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1 High Order Analytical Expansions

The purpose of this online supplement is to prove Lemma 3.2 in Li, et al (2017). Suppose Θ is a

compact subset of RP . For any θ ∈ Θ, {hn(θ) : n = 1, 2, . . .} is a sequence of eight-times con-
tinuously differentiable functions of θ, having an interior global minimum

{
θ̂n : n = 1, 2, . . .

}
;

b(θ) is a six-times continuously differentiable real function of θ. For any function f(θ), let f̂

be the value of function f evaluated at θ̂n, i.e., f̂ := f
(
θ̂n

)
. When there is no confusion,

we write hn(θ) as h(θ) or hn or even h and b(θ) as b. We use Bδ (θ) to denote the open ball

of radius δ centered at θ. So B√nδ (0) is an open ball of radius
√
nδ centered at the origin.

For convenience of exposition, we write ∂d

∂θj1∂θj2 ···∂θjd
f (θ) as fj1···jd . The Hessian of hn at θ

is denoted by ∇2hn (θ), and its (i, j)-component is written as hij while the components of its

inverse is written as hij . Let µ4
ijkq, µ

6
ijkqrs, µ

8
ijkqrstw, µ

10
ijkqrstwvβ , µ

12
ijkqrstwvβτφ be the fourth,

sixth, eighth, tenth, and twelfth central moments of a multivariate Normal distribution whose

covariance matrix is
(
∇2ĥ

)−1
:=
(
∇2hn (θ)

)−1 |
θ=θ̂n

. Note that we require hn(θ) be eight-

times continuously differentiable and b(θ) be six-times continuously differentiable. These two

conditions are stronger than what have typically been assumed in the literature on the Laplace

approximation as we would like to develop higher order expansions.
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Following Kass et al (1990), we call the pair ({hn} , b) satisfy the analytical assumptions
for Laplace’s method if the following assumptions are met. There exists positive numbers

ε, M and η, and an integer n0 such that n ≥ n0 implies (i) for all θ ∈ Bε

(
θ̂n

)
and all

1 ≤ j1, · · · , jd ≤ P with 0 ≤ d ≤ 8, ‖hn (θ)‖ < M and ‖hj1···jd (θ)‖ < M ; (ii) ∇2ĥ is positive

definite and det
(
∇2ĥ

)
> η; (iii)

∫
Θ b(θ) exp [−nh (θ)] dθ exists and is finite, and for all δ for

which 0 < δ < ε and Bδ
(
θ̂n

)
⊆ Θ,

[
det
(
n∇2ĥ

)] 1
2

∫
Θ−Bδ(θ̂n)

b (θ) exp
[
−nhn (θ)− nĥ

]
dθ = O

(
n−3

)
.

If one sets −nhn to be the sequence of log-likelihood functions of a model (as a sequence
of sample size n), we say the model is Laplace regular. Lemma 1.1 below and Lemma 2.1 in

the next section extend Theorem 1 and Theorem 5 of Kass et al (1990) to a higher order.

They will be used to prove Lemma 3.2 in Li, et al (2017).

Lemma 1.1 If ({hn} , b) satisfy the analytical assumptions for Laplace’s method, then∫
Θ
b (θ) exp [−nh (θ)] dθ = (2π)

P
2

[
det
(
n∇2ĥ

)]− 1
2

exp
[
−nĥ

](
b̂+

1

n
A1 +

1

n2
A2 +O

(
n−3

))
,

where

A1 = − 1

24

∑
ijkq

ĥijkqµ
4
ijkq b̂+

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrsb̂−

1

6

∑
ijkζ

ĥijkµ
4
ijkζ b̂ζ +

1

2

∑
ζη

b̂ζηĥ
ζη,

A2 = − 1

720

∑
ijkqrs

ĥijkqrsµ
6
ijkqrsb̂+

1

1152

∑
ijkqrstw

ĥijkqĥrstwµ
8
ijkqrstw b̂

+
1

720

∑
ijkqrstw

ĥijkĥqrstwµ
8
ijkqrstw b̂−

1

1728

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvβµ
10
ijkqrstwvβ b̂

+
1

31104

∑
ijkqrstwvβτφ

ĥijkĥqrsĥtwvĥβτφµ
12
ijkqrstwvβτφb̂−

1

120

∑
ijkqrζ

ĥijkqrµ
6
ijkqrζ b̂ζ

+
1

144

∑
ijkqrstζ

ĥijkĥqrstµ
8
ijkqrstζ b̂ζ −

1

1296

∑
ijkqrstwvζ

ĥijkĥqrsĥtwvµ
10
ijkqrstwvζ b̂ζ

− 1

48

∑
ijkqζη

ĥijkqµ
6
ijkqζη b̂ζη +

1

144

∑
ijkqrsζη

ĥijkĥqrsµ
8
ijkqrsζη b̂ζη

− 1

36

∑
ijkζηξ

ĥijkµ
6
ijkζηξ b̂ζηξ +

1

24

∑
ζηξω

b̂ζηξωµ
4
ζηξω.

Proof. Note that∫
Θ
b (θ) exp [−nh (θ)] dθ =

∫
Bδ(θ̂n)

b (θ) exp [−nh (θ)] dθ +

∫
Θ−Bδ(θ̂n)

b (θ) exp [−nh (θ)] dθ,
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and ∫
Θ−Bδ(θ̂n)

b (θ) exp [−nh (θ)] dθ

=
[
det
(
n∇2ĥ

)]− 1
2

exp
[
−nĥ

] [
det
(
n∇2ĥ

)] 1
2

∫
Θ−Bδ(θ̂n)

b (θ) exp
[
−n
(
h (θ)− ĥ

)]
dθ

=
[
det
(
n∇2ĥ

)]− 1
2

exp
[
−nĥ

]
O
(
n−3

)
by assumption (iii) above.

Let u =
√
n
(
θ − θ̂n

)
. Applying the Taylor expansion to h (θ) at θ̂n, we have

nh (θ) = nĥ+
1

2

∑
ij

ĥijuiuj +
1

6
n−

1
2

∑
ijk

ĥijkuiujuk +
1

24
n−1

∑
ijkq

ĥijkquiujukuq

+
1

120
n−

3
2

∑
ijkqr

ĥijkqruiujukuqur +
1

720
n−2

∑
ijkqrs

ĥijkqrsuiujukuqurus

+
1

5040
n−

5
2

∑
ijkqrst

ĥijkqrstuiujukuqurusut + rn (u) ,

where

rn (u) =
1

40320
n−3

∑
ijkqrstw

hijkqrstw
(
θ′
)
uiujukuqurusutuw,

and θ′ lies between θ and θ̂n.

Define

x =
1

6
n−

1
2

∑
ijk

ĥijkuiujuk +
1

24
n−1

∑
ijkq

ĥijkquiujukuq +
1

120
n−

3
2

∑
ijkqr

ĥijkqruiujukuqur

+
1

720
n−2

∑
ijkqrs

ĥijkqrsuiujukuqurus +
1

5040
n−

5
2

∑
ijkqrst

ĥijkqrstuiujukuqurusut + rn (u) .

Applying the Taylor expansion to exp (−x) at the origin, we have

exp (−nh) = exp
{
−nĥ

}
exp

−1

2

∑
ij

ĥijuiuj

×
(

1 + Ξ1 +
1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5 +R1,n

(
θ, θ̂n

))
,

where,

Ξ1 = −1

6
n−

1
2

∑
ijk

ĥijkuiujuk −
1

24
n−1

∑
ijkq

ĥijkquiujukuq −
1

120
n−

3
2

∑
ijkqr

ĥijkqruiujukuqur

− 1

720
n−2

∑
ijkqrs

ĥijkqrsuiujukuqurus −
1

5040
n−

5
2

∑
ijkqrst

ĥijkqrstuiujukuqurusut,
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Ξ2 =
1

36
n−1

∑
ijkqrs

ĥijkĥqrsuiujukuqurus +
1

242
n−2

∑
ijkqrstw

ĥijkqĥrstwuiujukuqurusutuw

+
1

72
n−

3
2

∑
ijkqrst

ĥijkĥqrstuiujukuqurusut +
1

360
n−2

∑
ijkqrstw

ĥijkĥqrstwuiujukuqurusutuw

+
1

1440
n−

5
2

∑
ijkqrstwv

ĥijkĥqrstwvuiujukuqurusutuwuv

+
1

2160
n−

5
2

∑
ijkqrstwv

ĥijkĥqrstwvuiujukuqurusutuwuv,

Ξ3 = − 1

216
n−

3
2

∑
ijkqrstwv

hijkhqrshtwvuiujukuqurusutuwuv

− 1

288
n−2

∑
ijkqrstwvβ

hijkhqrshtwvβuiujukuqurusutuwuvuβ

− 1

1152
n−

5
2

∑
ijkqrstwvβτ

hijkhqrsthwvβτuiujukuqurusutuwuvuβuτ

− 1

1440
n−

5
2

∑
ijkqrstwvβτ

hijkhqrshtwvβτuiujukuqurusutuwuvuβuτ ,

Ξ4 =
1

1296
n−2

∑
ijkqrstwvβτφ

ĥijkĥqrsĥtwvĥβτφuiujukuqurusutuwuvuβuτuφ

+
1

1296
n−

5
2

∑
ijkqrstwvβτφα

ĥijkĥqrsĥtwvĥβτφαuiujukuqurusutuwuvuβuτuφuα,

Ξ5 = − 1

7776
n−

5
2

∑
ijkqrstwvβτφακ%

ĥijkĥqrsĥtwvĥβτφĥακ%uiujukuqurusutuwuvuβuτuφuαuκu%.

Taylor-expanding b (θ) at θ̂n, we have

b (θ) = b̂+ n−
1
2

∑
i

b̂iui +
1

2
n−1

∑
ij

b̂ijuiuj +
1

6
n−

3
2

∑
ijk

b̂ijkuiujuk

+
1

24
n−2

∑
ijkq

b̂ijkquiujukuq +
1

120
n−

5
2

∑
ijkqr

b̂ijkqruiujukuqur +R2,n

(
θ, θ̂n

)
.

Hence,

b (θ) exp [−nh (θ)] =
{

exp
[
−nĥ

]}
exp

−1

2

∑
ij

ĥijuiuj

{In (θ, θ̂n)+Rn

(
θ, θ̂n

)}

=
(√

2π
)P
2
∣∣∣∇2ĥ

∣∣∣− 1
2

exp
(
−nĥ

)( 1√
2π

) p
2
∣∣∣∇2ĥ

∣∣∣ 12 exp

−1

2

∑
ij

ĥijuiuj


×
{
In

(
θ, θ̂n

)
+Rn

(
θ, θ̂n

)}
,
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where In
(
θ, θ̂n

)
and Rn

(
θ, θ̂n

)
will be specified below. Thus,∫

Bδ(θ̂n)
b (θ) exp [−nh (θ)] dθ

=
(√

2π
)P
2
∣∣∣∇2ĥ

∣∣∣− 1
2

exp
(
−nĥ

)
×∫

Bδ(θ̂n)

(
1√
2π

)P
2
∣∣∣∇2ĥ

∣∣∣ 12 exp

−1

2

∑
ij

ĥijuiuj

{In (θ, θ̂n)+Rn

(
θ, θ̂n

)}
dθ

=
(√

2π
)P
2
∣∣∣∇2ĥ

∣∣∣− 1
2

exp
(
−nĥ

) (√
n
)−P

2 ×∫
B√nδ(0)

(
1√
2π

)P
2
∣∣∣∇2ĥ

∣∣∣ 12 exp

−1

2

∑
ij

ĥijuiuj

{In (θ, θ̂n)+Rn

(
θ, θ̂n

)}
du

=
(√

2π
)P
2
∣∣∣n∇2ĥ

∣∣∣− 1
2

exp
(
−nĥ

)
×∫

B√nδ(0)

(
1√
2π

)P
2
∣∣∣∇2ĥ

∣∣∣ 12
exp

−1

2

∑
ij

ĥijuiuj

{In (θ, θ̂n)+Rn

(
θ, θ̂n

)}
du,

where Rn
(
θ, θ̂n

)
is the sum of terms involving R1,n

(
θ, θ̂n

)
, R2,n

(
θ, θ̂n

)
and terms of order

equal to or smaller than O(n−3). Furthermore, we can get

R2,n

(
θ, θ̂n

)
=

1

720
n−3

∑
bijkqrs

(
θ̃
)
uiujukuqurus,

where θ̃ lies between θ and θ̂n. So the leading term of Rn
(
θ, θ̂n

)
are b̂R1n

(
θ, θ̂n

)
+R2n

(
θ, θ̂n

)
which include rn (u). The integral of rn (u) over Bε

(
θ̂n

)
can be expressed as∣∣∣∣∣∣n−3

∫
B√nδ(0)

(
1√
2π

)P
2
∣∣∣∇2ĥ

∣∣∣ 12 exp

−1

2

∑
ij

ĥijuiuj

 ∑
ijkqrstw

hijkqrstw
(
θ′
)
uiujukuqurusutuwdu

∣∣∣∣∣∣
≤ n−3

∫
B√nδ(0)

(
1√
2π

)P
2
∣∣∣∇2ĥ

∣∣∣ 12 exp

−1

2

∑
ij

ĥijuiuj

 ∑
ijkqrstw

∣∣hijkqrstw (θ′)∣∣ |uiujukuqurusutuw| du
≤ n−3M

∫
RP

(
1√
2π

)P
2
∣∣∣∇2ĥ

∣∣∣ 12 exp

−1

2

∑
ij

ĥijuiuj

 ∑
ijkqrstw

|uiujukuqurusutuw| du

= O
(
n−3

)
,

where
∫
RP

(
1√
2π

)P
2
∣∣∣∇2ĥ

∣∣∣ 12 exp
[
−1

2

∑
ij ĥijuiuj

]∑
ijkqrstw |uiujukuqurusutuw| du is the eighth

order moment of folded multivariate folded normal distribution with mean 0 and covariance(
∇2ĥ

)−1
which is finite; see Kamat (1953) and Kan and Robotti (2017). Then we have(√

2π
)P
2
∣∣∣n∇2ĥ

∣∣∣− 1
2

exp
(
−nĥ

)∫
B√nδ(0)

[
In

(
θ, θ̂
)

+Rn

(
θ, θ̂
)]
f (u) du
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=
(√

2π
)P
2
∣∣∣n∇2ĥ

∣∣∣− 1
2

exp
(
−nĥ

)[∫
B√nδ(0)

In

(
θ, θ̂
)
f (u) du+O

(
n−3

)]
.

