,(#) = 0 s.t. ¢(6y) = 0, it must be that ¢(d,) = 0.
@ Apply the mean value theorem to jth element ¢;(d,) of c(d5),
0 = Vncj(0n) = V'nci(6o) + v/nC;(0,)(6n — b)),
where @, lies between ,, and 6y, C;(0) = jth row of C(6) = 853?).
@ = /nCi(0,)(0n — 6o) =0, and as C;(d,) — Ci(6o) = 0p(1), Vj,
VNC(00)(0n — 6) = 0p(1).
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By a Taylor expansion, we have under Hj,

J75n(0n) = J58n(00) + 1.90v/n(0n — 60)] + 0p(1).  (3.15)
Premultiply C(nj,,‘1) through (3.15), we have under Hp,

C(nTy ") J5Sn(Bn) = C(n T )5 Sn(60) + 5Tn/ (0 — 0)] + 0p(1)
= C(nT; ") Lz5n(60)] + 0p(1):
= Var[C(nTy ")z Sn(0n)] = nCTy ' TnTs ' C' + o(1).
A generalized LM test for testing Hy: ¢(6p) = 0, robust against DM, is
LMG, = 8,7, C'(CI, ' 1,J,'C)'CJ, &, (3.16)

where S, = S,,(6,,), and similarly are the other tilde-quantities defined.
The limiting null distribution of LMG,, is Xf,.
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Linear-Quadratic Form and Martingale Difference Decomposition

In the Gaussian QML framework, the QS functions that LM-type tests
depend upon are linear-quadratic (LQ) forms in model errors. This allows
an M.D. decomposition of the QS functions and thereby the construction of
an OPMD variant of DM-robust LM test, as shown by the following lemma.

Lemma 3.1. Let A, be an n x n non-stochastic matrix with elements a, ,
and b, an n x 1 non-stochastic vector with elements by,;. Let ¢, be an n x 1
random vector of iid elements, {e}, with mean 0, variance o3, skewness
~o and finite excess kurtosis k. Define Qy(en) = €, Anen + blen. We have,
(i) Qn(ﬁn) - E[Qn(ﬁn)] = 27:1 [Enifni + an,ii(eg,,' - 02) + bniﬁni] = 27:1 9ni>
where &, = ((AY)’ + Al)e, with elements {£,}, and A, = A4 + Al + A9,
sum of upper triangular, lower triangular and diagonal matrices of Ap.
(i) {ani, Fn,i} form a martingale difference sequence w.r.t. 7, ;, the
increasing o-field generated by {en1, ..., €ni}, i.e. E(Gni|Fn,i—1) = 0.
(i) {gni} are uncorrelated and Var[Qn(en)] = >74 E(gnigl;)-
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To understand Lemma 3.1 (i), letting a, = diagv(A,), we have

Qn(en) — E[Qn(en)] = €

— €

(AY+ AL+ ADe, + ble, — 021 a,

3~ 3

(AY + ADe, + @€ + blen — 021 ap,

= p((A4) + Al)en + ap(ea — o15) + ben

=eén+ 32(65 — 21 n) + blen

= 27:1 (€ni€ni + an,ii(ﬁﬁ,' - 02) + bpieni) = 27:1 Oni-
The results of Lemma 3.1 can be extended to a k-vector LQ forms:

enAinen + bl pen
Qn(en) = 4+ = 27:1 dni,

enAknen + bpen

where g, = (G1,ni» - - - Ok,ni)’- This gives an M.D. decomposition of Q,(ep),
as {gni, Fn.i} form a vector M.D. sequence. Thus,
Var[Qn(en)] = -7 E(9ni9.,;)- See Baltagi and Yang (2013b) for details.
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3.2. Tests of Hypotheses for Spatial Error Model

Recall: linear regression model with SE dependence given in (2.1):

Yo =XoB+ Un, Un=pWpln+en, (3.17)
where X, may contain spatial Durbin (SD) term, and SAR process for SE
dependence can be replaced by SMA process: u, = pWhen + €,

@ Y,: nx 1 vector of observations on n spatial units,
@ X,: an n x k matrix containing the values of k regressors,

@ W,: n x n matrix summarizing interactions among n spatial units,
called the spatial weight matrix or the spatial interaction matrix,

@ ¢,: n x 1 vector of independent and identically distributed (iid)
idiosyncratic errors with mean zero and variance o2,

@ p: the spatial error parameter,
@ [3: k x 1 vector of regression coefficients.
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Hypotheses for SE model

Hypotheses on Model (3.17) that are of main interest concern (i) covariate
effect (CE) and (ii) spatial error (SE) effect:

@ Hy® : RBp =r, some regressors can be merged or dropped,
@ H§® : po =0, standard liner regression model suffices,
where Ris a g x k constant matrix, and q < k.
When the R matrix is designed so the each row contains a sole non-zero

value of one corresponding to the Durbin effects, then a test of Hy" gives a
test of no Durbin effects.

