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1 High Order Analytical Expansions

The purpose of this online supplement is to prove Lemma 3.2 in Li, et al (2017). Suppose O is a
compact subset of R, For any 6 € ©, {h,(0) : n=1,2,...} is a sequence of eight-times con-

tinuously differentiable functions of 8, having an interior global minimum {gn n=12,.. .};

b(#) is a six-times continuously differentiable real function of #. For any function f(#), let 7
be the value of function f evaluated at (/9\n, ie., f = f (5,1) When there is no confusion,
we write h,(0) as h(6) or hy, or even h and b(f) as b. We use B; (0) to denote the open ball
of radius ¢ centered at 0. So B s (0) is an open ball of radius \/nd centered at the origin.
For convenience of exposition, we write W f(0) as fj,...;,- The Hessian of h,, at
is denoted by V?2h,, (), and its (i, j)-component is written as h;i; while the components of its
inverse is written as h¥/. Let ,ufjk ” ,u?jk rs; ”?jqustw’ “zlg(')qustwv 5 /‘}Jqurstwv 5r¢ be the fourth,
sixth, eighth, tenth, and twelfth central moments of a multivariate Normal distribution whose
covariance matrix is (V%)il = (V2h, (9))71 lg—p, - Note that we require hy(6) be eight-
times continuously differentiable and b(6) be six-times continuously differentiable. These two
conditions are stronger than what have typically been assumed in the literature on the Laplace
approximation as we would like to develop higher order expansions.

Following Kass et al (1990), we call the pair ({hy},b) satisfy the analytical assumptions
for Laplace’s method if the following assumptions are met. There exists positive numbers

g, M and 7, and an integer ny such that n > ngy implies (i) for all § € B. <§n> and all
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1<ji,---,ja < Pwith0<d<8, ||hy,(0)|| <M and ||hj,...;, (0)]| < M; (ii) V2h is positive
definite and det (Vﬁ) > 1; (iii) [g b(0) exp [—nh (0)] df exists and is finite, and for all ¢ for
which 0 < § < = and B; (8, ) C ©,

[det (nv%})} : /935 o) b(0)exp |—nhy, (0) — nﬁ} do =0 (n?%).

If one sets —nh,, to be the sequence of log-likelihood functions of a model (as a sequence
of sample size n), we say the model is Laplace regular. Lemma 1.1 below and Lemma 2.1 in
the next section extend Theorem 1 and Theorem 5 of Kass et al (1990) to a higher order.
They will be used to prove Lemma 3.2 in Li, et al (2017).

Lemma 1.1 If ({h,},b) satisfy the analytical assumptions for Laplace’s method, then

/eb (0) exp [—nh (0)] df = (27r)§ [det (nV%)} 2 exp [—nﬁ] <B+ %Al + %AQ +0 (n_3)> ,

where
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Proof. Note that

/@b (0) exp [—nh (0)] db = /135@") b(0) exp [—nh (0)] db + / b (0) exp [—nh (0)] db,

©—B;(0n)

and

/  b(8) exp—nh (8)] 8
©—B;(0n)



1
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[det (Wzﬁ)] )

by assumption (iii) above.
Let u=+/n (9 — @n) Applying the Taylor expansion to h (6) at 0,,, we have

N
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Applying the Taylor expansion to exp (—z) at the origin, we have
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Taylor-expanding b (6) at /H\n, we have
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Hence,
b(0)exp[—nh(0)] = {exp [—nﬂ } exp —% Z?&ijuiuj {In (9,5n> + R, (9,/@)}
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where I, (9,5n) and R, (9,§n) will be specified below. Thus,
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where R, (9,§n) is the sum of terms involving Ry (0,/0\”), Ry, <0,5n> and terms of order

equal to or smaller than O(n~3). Furthermore, we can get

Ry p (0 0 ) 720 waqus (~> U U UL Ug Uy U,

where 0 lies between 6 and gn So the leading term of R, (0, /0\n> are gRln (9, §n> + Roy, (9, /én)

