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Abstract

The standard LM tests for spatial dependence in linear and panel regressions are
derived under the normality and homoskedasticity assumptions of the regression distur-
bances. Hence, they may not be robust against non-normality or heteroskedasticity of
the disturbances. Following Born and Breitung (2011), we introduce general methods
to modify the standard LM tests so that they become robust against heteroskedasticity
and non-normality. The idea behind the robustification is to decompose the concen-
trated score function into a sum of uncorrelated terms so that the outer product of
gradient (OPG) can be used to estimate its variance. We also provide methods for
improving the finite sample performance of the proposed tests. These methods are then
applied to several popular spatial models. Monte Carlo results show that they work

well in finite sample.
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1 Introduction

Many economic processes, for example, housing decisions, technology adoption, unem-
ployment, welfare participation, price decisions, crime rates, trade flows, etc., exhibit spatial
patterns, see Anselin (1988a,b), Glaeser et al. (1996), LeSage (1999), Lin and Lee (2010),
and Kelejian and Prucha (2010), to mention a few. This makes testing for the existence

of spatial dependence a necessary ingredient in many empirical economic applications, see
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Anselin and Bera (1998) and Baltagi, et al. (2003), to mention a few. Among the popular
tests for spatial dependence, the LM test is simple to compute as it does not require the
estimation of the spatial effects. However, the standard LM tests for spatial dependence
in linear and panel regressions are derived under the assumptions that the regression er-
rors are normal and homoskedastic, and hence may not be robust against these types of
misspecification. Indeed, heteroskedasticity and non-normality are the two most typical
forms of misspecification commonly cited in economic applications. Hence, it is highly de-
sirable to find ways to ‘robustify’ the standard LM tests so as to take advantage of their
computational simplicity.

Anselin (1988b) pioneered research along these lines for spatial models, and provided a
heteroskedasticity and non-normality robust test for spatial error dependence in a linear or
nonlinear regression by following the methods of White (1980) and Davidson and MacKin-
non (1985). Recently, Born and Breitung (2011) proposed simple regression based tests for
spatial dependence in linear regression models, based on an elegant idea: decomposing the
concentrated score function into a sum of uncorrelated components — making use of the fact
that the diagonal elements of the spatial weight matrix are zero — so that the outer product
of gradient (OPG) method can be used to estimate the variance of the score. This method
leads naturally to OPG variants of the LM statistics that are robust against heteroskedas-
ticity and non-normality. However, the finite sample performance of the OPG-based LM
tests can be poor due to heavy spatial dependence, see the Monte Carlo experiments below.

This paper generalizes the idea of Born and Breitung (2011) to a more general class
of LM statistics, as long as their numerator can be written as linear-quadratic forms of
the error vector. Another important issue considered in this paper is the finite sample
performance of the spatial LM tests. Recently, Yang (2010) and Baltagi and Yang (2013)
showed that the standard LM tests for spatial regression models (linear or panel) may suffer
from severe finite sample size distortion when spatial dependence is heavy. Instead, they
proposed standardized LM tests that correct for both the mean and variance of the standard
LM test statistics. While these standardized LM tests are derived under the assumption
that the errors are homoskedastic, the results do show that centering and rescaling play
important roles in improving the finite sample performance of these LM tests, in particular
when an OPG variant of the LM test is used. However, under heteroskedasticity of the
disturbances, it is more challenging to center an LM test as the analytical expression of the
centering factor typically involves the unknown variances of the error terms. We propose
nearly unbiased estimators of this centering quantity, leading to improved OPG-LM tests.

The rest of the paper is organized as follows. Section 2 presents general methods for
constructing an OPG-variant of an LM test so that it becomes asymptotically robust against
both heteroskedasticity and non-normality. Section 3 applies these general methods to some

popular spatial models (linear and panel), to give the standard OPG-LM tests and their
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corresponding finite sample corrected versions. Section 4 presents some Monte Carlo results,

and Section 5 concludes the paper. All proofs are given in Appendix.

2 General Methods

Consider the general model
Q(YnanaW1n~~~Wkn§97 /\> = &n, (1>

with a dependent variable Y,, conditional on a set of independent variables X,,, and spatial
weight matrices Wy, . . . Wy, In this case, 6 denotes the parameters of the model considered,
while A denotes the spatial parameters. ¢, is an n-vector of model errors, independent but
not (necessarily) identically distributed (inid) with mean zero and variances 02,7 = 1, ..., n.
Popular spatial regression models and spatial panel data models can all be written in this
form. For example, the spatial autoregressive (SAR) model, Y;, = AW,,Y,,+ X,,5+¢,, can be
written in the form: B, (\)Y,, — X,,0 = ¢, where B,, = I,, — A\W,, and I, is an n x n identity
matrix. The spatial error regression model, Y, = X,0 + u,; with u, = AWhu, + &,
can be written as B, (A)(Y, — X,,0) = &,. Combining these two models gives a spatial
autoregressive model with spatial autoregressive error (SARAR) that can be written in
the form Ba,(A2)(Bin(A1)Yn — XnB) = e, where By, (N\,) = I, — A\, Wy, = 1,2, The
panel versions of these models with fixed effects can also be written in the form of (1)
after a transformation to eliminate the fixed effects. Our null hypothesis corresponds to
the nonexistence of spatial effects, leading to null models being typically the classical linear
regression models, or the classical panel data models with fixed effects, so that the test
can be carried out using only the OLS estimates and residuals. See Anselin (1988b) for a
comprehensive coverage of the popular spatial regression models, and Baltagi, et al. (2003)
for the LM tests in the spatial panel data regression models. While our discussion focuses

on spatial models, the methods presented below apply to more general econometric models.

2.1 Omne-directional test

Consider the case where k£ = 1, i.e., A\ is a scalar. Suppose that the numerator of the
LM test statistic for testing Hy : A = 0, derived under normality and homoskedasticity, can

be written as a linear-quadratic form in &,:

Qn(5n> = 5%An5n + b;ﬁgna (2>

where A, is an n X n non-stochastic matrix that may involve X,, and W,, and b, is an
n X 1 non-stochastic vector that may involve X, and some model parameters contained in

f. This holds if the null model is a linear regression model or a panel data model with fixed
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effects. Clearly, the matrix A,, is crucial in the application of the OPG method for variance
estimation. For example, for the SAR model described above we have A,, = M, W,, where
M, = I, — X,(X!X,)"'X!. For the spatial error components (SEC) model introduced by
Kelejian and Robinson (1995) we have A,, = M,[W, W, — %tr(WnW;L)In]Mn.

Kelejian and Prucha (2001) presented a central limit theorem (CLT) for the above linear-
quadratic (LQ) forms, which we will use to prove most of our theorems. However, simple
methods for estimating the variance of Q,(g,) were not given. Clearly, Q(e,) is not a sum
of uncorrelated components and hence the OPG method cannot be (directly) applied to

estimate the variance of @, (e;,). Inspired by Born and Breitung (2011), we write
A, = A+ AL+ A2, (3)

where the three n x n matrices on the right hand side of (3) are, respectively, the upper
triangular, the lower triangular and the diagonal matrices of A,,. Define ¢, = (A + Al))e,,.

Let a, = diag(Ay) be the vector formed by the diagonal elements {ay, ;;} of A,. We have,

Qnlen) = e, Anen +ben
= (A% 4+ A)e, +al g2 + bl e,
= & (AY + A)e, +ale? + e,
= e ln+ agei +blen
= > i1 EnilCni + anjiini + bnji),

where 5% = {€fm~}n><1, and &y,4, Cni, angi and by ; are, respectively, the elements of ¢, (p, an
and b,. It can easily be seen that the elements &, ;((ni + @nii€n,i + bn;) in the above
summation are uncorrelated, and thus @, (¢) is decomposed into a sum of n uncorrelated
terms. It follows that the variance of @,,(g,) can be estimated by the following OPG form:

n

Z (Eni (i + @niini + bni))”.

i=1

With this variance estimator, the CLT for LQ forms of Kelejian and Prucha (2001) is
made feasible provided that E[Qy(e,)] = >, an,ii0? is ‘negligible’, i.e., \/L% Yo anii0? =
o(1). Clearly, this is true if a,; = o(n~'/2) for all i and ¢? are finite constants. For all
the three tests considered in Born and Breitung (2011) and the tests for fixed effects panel
models considered in this paper, we have a,_; = O(n™!). In general, as Q,(e,) corresponds
to the concentrated score of A\ (at A = 0) derived under normality and homoskedasticity,
it is typical that ﬁ Yoy anggi = o(1) if homoskedasticity holds. With this, it can be seen
that ﬁ S ansio? = o(1) holds as long as {an;;} and {07} are weakly correlated (see
Theorem 1 below). The following set of assumptions are needed:

Assumption 1. The errors {e,;} are independent such that E(e,;) =0, Var(en;) =
2

o?, and sup; <<, E(|eni|*™°) < 0o for some & > 0.

4
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Assumption 2. The elements {an;} of An satisfy supy<j<p, Y iy |anij| < oo for all
n. The elements {by;} of by satisfy sup,, n=1|b, ;[>T < oo for some 1 > 0.
These are essentially the same set of assumptions maintained by Kelejian and Prucha

(2001) for their central limit theorem for a linear quadratic form. The following theorem

provides a feasible OPG variant of this central limit theorem:
Theorem 1. If Assumptions 1 and 2 hold, and if Cov(an,s2) = o(n~Y/?), then for
testing Hy : A = 0, we have the following OPG-variant of the LM test:

/ /
e Anen + bl en

LMopc = ; (4)
> i1 (Enibni)?
where &, ; = Cn.it+an ii€nitbni, 52 = (03,...,02), and Cov(ay, ¢2) is the (sample) covariance

between a,, and ¢2. Under Hy, LMgpg L, N(0,1).

In empirical applications, €,; are replaced by the restricted residuals and b, ; by their
restricted estimates (under Hy). The above theorem directly extends the results of Born
and Breitung (2011) which require Q,(¢,) to be of the form: &), Wye, + bpe,. It leads
naturally to OPG variants of the LM tests that are robust to heteroskedasticity and non-
normality for a more general class of LM tests. All popular one-directional LM tests of
spatial dependence can be robustified using Theorem 1 such as the LM test for spatial error
dependence in linear regression; the LM test for spatial lag dependence; the LM test for
spatial error components, etc. The OPG LM statistics derived this way differ from those
suggested by Born and Breitung (2011) in that they take into account the estimation of
the ‘other’ parameters such as the regression coefficients and the scale parameter in the
linear spatial regression model. It should be stressed that the results of Theorem 1 can be
applied to any one-directional LM test to provide an OPG variant that is robust against
misspecification in normality and homoskedasticity, as long as the numerator of the test
can be written in the form of (2).

While the LMgpg statistic given in Theorem 1 is robust asymptotically against het-
eroskedasticity and non-normality, its finite sample performance may not be satisfactory,
simply because E[Qn(g,)] = Y. ansio? # 0 unless a,;; are all zero. Furthermore, the
condition Cov(an,s?) = o(n~"/?) may not be satisfied by all LM tests including non-spatial
LM tests. This motivates us to work with

Qg(5n> = 5%A9z€n + byen, (5)
where A% = A, — A%. Clearly, E[Q%(c,,)] = 0. We have the following result:

Corollary 1. If Assumptions 1 and 2 hold, then for testing Hy : A = 0, we have the
following OPG-variant of the LM test with finite sample corrections:
el Ale, + ey,

LMgPG = - 0 \o’
> i1 (En,i&n )

(6)
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where €0 . = (i + by . Under Hy, LM%, -2 N(0,1).
n,t ) ) 0OPG

Theorem 1 offers one-step finite sample improvement over the results of Born and Bre-
itung (2011) by taking into account the estimation of the regression coefficients. Corollary
1 offers further improvement by centering the numerator of the test statistic, and it removes
the condition imposed on the mean of Q,(e,). In practical applications, however, Q% (e,)
has to be replaced by its feasible version Q9 (&,). However, E[Q%(£,,)] may not be zero, and

further corrections may be necessary (see Section 3).

