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1 High Order Analytical Expansions

The purpose of this online supplement is to prove Lemma 3.2 in Li, et al (2017). Suppose O is a
compact subset of R, For any 6 € ©, {h,(0) : n =1,2,...} is a sequence of eight-times con-

tinuously differentiable functions of 8, having an interior global minimum {gn n=12,.. .};

b(#) is a six-times continuously differentiable real function of #. For any function f(#), let 7
be the value of function f evaluated at (/9\n, ie., f = f (5,1) When there is no confusion,
we write h,(0) as h(6) or hy, or even h and b(f) as b. We use B; (#) to denote the open ball
of radius § centered at 0. So B s (0) is an open ball of radius \/nd centered at the origin.
For convenience of exposition, we write W f(0) as fj,...;,- The Hessian of h,, at
is denoted by V?2h,, (), and its (i, j)-component is written as h;i; while the components of its
inverse is written as h¥/. Let ,ufjk ” ,u?jk rs; ”?jqustw’ “zlg(')qustwv 5 /‘}Jqurstwv 5r¢ be the fourth,
sixth, eighth, tenth, and twelfth central moments of a multivariate Normal distribution whose
covariance matrix is (V%)il = (V2h, (9))71 lg—p, - Note that we require hy(6) be eight-
times continuously differentiable and b(6) be six-times continuously differentiable. These two
conditions are stronger than what have typically been assumed in the literature on the Laplace

approximation as we would like to develop higher order expansions.
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Following Kass et al (1990), we call the pair ({hy},b) satisfy the analytical assumptions
for Laplace’s method if the following assumptions are met. There exists positive numbers

g, M and 7, and an integer my such that n > ngy implies (i) for all § € B <§n> and all
1<ji,++,ja < Pwith0<d <8, ||hy ()| <M and ||hy,..., (0)]| < M; (i) V2h is positive
definite and det (V277,> > n; (iil) [ b(0) exp [-nh (0)] df exists and is finite, and for all ¢ for

which 0 < § < € and By <§n> C 0o,

[det (nv%})} : /(935(§n) b(0)exp |—nhy (0) — nﬁ} do =0 (n?%).

If one sets —nh,, to be the sequence of log-likelihood functions of a model (as a sequence
of sample size n), we say the model is Laplace regular. Lemma 1.1 below and Lemma 2.1 in
the next section extend Theorem 1 and Theorem 5 of Kass et al (1990) to a higher order.
They will be used to prove Lemma 3.2 in Li, et al (2017).

Lemma 1.1 If ({h,},b) satisfy the analytical assumptions for Laplace’s method, then
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by assumption (iii) above.
Let u = +/n (0 — @n) Applying the Taylor expansion to h (0) at 0,,, we have
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Applying the Taylor expansion to exp (—z) at the origin, we have
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Taylor-expanding b (6) at /H\n, we have
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where I, (9,5n) and R, (9,§n) will be specified below. Thus,
/ _ b(0)exp[—nh(0)]do
Bs(
1 .
V2h‘ ? exp (—nh) X

2 exp _% Zﬁijuiuj {I” (9’5") A (9,5n) } v
ij

P

oo ()
[ exp (*nz) VORE

- ()
s % exp —% Z hijuiu; {In (9,%) +R, (9,%) } du

/Bﬁ;m) <\/127>

P

o~

VQ

n

exp Z hijuiu; {In (9,/H\n) + R, <0,§n> } du,

where R, (9,§n) is the sum of terms involving Ry (0,/0\”), Ry, <0,5n> and terms of order

equal to or smaller than O(n~3). Furthermore, we can get
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where 0 lies between 6 and gn So the leading term of R, (0, /0\n> are gRln (9, §n> + Roy, (9, /én)

which include 7, (u). The integral of r,, (u) over B. (§n> can be expressed as
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where pr (f) h‘ exp { Zij Eijuiu]} Zijk;qrstw | Ui UL Ug U UsUs Uy | du is the eighth

order m?ment of folded multivariate folded normal distribution with mean 0 and covariance
<V2ﬁ) which is finite; see Kamat (1953) and Kan and Robotti (2017). Then we have
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Note that the odd order central moments of the multivariate normal distribution vanish and,

by expanding the domain from B, /5 (0) to RF, the error can be expressed as
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where A is a positive definite matrix, and Amin is the the smallest eigenvalue of A. Here, we

only express one term of I, (9,§n>. The other terms can be analyzed similarly.
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Hence, this lemma is proved. m

2 High Order Stochastic Expansions

In this section we will develop high order stochastic Laplace expansions. Suppose y =
(y1,Y2,- -+ ,yn) is a collection of random variables defined on a common probability space
{Q, F, pp}, where € is a sample space, F is a sigma-algebra, and gy is a probability measure
that depends on parameter § € ©, a compact subset of R, Assume {y;,i =1,2,---} take
values in the same mathematical space &, which must be measurable with respect to some
sigma-algebra, ¥. Let h,(y,0) be a sequence of functions, each of which is eight-times continu-
ously differentiable with respect to # and has an interior global minimum {5,1 n=12,.. .};
b(f) is a six-times continuously differentiable real function of . When there is no confusion,
we write hy(y,0) as h(6) or h, or even h and b(f) as b. For any function f(0), let f be the
value of function f evaluated at 5,“ ie., ]?:: f <§n)

We call the pair ({hy},b) satisfy the analytical assumptions for the stochastic Laplace
method on gy if the following assumptions are satisfied. There exists positive numbers ¢,
M and 7 such that (i) with probability approach one (w.p.a.l), for all § € B, <5n> and all
1< g1, ,ja < Pwith0 <d<8, |[hy (8] < M and ||hy,..;, (0)]] < M; (i) w.p.a.1, V>R
is positive definite and det <V2ﬁ) > n; (iii) [g b(0) exp (—nhy, (0)) df exists and is finite, and
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for all § for which 0 < § < ¢ and B (én) co,

[aet (no8)] [ o O [0 (1@ - B)] 0 =0, (67

Note that our assumptions are different from those in Section 3 of Kass et al (1990) in
two aspects. First, we require h,, () be eight-times continuously differentiable and () be six-
times continuously differentiable. Second, for conditions (ii) and (iii), instead of almost sure
boundedness and almost sure convergence, we assume they hold w.p.a.1. We do so because we
are interested in convergence in probability only. Following the result in Theorem 7 of Kass
et al (1990), ({h,},b) satisfy the analytical assumptions for stochastic Laplace’s method on

pp and Lemma 1.1 above, it is straightforward to show that
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Lemma 2.1 If both ({h,},g9 x bp) and ({h,},bp) satisfy the analytical assumptions for the

stochastic Laplace method on gy, then

J 9(0)bp (0) exp (—nhy, (¢)) df
[ bp (0) exp (—nh, (0)) db

1 1 1
:g+nBl+Tl2(B2—Bg)+Op(n3>,

where R
I . 2.ii0ibDGi 1~ N
By = B Zo’z’jgz’j + = — - Z hz’jklﬁfjkng,
— bp 6 £
1) ijkq
1 ~ 1 ~

6 ~ T 8 ~
By = _EO Z hijkqﬁuijqusgs + 144 Z hijkhqrstuijqustwgw
ijkqrs ijkqrstw

! hiitharsh 1 Yijhars Pkt sD.5Tr
_% Z hijkhqrshtwv:u'zlyoqustw'uﬁgﬁ — = - WJrars

ijkqrstwv 24 bp

+i Zijqustw hijkthSMzgjqustwbDaw/g\t . i Ziij}{ hijkuzﬁjkénfbD,Wf/g\g

iz D 12 o

1Y e BeubDmewdc 1 ~ R
e s %ﬁw T Z RijkqltSjhgrsdrs

D ijkqrs
+m Z hijkhqrs:u‘ijk:qrstwgt’w - 76 Z hijkluijk(nﬁgfnf
ijkqrstw igkCné

1 4~ 1 Zz’jk(ng Eijkﬁ‘?jkgngg@gaﬁ
+ Henew9intw — T

24 2 12 b
¢néw

11



4 = 7 4 = 7
+1 ZCT)&U MgngwgCnébD7w + } Zngw MCnfwgCﬁbD75W
6 bp 4 bp ’

~ bD T 4 bD, 1 o~ 0~ 6 1 ~ 4
Z Oij A M~ Z hzgkﬂ%gkq b q i Z hijkhqrsuijqus - ﬂ Z hijkq:u/ijkq By,
zgkq D ijkqrs ijkq

where 0;j = K.

Proof. If {n" () by} and {RP (0),bp} satisfy the analytical assumptions for the stochastic
Laplace method on gy, then by (1)

o 0ma o o[ oo ()] ) v 0,
fbD (0) exp [-nhP (0)] g exp [ nh (9 )} by (0 > + CD + 7 Ldp + Op (n=3) .