which include 7, (u). The integral of r,, (u) over B. (§n> can be expressed as
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where pr (f) h‘ exp { Zij Eijuiu]} Zijk;qrstw | Ui UL Ug U UsUs Uy | du is the eighth

order m?ment of folded multivariate folded normal distribution with mean 0 and covariance
<V2ﬁ) which is finite; see Kamat (1953) and Kan and Robotti (2017). Then we have
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be the (liensity function of the Normal distribution with mean 0 and covariance matrix
<V2ﬁ) . Then we have
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Note that the odd order central moments of the multivariate normal distribution vanish and,

by expanding the domain from B, /5 (0) to RF, the error can be expressed as
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by the imposed assumptions. The first inequality follows from the fact that
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where A is a positive definite matrix, and Amin is the the smallest eigenvalue of A. Here, we

only express one term of I, (9,§n>. The other terms can be analyzed similarly.



Hence, we have
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Hence, this lemma is proved. m

2 High Order Stochastic Expansions

In this section we will develop high order stochastic Laplace expansions. Suppose y =
(y1,Y2,- -+ ,yn) is a collection of random variables defined on a common probability space
{Q, F, pp}, where € is a sample space, F is a sigma-algebra, and gy is a probability measure
that depends on parameter § € ©, a compact subset of R, Assume {y;,i =1,2,---} take
values in the same mathematical space &, which must be measurable with respect to some
sigma-algebra, ¥. Let h,(y,0) be a sequence of functions, each of which is eight-times continu-
ously differentiable with respect to # and has an interior global minimum {5,1 n=12,.. .};
b(f) is a six-times continuously differentiable real function of . When there is no confusion,
we write hy(y,0) as h(6) or h, or even h and b(f) as b. For any function f(0), let f be the
value of function f evaluated at 5,“ ie., ]?:: f <§n)

We call the pair ({hy},b) satisfy the analytical assumptions for the stochastic Laplace
method on gy if the following assumptions are satisfied. There exists positive numbers ¢,
M and 7 such that (i) with probability approach one (w.p.a.l), for all § € B, <5n> and all
1< g1, ,ja < Pwith0 <d<8, |[hy (8] < M and ||hy,..;, (0)]] < M; (i) w.p.a.1, V>R
is positive definite and det <V2ﬁ) > n; (iii) [g b(0) exp (—nhy, (0)) df exists and is finite, and
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for all § for which 0 < § < ¢ and B (én) co,

[aet (no8)] [ o O [0 (1@ - B)] 0 =0, (67

Note that our assumptions are different from those in Section 3 of Kass et al (1990) in
two aspects. First, we require h,, () be eight-times continuously differentiable and () be six-
times continuously differentiable. Second, for conditions (ii) and (iii), instead of almost sure
boundedness and almost sure convergence, we assume they hold w.p.a.1. We do so because we
are interested in convergence in probability only. Following the result in Theorem 7 of Kass
et al (1990), ({h,},b) satisfy the analytical assumptions for stochastic Laplace’s method on

pp and Lemma 1.1 above, it is straightforward to show that

N

/@ b(6) exp [—nh ()] d0 = (27) % [det (nv%})} exp [—nﬁ] <3+ %Al + %AQ +0, (n3)> ,

(1)

where the expressions for Ay and Ay are given in Lemma 1.1.

Lemma 2.1 If both ({h,},g9 x bp) and ({h,},bp) satisfy the analytical assumptions for the

stochastic Laplace method on gy, then
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where 0;j = K.