For In
(
θ, θ̂n

)
we have

In

(
θ, θ̂n

)
= I0

n

(
θ, θ̂n

)
+ I1

n

(
θ, θ̂n

)
+ I2

n

(
θ, θ̂n

)
+ I3

n

(
θ, θ̂n

)
+ I4

n

(
θ, θ̂n

)
+ I5

n

(
θ, θ̂n

)
,

where

I0
n

(
θ, θ̂n

)
= b̂

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)
= b̂

{
1 + n−

1
2 I01
n + n−1I02

n + n−
3
2 I03
n + n−2I04

n + n−
5
2 I05
n

}
,

I01
n = −1

6

∑
ijk

ĥijkuiujuk, I
02
n = − 1

24

∑
ijkq

ĥijkquiujukuq +
1

72

∑
ijkqrs

ĥijkĥqrsuiujukuqurus,

I03
n = − 1

120

∑
ijkqr

ĥijkqruiujukuqur +
1

144

∑
ijkqrst

ĥijkĥqrstuiujukuqurusut

− 1

1296

∑
ijkqrstwv

ĥijkĥqrsĥtwvuiujukuqurusutuwuv,

I04
n = − 1

720

∑
ijkqrs

ĥijkqrsuiujukuqurus +
1

1152

∑
ijkqrstw

ĥijkqĥrstwuiujukuqurusutuw

+
1

720

∑
ijkqrstw

ĥijkĥqrstwuiujukuqurusutuw

− 1

1728

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvβuiujukuqurusutuwuvuβ

+
1

31104

∑
ijkqrstwvβτφ

ĥijkĥqrsĥtwvĥβτφuiujukuqurusutuwuvuβuτuφ,

I05
n = − 1

5040

∑
ijkqrst

ĥijkqrstuiujukuqurusut +
1

2880

∑
ijkqrstwv

ĥijkĥqrstwvuiujukuqurusutuwuv

+
1

5120
n−

5
2

∑
ijkqrstwv

ĥijkĥqrstwvuiujukuqurusutuwuv

− 1

6912

∑
ijkqrstwvβτ

hijkhqrsthwvβτuiujukuqurusutuwuvuβuτ

− 1

8640

∑
ijkqrstwvβτ

ĥijkĥqrsĥtwvβαuiujukuqurusutuwuvuβuτ

+
1

31104

∑
ijkqrstwvβτφα

ĥijkĥqrsĥtwvĥβτφαuiujukuqurusutuwuvuβuτuφuα

6



− 1

933120

∑
ijkqrstwvβτφακ%

ĥijkĥqrsĥtwvĥβτφĥακ%uiujukuqurusutuwuvuβuτuφuαuκu%,

I1
n

(
θ, θ̂n

)
= n−

1
2

∑
b̂ζuζ

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)
= n−

1
2

∑
b̂ζuζ + n−1I11

n

(
θ, θ̂n

)
+ n−

3
2 I12
n

(
θ, θ̂n

)
+ n−2I13

n

(
θ, θ̂n

)
+n−

5
2 I14
n

(
θ, θ̂n

)
,

I11
n

(
θ, θ̂n

)
= −1

6

∑
ijkζ

ĥijkuiujukuζ b̂ζ ,

I12
n

(
θ, θ̂n

)
= − 1

24

∑
ijkqζ

ĥijkquiujukuquζ b̂ζ +
1

72

∑
ijkqrsζ

ĥijkĥqrsuiujukuqurusuζ b̂ζ ,

I13
n

(
θ, θ̂
)

= − 1

120

∑
ijkqr

ĥijkqruiujukuquruζ b̂ζ +
1

144

∑
ijkqrst

ĥijkĥqrstuiujukuqurusutuζ b̂ζ

− 1

1296

∑
ijkqrstwv

ĥijkĥqrsĥtwvuiujukuqurusutuwuvuζ b̂ζ ,

I14
n

(
θ, θ̂n

)
= − 1

720

∑
ijkqrsζ

ĥijkqrsuiujukuqurusuζ b̂ζ +
1

1152

∑
ijkqrstwζ

ĥijkqĥrstwuiujukuqurusutuwuζ b̂ζ

+
1

720

∑
ijkqrstwζ

ĥijkĥqrstwuiujukuqurusutuwuζ b̂ζ

− 1

1728

∑
ijkqrstwvβζijkqrs

ĥijkĥqrsĥtwvβuiujukuqurusutuwuvuβuζ b̂ζ

+
1

31104

∑
ijkqrstwvβτφζ

ĥijkĥqrsĥtwvĥβτφuiujukuqurusutuwuvuβuτuφuζ b̂ζ ,

I2
n

(
θ, θ̂n

)
= n−1 1

2

∑
b̂ζηuζuη

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)
=

1

2

[
n−1

∑
b̂ζηuζuη + n−

3
2 I21
n

(
θ, θ̂n

)
+ n−2I22

n

(
θ, θ̂n

)
+ n−

5
2 I23
n

(
θ, θ̂n

)]
,

I21
n

(
θ, θ̂n

)
= −1

6

∑
ijkζη

ĥijkuiujukuζuη b̂ζη,

I22
n

(
θ, θ̂n

)
= − 1

24

∑
ijkqζη

ĥijkquiujukuquζuη b̂ζη +
1

72

∑
ijkqrsζη

ĥijkĥqrsuiujukuqurusuζuη b̂ζη,

I23
n

(
θ, θ̂n

)
= − 1

120

∑
ijkqrζη

ĥijkqruiujukuquruζuη b̂ζη +
1

144

∑
ijkqrstζη

ĥijkĥqrstuiujukuqurusutuζuη b̂ζη

7



− 1

1296

∑
ijkqrstwvζη

ĥijkĥqrsĥtwvuiujukuqurusutuwuvuζuη b̂ζη,

I3
n

(
θ, θ̂n

)
= n−

3
2

1

6

∑
b̂ζηξuζuηuξ

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)
=

1

6

[
n−

3
2

∑
b̂ζηξuζuηuξ + n−2I31

n

(
θ, θ̂n

)
+ n−

5
2 I32
n

(
θ, θ̂n

)]
,

I31
n

(
θ, θ̂n

)
= −1

6

∑
ijkζη

ĥijkuiujukuζuηuξ b̂ζηξ,

I32
n

(
θ, θ̂n

)
= − 1

24

∑
ijkqζη

ĥijkquiujukuquζuηuξ b̂ζηξ +
1

72

∑
ijkqrsζη

ĥijkĥqrsuiujukuqurusuζuηuξ b̂ζηξ,

I4
n

(
θ, θ̂n

)
= n−2 1

24

∑
b̂ζηξωuζuηuξuω

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)
=

1

24

[
n−2

∑
b̂ζηξωuζuηuξuω + n−

5
2 I41
n

(
θ, θ̂n

)]
,

I41
n

(
θ, θ̂n

)
= −1

6

∑
ijkζη

ĥijkuiujukuζuηuξuω b̂ζηξω,

I5
n

(
θ, θ̂n

)
= n−

5
2

1

120

∑
ijkqr

b̂ijkqruiujukuqur

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)

=
1

120

n− 5
2

∑
ijkqr

b̂ijkqruiujukuqur

 .
Let

f (u) =

(
1√
2π

)P
2
∣∣∣∇2ĥ

∣∣∣ 12
exp

−1

2

∑
ij

ĥijuiuj

 ,

be the density function of the Normal distribution with mean 0 and covariance matrix(
∇2ĥ

)−1
. Then we have∫

Rp
In

(
θ, θ̂n

)
f (u) du

= b̂+
1

n

− 1

24

∑
ijkq

ĥijkqµ
4
ijkq +

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs −

1

6

∑
ijkζ

ĥijkµ
4
ijkζ b̂ζ +

1

2

∑
ζη

b̂ζηĥ
ζη



8



+
1

n2



− 1
720

∑
ijkqrs ĥijkqrsµ

6
ijkqrs + 1

1152

∑
ijkqrstw ĥijkqĥrstwµ

8
ijkqrstw

+ 1
720

∑
ijkqrstw ĥijkĥqrstwµ

8
ijkqrstw − 1

1728

∑
ijkqrstwvβ ĥijkĥqrsĥtwvβµ

10
ijkqrstwvβ

+ 1
31104

∑
ijkqrstwvβτφ ĥijkĥqrsĥtwvĥβτφµ

12
ijkqrstwvβτφ

− 1
120

∑
ijkqrζ ĥijkqrµ

6
ijkqrζ b̂ζ + 1

144

∑
ijkqrstζ ĥijkĥqrstµ

8
ijkqrstζ b̂ζ

− 1
1296

∑
ijkqrstwvζ ĥijkĥqrsĥtwvµ

10
ijkqrstwvζ b̂ζ

− 1
48

∑
ijkqζη ĥijkqµ

6
ijkqζη b̂ζη + 1

144

∑
ijkqrsζη ĥijkĥqrsµ

8
ijkqrsζη b̂ζη

− 1
36

∑
ijkζηξ ĥijkµ

6
ijkζηξ b̂ζηξ + 1

24

∑
ζηξω b̂ζηξωµ

4
ζηξω


+O

(
n−3

)
.

Note that the odd order central moments of the multivariate normal distribution vanish and,

by expanding the domain from B√nδ (0) to RP , the error can be expressed as∫
Rp−B√nδ(0)

∑
ijkq

ĥijkquiujukuqf (u) du

=
∑
ijkq

ĥijkq

∫
Rp−B√nδ(0)

uiujukuqf (u) du

=

(
1√
2π

) p
2
∣∣∣∇2ĥ

∣∣∣ 12 ∑
ijkq

ĥijkq

∫
RP−B√nδ(0)

uiujukuq exp

−1

2

∑
ij

ĥijuiuj

 du
=

(
1√
2π

) p
2
∣∣∣∇2ĥ

∣∣∣ 12 ∑
ijkq

ĥijkq

∫
RP−B√nδ(0)

uiujukuq exp

−1

4

∑
ij

ĥijuiuj

 exp

−1

4

∑
ij

ĥijuiuj

 du
≤

(
1√
2π

) p
2
∣∣∣∇2ĥ

∣∣∣ 12 ∑
ijkq

ĥijkq

∫
Rp−B√nδ(0)

uiujukuq exp

−1

4

∑
ij

λminuiuj

 exp

−1

4

∑
ij

ĥijuiuj

 du
≤

(
1√
2π

) p
2
∣∣∣∇2ĥ

∣∣∣ 12 exp

[
−1

4
λminδ

2n

]∑
ijkq

ĥijkq

∫
Rp
uiujukuq exp

−1

2

∑
ij

(
1

2
ĥij

)
uiuj

 du
= M ′ exp

[
−1

4
λminδ

2n

]
,

where λmin > 0 is the smallest eigenvalue of ∇2ĥ and

M ′ =

(
1√
2π

)P
2
∣∣∣∇2ĥ

∣∣∣ 12 ∑
ijkq

ĥijkq

∫
Rp
uiujukuq exp

−∑
ij

(
1

4
ĥij

)
uiuj

 du <∞,
by the imposed assumptions. The first inequality follows from the fact that

λmin = min
‖e‖=1

f (e) = eTAe,

where A is a positive definite matrix, and λmin is the the smallest eigenvalue of A. Here, we

only express one term of In
(
θ, θ̂n

)
. The other terms can be analyzed similarly.