(VQhD

From Tierney and Kadane (1986) and Miyata (2004, 2010), we have
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where
bN <CN CD> . bN (CNbD B cDbN) . CNbD — CDbN
bp \by bp b2DbN b2D
_ 122450ibniibp — 32,5 0ijbp,isbn
= = =
2 b2,
N4 o N R
1 Zz’jkq hiiktikgbN,gbD — Zijkq hiGitikgbD.gON
72
6 b2
7 TN 7N 6 D 7D 6 I
i by Zi_jqus hijkhqrs:u’ijqus - Zijqus hijkhqrsuijqusbN
72 bp
1jkq wkq mkq ijkq ""ijkqijkq
)]
24 bD

where o;; = h*.

by (dzv_dD>
bp \by  bp

12



N N 6 7D 6 3
_ 1 bN Zijqus hijquslu’ijqus - Zijqus hijquslu’ijqusbN
720 bp

N TN TN 8 D 7D 8
1 by Zijqustw hiskgrstw s kgrstw — Zijqustw Pk Mrstw b jkgrstwON

1152 bp

~

1 bN Ez]qustw h’zykhqrstwﬂz]qustw - Eijqustw hl]khqrstwluz]qustwa
720 bD
7N 7N 5N 10 7D 3D BD 10 7
. 1 bN Zijqustwvﬁ hijkhQTShthMijqustwv,B - Zijqustwvﬂ hz’jkhqrshtwvruijqustwvﬁb]\f
1728 D

bN Zzg kqrstwvBTe z]khqrs htw” h57'¢“uqustwv,87¢
1 sz kqrstwvBT¢o hi] k hqrs htwv hﬁﬂblu’m qustwvﬁTgbbN

31101 D
N 6 FNNEN 7D 6 1.7
_L Eijqus hijquuijqusbN75bD - Zijqus hijqu:uijquszysbN
120 )
_'_L Zijqustw hz]kthStuz]qustwa ’LUbD Zijqustw hzgkthSt/LqurstwbD wa
2
144 b,
10 PN 10 PN
. 1 Zzgqustwv,@ hzgkhqrshtwv'uijqustwvﬂb]v»ﬁbD - Z'ijqrstwvﬁ hzykthShtwvlu’ijqustwvﬁbDﬁbN
1296 2
N 6 77 2D 6 7
_i Zijk:qrs hijkq#ijqusbN’TSbD - Zijqus hijkq”ijquszvTSbN
72
48 b,
72N 7N 8 FNS 72D 7D 8 2.7
+i Zijqustw hijk:hqrs“ijqustwa»twbD - Zijk:qrstw hijkhqrslu’ijqustwbthwa
72
144 b7
N 6 N 7 72D 6 N N
1 Zijk{n{ bt keneON.cnebp — Zijk(n{ Bk eneb D cnebN
72
36 b,
4 7 7 4 7 7
L 2t HnguON cngwbD = D g HngubD enewbN
72
24 b2
cp by (CN - CD) _ L 2y Oubnasb = 3y 0ibosby
pbp \bn  bp b3,
N FNS 72D 7D ,6 L 7
B 1 . Zijkq hijkuijkquvqu - Zijkq hz‘jkhqrsﬂijqusz,qu
6" 5
+i bn Zijqus hl]khqrsiuz]qus B Zijkq hzgkhQ'r‘SuzjqusbN
2
72 b2,
7 N 4 72D 4 7
_ic by Zijkq hijkqﬂijkq - Zijkq hz‘jkqlu’z‘jkqu
24 3% ’

If we set by (0) = g (0)bp (0) and Y (§) = hP (A) = h(#), we can show the following results

13



for the derivatives of by (0):
b, (0) = 9:(8) bp (0) + g (0) bp . (0), (2)
bn,ij (0) = gi5 (0) bp (0) + i (0) bp; (0) + gj (8) bp,i (0) + g (0) bp i (0) , (3)

bn,ije (0) = gijk (0)bp (0) + g5 (0) bp .k (0) + gir (0) bp,; (0) + gi (0) bp jx (0) + gjx (0) bp,i (0)
+9; (0) bp,ir (0) + gr (6) bp,i; (0) + g (0) bp,ijk (0) , (4)

ONijkg (0) = Gijig (0) b (0) + gijk (6) bpq (0) + gijq (6) bpk (6) + 35 (0) bp kg (0)

+9ikg (0) bp,j (0) + gk (0) bD,jq (6) + giq (6) bp,j1 (0) + 9i (0) bD jig (0)
+9jkq (0) bD,i (0) + gjk (0) bD,iq (0) + gjq (0) bp ik (0) + g5 (6) bp,ikq (0)
+9kq (0) bp,ij () + gk (0) bpijq (0) + gq (8) bp,ijk (0) + g (0) bp,ijkg (0) , (5)

—_

bn,ij (0) bp (0) — bp.i; (0) b (6)
= [9i; (0)bp (0) + i (0) bp,; (6) + g; (0) bpi (6) + g (0) bp.i; ()] bp (6) — bp.ij (6) g (0) b (0)
= 94 (0)bp (6)> + 9: (6) bp,; () bp () + 95 (6) bp i (6) bp (6)
+9(0) bp,i; (0) bp (0) — bp,i; (0) g (0) bp (0)
= 9ij () bp (6) + i (8) bp,; (6) bp (8) + g; (8) bp.: (6) bp (6). (6)

= (9:(0)bp (0) +g(0)bp,; (0))bp () —bp; (0) g (0)bp () = g; () bp (0)*,  (7)

_ [ 9ijk (0)bp (0) + 935 (6) bp k (0) + gik (6) bp.; (6) + 9: (6) bp 31 (0) ] bo(0),  (8)
g5 (0) bpi (8) + g; () bp.ik (0) + gk () bpij (6) P

bN,ijkq (0) bD (6) — bpijkq (0) by (6)

_ [ Gijhg (0) br (0) + giji (0) bp.g (0) + gijq (6) D 1 (0) + 945 (0) bD kg (0) }b )
+9ikq (0) bp,j (0) + gir: (0) bp,jq (0) + giq (0) bp jx (0) + gi (0) bp jkq (0)
0

Gjkq (0)bpi (0) + gk (0) bp.ig (0) + gjq (0) bp ik (8) + gj (6) bp ikg (0)
+ [ +9iq (0) bp.i; (0) +qu () bD,Z]q( 0) + g4 (0) bp, ijk( 0) ] bp (). (9)

Thus, we have

N (CN CD) 1 GijbN,ijbp — 315 Giibp by
bp \by bp/) 2 b2,
1 2 ijkg ﬁgkﬂ?jkqu,qu — 2ijkg Egk/i?jquD,qu
6 sz

14



1224 0ij (bN,iij - bD,z’ij) 1 Xijhg Mgk i1 (bN,qu - bD,qu)

2 b2, 6 v
where
>ij Oij (EN,z'jZD - /b\D,ij/b\N> > i i (/g\z'j/b\%) + Gibp.ibp + /g\jED,i/b\D>
bh b%
204 04i9ibh + 235, 5459ibp ;b
b}
__2Y,.6ibp i
ij bp

from (6) and

Tnabp — oy (960D +300.) b0 —bpggbn
2 —= 2 = —= = gq
bh b}

by (7). Hence,

by (en cp I 2 &z’j/b\D,jai 1~ R
bp \bn  bp r bp o
From (8) and (9), we can get
TN .6 N N 7D .6 N N
Zijkcng hijkﬂijkgnng,Cnsz - Zz‘jk{nf hijk#ijkgnng,Cnf by
b

S JEPS .
2 ijkcne Mgk Hijhcne | 9enebD + Genbp g + Geebp,n + Gcbp,ne + Gnebp ¢ + Gnbp e + gsz,cn]

bo

~ P ~ -
3 szkgng hijkﬂijkgnggme,E n 3 szk@g hijk“ijkgnggc bp e

- Z hijiijkcnedcn + ; > . (10)
ijk¢né D D
4 T T 4 ~ ~
2w HingwbN.engwbD = 2 ¢pgu HingwbD cngwbN
b,
4 - N 4 o~

_ 4 = 42 cngw HenewentbDw | 03 cnew HenewdinbD gw
- Z Hénewdingw + 7 + -

¢néw D D

4 ~7 4 o~
X 42 ¢t “ﬁn&wgé‘ bD new n 42 cngw NﬁngwngDmﬁw ' ()

bD bD

We can also show that

~

b (i)
b \bx b

15



hoo 6 NI NIy
1 ZijquS hZ]quMijqus (bN,SbD bD,sbN)

120 3
1 Zijqustw /}\Lijkﬁqrstﬂ?jqustw (gN,w/b\D - ED’“’BN>
1 Dijhqrstwns ?Lijk/ﬁquﬁtw“M}fqustwvﬁ (EN ,BZD - /b\D,B/b\N>
1296 »
1 Zijqus Eijkq/‘?jqus (51\7,7«5?3\1) _ZD,TSBN )
18 32D

1 Zijqustw hijkhqrsiulsjqustw (bN,twbD - bDﬂfwa)
144 32
D

1 Ez‘jkgng hijkﬂ?jkCng <bN,<n£bD - bD,CnibN)
36 b2D

| Centw o (PN.cogb = b cocubi)
24 b2D

since bV (0) = hP (0) = h(#). Hence, with (6), (7), (10), and (11), it can be shown that

zN(dN_dD>
T

1 -~ 6 ~ 1 T 7 8 ~
- hijk:qr,uijqusgs + § hijkhqrstﬂijqustwgw
120 4 144
ijkqrs ijkqrstw

: Riinhgrsh 1 ijhgrs PigkattGiagrabD.sGr
7% Z hijkhqrshtwvuzljoqustwvﬁgﬁ - ﬂ WA = LI%qrs
ijkqrstwv

bp

~ o~ 8 ~ ~ 6 o~
i Zijqustw hijkhqrsluijqustwbD,wgt . i Zijk(n{ hijkuijkCnéngDv”If

+

Z D 12 oh
4~
12 ¢ngw Mingw9cODmgw 1 R T
+6 -~ T AR hijkqluijqusgrs
bp 48 «
ijkqrs
1 ~ o~ - 1 ~ N
+m Z hijkhqmﬂzsjqustwgtw - 36 Z hz‘jkﬂgjkcngggng
ijkqrstw igkCn&

1 4~ 1 Zz’jk(ng Eijkﬂ%kgn@@gﬂi
tog D Henewlontw — 5 =
24 12 bp
¢néw
4 =~ 7 4 o
1 2 gngs Fong9inebDio 1 2o HingwIintD g

+

Using matrix notation for high order derivatives used in Magnus and Neudecker (1999)

(with the exception that the first order derivative of a scalar function in our setting is a column
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vector), we can write Lemma 2.1 in matrix form. Before we do that, let us first introduce the

following Generalized Isserlis theorem.