2.2 Multi-directional test

We now consider the case where £ > 2, e.g., the spatial dependence appears both
as a spatial lag and as a spatial error in the linear regression model. Suppose that the
numerators of the elements of the score vector which forms the LM test statistic for testing

Hy : A =0 can be written in linear-quadratic forms in &,:

el Apen + )60
Qn(5n> =

/ /
EnAknen + 0,60

where for r = 1,...,k, {4,,} are n X n non-stochastic matrices that may involve X,, and
{W,}. While {b,,,} are n x 1 non-stochastic vectors that may involve X,, and some model
parameters contained in 0. Kelejian and Prucha (2010) extend Kelejian and Prucha (2001)
to give a CLT for a vector of linear quadratic forms, upon which our theorem is based.

Decomposing each A, in the same manner as in (3), i.e.,

A =A% + AL + A4 r=1...k

TN?

and defining a,, = diag(A,,), and (., = (AY, + Al )e,, r = 1..., k, we have the following

theorem which requires the extended assumption given below.

Assumption 2'. The elements of Ay satisfy sup;<;j<, SUpPj_ || < oo for all n,

and the elements of by, satisfy sup,, n_l\brmﬁ‘””" < oo for somen, >0, r=1,... k.

Theorem 2. If Assumptions 1 and 2 hold, and if Cov(am,s2) = o(n=Y2), r=1,... k,
then for testing Hy : X = 0, we have the following OPG-variant of the joint LM test:

n ! n -1 n
A (zr) (zrr) (zr) | -
=1 =1 =1

where Y, ; = {(rn,i T ii€n,i+bm, 7= 1,..., k}, with lim, o % Yoy Var(ey, i Yy i) being
finite and positive definite. Under Hy, LMgpq 2, X%
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The results of Theorem 2 extend those of Born and Breitung (2011) by allowing A,,
to be arbitrary matrices rather than W,.,,. This means that it can be applied to LM tests
that do not have matrices of zero diagonal elements in the quadratic form. It also allows
the test to be of a general k-dimension rather than 2. Similar to the case of one-directional
tests, the test given in Theorem 2 can be standardized for better finite sample performance.

With this, the condition imposed on the mean of @, (&,) is also removed.

Corollary 2. If Assumptions 1 and 2 hold, then for testing Hg : X = 0, we have the
following OPG-variant of the LM test with finite sample corrections:

n ! n -1 n
DA, (zr) (zez,irg,irgci) (zr) | ©
=1 =1

=1

where T?m = {Cm,z‘ + b, r=1,.. .,k}’. Under Hy, LMSPG D, X%

3 Robust Spatial LM Tests with Finite Sample Corrections

In this section, we apply the results of Section 2 to several popular spatial regression
models. Due to the existence of spatial dependence, the finite sample performance of the
LMgpg tests defined in Theorems 1 and 2 may not be satisfactory. Thus, further finite sample
corrections may be necessary. In sum, Corollaries 1 and 2 point to general directions for
finite sample corrections. For a specific spatial model, however, a finer correction may
be possible. The key idea for improving the finite sample performance of an LM test is
centering, arising from the fact that the expectation of the concentrated score (from which
the LM statistic is derived) is not zero. In Theorem 1 above, for example, E[Q,(e,)] =
Yoy amaf which is not necessarily zero. As a result, the finite sample mean of the LM test
may be far from its nominal value, and the finite sample size of the test severely distorted;
see Baltagi and Yang (2013) for the case of a linear regression with spatial error dependence.
Our idea is to obtain a feasible version of E[Q(e,)], and then subtract this feasible version
from Q(e,). There are two complications in centering. The first is that a feasible version
may not be readily available and some approximation may be necessary, and the second is

that the variance estimator may need to be adjusted after centering.

3.1 Linear regression with SARAR(1,1) dependence

Consider the popular SARAR(1,1) model, i.e., the spatial autoregressive model with

spatial autoregressive errors of the form
Yn = A1‘/Vlnyvn + Xnﬁ + Un; Up = A2‘/V2nun + €n. <9>

The two sub-models with Ay = 0 or A} = 0 are called SAR (spatial autoregressive) model and
SED (spatial error dependence) models, respectively. The three null hypotheses considered
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are: H : Ay = 0 for the SAR model; Hé’ : Ay = 0 for the SED model; and H§ : Ay =0, A2 =0
for the SARAR model. The corresponding LM tests (existing and new) are discussed next.

Let &, be the OLS residuals from regressing Y, on X,, 3, and 52 the OLS estimators
of B and o2, respectively, Tyn, = tr[(Wyp + W ) Winl,r = 1,2, Ty, = tr[(Way, + W5 )Wy,
M, = I,— X,(X} X,)"1 X}, and I,, is an n x n identity matrix. The LM test of H§ : Ay = 0,
given in Anselin (1988a,b), takes the form:

& WY,
52 (D, + Tip)?

LMgyp = , (10)

where D,, = &gZ(WanBn)’ManXan. The LM test of Hé’ given in Burridge (1980) is:

LMSED = nil (11)

The joint LM test of H§ given in Anselin (1988a,b) has the form:

/ ~ -1
IMsunan = 57 < ?xn? ) < Tln; o ?n ) < ?gf;n? ) S (12)
n nWantn 3n 2n nWanén

Born and Breitung (2011) proposed OPG variants of the above LM tests which are robust
against heteroskedasticity and non-normality, making use of the fact that the diagonal
elements of the spatial weight matrices are zero. Let WY and W/, be the upper and
lower triangular matrices of Wy, r = 1,2. Define &;,, = (W + Wlln)én + MW, X3, and
Eon = (W + W} )é,. The three OPG variants of the LM tests of Born and Breitung (2011)

are as follows:

S WY,

LM = —lnn (13)
CARIME
ot

vz — EaWnén g (14)

~ g 1
CIRSHE

/ ~ ~ ~ —1
é;LWInYn é% /§2n 5%/(5171 O] §2n> é;LWInYn
LMgiran = < ) < ' (15)

é;LWQnén 5%/(5171 ®© §2n> 5%/§%n é;LWZnén

where ® denotes the Hadamard product, and the square of a vector, e.g., é% =E&p, O &p.
The OPG variants of the LM tests considered by Born and Breitung (2011) (as well as

the original LM tests) do not take into account the estimation of 3, and hence may suffer

from the problems of size distortion due mainly to the lack of centering and rescaling. Note

that the numerators of the tests above are:

~/ / /
EWYn = e, MWinen, + e, My,
~/ ~ /

EWaonén = e, MWo,Mye,.
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It follows that E(&,W1,Y,) = Y.r 02ain: # 0, and E(&,Wané,) = >0, 02asni # 0,
where {a1,4;} are the diagonal elements of Ay, = M, W, and {as,i} are the diagonal
elements of Ag, = M, W,,M,,. Replacing Wy, by Ay, and Wy, by As, in (13)-(15), and
applying Theorems 1 and 2, one immediately obtains a set of OPG variants of the LM
tests which take into account the estimation of 3. Applying Corollaries 1 and 2, one obtains
another set of OPG variants of the LM tests which take into account the estimation of 3
and also center the tests properly. However, the feasible versions QY (¢) of Q% () defined in
(5), applied to SAR, SED and SARAR models, may not have zero mean, and hence further
improvements can be made (see the proof of our next theorem for details).

For r = 1,2, define H,, = diag(A,,)diag(M,)"% and A}, = A., — M, H,nM,, and
decompose A¥, = A + A*L + A*? asin (3). Let &, = (A1 + Ai)e, + Atde, + M,
and & = (A% + A3L)&, + A322,. We have the following theorem.

Theorem 3. Assume Assumption 1 holds for e, in Model (9). Assume further that (i)
the diagonal elements of Wy, are zero forr = 1,2, (i) all row and column sums of W, are
uniformly bounded for all n and r = 1,2, and (iii) the elements of the n x k matriz X,, are
uniformly bounded for all n, and lim, %X;Xn exists and is nonsingular. Then we have

the following OPG wvariants of the LM tests with finite sample corrections:
=t y., _ & =t
SLMgs = €“W1”N” - j"zﬁ”g”, (16)
CARSHE
o - .
suvges = Sl Tonlen g )
(6% &55)2

~2 1 &% ~ o o x -1
SLMgKgAR — S/ ‘{% /§172L~ 5%/(§1n9 §2n> Sn; (18)
"\ &, 08, &'

where S, = {& W1,,Y,, — & Hiné, & (Wan — Hon)én}. Under Hy, SLMZS 25 N(0, 1),

SLMEEE — N(0,1), and SLMZ,, — x3.

3.2 Linear regression with spatial error components

The linear regression model with spatial error components (SEC) by Kelejian and
Robinson (1995) takes the following form:

Y, =X,0+u, with u, = Wyu, + ¢, (19)

where Y,,, X,, and W,, are defined as in the SARAR model. v, is an n x 1 vector of errors
that together with W,, incorporates the spatial dependence, and ¢ is an n x 1 vector of
location specific disturbance terms. The error components v, and ¢, are assumed to be
independent, with independent and identically distributed (iid) elements of mean zero and

variances o2 and o2, respectively. In this model, the null hypothesis of no spatial effect can



Appeared in: Regional Science and Urban Economics, 2013, 43, 725-739.

be either Hy : 02 =0, or § = 02/02 = 0. The alternative hypothesis can only be one-sided,
as 02 is non-negative, i.e., H, : 02 > 0, or # > 0. Anselin (2001) derived an LM test based

on the assumptions that the errors are normally distributed. This LM test is of the form
&, WuWy, — 11,1z,

LNISEC -
522D, — 2T2,)3

: (20)

where 52 = %éﬁlén, €n is the vector of OLS residuals, Ty, = tr(W,W)) and Ty, =
tr (W, W/ W,,W/). Under Hy, the positive part of LMggc converges to that of N(0,1).
This test is not robust against non-normality, and a robust version was proposed by Yang
(2010):

& WyW), —18,,1,)&,
52(ReSan + S3n)?
where S1, = Lptr(W, W) M,,), San = Zcfm with {cyi;} being the diagonal elements of
Cy, = M,,(W,, W] — %Slnln)Mn, Ss, = 2tr(C2), and F. is the excess sample kurtosis of .
Yang (2010) showed that under Hy, (i) the positive part of SLMggc converges to that of

N(0,1), and (ii) SLMggc is asymptotically equivalent to LMgge when k. = 0.
Neither tests defined in (20) and (21) are robust against heteroskedasticity. The idea

of Born and Breitung (2011) cannot be applied as in general the diagonal elements of

SLMSEC = s (21)

W, W, — %Tlnln are not zero. However, the general method given in Theorem 1 and
Corollary 1 still apply. Similar to the developments in Section 3.1 for linear regressions
with spatial error dependence, we introduce two OPG-variants of the LM test given in (20),
one without and one with finite sample corrections.

Let A5 = W, W}, —1T,1,, A, = M, A5 M, H,, = diag(A,)diag(M,) "2, and A}, = A, —
M, H,M,,. Decompose AS and A% asin (3): AS = A%+ A 4 A%% and A = At A4 Axd,
Define €2 = (A% 4 A°h)g, + A%, and & = (A + Az, + Axdg,,.