9



Hence, we have∫
B√nδ(0)

In

(
θ, θ̂
)
f (u) du =

∫
RP

In

(
θ, θ̂
)
f (u) du−

∫
Rp−B√nδ(0)

In

(
θ, θ̂
)
f (u) du,

and ∫
Θ
b (θ) exp [−nh (θ)] dθ

=

∫
Bδ(θ̂n)

b (θ) exp [−nh (θ)] dθ +

∫
Θ−Bδ(θ̂n)

b (θ) exp [−nh (θ)] dθ

=
(√

2π
)P
2
∣∣∣n∇2ĥ

∣∣∣− 1
2

exp
(
−nĥ

)[∫
B√nδ(0)

[
In

(
θ, θ̂
)

+Rn

(
θ, θ̂
)]
f (u) du+O

(
n−3

)]

=
(√

2π
)P
2
∣∣∣n∇2ĥ

∣∣∣− 1
2

exp
(
−nĥ

)[∫
B√nδ(0)

In

(
θ, θ̂
)
f (u) du+O

(
n−3

)]

=
(√

2π
)P
2
∣∣∣n∇2ĥ

∣∣∣− 1
2

exp
(
−nĥ

) ∫
RP In

(
θ, θ̂
)
f (u) du

−
∫
RP−B√nδ(0) In

(
θ, θ̂
)
f (u) du

+O
(
n−3

)
=

(√
2π
)P
2
∣∣∣n∇2ĥ

∣∣∣− 1
2

exp
(
−nĥ

)[∫
RP

In

(
θ, θ̂
)
f (u) du+O

(
n−3

)]
.

Hence, this lemma is proved.

2 High Order Stochastic Expansions

In this section we will develop high order stochastic Laplace expansions. Suppose y =

(y1, y2, · · · , yn)′ is a collection of random variables defined on a common probability space

{Ω,F , ℘θ}, where Ω is a sample space, F is a sigma-algebra, and ℘θ is a probability measure
that depends on parameter θ ∈ Θ, a compact subset of RP . Assume {yi, i = 1, 2, · · · } take
values in the same mathematical space =, which must be measurable with respect to some
sigma-algebra, Σ. Let hn(y,θ) be a sequence of functions, each of which is eight-times continu-

ously differentiable with respect to θ and has an interior global minimum
{
θ̂n : n = 1, 2, . . .

}
;

b(θ) is a six-times continuously differentiable real function of θ. When there is no confusion,

we write hn(y,θ) as h(θ) or hn or even h and b(θ) as b. For any function f(θ), let f̂ be the

value of function f evaluated at θ̂n, i.e., f̂ := f
(
θ̂n

)
.

We call the pair ({hn} , b) satisfy the analytical assumptions for the stochastic Laplace
method on ℘θ if the following assumptions are satisfied. There exists positive numbers ε,

M and η such that (i) with probability approach one (w.p.a.1), for all θ ∈ Bε
(
θ̂n

)
and all

1 ≤ j1, · · · , jd ≤ P with 0 ≤ d ≤ 8, ‖hn (θ)‖ < M and ‖hj1···jd (θ)‖ < M ; (ii) w.p.a.1, ∇2ĥ

is positive definite and det
(
∇2ĥ

)
> η; (iii)

∫
Θ b(θ) exp (−nhn (θ)) dθ exists and is finite, and

10



for all δ for which 0 < δ < ε and Bδ
(
θ̂n

)
⊆ Θ,

[
det
(
n∇2ĥ

)] 1
2

∫
Θ−Bδ(θ̂n)

b (θ) exp
[
−n
(
hn (θ)− ĥ

)]
dθ = Op

(
n−3

)
.

Note that our assumptions are different from those in Section 3 of Kass et al (1990) in

two aspects. First, we require hn(θ) be eight-times continuously differentiable and b(θ) be six-

times continuously differentiable. Second, for conditions (ii) and (iii), instead of almost sure

boundedness and almost sure convergence, we assume they hold w.p.a.1. We do so because we

are interested in convergence in probability only. Following the result in Theorem 7 of Kass

et al (1990), ({hn} , b) satisfy the analytical assumptions for stochastic Laplace’s method on
℘θ and Lemma 1.1 above, it is straightforward to show that

∫
Θ
b (θ) exp [−nh (θ)] dθ = (2π)

P
2

[
det
(
n∇2ĥ

)]− 1
2

exp
[
−nĥ

](
b̂+

1

n
A1 +

1

n2
A2 +Op

(
n−3

))
,

(1)

where the expressions for A1 and A2 are given in Lemma 1.1.

Lemma 2.1 If both ({hn} , g × bD) and ({hn} , bD) satisfy the analytical assumptions for the

stochastic Laplace method on ℘θ, then∫
g (θ) bD (θ) exp (−nhn (θ)) dθ∫
bD (θ) exp (−nhn (θ)) dθ

= ĝ +
1

n
B1 +

1

n2
(B2 −B3) +Op

(
1

n3

)
,

where

B1 =
1

2

∑
ij

σ̂ij ĝij +

∑
ij σ̂ij b̂D,j ĝi

b̂D
− 1

6

∑
ijkq

ĥijkµ
4
ijkq ĝq,

B2 = − 1

120

∑
ijkqrs

ĥijkqrµ
6
ijkqrsĝs +

1

144

∑
ijkqrstw

ĥijkĥqrstµ
8
ijkqrstwĝw

− 1

1296

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvµ
10
ijkqrstwvβ ĝβ −

1

24

∑
ijkqrs ĥijkqµ

6
ijkqrsb̂D,sĝr

b̂D

+
1

72

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstw b̂D,wĝt

b̂D
− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ b̂D,ηξ ĝζ

b̂D

+
1

6

∑
ζηξω µ

4
ζηξω b̂D,ηξω ĝζ

b̂D
− 1

48

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrs

+
1

144

∑
ijkqrstw

ĥijkĥqrsµ
8
ijkqrstwĝtw −

1

36

∑
ijkζηξ

ĥijkµ
6
ijkζηξ ĝζηξ

+
1

24

∑
ζηξω

µ4
ζηξωĝζηξω −

1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ ĝζη b̂D,ξ

b̂D

11



+
1

6

∑
ζηξω µ

4
ζηξωĝζηξ b̂D,ω

b̂D
+

1

4

∑
ζηξω µ

4
ζηξω ĝζη b̂D,ξω

b̂D
,

B3 =

1

2

∑
ij

σ̂ij
b̂D,ij

b̂D
− 1

6

∑
ijkq

ĥijkµ
4
ijkq

b̂D,q

b̂D
+

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs −

1

24

∑
ijkq

ĥijkqµ
4
ijkq

B1,

where σij = hij.

Proof. If
{
hN (θ) , bN

}
and

{
hD (θ) , bD

}
satisfy the analytical assumptions for the stochastic

Laplace method on ℘θ, then by (1)

∫
bN (θ) exp

[
−nhN (θ)

]
dθ∫

bD (θ) exp [−nhD (θ)] dθ
=

∣∣∣∇2ĥN
∣∣∣− 1

2
exp

[
−nh

(
θ̂
N

n

)]
∣∣∣∇2ĥD

∣∣∣− 1
2

exp
[
−nh

(
θ̂
D

n

)] bk
(
θ̂
N

n

)
+ 1

ncN + 1
n2
dN +Op

(
n−3

)
bk

(
θ̂
D

n

)
+ 1

ncD + 1
n2
dD +Op (n−3)

.

From Tierney and Kadane (1986) and Miyata (2004, 2010), we have

bN

(
θ̂
N

n

)
+ 1

ncN + 1
n2
dN +Op

(
n−3

)
bD

(
θ̂
D

n

)
+ 1

ncD + 1
n2
dD +Op (n−3)

=
bN

(
θ̂
N

n

)
bD

(
θ̂
D

n

)
1 + 1

n
cN

bN

(
θ̂
N
n

) + 1
n2

dN

bN

(
θ̂
N
n

) +Op
(
n−3

)
1 + 1

n
cD

bD

(
θ̂
D
n

) + 1
n2

dD

bD

(
θ̂
D
n

) +Op (n−3)



=
bN

(
θ̂
N

n

)
bD

(
θ̂
D

n

)


1 + 1
n

(
cN

bN

(
θ̂
N
n

) − cD

bD

(
θ̂
D
n

)
)

+ 1
n2

(
dN

bN

(
θ̂
N
n

) − dD

bD

(
θ̂
D
n

) − cD

bD

(
θ̂
D
n

)
(

cN

bN

(
θ̂
N
n

) − cD

bD

(
θ̂
D
n

)
))

+Op
(
n−3

)
 ,

where

b̂N

b̂D

(
cN

b̂N
− cD

b̂D

)
=

b̂N

(
cN b̂D − cD b̂N

)
b̂2D b̂N

=
cN b̂D − cD b̂N

b̂2D

=
1

2

∑
ij σ̂ij b̂N,ij b̂D −

∑
ij σ̂ij b̂D,ij b̂N

b̂2D

−1

6

∑
ijkq ĥ

N
ijkµ

4
ijkq b̂N,q b̂D −

∑
ijkq ĥ

D
ijkµ

4
ijkq b̂D,q b̂N

b̂2D

+
1

72

b̂N
∑

ijkqrs ĥ
N
ijkĥ

N
qrsµ

6
ijkqrs −

∑
ijkqrs ĥ

D
ijkĥ

D
qrsµ

6
ijkqrsb̂N

b̂D

− 1

24

b̂N
∑

ijkq ĥ
N
ijkqµ

4
ijkq −

∑
ijkq ĥ

D
ijkqµ

4
ijkq b̂N

b̂D
,

where σij = hij .

b̂N

b̂D

(
dN

b̂N
− dD

b̂D

)

12



= − 1

720

b̂N
∑

ijkqrs ĥ
N
ijkqrsµ

6
ijkqrs −

∑
ijkqrs ĥ

D
ijkqrsµ

6
ijkqrsb̂N

b̂D

+
1

1152

b̂N
∑

ijkqrstw ĥ
N
ijkqĥ

N
rstwµ

8
ijkqrstw −

∑
ijkqrstw ĥ

D
ijkqĥ

D
rstwµ

8
ijkqrstw b̂N

b̂D

+
1

720

b̂N
∑

ijkqrstw ĥ
N
ijkĥ

N
qrstwµ

8
ijkqrstw −

∑
ijkqrstw ĥ

D
ijkĥ

D
qrstwµ

8
ijkqrstw b̂N

b̂D

− 1

1728

b̂N
∑

ijkqrstwvβ ĥ
N
ijkĥ

N
qrsĥ

N
twvµ

10
ijkqrstwvβ −

∑
ijkqrstwvβ ĥ

D
ijkĥ

D
qrsĥ

D
twvµ

10
ijkqrstwvβ b̂N

b̂D

+
1

31104

(
b̂N
∑

ijkqrstwvβτφ ĥijkĥqrsĥtwvĥβτφµ
12
ijkqrstwvβτφ

−
∑

ijkqrstwvβτφ ĥijkĥqrsĥtwvĥβτφµ
12
ijkqrstwvβτφb̂N

)
b̂D

− 1

120

∑
ijkqrs ĥ

N
ijkqrµ

6
ijkqrsb̂N,sb̂D −

∑
ijkqrs ĥ

D
ijkqrµ

6
ijkqrsb̂D,sb̂N

b̂2D

+
1

144

∑
ijkqrstw ĥ

N
ijkĥ

N
qrstµ

8
ijkqrstw b̂N,w b̂D −

∑
ijkqrstw ĥ

N
ijkĥ

N
qrstµ

8
ijkqrstw b̂D,w b̂N

b̂2D

− 1

1296

∑
ijkqrstwvβ ĥ

N
ijkĥ

N
qrsĥ

N
twvµ

10
ijkqrstwvβ b̂N,β b̂D −

∑
ijkqrstwvβ ĥ

D
ijkĥ

D
qrsĥ

D
twvµ

10
ijkqrstwvβ b̂D,β b̂N

b̂2D

− 1

48

∑
ijkqrs ĥ

N
ijkqµ

6
ijkqrsb̂N,rsb̂D −

∑
ijkqrs ĥ

D
ijkqµ

6
ijkqrsb̂D,rsb̂N

b̂2D

+
1

144

∑
ijkqrstw ĥ

N
ijkĥ

N
qrsµ

8
ijkqrstw b̂N,tw b̂D −

∑
ijkqrstw ĥ

D
ijkĥ

D
qrsµ

8
ijkqrstw b̂D,tw b̂N

b̂2D

− 1

36

∑
ijkζηξ ĥ

N
ijkµ

6
ijkζηξ b̂N,ζηξ b̂D −

∑
ijkζηξ ĥ

D
ijkµ

6
ijkζηξ b̂D,ζηξ b̂N

b̂2D

+
1

24

∑
ζηξω µ

4
ζηξω b̂N,ζηξω b̂D −

∑
ζηξω µ

4
ζηξω b̂D,ζηξω b̂N

b̂2D

cD

b̂D

b̂N

b̂D

(
cN

b̂N
− cD

b̂D

)
=

1

2
cD

∑
ij σ̂ij b̂N,ij b̂D −

∑
ij σ̂ij b̂D,ij b̂N

b̂3D

−1

6
cD

∑
ijkq ĥ

N
ijkµijkq b̂N,q b̂D −

∑
ijkq ĥ

D
ijkĥ

D
qrsµ

6
ijkqrsb̂D,q b̂N

b̂3D

+
1

72
cD
b̂N
∑

ijkqrs ĥ
N
ijkĥ

N
qrsµ

6
ijkqrs −

∑
ijkq ĥ

D
ijkĥ

D
qrsµ

6
ijkqrsb̂N

b̂2D

− 1

24
cD
b̂N
∑

ijkq ĥ
N
ijkqµ

4
ijkq −

∑
ijkq ĥ

D
ijkqµ

4
ijkq b̂N

b̂2D
.

