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Abstract

This paper extends the asymptotic theory for the fractional Vasicek model
developed in Xiao and Yu (2018) from the case where H € (1/2,1) to the case
where H € (0,1/2). It is found that the asymptotic theory of the persistence
parameter (k) critically depends on the sign of k. Moreover, if k > 0, the
asymptotic distribution for the estimator of x is different when H € (0,1/2)
from that when H € (1/2,1).
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1 Introduction

The fractional Vasicek model (fVm), which is a Vasicek model driven by a fractional
Brownian motion (fBm), has found a considerable amount of applications in economics
and finance; see Comte and Renault (1998); Comte et al. (2012); Chronopoulou and
Viens (2012a,b); Bayer et al. (2016) and references therein. The model is given by

dX, =k (u— X;)dt + cdBY, (1)

where o is a positive constant, i, s € R, H is the Hurst parameter, and B is an fBm.
In a recent study, based on a continuous record of X; over a time period of [0, T, Xiao
and Yu (2018) developed the long-span asymptotic theory for alternative estimators of
k and g when H and o are known and H takes a value in the range of (1/2,1).

While H € (1/2,1) is empirically relevant for some economic time series, recent
findings suggest that some time series is better modelled by an fVm with H € (0,1/2).
For example, Gatheral et al. (2018) showed that the logarithm of realized variance
behaves more like an fVm with H near 0.1 than that with H bigger than 0.5, regardless
of timescale sampled. Hence, it is important to study Model (1) with H € (0,1/2).
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The present paper extends the asymptotic results of Xiao and Yu (2018) from the
case where H € (1/2,1) to the case where H € (0,1/2). It is found that the asymptotic
theory critically depends on the sign of &, as in Xiao and Yu (2018). However, if k > 0
the asymptotic theory for & is different when H € (0,1/2) from that when H € (1/2,1).

The rest of the paper is organized as follows. Section 2 introduces the model and
discusses the least squares (LS) estimators and the ergodic-type estimators of x and
1. Section 3 establishes strong consistency and asymptotic distributions for the LS
estimators of x and p and those of the ergodic-type estimators of x and g when £ > 0.
The proofs of the main results are given in Appendix.

We use the following notations throughout the paper. Let 2, %3, £, and 2 denote
convergence in probability, convergence almost surely, convergence in distribution, and

asymptotic equivalence, respectively, as T — oco. Let 2 denote equivalence in distri-
bution.

2 The Model and Estimation Methods

Before introducing the model, we first state some basic facts about the fBm (see Nualart
(2006) for more details). An fBm B¥ = {BH t € R} with the Hurst parameter
H € (0,1) is a zero mean Gaussian process, defined on a complete probability space
(Q, F,P), with the following covariance function

E(B{'BJ) = 5 (It + [s|* — [t — s]") . (1)

1
2
This covariance function implies that the fBm is self-similar with the self-similarity
parameter H, that is, Bi L\ B A direct consequence of (1) is that BY — B | is
a discrete-time Gaussian process with a covariance function

r(n) = E[(Bi, = Bihao) (B = BiLy)]

= % [(n + 1)+ (n—1)*"" - 2n2H] X H(2H — 1)n*—2.

By the convexity of g(n) = n**, the increments, Bf,, — BL , and B — B} |,
are positively correlated if 1/2 < H < 1. However, the increments are negatively
correlated if 0 < H < 1/2, generating the feature of roughness in the sample path.
Thus, B is persistent when 1/2 < H < 1 and antipersistent when 0 < H < 1/2, If
H = 1/2, B becomes a standard Brownian motion W;. Moreover, if H € (1/2,1),
> o, r(n) = oo, suggesting that the process exhibits long-range dependence. However,
it H € (0,1/2), >>°  r(n) < co. While Gatheral et al. (2018) showed the empirical
relevance of the fVm with H near 0.1, it did not estimate any parameter in fVm nor
provide any asymptotic theory for making statistical inference.