Theorem 2.1 (Generalized Isserlis Theorem) If A = {ai,...,aan} is a set of integers
such that 1 < a; < P, for each i € [1,2N] and X € RY is a zero mean multivariate normal
random vector, then

E(Xy) = EAHE (XiXj), (12)

where EX4 = FE (H%LVIX%.) = [,
ways of partitioning Xa,, ..., Xayy nto pairs (X;, X;) and each summand is the product of
the N pairs. This yields (2N)!/ (2N N!) = (2N — 1)!! terms in the sum where (2N — 1)!! is
the double factorial defined by (2N — 1)!l = (2N —1) x (2N —3) x --- x 1.

..agy 0nd the notation XI1 means summing over all distinct

The Isserlis theorem, first obtained by Isserlis (1918), expresses the higher order moments
of a zero mean Gaussian vector X € R” in terms of its covariance matrix. The generalized
Isserlis theorem is due to Withers (1985) and Vignat (2012). For example, if 2N = 4, then

FE (X1X2X3X4> =F (X1X2) FE (X3X4) + F (X1X3) FE (X2X4) + F (X1X4) FE (X2X3)

where o; =i for i € [1,4] and there are (2 x 2 — 1)!! =3 x 1 = 3 terms in the sum. If 2N = 6,

there are 5 X 3 x 1 = 15 terms in the sum.

Lemma 2.2 Let VIh, Vig§ and Vibp be the jth order derivatives of h (0), g(0) and bp (0)
evaluated at 0, respectively. If both ({hn},g x bp) and ({hn},bp) satisfy the analytical as-

sumptions for the stochastic Laplace method on gg, then

[g(0 eXp(—nhn O)ds 1 . :
fbD ) exp (—nhy, (0)) dO :9+531+ﬁ(32—33)+0p =

where
B = ger | (V9) 7 + vy (v) Vb‘;D v ((v) ) v () v,
By =By + Ban
By = —(v§) (¥ ) (V) vee | (v28) " uee ((v20) )]

Al e e

i vec( [ v%) o (v2ﬁ)_1] v4h (v2ﬁ)_ v§

—tr K v2 ) ®vec(( >> ]vec( 1)/v3ﬁ (VQE)_l Vi

17



e () @ vee () ™)) 9 (v7R) ) h (V) v
e ((vR) ) Wb (v) [ (v0B) e (v ) ] W (V) Vs

1 3oy e —1 27 ’ 1 N
—vee <v % [(v h v } > [(v } h(v h) v

1 ~\ — ~ ~\ —1
—16vec< V2 > V2 V?’h'vec( VQh )vec( V2 ) V3h (VQh) Vg

_;Zvec (V3h> (VQ/H) ) 1] vec V3
!/

+1vec< VQ?L)_1>,V3}; v2ﬁ)_1 (vi”ﬁ)'vec((v h) >VbZD (Vzh) Vg

L e (VS;:)’ {(v%)_ ®(v2;§)_1 (VZE)_l] vec (v%) Vbp' (v%) 7

yvee (V) Bouee ((v28) ) 97 (v2R) ) W (v7R) v
+;@«w@*yvmway%ww«w) >v (v )
+;m<«w@*®«w@ )) ) vih (vih) v
—yoee ((vR) 1) B (vR) VbZD (v%)* Vi

e (7)) 2 (2) ) i () 7

e |22 (0R) e ((v28) ) W (v7R) g
+U@@w@*)@@y4i?yv

18



—i—ivec (vh) {(v%) e (v2ﬁ)_1 ® (v2ﬁ)_1] vee (VR) tr [<V271>_1 v%\}
)/v?’ﬁ (V271>_1 V3hvee ((W ) VQA( R >

v2h) _1) voh (vzﬁ) v (V) VT vec (( >
(

#qoee (V)| ((v0) v (2 )) (v2 ) ( B) | vee (v01)

> (VQE)1> v3h (v%)f V25 (v%) ;D
D
—itr [V2§ (Vﬁz)l} vec ((VQE) - )/ V3h (VQh)il V;D
D
1 ! b

—l—%vec <(V2E> 1> , V35 (VQE) o V;D

D
_Huh@@m)jukwalf%

4

e | (1) g (v) T2
B3 =By x By
By - ukw@12§>_; (7)) o (o) 2

e ((920) ) w9 (920) " (908) wee ( (v75) )
+igvee (V) | (v20) " (v) o (97R) | wee (v)
—gor || (77) T evee () )] (7).

where o;j = h' and tr denotes the trace of a matriz.
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Proof. From (2.1), we first write each term of B; into matrix form by (12)

1 PN 1 - 1 N N
3 Zo'ijgij =5 Zo'ijgij = 5tr [(V h) \ 9] ;
) )

4 0ijbD.j0i ___ bp . ~ -1 Vb
ZJA—JDJQ Zg G2 = (Vg) (th) b
bp b bp

—é Zﬁijkﬂfiljkq?q Z hijk0ijOkq9q = — ;vec <<V2/f{) _1> V2h (V2Tl>_1 Vy.

ijkq qu

Then we can similarly write each term of By into matrix form by (12)

120 Z ijkqr .U]kq = 120 Z ajakthkq OrsJs
1jkqrs 1jkqrs

= 0 (VR) (V) wee | () e (7)) |

By (45),

1 o o~
] ~
144 hijkhQTst,Ufijqustwgw
ijkqrstw

= e (558) ) e (e (v59) ) 990 (928) )] 90 (52)
wgoee (V) (V) o (V0R) o (97R) ] 4 (97)
+11—6tr K(V2E>_l®vec<<v2ﬁ)_l>? V‘%} Uec< > (v*h
huee (((948) " owee ((40) ) ) w0 (v20) ) w0 (v5) o

From (46), we have

Vg

! Toh 7 10 —~
_T% Z hz‘jkhqrshtwvﬂijkqmtwvgg@
ijkqrstwuf

- —gvec <(v2ﬁ)l>,v3ﬁ (v%)fl V3R [(v E)fl ® (VQE)l] Voh v%ﬁ)*l Vi
—%vec <V3E’ [(v%)l ® (vQE)l] V3E> [
—%vec <(v23) 1> v (v*h) Ve <
—ivec (vi”ﬁ)' [(VQE) e (v*h) e (V271>_1 vee (Vh)

,

xvec <(V2Tl> _1> v3h (VQE) o Vg.
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_i hijkqﬂ?jqus/g\rbD,s
24 b

ijkqrs bp
~
= e [[(7) e () )] ()| 2 () v
~ /
Hul it e

Similiar to the proof of (40), we can get

S -~
1 2 ijhgrstw MijkRars U jngrstw DD w0t
72 bp

= oo ((9) ) 9B (97R) (9 wee ((v70) 1) 2 (R
/

|
e () (7)o (550) o () e () 2 (40) 53
1

12

D
oo (9 e () ) 8 () ) w0 (9) "

thuee ((v) ) w0 (1) Vbb ((v) ") v () ' v3

e (2o (1) ) ) o (w4) ) i () v

D

By (18), we can show that

~ e~
1 Zijkgng hijiebijreneODmegc
12 b

bp
= e ((798) ) v (vR) " 2 (v) v

13 e HenewbD g 3« .. . bp 1 . bpew~
6 e Cg&w = 5 QCUCnUEwigngw =5 9¢9¢n e O¢w
b (nEw D Cngw

[\

- Loy T (o) ).
From (29),

1 ~
6 ~
T Z hijrghtijhgrsIrs
ijkqrs
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S H(v2ﬁ)_1 ® vee ((wz)—l)] (wz)’} r [(wz)‘l v2§]
e [[((9) v (v) ) e () )] (99)].

And by the formula (40),

Hlll Eijk/ﬁqu?jqustwgtw
ijkqrstw
= %61]60 <(v22)_1>,v3ﬁ (VQﬁ)_l (Vsh) vec < > [ VQA]
#agoee (V) |(v30) " (V) o (W2R) | vee () e[ (775) g
e (V) ) B (v) " PR ((m) v (vh) )
+gvee ((v%) 1>/ veh (VQE vy (th) V3h vee <(v2ﬁ>1>
+%vec (vi”ﬁ)' K(VZE)_l v (v2ﬁ)_l> (v%) ' (VQTL)_I] vec (vi”ﬁ)
From (34),
—% Z ﬁijkﬂ?jkgnf/g\Cnﬁ
igkCne
i
= —ivec <<V2ﬁ>_l> V3h <V271>_1 (V3§)’ vec <<V2i\z)_l>
—évec (V3§), [(Vz/ﬁ)_l ® <V2ﬁ)_1 ® (VQ}Z)_I} vec (V?’ﬁ) .
1 . - 3 BN
By Z HengwIingw = 5f Z O¢nOewdintw

(néw (néw
1 -1 -1 R
= Str H(v%) ® vec ((v%) ﬂ (V4g)/} .
By the formula (18), we can get

~ 6 ~ -~
1 ZijkCng hijkﬂijkgngQCan,ﬁ
12 bp

= e (o)) W (vR) v () S

e [0 (9R) e () ) v (v7R) " T2
/

e () e () ) o () T
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EZCn&u MéngwgénfbD,w _ § 5 5 bD7
6 o 6 n9ene0 ew—="— 3

(néw b
- / — T
= %vec ((Vﬁb) 1) V35 (VQE) ' vng.
D
From (17),
1 X ¢yt Mg TenbD 6
4 bp
_ itr [v% (VQE)l] tr [(v%)l V;;’D + %tr (v%)fl ver (v%)fl Viip |
And we have R -
(R TP P
2 ZJJ J bp 2 ' [( > bp
1 7 4 ED,q b D,q
—5 Z hijkﬂz’jqu = —= Z hiji0 qu 3
ijkq D qu bp
= —quee () ) R (vR) 2.
D

From (35), we have

1 ~ o~
E 6
5 hijkthS/‘Lijqus
ijkqrs

= () ) PR (79 e ()
#igoee (V)| (30) o (TR) o (V9R) ] vee (vR).