Proof. If {n" () by} and {RP (0),bp} satisfy the analytical assumptions for the stochastic
Laplace method on gy, then by (1)
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From Tierney and Kadane (1986) and Miyata (2004, 2010), we have
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72 bp
1jkq wkq mkq ijkq ""ijkqijkq
)]
24 bD

where o;; = h*.

by (dzv_dD>
bp \by  bp
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N N 6 7D 6 3
_ 1 bN Zijqus hijquslu’ijqus - Zijqus hijquslu’ijqusbN
720 bp

N TN TN 8 D 7D 8
1 by Zijqustw hiskgrstw s kgrstw — Zijqustw Pk Mrstw b jkgrstwON

1152 bp

~

1 bN Ez]qustw h’zykhqrstwﬂz]qustw - Eijqustw hl]khqrstwluz]qustwa
720 bD
7N 7N 5N 10 7D 3D BD 10 7
. 1 bN Zijqustwvﬁ hijkhQTShthMijqustwv,B - Zijqustwvﬂ hz’jkhqrshtwvruijqustwvﬁb]\f
1728 D

bN Zzg kqrstwvBTe z]khqrs htw” h57'¢“uqustwv,87¢
1 sz kqrstwvBT¢o hi] k hqrs htwv hﬁﬂblu’m qustwvﬁTgbbN

31101 D
N 6 FNNEN 7D 6 1.7
_L Eijqus hijquuijqusbN75bD - Zijqus hijqu:uijquszysbN
120 )
_'_L Zijqustw hz]kthStuz]qustwa ’LUbD Zijqustw hzgkthSt/LqurstwbD wa
2
144 b,
10 PN 10 PN
. 1 Zzgqustwv,@ hzgkhqrshtwv'uijqustwvﬂb]v»ﬁbD - Z'ijqrstwvﬁ hzykthShtwvlu’ijqustwvﬁbDﬁbN
1296 2
N 6 77 2D 6 7
_i Zijk:qrs hijkq#ijqusbN’TSbD - Zijqus hijkq”ijquszvTSbN
72
48 b,
72N 7N 8 FNS 72D 7D 8 2.7
+i Zijqustw hijk:hqrs“ijqustwa»twbD - Zijk:qrstw hijkhqrslu’ijqustwbthwa
72
144 b7
N 6 N 7 72D 6 N N
1 Zijk{n{ bt keneON.cnebp — Zijk(n{ Bk eneb D cnebN
72
36 b,
4 7 7 4 7 7
L 2t HnguON cngwbD = D g HngubD enewbN
72
24 b2
cp by (CN - CD) _ L 2y Oubnasb = 3y 0ibosby
pbp \bn  bp b3,
N FNS 72D 7D ,6 L 7
B 1 . Zijkq hijkuijkquvqu - Zijkq hz‘jkhqrsﬂijqusz,qu
6" 5
+i bn Zijqus hl]khqrsiuz]qus B Zijkq hzgkhQ'r‘SuzjqusbN
2
72 b2,
7 N 4 72D 4 7
_ic by Zijkq hijkqﬂijkq - Zijkq hz‘jkqlu’z‘jkqu
24 3% ’

If we set by (0) = g (0)bp (0) and Y (§) = hP (A) = h(#), we can show the following results

13



for the derivatives of by (0):
b, (0) = 9:(8) bp (0) + g (0) bp . (0), (2)
bn,ij (0) = gi5 (0) bp (0) + i (0) bp; (0) + gj (8) bp,i (0) + g (0) bp i (0) , (3)

bn,ije (0) = gijk (0)bp (0) + g5 (0) bp .k (0) + gir (0) bp,; (0) + gi (0) bp jx (0) + gjx (0) bp,i (0)
+9; (0) bp,ir (0) + gr (6) bp,i; (0) + g (0) bp,ijk (0) , (4)

ONijkg (0) = Gijig (0) b (0) + gijk (6) bpq (0) + gijq (6) bpk (6) + 35 (0) bp kg (0)

+9ikg (0) bp,j (0) + gk (0) bD,jq (6) + giq (6) bp,j1 (0) + 9i (0) bD jig (0)
+9jkq (0) bD,i (0) + gjk (0) bD,iq (0) + gjq (0) bp ik (0) + g5 (6) bp,ikq (0)
+9kq (0) bp,ij () + gk (0) bpijq (0) + gq (8) bp,ijk (0) + g (0) bp,ijkg (0) , (5)