If we set bN (θ) = g (θ) bD (θ) and hN (θ) = hD (θ) = h (θ), we can show the following results
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for the derivatives of bN (θ):

bN,i (θ) = gi (θ) bD (θ) + g (θ) bD,i (θ) , (2)

bN,ij (θ) = gij (θ) bD (θ) + gi (θ) bD,j (θ) + gj (θ) bD,i (θ) + g (θ) bD,ij (θ) , (3)

bN,ijk (θ) = gijk (θ) bD (θ) + gij (θ) bD,k (θ) + gik (θ) bD,j (θ) + gi (θ) bD,jk (θ) + gjk (θ) bD,i (θ)

+gj (θ) bD,ik (θ) + gk (θ) bD,ij (θ) + g (θ) bD,ijk (θ) , (4)

bN,ijkq (θ) = gijkq (θ) bD (θ) + gijk (θ) bD,q (θ) + gijq (θ) bD,k (θ) + gij (θ) bD,kq (θ)

+gikq (θ) bD,j (θ) + gik (θ) bD,jq (θ) + giq (θ) bD,jk (θ) + gi (θ) bD,jkq (θ)

+gjkq (θ) bD,i (θ) + gjk (θ) bD,iq (θ) + gjq (θ) bD,ik (θ) + gj (θ) bD,ikq (θ)

+gkq (θ) bD,ij (θ) + gk (θ) bD,ijq (θ) + gq (θ) bD,ijk (θ) + g (θ) bD,ijkq (θ) , (5)

bN,ij (θ) bD (θ)− bD,ij (θ) bN (θ)

= [gij (θ) bD (θ) + gi (θ) bD,j (θ) + gj (θ) bD,i (θ) + g (θ) bD,ij (θ)] bD (θ)− bD,ij (θ) g (θ) bD (θ)

= gij (θ) bD (θ)2 + gi (θ) bD,j (θ) bD (θ) + gj (θ) bD,i (θ) bD (θ)

+g (θ) bD,ij (θ) bD (θ)− bD,ij (θ) g (θ) bD (θ)

= gij (θ) bD (θ)2 + gi (θ) bD,j (θ) bD (θ) + gj (θ) bD,i (θ) bD (θ) , (6)

bN,i (θ) bD (θ)− bD,i (θ) bN (θ)

= (gi (θ) bD (θ) + g (θ) bD,i (θ)) bD (θ)− bD,i (θ) g (θ) bD (θ) = gi (θ) bD (θ)2 , (7)

bN,ijk (θ) bD (θ)− bD,ijk (θ) bN (θ)

=

[
gijk (θ) bD (θ) + gij (θ) bD,k (θ) + gik (θ) bD,j (θ) + gi (θ) bD,jk (θ)

+gjk (θ) bD,i (θ) + gj (θ) bD,ik (θ) + gk (θ) bD,ij (θ)

]
bD(θ), (8)

bN,ijkq (θ) bD (θ)− bD,ijkq (θ) bN (θ)

=

[
gijkq (θ) bD (θ) + gijk (θ) bD,q (θ) + gijq (θ) bD,k (θ) + gij (θ) bD,kq (θ)

+gikq (θ) bD,j (θ) + gik (θ) bD,jq (θ) + giq (θ) bD,jk (θ) + gi (θ) bD,jkq (θ)

]
bD (θ)

+

[
gjkq (θ) bD,i (θ) + gjk (θ) bD,iq (θ) + gjq (θ) bD,ik (θ) + gj (θ) bD,ikq (θ)

+gkq (θ) bD,ij (θ) + gk (θ) bD,ijq (θ) + gq (θ) bD,ijk (θ)

]
bD(θ). (9)

Thus, we have

b̂N

b̂D

(
cN

b̂N
− cD

b̂D

)
=

1

2

∑
ij σ̂ij b̂N,ij b̂D −

∑
ij σ̂ij b̂D,ij b̂N

b̂2D

−1

6

∑
ijkq ĥ

N
ijkµ

4
ijkq b̂N,q b̂D −

∑
ijkq ĥ

D
ijkµ

4
ijkq b̂D,q b̂N

b̂2D

14



=
1

2

∑
ij σ̂ij

(
b̂N,ij b̂D − b̂D,ij b̂N

)
b̂2D

− 1

6

∑
ijkq ĥijkµ

4
ijkq

(
b̂N,q b̂D − b̂D,q b̂N

)
b̂2D

,

where ∑
ij σ̂ij

(
b̂N,ij b̂D − b̂D,ij b̂N

)
b̂2D

=

∑
ij σ̂ij

(
ĝij b̂

2
D + ĝib̂D,j b̂D + ĝj b̂D,ib̂D

)
b̂2D

=

∑
ij σ̂ij ĝij b̂

2
D + 2

∑
ij σ̂ij ĝib̂D,j b̂D

b̂2D

=
∑
ij

σ̂ij ĝij +
2
∑

ij σ̂ij b̂D,j ĝi

b̂D
,

from (6) and

b̂N,q b̂D − b̂D,q b̂N
b̂2D

=

(
ĝq b̂D + ĝb̂D,q

)
b̂D − b̂D,q ĝb̂D

b̂2D
= ĝq

by (7). Hence,

b̂N

b̂D

(
cN

b̂N
− cD

b̂D

)
=

1

2

∑
ij

σ̂ij ĝij +

∑
ij σ̂ij b̂D,j ĝi

b̂D
− 1

6

∑
ijkq

ĥijkµ
4
ijkq ĝq.

From (8) and (9), we can get∑
ijkζηξ ĥ

N
ijkµ

6
ijkζηξ b̂N,ζηξ b̂D −

∑
ijkζηξ ĥ

D
ijkµ

6
ijkζηξ b̂D,ζηξ b̂N

b̂2D

=

∑
ijkζηξ ĥijkµ

6
ijkζηξ

[
ĝζηξ b̂D + ĝζη b̂D,ξ + ĝζξ b̂D,η + ĝζ b̂D,ηξ + ĝηξ b̂D,ζ + ĝη b̂D,ζξ + ĝξ b̂D,ζη

]
b̂D

=
∑
ijkζηξ

ĥijkµ
6
ijkζηξ ĝζηξ +

3
∑

ijkζηξ ĥijkµ
6
ijkζηξ ĝζη b̂D,ξ

b̂D
+

3
∑

ijkζηξ ĥijkµ
6
ijkζηξ ĝζ b̂D,ηξ

b̂D
, (10)

∑
ζηξω µ

4
ζηξω b̂N,ζηξω b̂D −

∑
ζηξω µ

4
ζηξω b̂D,ζηξω b̂N

b̂2D

=
∑
ζηξω

µ4
ζηξωĝζηξω +

4
∑

ζηξω µ
4
ζηξωĝζηξ b̂D,ω

b̂D
+

6
∑

ζηξω µ
4
ζηξω ĝζη b̂D,ξω

b̂D

+
4
∑

ζηξω µ
4
ζηξω ĝζ b̂D,ηξω

b̂D
+

4
∑

ζηξω µ
4
ζηξωĝζ b̂D,ηξω

b̂D
. (11)

We can also show that

b̂N

b̂D

(
dN

b̂N
− dD

b̂D

)

15



= − 1

120

∑
ijkqrs ĥijkqrµ

6
ijkqrs

(
b̂N,sb̂D − b̂D,sb̂N

)
b̂2D

+
1

144

∑
ijkqrstw ĥijkĥqrstµ

8
ijkqrstw

(
b̂N,w b̂D − b̂D,w b̂N

)
b̂2D

− 1

1296

∑
ijkqrstwvβ ĥijkĥqrsĥtwvµ

10
ijkqrstwvβ

(
b̂N,β b̂D − b̂D,β b̂N

)
b̂2D

− 1

48

∑
ijkqrs ĥijkqµ

6
ijkqrs

(
b̂N,rsb̂D − b̂D,rsb̂N

)
b̂2D

+
1

144

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstw

(
b̂N,tw b̂D − b̂D,tw b̂N

)
b̂2D

− 1

36

∑
ijkζηξ ĥijkµ

6
ijkζηξ

(
b̂N,ζηξ b̂D − b̂D,ζηξ b̂N

)
b̂2D

+
1

24

∑
ζηξω µ

4
ζηξω

(
b̂N,ζηξω b̂D − b̂D,ζηξω b̂N

)
b̂2D

.

since hN (θ) = hD (θ) = h (θ). Hence, with (6), (7), (10), and (11), it can be shown that

b̂N

b̂D

(
dN

b̂N
− dD

b̂D

)
= − 1

120

∑
ijkqrs

ĥijkqrµ
6
ijkqrsĝs +

1

144

∑
ijkqrstw

ĥijkĥqrstµ
8
ijkqrstwĝw

− 1

1296

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvµ
10
ijkqrstwvβ ĝβ −

1

24

∑
ijkqrs ĥijkqµ

6
ijkqrsb̂D,sĝr

b̂D

+
1

72

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstw b̂D,wĝt

b̂D
− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ ĝζ b̂D,ηξ

b̂D

+
1

6

∑
ζηξω µ

4
ζηξω ĝζ b̂D,ηξω

b̂D
− 1

48

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrs

+
1

144

∑
ijkqrstw

ĥijkĥqrsµ
8
ijkqrstwĝtw −

1

36

∑
ijkζηξ

ĥijkµ
6
ijkζηξ ĝζηξ

+
1

24

∑
ζηξω

µ4
ζηξω ĝζηξω −

1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ ĝζη b̂D,ξ

b̂D

+
1

6

∑
ζηξω µ

4
ζηξω ĝζηξ b̂D,ω

b̂D
+

1

4

∑
ζηξω µ

4
ζηξωĝζη b̂D,ξω

b̂D
.

Using matrix notation for high order derivatives used in Magnus and Neudecker (1999)

(with the exception that the first order derivative of a scalar function in our setting is a column
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vector), we can write Lemma 2.1 in matrix form. Before we do that, let us first introduce the

following Generalized Isserlis theorem.

Theorem 2.1 (Generalized Isserlis Theorem) If A = {α1, . . . , α2N} is a set of integers
such that 1 ≤ αi ≤ P, for each i ∈ [1, 2N ] and X ∈ RP is a zero mean multivariate normal
random vector, then

E (XA) = ΣΠ
A
E (XiXj) , (12)

where EXA = E
(
Π2N
i=1Xαi

)
= µα1,...,α2N and the notation ΣΠ means summing over all distinct

ways of partitioning Xα1 , . . . , Xα2N into pairs (Xi, Xj) and each summand is the product of

the N pairs. This yields (2N)!/
(
2NN !

)
= (2N − 1)!! terms in the sum where (2N − 1)!! is

the double factorial defined by (2N − 1)!! = (2N − 1)× (2N − 3)× · · · × 1.

The Isserlis theorem, first obtained by Isserlis (1918), expresses the higher order moments

of a zero mean Gaussian vector X ∈ RP in terms of its covariance matrix. The generalized
Isserlis theorem is due to Withers (1985) and Vignat (2012). For example, if 2N = 4, then

E (X1X2X3X4) = E (X1X2)E (X3X4) + E (X1X3)E (X2X4) + E (X1X4)E (X2X3)

where αi = i for i ∈ [1, 4] and there are (2× 2− 1)!! = 3×1 = 3 terms in the sum. If 2N = 6,

there are 5× 3× 1 = 15 terms in the sum.