Note that

LS 4 37 o~ -~
—53 D hugkatiizg = —57 O hijkaBi0kg
tjkq ijkq

= —étr H(Wﬁ)_l ® vec ((v2ﬁ)_l>] (v“ﬁ)'] '

From (13), (14), (15) and (16), we define

B4:;ukw@*2?>_;%«w@*)mww@*§%
D D

rgvee (V) ) B () (v9R) e ((v75) )
+ 112vec (VSﬁ)' [(VQE) e (v%) e (vzﬁ)_l] vee (v3;§)

23
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e [[(e) e () )] (79)].

Proof of Lemma 3.2 in Li et al (2017) can be obtained by directly applying Lemma 2.2

above by setting bp (0) = p (), g (0) = I; (6), —nh™ () = —nhP (0) = Inp(y|0).
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3 Appendix

In this appendix, we will rewrite each term of into matrix form.
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S erew B GenbD g
3.1 For the term 1 i3 Cf SRR
D

We can get

PR
1 Zgngw PénewdinbD gw
4 bp
. 1 (Zgngw gCnaéngéwbD,ﬁw i Zgngw §<naC£8nwbD,£w i Zgngw §4n6<£anwbD,£W>
= 3 a a L

bp bp bp

where

JenO¢nO, b b R ~\ —1
ZCnfw ¢nY¢nYEwYD fw _ ngagnzggw Eéw — tr |:v2g <V2h> ] tr
bD Cn §w bD

> ngw Ien0ceTnwbD e

bp
’ gD?& A
= Zgﬁngé“&%w 3 = Z%C%n"nw 7 : :Z b ZUECQCWUW
(néw D (néw D tw D¢
-1 N -1V2p
— tr (v%) V25 (v%) Vool
bp
chsw§<nf<fanwbz7,5w _ ngwﬁc‘nfcsanwbaéw o (th) v (va)—l Vo |
bp bp bp
then we have
13 cnews HengwIcnPD e 17
4 b "o
D
1 o\ -1 ~-1V% 1 N1 o (01 VD
— r [V2g (v%) }tr (v%) ASLZEN (v%) V2§ (v%) b
4 bp 2 bp
Ty ] 1 [y 1 V2 (o
- [V2g (v%) }tr (v%) 2N R (v%) oD (v%) v
4 bp 2 bp
3.2 For the term — 1 2ijhne h”k#”“”’ggc”bm
bp
Note that R R R R
6 ~ 6 ~
1 Zz'jkgng hijibtijrene9enb e _ 1 Zijqus hijittijpgrs9arbD,s
12 o 12 b
where
/‘I’?jk‘qrs = a'\ija'\kqo'rs + a'\iqa'\kja'\rs + a'\iqa\jk;a'\rs

+0ij0krOgs + Oik0jrOgs + 0ir0 k0 gs
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+aijak53q7" + 32’]633'58(17" + a'\isa'\jka'\qr
"‘aiq&jraks + 3irajq8ks
+3¢q8j33kr + aisaqukr
+0ir0js0kq + 0is0jrOkyq-
then we can decompose into three groups. The first group has 6 elements without o but

with (/)'\ij, b\'lk or Ejk, that is

§ hijk0ij0keOrsGqrbp,s + E hijkCiqOk;OrsGqrbp,s + g hijk0iq0 jk0rsGqrbD,s

ijkqrs ijkqrs ijkqrs
+ § hijk0ij0kr04sGqrbp,s + E hijkOik0 jr0qsGqrbp,s + 5 hijkCir0 10 4sGqrbD,s-
ijkqrs ijkqrs ijkqrs

Note that the 6 elements have the same quantity since

g hijko'iqo'kjo'rsgqrbD,s = E hijkaiqo'jko'rsgqrbD,s
ijkqrs ijkqrs
= E hijko'ijo'kqo'rsgqrbD,s: § Uijhijkakngrgrsz,s
ijkqrs ijkqrs

= e ((vR) ) B (v) w0 (V) b

and
E hijk0ir0j104sGqrbp,s = § hijk0i10 10 4sGqrbD,s
ijkqrs ijkqrs
= § hijk0ij0kr0qsGqrbp,s = E 0ijhijkOkr0qs9qrbp,s
ijkqrs ijkqrs
where
E 0ijhijkOkr0qsdqrbDs = § 0ijNijkOkrGrq0qsbD,s = E 0ijNijkOkq9qrorsbp.s
ijkqrs ijkqrs ijkqrs

.\ —1 ! ~ ~\ —1 ~\ —1 -~
— vec ((v%) ) V3 (v%) V25 (v%) Vbp.
The second group has 6 elements without o,, 7,5, 0% and 0, that is

E hijk0iq0 jrOksGqrbp.s + § hijk0ir0 jqOksGqrbD,s + E hijk0iq0 5O krGqrbD.s

ijkqrs ijkqrs ijkqrs
+ E hijk0is0 jqOkrGqrbp,s + E hijk0ir0jsOkqGqrbp,s + § hijk0is0 j1rOkqGqrbD.s-
ijkqrs ijkqrs ijkqrs

These 6 elements have the same quantity since

§ hijk [0iq0 jrO ks + 0ir0jqOks) GqrbD,s
ijkqrs
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and

E hijk0iq0 jrO0ksGqrbp.s + E hijk0ir0 jqOksGqrbD,s

ijkqrs

ijkqrs

2 E hijk0iq0 jrOksGqrbp,s = 2 E 0iq9qr0 jrhijkOrsbp s

ijkqrs

ijkqrs

vec ((v%) vz (v%) 1>/ v3h (v2ﬁ> v

§ hijk [0iq0 jsOkr + 0is0jqO0kr) GqrbD,s

ijkqrs

E hijkaiqajsgkrgqrbD,s + E hiijisquUkrgqrbD,s

ijkqrs

ijkqrs

E hikjaiqakrajsgqrbD,s + § hkjiakrajqaisqubD,s

ijkqrs

ijkqrs

E hijkaiqo'jro'ksgqrbD,s + E hiijirquUksgqrbD,s

ijkqrs

ijkqrs

vec < (vﬁl) v (v%) _1) "% (v%) v,

5 hijk [O'iro'jso'kq + Uisajrakq] gqrbD,s

ijkqrs

5 hijkgirajsakngrbD,s + § hijkaisajrakngrbD,s

ijkqrs

ijkqrs

5 hkijgkqgirajsgqrbD,s + § hjkiajrakqaisgqrbD,s

ijkqrs

ijkqrs

5 hijkaiqajraksgqrbD,s + § hijkairgjqaksgqrbD,s

ijkqrs

ijkqrs

ec <(V2ﬁ) v (v%) 1>/ voh (VQE) .

The third group has 3 elements without &, that is

E hijko'ijo'kso'qrgqrbD,s + § hz’jko'iko'jso'qrgqrbD,s + § hijkaisajkzaqrgqrbD,s-

ijkqrs

We have

ijkqrs

§ hijk0:ij0ksO qrGgrbp,s

ijkqrs

ijkqrs

= § hijkOik0jsOqrGqrbp,s = § hijk0is0 jk0 qrGqrbp,s = E hijk0 j10isbD 5O qrGgr

ijkqrs

ijkqrs

= Z O qrYaqr Z Ojkhjri0isbp,s = tr

qr

ijks

ijkqrs

29 (v75) e ((720) ) ¥ (v2F) ' vho.
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Then we have

~ 6 ~ -~
1 Zijk(n£ hijkttijpene 9enbD e

12

= —=vec

And for the same reason, we have

~ e e
1 Zijk(ng hijihinenebDmedc

bp

; ((v%)_l)/vi”ﬁ (vzﬁ)_l V25 (V) B VEED
—%vec ((v%) vy (v%ﬁ) _1> ' (VQE) -1 Voo
—%tr [V2§ (Vﬁl)ﬁ} vec <<V2/};) _1)I el (VZE)_l =

12

Note that

vee ((77)

= tr
= tr

= tr

and we have

P bD
0ig9qr0 jrhijkOks /b\

ijkqrs

bp,s .
= Zahﬂkakg G jrJqr
ijkqrs b

= 2

~ A~ b -~
04¢iOks—="Nik;0 jr
qr Jk b

= —%vec ((Vﬁz) _1>I v3h (VQE) o vfbD

_1) ' (vzﬁ) vy (v%)
_vec v2h ! /V?’E v2h _1V2A v2h,
e (01) ) 99 (95) "5 (o)

_v2§ (v%)

N\ VD
_(v%) BD

bp

-1 Vbp
bp
-1 VZD]

bp

- V,;J\D vec <(V2ﬁ> _1>I W&l <V2ﬁ) _1]

D

vee ((v) ) 0 (v) ' v

D



—~ .\ —1 =N
. v%(v%) V2|

(e

it can also be derived as follow
-1Vb
oee ((99) w2 (v0) ) 9 (740) 5
-1

= o) () o () ] b () T2

[(v%) 1 ® (V%) ]V?’h (v h) ng
((v%) WD) T 1] vee (V°0)

bp

o)

()" 52) o (o) | (o)

. v3h (v%) vZil .