The model concerned in the present paper is given by (1). It is worth to emphasize
that, with a continuous record, both 02 and H can be recovered. For example, for any



6#67

1
H= lim -1
eJ,é,Iﬁrio 2 8

(E) los I (Xope — Xi)? dt o limeg I (Xipe — X)° dt
S Jo (Xepe = X0)%dt ) T
Consequently, for further statistical analysis, we assume that both o and H are known.
Xiao and Yu (2018) developed the long-span asymptotic theory for x and p when
H € (1/2,1). The goal of the present paper is to extend the results in Xiao and Yu
(2018) to the case where H € (0,1/2). This extension is important in light of the
empirical results in Gatheral et al. (2018). Following Xiao and Yu (2018), we assume
the whole trajectory of X for ¢ € [0, 7] is available. The asymptotic theory is developed
by requiring 7" — oo.
The LS estimators of x and u are,

(X7 — Xo) Jif Xpdt —T [ X,dX,

7 (2)
T [y Xpdt — (f) Xudt)

RLs =

(X7 — Xo) [y X2dt — [ XidX, [} X.dt

3
(Xr — Xo) [; Xedt — T [} X;dX; )

firs =
When H € (0,1/2), X} is no longer a semimartingale. In this case, for k¢ and firg to
consistently estimate x and p, we have to interpret the stochastic integral fOT Xed Xy
carefully. In fact, we interpret it differently when the sign of « is different. If Kk > 0,
we interpret it as a divergence integral; if kK < 0, we interpret it as a Young integral;
if Kk = 0, we can interpret it as either a divergence integral or a Young integral. The
asymptotic distribution of Apg is different across these three cases.
When x > 0, one may use the ergodic-type estimator of Hu and Nualart (2010) to
estimate x and p, which is given by

) 1
T [y Xpdt - (f) Xar) | T
s 4
RN T262HT (2H) ’ (4)
. e
0

Compared with (2) and (3) which involve the stochastic integral fOT Xd Xy, the ergodic-
type estimators in (4) and (5) do not contain any stochastic integral.

3 Asymptotic Theory

Let us first consider the case when s > 0.



Lemma 3.1 Let H € (0,1/2), Xo/VT = 04.4.(1), £ > 0 in Model (1). As T — oo,

e 0
?/0 Xt 5, (1)
I o
= / X2t “% o*k P HT (2H) + 12, (2)
0
17 o
7 / XX, ¥ —o*x'"*"HT (2H) . (3)
0
Theorem 3.1 Let H € (0,1/2), Xo/VT = 045(1), K > 0 in Model (1). Then, as

T — oo, kps 3 k and fips “3 . Moreover, let H € (0, /2) Xo/VT = 0,(1), K > 0
in Model (1). Then, as T — oo,

N (0, k62) (4)
TI_H (/:LLS - :u) £> N (O’%> ’ (5)

_ 2T (2—4H)T'(4H)
where 5%5 = (4H - 1) + m
Theorem 3. 2 Let H e (0, 1/2) Xo/VT = 045.(1), & > 0 in Model (1). Then, as
T — 00, kgn 3 Kk and gy 3 . Moreover, let H € (O, 1/2), Xo/VT = 0,(1), k>0
in Model (1). Then, as T — oo,

\/T(I%HN—H) £> N(O I<L5 ) (6)
TH (g — 1) 5 N( Z), ™)

where 64y = i [(4H — 1) + 2F(2*4H)F(4H)}

T(2H)T(1—2H) |

Remark 3.1 Theorem 3.1 and Theorem 3.2 extend Theorems 3.2 and 3.3 of Xiao and
Yu (2018) and provide the full coverage of asymptotic laws of the LS and the ergodic-
type estimators for k and p in fVm for H € (0,1).