—_

bn,ij (0) bp (0) — bp.i; (0) b (6)
= [9i; (0)bp (0) + i (0) bp,; (6) + g; (0) bpi (6) + g (0) bp.i; ()] bp (6) — bp.ij (6) g (0) b (0)
= 94 (0)bp (6)> + 9: (6) bp,; () bp () + 95 (6) bp i (6) bp (6)
+9(0) bp,i; (0) bp (0) — bp,i; (0) g (0) bp (0)
= 9ij () bp (6) + i (8) bp,; (6) bp (8) + g; (8) bp.: (6) bp (6). (6)

= (9:(0)bp (0) +g(0)bp,; (0))bp () —bp; (0) g (0)bp () = g; () bp (0)*,  (7)

_ [ 9ijk (0)bp (0) + 935 (6) bp k (0) + gik (6) bp.; (6) + 9: (6) bp 31 (0) ] bo(0),  (8)
g5 (0) bpi (8) + g; () bp.ik (0) + gk () bpij (6) P

bN,ijkq (0) bD (6) — bpijkq (0) by (6)

_ [ Gijhg (0) br (0) + giji (0) bp.g (0) + gijq (6) D 1 (0) + 945 (0) bD kg (0) }b )
+9ikq (0) bp,j (0) + gir: (0) bp,jq (0) + giq (0) bp jx (0) + gi (0) bp jkq (0)
0

Gjkq (0)bpi (0) + gk (0) bp.ig (0) + gjq (0) bp ik (8) + gj (6) bp ikg (0)
+ [ +9iq (0) bp.i; (0) +qu () bD,Z]q( 0) + g4 (0) bp, ijk( 0) ] bp (). (9)

Thus, we have

N (CN CD) 1 GijbN,ijbp — 315 Giibp by
bp \by bp/) 2 b2,
1 2 ijkg ﬁgkﬂ?jkqu,qu — 2ijkg Egk/i?jquD,qu
6 sz

14



1224 0ij (bN,iij - bD,z’ij) 1 Xijhg Mgk i1 (bN,qu - bD,qu)

2 b2, 6 v
where
>ij Oij (EN,z'jZD - /b\D,ij/b\N> > i i (/g\z'j/b\%) + Gibp.ibp + /g\jED,i/b\D>
bh b%
204 04i9ibh + 235, 5459ibp ;b
b}
__2Y,.6ibp i
ij bp

from (6) and

Tnabp — oy (960D +300.) b0 —bpggbn
2 —= 2 = —= = gq
bh b}

by (7). Hence,

by (en cp I 2 &z’j/b\D,jai 1~ R
bp \bn  bp r bp o
From (8) and (9), we can get
TN .6 N N 7D .6 N N
Zijkcng hijkﬂijkgnng,Cnsz - Zz‘jk{nf hijk#ijkgnng,Cnf by
b

S JEPS .
2 ijkcne Mgk Hijhcne | 9enebD + Genbp g + Geebp,n + Gcbp,ne + Gnebp ¢ + Gnbp e + gsz,cn]

bo

~ P ~ -
3 szkgng hijkﬂijkgnggme,E n 3 szk@g hijk“ijkgnggc bp e

- Z hijiijkcnedcn + ; > . (10)
ijk¢né D D
4 T T 4 ~ ~
2w HingwbN.engwbD = 2 ¢pgu HingwbD cngwbN
b,
4 - N 4 o~

_ 4 = 42 cngw HenewentbDw | 03 cnew HenewdinbD gw
- Z Hénewdingw + 7 + -

¢néw D D

4 ~7 4 o~
X 42 ¢t “ﬁn&wgé‘ bD new n 42 cngw NﬁngwngDmﬁw ' ()

bD bD

We can also show that

~

b (i)
b \bx b
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hoo 6 NI NIy
1 ZijquS hZ]quMijqus (bN,SbD bD,sbN)

