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The purpose of this online supplement is to prove Theorem 3.2 in Li, et al (2017),
that is, to show under Hy that BIMT has the same asymptotic distribution as BIMT
and that BMT has tﬁg/same asymptotic distribution as BMT. Based on Proposition
3.1, the relationship BIMT :BIMT—l—op(n*1/2) is enough to guarantee that BIMT and
BIMT have the same asymptotic distribution. Based on Theorem 3.1, J; = J; + 0,(1)
and Jy = Jo + op(1) are enough to guarantee that BMT and BMT will have the same
asymptoiig_(listribution. Therefore, what we try to find are an order condition for M to
ensure BIMT =BIMT+o,(n"/2) and order conditions for M and My, to ensure J; =
Ji + 0p(1) and Jy = Jo + 0p(1). Note that BIMT and Jo are based on MCMC output
obtained from the null model while J; is based on MCMC output obtained from both the
null model and the expanded model because J; = tr {CE (y, (9_, O = 0)) VE (éL) }

We organize ﬁl@/supplement as follows. In Section 1, we give an order condition for M
to ensure that BIMT :BIMT+op(n_1/2). In Section 2, we give order conditions for M
and M7, to ensure that J; = J; +0,(1). In Section 3, we give an order condition for M to
ensure that Jy = Jo + op(1). Section 4 proves Theorem 3.2. Throughout this supplement,
the sample size n is assumed to go to infinity.

1 Order Condition for M to Ensure BIMT =BIMT+0,(n"1/?)

Under Hy, J,(0) = 0,(1) and nV(0) = O,(1). If 3,(0) — J,(8) = 0,(n"/2) and
n (‘7(6) - V(é)) = 0,(n1/?), then we will have

BTN = e 3, (3) 7 (3)) = (3, () ¥ (3))
{32 @) + 0, 0™)] [n (V (8) — v (8)) +nv (9)] }

= tr { [jn (6) + op(n_1/2)} [nV (6) + op(n_l/Q)} }

= tr {njn 6)V (5)} + tr {jn (6) op(nfl/z)} + tr {nV (6) op(nfl/Q)} +op(n1)
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= BIMT+o,(n /%) = 1084 + 0p(n~"/?) = ¢ x IR + 0, (n~'/?).

Together with Proposition 3.1, this will ensure that BIMT has the same asymptotic
distribution as BIMT. In Section 1.1 we give an order condition for M to ensure J,(0) —
J.(0) = 0,(n"1/?). In Section 1.2 we then give an order condition for M to ensure

n (17(?9’) - V(é)) = 0,(n"1/2).

1.1 Order condition for M to ensure J, < 5) ~J,(0) =o0,(n""?)

Let us first assume 0 is a scalar. Let 0%, be the long run variance of Markov chain,
M

{B%m)} X ie., o?, = Var (9%1)\y> + 2320 Y (kly) where 1, (kly) is the k' order
m=

autocovariance. Note that Var <07(11) \y) is the posterior variance V' (5) We can rewrite

o}, as

oty = Var (6Ply) +23°" i (kly) =23 ia (kly) = Var (0]y)

0y n(kly) B 1| var (601y) = (2327 (k) 1) Var (6ly).

k=0 var (9,(11) ly

According to Jones (2004), under Assumption 13, as M — oo, we have
VMo (0-8) 5N (0,1). (1)
By the Taylor expansion and (1), we have
5(6) = I3 () =S @ e () (5-0))
t=1
_ iist (é)%iim (8:) (8- 8) « (9) +;Z [ (8:) (6-0)]
t=1 t=1

8)+0 QM%) 2 ght (6:)5(8)+ 0 <A140§n> ! > (3)’

= J,(0)+0 <\/1M01n> 0,(1)+ 0 <1\14"%"> 0,(1),
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where 04 lies between 6 and 6 and 2 37 hy (04) ¢ (0) =0, (1) and L S°0 | by (04) =
O, (1) by Assumptions 10-12.

To show B
30 (0) =3, (8) + 0p(n™2), (2)

it is enough to have .
Waln = Op <n_1/2) 5 (3)



which is equivalent to
M=0 <n1+cfo%n) , for any ¢j > 0. (4)
The condition (3) is also used in Chen, Gao and Phillips (2017) to obtain the asymptotic

normality of @ when M — oo and n — oc.
In this paper, 0 is a g-dimensional vector. That is why we require

M =n'teiol, (5)
: 2+ 2 2 : . (m) M
with o, = maxX,e(1, . 4} O1n, and o7, , being the long run variance of {Ga } for

"""" m=1

a=1,...,q.