When the rows of R sum to zero, then a test of HgE is a test of linear
contrasts in 3, e.g., Hy™ : 810 = P20 and B30 = Sao.
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3.2.1. LR tests for SE model

Recall: the loglikelihood function ¢,(6) given in (2.4) and rewritten as:
(n(0) = —3In(270%) +10g |Ba(p)| — zzllen(3.p)|2.  (3.18)

where en(5, p) = Bn(p)(Ya — XnB), Bn(p) = In — pW,y, and || - || denotes
Euclidean norm. The LR test statistic takes the general form (Sec. 3.1):

LR, = —2[(n(0,) — n(0,)],
where 6, and 6, are the restricted and unrestricted MLEs of 6.

For testing either Hy™ or H3® in the SE model, it can be shown that the LR
test statistic takes a simple common form:

LR, = nIn(62 6,2) — 2log |Bn(5n)B, '(pn)|, forw = CE,sE, (3.19)
due to the fact that 6, 2(|en(Bn, pn)||? = &1 2|l€n(Bn, 5n)||? = 2.
o Under H$®, LRcx < x2; under H5®, fn =0 and LRs; < x3.

e Note: LRsy = —2[¢5(0) — £5(X,)], where £5()\) is given in (2.8).
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3.2.2. Wald tests for SE model

Recall: from (2.10) and (2.11), the expected negative Hessian matrix:

5 X,B,BXs O 0
0
Jse(0o) = ~ % ;—gtr(Gn) ; (3.20)
~ ~  w(GEGy)

and the VC matrix of score, written as Zsz(0o) = Js=(00) + Ksz(6o), where,
0 %(,E;,’YOXABZLn ~70X}B),9n
Ks(Bo)= |~ gmo  gzrotr(Gn) | (3.21)
~ ~ r09nTn

tn is a vector of ones, o and kg are the measures of skewness and
excess kurtosis of €, i, gn = diagv(Gp), and Gj;, = Gn(p) + Gp(p).

With the QMLE 4, and the plug-in estimators Zs; = Zsz(0,) and
Jsz = Jsx(0n) given in Sec. 2.2.1, various Wald tests can be constructed.
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Wald test for covariates effects. From Theorem 2.1, we see that Js is
block diagonal, and hence (3, < N(Go, o3(X,B,BnXn)~").

@ Wald test for testing Hy™: Rj3, = r has the expression:
Tez = (RBy — r)'[62R(X,B,B.X,) "R~ (RfBa — r). (3.22)
Asymptotic null distribution of the statistic Tcy is Xg-

@ When R is a row vector (g = 1), Wald test reduces to a t-test:
RB3n,—r

tep = —— 2 N(0,1), under HS®. (3.23)
VERR(XGBYBX,) 1R

Wald test for spatial effect. Of particular interest is the test of H3*: p = 0.
A t-ratio, for confidence interval (Cl) and test, takes the general form:

~

tos = —tn 10 2 N(0,1), under H§®, (3.24)
\/ (jSTE1ISEjs:31)pp

where (-),, denotes the p-p element of the corresponding matrix.
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The univariate Wald statistic, or f-statistic, tcz, is asymptotically N(0, 1),
and hence inferences for R, is carried out by referring to the N(0, 1)
critical values.

@ By construction, this test is robust against nonnormality of the errors.
@ However, its finite sample performance may be poor.

@ Liu and Yang (2015b) presented improved tests based on
bias-correction.

Similarly, the t-statistic, tsz, is asymptotically N(0, 1), and hence
inferences for p is carried out by referring to the N(0, 1) critical values.

@ Again, this test is robust against nonnormality.
@ The denominator of tsz canbe made more ‘explicit’.
@ However, its finite sample property is not clear.

@ It would be interesting to make a Monte Carlo comparison between
tse given in (3.24) LRz given in (3.19).
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3.2.3. LM tests for SE model

Recall: the (quasi) score function S,(6) given in (2.5):
22 X3 B1(p) Ba(p) un($3),
Sse(0) = uﬂ@&@ﬁ%@w%%@%, (3.25)
Un(8) B (p) Watn(5) — tr[Gn(p)]-
where Gp(p) = W,,B;‘(p).