Theorem 4. Assume Assumption 1 holds for e, in Model (19). Assume further that (i)
the diagonal elements of W,, are zero, (ii) the sequence {W,,} are uniformly bounded in both
row and column sums, and (iii) the elements of the n x k matriz X,, are uniformly bounded
for all n, and lim,_, %X;Xn exists and is nonsingular. Then we have the OPG-variant
of the LM test without finite sample corrections (standardizations) as:

gl ASE,
(&7 &2)7
and the OPG-variant of the LM test with finite sample corrections (standardizations) as:
é;L(A;)L — Hn><§n
(&3 22
Under Hy, the positive part of LM3ES converges to that of N(0,1) if \/nCov(wy,,s2) = o(1)
where w, = diag(W, W) and <> = (02,...,02%); and the same holds for SLM3re.

LMggc = (22)

SLMEE -

(23)

10
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Note that LMSES does not take into account the estimation of 3, and does not have
mean and variance corrections. For a row normalized spatial contiguity weight matrix W,,,
we have w, ; = ni_l where n; is the number of neighbors that spatial unit ¢ has. Thus, as
long as the correlation between {n; '} and {2} is weak so that Cov(cww,,c2) = o(n~1/2), the
asymptotic null distribution of LM3ge will be centered at 0. This weak correlation occurs
when the variations among {n; '} is small, or {o?} depends on the regressors’ values {z;}
which are generated independently of {ni_l}, etc. A similar version taking into account the

estimation of 3 can be obtained by replacing A, by A,,.

3.3 Spatial panel data models with fixed effects

The SARAR(1,1) model defined in (9) can be extended to the fixed effects panel data
model with SARAR(1,1) dependence, and denoted by panel SARAR(1,1)in this paper:

Ynt = A1‘/Vlnyvnt + Xntﬁ + Up + Unt, Upt = A2‘/V2nunt + €nt, t= 17 ceey T, (24>

where the individual specific effect u,, may be correlated with the regressors. Similar to the
linear SARAR(1,1) model, letting A2 = 0 gives a fixed effects panel SAR model, and letting
A1 = 0 leads to a fixed effects panel SED model.

Lee and Yu (2010) studied the asymptotic properties of QML estimation of the panel
SARAR(1,1) model with fixed effects. They used orthogonal transformations to wipe out
the fixed effects so that the incidental parameter problem would not occur in case T is fixed.

The resulting model takes the form:
Yo = MW Y + XoB +upes e = MaWopupy + 65, t=1,...,T—1, (25)

where (Yn*b YJQ, s 7Y7::T—1> = (Ynla Yng, s ;YnT>FT,T—1; FT,T—I isa T x (T — 1) matrix

whose columns are the eigenvectors of It — %LTL’T corresponding to the eigenvalues of

*

one, and tr is a vector of ones of dimension 7. wu},,

ers, and the columns of X, are
similarly defined. Letting Ay = 0 or A\; = 0 in (25) gives the transformed panel SAR or the
transformed panel SED model, respectively.

Debarsy and Ertur (2010) followed up with LM tests for spatial dependence for model
(24) or (25). Similar to the case of a linear SARAR model, we are interested in the following
three tests: H$ : A\; = 0 in the panel SAR model, H} : A2 = 0 in the panel SED model,
and H§ : A\ = 0,A2 = 0 in the panel SARAR model; and we develop LM tests that
are robust against both heteroskedasticity and non-normality. First, the three standard
LM tests derived by Debarsy and Ertur (2010) under normality and homoskedasticity are
summarized below.

The LM test for H§ : A1 = 0 in the fixed effects panel SAR model takes the form:
N gWi Yy
VS + D éfk\l/éfk\l ’

11

LMEER - (26>
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where N = n(T'—1), &f denotes the OLS residuals from regressing Y5 on Xy, with YJ being
the stacked {Y5;} and X} the stacked {X;}. S; = tr[(Wy + W))W,], Wy = I, @ Wy,
where ® denotes the Kronecker product, D = &I\_,Qﬁ{\,MﬁN, N = WlXNBN, M = Iy —
XI{I(XK{X&})_IXK{, and Gy and &% are the OLS estimators of 3 and o2, respectively. The
LM test for Hé’ : Ao = 0 in the fixed effects panel SED model takes the form:
FE N &Woey

LMggp = E%a (27>
where Sy = tr[(Wq + W,)Ws] and Wy = I7_1 ® Wa,.2 The joint LM test for H§ M\ =
0, A2 = 0 in the fixed effects panel SARAR model has the following form:

/ ~ -1
LMFE _ i é:f;{WlYI{f Si1+D Ss é:f;{WlYI{f (28)
SARAR — ~4 ~k/ ~x ~x/ ~x )
ON €NW2€N Sg SQ €NW2€N
where S3 = tr[(Wy + W,)W,].

It can be shown that all of these tests including the standardized version of LME) given in
Baltagi and Yang (2013) are asymptotically robust against non-normality. However, none
of these tests are robust against unknown heteroskedasticity. Note that &5 = Mey, where
efy is the stacked {e;;} and has uncorrelated elements. The tests given in (26)-(28) have
identical structures as those given in (10)-(12). Thus, the method of Born and Breitung
can be applied to give OPG-variants of the three LM tests given in (26)-(28):

~*/W Y*
g~ ST (29
(e &R)?
~*/W ~k
LMEsgPe —  SNT2IN g (30)

27 Fray L’
Gk

LMERS = ( A ) ( N e o G ) | ( P )<31>
en Waéy &y (€N © &) &7 o EN Wy

where &1y = (WY + W¥)&% + My and &y = (W + WY

The structure of the three LM tests (26)-(28) show that applications of the methods
proposed in this paper (Theorems 1 and 2) would lead to OPG-variants of the LM tests that
could improve their finite sample performance. Now, define A; = MW; and Ay = MW,M.
For r = 1,2, let H, = diag(A,)diag(M)~2 and A2 = A, — MH, M, which is decomposed
as AS = A% + A° + A% as in (3). Let ETN = (ASY + ASL)E + AS4ES + M, and
§~§N = (ASY + ASL)Ex + ASEEL. We have the following theorem.

Theorem 5. Assume Assumption 1 holds for eny in Model (24), t =1,...,T. Assume
further that (i) the diagonal elements of W, are zero for r = 1,2, (ii) the sequences {W,}

2To test spatial error dependence in linear or panel regressions, Baltagi and Yang (2013) introduced a

standardized version of LMis, which performed better in finite samples.

12
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are uniformly bounded in both row and column sums, and (iii) the elements of the N x k
matriz Xy are uniformly bounded for all N, and limy_, o %X{NXN exists and is nonsingular.
Then we have the following OPG-variants of the LM tests with finite sample corrections:
s - O SRS 32)
(&7 &7)2
EN(Wy — Ha)ég

SLMERFS = —== and (33)
(&R &58)2
~, ~ ~ —1
5*2/ 20 5*2/ é-o @fo
SLnggig = Sg\l ~x2 / IElo 1N~o N E*;I§I~o2 2N> SN’ (34>
&N (€ © &) N 6N

where Sy = (EIW, Yy — &YH &, &5(Wo — Hy)&h). Under Ho, SLMEEPPC 2, N0, 1),
SLMEESPE 2, N(0,1), and SLMEERS 2, 32

4 Monte Carlo Results

In this section, we describe Monte Carlo experiments and results for the finite sample
performance of the LM tests discussed in Section 3. General methods for generating the
spatial weight matrices, the model errors, the regressors values, and the heteroskedasticity
to be used in the Monte Carlo experiments are described first, followed by the results for

each of the three types of models considered earlier.

4.1 General settings

Spatial Weight Matrix. The spatial weight matrices used in the Monte Carlo ex-
periments are generated according to Rook Contiguity, Queen Contiguity and Group
Interactions. In the first two cases, the number of neighbors for each spatial unit stays
the same (2-4 for Rook and 3-8 for Queen) and does not change when the sample size n
increases. In the last case, the number of neighbors for each spatial unit increases with the
sample size but at a slower rate, and changes from group to group.

The W,, matrix under Rook contiguity is generated as follows: (i) index the n spatial
units by {1,2,---,n}. Randomly permute these indices and then allocate them into a
lattice of r x m(> n) squares. (ii) Let W,, ;; = 1 if the index j is in a square which is on the
immediate left, or right, or above, or below the square which contains the index ¢, otherwise
Whyi; = 0; and (iii) divide each element of W, by its row sum. The W, matrix under
Queen contiguity is generated in a similar way, but with additional neighbors which share a
common vertex with the unit of interest. To generate the W,, matrix according to the group
interaction scheme: (i) Calculate the number of groups according to g = Round(n?®), and

the approximate average group size m = n/g; (ii) generate the group sizes (ni,na, - - ,ng)

13
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according to a discrete uniform distribution from 0.5m to 1.5m; (iii) adjust the group sizes
so that >°7 | n; = n, and (iv) define W, = diag{W;/(n; —1),i=1,---, g}, a matrix formed
by placing the sub-matrices W; along the diagonal direction, where W; is an n; X n; matrix
with ones on the off-diagonal positions and zeros on the diagonal positions. Clearly, under
Rook or Queen contiguity, each spatial unit has a bounded number of neighbors, whereas

under group interaction it is divergent with rate n'=°.

Error Distributions. Various distributions are considered in generating the model er-
rors, including normal, normal mixture, lognormal, chi-square, normal-gamma mixture, etc.
All distributions are standardized to have zero mean and unit variance. The standardized

normal-mixture variates are generated according to
€ni = ((1 — ’Ui>Zi + ’UiTZi>/(1 —p+px* T2>0'5,

where v; is a Bernoulli random variable (with probability of success p) and Z; is a standard
normal, independent of v;. The parameter p in this case also represents the proportion of
mixing the two normal populations. In our experiments, we choose p = 0.1, meaning that
90% of the random variates are from standard normal and the remaining 10% are from
another normal population with standard deviation 7. We choose 7 = 4 to simulate the
situation where there are gross errors in the data.

Regressors. The DGPs used in the linear spatial regression models contain a constant
and two regressors, and the DGPs used in the spatial panel data models with fixed effects
contains three time-varying regressors. The simplest method for generating the values {z;}
for a regressor X,, is to make random draws from a certain distribution, leading to a scheme
XVal-A: {z;} “N (0,1). Alternatively, to allow for the possibility that there might be
systematic differences in X,, values across the different sets of spatial units, e.g., spatial
groups, spatial clusters, etc. In this case, the ith value in the jth ‘group’, or jth column of
the lattice, {z;;} of X,, are generated according to scheme XVal-B: {z;;} = (22; + zi;)/V/5,
where {z;, zi;,v;, vij } id N(0,1), across all ¢ and j. Unlike the XVal-A scheme that gives
iid X values, the XVal-B scheme gives non-iid X values, or different group means in terms
of group interaction, see Lee (2004). Additional regressors are generated similarly and
independently according to either XVal-A or XVal-B or a mix of the two. In case of a panel
data model, a time trend 0.1t is added to each regressor.

Heteroskedasticity. The heteroskedasticity is generated by making it either propor-
tional to the absolute values of a regressor, or to the group size when the group interaction
spatial weight matrix is used. To be exact, the former is generated by setting o; = | Xp1 4|
or 2| X, 4|, and the latter by setting o; = twice the group size over the average group size.

In each Monte Carlo experiment, five different sample sizes are considered, i.e., n =
50, 100, 200, 500 and 1000. The number of Monte Carlo replications used is 10,000. The

14
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regressors are treated as fixed in the experiments. As size-adjusted powers are almost the

same for comparable tests, only the empirical sizes of the tests are reported.