120 3
1 Zijqustw /}\Lijkﬁqrstﬂ?jqustw (gN,w/b\D - ED’“’BN>
1 Dijhqrstwns ?Lijk/ﬁquﬁtw“M}fqustwvﬁ (EN ,BZD - /b\D,B/b\N>
1296 »
1 Zijqus Eijkq/‘?jqus (51\7,7«5?3\1) _ZD,TSBN )
18 32D

1 Zijqustw hijkhqrsiulsjqustw (bN,twbD - bDﬂfwa)
144 32
D

1 Ez‘jkgng hijkﬂ?jkCng <bN,<n£bD - bD,CnibN)
36 b2D

| Centw o (PN.cogb = b cocubi)
24 b2D

since bV (0) = hP (0) = h(#). Hence, with (6), (7), (10), and (11), it can be shown that

zN(dN_dD>
T

1 -~ 6 ~ 1 T 7 8 ~
- hijk:qr,uijqusgs + § hijkhqrstﬂijqustwgw
120 4 144
ijkqrs ijkqrstw

: Riinhgrsh 1 ijhgrs PigkattGiagrabD.sGr
7% Z hijkhqrshtwvuzljoqustwvﬁgﬁ - ﬂ WA = LI%qrs
ijkqrstwv

bp

~ o~ 8 ~ ~ 6 o~
i Zijqustw hijkhqrsluijqustwbD,wgt . i Zijk(n{ hijkuijkCnéngDv”If

+

Z D 12 oh
4~
12 ¢ngw Mingw9cODmgw 1 R T
+6 -~ T AR hijkqluijqusgrs
bp 48 «
ijkqrs
1 ~ o~ - 1 ~ N
+m Z hijkhqmﬂzsjqustwgtw - 36 Z hz‘jkﬂgjkcngggng
ijkqrstw igkCn&

1 4~ 1 Zz’jk(ng Eijkﬂ%kgn@@gﬂi
tog D Henewlontw — 5 =
24 12 bp
¢néw
4 =~ 7 4 o
1 2 gngs Fong9inebDio 1 2o HingwIintD g

+

Using matrix notation for high order derivatives used in Magnus and Neudecker (1999)

(with the exception that the first order derivative of a scalar function in our setting is a column
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vector), we can write Lemma 2.1 in matrix form. Before we do that, let us first introduce the

following Generalized Isserlis theorem.

Theorem 2.1 (Generalized Isserlis Theorem) If A = {«ay,...,asn} is a set of integers
such that 1 < a; < P, for each i € [1,2N] and X € R is a zero mean multivariate normal
random vector, then

E(Xj) = EAHE (XiX;), (12)

where EXy = E (I X,,) = and the notation ¥II means summing over all distinct
ways of partitioning Xa,, ..., Xayy nto pairs (X;, X;) and each summand is the product of
the N pairs. This yields (2N)!/ (2N N!) = (2N — 1)!! terms in the sum where (2N — 1)!! is

the double factorial defined by (2N — 1)!l = (2N —1) x (2N —3) x --- x 1.

AL,.., 02N

The Isserlis theorem, first obtained by Isserlis (1918), expresses the higher order moments
of a zero mean Gaussian vector X € R” in terms of its covariance matrix. The generalized
Isserlis theorem is due to Withers (1985) and Vignat (2012). For example, if 2N = 4, then

E (X1X2X3X4) =F (Xng) E (X3X4) + F (Xng) FE (X2X4) + F (X1X4) FE (X2X3)

where o; =i for ¢ € [1,4] and there are (2 x 2 — 1)!! = 3x 1 = 3 terms in the sum. If 2N = 6,

there are 5 X 3 x 1 = 15 terms in the sum.