Under normality: noting Zsx = Jsg, following (3.8) and discussions below
it, we obtain three variants of LM tests for a general hypothesis on 6:

LMz = S.;(0n)Zs5(0n) ™" Sse(0n), (3.26)
LMOI = SSE(én)I: - WSSE(9)|9:§,.J - SSE(én)) (327)
LMo = S5 (Fn) [ S04 Gilly] ' Sex(Fn). (3.28)

if in (3.28), Ssx(fo) = >4 9ni(fo) and {gni(6o)} is an M.D. sequence. All
three statistics are X% distributed under Hy with g restrictions.
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Among the three classical tests, the LM is of particular interest as its
implementation requires only the estimation of the null model.

@ lts advantage is clear if the null hypothesis specifies that p = 0, and
hence the implementation of the LM test requires only OLS estimates.

@ Many tests of this type are available in the literature.
We thus focus on the LM tests for SE effect in linear regression model.

Moran’s | test: To see if there exists spatial correlation among the

observations, Y, Yo, --- , Y,, Moran (1950) propose a test of the form:
L ESmYi- - ) .29
2i(Yi—=Y)?

where Y = 137 V. If the Y/,s are iid normal when there is no spatial
correlation, then the limiting null distribution of Moran’s | statistic is normal.
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Cliff-Ord test: Cliff and Ord (1972) extend Moran | to linear regression:
Y, = X3 + un, and give a test of no spatial correlation among uy,; as:

~ ~
e = ———, (3-30)

where {, is a vector of OLS residuals from regressing Y, on X,.
If u7,;s are normal, then the distribution of Iz under the null hypothesis of
no spatial error dependence is asymptotically N(u:,0?), where

M1 = ﬁtr(M,, Wn),

o (M WaMp W) +te((MnWh)?) — 2% [te( M, W)
Or = (n—K)(n—k+2) :

Here M, = I, — X,(X.X,)~" X! This leads to a standardized Moran’s | test
for non-existence of spatial error correlation as:

Tsg — M1

01

I3g = 2 N(0,1), under the null. (3.31)

Clearly, (3.29) is a special case of (3.30) with X, = +,. Therefore, The final
working version of Moran’s | test is taken to be Ig;.
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Fl-based LM test: Burridge (1980) presented an LM test for testing Hj":
p = 0, based on Fisher information (FI) matrix Z, given in (3.20):

n o Wy,
VSo  Uplin
where Sy = tr( W/ W, + W?), having asymptotic null distribution N(0, 1).

LMEL = (3.32)

OPMD-based LM test: Born and Breitung (2011) derived an OPMD
variant of Burridge’s LM test of H3": p = 0:

& Wi
V(En © BnY (G0 © &)
where © denotes Hadamard product, £, = (W), + W¥),, W! and WY are
the lower and upper triangular matrices of W,, and LM:; |4, 2, N0, 1).

M2 = (3.33)

To derive (3.33), note: U,W,lin = u,Whtn, U,Whtn = Uhén = S Unifni,
and {uni&ni} are uncorrelated if {u,,;} are independent under Hp: p = 0.
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Standardized LM tests for SE model

Baltagi and Yang (2013a) commented both LM:. and LMY, may have poor
finite sample performance as they are neither centered, nor standardized.

Baltagi and Yang (2013a) give a standardized version of LMg; :

~ B .
sLmg, = Zah = Sin)ly (3:34)
(FnS2 + Ss)z Uhun
where Sy = Lt(WoM,), S, = Y1, @2, and S; = tr(ALA), + A2),
An = M,WoM, — Si M, a; are the diagonal elements of A,, and
Rn is the excess sample kurtosis of OLS residuals ip.

To see (3.34), under H5E, Uy = Mau, and E(T), Wyin) = o5te(WaM,) # 0.
This motivates the use of &, W, i, — ogtr( W,M,) or its feasible version:

o Whil, — ﬁﬂﬂ,ﬂntr( WaMp) = U, Anun.
Finding Var(u/,Anun) and replacing o3 by 52 leads to the result.
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Baltagi and Yang (2013a) also give a standardized version of LMZy:

- _ -
SLMbS’lg _ Up(Wn — Siln)Un : (3.35)

Vi © B0 © & + (AGE) © (AZEn)]

where (, = (Al + AY)ii,, and AL, AU and AZ are, respectively the lower,
upper and diagonal matrices of A, defined in (3.34).

The result follows almost immediately Lemma 3.1, by noticing that the
numerator of (3.35) has the form u),A,up, where u, = €, under the null.