Remark 3.2 The rate of convergence for kyn and Rps is the same (i.e. \/T) and
independent of H, but their asymptotic variances depend on H. Since lim,_,q 2I'(z) = 1,
limH_,l/Q(S 7s = limpg_,1/9 62 = 2, suggesting that, when H — 1/2, krs and Rgn hcwe
the same asymptotic variance 0f2/<a. In this case, the asymptotic distribution is identical
to that in Feigin (1976). When 0 < H < 1/2, 4H* < 1 and the asymptotic variance
of Rrs is smaller than that of kyn, suggesting Rrs is asymptotically more efficient
than kgy. Figure 1 plots 6% and 0%, as a function of H. It can be seen that as H
increases, 03¢ monotonically increases while 8% monotonically decreases. They both
converge to 2 when H approaches 1/2. The relative asymptotic efficiency increases as
H decreases. When H = 0.1 which is an empirically realistic value for H according
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to Gatheral et al. (2018), the relative asymptotic efficiency is 25, favoring krs. This
difference is very significant. The direction of relative asymptotic efficiency is different
from that in Xiao and Yu (2018) where kps is found to be asymptotically less efficient
than kgn when H > 1/2.

Asymptotic variance

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 05
Hurst parameter H

Figure 1. Plots of 67 ¢ and 6%, as functions of H

Remark 3.3 Unlike K, the asymptotic distribution for [ips is identical to that of fign,
which is also the same as those obtained in Xiao and Yu (2018) when H > 1/2.

Remark 3.4 When 0 < H < 1/2, paths generated from an fBm are irregular. In
this case, the stochastic integration with respect to fBm should be interpreted as a
divergence integral introduced by Cheridito and Nualart (2005). If we interpret the

integral fOT XidXy in (2) as a Young integral, then, as T — oo,

X1r—Xo foT Xidt . lX%_Xg
T T 2 T a.s. (8)

— 0,
1 Tx2 1 TX 2
:Tfo tdt_(:?fo tdt)

by (1), (2) and Lemma 18 of Hu et al. (2018), implying that ks will be inconsistent.

Rps =

Now, we consider the case where k < 0. Applying the Young integral to (2) and
(3), we can rewrite fpg and fipg as

(X7 — Xo) [y Xpdt — T (X2 - X2)
2
T [y Xpdt — (f Xuat)
X1 oiT KT foT X,dt — %enTeﬁT foT X,dt — %X%eQHT + %Xge%T

T
e2rT fTXth — 2T L (fTX dt>2
0 t T 0 t

RLs =

)

bt



g = o= Xo) Jo Xpde = TS [ Xedt 57 [ Xpat - 22T ) Xods
(X7 — Xo) foT Xydt — TX%;XS # oT Xydt — Weﬂ

Using similar arguments as those in Xiao and Yu (2018), we can obtain asymptotic
properties of kps and firs. In particular, let H € (0,1/2), Xo = O, (1) and £ < 0 in
Model (1). Then, as T — oo, kg 3 K, firs 23 1 and

) HT(2H)

e’ O~ TV
T (fips — ) 5N (O’ ‘7_2> 7 (Res = K) > - HT(2H)
) Yo oI

where v and w are two independent standard normal variables. The asymptotic law for
kps is a Cauchy-type and is similar to that developed in the explosive discrete-time and
continuous-time models in Phillips and Magdalinos (2007); Magdalinos (2012); Wang
and Yu (2015, 2016); Arvanitis and Magdalinos (2018). It is the same as that in Xiao
and Yu (2018) for the fVm when H € (1/2,1).

Finally, we consider the case where k = 0. In this case, p vanishes and the fVm
reduces to an fBm without drift. In this case X; = Xy + (TB]{{ . Using the relation-
ship between the divergence integral and the Stratonovich integral and applying the
divergence integral to (2), we can rewrite the LS estimator of x as

2
B ) Blldt— % ((Bf)" - 1%")

R1,Ls =

T npHY2 T pm g\
T [y (B~ () Blldr)
where the equality [/ BfdBH = [T BH o dBM — E [ T odBﬂ — (BE)2/2 —
E [(Bf)?/2] = (Bff)?/2—T?" /2 is used. If we interpret fOT BIdB[ in (2) as a Young
integral, then the LS estimator of x can be rewritten as

H (T pH T (RH)\?2

Br fo Bildt — 5 (BT)
5 -

T [ (B2t - ( [ BH dt)

Ro Ls =

Let H € (0,1/2), Xo = Opy(1), K =01in (1). Then, as " — oo, using similar arguments
as in Theorem 3.6 of Xiao and Yu (2018), we have &y 15 2% 0 and Ko.Ls 220. Moreover,
for any T,

. J'B.dBH

Tl /—=H\2

fol (Bf) du
where Ef = B — fol BHdt. This is the Dickey-Fuller-Phillips type of distribution of
Phillips (1987) and the same as that in Xiao and Yu (2018) for fVm when H € (1/2,1).