4.2 Linear regression with SARAR effects

For the SARAR(1,1) model, we use the following data generating process (DGP) in our

Monte Carlo experiments:
Yn = A1‘/Vlnyvn + ﬁOln + Xlnﬁl + X2n62 + Up, Upn = A2‘/V2nun + €n,

where €,,; = 0;€,; with {e,;} being iid(0, 1). The parameter values are set at 5 = {5,1,1}".

Table 1 presents partial results for the empirical mean, sd and rejection frequencies for
the three LM tests for spatial lag dependence, i.e., LMgpr, LMS5S and SLMES for testing
H§ : Ay = 0 in the SAR model. Table 2 presents partial results for the three LM tests for
spatial error dependence, i.e., LMgpg, LM%S and SLMZES for testing HY : Ay = 0 in the
SED model. Table 3 gives partial results for the three tests of SARAR(1,1) dependence,
i.e., LMsarar, LM25S,z and SLMEES,; for testing HS : Ay = 0, A2 = 0 in the SARAR model.

The following general observations arise from our results: (z) The null distributions of
the three proposed tests (SLMZ5s, SLMSEs and SLMEES,;) are very close to their nominal
ones; (i7) The three OPG-variants of the LM tests given in Born and Breitung (2011) can
have severe finite sample distortions in size, mean and variance; and (ii7) the three regular
LM tests can have both finite and large sample distortions in their null distributions. It is
interesting to note that even when the disturbances are homoskedastic, the three proposed
tests still dominate the other two sets of tests, especially when the disturbances are non-
normal (some Monte Carlo results are not reported to save space).

To illustrate the point that the existing tests perform poorer under heavier spatial
dependence, we report two sets of results for the SED model, one under Queen contiguity
with » = 10 (light spatial dependence, Table 2a), and one under group interaction with
g = n%% (heavy spatial dependence, Table 2b). The results indeed indicate that under
the Queen design, the two OPG-based tests agree well, but under the group design, LM3rs
performs noticeably poorer than SLMZES. The same is observed for the LM tests of SLD and
LM tests of SARAR. However, as seen from the next subsection, the OPG-based LM tests

without finite sample correction can perform poorly even under light spatial dependence.

4.3 Linear regression with spatial error components

For investigating the finite sample performance of the three tests: The regular LM test

LMsggp, its OPG-variant without finite sample corrections LMZES, and its OPG-variant with

finite sample corrections SLM3ES we use the following DGP in the Monte Carlo experiments:

Y, = ﬁOln + anﬁl + Xn262 +u, with u, =Wy, +¢e5,
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where again e,; = o;e,; with {e,;} being iid(0, 1), and g = {5,1,1}".

Table 4 contains partial Monte Carlo results for the three LM tests. The results show
that the proposed test SLMSES dominates the regular LM test (LMggc) and another proposed
test (LM3ES) without finite sample corrections. While the results do show that LM3re
converges to N(0, 1), its convergence rate can be very slow and as a result the finite sample
performance of LMEES can be poor, even when the spatial dependence (Queen contiguity)
is quite light. The results (not reported for brevity) under a heavier spatial dependence
(group interaction) show that LMZES performs much poorer. In contrast, SLMIES still
performs reasonably well. This shows the importance of finite sample corrections. The
results show that LMggc is not robust against heteroskedasticity. The non-robust feature of

LMsgc (against non-normality) is demonstrated in Yang (2010).

4.4 Fixed effects spatial panel data model with SARAR dependence

For the spatial panel data models with fixed effects, we use the following DGP:

Ynt = A1‘/Vlnyvnt + Xlnﬁl + X2n62 + XSnBS + Un + Unt,
Une = XoWoptp +éene, t=1,...,7T,

where the additional regressor Xs, is generated in a similar fashion as the earlier two
except it is generated from a standardized lognormal distribution instead of the standard
normal distribution. The fixed effects are generated by setting p,, = % Zthl Xnt+Z,, where
Zn ~ N(0,1,).

Tables 5-7 report partial Monte Carlo results, corresponding to the three null hypothe-
ses, of the three sets of tests, namely, the regular LM tests (LM§kg, LMEE,, LMEiz,z),
the OPG-variants without finite sample corrections (LMEESFS, LMEEDPE LMEERES) " and the
OPG-variants with finite sample corrections (SLMEESFS, SLMEESPC SLMEERSPS) . The results
show the following: (i) The SLMs dominate the other two sets of tests in terms of null
distributions and their robustness against non-normality and heteroskedasticity; (ii) The
regular LMs are not robust against heteroskedasticity; and (ii7i) the OPG variants without
finite sample corrections can perform poorly when the sample size is not large even under
homoskedasticity. It is interesting to note that the SLMs dominate the other two sets of

tests even under normality and homoskedasticity.

5 Conclusion and Discussion

We have presented a general methodology to robustify the standard LM tests to allow
for non-normality and unknown heteroskedasticity. General ideas and methods for correct-

ing the robustified LM tests to obtain better finite sample performance are also presented.
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These ideas and methods are demonstrated in details using the three popular spatial mod-
els. In addition, extensive Monte Carlo experiments are performed, where the spatially
autocorrelated regressors as in Pace et al. (2011) are also considered. The results show that
these tests work very well. While many popular spatial LM tests are of the form specified
above, some are not. For example, the LM test for spatial lag dependence allowing for the
presence of spatial error dependence and vice versa. In these cases, the matrices A,, and
the vectors by, = 1, ..., k contain estimated parameter(s). Thus, it is necessary to further

extend the above ideas to deal with these cases.

Appendix: Proofs of the Theorems

To prove the theorems, we need the following central limit theorem (CLT) for the linear-
quadratic form Q,(e,) = €}, Anen + bley, defined in (2).

Theorem A.1 (Kelejian and Prucha, 2001): Suppose e,,, A, and b, satisfy Assumptions

If %7‘7% > ¢ for some ¢ > 0 and large enough n, then
Qn(5n> — MUn D
_—
Tn

where iy, = E[Qn(ey)] = Yl anio?, and 72 = Var[Qn(e,)] = 2> 0, > i1 m]0202 +
Yo bi 0f +Zz 1la? 30 Aki42bn ian 03], with y; and k; being, respectively, the skewness

N(0,1), (A-1)

and excess kurtosis of p ;.

Note that the above result requires that A,, be symmetric. When A,, is not symmetric, it
can be replaced by %(An + Al)). The above result allows the elements of €, to depend upon

2

n. When {e, ;} are normal, 7; = k; = 0 and the last term in 7,; vanishes. A multivariate

extension of this result is the CLT for a k x 1 vector of linear quadratic forms given in
Kelejian and Prucha (2010, p. 63).

Proof of Theorem 1: It suffices to show that (37 ien ikl — 1) 2, 0. Recall

€ni = Cnyi + Anii€n,i + bni and (, ; is the ith element of ¢, = (AL + A¥)e,,. We have

1 n
2 ¢£2 2
E <Z gn,ifn,i - Tn)

=1

1 2 ¢
= Z ai,u‘ (5;11‘ - E(dﬁz)) + n Z Qi On i (5;3” - Z bn i \Enyi )
i=1 i=1
n

1 2 — 2
2 2 2 3 2 _
L E (e1,iCni — Ticnsi) + - E Anii € iCnyi + - E bn,ii €,iCni = E Hip,
i=1 i=1 i=1 k=1

Wherecnl—llzj 1a m] ]

k=1,...,6, which is done by using the weak law for large numbers (WLLN) for martingale

The result of the theorem follows by showing that Hy, 2.0 for
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difference arrays in Davidson (1994, p. 299). Let F,,; be the increasing o-field generated

by {€n1,...€n,i}, and note that ¢, ; is F;, ;—1-measurable and ¢, ; is independent of ¢, ;.

To show that Hy, = £ 577 | al i(en; — Eepy) 2.0, note that under Assumption 1 the

ng
{ep i—Ee, ;} are independent with mean zero and that E\gii—Eaii\H‘s < K. <ooford > 0.
Thus, the {e} i—E54 } are uniformly integrable. Furthermore, under Assumption 2, we have
LS a i < K? < 00, and limsup,,_, ., = e a)

It follows from the WLLN for martingale difference arrays in Davidson (1994, p. 299)

. 1g4
lim sup,, i=1 O < limsup, o, 7 K, = 0.

that Hln 2, 0. Similar arguments lead to Ha, = %Z? | @ ibnii(e3 . — Ee3 ) 2.0, and
= Zz 1 nzz( €ni _Uz‘2>£>0~
To prove Hyp = £ Y i (ep ;G2 — 07¢n.i) 20, write Hy, = H{, + H},, where H} =
% ?:1(5317i_012> 5. and H4n = % T Uf((ii—cm). For H{,, we note that (2 —02) 72”

is F, i-measurable and that E(e 3” —o?) %J\fm_l) = 0. It follows that {53” —o?)(? min 1<
i < n} forms a martingale difference array. Thus, under Assumption 1 the WLLN for
martingale difference arrays applies which leads to Hf, 2, 0

. 1
For H} . it is easy to see that Cnyi =2 ; 1 Onij€nj, BCH ;= 42] 1 m] ] = Cp,i, and

Hy, = 300G — cn)
= 421 1 22] 1 nz]( >+ > i 22 Zk 1 On,ijAn,ikEn,jEn,k
Z? 11 nz( >+ Zz 1 57” n,%)

4N\ 2.2 1—1 _ n 2
where ¢n; = 5300110705 5, Vi = 22521 Pnijengs and @i = 83 111 0jan kiGn k-

Thus, Hn4 is written as two sums of martingale difference arrays. It is easy to verify the

conditions of the WLLN for martingale difference arrays. It follows that HY, L, 0. Similarly,
H5n = %Z?:l QA 43 5%,1‘%1‘ £> 0, and H6n = %Z?:l bn,ii 8%71(7” £> 0. H
Proof of Corollary 1: Follow the same arguments as those for proving Theorem 1.
Proof of Theorem 2: Without loss of generality, we prove the theorem for the

case of k = 2. With the result of Theorem 1 and the multivariate CLT for a vector
of linear quadratic forms of Kelejian and Prucha (2010, p. 63), it suffices to show that

%[Zz 1€n, Zfln z§2n i COV(an, QZn)] 2, 0, where grni = Crni + Qrpjii€ni + brn,ia Crn,i is
the ith element of (., = (AL, + A% )e,, and Q,, = €, iArnEni + 0 i ‘%meviv r=1,2.
It is easy to verify that &, ,§ii and €], ;€sn ; are uncorrelated, fori #jand r,s =1,2. It
follows that

Cov(Q1n, Q2n) = iy Cov(ey, iinis € i2nsi)
= 430 Z 1a1n ij A2n, ZJU U + D i Angiia2n u(E54,z‘ - U?)

P
+ 30 (@1niiboni + a2niibin ) EeS , + SO0 binibanio2.
7 , 7
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The above result allows us to write %[ZLI 5%,1‘51%1‘52%1‘ — Cov(Q1n, Q2r)] as sums of mar-

tingale difference arrays, and the rest is similar to the proof of Theorem 1. H
Proof of Corollary 2: Follow the same arguments as those for proving Theorem 2.