Lemma 2.2 Let ∇j ĥ, ∇j ĝ and ∇j b̂D be the jth order derivatives of h (θ), g (θ) and bD (θ)

evaluated at θ̂n respectively. If both ({hn} , g × bD) and ({hn} , bD) satisfy the analytical as-

sumptions for the stochastic Laplace method on ℘θ, then∫
g (θ) bD (θ) exp (−nhn (θ)) dθ∫
bD (θ) exp (−nhn (θ)) dθ

= ĝ +
1

n
B1 +

1

n2
(B2 −B3) +Op

(
1

n3

)
,

where

B1 =
1

2
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+ (∇ĝ)′

(
∇2ĥ

)−1 ∇b̂D
b̂D
− 1

2
vec

((
∇2ĥ

)−1
)
∇3ĥ

(
∇2ĥ

)−1
∇ĝ,

B2 = B21 +B22,

B21 = −1

8
(∇ĝ)′

(
∇2ĥ

)−1 (
∇5ĥ

)′
vec

[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)]

+
1

4

[
vec

((
∇2ĥ

)−1
)′
⊗
(
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
)]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

6
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

16
tr

[((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
))′
∇4ĥ

]
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

17



+
1

4
vec

(((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)′)
∇4ĥ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−3

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−1

4
vec

(
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

− 1

16
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
)
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

− 1

24
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
×vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇g

−1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]
∇b̂′D

(
∇2ĥ

)−1
∇ĝ

−1

2

[
vec

((
∇2ĥ

)−1
)′
⊗
((
∇2ĥ

)−1
∇b̂D

)′]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)
∇b̂D
b̂D

′ (
∇2ĥ

)−1
∇ĝ

+
1

12
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

) ∇b̂D
b̂D

′ (
∇2ĥ

)−1
∇ĝ

+
1

2
vec

((
∇2ĥ

)−1
b̂Dvec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
)
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

4
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
b̂Dvec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

2
vec

(((
∇2ĥ

)−1
⊗
((
∇2ĥ

)−1
b̂D

)′)
∇3ĥ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−1

2
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1
∇ĝ

−1

2
vec

((
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−1

4
tr

[
∇2b̂D

b̂D

(
∇2ĥ

)−1
]
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

2
vec

((
∇2ĥ

)−1
)′ (
∇2ĥ

)−1

(
∇3b̂D

)′
b̂D

∇ĝ,

B22 = − 1

16
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

tr

[(
∇2ĥ

)−1
∇2ĝ

]
−1

4
tr

[[((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]
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+
1

16
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

1

24
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

1

4
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)

+
1

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
)

+
1

4
vec

(
∇3ĥ

)′ [((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
−1

4
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĝ

)′
vec

((
∇2ĥ

)−1
)

−1

6
vec

(
∇3ĝ

)′ [(∇2ĥ
)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
+

1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)]
∇4ĝ′

]
−1

2
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1
]
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

2
vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

+
1

2
vec

((
∇2ĥ

)−1
)′
∇3ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

+
1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1
]
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]

+
1

2
tr

[(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
,

B3 = B4 ×B1,

B4 =
1

2
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
− 1

2
vec

((
∇2ĥ

)−1
)′
ĥ(3)

(
∇2ĥ

)−1 ∇b̂D
b̂D

+
1

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)

+
1

12
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
−1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

,

where σij = hij and tr denotes the trace of a matrix.
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Proof. From (2.1), we first write each term of B1 into matrix form by (12)

1

2

∑
ij

σ̂ij ĝij =
1

2

∑
ij

σ̂ij ĝij =
1

2
tr

[(
∇2ĥ

)−1
∇2ĝ

]
,

∑
ij σ̂ij b̂D,j ĝi

b̂D
=
∑
ij

ĝiσ̂ij
b̂D,j

b̂D
= (∇ĝ)′

(
∇2ĥ

)−1 ∇b̂D
b̂D

,

−1

6

∑
ijkq

ĥijkµ
4
ijkq ĝq = −1

2

∑
ijkq

ĥijkσ̂ij σ̂kq ĝq = −1

2
vec

((
∇2ĥ

)−1
)
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

Then we can similarly write each term of B2 into matrix form by (12)

− 1

120

∑
ijkqrs

ĥijkqrµ
6
ijkqrsĝs = − 15

120

∑
ijkqrs

σ̂ij σ̂kqĥijkqrσ̂rsĝs

= −1

8
(∇ĝ)′

(
∇2ĥ

)−1 (
∇5ĥ

)′
vec

[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)]

.

By (45),

1

144

∑
ijkqrstw

ĥijkĥqrstµ
8
ijkqrstwĝw

=
1

4

[
vec

((
∇2ĥ

)−1
)′
⊗
(
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
)]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

6
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

16
tr

[((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
))′
∇4ĥ

]
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

4
vec

(((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)′)
∇4ĥ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

From (46), we have

− 1

1296

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvµ
10
ijkqrstwvβ ĝβ

= −3

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−1

4
vec

(
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

− 1

16
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
)
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

− 1

24
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
×vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇g.
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− 1

24

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝr b̂D,s

b̂D

= −1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′] ∇b̂D

b̂D

′ (
∇2ĥ

)−1
∇ĝ

−1

2

[
vec

((
∇2ĥ

)−1
)′
⊗
((
∇2ĥ

)−1 ∇b̂D
b̂D

)′]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ.

Similiar to the proof of (40), we can get

1

72

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstw b̂D,wĝt

b̂D

=
1

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)
∇b̂D
b̂D

′ (
∇2ĥ

)−1
∇ĝ

+
1

12
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

) ∇b̂D
b̂D

′ (
∇2ĥ

)−1
∇ĝ

+
1

2
vec

((
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
)
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

4
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

2
vec

(((
∇2ĥ

)−1
⊗
((
∇2ĥ

)−1 ∇b̂D
b̂D

)′)
∇3ĥ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

By (18), we can show that

− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ b̂D,ηξ ĝζ

b̂D

= −1

2
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1
∇ĝ

−1

2
vec

((
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−1

4
tr

[
∇2b̂D

b̂D

(
∇2ĥ

)−1
]
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ,

1

6

∑
ζηξω µ

4
ζηξω b̂D,ηξω ĝζ

b̂D
=

3

6

∑
ζηξω

ĝζ σ̂ζησ̂ξω
b̂D,ηξω

b̂D
=

1

2

∑
ζηξω

ĝζ σ̂ζη
b̂D,ηξω

b̂D
σ̂ξω

=
1

2
(∇ĝ)′

(
∇2ĥ

)−1

(
∇3b̂D

)′
b̂D

[
vec

((
∇2ĥ

)−1
)]

.

From (29),

− 1

48

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrs
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= − 1

16
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

tr

[(
∇2ĥ

)−1
∇2ĝ

]
−1

4
tr

[[((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

.

And by the formula (40),

1

144

∑
ijkqrstw

ĥijkĥqrsµ
8
ijkqrstwĝtw

=
1

16
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

1

24
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

1

4
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)

+
1

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
)

+
1

4
vec

(
∇3ĥ

)′ [((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
.

From (34),

− 1

36

∑
ijkζηξ

ĥijkµ
6
ijkζηξ ĝζηξ

= −1

4
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĝ

)′
vec

((
∇2ĥ

)−1
)

−1

6
vec

(
∇3ĝ

)′ [(∇2ĥ
)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
.

1

24

∑
ζηξω

µ4
ζηξω ĝζηξω =

3

24

∑
ζηξω

σ̂ζησ̂ξω ĝζηξω

=
1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)] (
∇4ĝ

)′]
.

By the formula (18), we can get

− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ ĝζη b̂D,ξ

b̂D

= −1

2
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1
]
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

2
vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

.
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1

6

∑
ζηξω µ

4
ζηξω ĝζηξ b̂D,ω

b̂D
=

3

6

∑
ζηξω

σ̂ζηĝζηξσ̂ξω
b̂D,ω

b̂D

=
1

2
vec

((
∇2ĥ

)−1
)′
∇3ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

.

From (17),

1

4

∑
ζηξω µ

4
ζηξωĝζη b̂D,ξω

b̂D

=
1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1
]
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
+

1

2
tr

[(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
.

And we have
1

2

∑
ij

σ̂ij
b̂D,ij

b̂D
=

1

2
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
, (13)

−1

6

∑
ijkq

ĥijkµ
4
ijkq

b̂D,q

b̂D
= −3

6

∑
ijkq

ĥijkσ̂ij σ̂kq
b̂D,q

b̂D
(14)

= −1

2
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

.

From (35), we have

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs (15)

=
1

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)

+
1

12
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
.

Note that

− 1

24

∑
ijkq

ĥijkqµ
4
ijkq = − 3

24

∑
ijkq

ĥijkqσ̂ij σ̂kq (16)

= −1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

.

From (13), (14), (15) and (16), we define

B4 =
1

2
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
− 1

2
vec

((
∇2ĥ

)−1
)′
ĥ(3)

(
∇2ĥ

)−1 ∇b̂D
b̂D

+
1

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)

+
1

12
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
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−1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

.

Proof of Lemma 3.2 in Li et al (2017) can be obtained by directly applying Lemma 2.2

above by setting bD (θ) = p (θ), g (θ) = lt (θ), −nhN (θ) = −nhD (θ) = ln p(y|θ).
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3 Appendix

In this appendix, we will rewrite each term of into matrix form.

24



3.1 For the term 1
4

∑
ζηξω µ

4
ζηξω ĝζη b̂D,ξω

b̂D

We can get

1

4

∑
ζηξω µ

4
ζηξωĝζη b̂D,ξω

b̂D

=
1

4

(∑
ζηξω ĝζησ̂ζησ̂ξω b̂D,ξω

b̂D
+

∑
ζηξω ĝζησ̂ζξσ̂ηω b̂D,ξω

b̂D
+

∑
ζηξω ĝζησ̂ζξσ̂ηω b̂D,ξω

b̂D

)

where∑
ζηξω ĝζησ̂ζησ̂ξω b̂D,ξω

b̂D
=
∑
ζη

ĝζησ̂ζη
∑
ξω

σ̂ξω
b̂D,ξω

b̂D
= tr

[
∇2ĝ

(
∇2ĥ

)−1
]
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
,

∑
ζηξω ĝζησ̂ζξσ̂ηω b̂D,ξω

b̂D

=
∑
ζηξω

ĝζησ̂ζξσ̂ηω
b̂D,ξω

b̂D
=
∑
ζηξω

σ̂ξζ ĝζησ̂ηω
b̂D,ξω

b̂D
=
∑
ξω

b̂D,ξω

b̂D

∑
ζη

σ̂ξζ ĝζησ̂ηω

= tr

[(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
,

∑
ζηξω ĝζησ̂ζξσ̂ηω b̂D,ξω

b̂D
=

∑
ζηξω ĝζησ̂ζξσ̂ηω b̂D,ξω

b̂D
= tr

[(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
,

then we have

1

4

∑
ζηξω µ

4
ζηξωĝζη b̂D,ξω

b̂D
(17)

=
1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1
]
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
+

1

2
tr

[(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

]

=
1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1
]
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
+

1

2
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1
∇2ĝ

]

3.2 For the term − 1
12

∑
ijkζηξ ĥijkµ

6
ijkζηξ ĝζη b̂D,ξ

b̂D

Note that

− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ ĝζη b̂D,ξ

b̂D
= − 1

12

∑
ijkqrs ĥijkµ

6
ijkqrsĝqr b̂D,s

b̂D

where

µ6
ijkqrs = σ̂ij σ̂kqσrs + σ̂iqσ̂kj σ̂rs + σ̂iqσ̂jkσ̂rs

+σ̂ij σ̂krσ̂qs + σ̂ikσ̂jrσ̂qs + σ̂irσ̂jkσ̂qs
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+σ̂ij σ̂ksσ̂qr + σ̂ikσ̂jsσ̂qr + σ̂isσ̂jkσ̂qr

+σ̂iqσ̂jrσ̂ks + σ̂irσ̂jqσ̂ks

+σ̂iqσ̂jsσ̂kr + σ̂isσ̂jqσ̂kr

+σ̂irσ̂jsσ̂kq + σ̂isσ̂jrσ̂kq.

then we can decompose into three groups. The first group has 6 elements without σ̂qr but

with σ̂ij , σ̂ik or σ̂jk, that is∑
ijkqrs

ĥijkσ̂ij σ̂kqσ̂rsĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂iqσ̂kj σ̂rsĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂iqσ̂jkσ̂rsĝqr b̂D,s

+
∑
ijkqrs

ĥijkσ̂ij σ̂krσ̂qsĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂ikσ̂jrσ̂qsĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jkσ̂qsĝqr b̂D,s.