. d e
TkiLs = Tko s



4 Concluding Remarks

Based on a continuous record of observations with an increasing time span from an
fVm with H < 1/2, this paper develops asymptotic theory for the two parameters in
the drift function, x and . When x > 0, two type estimators are considered, the LS
estimators and the ergodic-type estimators. When « = 0 or < 0, the LS estimators
are considered. It is shown that when x > 0, the two estimators of x and p are
asymptotically normally distributed. However, the LS estimator of x is asymptotically
more efficient than that of the ergodic-type estimator of k. The relative efficiency is
especially large when H takes a value close to zero. When x < 0, the LS estimator
follows a Cauchy-type distribution asymptotically. When x = 0, the LS estimator
follows the Dickey-Fuller-Phillips type of distribution.

It is assumed that a continuous record of an increasing time span is available for
the development of asymptotic theory. In practice, data is typically discretely sampled
at, say (0, h,2h, ..., Nh(:=T')) where h is the sampling interval and 7" is the time span.
When high frequency data over a long span of time period is available, one may consider
using a double asymptotic scheme by assuming h — 0 and 7" — oo. The discretized
model corresponding to (1) is given by

Yth = 1+ exp(_ﬁh)<y(t—l)h - /4L> + U, (]- - L)dut =&, t= ]-7 ey N7

where L is the lag operator, d = H — 1/2. As shown in Wang and Yu (2016), under
the double asymptotic scheme, exp(—xh) = exp {—x/kn} = 1 — k/kx + O(ky?) — 1
where ky := 1/h — oo as h — 0 and ky/N = 1/T — 0 as T — oo. This implies
an autoregressive (AR) model with an AR root being moderately deviated from unity
and with a fractionally integrated error term with d € (—1/2,0). This model is closely
related to a model considered in Magdalinos (2012) where it is assumed that d €
(0,1/2). Developing double asymptotic theory based on discretely sampled data will
allow one to extend the results of Magdalinos (2012) to the case where d € (—1/2,0).
This analysis will be reported in later work.
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APPENDIX

A.1. Proof of Lemma 3.1
For t > 0, we define
t
Yi=o0 / e t=9)qBH (A1)
Cheridito et al. (2003) showed that Y; is Gaussian, stationary, and ergodic when x > 0.
The integral with respect to fBm exists as a path-wise Riemann-Stieltjes integral, and
can be calculated using integration by parts (see Prop. A.1 in Cheridito et al. (2003)).

To avoid integration with respect to fBm for 0 < H < 1/2, using integration by parts
and (A.1), we write the solution of (1) as

0
Xy=Yi+ (1—e ™) p+ Xoe ™ + U/ﬁe_“t/ e Bl ds. (A.2)

—00

Using (A.2), we have

1 [T 1 [T u [T X, [T
— | Xyt = = [ Ydt+ = 1—e ™) dt + — it
T/Ot T/Ot+T/0(e)+T/Oe
oK T 0
+—/ e_“t/ e™ B dsdt . (A.3)
T 0 —00

For the first term in (A.3), using the ergodic theorem and the fact E [Yp] = 0, we

obtain

I as
—/ Yidt “3 E(Yy) =0. (A.4)
T 0



For the second term in (A.3), it is obvious that

T
%/0 (1—e")dt — p. (A.5)
Using the fact that X = oa_s.(\/T), we have

X T a.s
= / et 43 0. (A.6)
T 0

Moreover, a straightforward calculation shows that

T 0 2
E [U—R/ e_”t/ e“stdsdt]
T 0 —o0
o2k (T T 0 0
= ]E[ 5 / e_”tdt/ e‘”vdv/ e”stds/ e”“deu]
T 0 0 —00 —00