@ A very important feature of the SLM tests is that their derivations do not
depend on normality of errors, and thus robust against non-normality (NN).

@ Another important feature of SLM-OPMD variant is that its variance estimate
is also robust to unknown heteroskedasticity (UH).

@ The ideas of standardization and M.D. decomposition can be extended to
give SLM tests for other models (for robustness and better performance).

@ See Baltagi and Yang (2013a,b) for details on these important ideas.
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Asymptotic properties of LM-type tests for SE model

Assumption A1: The errors {¢c,;} are iid with mean 0, variance ag, and
excess kurtosis rkq. Also, the moment E|e,,,|4+7' exists for some n > 0.

Assumption A2: i The elements {w;} of W, are at most of order h;"
uniformly for all i, j, with the rate sequence {h,} satisfying h,/n — 0 as

n — oo, (i) wij = 0 and Z/ w; = 1 for all i, and (iii) The the row and column
sums of W, in absolute value are uniformly bounded.

Assumption A3: The elements of the n x k matrix X, are uniformly
bounded for all n, and lim,_, o, %X,;Xn exists and is nonsingular.

Theorem 3.1. Under Assumptions 1-3, Model (3.17) and Hyp: p = 0,
(i) SLMS, 2 N(0,1), as n — oo,
(ii) SLM2 -2, N(0,1), as n — oo,
(iif) 135, LML, LM, SLM¢,, and SLM:; are asymptotically equivalent.
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3.2.4. Empirical illustration

Neighborhood Crime. See Sec. 2.2.4 for a description of the data and
variables, and the construction of the spatial weight matrix.

Consider an SE model for Crime with regressors: constant, Income,
House, East, W,Income, and W, House.

LR —.

tog =.

TYE =, where CE = {W,Income, WyHouse }
12, —.

LM, =.

LMLE =.

SLM?, =.

SLM™® —,
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Boston House Price. See Sec. 2.2.4 for a description of the data and
variables, and the construction of the spatial weight matrix.

Consider an SE model for MEDV including all the regressors, and adding
SD-room and adding SD-access.
@ LRg =.
tsr =.
T¢E =, where CE = {SD-room, SD-access}
2, =.
LML =.
LMg; =
SLMZ, =.
SLMgp =.
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3.2.5. Results desired for SE model but unavailable

SE model may be the simplest in the SLR framework, but there are still
results that are desired but unavailable in the literature. These include,

@ an LM test of H3* based on the robust LM principle described around
(3.10).

@ an LM test of H3* based on the robust LM principle described around
(3.14).

@ finite sample of these two robust LM tests, expected to perform not as
well as the two SLM tests as the principles in (3.10) and (3.14) do not
lead to mean corrections.

@ finite sample performance of Moran’s |, /g;.

@ finite sample performance of LRsg and tgg.
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3.3. Tests of Hypotheses for Spatial Lag Model

Recall: liner regression model with SL dependence given in (2.14):
Yn = )\Wn Yn + Xn/B + €n, (336)

where Y, X, and W, are as in (3.17). The errors ¢, ; are iid(0, 0?).

The hypotheses of interest for Model (3.36) concern (i) covariate effect
(CE), and (ii) spatial lag (s1) effect:

@ H§® : RBy =r, some regressors can be merged or dropped,
@ H§": X\o =0, standard liner regression model suffices,

where Ris a g x k constant matrix, and g < k.

The HG® hypothesis covers: insignificance of some covariates effects,
non-existence of spatial Durbin effects, etc., with proper choices of the
linear restriction matrix R and the vector r.
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3.3.1. LR tests for SL model

Recall: the loglikelihood function of § = (3, 02, \) given in (2.14):

(n(8) = —210g(2702) + 109 |An(N)| — 5%zlen(B, NI, (3.37)
where ep(8,A) = Ap(N) Y, — Xp8, and Ap(A) = I, — AW,.
From the general form of LR statistic: LR, = —2[¢s(f,) — £n(0,)], where 6,
and @, are the restricted and unrestricted MLEs of 6, we have, similar to

the SE model, a simple common form of the LR test statistic for testing
either Hg® or H3" in the SL model:

LR, = niIn(52 6,2) — 2log |As(An)A; T(An)|, forw = CE,sL, (3.38)
due to the fact that 652||6n(3n, 3\”)”2 = &ITZHGn(Bn, S\n)”Z = S
o Under H5®, LRcz < x2; under Hs*, A =0 and LRg;, < x2.

e Note: LRs;, = —2[¢5(0) — £5(\,)], where ¢5()\) is given in (2.19).
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3.3.2. Wald tests for SL model