= wvec (Vzﬁ)/ vec

= wvec (V2§)/

= tr

v (v%) sy

Then we have

~ 6 —~ -~
1 Zz’jk(n§ hijkbtijpene 9enbD e

12 bp
= —%tr _(Vz/f;) o Z\ZD vec (<V2ﬁ>_1)lv3ﬁ (V2?L> - V2§]

. ((wﬁ)‘l V;) o (v) | b (vih) v
L D

o [729 (97) e ((w98) ) R (00) T2
L D

1 7 T
3.3 For the term —5 > .0 Pijghtj1qrsGrs

Note that

M?jqus = aijakqo'rs + a'\iqakja'\rs + aiqajkars
+a7jj8kraqs + a'\ik(/f\jra'\qs + 81‘7"(/7'\j‘lf(/3'\qs
+a7jj8ksaqr + aika\jsaqr + 8isajka'\qr
+8iq8jr8ks + Girﬁjqaks
+3iqaj53k7« + (/J'\Z‘Sa'\jqa'\m

+0ir0js0kq + 0350 jrOkq-
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~

We can decompose Y ijkqu?jqus/g}s into two groups. The first group has 12 elements

ijkqrs h
without o,

E hijkqo'ijo'krgqsgrs + E hijkqo'iko'jraqsgrs + E hijkqairgjkaqsgrs

ijkqrs ijkqrs ijkqrs

+ g hijkqo'ijakso'qrgrs + E hijkqo'iko'jso'qrgrs + E hijkqo'iso'jko'qrgrs
ijkqrs ijkqrs ijkqrs

+ E hijkqaiqajraksgrs + § hijkqairajqaksgrs + § hijkqo'iqo'jso'krgrs
ijkqrs ijkqrs ijkqrs

+ E hijkqaisaqukrgrs + E hijkqairajsgkqgrs + § hijkqaisgjrakqgrs-
ijkqrs ijkqrs ijkqrs

The 12 elements in this group have the same quantility, that is

Z hijkqaijakraqsgrs = Z hijk:qo-ija-lm"grso-sq (19)
ijkqrs ijkqrs

= u || () v (v) ) weee (7)) (7R) |

The detail proof is as follows

E hijkqOijOksO qrgrs = E hijkqOijOksOqrGsr = E RijkqOii0kr0 gsGrss (20)
ijkqrs ijkqsr ijkqrs
E: hijkqOik0 jrOqsGrs = E hikjqOik0jr0qsgrs = E hijkq0ijOkrOqsGrs, (21)
ijkqrs ikjqrs ijkqrs
E hijkqaikajsaqrgrs = E hijkqaikajsaqrgsr
ijkqrs ijkgsr
= E hijkqOik0jr0qsGrs = E hijkqOij0kr0qsGrs (22)
ijkqrs ijkqrs

where the last equatility is because of (21),

Y Nijhiq@jrOksGrs = D higikGiq0js0ksGrs = ) hijiqTiiOhrTasrs (23)
ijkqrs iqjkrs ijkqrs
E : h’ijkqaiqajso-krgm = E hijkqaiqajsakrgsr
ijkqrs ijkgsr
= E hijkqo-iqo'jro'ksgrs = E hijkqaijakraqsgrs (24)
ijkqrs ijkqrs
z : hijquirUijqsgrs = E hjkiqo-jko'iro'qsgrs = E hz‘jquz’jUkqusgrs (25)
ijkqrs Jkiqrs ijkqrs
> hijkq@ir0q0hsGrs = D hjqi@ja0inTksGrs = D hijigTij0krTgslrs (26)
ijkqrs Jqikrs ijkqrs
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~

E hijkqgirajsakqgrs = E hkqijakqairajsgrs

~

§ RijkqOij0kr0 gsGrs

ijkqrs kqijrs ijkqrs

§ hijkqo'iso'jko'qrgrs = § hjkqio'jko'qraisgrs § hijkqo-ijo'kro'qsgrs
ijkqrs Jkqirs ijkqrs

E hijquiSquUkrgrs = E hjqkiajqakrgisgrs g hijkqaijgkraqsgrs
ijkqrs jqkirs ijkqrs

E hijkqaisajrakqgrs = E hkqjio'kqo'jraisgrs = E hijkqo-ijo-kro'qsgrs
ijkqrs kqjirs ijkqrs

E hijkqo'ijo'krgrsa'qs

ijkqrs
= E hijkq O'ij§ Okr9rsOgqs
ijkq s

= w[[((@) v (7)) e () )] (7]

We can illustrate the result by a simple example. Let

[ 1111 Pt
h2111 ho112
hi211 hi212

@) _ | heaun heo
hi121  hi122
hai21  ha122
hi221  hi1222

| ha221  ha2oo |

and )
e=(v*h) v (v*h)
and

011

vec ((VZ/ﬁ)_l) = Zi

022
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then
011€11 O11€12
021€11 021€12
012€11 012€12
e ® vec ((V%) _1> _ | 022611 022€12
011€11 O11€12
021€11 021€12
012611 012€12
022€11 022€12

The second group has 3 elements with &,

g hijkqaija\kqo—rs/g\rs + g hijkqaiqgkj OrsQrs + E hijkqaiqgkj Orsdrs-
ijkqrs ijkqrs ijkqrs
These 3 elements has the same quantity. We can get

5 hijkqaija\kqa\rs/g\rs (28)
ijkqrs

= o [[(7) " wvee ((v20) )| (v) | e | (vR) v

From (19) and (28), we have

1 ~ 6 ~
_Z8 Z hijkql‘bijqungS (29)
ijkqrs
EDBLIL I DA D B
- _= GO . fes _ = . .
48 2 170 kqllijkq rsdrs 18 - ijkqOijOkrGrsOqs
ijkq TS ijkqrs

= qgtr || (7) Tewee () )] (98) | e | (700) ]
Ael[(9) w5 ) o ((99) )] (09)]

g hijkqaijgkrgrsgqs
ijkqrs

= E O'rko'ijhijkqo'qsgrszg 5 Ork0ijhijkqOqs | Grs

ijkqrs rs |ijkq

= o [[(7R) v ((w28) ) 9 (v7R) v

then we have

)

ijkq#?jqus@"s (30)

1
B X
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= 48 E O'”O'kq ijkq E 0'7»597«5—47 hijkqaijnggTSqu
ijkq ijkqr

_ _;tr:[(va) ®( (v%h) )] (v) Jer [(v2R) " 4]
:( h) o vee ( (72 ) )| (v) vl

_ _;tr:[(v@l@vec( Yoo (7R ]
_(V2ﬁ)1®vec<( ) 1>] B(v%)lv?g}

. ~ e
3.4 For the term —5; >, Pijightijrgrs9rbD,s

Similiar to the proof of (29), we have
1 ~

6 o~
_ﬂ hijkquijqungbD75 (31)
z'jqus
= 24 5 Uzjakq z]kq UrsgrbD s E hijkqo'ijo'kraqsgrbD,s
ijkq ijkqr

_étr H(v%) " @ vee ( )] ] tr [(VQE)_I V/g\VB/D:|
RO B G|

And we can also written (31) as

1 - .
g Z hiijM?jqungbDvs

ijqus

= E Uzyakq ijkq E UrsgrbD s T 5,4 hijkqo-ijo-kro-sqgrbD,s
’qu zjqus

= _ﬂ § Uijgkqhijkq E UngrbD,s - ﬂ § Uijasqu,shijqkakrgr
ijkq s ijkqrs

e[| (77R) e (7)) (w/z) T, (v7) " vg
5 Jree (7)) @ ((7%9) ¥ ) | 975 (v77) " va.