Note that the 6 elements have the same quantity since∑
ijkqrs

ĥijkσ̂iqσ̂kj σ̂rsĝqr b̂D,s =
∑
ijkqrs

ĥijkσ̂iqσ̂jkσ̂rsĝqr b̂D,s

=
∑
ijkqrs

ĥijkσ̂ij σ̂kqσ̂rsĝqr b̂D,s =
∑
ijkqrs

σ̂ij ĥijkσ̂kq ĝqrσ̂rsb̂D,s

= vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇b̂D

and ∑
ijkqrs

ĥijkσ̂irσ̂jkσ̂qsĝqr b̂D,s =
∑
ijkqrs

ĥijkσ̂ikσ̂jrσ̂qsĝqr b̂D,s

=
∑
ijkqrs

ĥijkσ̂ij σ̂krσ̂qsĝqr b̂D,s =
∑
ijkqrs

σ̂ij ĥijkσ̂krσ̂qsĝqr b̂D,s

where∑
ijkqrs

σ̂ij ĥijkσ̂krσ̂qsĝqr b̂D,s =
∑
ijkqrs

σ̂ij ĥijkσ̂krĝrqσ̂qsb̂D,s =
∑
ijkqrs

σ̂ij ĥijkσ̂kq ĝqrσ̂rsb̂D,s

= vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇b̂D.

The second group has 6 elements without σ̂qr, σ̂ij , σ̂ik and σ̂jk, that is∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jqσ̂ksĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂iqσ̂jsσ̂krĝqr b̂D,s

+
∑
ijkqrs

ĥijkσ̂isσ̂jqσ̂krĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jsσ̂kq ĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂isσ̂jrσ̂kq ĝqr b̂D,s.

These 6 elements have the same quantity since∑
ijkqrs

ĥijk [σ̂iqσ̂jrσ̂ks + σ̂irσ̂jqσ̂ks] ĝqr b̂D,s
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=
∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jqσ̂ksĝqr b̂D,s

= 2
∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĝqr b̂D,s = 2
∑
ijkqrs

σ̂iq ĝqrσ̂jrĥijkσ̂ksb̂D,s

= 2vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇b̂D,

and ∑
ijkqrs

ĥijk [σ̂iqσ̂jsσ̂kr + σ̂isσ̂jqσ̂kr] ĝqr b̂D,s

=
∑
ijkqrs

ĥijkσ̂iqσ̂jsσ̂krĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂isσ̂jqσ̂krĝqr b̂D,s

=
∑
ijkqrs

ĥikj σ̂iqσ̂krσ̂jsĝqr b̂D,s +
∑
ijkqrs

ĥkjiσ̂krσ̂jqσ̂isĝqr b̂D,s

=
∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jqσ̂ksĝqr b̂D,s

= 2vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇b̂,

∑
ijkqrs

ĥijk [σ̂irσ̂jsσ̂kq + σ̂isσ̂jrσ̂kq] ĝqr b̂D,s

=
∑
ijkqrs

ĥijkσ̂irσ̂jsσ̂kq ĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂isσ̂jrσ̂kq ĝqr b̂D,s

=
∑
ijkqrs

ĥkij σ̂kqσ̂irσ̂jsĝqr b̂D,s +
∑
ijkqrs

ĥjkiσ̂jrσ̂kqσ̂isĝqr b̂D,s

=
∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jqσ̂ksĝqr b̂D,s

= 2vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇b̂.

The third group has 3 elements without σ̂qr, that is∑
ijkqrs

ĥijkσ̂ij σ̂ksσ̂qrĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂ikσ̂jsσ̂qrĝqr b̂D,s +
∑
ijkqrs

ĥijkσ̂isσ̂jkσ̂qrĝqr b̂D,s.

We have∑
ijkqrs

ĥijkσ̂ij σ̂ksσ̂qrĝqr b̂D,s

=
∑
ijkqrs

ĥijkσ̂ikσ̂jsσ̂qrĝqr b̂D,s =
∑
ijkqrs

ĥijkσ̂isσ̂jkσ̂qrĝqr b̂D,s =
∑
ijkqrs

ĥijkσ̂jkσ̂isb̂D,sσ̂qrĝqr

=
∑
qr

σ̂qrĝqr
∑
ijks

σ̂jkĥjkiσ̂isb̂D,s = tr

[
∇2ĝ

(
∇2ĥ

)−1
]
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇b̂D.
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Then we have

− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ ĝζη b̂D,ξ

b̂D

= −1

2
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

2
vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1
]
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

.

And for the same reason, we have

− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ b̂D,ηξ ĝζ

b̂D
(18)

= −1

2
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1
∇ĝ

−1

2
vec

((
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−1

4
tr

[
∇2b̂D

b̂D

(
∇2ĥ

)−1
]
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

Note that

vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

= tr

[
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

]

= tr

[
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
]

= tr

[(
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]

and we have∑
ijkqrs

σ̂iq ĝqrσ̂jrĥijkσ̂ks
b̂D,s

b̂D

=
∑
ijkqrs

σ̂iqĥijkσ̂ks
b̂D,s

b̂D
σ̂jrĝqr =

∑
qr

∑
ijks

σ̂iqĥijkσ̂ks
b̂D,s

b̂D
σ̂jr

 ĝqr
=

∑
qr

∑
ijks

σ̂qiσ̂ks
b̂D,s

b̂D
ĥikj σ̂jr

 ĝqr =
∑
qr

∑
j

[∑
ik

[
σ̂qi

[∑
s

σ̂ks
b̂D,s

b̂D

]
ĥikj

]
σ̂jr

] ĝqr
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= tr

[[((
∇2ĥ

)−1 ∇b̂D
b̂D

)′
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]
,

it can also be derived as follow

vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

= vec
(
∇2ĝ

)′ [(∇2ĥ
)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

= vec
(
∇2ĝ

)′
vec

[[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

]

= vec
(
∇2ĝ

)′ [((∇2ĥ
)−1 ∇b̂D

b̂D

)′
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
= tr

[
∇2ĝ

(
∇2ĥ

)−1
∇3ĥ′

[((
∇2ĥ

)−1 ∇b̂D
b̂D

)
⊗
(
∇2ĥ

)−1
]]

= tr

[[((
∇2ĥ

)−1 ∇b̂D
b̂D

)′
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]
.

Then we have

− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ ĝζη b̂D,ξ

b̂D

= −1

2
tr

[(
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]

−1

2
tr

[[((
∇2ĥ

)−1 ∇b̂D
b̂D

)′
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]

−1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1
]
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

.

3.3 For the term − 1
48

∑
ijkqrs ĥijkqµ

6
ijkqrsĝrs

Note that

µ6
ijkqrs = σ̂ij σ̂kqσrs + σ̂iqσ̂kj σ̂rs + σ̂iqσ̂jkσ̂rs

+σ̂ij σ̂krσ̂qs + σ̂ikσ̂jrσ̂qs + σ̂irσ̂jkσ̂qs

+σ̂ij σ̂ksσ̂qr + σ̂ikσ̂jsσ̂qr + σ̂isσ̂jkσ̂qr

+σ̂iqσ̂jrσ̂ks + σ̂irσ̂jqσ̂ks

+σ̂iqσ̂jsσ̂kr + σ̂isσ̂jqσ̂kr

+σ̂irσ̂jsσ̂kq + σ̂isσ̂jrσ̂kq.
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We can decompose
∑

ijkqrs ĥijkqµ
6
ijkqrsĝrs into two groups. The first group has 12 elements

without σ̂rs∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs +
∑
ijkqrs

ĥijkqσ̂ikσ̂jrσ̂qsĝrs +
∑
ijkqrs

ĥijkqσ̂irσ̂jkσ̂qsĝrs

+
∑
ijkqrs

ĥijkqσ̂ij σ̂ksσ̂qrĝrs +
∑
ijkqrs

ĥijkqσ̂ikσ̂jsσ̂qrĝrs +
∑
ijkqrs

ĥijkqσ̂isσ̂jkσ̂qrĝrs

+
∑
ijkqrs

ĥijkqσ̂iqσ̂jrσ̂ksĝrs +
∑
ijkqrs

ĥijkqσ̂irσ̂jqσ̂ksĝrs +
∑
ijkqrs

ĥijkqσ̂iqσ̂jsσ̂krĝrs

+
∑
ijkqrs

ĥijkqσ̂isσ̂jqσ̂krĝrs +
∑
ijkqrs

ĥijkqσ̂irσ̂jsσ̂kq ĝrs +
∑
ijkqrs

ĥijkqσ̂isσ̂jrσ̂kq ĝrs.

The 12 elements in this group have the same quantility, that is∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs =
∑
ijkqrs

ĥijkqσ̂ij σ̂krĝrsσ̂sq (19)

= tr

[[((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

.

The detail proof is as follows∑
ijkqrs

ĥijkqσ̂ij σ̂ksσ̂qrĝrs =
∑
ijkqsr

ĥijkqσ̂ij σ̂ksσ̂qrĝsr =
∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs, (20)

∑
ijkqrs

ĥijkqσ̂ikσ̂jrσ̂qsĝrs =
∑
ikjqrs

ĥikjqσ̂ikσ̂jrσ̂qsĝrs =
∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs, (21)

∑
ijkqrs

ĥijkqσ̂ikσ̂jsσ̂qrĝrs =
∑
ijkqsr

ĥijkqσ̂ikσ̂jsσ̂qrĝsr

=
∑
ijkqrs

ĥijkqσ̂ikσ̂jrσ̂qsĝrs =
∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs (22)

where the last equatility is because of (21),∑
ijkqrs

ĥijkqσ̂iqσ̂jrσ̂ksĝrs =
∑
iqjkrs

ĥiqjkσ̂iqσ̂jrσ̂ksĝrs =
∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs (23)

∑
ijkqrs

ĥijkqσ̂iqσ̂jsσ̂krĝrs =
∑
ijkqsr

ĥijkqσ̂iqσ̂jsσ̂krĝsr

=
∑
ijkqrs

ĥijkqσ̂iqσ̂jrσ̂ksĝrs =
∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs (24)

∑
ijkqrs

ĥijkqσ̂irσ̂jkσ̂qsĝrs =
∑
jkiqrs

ĥjkiqσ̂jkσ̂irσ̂qsĝrs =
∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs (25)

∑
ijkqrs

ĥijkqσ̂irσ̂jqσ̂ksĝrs =
∑
jqikrs

ĥjqikσ̂jqσ̂irσ̂ksĝrs =
∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs (26)
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∑
ijkqrs

ĥijkqσ̂irσ̂jsσ̂kq ĝrs =
∑
kqijrs

ĥkqij σ̂kqσ̂irσ̂jsĝrs =
∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs (27)

∑
ijkqrs

ĥijkqσ̂isσ̂jkσ̂qrĝrs =
∑
jkqirs

ĥjkqiσ̂jkσ̂qrσ̂isĝrs =
∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs

∑
ijkqrs

ĥijkqσ̂isσ̂jqσ̂krĝrs =
∑
jqkirs

ĥjqkiσ̂jqσ̂krσ̂isĝrs =
∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs

∑
ijkqrs

ĥijkqσ̂isσ̂jrσ̂kq ĝrs =
∑
kqjirs

ĥkqjiσ̂kqσ̂jrσ̂isĝrs =
∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝrs

∑
ijkqrs

ĥijkqσ̂ij σ̂krĝrsσ̂qs

=
∑
ijkq

ĥijkq

[
σ̂ij
∑
rs

σ̂krĝrsσ̂qs

]

= tr

[[((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

We can illustrate the result by a simple example. Let

ĥ(4) =



h1111 h1112

h2111 h2112

h1211 h1212

h2211 h2212

h1121 h1122

h2121 h2122

h1221 h1222

h2221 h2222


and

ê =
(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1

and

ê =

[
e11 e12

e21 e22

]
(
∇2ĥ

)−1
=

[
σ11 σ12

σ21 σ22

]

vec

((
∇2ĥ

)−1
)

=


σ11

σ21

σ12

σ22


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then

ê⊗ vec
((
∇2ĥ

)−1
)

=



σ11e11 σ11e12

σ21e11 σ21e12

σ12e11 σ12e12

σ22e11 σ22e12

σ11e11 σ11e12

σ21e11 σ21e12

σ12e11 σ12e12

σ22e11 σ22e12


.

The second group has 3 elements with σ̂rs∑
ijkqrs

ĥijkqσ̂ij σ̂kqσ̂rsĝrs +
∑
ijkqrs

ĥijkqσ̂iqσ̂kj σ̂rsĝrs +
∑
ijkqrs

ĥijkqσ̂iqσ̂kj σ̂rsĝrs.

These 3 elements has the same quantity. We can get∑
ijkqrs

ĥijkqσ̂ij σ̂kqσ̂rsĝrs (28)

= tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

tr

[(
∇2ĥ

)−1
∇2ĝ

]
.

From (19) and (28), we have

− 1

48

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrs (29)

= − 3

48

∑
ijkq

σ̂ij σ̂kqĥijkq
∑
rs

σ̂rsĝrs −
12

48

∑
ijkqrs

ĥijkqσ̂ij σ̂krĝrsσ̂qs

= − 1

16
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

tr

[(
∇2ĥ

)−1
∇2ĝ

]
−1

4
tr

[[((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

.