Recall: from (2.21) and (2.22), the expected negative Hessian:
;fgxr/rxn 0 giOXr/mn
JsL = 0 ﬁ Oigtr(Fn) ) (3.39)
= Xn Uigtr(Fn) Npnn + te(F3Fp)

and the VC matrix of quasi score function: Zg, = Jsp, + Ksi., Where

0 Fer0Xpn LooXofy
K= | ~ ﬁ/{o 2%8704777,7 + 2jTgnotr(/:n) , (3.40)
~ ~ Féofflyfn + 27 frl777n

where f, = diagv(Fp), F§$ = Fp+ F}, np = 05 ' GaXnB0, and 7o and rg are
the skewness and excess kurtosis of ¢ ;.

With the QMLE 4, and the plug-in estimators Zs; = Zs.(0,) and
Js1 = Js1(An) given in Sec. 2.2.2, various Wald tests can be constructed.
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Wald tests for covariate effects. Let Vs, = Ji;'Z:. 7. Let Vs 45 and
\A/SL,M be, respectively, the §-8 and A-\ diagonal blocks of V;..

@ Wald test for testing Hy™: Ry = r has the expression:
Tee = (RBn — r)'(RVaw5sR) " (RB, — r). (3.41)
Under Hy®, Tce 2, X5, where g is the number of rows of R.

@ When R is a row vector (g = 1), Wald test reduces to a t-test:
RB3n,—r

tep = —F——
RVSL7ﬁBRI

Finite sample performance of Ty and t.z can be poor, because nis
downward biased (Yang, 2015), which passes to 3, as seen from below:

Bn = Bn(}\\n) = o+ (Ao — 5\n)(Xr/;Xn)_1Xf/yanxrrﬂo + Op(1 )s

and thus causes the variance estimate V;, 35 to be biased.

-2, N(0,1), under HS®. (3.42)
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The poor finite sample performance of Tcz and tcz is confirmed by the
Monte Carlo results given in Liu and Yang (2015a), where improved
inferences methods are provided.

Wald Test for spatial effect. Similarly, with the \-\ element of Ver,
Ve1.xx, We obtain a Wald statistic for A, which is asymptotic N(0, 1),

~

)\n - AO
\/ VSL,AA
@ The statistic t51.(\o) can be used to test Hy: A = 0.

@ Finite sample property of ts1,(Ao) is studied by Yang (2015),
@ along with the improved tests based on bias-corrections.

tsn(Ao) = (3.43)
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3.3.3. LM tests for SL model

Recall: the (quasi) score function given in (2.17):

L Xhen(B3, ),
Ss1(6) = § gmacn(B: Nen(B.3) — 5%, (3.44)
# YoWren(8, A) — te[Fa(N)],
where Fp()\) = W,oA; T (\).

Under normality: we have IME, Z, = 7,, and we obtain three variants of
LM tests for a general hypothesis on 6 as those for SE model:

LM:: = S (0n)Zs1.(6n) ' Ssu(0n), (3.45)
LMo = SSL(én)[ 507 0 Ssi( )|9:§J71SSL(én), (3.46)
LMo = 84, (n) [ 74 Gnn] ~ Ssu(Fn). (3.47)

if in (3.47), Ss.(60) = >4 9ni(f0) and {gni(6o)} is an M.D. sequence. All
three statistics are X distributed under Hy with g restrictions.
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LM tests for spatial effect. For testing Hj": A = 0, LM tests are preferred
as they require only the OLS estimates.

Anselin (1988) presents an LM test based on the expected information:
& WnYn
52\ D+ T,
where T, = t[(W, + W))W,], Dy = 67 2(WnXoBn) MaWnXofn, B and 52

are the OLS estimates, and &, are the OLS residuals.

LML = (3.48)

@ Derivation of LME! is based on Ss; »(#) and [ 75, (8)]a, evaluated at
0, = (3,(0),52(0),0), where /3,(0) and 52(0) are given in (2.18).

@ Although LM¢; is derived under normality, one can shown that it is
robust against non-normality (NN).

@ lts finite sample performance can be poor as the effect of estimating
and o2 is not taken into account.

@ The Ol (observed information) variant can easily be derived as well.
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Paralleled with the OPMD-based LM test (3.33), Born and Breitung (2011)
also derived an OPMD-based LM test for testing Hy™:

~/
LM = € Wn ¥ (3.49)

VE@oayE o)
where &, = (W) + W¥)é,, W) and WY are the lower and upper triangular
matrices such that W/ + WY = W, and LMX2 |5, —2 N(0, 1).