Lemma 2.2 Let Vih, V7§ and Vibp be the jth order derivatives of h(6), g (0) and bp (6)
evaluated at 0, respectively. If both ({hn},g x bp) and ({h,},bp) satisfy the analytical as-

sumptions for the stochastic Laplace method on gg, then

0)bp (0) exp (—nh, (0))d0 . 1 1 1
fgf(bi ot Gty =0 w1 5 (B30, (55).

where
b= e [(8) 7 9]+ 7 (9R) T2 e (900) ) (90
D

By = —é (V5 (v%)fl (vh) vee [(v%ﬁ)l % vee ((v%)l)]
#3520y () wvee () )| 94 (97R) (VR e ((v00) )
—%va <v2ﬁ)_1 (v?’ﬁ)'vec <(v2ﬁ)_1> X
e ((v%})_l)/v‘? (v) " (v8) vee ((v75) )]
3 V) (72R) e || (v7) e wee ((v) )] (v15) ]
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(v "

bp

. /
ety (o) T o (o))

D
—1—56tr [(V%)l ® vec <(V2TL>1>:| V4h) ] tr [(V2h>l V%’q}
#52vee () ) 97R (9R) 7 (WR) wee ((v) ) o[ (v8) " v9]
—1—521}60 <(v2ﬁ>1>,v3ﬁ (th\)il (V3§) vec ((VQE)]L)
—i—%tr H(Vﬁ{)_1 ® vec (V2E> _1>] V4§]
fgvec ((V2E>I>IV37L (V2ﬁ) - \Var <V2ﬁ) ' VZED

D
ryvee ((v0) ) o (vih) ng + e v (vR) e | (70R) V;ED
By =By x By
By = =tr (v%)fl V;DbD = L e ((v%) 1>/E<3) (v%)*l VZZD

e () () s (55
—gor || (777) T wuee () )] (7).

where 0;; = h and tr denotes the trace of a matriz.

Proof. From (2.1), we first write each term of B; into matrix form by (12)

1 PR 1 PR 1 N N
2 > GG = 3 2 0iifis = 5tr {(V%) V2g] ,
ij

- Giibp.iGi br \-1Vh 1 -1 ~
2 0ibD4Gi _ 3 G52 = (V) (v%) TD — Svec <(v2h) ) V3V,
J
1 PTC 1 PPN 1 27\ 37 (v27) ' os
— 5 D highttliuga = —5 D hijkiiorgds = —vee (v?h) ) v (v?h) v
ijkq ijkq
Then we can similarly write each term of By into matrix form by (12)

1 > . 15 P
120 > Dijhartigrss = ~120 > GijOhqlijkqrOrsds
ijkaqrs ijkqrs
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= e () (V) e (V) e ((v5) 1)),

1 -~ ™ 8 ~
144 2 : hijkthSt:u‘ijqustwgw
ijkqrstw

105 P NP 35 ~ ([~ ~ 7 I N
144 E gwhijkaijakqarshqrstatw = E E Juw tharshtrsq O qk hkljazj
ijkqrstw ijkqrstw

2 o [(v28) " vee ((w98) )] 00 () (99R) v ((v75) ).

L >oh h 10 ~
_ % Z hzjk‘ hqrs htwv 'uijqustwfuﬁgﬁ
ijkqrstwvf

945 e e A A~
= _%” Z Uijhijkgkqhqrsarsatwhtwvavﬁgﬁ
ijkqrstwvf

= 22 g,ﬁaﬁv <Utwﬁtwv> Z (613}27,]]@) (/T\kq (hqrsgrs>
twvf ijkqrs

- R () () e ((v7)")
(e 3 (e ()]

~T 6 = ~
1 Zijqus grhijkqﬂijqusz,sgr

24 bp
15« .~ . . . bps 5 -
= 355 grhz]kqa—ijO—kqo—rs/\77 = _g grars A Z z]kqazgakq
24 ijkqrs bD s ijkq
1 Up N1 -1 N/
- 2wy (v%) lvaDtrH<V2h> ®vec<<v2h) ﬂ (V‘%)],
8 bp
i Zijqustw hijkthSMz'SjqustwbD7w/g\t
D .
105 _ bpw 35 <M bDw> 5o
o h; kh rs0ij0kqOrsOty—=~— = — gtOwt Z ijk0ij0 kqOrsllqrs
72 z’jkq;twgt S bp 24%: D/ ijkqrs
-1Vh PO AN Nl o -1
3 va) (VQE) ' Voo [vec ((V%) ) voh (VQh) V3h'vec ((v%) )] ,
24 bp