∑
ijkqrs

ĥijkqσ̂ij σ̂krĝrsσ̂qs

=
∑
ijkqrs

σ̂rkσ̂ij ĥijkqσ̂qsĝrs =
∑
rs

∑
ijkq

σ̂rkσ̂ij ĥijkqσ̂qs

 ĝrs
= tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)′]
∇4ĥ

(
∇2ĥ

)−1
∇2ĝ

]
then we have

− 1

48

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrs (30)
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= − 3

48

∑
ijkq

σ̂ij σ̂kqĥijkq
∑
rs

σ̂rsĝrs −
12

48

∑
ijkqrs

ĥijkqσ̂ij σ̂krĝrsσ̂qs

= − 1

16
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

tr

[(
∇2ĥ

)−1
∇2ĝ

]
−1

4
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)′]
∇4ĥ

(
∇2ĥ

)−1
∇2ĝ

]
= − 1

16
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)′]
∇4ĥ

]
tr

[(
∇2ĥ

)−1
∇2ĝ

]
−1

4
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)′]
∇4ĥ

(
∇2ĥ

)−1
∇2ĝ

]
.

3.4 For the term − 1
24

∑
ijkqrs ĥijkqµ

6
ijkqrsĝrb̂D,s

Similiar to the proof of (29), we have

− 1

24

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝr b̂D,s (31)

= − 3

24

∑
ijkq

σ̂ij σ̂kqĥijkq
∑
rs

σ̂rsĝr b̂D,s −
12

24

∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂qsĝr b̂D,s

= −1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

tr

[(
∇2ĥ

)−1
∇ĝ∇b̂′D

]
−1

2
tr

[[((
∇2ĥ

)−1
∇ĝ∇b̂′D

(
∇2ĥ

)−1
)
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]

.

And we can also written (31) as

− 1

24

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝr b̂D,s

= − 3

24

∑
ijkq

σ̂ij σ̂kqĥijkq
∑
rs

σ̂rsĝr b̂D,s −
12

24

∑
ijkqrs

ĥijkqσ̂ij σ̂krσ̂sq ĝr b̂D,s

= − 3

24

∑
ijkq

σ̂ij σ̂kqĥijkq
∑
rs

σ̂rsĝr b̂D,s −
12

24

∑
ijkqrs

σ̂ij σ̂sq b̂D,sĥijqkσ̂krĝr

= −1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)](

∇4ĥ
)′]
∇b̂′D

(
∇2ĥ

)−1
∇ĝ

−1

2

[
vec

((
∇2ĥ

)−1
)′
⊗
((
∇2ĥ

)−1
∇b̂D

)′]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ.

3.5 For the term − 1
36

∑
ijkζηξ ĥijkµ

6
ijkζηξĝζηξ

Note that
∑

ijkζηξ ĥijkµ
6
ijkζηξ ĝζηξ =

∑
ijkqrs ĥijkµ

6
ijkqrsĝqrs. We can decompose

∑
ijkqrs ĥijkµ

6
ijkqrsĝqrs

into two groups. The first group consists of 9 elements which has one term from (σ̂ij , σ̂ik, σ̂jk)
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and one term from (σ̂qr, σ̂rs, σ̂qs), that is∑
ijkqrs

ĥijkσ̂ij σ̂kqσ̂rsĝqrs +
∑
ijkqrs

ĥijkσ̂iqσ̂kj σ̂rsĝqrs +
∑
ijkqrs

ĥijkσ̂iqσ̂jkσ̂rsĝqrs

+
∑
ijkqrs

ĥijkσ̂ij σ̂krσ̂qsĝqrs +
∑
ijkqrs

ĥijkσ̂ikσ̂jrσ̂qsĝqrs +
∑
ijkqrs

ĥijkσ̂irσ̂jkσ̂qsĝqrs

+
∑
ijkqrs

ĥijkσ̂ij σ̂ksσ̂qrĝqrs +
∑
ijkqrs

ĥijkσ̂ikσ̂jsσ̂qrĝqrs +
∑
ijkqrs

ĥijkσ̂isσ̂jkσ̂qrĝqrs.

These 9 elements have the same quantility and we have∑
ijkqrs

ĥijkσ̂ij σ̂kqσ̂rsĝqrs =
∑
ijkqrs

σ̂ij ĥijkσ̂kq ĝqrsσ̂rs (32)

= vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĝ

)′
vec

((
∇2ĥ

)−1
)
.

The second group consists of 6 elements which doesn’t include one term from (σ̂ij , σ̂ik, σ̂jk),

that is ∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksσ̂qsĝqrs +
∑
ijkqrs

ĥijkσ̂irσ̂jqσ̂ksσ̂qsĝqrs

+
∑
ijkqrs

ĥijkσ̂iqσ̂jsσ̂krσ̂qsĝqrs +
∑
ijkqrs

ĥijkσ̂isσ̂jqσ̂krσ̂qsĝqrs

+
∑
ijkqrs

ĥijkσ̂irσ̂jsσ̂kqσ̂qsĝqrs +
∑
ijkqrs

ĥijkσ̂isσ̂jrσ̂kqσ̂qsĝqrs.

These 6 elements have the same quantility and we have∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksσ̂qsĝqrs (33)

= vec
(
∇3ĝ

)′ [(∇2ĥ
)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
.

Then from (32) and (33), we can get

− 1

36

∑
ijkζηξ

ĥijkµ
6
ijkζηξ ĝζηξ (34)

= − 9

36

∑
ijkζηξ

σ̂ij ĥijkσ̂kζ ĝζηξσ̂ηξ −
6

36

∑
ijkζηξ

ĥijkσ̂iζ σ̂jησ̂kξ ĝζηξ

= −1

4
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĝ

)′
vec

((
∇2ĥ

)−1
)

−1

6
vec

(
∇3ĝ

)′ [(∇2ĥ
)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
,
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3.6 For the term 1
72

∑
ijkqrs ĥijkĥqrsµ

6
ijkqrs

Similiar to the proof of (34)

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs

=
9

72

∑
ijkqrs

σ̂ij ĥijkσ̂kqĥqrsσ̂rs +
6

72

∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĥqrs

where∑
ijkqrs

σ̂ij ĥijkσ̂kqĥqrsσ̂rs = vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)
,

∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĥqrs =
∑
ijk

ĥijk
∑
qrs

σ̂iqσ̂jrσ̂ksĥqrs

= vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
,

then we can get

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs (35)

=
1

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)

+
1

12
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
.

3.7 For the term 1
144

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstwĝtw

We can decompose
∑

ijkqrstw ĥijkĥqrsµ
8
ijkqrstwĝtw into seven groups. One group is the terms

that have σ̂tw. That is, we have∑
ijkqrstw

ĥijkĥqrsµ
6
ijkqrsσ̂twĝtw (36)

=
∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs

∑
tw

σ̂twĝtw

= 9vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+6vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
by (29). Note that there are 15 terms in this group.
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The other six groups have the same quantity. One of them which has σ̂sw in each element

is as follows: ∑
ijkqrstw

ĥijkĥqrsσ̂ij σ̂kqσ̂rtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂ij σ̂krσ̂qtσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂ij σ̂ktσ̂qrσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jqσ̂rtσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jrσ̂qtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jtσ̂qrσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂iqσ̂jkσ̂rtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂iqσ̂jrσ̂ktσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂iqσ̂jtσ̂krσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jkσ̂qtσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jqσ̂ktσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jtσ̂kqσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jkσ̂qrσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jqσ̂krσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jrσ̂kqσ̂swĝtw.

Note that this group can be further decomposed into three sub-groups. The first sub-group

consists of 6 elements which include σ̂rt or σ̂qt, that is∑
ijkqrstw

ĥijkĥqrsσ̂ij σ̂kqσ̂rtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂ij σ̂krσ̂qtσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jqσ̂rtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jrσ̂qtσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂iqσ̂jkσ̂rtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jkσ̂qtσ̂swĝtw.

These 6 elements has the same quantity and we have∑
ijkqrstw

ĥijkĥqrsσ̂irσ̂jkσ̂qtσ̂swĝtw (37)

=
∑

ijkqrstw

σ̂jkĥjkiσ̂irĥrqsσ̂qtĝtwσ̂sw

= vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)
.

The second sub-group consists of 3 elements which include one term from (σ̂kt, σ̂rt, σ̂qt) and

one term from (σ̂ij , σ̂ik, σ̂jk), that is∑
ijkqrstw

ĥijkĥqrsσ̂ij σ̂ktσ̂qrσ̂swĝtw+
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jtσ̂qrσ̂swĝtw+
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jkσ̂qrσ̂swĝtw.
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These 3 elements has the same quantity and we have∑
ijkqrstw

ĥijkĥqrsσ̂itσ̂jkσ̂qrσ̂swĝtw (38)

=
∑

ijkqrstw

ĥijkĥqrsσ̂jkσ̂qrσ̂itĝtwσ̂sw =
∑

ijkqrstw

σ̂jkĥjkiσ̂itĝtwσ̂swĥsqrσ̂qr

= vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
)
.

The third sub-group consists of 6 elements which include one term from (σ̂ij , σ̂ik, σ̂jk) but

doesn’t include any term from (σ̂kt, σ̂rt, σ̂qt)∑
ijkqrstw

ĥijkĥqrsσ̂iqσ̂jrσ̂ktσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂iqσ̂jtσ̂krσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jqσ̂ktσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jtσ̂kqσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jqσ̂krσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jrσ̂kqσ̂swĝtw.

These 6 elements has the same quantity and we have∑
ijkqrstw

ĥijkĥqrsσ̂itσ̂jrσ̂kqσ̂swĝtw (39)

=
∑

ijkqrstw

ĥijkĥqrsσ̂jrσ̂kqσ̂itĝtwσ̂sw =
∑

ijkqrstw

ĥijkσ̂itĝtwσ̂wsσ̂jrσ̂kqĥsrq

= vec
(
∇3ĥ

)′ [((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
.

Then from (36), (37), (38) and (39), we have

1

144

∑
ijkqrstw

ĥijkĥqrsµ
8
ijkqrstwĝtw (40)

=
9

144
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

6

144
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

36

144
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)

+
18

144
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
)

+
36

144
vec

(
∇3ĥ

)′ [((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
)
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
.

We can rewrite (37) as
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∑
ijkqrstw

ĥijkĥqrsσ̂irσ̂jkσ̂qtσ̂swĝtw (41)

=
∑

ijkqrstw

σ̂jkĥjkiσ̂irĥrqsσ̂qtσ̂swĝtw =
∑

ijkqrstw

σ̂tqσ̂jkĥjkiσ̂irĥqrsσ̂swĝtw

=
∑
tw

 ∑
ijkqrs

σ̂tqσ̂jkĥjkiσ̂irĥqrsσ̂sw

 ĝtw =
∑
tw

 ∑
ijkqrs

σ̂tqĥijkσ̂jkσ̂irĥqrsσ̂sw

 ĝtw
= tr

[[(
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
)
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]
,

and ∑
ijkqrstw

ĥijkĥqrsσ̂itσ̂jkσ̂qrσ̂swĝtw (42)

=
∑

ijkqrstw

ĥijkĥqrsσ̂jkσ̂qrσ̂itĝtwσ̂sw =
∑

ijkqrstw

σ̂jkĥjkiσ̂itĝtwσ̂swĥsqrσ̂qr

=
∑

ijkqrstw

σ̂tiσ̂jkĥjkiσ̂qrĥqrsσ̂swĝtw

= tr

[[(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
)
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
]
∇2ĝ

]
and ∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jrσ̂kqσ̂swĝtw (43)

=
∑

ijkqrstw

ĥijkĥqrsσ̂jrσ̂kqσ̂itĝtwσ̂sw =
∑

ijkqrstw

ĥijkσ̂itĝtwσ̂wsσ̂jrσ̂kqĥsrq

=
∑

ijkqrstw

σ̂tiĥikj σ̂kqσ̂jrĥqrsσ̂swĝtw

= tr

[(
∇2ĥ

)−1
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ′

(
∇2ĥ

)−1
∇2ĝ

]
Then we have

1

144

∑
ijkqrstw

ĥijkĥqrsµ
8
ijkqrstwĝtw (44)

=
9

144
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

6

144
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

36

144
tr

[[(
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
)
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]
+

18

144
tr

[[(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
)
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
]
∇2ĝ

]
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+
36

144
tr

[(
∇2ĥ

)−1
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ′

(
∇2ĥ

)−1
∇2ĝ

]
.