1 .6 ~
3.5 For the term —55 3 o Rijkld5jncne Gone

T ~ N 6 ~ N 6 ~
Note that Zijk(n{ hijk:“’?jk(nggén& = Zijqus hijklu’ijqusglﬁs' We can decompose Zijqus hijkﬂijqusgqrs
into two groups. The first group consists of 9 elements which has one term from (5, 0k, 0 i)
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and one term from (G4, 0rs,0¢s), that is

g hijkaijakqarsgqrs + E hijko'iqakjo'rsgqrs + E hijko'iqajko'rsgqrs
ijkqrs ijkqrs ijkqrs
+ E hijko'ijo'kraqsgqrs + § hijko'iko'jraqsgqrs + § hijkairajkaqsgqrs
ijkqrs ijkqrs ijkqrs
+ E hijkgijaksaqrgqrs + § hijko'iko'jso'qrgqrs + § hijkaisajko'qrgqrs-
ijkqrs ijkqrs ijkqrs
These 9 elements have the same quantility and we have

g hiijijakqarsgqrs = § Uijhijkakngrsars (32)
ijkqrs ijkqrs

-1\ o~ ~ —1 -1
— <<V2h) ) ViR (V2R) (9%9) vee ((v%) ) .
The second group consists of 6 elements which doesn’t include one term from (65, 7k, 7 k),
that is

Z hijkaiqa\jraksaqs:q\qrs + Z hijkairajqaksaqs:q\qrs
ijkqrs 1jkqrs
+ Z hijkaiqajsa\kraquq\qrs + Z hijkaisajqa-\kraquq\qrs
ijkqrs ijkqrs
+ Z hijkairajsakqaquq\qrs + Z hijkaisajrakqaquq\qrs-
1jkqrs ijkqrs
These 6 elements have the same quantility and we have
Z hijkaiqa—\jTgkrsaqsaqrs (33)
ijkqrs
s . _ o) 1 4
= wec (V g) (V h> ® <V h) ® <V h) vec (V h).
Then from (32) and (33), we can get

1 ~ N
~35 > hightneneGone (34)
ikCnE

9 P ik scG i Bned
T 36 ) 0ijhijkOh¢GensOne — 3¢ > hukBicS Grelons
ijkCng ijkCng

= (7)) () @ e (7))

—évec (V?’ﬁ), [(VTI”\L)l ® (V%)il ® (V2ﬁ>l} vec (V?’E) )
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1 > h 6
3.6 For the term =5 > .\ MijiPgrsiijngrs

Similiar to the proof of (34)

1 ~ o~
§ : 6
i hijkhqrsﬂz‘jqus
ijkqrs

9 o 6 ~ A AT
E 5 Uijhijko'kqhqrsars_}‘ﬁ E hijko'iqo'jro'kshqrs

ijkqrs ijkqrs
where

> Gty =vee (V) ) W (V) (VR wee ((v20) ).

ijkqrs

5 hijkaiqajrakshqrs = g hz]kE Uiqajrakshqrs

ijkqrs ijk qrs
— vec (vi"ﬁ)' [(v%) s (v%) s (vﬁ) 1} vec (vﬁ) :

then we can get

1 o
77 hijkthSM?]qus (35)
kqrs

= g ( ) ) () () e (575) )
+ﬁvec (vh) {(v%) @ (V) e (v*) _1] vee (V°R).

1 T 8 -~
3.7 For the term 144 Zijk:qrstw hijkhqrsﬂijqust’wgtw

We can decompose Zijqustw hijkhqrsﬂfjqustw:‘]\tw into seven groups. One group is the terms

that have o,. That is, we have

~ o~ 6 A
E hijkhqrsﬂijquso'twgtw (36)
ijkqrstw

~ o~ 6 PR
= 5 hijkhqrs,uijqus§ Otwtw

ijkqrs tw
= ovee (V) ) R () (R) wee ((v) ) o[ (v0R) g
+6vec (V371>, [(VQ/E) - ® (V23> - ® <V27L>_1] vec (V?’TL) tr [(Vzﬁ)_l V2§}

by (29). Note that there are 15 terms in this group.
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The other six groups have the same quantity. One of them which has 7, in each element

is as follows:

E hijkhqrso'ijakqarto'swgtw + E hijkhqrso'ijo'kro'qto-swgtw

ijkqrstw ijkqrstw

+ E hijkhqrso-ijo'kto'qro'swgtw + E hijkhqrsaikajqartaswgtw
ijkqrstw ijkqrstw

+ E hijk hqrso-iko'jro'qto-swgtw + E hijkhqrsaiko'jta'qra'swgtw
ijkqrstw ijkqrstw

+ § hijkhqrso-iqo'jko'rto-swgtw + E hijkhqrso'iqo'jrgkto'swgtw
ijkqrstw ijkqrstw

+ § hijkhqrso-iqo'jto'kro'swgtw + § hijkhqrso'irajkaqto'swgtw
ijkqrstw ijkqrstw

+ E hijkhqrso-iro'jqakto-swgtw + E hijkhqrso'iro'jto-kqo'swgtw
ijkqrstw ijkqrstw

+ E hijkhqrso-ito'jko'qro'swgtw + E hijkhqrso'ito'jqo'kro'swgtw
ijkqrstw ijkqrstw

+ § hz‘jkhqrso'itajro'kqo'swgtw~
ijkqrstw

Note that this group can be further decomposed into three sub-groups. The first sub-group
consists of 6 elements which include ,; or o, that is

E hijkhqrsaijakqartaswgtw + E hijkhqrsaijakrgqtaswgtw

ijkqrstw ijkqrstw

+ g hijkhqrsaikajqartaswgtw + § hijkhqrsgikajraqtaswgtw
ijkqrstw ijkqrstw

+ § hijkhqrsaiqajkartaswgtw + § hijkhqrso'iro'jko'qto'swgtw .
ijkqrstw ijkqrstw

These 6 elements has the same quantity and we have

Z hijkhqrsairajkaqta-\swgtw (37)
ijkqrstw

= E Ujkhjkiairhrqsaqtgtwasw
ijkqrstw

— vec ((vzﬁ) _1>’ veh (vQE)_l V3 vee <(v2ﬁ)_1 v (VQE)_1> .

The second sub-group consists of 3 elements which include one term from (G, 0y, G4) and

one term from (G;;, 0, 0jk), that is

§ hijkhqrsaijaktaqraswgtw+ § hijkhqrsaikajtgqraswgtw"i' § hijkhqrsa'itajko'qra—swgtw-
ijkqrstw ijkqrstw ijkqrstw
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These 3 elements has the same quantity and we have

E hijkhqrsaitajkaqraswgtw (38)
ijkqrstw
= 5 hijkhqrsajkaqraitgtwasw = § Ujkhjkiaitgtwaswhsqraqr
ijkqrstw ijkqrstw

-1\ . - —1 -1 - —1
¢ ((v%) ) veh (v%) v (v%) V3h'vec <(V2h> > .
The third sub-group consists of 6 elements which include one term from (7,5, s, 0ji) but

. ~ o~ o~
doesn’t include any term from (Gkt, Ore, Tgt)

g hijkhqrsaiqajro'kto'swgtw + E hijkhqrsaiqgjtakraswgtw

ijkqrstw ijkqrstw

+ E hijkhqrsairgjqo'kto'swgtw + E hijkhqrsairo'jto'kqo'swgtw
ijkqrstw ijkqrstw

+ E hijkhqrso'ito'jqo'kro'swgtw + § hijkhqrsaito'jrakqo'swgtw-
ijkqrstw ijkqrstw

These 6 elements has the same quantity and we have

§ hijkhqrso'itajrakqa'swgtw (39)
ijkqrstw

~ o~

= § hijkhqrso-jro-kqo-itgtwo'sw = § hijkaitgtwawsajrakqhsrq
ijkqrstw ijkqrstw

= vee (V)| () 90 () )& () e (9R) | wee (V0R)
Then from (36), (37), (38) and (39), we have

1

T (40)

~ o~ 3 =N
Z hijkthSlu’ijqustwgtw
ijkqrstw

~ e ((wa)l)’vsa (v) " (v5) e ((v25) o[ (v8) " v79]

—l—%vec (vh) {(v%) e (v2ﬁ)_1 ® (v2ﬁ)_1] vee (VR) tr [(v%})‘l v%}
—1—%1)60 ((VQE)_ ) ( ) V3h vee <<v23)_1 V25 (vz;;)‘l)
(7)) v () o (1) e (7))

+iee (V) (7)1 9% (9) ) o (7)o (99R) | vee (v0R).

We can rewrite (37) as
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and

and

~

§ hijkhqrsgirajkaqtaswgtw (41)

ijkqrstw
= g Ujkhjkiairhrqsaqtaswgtw = § thajkhjkiairhqrsgswgtw
ijkqrstw ijkqrstw

= E § thijhjkiairhqrsUsw Gtw = § § O'tqhijko'jko'irhqrso'sw Jtw

tw | ijkqrs tw | ijkqrs

= oo [(vee (720) ) W (v) ) o (v2R) | w0 (v) v

5 hijkhqrsgitajkaqraswgtw (42)
ijkqrstw
= 5 hijkhqrso'jkaqraitgtwo'sw = E ijhjkiaitgtwaswhsqraqr
ijkqrstw ijkqrstw
= 5 Utigjkhjkiaqrhqrsaswgtw
ijkqrstw

= o [(v) " Wt ((92R) ) wee ((v8) ) 90 (v0R) ] vd]

g hijkhqrsaito'jrakqaswgtw (43)
ijkqrstw

= g hijkhqrsajrakqgitgtwasw = E hijko'itgtwo'wso'jro'kqhsrq
ijkqrstw ijkqrstw

= E Utihikjakqgjrhqrsaswgtw
ijkqrstw

~ tr [(vﬁ) Ve [(v%ﬁ) s (VQE) 1] V3 (VZE) o v@]

Then we have

1

144 Z Rijkhars 43 jhgrstw Gt w4

ijkqrstw

%vec ((VQE) 1) v (v*h) - (v?’B)' vec ((VQE) 1) tr [(v%) - v%}
#oqgoee (V)| (72 )%ﬂw@*®W%yﬂw4wauﬂwa”wﬂ
*m“‘ E( ( ) veh (Viﬁ)_1> ® (v2ﬁ):1]/v3ﬁ (v*h) :11 V2§]
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i [(vm) o [(vm) e (v) ] W (v7) v

3.8 For the term 1 Zijigrotw Migkharsijigrstn D, w8t
. 72 D

~

E hijkhqrsairajkaqtaswbD,wgt

ijkqrstw
= E UswbD,ijkhjkiUirhsrqaqtgt
ijkqrstw

— e ((wz) M hpuec ((v%)l)/ vh (v2ﬁ)1> vih (vh) ' va.