1.2 Order condition for M to ensure n [V(O) -V (é)] = 0,(n"1/?)
\2
Again, let us first assume @ is a scalar. Let 03, = Var <(0,(11) - 0) |y> +23 07 Yo (Kly)
2\ M
be the long run variance of {(0,({") - 0) } where 75, (k|y) is the k' order autoco-

m=1

-\ 2
variance of O;m) - 0) .

Note that

VE) = > (o a) =

m=1 m=1 m=1
- X0 3 (o)

Then we have

V(Y (@) -V @) = 3 (o -0)" - varv @) - Va7 (0-0)
_ m(&i(agm—af—v(é)) Va1 (6-8)
Thus,
itos! (7 (8) v @) = ates! (3 3 (000 -0) v (@) vy (0-0)
By (1), Vi, (6-6) 2 0as M - . 1\_Tote that
e (3 (o0 -3) -v (@) v o, o



by the central limit theorem for Markov chains (Jones, 2004) under Assumption 13. Hence,
we have

VMoy? (17 (6) _y (0‘)) 4 N(0,1),

by the Slusky Theorem. It can be shown that

n <Y7 (5) -V (0_)> = Lagn [\/Maz_nl <\7 (6) -V (9_)” = 0,(n"1/?), (7)
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which is equivalent to
M=0 (n3+0303n> , for any ¢5 > 0. 9)
Since 0 is ¢g-dimensional, we require
M =n3*%2g3% (10)
: 2 _ 2 2 : : (m)\ M
with o3, = maxpc(1,..,) 03, , and o3, , being the long run variance of |9, for
' ' m=1

b=1,...,r, where 9 = vech [(9—5) (0—5)/}.

2 Order Conditions for M and M; to Ensure J, — J; = 0p(1)

Following Li, et al (2015), 1C (y, (8,05 = 0)) = Oy(1) and nV (81) = O,(1). If

% € (5. (6,00 =0)) = C(y. (8,65 =0))| = 0,(1), (11)

and

n (V(B) - V(BL)) = op(1), (12)

we will have

i = efen(s (600 -0)) T (0))

= J1—|—0p(1).

Hence, for BMT =BMT+0,(1), we need to obtain an order condition for M in the original
model to ensure (11) and an order condition for M, in the expanded model to ensure (12).



2.1 Order condition for M to ensure % [C’ (y, (5, O = 0)) -C (y, (0_, O = O))]

op(1)

Let us first assume @ is a scalar. By the Taylor expansion, we have

2 (1 (0.05-0))

and

n

1

:LG:st (“é,oE - 0)
t=1

3

~ !
> (9, 05 — 0)

53 [st (8,05 = 0) + Iy (65,0 = 0) (6—5,0)'] x

[St (6,65 =0) + Iy (55,9]5 _ 0) (5 5 0)’]/

S0 =0) (3o (5000 =0) (3-5.0)')

%Zst 0 OE
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0 (30 (05 =0) Y (Ve (5-50)) |
01n> Op(1) =0, (\/\/%O'ln> :
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— ;iht <55,9E:0>\/ﬁ(5—9_,0) (;iht <5579E—0>\/ﬁ(5_0—’0)>/
t=1 t=1
= :Ltf;ht (85,05 = 0) f%m (Vor! (6-6,0)) x

(330 (.00 ) o (V37! (0 0.0))
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Hence, if O (—Uln> o(1), that is,

g

M = O(n'*%62 ), for any ¢ > 0, (13)

then
Ler (y. (0,05 =0)) = L0y (v. 8.0 = 0)) 4 0,0).

n

Again, since @ is g-dimensional, we set
M = n'T%62% for any ¢ > 0. (14)

2.2  Order condition for M) to ensure n (V(BL) -V éL)> = 0,(1)

My,
Since {O(L":L)} . is a geometrically ergodic Markov chain with stationary distribution as
m=

the posterior distribution of 87, the MCMC estimators of posterior mean 6, and posterior
variance V (0 L) can be given by