0.2

= T2 (1- e*”T)Q k22 AT(2H). (A7)

From (A.7), we can deduce that

T 0
ﬁ/ e_“t/ e B dsdt
T 0 —o0

where C' denotes a suitable positive constant. Consequently, from (A.8) and Lemma
2.1 of Kloeden and Neuenkirch (2007), we obtain

<OT ™, (A.8)
L2(Q)

T 0
0—/{/ e_“t/ e BHdsdt “% 0. (A.9)
T 0 —oo

Substituting (A.4), (A.5), (A.6) and (A.9) into (A.3), we obtain (1).
Next, using (A.2), we obtain

I 1 ("
?/ X2t = T/ {Yt + (1—e™) p+ Xoe ™ + me”t/
0 0

—00

- l/TYth+l/T[(1—e—“t) + Xoe ] dt
T), tYTT Y, frr 2o

o2k2 [T 0 2 9 [T
+ T / (e—mt/ e’isBsI{qu) dt —+ T / }/t [(1 — e_ﬁt) i + Xoe—m&} dt
0 0

0 2
e BH ds] dt

25k [T °
+%ﬁ }Q(e_”t/ e’“des) dt
0 —0o0
2ok [T ’
22 [ (e [ emptas) [0 e Xoe e (a0
0 —00
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Using the ergodic theorem, we obtain
1 /T
?/0 Y2dt 3 E (YY) . (A.11)

Integrating by parts together with similar arguments as in (A.7) yields

0 2
E(Yy) = E (0 / e’“dBf)
0
= lim E 02( "Bl — K / “BHds)
T——o0 T
T T
= o lim |e " (=T)*" 4 5? / / e e ™E [BY B",] dsdt
T—o0 0 0

T
+2ke T / e "E [B",B" ] ]
0
= o’k M HT(2H). (A.12)

Combining (A.11) and (A.12), we obtain
A
7 / Y2dt % o*k 2 HT(2H) . (A.13)
0

A straightforward calculation shows that

1

T
T/o (e —1) — Xoe_”ﬂ2 dt “% 2. (A.14)

Using similar arguments as in (A.7), we obtain

22 [T 0 2
T / (e_“t/ e’“des) dt “3 0. (A.15)
0 —00

Moreover, by the Cauchy-Schwarz inequality and the same arguments as in (A.12),

2 [T as
:7/ Vi[(T—e™)p+ Xoe ™ dt =5 0, (A.16)
0
2 T 0 s
=n Yt<e"‘t / e"‘stds) dt % 0, (A.17)
0
20k g —Kt ° ks PH —Kt —Kt a.g.
a e e”Blds ) [(1—e™) p+ Xoe ™) dt =3 0. (A.18)
0 —00

Substituting (A.13)-(A.18) into (A.10), we obtain (2).
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Now, using (1), we can write

1 T T T T
- / X,dX, = % / Xtdt—% / det+% / X,dBY | (A.19)
0 0 0 0

Using the relationship between the divergence integral and the Stratonovich integral
(see Proposition 5.2.4 in Nualart (2006)), we have

g T g T g T
f/ X Bl = —/ XtodBtH—E[—/ XtodBtH] (A.20)
0
— /Xt [dX, — k(10— X) dt] — { /XtodBH}
X2 kp [T k[T, o H
= L = Xdt+— | X?dt—E 1— dB
oT T/O Wt T/O (1—e™) podb;

T t
~E [% / [Xoe_”t +o (Bf — K / BH e‘”‘““”ds)} o dBtH] :
0 0

where fOT X; 0dBF denotes the Stratonovich integral.
From Eq. (3.7) of Hu et al. (2018), we can see that

T t
lim E [3 / {0 (BtH — K / Bfe_"(t_s)ds)} o dBtH] = o?Hrx'7HT(2H). (A.21)
T—o0 T 0 0

A straightforward calculation shows that

T
lim E F/ [(1—e™) p+ Xoe™] o dBf’] =0. (A.22)
T—o0 T 0

Using Lemma 18 of Hu et al. (2018), we can see that, for any € > 0,

XT a.s.
0. A.23
Lo (4.23)

Substituting (1), (2), (A.21)-(A.23) into (A.20), we have

/ X, dB *3 0 (A.24)

Finally, combining (1), (2), (A.19) and (A.24), we obtain (3).