~

§ hijkhqrsaitajkaqraswbD,wgt

ijkqrstw
= § Uqrhqrsz,wgsijkhjkiaitgt
ijkqrstw

— wec <<v2ﬁ)_1)/v3ﬁ <v2ﬁ)_16DveC <<v2ﬁ)_1>/v3ﬁ (v2ﬁ>_1 V3.

~

E hijkzhqrso'ito'jro-kqo'swbD,’wgt

ijkqrstw

= E hijkhqrso'jrakqo'ith,wgto'sw = E hijkaitbD,wgthijerqhsrq
ijkqrstw ijkqrstw

= 5 UjrUswbD,whsquqkhjkiaitgt
ijkqrstw

~ e <<(v2ﬁ)_1 ® ((vzﬁ)‘lz,j)') vh (vzz)‘1>'v3z (v2) " va

oo 8 ~ =N
i Eijqustw hljkthSMijqustwbDvwgt
72 bp

= poee (70) ) W (v2R) T (9B) wee ((v) )t

—l—%vec (Vg/ﬁ)/ [<V2ﬁ) o ® (Vz/f;) o ® (VTf;)_l] vec <V3?L> tr

(v%) - VEZDW/
(v%) o VZZDV/Q\'
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—i—%vec <<V2ﬁ) > veh (VQE)_I V3h'vec ((V%) - V;Dvgl (va)_l)
D
—i—ivec <<V2ﬁ> —1> ! v (VQE) -1 Vgi[)vg, (vz”ﬁ) -1 T vec ((Vzﬁ) —1)
(

D
+%vec ((v%) - ?D vec ( (v*h) 1) v (v*h) 1) vih (V?h) g
D
Phuee ((929) ™) v (777) 700 ((v) ") v (v5) w7
D
ryree () "o () VbbD)> v <v2ﬁ)_1>lv3ﬁ (vh) v
D

1 noh 8 =
3.9 For the term 77 Zijqustw Pijichgrst i j1qrstwJw

. 8 .
In this case, we can decompose ikqrstw 16O seven groups, each has 15 terms. The first four
groups has 0y, Orw, Osw, O in each term repectively which have the similiar structures.

Out of these four groups, the group with 7y, is as follows

E hijkhqrstaijakqarsatwgw + § hijkhqrstaijakraqsatwgw

ijkqrstw ijkqrstw

+ E hijkhqrstgijaksgqratwgw + E hijkhqrstaikajqarsgtwgw
ijkqrstw ijkqrstw

+ g hijkhgrstOik0 j10qs0 twGw + E hijkhgrstOik0 50 qr0tww
ijkqrstw ijkqrstw

+ § hijk hqrstUiqukUrsatwgw + E hijkhqrstaiqgjraksatwgw
ijkqrstw ijkqrstw

+ § hijkhqrstaiqajsaksgtwgw + § hijkhqrsto_irajkaqsgtwgw
ijkqrstw ijkqrstw

+ § hijk hqrstUirajqusUtwgw + E hijkhqrstaira'jsakqgtwgw
ijkqrstw ijkqrstw

+ § hijkhqrstaisajkaqratwgw + § hijkhqrstaisajqakratwgw
ijkqrstw ijkqrstw

+ § hijk hqrstUisUerqutwgw-
ijkqrstw
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The above 15 terms can be further decomposed into two different sub-groups by whether two
of (i, j, k) are in the same combination of subscript (whether we have &;; or o5 or 7;;). One

sub-group is

E hijkhqrstaijakqgrsatwgw + E hijkhqrstaijgkraqsatwgw

ijkqrstw ijkqrstw

+ 5 hijkhqrstaijaksaqratwgw + E hijkhqrstgikaqursatwgw
ijkqrstw ijkqrstw

+ 5 hijk hqrstaikajraqsgtwgw + E hijkhqrstgikajsaqratwgw
ijkqrstw ijkqrstw

+ 5 hijk hqrsto'iqo'jko'rso'twgw + E hijkhqrstairajkaqsatwgw
ijkqrstw ijkqrstw

+ 5 hijk hqrsto'iso'jkgqro'twgw
ijkqrstw

which consists of 9 terms. Note that each term in this sub-group has the same value and we

have

g hijkhgrstOijO kg0 rsO twGw
ijkqrstw

= § Ursaijhijkgkthsqtatwgw
ijkqrstw

o\ 1Y N i (oo "L
= |vee (v h) ® (vec (v h> veh (v h) vih (v h) V3.
Antoher sub-group is
E hijkhqrstaiqajraksatwgw + E hijkhqrsto'iqo'jso'kso'twgw
ijkqrstw ijkqrstw
+ 5 hijkhqrstairajqaksatwgw + § hijkhqrstairajsakqatwgw
ijkqrstw ijkqrstw
+ 5 hijkhqrstaisajqakratwgw + § hijkhqrsto'isajro'kqatwgw
ijkqrstw ijkqrstw

which consists of 6 terms. Note that each term in this subgroup has the same value and we

have

§ hijkhqrstgiqajraksatwgw
ijkqrstw

= E hijko_iqgjrakshqrsto'twgw
ijkqrstw

= vee (V) |(V20) e (V) o (v0) | R (97R) v

41



The second three groups has 'y, 7w, Ok in each term repectively which have the similiar

structures. Out of these three groups, the group with 7;,, is as follows

§ hijkhqrsto'jko'qrasto'iwgw + E hijkhqrsto'jko'qso'rto'iwgw

ijkqrstw ijkqrstw

+ E hijkhqrsto'jko'qto'rso'iwgw + E hijkthstquUkrgstO-iwgw
ijkqrstw ijkqrstw

+ § hijkhqrsto'jqakso'rto'iwgw + § hijkhqrsto'jqakto'rso'iwgw
ijkqrstw ijkqrstw

+ E hijkhqrstajrakqasto'iwgw + E hijkhqrsto'jro'kso'qto-iwgw
ijkqrstw ijkqrstw

+ § hz‘jkhqrsto'jrakto'qso'iwgw + § hijkhqrstajso'kqo'rto'iwgw
ijkqrstw ijkqrstw

+ E hijkhqrsto'jso'kro'qto'iwgw + E hijkhqrstajso'kto'qro'iwgw
ijkqrstw ijkqrstw

+ 5 hijkhqrstajto'kqo'rso'iwgw + E hijkhqrsto'jto'k'ro'qso'iwgw
ijkqrstw ijkqrstw

+ 5 hijk hqrsto'jto'kso'qro'iwgw-
ijkqrstw

This group can be further decomposed into two sub-groups. The first sub-group is as follows
E hijkhqrstajkaqrgstaiwgw+ E hijkhqrstgjkgqsgrtgiwgw+ E hijkhqrstajkaqtgrsgiwgw-
ijkqrstw ijkqrstw ijkqrstw

Note that each element in this group include &;. There are 3 terms in the first sub-group

which have the same value and we have

§ hijkhqrstgjkaqrastaiwgw

ijkqrstw
= E gwaiwo'jkhijkhqrsto—qro'st = § gwaingkhijk E hqrstaqust
ijkqrstw ijkw qrst

-1\ -1 -1 PO D
vec ((v%) ) v3h (v%) Vitr [((v%) ® vec <(v2h) )) V4h] .
The second sub-group consists of remained terms

E hijkhqrstaqukrastaiwgw + § hijkhqrsta'jqa'kso'v‘to'iwgw

ijkqrstw ijkqrstw

+ § hijkhqrstaquktarsaiwgw + § hijkhqrsta'jro-kqo'sto'iwgw
ijkqrstw ijkqrstw

+ § hijkhqrsta'jro'ksaqto'iwgw + § hijkhqrsta'jro-kto'qso'iwgw
ijkqrstw ijkqrstw

+ § hijkhqrstajsakqartaiwgw + § hijkthstUstkrgthiwgw
ijkqrstw ijkqrstw
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+ E hijkhqrstajsaktgquiwgw + g hijkhqrstgjtgkqarsaiwgw

ijkqrstw ijkqrstw
+ E hijkhqrstajtakraqsgiwgw + § hijkhqrstgjtaksgqrgiwgw-
ijkqrstw ijkqrstw

There are 12 terms in the second sub-group which have the same value and we have

g hijkhqrsto'jqo'kro'staiwgw
ijkqrstw
= g O'jqo'sthqstro'rkhjkiaiwgw
ijkqrstw
/

= wee (((vR) M ovee (w20) ) ) b (v) ) W (v) s

Then we have

3.10

1

144 Z hijkthstM?jqustw/g\w (45)

ijkqrstw

% [vec ((vzﬁ) _1>/ ® <vec <(v2ﬁ) _1>/ voh (v%)_l)] vih (v?h) g
#fygoee (V) [(790) e () e (9) | 9B () v

+%vec ((v%)l)lv?’ﬁ (v%)fl Vitr K(Wﬁ) " g e <(v2ﬁ)1>>/v4ﬁ]
+f44vec(<< W) e (920) ) ) 9 (928) ) 0 (vR) v
i[vec( > <vec( 2%)_> v3h (vzﬁ)_lﬂv‘% (VQE)_lvg
sgoee (V)| (7)o (7 z)* o (v0) | v (vh) v

g [((%) " @ wee ((v98) 7)) 9] e m)) v (v27) ' Vg
+ivec<<(v2ﬁ)_ ®vec<< ) )) (V2h> )v?’ﬁ <v2ﬁ)_1vg.