Proof of Theorem 3: The main part of the proof parallels that of the proof of
Theorems 1 and 2. We focus on the finite sample corrections. Consider the quadratic
form &/, A,e, and note that w, = E(c,Anen) = S i aniio?. A natural estimator for u,
S fin, = D1y amiéfm = &/ A4s, where &, is the vector of OLS residuals. Clearly, fi, is a
biased estimator as E(fi,) = E(&,A%8,) = E(e/, M, A M,e,) = Yo bniio? # 0. In this

case, by ;; are the diagonal elements of M,, A% M,,, which are of the form

n
— 2 . 2 .
bn,ii = M ji0n,ii + E M5 0n,j5j 5
J=1)

where my, ;; are the elements of the projection matrix M,, defined above (10). This im-
mediately suggests a new estimator [}, = > 7" an7iim;§i€%i that is nearly unbiased. In
fact, the quantities leading to the bias, Z?Zl(#) (Minij /M ii)*an,jj, becomes negligible by
the properties of the projection matrix M,. Clearly, these arguments and methods can
be applied to give finite sample corrections to all tests where the null model is either the

classical linear regression model, or the panel data model with fixed effects.
Proof of Theorem 4: Similar to the proof of Theorem 3.

Proof of Theorem 5: Similar to the proof of Theorem 3.
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Table 1. Mean, sd, and Rejection Frequencies:

LM Tests for Spatial Lag Dependence

Heteroskedasticity = | X1

Heteroskedasticity = 2|X1]

n mean sd 10% 5% 1% mean sd 10% 5% 1%
Normal Errors
50 -0.3159 0.8135 .0545 .0202 .0006 | -0.6587 0.9206 .1236 .0439 .0071
-0.3927 0.9761 .1160 .0545 .0060 | -0.7272 0.9269 .1618 .0744 .0070
0.0286 1.0266 .1090 .0506 .0075 | -0.0419 1.0634 .1224 .0600 .0111
100 -0.3739 1.0574 .1476 .0753 .0152 | -0.9043 1.0325 .2697 .1412 .0152
-0.3897 1.0168 .1344 .0686 .0121 | -0.7769 0.8635 .1563 .0722 .0089
-0.0382 1.0393 .1133 .0531 .0091 | -0.0838 1.0448 .1167 .0573 .0108
200 -0.3524 1.0486 .1355 .0706 .0143 | -0.5287 1.0522 .1660 .0823 .0164
-0.4003 0.9854 .1221 .0613 .0104 | -0.5682 0.9670 .1484 .0753 .0127
-0.0708 1.0118 .1064 .0523 .0094 | -0.0946 1.0184 .1083 .0526 .0073
500 -0.2483 0.9595 .0991 .0454 .0082 | -0.3044 1.0002 .1113 .0548 .0103
-0.2755 0.9823 .1091 .0526 .0107 | -0.3391 0.9802 .1117 .0562 .0094
-0.0224 1.0020 .1033 .0505 .0098 | -0.0488 0.9970 .0956 .0472 .0082
1000 | -0.1594 1.0135 .1067 .0539 .0115 | -0.3239 1.2137 .1910 .1127 .0332
-0.1792  0.9900 .1009 .0491 .0095 | -0.3479 0.9893 .1186 .0595 .0116
-0.0346 0.9966 .0981 .0472 .0093 | -0.0892 1.0028 .1023 .0523 .0091
Normal Mixture
50 -0.2939 0.8118 .0542 .0188 .0012 | -0.6282 0.8593 .1053 .0368 .0037
-0.3471  0.9675 .1040 .0440 .0049 | -0.6896 0.9015 .1437 .0609 .0051
0.0472 1.0134 .0985 .0432 .0056 | 0.0146 1.0438 .1125 .0532 .0089
100 -0.3589 1.0369 .1377 .0722 .0128 | -0.8301 1.0115 .2383 .1206 .0144
-0.3572  0.9977 .1163 .0537 .0083 | -0.7169 0.8810 .1413 .0649 .0080
-0.0297 1.0249 .1036 .0463 .0055 | -0.0397 1.0326 .1060 .0529 .0091
200 -0.3458 1.0239 .1270 .0601 .0122 | -0.5202 1.0135 .1484 .0730 .0138
-0.3719 0.9829 .1106 .0558 .0087 | -0.5449 0.9577 .1357 .0606 .0086
-0.0492 1.0196 .1031 .0481 .0083 | -0.0660 1.0235 .1028 .0494 .0086
500 -0.2473 0.9662 .1032 .0477 .0069 | -0.2926 1.0022 .1144 .0569 .0109
-0.2719 0.9922 .1137 .0534 .0091 | -0.3192 0.9892 .1155 .0546 .0097
-0.0215 1.0123 .1085 .0507 .0071 | -0.0323 1.0071 .1025 .0505 .0079
1000 | -0.1441 1.0299 .1159 .0581 .0133 | -0.3142 1.2148 .1824 .1140 .0355
-0.1620 1.0037 .1070 .0528 .0097 | -0.3298 0.9952 .1169 .0596 .0107
-0.0192 1.0096 .1016 .0517 .0106 | -0.0725 1.0102 .1067 .0529 .0085
Lognormal Errors
50 -0.2218 0.8217 .0494 .0162 .0010 | -0.6056 0.9030 .1167 .0471 .0068
-0.1984 0.9878 .0885 .0373 .0037 | -0.6596 0.9333 .1417 .0618 .0070
0.1722 1.0186 .1064 .0484 .0063 | 0.0157 1.0346 .1039 .0451 .0080
100 -0.3635 1.0022 .1273 .0640 .0126 | -0.5443 1.3511 .2984 .1692 .0390
-0.3529 0.9793 .1057 .0486 .0062 | -0.4425 1.1426 .1805 .1010 .0228
-0.0395 1.0262 .1034 .0450 .0067 | 0.1488 1.1496 .1535 .0911 .0291
200 -0.3661 0.9702 .1092 .0534 .0096 | -0.4247 1.0034 .1245 .0598 .0096
-0.4303 0.9807 .1212 .0595 .0097 | -0.4489 0.9766 .1201 .0566 .0100
-0.1111  1.0098 .1030 .0461 .0072 | 0.0290 1.0346 .1080 .0557 .0102
500 -0.2450 0.9531 .0958 .0455 .0089 | -0.2905 0.9819 .1054 .0513 .0098
-0.2661 0.9902 .1078 .0500 .0087 | -0.3369 0.9906 .1107 .0551 .0098
-0.0172 1.0143 .1036 .0483 .0086 | -0.0527 1.0030 .0977 .0458 .0078
1000 | -0.1362 1.0178 .1112 .0593 .0127 | -0.2998 1.1520 .1615 .0888 .0251
-0.1525 0.9978 .1038 .0497 .0078 | -0.3380 0.9804 .1067 .0526 .0110
-0.0131 1.0031 .1041 .0497 .0071 | -0.0777 1.0002 .0962 .0440 .0082
Note: Three rows under each n: LMgys, LM3s and SLMgys; Group, g =n’°; XVal-B.
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Table 2a. Mean, sd, and Rejection Frequency

: LM Tests for Spatial Error Dependence

Heteroskedasticity = | X1 Heteroskedasticity = 1
n mean sd  10% 5% 1% mean sd 10% 5% 1%
Normal Errors
50 -0.2843 0.8682 .0694 .0270 .0031 | -0.2653 0.9354 .0870 .0368 .0059
-0.3196 0.9637 .1016 .0404 .0035 | -0.3348 0.9950 .1189 .0536 .0079
0.0012 1.0343 .1090 .0478 .0053 | -0.0395 1.0313 .1116 .0512 .0065
100 -0.1167 0.9274 .0759 .0351 .0051 | -0.1921 0.9672 .0934 .0454 .0071
-0.1623 1.0025 .1016 .0433 .0038 | -0.2421 1.0024 .1116 .0542 .0092
-0.0233 1.0157 .1025 .0422 .0038 | -0.0460 1.0183 .1076 .0534 .0080
200 -0.1535 0.9674 .0923 .0449 .0073 | -0.1171 0.9812 .0979 .0462 .0081
-0.1885 0.9930 .1043 .0462 .0063 | -0.1499 0.9972 .1017 .0515 .0097
-0.0207 1.0043 .1000 .0461 .0063 | -0.0129 1.0061 .1035 .0498 .0094
500 -0.0619 0.9731 .0891 .0439 .0073 | -0.0935 0.9781 .0945 .0461 .0097
-0.0849 1.0110 .1045 .0511 .0088 | -0.1138 0.9877 .0980 .0490 .0104
-0.0099 1.0168 .1045 .0520 .0094 | -0.0313 0.9910 .0962 .0503 .0101
1000 | -0.0588 1.0017 .0990 .0496 .0102 | -0.0645 0.9969 .1002 .0498 .0091
-0.0740 0.9991 .0976 .0522 .0097 | -0.0804 1.0012 .1017 .0507 .0096
-0.0121 1.0021 .0984 .0522 .0094 | -0.0204 1.0027 .1006 .0502 .0093
Normal Mixture
50 -0.2962 0.8410 .0620 .0232 .0020 | -0.2676 0.8698 .0660 .0275 .0040
-0.3355 0.9887 .1105 .0443 .0029 | -0.3365 0.9792 .1090 .0450 .0048
0.0033 1.0286 .1037 .0423 .0030 | -0.0258 1.0133 .0997 .0428 .0050
100 -0.1421 0.8892 .0700 .0306 .0052 | -0.1861 0.9339 .0824 .0379 .0049
-0.1832 1.0051 .0984 .0385 .0043 | -0.2325 1.0019 .1027 .0483 .0063
-0.0353 1.0121 .0966 .0369 .0031 | -0.0277 1.0209 .1033 .0468 .0051
200 -0.1492 0.9259 .0772 .0372 .0077 | -0.1200 0.9579 .0865 .0410 .0085
-0.1841 0.9844 .0964 .0396 .0052 | -0.1497 0.9920 .1006 .0403 .0056
-0.0051 0.9957 .0938 .0389 .0050 | -0.0084 1.0010 .0976 .0405 .0056
500 -0.0780 0.9387 .0804 .0399 .0079 | -0.0791 0.9888 .0972 .0484 .0109
-0.0986 1.0026 .0995 .0460 .0087 | -0.1037 0.9999 .1002 .0492 .0092
-0.0185 1.0064 .0984 .0455 .0085 | -0.0196 1.0032 .1013 .0503 .0084
1000 | -0.0777 0.9956 .0963 .0459 .0109 | -0.0579 1.0033 .1005 .0519 .0090
-0.0908 1.0019 .0986 .0440 .0074 | -0.0743 1.0111 .1054 .0522 .0082
-0.0265 1.0048 .0992 .0426 .0067 | -0.0138 1.0128 .1035 .0514 .0084
Lognormal Errors
50 -0.2773  0.8259 .0525 .0199 .0033 | -0.2576 0.8496 .0560 .0229 .0049
-0.3805 0.9843 .1114 .0436 .0036 | -0.4010 0.9699 .1071 .0439 .0063
-0.0405 0.9972 .0875 .0335 .0027 | -0.0859 0.9956 .0903 .0341 .0037
100 -0.1466 0.8576 .0550 .0262 .0058 | -0.1811 0.8949 .0609 .0278 .0073
-0.2866 0.9991 .1045 .0445 .0049 | -0.3341 1.0001 .1136 .0520 .0067
-0.1299 1.0031 .0898 .0339 .0037 | -0.1183 1.0065 .0996 .0422 .0038
200 -0.1571 0.8934 .0668 .0299 .0066 | -0.1331 0.9259 .0718 .0359 .0091
-0.3002 0.9979 .1057 .0519 .0083 | -0.2883 1.0032 .1128 .0563 .0101
-0.1137 0.9980 .0926 .0423 .0056 | -0.1394 1.0022 .1013 .0460 .0070
500 -0.0570 0.9321 .0722 .0378 .0103 | -0.0969 0.9656 .0843 .0421 .0094
-0.2245 1.0222 .1122 .0566 .0109 | -0.2424 1.0260 .1161 .0602 .0128
-0.1382 1.0210 .1044 .0514 .0085 | -0.1532 1.0233 .1084 .0558 .0112
1000 | -0.0662 0.9645 .0803 .0400 .0116 | -0.0582 0.9853 .0888 .0441 .0104
-0.2196 1.0193 .1104 .0571 .0108 | -0.1856 1.0320 .1163 .0593 .0126
-0.1497 1.0158 .1037 .0529 .0093 | -0.1219 1.0289 .1111 .0557 .0117
Note: Three rows under each n: LMsgp, LM3s and SLM3:: Queen, r = 10; XVal-B.
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Table 2b. Mean, sd, and Rejection Frequency:

LM Tests for Spatial Error Dependence

Heteroskedasticity = | X1

Heteroskedasticity = 1

n mean sd  10% 5% 1% mean sd  10% 5% 1%
Normal Errors
50 -0.6348 0.8522 .0690 .0175 .0054 | -0.6884 0.8265 .0919 .0140 .0026
-0.8025 0.9268 .1840 .0851 .0105 | -0.9054 0.9857 .2536 .1409 .0239
-0.1347 1.0888 .1301 .0576 .0057 | -0.1456 1.0930 .1423 .0725 .0111
100 -0.6374 0.7301 .0296 .0053 .0014 | -0.5490 0.8634 .0880 .0226 .0029
-0.8386 0.9019 .1951 .0989 .0156 | -0.7230 0.9995 .1973 .1088 .0254
-0.1436  1.0931 .1383 .0703 .0120 | -0.1380 1.0565 .1234 .0618 .0118
200 -0.6993 1.0170 .1723 .0584 .0099 | -0.4741 0.8978 .0909 .0286 .0029
-0.7688 0.9368 .1798 .0939 .0170 | -0.6187 1.0045 .1676 .0938 .0223
-0.2137 1.0201 .1127 .0559 .0098 | -0.1468 1.0378 .1131 .0579 .0115
500 -0.4728 1.0855 .1595 .0758 .0154 | -0.3338 0.9500 .0949 .0409 .0064
-0.5436 0.9846 .1466 .0772 .0156 | -0.4425 1.0143 .1401 .0771 .0183
-0.1317 1.0184 .1116 .0578 .0096 | -0.0748 1.0308 .1120 .0607 .0116
1000 | -0.5406 1.2492 .2324 .1321 .0342 | -0.3079 0.9693 .1024 .0456 .0065
-0.5689 0.9907 .1544 .0813 .0170 | -0.3993 1.0208 .1369 .0739 .0171
-0.1694 1.0300 .1148 .0616 .0106 | -0.0855 1.0295 .1111 .0587 .0130
Normal Mixture
50 -0.6520 0.7139 .0480 .0154 .0028 | -0.6899 0.6950 .0600 .0161 .0013
-0.8268 0.8365 .1496 .0637 .0065 | -0.8741 0.8453 .1679 .0800 .0099
-0.0626 1.0191 .0952 .0431 .0061 | -0.0395 1.0107 .0950 .0427 .0056
100 -0.6177 0.6613 .0246 .0068 .0013 | -0.5512 0.7724 .0585 .0231 .0056
-0.8159 0.8469 .1501 .0738 .0105 | -0.7349 0.9191 .1555 .0730 .0115
-0.0464 1.0542 .1107 .0572 .0107 | -0.0639 1.0266 .0985 .0454 .0067
200 -0.6497 0.8456 .1034 .0377 .0086 | -0.4462 0.8411 .0733 .0289 .0037
-0.7297 0.8823 .1429 .0673 .0102 | -0.5859 0.9673 .1369 .0654 .0118
-0.1053 0.9861 .0874 .0377 .0041 | -0.0505 1.0178 .0997 .0421 .0057
500 -0.4680 0.9789 .1236 .0579 .0120 | -0.3474 0.9095 .0851 .0356 .0053
-0.5279 0.9570 .1191 .0536 .0083 | -0.4536 0.9920 .1318 .0610 .0106
-0.0708 1.0172 .0983 .0419 .0053 | -0.0603 1.0182 .1031 .0455 .0066
1000 | -0.5213 1.1371 .1903 .1052 .0254 | -0.3109 0.9407 .0930 .0380 .0049
-0.5281 0.9723 .1290 .0603 .0092 | -0.3988 1.0007 .1253 .0648 .0113
-0.0900 1.0412 .1096 .0500 .0082 | -0.0726 1.0176 .1043 .0494 .0069
Lognormal Errors
50 -0.6082 0.8130 .0602 .0195 .0046 | -0.6884 0.7423 .0616 .0118 .0022
-0.7622 0.8997 .1561 .0761 .0115 | -0.9131 0.9026 .2075 .1087 .0208
-0.0516 1.0641 .1181 .0525 .0063 | -0.1093 1.0494 .1166 .0597 .0090
100 -0.5992 0.7250 .0248 .0081 .0028 | -0.5404 0.8073 .0627 .0180 .0028
-0.8143 0.9095 .1769 .0927 .0187 | -0.7660 0.9591 .1833 .0992 .0221
-0.1062 1.0648 .1232 .0623 .0108 | -0.1374 1.0448 .1146 .0572 .0100
200 -0.6139 0.9651 .1361 .0512 .0104 | -0.4523 0.8500 .0687 .0208 .0048
-0.7155 0.9591 .1688 .0942 .0221 | -0.6477 0.9735 .1639 .0866 .0204
-0.1231 1.0477 1177 .0605 .0118 | -0.1420 1.0109 .1025 .0497 .0090
500 -0.4555 1.0267 .1354 .0613 .0124 | -0.3329 0.9074 .0772 .0310 .0056
-0.5570 0.9971 .1466 .0794 .0206 | -0.4911 0.9906 .1391 .0734 .0167
-0.1281 1.0472 .1178 .0559 .0124 | -0.1070 1.0063 .1005 .0451 .0094
1000 | -0.5002 1.1937 .2066 .1102 .0264 | -0.3023 0.9240 .0807 .0334 .0054
-0.5415 1.0080 .1494 .0822 .0179 | -0.4375 0.9957 .1304 .0713 .0151
-0.1229 1.0618 .1180 .0614 .0161 | -0.1106 0.9994 .0982 .0492 .0092
Note: Three rows under each n: LMggp, LM and SLMgs; Group, g =n’°; XVal-B.
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Table 3. Mean, sd, and Rejection Frequency: Joint LM Tests for SARAR Dependence

Heteroskedasticity = | X1

Heteroskedasticity = 2|X1]

n mean sd 10% 5% 1% | mean sd 10% 5% 1%
Normal Errors
50 2.2886 1.4830 .0613 .0180 .0018 | 2.4416 2.1771 .1081 .0472 .0138
2.6891 1.8687 .1494 .0592 .0051 | 2.4771 1.8823 .1364 .0517 .0052
2.2328 1.9698 .1201 .0539 .0080 | 2.2385 1.8381 .1149 .0455 .0037
100 2.3192 2.1102 .1014 .0503 .0116 | 2.2836 1.8988 .0903 .0378 .0091
2.5021 2.0250 .1450 .0686 .0081 | 2.5870 2.0651 .1557 .0724 .0091
2.1200 1.8979 .1038 .0478 .0063 | 2.1832 1.9700 .1117 .0498 .0081
200 2.5567 2.0947 .1286 .0505 .0103 | 2.8150 2.9793 .1686 .0766 .0185
2.4096 2.0472 .1366 .0683 .0099 | 2.5063 2.1511 .1528 .0763 .0123
2.2554 2.1731 .1246 .0653 .0140 | 2.1532 2.0063 .1121 .0540 .0087
500 2.7570 2.8166 .1743 .0934 .0244 | 2.6424 2.7786 .1593 .0820 .0211
2.3415 2.1658 .1389 .0697 .0130 | 2.2700 2.1095 .1305 .0636 .0113
2.1228 2.0155 .1130 .0557 .0088 | 2.1090 2.0027 .1098 .0539 .0089
1000 | 2.3977 2.3921 .1318 .0676 .0181 | 2.5871 2.5542 .1605 .0831 .0209
2.2587 2.1948 .1284 .0687 .0137 | 2.2352 2.1468 .1264 .0657 .0126
2.0670 2.0385 .1059 .0556 .0107 | 2.0765 2.0116 .1094 .0520 .0102
Normal Mixture
50 2.1706 1.4789 .0546 .0164 .0018 | 2.1743 1.8616 .0895 .0394 .0074
2.5894 1.7446 .1265 .0465 .0032 | 2.3768 1.7502 .1132 .0437 .0023
2.1809 1.8714 .1055 .0479 .0073 | 2.1529 1.7201 .0939 .0347 .0020
100 2.1496 1.9206 .0894 .0430 .0089 | 2.1344 1.7725 .0838 .0347 .0056
2.3976 1.8953 .1244 .0555 .0058 | 2.4772 1.9166 .1339 .0583 .0059
2.1028 1.7966 .0969 .0392 .0049 | 2.1594 1.8613 .1032 .0430 .0061
200 2.3802 1.9236 .1119 .0439 .0080 | 2.5839 2.3989 .1525 .0737 .0153
2.3394 1.9379 .1228 .0562 .0071 | 2.4137 1.9868 .1349 .0622 .0082
2.2335 2.1201 .1207 .0601 .0117 | 2.1232 1.8890 .1025 .0454 .0064
500 2.6161 2.6828 .1591 .0845 .0209 | 2.5565 2.4927 .1556 .0791 .0189
2.2481 1.9890 .1179 .0550 .0080 | 2.2760 2.0051 .1237 .0566 .0097
2.0777 1.9016 .0989 .0467 .0073 | 2.1270 1.9423 .1064 .0498 .0075
1000 | 2.3695 2.3712 .1342 .0676 .0158 | 2.5007 2.5717 .1535 .0831 .0200
2.2267 2.0895 .1216 .0611 .0101 | 2.1974 2.0589 .1197 .0590 .0098
2.0651 1.9807 .1061 .0500 .0085 | 2.0582 1.9657 .1044 .0483 .0083
Lognormal Errors
50 2.1689 1.5147 .0527 .0169 .0017 | 2.0630 1.8949 .0755 .0330 .0085
2.5160 1.7353 .1234 .0444 .0027 | 2.3862 1.8016 .1196 .0478 .0028
2.0377 1.7615 .0890 .0343 .0049 | 2.1161 1.7444 .0926 .0392 .0037
100 2.1353 2.2535 .0821 .0434 .0143 | 2.1039 1.9902 .0768 .0338 .0086
2.4211 1.9868 .1300 .0642 .0088 | 2.5107 2.0459 .1426 .0703 .0103
2.1930 1.9544 .1164 .0524 .0083 | 2.2294 2.0110 .1099 .0545 .0110
200 2.5451 2.5838 .1261 .0561 .0168 | 2.4693 2.3420 .1321 .0578 .0129
2.5126 2.1653 .1462 .0792 .0143 | 2.4749 2.1352 .1432 .0683 .0142
2.3739 2.3203 .1383 .0754 .0200 | 2.2189 2.0168 .1157 .0518 .0102
500 2.5566 2.7368 .1442 .0771 .0241 | 2.3771 2.5619 .1310 .0631 .0172
2.3736  2.1520 .1340 .0685 .0134 | 2.3298 2.1134 .1322 .0649 .0122
2.1850 2.0532 .1157 .0558 .0105 | 2.1413 1.9842 .1070 .0533 .0087
1000 | 2.2785 2.6453 .1146 .0591 .0167 | 2.4533 2.8658 .1379 .0706 .0211
2.2545 2.1161 .1254 .0647 .0133 | 2.3116 2.1562 .1295 .0688 .0133
2.0782 1.9999 .1052 .0534 .0098 | 2.1387 2.0244 .1103 .0541 .0091