~ e e
1 Zijk(ng hijihinenebDmede

12 bp
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= -5 2 Gk chack( k013 ) Y Gng = "
ijk{n& l]kC UIS

- e () <v3ﬁ>'vec<<v2ﬁ>1> o (e "5

~ ~

L2 g P Cn’s‘wb pngwlc _ 3 §48<n35w7b%"§“ _1 GGy "D Otw
6 b 6 b 2 b
D (néw b (néw b
. /
3
1 -1 (V bD) -1
= —(Vy) (V2h> - |:U6C <(V2h) ﬂ ,
2 bp

6 ~
ijkqﬂijqusgrs = E :UZJU’CQ lﬂ“]i :UTSgTS
ijkqrs 1jkq

- _%tr |(7) e ((720) )| (v40) | e | (v20) w7

&=
]
S

1 ~ o~
8 ~
144 2 : hijkthSMijqustwgtw
ijkqrstw
105 aT A A SR 35 o~ o~ R
Y TijhijkOaharsOrs ) Otwgw = 3 > GijhijkGroharsOrs Y Orwgr
ijquS tw ijquS tw

= Bee () ) 0 () (97 wee ((700) ) [(v2R) ).

L« 6 -
—35 D PuktijrcneTons

ijkCne
15 ~ 7o~~~ 5 2A_1/3A 27\ 7 o3ay 27\ 7!
= —oo Y Guhinbclcntne = —pgvee <(v ) > VR (V?R) (V) vee ((v ) ) ,
T3
1 4~ 3 PO
2% Z Hengw9inew = oy Z T¢I ¢wYinew
(néw (néw

= s [ e ((v90) )] (9],

~
1 > ijkcne Mgk jrcne9cnb g

12 oo
15 oo b 5 N1 o oo con (oo ! Vb
= —— TijhijkO ke GenOne Dt = —vee <<V2h) > V3h (V2h> \Yal (V2h> AiD,
ijk¢né bp bp



~

1 ZCn&w /‘Zlngw/g\Cnng,w ~ o~ A bD,w
6 > 6 Z UCWC%U&UT

0 bp (néw D
1 ~ -1 ~-1Vb
= —wvec (V2h> V3§ <V2h) VA D
2 bp
1 o = T2 o) B

= %tr [V2§ (V2E)l} tr

And we have

l_ bpi 1 ~ -1 V2
Oij Dii — gy <V2h) VA D (13)
2 r bp 2 bp
thkﬂz]kq thkawakq A (14)
z]kq z]kq
1 N1\ \N-1Vh
- _m((vzh) ) v (ve) Y,
2 bp
1 ~
77 Z hUkth‘S“z]qus
= 77 Z zgkakq qrsars
ijk
5 r. -1 R, - -1
- 4[ < > veh (v%) (v%) U€C<(V2h) ﬂ (15)
54 Z hijkqtiijrg = 51 Z RijkqOijOkq (16)
ijkq ijkq

- Le[[(8) e () )] (+9)].

From (13), (14), (15) and (16), we define

(VQE)il ngD: _ %UGC <(V2E>1>,V3/ﬁ (VQTL)il Yl;iD

gy [oee ((v2) ) &0 (92) ™ (978 wee ((+28) )]
e[| (77) T euee () )| (vR)

Proof of Lemma 3.2 in Li et al (2017) can be obtained by directly applying Lemma 2.2
above by setting bp (0) = p (), g (0) = 1; (6), —nh™ () = —nhP (0) = Inp(y|0).

By =
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