1 T .7 7 10 =
For the term — 1296 Zijqustwvﬁ hz]khqrshtvaﬁjqustwvﬁgﬁ

Note that /Lilj(-]k grstwop CALL be decomposed into 9 groups which have the same quantility. Each

group has 105 elements which have 03,03, 013,043,0:3,048,0¢38, 0wg and o,g. We take the

group with o,3 as an example. This group is further decomposed into 7 groups with 15

elements in each group. There are 6 groups out of 7 like the follows:

§ hijkhqrshtwvaijakqartaswavﬁgﬁ + § hijkhqrshtwvgijo'kraqtaswo'vﬁgﬁ

ijkqrstwuf ijkqrstwvf
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+ g hijkhq'rshtvaijUkthrUsvaﬂgﬁ + § hijkhqrshtwvgikgqurtaswavﬁgﬁ
i7kqrstwuf ijkqrstwvf
+ h; 'khqrshtwvo'iko—kraqto'swgv g9 + h; 'khq'rshtwvaikgktaqraswavﬁgﬂ
J J
i7kqrstwuf ijkqrstwvf
+ h; 'khqrshtwvo'iqa ikOrtOswOvpYp + h; 'khqrshtwvgiqajrgktaswavﬁg,ﬁ
J J J
igkqrstwuf ijkqrstwvf
+ § hijkhqrshtwvo'iqajta—kro'swavﬁgﬁ + § hijkhqrshtwvgirajkaqtaswavﬁgﬁ
ijkqrstwuf ijkqrstwvf
+ § hijkhqrshtwvairajqa'kto'swavﬁgﬁ + § hijkhqrshtwvaitgjtgkqgswavﬁgﬁ
igkqrstwuf ijkqrstwvf
+ § hijkhqrshtwvaitakjUqraswavﬁgﬁ + E hijkhqrshtwvaitakqajraswavﬁgﬁ
igkqrstwuf ijkqrstwvf
+ § hijkhqrshtwvaitakrajqaswavﬁgﬁ-
igkqrstwuf
The elements in these group don’t include g4,. We can further decomposed the above group
into two sub-groups. The first sub-group is as follows. The elements of this sub-group include
Oijs Oik Or O jk
§ hijkhqrshtwvo'ijo'kqa'rto-swo-vﬁgﬁ + E hijkhqrshtwvgijo'kro'qtaswo'vﬁgﬂ
ijkqrstwvf ijkqrstwu
+ § hijkhqrshtwvo'ijo'kto'qro'swo-vﬁgﬁ + § hijkhqrshtwvgikajqo'rtaswavﬁgﬂ
ijkqrstwvf ijkqrstwu
+ 5 hijkhqrshtwvaikakraqtgswavﬁgﬁ + E hijkhqrshtwvgikgktaqraswavﬂgﬁ
ijkqrstwvf ijkqrstwu
+ 5 hijkhqrshtwvaiqajkO'Tto'swo'vﬁgﬂ + E hijkhqrshtwvgirajkaqtaswavﬁgﬂ
ijkqrstwvf ijkqrstwv
+ 5 hijkhqrshtwvaitgkjUqro'swo-vﬁgﬂ‘
ijkqrstwvf
There are 9 terms in the first sub-group which have the same quantity and we have
§ hijk hqrshtwvaij OkqOrtOswOvB93
ijkqrstwv
= § U’ijhijkakqhqrsO'Tto'swhtwvo-vﬁgﬁ

ijkqrstwv

vec ((v%)_l),v?’ﬁ (v2ﬁ)_1 el [(v2ﬁ)_1 ® (vQE)_l] veh <v2ﬁ)_1 V3.

The second sub-group is as follows
§ hijkhq'rshtwvo-iqo-jrakto-swa'vﬁgﬁ + § hijkhqrshtwvaiqajtakraswgvﬁgﬁ
ijkqrstwvf ijkqrstwvf
+ § hijkhqrshtwvairaquktaswavﬁgﬁ + E hijkhqrshtwvaitajtakqaswavﬁgﬁ
ijkqrstwuf ijkqrstwvf
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+ g hijkhqrshtwvaitakqgjraswgvﬁgﬁ + § hijkhqrshtwvaitUkrquaswavﬁg,B
i7kqrstwuf ijkqrstwvf

There are 6 terms in the second sub-group which have the same quantity and we have
Z hijkhqrshtwvaiqajraktaswavﬂ/g\ﬁ
ijkqrstwu
= Z hijkaiqajrhqrsaktaswhtwvavﬂ/g\ﬁ
ijkqrstwu
371 A 27\ 7 37 , 27\ ! 22\ o3t (v27) L os
= vec(V3h (Vh) ®(Vh) v3h (Vh) ®<Vh) Vh(Vh> V.
Note that out of the 7 groups, we have 1 group remained as follows
Z hijkhqrshtwvaijakqarsatwavﬁ/g\ﬁ + Z hijkhqrshtwvaijakraqsa-\twavﬁ/g\ﬂ
ijkqrstwv ijkqrstwu
+ Z hijkhqrshtwvaijaksaqratwavﬁ/g\ﬁ + Z hijkhqrshtwvaika\jqarsatwavﬁgﬂ
ijkqrstwvf ijkqrstwu

+ 5 hijkhqrshtwvaikakraqsUtwavﬁgﬁ + E hijkhqrshtwvgikgksaqrgtwavﬂgﬂ

ijkqrstwvf ijkqrstwu

+ 5 hijkhqrshtwvaiqajkUrso'two'vﬁgﬂ + E hijkhqrshtwvgiqajraksatwavﬁgﬂ
ijkqrstwvf ijkqrstwv

+ 5 hijkhqrshtwvaiqajsakratwo'vﬁgﬁ + E hijkhqrshtwvairajkaqsatwavﬁgﬂ
ijkqrstwvf ijkqrstwv

+ 5 hijkhqrshtwvairaquksatwo'vﬁgﬁ + E hijkhqrshtwvaitajsakqatwavﬁgﬂ
ijkqrstwvf ijkqrstwu

+ 5 hijkhqrshtwvaisakjo'qro'two'vﬁgﬁ + § hijk:hqrshtwvaisgkqajratwgvﬁgﬂ

ijkqrstwvf ijkqrstwvf
+ 5 hijkhqrshtwvaisakrajqatwavﬁgﬁ‘
ijkqrstwvf

We can further decomposed the above group into two sub-groups. The first sub-group is as

follows

§ hijkhqrshtwvaijakqarsatwgvﬁgﬁ + E hijkhqrshtwvaijgkraqsatwavﬁgﬁ
ijkqrstwvf ijkqrstwuf
+ g hijkhqrshtwvgijaksaqratwavﬁgﬁ + E hijkhqrshtwvgikgjqarsatwavﬁgﬁ
ijkqrstwvf ijkqrstwuf
+ g hijkhq'rshtvaikUkqusUthvﬁgB + § hijkhqrshtwvaikgksaqratwavﬁgﬁ
ijkqrstwvf ijkqrstwuf
+ § hijkhqrshtwvaiqajkU'r‘satwavﬂgﬁ + E hijkhq'rshtvairUijquthng,B
i7kqrstwuf ijkqrstwvf
+ § hijk’hqrshtvaiSUijquthvﬁgﬁ-
i7kqrstwuf
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The elements of this sub-group include 7;;, 03, or 7 ;. There are 9 terms in the first sub-group

which have the same quantity and we have

g hijkhqrshtwvaijakqarsatwavﬁgﬂ

ijkqrstwu
= 5 Uijhijkgkqhqrsars E Utwhtwvavﬂg,ﬁ
ijkqrs twvf

= wvec <<V2ﬁ) 1>/ V3h (V%) - V3h vee <<V2ﬁ> 1)
Xvec <<V2E> 1> , V3h (V%) o Vg.

The second sub-group is as follows

§ hijkhqrshtw’uo'iqa'jro-ksgtwo'vﬁgﬁ + § hz’jk:hqrshtwvaiqajsakratwavﬁgﬁ
ijkqrstwuf ijkqrstwvf
+ § hijkhqrshtwvairajqaksatwavﬁgﬁ + § hijkhqrshtwvaitajsakqatwo'vﬁgﬁ
ijkqrstwvf ijkqrstwvf
+ E hijkhqrshtwvaisakqajratwavﬁgﬁ + E hijkhqrshtwvo-iso-kro'jqo'twa'vﬁgﬁ-
ijkqrstwvf ijkqrstwvf

There are 6 terms in the second sub-group which have the same value and we have

E hijkhqrshtwvaiqgjro'ksatwo-vﬁgﬂ

ijkqrstwv
= 5 hijkaiqajrakshqrs 5 Utwhtwvavﬁgﬁ
ijkqrs twv B

= wec (Vg’ﬁ)/ [(V2/i\L>_l & <V2ﬁ>_1 & <V2ﬁ)_l] vec <V3/ﬁ)
Xvec <<V23) _1>/ V3h <V2ﬁ> o Vg.

Then we have

_Tl% ijkq%t:wvﬁ Bisiharshtuitigrstunss 95 (46)
_ 9 >;269(>S< 9 << ) e (Vzﬁ)_l w3
<[() o (v) ] i (v) g
e (V7)o (7))

{( h) ®(V2h> ] h(v%h) 'vi
9?219;;9 (( ) h<v2ﬁ)_1v3ﬁ'vec<(v2ﬁ)_l)
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xXvec ((VQ/H) 1>,V37L <V2ﬁ) - Vg
—9 >;219(>3< 6vec (VSTT,>/ {(VT/L;) - & (VziAl)_l & <V271>_1] vec <V3ﬁ)

xvec ((V2ﬁ> _1>I V3h <V2ﬁ) - Vg

Note that
9><6><9_3 9><6><6_1 9><1><9_ 1 9><1><6_ 1

1296 8 1296 4’ 1296 16’ 1296 24
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