@ Again, this test is robust against NN.

@ The denominator of the test statistic can also been seen to be robust
against unknown heteroskedasticity (UH).

@ |t finite sample performance may be poor for the same reason.

@ LM-type tests with better finite sample performance are desired.
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Standardized LM tests for SL model

The standardized version of LM%}, denoted as SLM;, in the spirit of
SLM;; statistic given in (3.34), is of interest but unavailable.

To derive SLM(;, note that Sy »(6)|,_g, is proportional to

gnMn Wn Yn = 6;,Mn ann + E/nMn Wan/B.

Standardize this quantity, we obtain:
SLMg; =777, (8.50)
where ?---?, and 4, and &, are the sample skewness and the excess of

OLS residuals €.

You are strongly encouraged to complete the derivation for SLMZ; .

Z.L. Yang, SMU ECON747, Term | 2024-25



An OPMD variant of SLM test can be obtained along the line of (3.35):
SLMY, =777, (3.51)

where 7 ---7. You are strongly encouraged to complete this derivation.

As commented for the SE model, the tests SLM5; and SLMX, suggested

above may not be truly “standardized LM tests”, as mean corrections are
not made.

Theorem 3.2. Under Assumptions 1-3, Model (3.17) and Hy: p = 0,
(i) SLMg, R N(0,1), as n — oo,

(if) SLM2 25 N(0,1), as n — oo,

(i) LMEL, LMY2, SLMS, , and SLMY; are asymptotically equivalent.
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3.3.4. Empirical illustrations

Neighborhood Crime. See Sec. 2.2.4 for a description of the data and
variables, and the construction of the spatial weight matrix.

Consider an SL model for Crime with regressors: constant, Income,
House, East, W,Income, and WyHouse.

LR, =.
tor =.

TYE =, where CE = {W,Income, WyHouse }
LME =.

LMS? =.

SLMZ, =.

SLM; =.
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Boston House Price. See Sec. 2.2.4 for a description of the data and
variables, and the construction of the spatial weight matrix.

Consider an SL model for MEDV including all the regressors, and adding
SD-room and adding SD-access.

LRg; =.

tsr, =.

T2 =, where CE = {SD-room, SD-access}

LM;; =.

LM =.

SLM?, =.

SLM® —,
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3.3.5. Results desired for SL model but unavailable

The SL model is another simple model in the SLR framework and is more
popular than the SE model. However, there are more results that are
desired but unavailable in the literature. These include,

@ an LM test of H5" by the robust LM principle described around (3.10).
@ an LM test of H" by the robust LM principle described around (3.14).
@ an SLM test along the line of (3.34).
@ an SLM test along the line of (3.35).

@ a Monte Carlo comparison of these tests for their finite sample
performance, to recommend to practitioners a simple and reliable test
for spatial lag dependence.

Z.L. Yang, SMU ECON747, Term | 2024-25 44/59



3.4. Tests of Hypotheses for SLE Model

Recall: The SLR model with both SL and SE (SLE) given in (2.25):
Yn = AWinYn+ XoB + Un, Up = pWonlp + €p, (3.52)

where all quantities are defined as in the SL and SE models. This model
involves two spatial weight matrices W;, and Wa,,, which can be the same.

The hypotheses of interest for Model (3.52) concern (i) covariate effect
(CE), and (ii) spatial lag (s1.) and/or spatial error (SE) effects:

@ Hy® : RBp =r, some regressors can be merged or dropped,

@ HJ™ : o = (Mo, po) =0, standard liner regression model suffices,
° HgL‘SE :Xo =0, SE model suffices,

o H¥I": pp =0, SL model suffices,

where R is a g x k constant matrix, and q < k.
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3.4.1. LR tests for SLE model

Recall: the log-likelihood function of 8 = (3', 02, \, p)’ given in (2.26):
(n(#) = —3109(270?) +log |An(N)| + log [Bn(p)| — 5oz llen(B,0)I?, (3.53)
® n(3,6) = Yn(8) — Xn(p)B, Yn(6) = Bn(p)An(A) Yn, and Xn(p) = Bn(p)Xn.
Based on the LR principle introduced in Sec. 3.1., we show that the LR
statistic for testing H®, Hs*®, HSLlSE, or HSE‘SL takes a common form:
LR = nin(55 6,%)—210g | An(An)A; " (An)|—210g | Ba(5n) B, ' (5n)], (3.54)

for w = CE, SLE, SL|SE, SE|SL, where &, and &, are the restricted (under
the null hypothesis) and unrestricted MLEs of a parameter w, respectively.