Each n: LMsrar, LM3asn and SLMSiag; Win=Queen, r = 5; Wa,=Group, g = n°°; XVal-B.
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Table 4. Mean, sd, and Rejection Frequency: LM Tests for Spatial Error Components

Heteroskedasticity = | X1

Heteroskedasticity = 1

n mean sd  10% 5% 1% mean sd 10% 5% 1%
Normal Errors
50 -0.2856 0.8409 .0430 .0226 .0132 | -0.3637 0.8740 .0470 .0266 .0159
-0.4012 0.9313 .0392 .0150 .0056 | -0.5228 0.9820 .0374 .0164 .0068
-0.0604 1.0052 .1005 .0458 .0193 | -0.1018 1.0368 .0965 .0485 .0245
100 -0.1061 0.9223 .0743 .0399 .0233 | -0.2825 0.9230 .0574 .0319 .0192
-0.1920 0.9787 .0650 .0283 .0129 | -0.3918 0.9834 .0487 .0213 .0088
-0.0764 1.0251 .0955 .0465 .0217 | -0.0758 1.0146 .0947 .0456 .0217
200 -0.2907 0.9635 .0605 .0323 .0187 | -0.1953 0.9585 .0710 .0356 .0203
-0.3458 0.9756 .0507 .0240 .0099 | -0.2743 0.9924 .0565 .0262 .0113
-0.0631 1.0128 .0968 .0475 .0232 | -0.0773 1.0058 .0883 .0427 .0194
500 -0.1102 0.9846 .0852 .0461 .0263 | -0.1260 0.9814 .0809 .0418 .0223
-0.1634 0.9758 .0674 .0323 .0146 | -0.1749 0.9928 .0681 .0312 .0156
-0.0391 1.0016 .0957 .0479 .0232 | -0.0543 1.0030 .0910 .0431 .0211
1000 | 0.0020 1.0335 .1131 .0616 .0352 | -0.0701 0.9918 .0906 .0461 .0243
-0.0306 0.9895 .0941 .0462 .0219 | -0.1042 0.9929 .0806 .0380 .0181
-0.0164 1.0113 .1019 .0509 .0259 | -0.0217 1.0030 .0961 .0490 .0241
Normal Mixture
50 -0.2822 0.8868 .0572 .0336 .0195 | -0.3656 0.8907 .0490 .0265 .0142
-0.3996 0.9414 .0456 .0166 .0055 | -0.4996 0.9656 .0384 .0143 .0060
-0.0333 1.0039 .1081 .0493 .0185 | -0.0848 1.0255 .1004 .0453 .0195
100 -0.0987 0.9657 .0811 .0451 .0274 | -0.2829 0.9730 .0672 .0386 .0217
-0.1727 0.9681 .0664 .0274 .0106 | -0.3840 0.9848 .0498 .0197 .0073
-0.0420 1.0033 .1022 .0451 .0192 | -0.0619 1.0100 .0965 .0459 .0215
200 -0.2802 1.0704 .0756 .0465 .0303 | -0.1931 1.0274 .0822 .0482 .0288
-0.3347 0.9689 .0532 .0213 .0087 | -0.2648 1.0038 .0654 .0282 .0125
-0.0330 1.0050 .0996 .0474 .0212 | -0.0616 1.0152 .0954 .0475 .0223
500 -0.1289 1.1099 .1081 .0605 .0349 | -0.1275 1.0424 .0900 .0492 .0290
-0.1735 0.9937 .0706 .0298 .0122 | -0.1682 0.9926 .0718 .0322 .0150
-0.0313 1.0045 .1001 .0466 .0230 | -0.0411 0.9973 .0981 .0467 .0216
1000 | -0.0340 1.1345 .1222 .0717 .0435 | -0.0835 1.0500 .0994 .0537 .0312
-0.0641 0.9791 .0848 .0380 .0170 | -0.1148 0.9938 .0815 .0371 .0175
-0.0407 0.9941 .0938 .0448 .0221 | -0.0296 0.9983 .0973 .0465 .0237
Chi-Square, df 4
50 -0.2899 0.8641 .0501 .0277 .0169 | -0.3590 0.8760 .0497 .0260 .0147
-0.4150 0.9359 .0432 .0174 .0067 | -0.5233 0.9739 .0362 .0136 .0051
-0.0606 1.0080 .1007 .0479 .0218 | -0.0996 1.0204 .0934 .0456 .0202
100 -0.1020 0.9352 .0812 .0442 .0247 | -0.2947 0.9419 .0614 .0342 .0194
-0.1969 0.9739 .0673 .0278 .0116 | -0.4164 0.9894 .0448 .0187 .0064
-0.0900 1.0184 .0929 .0441 .0192 | -0.0976 1.0139 .0904 .0422 .0205
200 -0.2945 0.9877 .0638 .0376 .0201 | -0.1929 0.9817 .0762 .0406 .0225
-0.3585 0.9671 .0475 .0196 .0086 | -0.2822 1.0004 .0577 .0233 .0095
-0.0804 1.0096 .0902 .0415 .0195 | -0.0823 1.0118 .0903 .0416 .0183
500 -0.1184 1.0265 .0899 .0491 .0293 | -0.1189 1.0041 .0872 .0443 .0261
-0.1831 0.9806 .0635 .0268 .0116 | -0.1772 0.9951 .0703 .0309 .0160
-0.0604 1.0021 .0901 .0426 .0195 | -0.0556 1.0013 .0878 .0439 .0202
1000 | -0.0298 1.0769 .1145 .0642 .0373 | -0.0884 1.0161 .0937 .0486 .0273
-0.0757 0.9963 .0873 .0386 .0180 | -0.1322 0.9999 .0766 .0364 .0158
-0.0609 1.0096 .0946 .0442 .0221 | -0.0495 1.0030 .0933 .0442 .0208
Note: Three rows under each n: LMsgc, LM3re and SLM3e; W,,=Queen, r = 5, XVal-A.
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Table 5. Monte Carlo results: LM Tests for Fixed Effects Panel SAR Model, T' =3

Heteroskedasticity o group size

Heteroskedasticity = 1

n mean sd 10% 5% 1% mean sd 10% 5% 1%
Normal Errors
50 -0.3253 0.8610 .0607 .0209 .0032 | -0.1970 0.9908 .1017 .0498 .0098
-0.4452 0.9846 .1298 .0646 .0100 | -0.2340 1.0235 .1186 .0591 .0112
-0.0699 1.0249 .1096 .0534 .0075 | -0.0453 1.0327 .1134 .0557 .0099
100 -0.2568 0.9231 .0817 .0372 .0056 | -0.1633 0.9840 .0989 .0485 .0075
-0.3465 0.9965 .1202 .0629 .0127 | -0.1995 0.9999 .1102 .0547 .0107
-0.0558 1.0059 .1038 .0536 .0098 | -0.0311 1.0091 .1045 .0518 .0096
200 -0.2194 0.9466 .0851 .0364 .0063 | -0.1599 0.9943 .1021 .0507 .0097
-0.2834 1.0015 .1109 .0580 .0121 | -0.1765 1.0046 .1052 .0547 .0113
-0.0416 1.0123 .1027 .0504 .0105 | -0.0180 1.0100 .1039 .0512 .0101
500 -0.1587 0.9665 .0904 .0434 .0081 | -0.0901 0.9856 .0963 .0461 .0089
-0.2023 1.0026 .1060 .0543 .0120 | -0.0979 0.9891 .0987 .0467 .0091
-0.0442 1.0086 .1025 .0515 .0107 0.0015 0.9913 .0966 .0458 .0089
1000 | -0.1141 0.9576 .0869 .0426 .0088 | -0.0705 0.9959 .0998 .0505 .0085
-0.1472 1.0008 .1047 .0548 .0126 | -0.0782 1.0006 .1030 .0512 .0092
-0.0290 1.0043 .1023 .0525 .0124 | -0.0120 1.0015 .1018 .0515 .0083
Normal Mixture
50 -0.3299 0.8416 .0577 .0190 .0024 | -0.1623 0.9962 .1036 .0509 .0095
-0.4366 0.9748 .1225 .0570 .0091 | -0.1902 1.0287 .1179 .0588 .0089
-0.0614 1.0211 .1062 .0497 .0062 | -0.0066 1.0389 .1158 .0547 .0078
100 -0.2562 0.9227 .0785 .0350 .0067 | -0.1706 0.9784 .0942 .0441 .0080
-0.3378 1.0000 .1202 .0597 .0111 | -0.2062 0.9999 .1062 .0524 .0083
-0.0449 1.0136 .1040 .0507 .0092 | -0.0380 1.0086 .1015 .0486 .0078
200 -0.2249 0.9235 .0770 .0349 .0063 | -0.1542 0.9793 .0976 .0492 .0094
-0.2839 0.9804 .1058 .0521 .0108 | -0.1694 0.9928 .1047 .0518 .0102
-0.0428 0.9920 .0950 .0484 .0103 | -0.0112 0.9980 .0973 .0475 .0090
500 -0.1411  0.9710 .0948 .0452 .0079 | -0.1102 1.0016 .1014 .0527 .0101
-0.1835 1.0080 .1100 .0561 .0111 | -0.1186 1.0039 .1037 .0521 .0106
-0.0250 1.0146 .1047 .0546 .0097 | -0.0192 1.0061 .1023 .0517 .0103
1000 | -0.1230 0.9531 .0873 .0419 .0066 | -0.0688 1.0029 .1009 .0529 .0095
-0.1550 0.9993 .1011 .0542 .0108 | -0.0764 1.0049 .1016 .0517 .0097
-0.0366 1.0028 .0994 .0505 .0089 | -0.0102 1.0061 .1019 .0515 .0104
Lognormal errors
50 -0.3234 0.8164 .0554 .0186 .0030 | -0.1856 0.9603 .0929 .0442 .0066
-0.4302 0.9518 .1121 .0516 .0053 | -0.2086 1.0116 .1107 .0503 .0069
-0.0469 1.0001 .0988 .0447 .0057 | -0.0293 1.0256 .1064 .0490 .0072
100 -0.2630 0.8978 .0716 .0324 .0055 | -0.1404 0.9737 .0925 .0442 .0077
-0.3345 0.9764 .1069 .0519 .0081 | -0.1694 0.9988 .1022 .0488 .0079
-0.0424 0.9938 .0966 .0432 .0068 | -0.0039 1.0052 .0978 .0462 .0077
200 -0.2446 0.9243 .0814 .0375 .0063 | -0.1699 0.9667 .0930 .0432 .0075
-0.3003 0.9917 .1081 .0561 .0100 | -0.1768 0.9834 .0964 .0466 .0068
-0.0606 1.0058 .1000 .0480 .0088 | -0.0216 0.9914 .0952 .0445 .0073
500 -0.1225 0.9450 .0836 .0393 .0069 | -0.0776 0.9941 .0972 .0475 .0092
-0.1650 0.9853 .0982 .0457 .0083 | -0.0721 0.9968 .0993 .0474 .0082
-0.0066 0.9921 .0968 .0465 .0075 0.0268 1.0020 .1003 .0464 .0079
1000 | -0.0902 0.9596 .0868 .0398 .0080 | -0.0622 0.9901 .0955 .0487 .0091
-0.1186 1.0044 .1015 .0520 .0103 | -0.0650 0.9938 .0974 .0468 .0079
-0.0003 1.0079 .1011 .0496 .0105 0.0008 0.9955 .0986 .0482 .0080
Note: Three rows under each n: LMEs,, LMEe ¢ and SLME®; Wy, = Group, g = n’°; XVal-B.
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Table 6. Monte Carlo results: LM Tests for Fixed Effects Panel SED Model, T = 3