3.8 For the term 1
72

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstw b̂D,w ĝt

b̂D

∑
ijkqrstw

ĥijkĥqrsσ̂irσ̂jkσ̂qtσ̂sw b̂D,wĝt

=
∑

ijkqrstw

σ̂sw b̂D,wσ̂jkĥjkiσ̂irĥsrqσ̂qtĝt

= vec

((
∇2ĥ

)−1
b̂Dvec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
)
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

∑
ijkqrstw

ĥijkĥqrsσ̂itσ̂jkσ̂qrσ̂sw b̂D,wĝt

=
∑

ijkqrstw

σ̂qrĥqrsb̂D,wσ̂swσ̂jkĥjkiσ̂itĝt

= vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
b̂Dvec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

∑
ijkqrstw

ĥijkĥqrsσ̂itσ̂jrσ̂kqσ̂sw b̂D,wĝt

=
∑

ijkqrstw

ĥijkĥqrsσ̂jrσ̂kqσ̂itb̂D,wĝtσ̂sw =
∑

ijkqrstw

ĥijkσ̂itb̂D,wĝtσ̂swσ̂jrσ̂kqĥsrq

=
∑

ijkqrstw

σ̂jrσ̂sw b̂D,wĥsrqσ̂qkĥjkiσ̂itĝt

= vec

(((
∇2ĥ

)−1
⊗
((
∇2ĥ

)−1
b̂D

)′)
∇3ĥ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

1

72

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstw b̂D,wĝt

b̂D

=
1

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)
tr

[(
∇2ĥ

)−1 ∇b̂D
b̂D
∇ĝ′

]

+
1

12
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
tr

[(
∇2ĥ

)−1 ∇b̂D
b̂D
∇ĝ′

]
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+
1

2
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1 ∇b̂D
b̂D
∇ĝ′

(
∇2ĥ

)−1
)

+
1

4
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D
∇ĝ′

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
)

+
1

2
vec

(
∇3ĥ

)′ [((
∇2ĥ

)−1 ∇b̂D
b̂D
∇ĝ′

(
∇2ĥ

)−1
)
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
=

1

8
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1
)
∇b̂D
b̂D

′ (
∇2ĥ

)−1
∇ĝ

+
1

12
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

) ∇b̂D
b̂D

′ (
∇2ĥ

)−1
∇ĝ

+
1

2
vec

((
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
)
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

4
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

2
vec

(((
∇2ĥ

)−1
⊗
((
∇2ĥ

)−1 ∇b̂D
b̂D

)′)
∇3ĥ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

3.9 For the term 1
144

∑
ijkqrstw ĥijkĥqrstµ

8
ijkqrstwĝw

In this case, we can decompose µ8
ijkqrstw into seven groups, each has 15 terms. The first four

groups has σ̂qw, σ̂rw, σ̂sw, σ̂tw in each term repectively which have the similiar structures.

Out of these four groups, the group with σ̂tw is as follows∑
ijkqrstw

ĥijkĥqrstσ̂ij σ̂kqσ̂rsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ij σ̂krσ̂qsσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂ij σ̂ksσ̂qrσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jqσ̂rsσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jrσ̂qsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jsσ̂qrσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂iqσ̂jkσ̂rsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂iqσ̂jrσ̂ksσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂iqσ̂jsσ̂ksσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jkσ̂qsσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jqσ̂ksσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jsσ̂kqσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jkσ̂qrσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jqσ̂krσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jrσ̂kqσ̂twĝw.
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The above 15 terms can be further decomposed into two different sub-groups by whether two

of (i, j, k) are in the same combination of subscript (whether we have σ̂ij or σ̂jk or σ̂ik). One

sub-group is ∑
ijkqrstw

ĥijkĥqrstσ̂ij σ̂kqσ̂rsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ij σ̂krσ̂qsσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂ij σ̂ksσ̂qrσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jqσ̂rsσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jrσ̂qsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jsσ̂qrσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂iqσ̂jkσ̂rsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jkσ̂qsσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jkσ̂qrσ̂twĝw

which consists of 9 terms. Note that each term in this sub-group has the same value and we

have ∑
ijkqrstw

ĥijkĥqrstσ̂ij σ̂kqσ̂rsσ̂twĝw

=
∑

ijkqrstw

σ̂rsσ̂ij ĥijkσ̂kqĥrsqtσ̂twĝw

=

[
vec

((
∇2ĥ

)−1
)′
⊗
(
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
)]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ.

Antoher sub-group is∑
ijkqrstw

ĥijkĥqrstσ̂iqσ̂jrσ̂ksσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂iqσ̂jsσ̂ksσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jqσ̂ksσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jsσ̂kqσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jqσ̂krσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jrσ̂kqσ̂twĝw

which consists of 6 terms. Note that each term in this subgroup has the same value and we

have ∑
ijkqrstw

ĥijkĥqrstσ̂iqσ̂jrσ̂ksσ̂twĝw

=
∑

ijkqrstw

ĥijkσ̂iqσ̂jrσ̂ksĥqrstσ̂twĝw

= vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ.
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The second three groups has σ̂iw, σ̂jw, σ̂kw in each term repectively which have the similiar

structures. Out of these three groups, the group with σ̂iw is as follows∑
ijkqrstw

ĥijkĥqrstσ̂jkσ̂qrσ̂stσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jkσ̂qsσ̂rtσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jkσ̂qtσ̂rsσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jqσ̂krσ̂stσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jqσ̂ksσ̂rtσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jqσ̂ktσ̂rsσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂kqσ̂stσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂ksσ̂qtσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂ktσ̂qsσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂kqσ̂rtσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂krσ̂qtσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂ktσ̂qrσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂kqσ̂rsσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂krσ̂qsσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂ksσ̂qrσ̂iwĝw.

This group can be further decomposed into two sub-groups. The first sub-group is as follows∑
ijkqrstw

ĥijkĥqrstσ̂jkσ̂qrσ̂stσ̂iwĝw+
∑

ijkqrstw

ĥijkĥqrstσ̂jkσ̂qsσ̂rtσ̂iwĝw+
∑

ijkqrstw

ĥijkĥqrstσ̂jkσ̂qtσ̂rsσ̂iwĝw.

Note that each element in this group include σ̂jk. There are 3 terms in the first sub-group

which have the same value and we have∑
ijkqrstw

ĥijkĥqrstσ̂jkσ̂qrσ̂stσ̂iwĝw

=
∑

ijkqrstw

ĝwσ̂iwσ̂jkĥijkĥqrstσ̂qrσ̂st =
∑
ijkw

ĝwσ̂iwσ̂jkĥijk
∑
qrst

ĥqrstσ̂qrσ̂st

= vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝtr

[((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
))′
∇4ĥ

]
.

The second sub-group consists of remained terms∑
ijkqrstw

ĥijkĥqrstσ̂jqσ̂krσ̂stσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jqσ̂ksσ̂rtσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jqσ̂ktσ̂rsσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂kqσ̂stσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂ksσ̂qtσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂ktσ̂qsσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂kqσ̂rtσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂krσ̂qtσ̂iwĝw
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+
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂ktσ̂qrσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂kqσ̂rsσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂krσ̂qsσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂ksσ̂qrσ̂iwĝw.

There are 12 terms in the second sub-group which have the same value and we have∑
ijkqrstw

ĥijkĥqrstσ̂jqσ̂krσ̂stσ̂iwĝw

=
∑

ijkqrstw

σ̂jqσ̂stĥqstrσ̂rkĥjkiσ̂iwĝw

= vec

(((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)′)
∇4ĥ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

Then we have

1

144

∑
ijkqrstw

ĥijkĥqrstµ
8
ijkqrstwĝw (45)

=
36

144

[
vec

((
∇2ĥ

)−1
)′
⊗
(
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
)]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
24

144
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
9

144
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝtr

[((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
))′
∇4ĥ

]
+

36

144
vec

(((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)′)
∇4ĥ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

=
1

4

[
vec

((
∇2ĥ

)−1
)′
⊗
(
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
)]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

6
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

16
tr

[((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
))′
∇4ĥ

]
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

4
vec

(((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1
)′)
∇4ĥ

(
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

3.10 For the term − 1
1296

∑
ijkqrstwvβ ĥijkĥqrsĥtwvµ

10
ijkqrstwvβ ĝβ

Note that µ10
ijkqrstwvβ can be decomposed into 9 groups which have the same quantility. Each

group has 105 elements which have σ̂iβ, σ̂jβ, σ̂kβ, σ̂qβ, σ̂rβ, σ̂sβ, σ̂tβ, σ̂wβ and σ̂vβ. We take the

group with σ̂vβ as an example. This group is further decomposed into 7 groups with 15

elements in each group. There are 6 groups out of 7 like the follows:

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂kqσ̂rtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂krσ̂qtσ̂swσ̂vβ ĝβ
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+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂ktσ̂qrσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂jqσ̂rtσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂krσ̂qtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂ktσ̂qrσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jkσ̂rtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ktσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jtσ̂krσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jkσ̂qtσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jqσ̂ktσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂jtσ̂kqσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂kj σ̂qrσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂kqσ̂jrσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂krσ̂jqσ̂swσ̂vβ ĝβ.

The elements in these group don’t include σ̂tw. We can further decomposed the above group

into two sub-groups. The first sub-group is as follows. The elements of this sub-group include

σ̂ij , σ̂ik or σ̂jk∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂kqσ̂rtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂krσ̂qtσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂ktσ̂qrσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂jqσ̂rtσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂krσ̂qtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂ktσ̂qrσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jkσ̂rtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jkσ̂qtσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂kj σ̂qrσ̂swσ̂vβ ĝβ.

There are 9 terms in the first sub-group which have the same quantity and we have∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂kqσ̂rtσ̂swσ̂vβ ĝβ

=
∑

ijkqrstwvβ

σ̂ij ĥijkσ̂kqĥqrsσ̂rtσ̂swĥtwvσ̂vβ ĝβ

= vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

The second sub-group is as follows∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ktσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jtσ̂krσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jqσ̂ktσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂jtσ̂kqσ̂swσ̂vβ ĝβ
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+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂kqσ̂jrσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂krσ̂jqσ̂swσ̂vβ ĝβ

There are 6 terms in the second sub-group which have the same quantity and we have∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ktσ̂swσ̂vβ ĝβ

=
∑

ijkqrstwvβ

ĥijkσ̂iqσ̂jrĥqrsσ̂ktσ̂swĥtwvσ̂vβ ĝβ

= vec

(
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

Note that out of the 7 groups, we have 1 group remained as follows∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂kqσ̂rsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂krσ̂qsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂ksσ̂qrσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂jqσ̂rsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂krσ̂qsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂ksσ̂qrσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jkσ̂rsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ksσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jsσ̂krσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jkσ̂qsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jqσ̂ksσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂jsσ̂kqσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂kj σ̂qrσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂kqσ̂jrσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂krσ̂jqσ̂twσ̂vβ ĝβ.

We can further decomposed the above group into two sub-groups. The first sub-group is as

follows ∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂kqσ̂rsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂krσ̂qsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂ksσ̂qrσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂jqσ̂rsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂krσ̂qsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂ksσ̂qrσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jkσ̂rsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jkσ̂qsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂kj σ̂qrσ̂twσ̂vβ ĝβ.
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The elements of this sub-group include σ̂ij , σ̂ik or σ̂jk. There are 9 terms in the first sub-group

which have the same quantity and we have∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ij σ̂kqσ̂rsσ̂twσ̂vβ ĝβ

=
∑
ijkqrs

σ̂ij ĥijkσ̂kqĥqrsσ̂rs
∑
twvβ

σ̂twĥtwvσ̂vβ ĝβ

= vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
)

×vec
((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

The second sub-group is as follows∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ksσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jsσ̂krσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jqσ̂ksσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂jsσ̂kqσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂kqσ̂jrσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂krσ̂jqσ̂twσ̂vβ ĝβ.

There are 6 terms in the second sub-group which have the same value and we have∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ksσ̂twσ̂vβ ĝβ

=
∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĥqrs
∑
twvβ

σ̂twĥtwvσ̂vβ ĝβ

= vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
×vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

Then we have

− 1

1296

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvµ
10
ijkqrstwvβ ĝβ (46)

= −9× 6× 9

1296
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′

×
[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−9× 6× 6

1296
vec

(
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

)′
×
[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−9× 1× 9

1296
vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
)
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×vec
((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−9× 1× 6

1296
vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
]
vec

(
∇3ĥ

)
×vec

((
∇2ĥ

)−1
)′
∇3ĥ

(
∇2ĥ

)−1
∇g

Note that
9× 6× 9

1296
=

3

8
,
9× 6× 6

1296
=

1

4
,
9× 1× 9

1296
=

1

16
,
9× 1× 6

1296
=

1

24
.
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