@ The limiting null distribution of LR, is X%,, with df = g@,2,1 and 1,
respectively, for the four tests.

@ The LR tests for spatial effects can be formulated directly from ¢5(6)
given in (2.19), e.g., LRs1s = —2[(5(0) — ¢5(3n)]-
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3.4.2. Wald tests for SLE model

Recall: from (2.33) and (2,34), the expected negative Hessian:
0
n_

X0, - Xpin 0

Jeee | 7w @) guG) | g
~ ~  pppn +t(FSFn)  te(GHFp)
~ ~ ~ twr(GEGp)

and the VC matrix of QS function: Zs x = Jsig + Ksis, Where

0 %X/nén ngxlnfn %X%gn
Nko Ko Yo,/ Ko
~ 9 20tr(Fp) + 5%¢ 20 tr(G
’CSLE _ 403 20(2) _E_ n) Qg_gl nMn %zg ( n)/ ,
~ ~ kofafn + 270fptin koGnfn + Y0Gnktn
~ ~ ~ /{Ogll_]gn

(3.56)
fin = 05 ' BaFnXnfBo, Fn= BnFnBy', f, = diag(F,), F§=F,+ F}, and
others quantities are defined earlier.
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Similar to the LR test, the Wald test for any hypothesis concerning 6 in the
SLE model can be written in the following general form. Denote the plug-in
estimate of asymptotic VC matrix of the QMLE 4, as

Vors = Tt (0n)Zs15(0n) T2 (0r).
First, a Wald statistic for inference for a general linear combination ¢’6g,
where cis a (k + 2) x 1 constant vector, is a univariate ¢-statistic:
Clén - 0'90

\/ €' VsizC

@ t5:=(0o) can be used to construct a Cl for ¢’6p.

tsiz(fo) = 2 N(0,1), (3.57)

@ It can also be used to test the hypothesis of ¢’6y = 0.

@ When c¢ contains a single non-zero value 1, ts;z(6p) is a t-statistic for
a single parameter, and can be used to test H; '™ or H;*I*" (2).

@ When the elements of ¢ adds to 0, it provides inference method for a
linear contrast on 6y, €.9., B10 — B20-
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Let VSLEM and VSLEM be the 3-3 and §-6 diagonal blocks of Vs.s.

Wald test for testing Hy™: Ry = r has the expression:
Tee = (RBn — 1) (RVassR') ™" (RBn — r). (3.58)

Under Hy", Tcr L, Xg, where q is the number of rows of R.

Similarly, a Wald statistic for inferences for ¢ is
Ts1e(d0) = (8n — 00)' Virh 55(6n — d0) 2 x3. (3.59)
This test statistic can be used to test Hy: 6 = 0. One directional tests for A

(allowing p) and for p (allowing ) can easily be formulated.

For testing Hy: 6 = 0, LM tests are preferred as they require only the
estimates of the null model, which in this case is the OLS regression.
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3.4.3. LM tests for SLE model

Recall: the (quasi) score function given in (2.27):

#Xﬁ,(p)en(,@, 5)7
SSLE(Q) _ 2176;7(ﬁa )\)€n(ﬁa 6) - ﬁ7
22 YaWi B (p)en(3,8) — ulFa(A)],
22€n(8.0)Gn(p)en(3, 8) — e Ga(p)],

where Fp(\) = WinA; " (A) and Ga(p) = WanB; ' (p).

(3.60)

Under normality: the LM principle introduced in Sec. 3.1.3 again leads to
three variants of LM tests for a general hypothesis on 0:

LMFI = SéLE(én)ISLE(én)71 SSLE(én)v (3-61)
LMor = Slyo(Bn)[ — 2 Ss22(0) 55 ] Ssre (), (3.62)
LMo = Sbon(0) [0, 8m8l] " Sove (). (3.63)

if in (3.65), Ssie(f0) = S gni(fo) and {gni(fo)} is an M.D. sequence.
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Fl-based LM test. Anselin (1988) gives an LM test of Hj™*, based on
Fisher information matrix Js.x given in (3.55):

~/ ! - -1 ~
LML, = “alan Ve Tin + Br Tan Wi ) - (3.64)
On €, Wapép Tan Ton € Wopép
where Ty, = tr[( Wi, + V\/1In) W1n], 7:2,7 = tr[( Wo, + Wzln) Wgn],
Tan = tr[(Wap + W3, ) Wis], Dy is defined in (3.48).