Heteroskedasticity o< group size

Heteroskedasticity = 1

n mean sd 10% 5% 1% mean sd 10% 5% 1%
Normal Errors
50 -0.3231 0.8613 .0524 .0173 .0043 | -0.4076 0.9258 .0926 .0345 .0041
-0.4803 1.0012 .1406 .0717 .0136 | -0.5256 1.0103 .1499 .0816 .0170
-0.1354 1.0579 .1224 .0632 .0126 | -0.0887 1.0539 .1225 .0597 .0110
100 -0.2876 0.9175 .0773 .0295 .0048 | -0.3306 0.9483 .0937 .0380 .0046
-0.4094 1.0044 .1318 .0705 .0132 | -0.4327 1.0129 .1378 .0732 .0146
-0.1034 1.0239 .1120 .0580 .0100 | -0.0874 1.0379 .1154 .0572 .0102
200 -0.2709 0.9169 .0739 .0285 .0052 | -0.2827 0.9548 .0927 .0390 .0066
-0.3835 0.9935 .1229 .0629 .0137 | -0.3716 1.0051 .1273 .0676 .0147
-0.0987 1.0152 .1073 .0548 .0100 | -0.0668 1.0194 .1073 .0542 .0106
500 -0.2300 0.9333 .0790 .0334 .0063 | -0.2451 0.9818 .1022 .0471 .0089
-0.3352 1.0073 .1213 .0606 .0142 | -0.3171 1.0163 .1229 .0654 .0156
-0.0984 1.0155 .1067 .0542 .0105 | -0.0773 1.0243 .1101 .0559 .0126
1000 | -0.2367 0.9328 .0823 .0349 .0062 | -0.1864 0.9716 .0978 .0447 .0077
-0.3250 1.0003 .1168 .0608 .0145 | -0.2437 0.9941 .1092 .0585 .0114
-0.0891 1.0078 .1024 .0524 .0119 | -0.0627 0.9999 .1015 .0517 .0096
Normal Mixture
50 -0.3185 0.8280 .0442 .0146 .0034 | -0.4324 0.8930 .0913 .0321 .0024
-0.4623 0.9745 .1248 .0608 .0086 | -0.5414 0.9841 .1448 .0752 .0143
-0.1098 1.0331 .1134 .0558 .0076 | -0.0952 1.0373 .1141 .0547 .0088
100 -0.2767 0.9077 .0705 .0261 .0053 | -0.3434 0.9299 .0878 .0369 .0060
-0.3910 0.9956 .1272 .0624 .0113 | -0.4399 0.9979 .1316 .0685 .0137
-0.0790 1.0188 .1051 .0523 .0082 | -0.0888 1.0267 .1081 .0548 .0105
200 -0.2822 0.9041 .0740 .0265 .0047 | -0.2984 0.9253 .0813 .0345 .0054
-0.3898 0.9922 .1211 .0613 .0129 | -0.3816 0.9788 .1189 .0596 .0103
-0.1015 1.0180 .1092 .0540 .0099 | -0.0733 0.9943 .0975 .0457 .0090
500 -0.2451 0.9134 .0743 .0275 .0049 | -0.2293 0.9686 .0942 .0431 .0064
-0.3471  0.9970 .1170 .0597 .0133 | -0.2980 1.0024 .1161 .0580 .0112
-0.1091 1.0068 .1033 .0503 .0097 | -0.0574 1.0110 .1052 .0492 .0094
1000 | -0.2318 0.9306 .0814 .0319 .0057 | -0.1797 0.9751 .0953 .0434 .0083
-0.3199 1.0017 .1189 .0615 .0140 | -0.2360 0.9952 .1100 .0551 .0100
-0.0838 1.0094 .1050 .0528 .0109 | -0.0546 1.0010 .1029 .0493 .0096
Lognormal Errors
50 -0.3231 0.8057 .0382 .0131 .0039 | -0.3989 0.8701 .0706 .0242 .0032
-0.4800 0.9669 .1253 .0583 .0073 | -0.5309 0.9812 .1410 .0666 .0105
-0.1099 1.0207 .1058 .0474 .0071 | -0.0607 1.0242 .1035 .0470 .0066
100 -0.2792 0.8806 .0607 .0245 .0055 | -0.3250 0.9069 .0763 .0333 .0068
-0.4103 0.9920 .1252 .0614 .0091 | -0.4399 0.9887 .1281 .0590 .0115
-0.0788 1.0141 .1031 .0490 .0070 | -0.0709 1.0129 .1017 .0462 .0070
200 -0.2910 0.8975 .0653 .0259 .0063 | -0.2939 0.9230 .0801 .0339 .0068
-0.4155 0.9985 .1305 .0641 .0113 | -0.3968 0.9944 .1215 .0618 .0126
-0.1160 1.0176 .1072 .0501 .0082 | -0.0785 1.0078 .1024 .0470 .0083
500 -0.2188 0.9046 .0684 .0286 .0052 | -0.2354 0.9472 .0879 .0370 .0060
-0.3245 0.9938 .1153 .0571 .0119 | -0.3145 0.9945 .1128 .0565 .0109
-0.0810 1.0048 .1030 .0512 .0089 | -0.0627 1.0004 .0990 .0462 .0081
1000 | -0.2181 0.9361 .0806 .0316 .0055 | -0.2000 0.9766 .0960 .0457 .0076
-0.3127 1.0109 .1184 .0585 .0129 | -0.2668 1.0107 .1173 .0595 .0119
-0.0739 1.0188 .1072 .0524 .0100 | -0.0642 1.0158 .1071 .0534 .0098
Note: Three rows under each n: LMLy, LMEe ¢ and SLME®; Wa, = Group, g = n’°; XVal-B.
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Table 7. Monte Carlo results: LM Tests for Fixed Effects Panel SARAR Model, T' = 3

Heteroskedasticity o< group size

Heteroskedasticity = 1

n mean sd 10% 5% 1% | mean sd 10% 5% 1%
Normal Errors
50 1.8475 1.7698 .0702 .0306 .0061 | 1.9882 1.8950 .0880 .0431 .0084
22877 2.0462 .1310 .0620 .0100 | 2.2342 2.0594 .1236 .0624 .0104
2.1617 1.9856 .1175 .0539 .0077 | 2.1093 1.9760 .1092 .0523 .0084
100 1.8967 1.8868 .0731 .0348 .0086 | 1.9887 1.8975 .0850 .0397 .0082
2.2495 2.1328 .1310 .0661 .0124 | 2.2646 2.1610 .1286 .0654 .0136
2.0986 2.0037 .1101 .0528 .0095 | 2.1072 2.0321 .1107 .0560 .0106
200 1.8844 1.8150 .0794 .0345 .0062 | 1.9774 1.9044 .0896 .0435 .0084
2.2110 2.1588 .1236 .0628 .0130 | 2.1567 2.0882 .1170 .0620 .0117
2.0704 2.0488 .1099 .0534 .0111 | 2.0467 1.9972 .1059 .0526 .0097
500 1.9370 1.9192 .0848 .0390 .0087 | 2.0093 2.0198 .0982 .0463 .0094
2.1424 2.1107 .1222 .0613 .0114 | 2.1147 2.1101 .1144 .0576 .0126
2.0377 2.0138 .1027 .0512 .0105 | 2.0492 2.0549 .1046 .0538 .0118
1000 | 1.9527 1.9511 .0907 .0444 .0090 | 1.9837 1.9384 .0952 .0434 .0086
2.0930 2.0803 .1141 .0591 .0112 | 2.0706 2.0503 .1041 .0529 .0115
2.0383 2.0335 .1065 .0532 .0107 | 2.0098 1.9949 .0999 .0491 .0108
Normal Mixture
50 1.7835 1.7222 .0626 .0268 .0059 | 1.9417 1.9156 .0851 .0398 .0094
2.2488 1.9511 .1190 .0563 .0068 | 2.2105 1.9364 .1172 .0554 .0066
2.1386 1.9122 .1071 .0511 .0067 | 2.0945 1.8742 .1034 .0475 .0052
100 1.8511 1.7889 .0697 .0341 .0069 | 1.9745 1.8478 .0859 .0374 .0071
2.2567 2.0837 .1243 .0618 .0112 | 2.2528 2.0556 .1230 .0592 .0109
2.0949 1.9784 .1095 .0486 .0089 | 2.0979 1.9381 .1061 .0492 .0074
200 1.8491 1.8272 .0767 .0348 .0070 | 1.9458 1.8929 .0867 .0386 .0082
2.1792 2.1047 .1181 .0621 .0128 | 2.1271 2.0206 .1137 .0542 .0085
2.0437 1.9938 .1048 .0530 .0086 | 2.0275 1.9425 .1012 .0458 .0081
500 1.8883 1.8336 .0791 .0362 .0073 | 1.9872 1.9464 .0945 .0453 .0083
2.1018 2.0185 .1092 .0561 .0101 | 2.0992 2.0569 .1114 .0565 .0104
2.0081 1.9430 .0998 .0492 .0076 | 2.0345 2.0052 .1029 .0532 .0090
1000 | 1.9304 1.9345 .0864 .0417 .0091 | 2.0028 2.0047 .0985 .0512 .0101
2.0690 2.0586 .1039 .0540 .0125 | 2.0891 2.1085 .1114 .0575 .0122
2.0211 2.0064 .1008 .0491 .0105 | 2.0373 2.0604 .1070 .0549 .0103
Lognormal Errors
50 1.6484 1.6401 .0499 .0246 .0054 | 1.8401 1.9910 .0724 .0346 .0089
2.2424 1.9181 .1149 .0534 .0060 | 2.2157 1.8932 .1122 .0486 .0065
2.0917 1.8562 .0996 .0447 .0053 | 2.0671 1.8043 .0956 .0398 .0052
100 1.7922 1.8153 .0688 .0321 .0074 | 1.8906 1.8987 .0797 .0385 .0081
2.2755 2.0395 .1235 .0591 .0105 | 2.2403 2.0305 .1188 .0579 .0099
2.0908 1.9104 .1002 .0467 .0076 | 2.0575 1.8992 .0988 .0484 .0076
200 1.7899 1.7512 .0690 .0307 .0061 | 1.9355 1.9223 .0874 .0407 .0092
2.1999 2.0088 .1174 .0571 .0094 | 2.1670 1.9633 .1133 .0531 .0075
2.0485 1.9124 .1017 .0489 .0069 | 2.0503 1.8708 .1017 .0446 .0048
500 1.8536 1.9127 .0785 .0357 .0092 | 1.9202 1.8952 .0838 .0384 .0082
2.1259 2.0422 .1127 .0553 .0108 | 2.0790 1.9645 .1002 .0508 .0084
2.0156 1.9389 .0998 .0473 .0086 | 2.0117 1.9100 .0939 .0462 .0080
1000 | 1.9047 1.9584 .0856 .0436 .0089 | 1.9925 2.0059 .0999 .0480 .0093
2.0683 1.9870 .1072 .0489 .0096 | 2.1012 2.0611 .1115 .0559 .0118
2.0159 1.9403 .1010 .0465 .0079 | 2.0424 2.0051 .1036 .0512 .0096

Note: LM, LMEiose and SLM
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Win=Queen, r = 5; Wa,=Group, g = n%°; XVal-B.