~ 1 My, ~ 1 My, ~ ~ N/
b= D00 V (6:) = > (60 —81) (o) - 61) .
m=1 m=1
2 - (m) \Mr
Let OLnb be the long run variance of {ﬁLnb} » for b = 1,2,--- ,rr where 9 =
vech [(OL — O_L) (OL — O_L)/] If we choose
My, = n?*%02*  for any ¢ > 0, (15)

with o2* = MaXpe (12,1 (qr+1)/2} U%nb, then using the same proof as in Section 1.2, we
can show that o
n (V(82) —V (B1)) = op(n™?),

n (V(0) =V (81)) = op(1):



3 Order Condition for M to Ensure J; — Jy = 0,(1)

BIMT =BIMT+o0,(n"'/*) is a sufficient condition to ensure Jo — Jo = 0,(1). This is
because if BIMT =BIMT+o,(n~/*), then we have
~ —~— 2
Jo = Vn (BIMT/q _ 1)
2
- Vn (BIMT/q +op <n—1/4) /g — 1)
= Vn(BIMT/q — 1)? + v/no, (n*1/2> —2y/n(BIMT/q — 1)o, <n*1/4> /q
= Jo+o,(1)+o0p <n_1/4) =Jo+o0,(1).

In Section 1, we have shown that under the null hypothesis, J,,(8) = O,(1) and nV () =
0,(1). 1f 3,(8) — 3,.(8) = 0p(n~"/4) and n (17(6) - V(é)) = 0,(n~1/4), then we have

BIMT_ntr{ () ()}_tr{ <9>nV(9)}
= tr{[32 () o0 [ (V ( ) V(@) +nv (@)}
= o {[3, <0> opn” )] [V (8) + )] }
= tr { }+tr{ op( *1/4)}+tr{nv (6) op(n*1/4)}+op(n*1/2)
= BIMT"‘%(” 1/4)017( ) + op(n 1/4)Op(1)+0p(n_1/2)
= BIMT+Ho,(n/4).

According to (8) and (9), to ensure n [V(O) -V (0_)} = 0p(n~1/*), we only need

n o, _
N o(n™4), (16)
which is equivalent to
_ 2 5+c4 2%
M=0 o5y ), for any ¢; > 0. (17)

This order condition is weaker than that specified in (10).
Furthermore, according to (3) and (4), to ensure J,, (5) =73, (8) +0p(n~1/4), we only

need .
—mafn =0 (n_1/4) , (18)

which is equivalent to
M=0 ( 0-5+¢5 52 ) for any cg > 0. (19)

This order condition is weaker than that specified in (5).



4 Proof of Theorem 3.2

Combining the order conditions given by (5) and (10) provides the order condition for
Mgy given by Equation (8) in Theorem 3.2 when BIMT is used.
Regarding BMT, according Section 2, if M = n!*¢ o?* in the original model, then

1 ~ 1 —
~Ci (y,(0.05=0)) = ~Cr (v.(8.05 = 0)) + 0, (1).
If My, =n*"%02* in the expanded model, then
n (f/(éL) —v (éL)) = 0,(1).

Under these two order conditions (one for M and one for My) we have J; = Jy + 0,(1).
According to Section 3, if M = max {n*5+% 2% n?5+<ig3% ) we have Jy = Jo -+ 0p(1).
From Section 2, if M = n'*%5g? and My, = n*T% o7 | we have J; = Ji + 0,(1). Hence, if
we set the number of MCMC draws to
Mgy = max {n0.5+cg o2 plteig2e n2.5+c105:;} — max {n1+c§0%* n2.5+cgagz}

ns

in the original model and to
24t 2
My =n*T507

in the expanded model, then we have

P

BMT = J, + Jo = BMT + 0, (1) .

This proves the asymptotic equivalence of % and BMT. Furthermore, under Hy), B/]\\4/T
converges to x?(qg).

To derive the power property of BM T, note that B/j\AJ/T :BIMT+op(n_1/4) also holds
true for misspecified models when M = max {nHC;U%Z, n2'5+CZJ§;“L}. In addition, when
the model is misspecified so that ¢* # ¢, from Theorem 3.1, we can show that

Jo

NG (B/fJ\TT/q . 1)2
- (BIMT/q +o, (n—1/4) /g — 1)2
= VA(BIMT/q 1) + Vo, (n™"/2) = 2v/n(BIMT/q — 1)o, (n™"/*) /q

= Jo+0p(1) 40 () = o+ 0, (1) = O,(V).

Hence, the order of the power of BMT is 1o less than Op(y/n). This completes the proofs
of Theorem 3.2.
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