OPMD-based LM test. Born and Breitung (2011) give an OPMD variant:

’ ~ —1
IMP — EnWinYn E% ! 12n & /(f1n © fzn) EnWinYn
S EnWanén & l(§1n © §2n) & lfzn enWanén ’
(3.65)
@ square of a vector: e.g., &2 = 2,0 &y,
° £1n = (W1u,,7 + VV1,,7)€n + M, WanBn; £2n = (qur/; + ngn)gn,
e WY and W/,: the upper and lower triangular matrices of W, r = 1,2.
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A general formulation of Fl-based LM tests for testing H5“=, Hs"°® and
H;°" can be obtained by applying (3.11) and (3.12):

LM (6) = Ném,a(‘s)[jsﬂ-:((s)]ééSSLE,é(f;)» (3.66)
where the tilde quantities are the estimates at (3,(5) and 52(9) given in
(2.28) and (2.29).

@ Taking 6 = 0, LM, (d) reduces to the joint test LME] . given in (3.64).

@ Taking 6 = (0, 3)’, it gives a marginal test, LM:!

SL|SE’
for testing H5*'**: A = 0 in the SLE model.

@ Taking 6 = (},0)', it gives a marginal test, LMEL .,
for testing HSEISL: p = 0in the SLE model.

@ The two marginal tests LM ., and LM o, are unlikely robust to NN.

The quantity, [7;.1(6)]ss, can be simplified!

You are strongly encouraged to complete the derivations for the test

it FI FI i
statistics LM o, and LM o, to make them as compact as possible!
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Standardized LM tests for SLE model

The standardized LM tests for the joint hypothesis, H3**: 6 = 0, can be
obtained by combining the ideas behind SLMg, and SLMg,, and the ideas
behind SLMZ; and SLMZ. Note:

g;”) W1n Yn = 6;;I\/Inl/vmen + 6;7Mn W1an607

8l1e.5(0)ls=0
s & Wonen = ¢ My WapMnen.

This would lead to the two variants of SLM tests for H5"*: § = 0:

SLMS,, =777 (3.67)
SLM!P_ =777 (3.68)

These tests are robust against NN, by construction.

You are encouraged to complete these derivations, and perhaps conduct
a Monte Carlo study on the finite sample performance of these two tests.
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The ideas for deriving an SLM tests introduced above may not be easily
extended to give marginal SLM tests for the hypotheses, H;"°": Ao = 0 in
the SLE model and H;"'**: py = 0 in the SLE model. This is because the
‘working QS function’, QSLE’(;(S,,), is not linear-quadratic in ¢, either when
on = (0, 5n)’ under HSLlSE or when 4, = (\,,0)’ under HS’E'SL.

However, following the principle laid out around (3.10), one obtains:
SLMg, sz =777 (3.69)
SLMg, s, =777 (3.70)
Following the principle laid out around (3.14), one obtains:
SLMLY o =777 (3.71)
SLM”QEISL =777 (3.72)

You may like to consider a rigorous study on these conditional SLM tests,
under the topic: “Robust LM Tests for Marginal Spatial Effects in Spatial
Linear Regression Models”, as a Research Paper for the course.
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3.4.4. Empirical illustrations

Neighborhood Crime. See Sec. 2.2.4 for a description of the data and
variables, and the construction of the spatial weight matrix.

Consider an SLE model for Crime with regressors: constant, Income,
House, East, WyIncome, and W, House.

LRgie =.

Tsie =.

TYE =, where CE = {W,Income, WyHouse }

LMgiE =

LMD;gE =

LME£|SE =

FI _
LMSE|SL _'

SLMg, , =.
SLMg}, =.
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Boston House Price. See Sec. 2.2.4 for a description of the data and
variables, and the construction of the spatial weight matrix.

Consider an SLE model for MEDV including all the regressors, and adding
SD-room and adding SD-access.

LReys =.

tstg =

T2 =, where CE = {SD-room, SD-access}
LML, =

LMDS/IRE =

SLMS,, =.

SLM®, =.
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3.4.5. Results desired for SLE model but unavailable

The SL model is another simple model in the SLR framework and is more
popular than the SE model. However, there are more results that are
desired but unavailable in the literature. These include,

@ an LM test of Hj™" based on the robust LM principle (3.10).
@ an LM test of H3™" based on the robust LM principle (3.14).
@ an SLM test of H3™* in line of (3.34) and (3.50).

an SLM test of H3™* in line of (3.35) and (3.51).

an LM test of H;"°" based on the robust LM principle (3.10).
an LM test of H;*°" based on the robust LM principle (3.14).

a full development of the four marginal spatial tests suggested in
(3.69-3.72) including mean corrections, which may be a publishable
research topic.
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