A.2. Proof of Theorem 3.1

From (2), we can write Rrg as

Xe=Xo L (0 X, dt — L [T X,dX
firg = —L =7 Jy X L (A.25)

b1t (117 )
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By (1), (2), (3), (A.23), (A.25) and the arithmetic rule of convergence, we obtain the
almost sure convergence of &g defined in (2), i.e., firg =5 k. Now, using (3), we can
rewrite firs as

XT;XO% OT XtZdt _ %f()T Xtht% f()T Xtdt '

fiLs = Xp—Xo 1 (T 1 (T
TT OT 0 Xtdt—?fo Xid X,

(A.26)

Similarly, using (1), (2), (3), (A.23) and (A.26), we obtain the strong consistency of
fizs defined in (3), i.e., firg =% p. This proves the first part of the theorem.

To prove the second part, let us first consider (4). Based on (1), (2), (A.2) and
integration by parts, we can write

VT (kps — k) =TI + I, + I, (A.27)
where
. o <“\_/)T(° <e*”TBQH + /{fOT Bfe*“tdt> — \/LffoTzfot e*”(tfs)ddeBﬁ> |
Lfy Xpde— (% f) Xdt)
L (XQ—TXO oo (T oomtgy o By ok T {OT BH e“sds> 1T X,dt |
L xpdt — (% J Xt
) (o + 5 Jy Xat) T
, =

N
L xpde — (% f) Xt

First, by the law of the iterated logarithm for fBm (see e.g. Corollary Al in Taqqu
(1977)), we have
o (1 — Xo)
VT

Using similar arguments as those in (A.7), we have

e’“TB}{ 20.

ouK

VT Jo

Similarly, using the assumption Xo/v/T = 0,(1), we obtain

T
B e=rtat 5 0.

O'X()/i
VT o

Moreover, from Theorem 5 of Hu et al. (2018), we can obtain

T
Biertat 5 0.

2 T t
% / / e =)dBHABH 5 N (0,0* H2:' 1 T2(2H)5%) .
0 0
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Combining all these convergency results, (1), (2) and applying Slutsky’s theorem
L5 N(0,k82) . (A.28)
Using (A.23) and by the law of the iterated logarithm for fBm, we obtain

XT a.s. XO p. /{(XO_/lL) /T — Kkt p o H a.s.
AT agg 20 R ARO[ oomtgr B Z_BH %% () A.29
VT VT VT 0 vT ' (4.29)

Furthermore, since [ e™#22#~1dz = s~2HT(2H), we have

U ’% —2/4T / / BHBH eﬁsenudsdu
T
2

2 —2rkT

— 0°k"€ K(s+u) 2H 2H . 2H dsd
- // +u — [s — u|*) dsdu

2 —2rT
g —2rT ks 2H U H € K(s+u) 2H
= he (e — 1)/0 s ds — vl / / s — u*dsdu

2 —kT —2rT T 2 T 2 T
"R |€e — € 0"k _ KR _
— ( ) 6H882Hd8 _ e m),UZHd,U 4 e 2kT eanQHdU
0 2T 2T ;

The result above implies
T emnT ' Blersds 20 (A.30)
Combining (1), (2), (A.29) and (A.30), we have
L5%0. (A.31)

Finally, using (1), (2) and by the law of the iterated logarithm for fBm (see e.g. Corol-
lary Al in Taqqu (1977)), we have

L350, (A.32)

By (A.27), (A.28), (A.31), (A.32) and Slutsky’s theorem, we obtain (4).
In what follows, we consider (5). Using (A.2), we have

1 T 1 T t
ﬁ/ Xpdt =Ty = T—H/ {(1 - );H—Xoe_“t—l—a/ —r(t=s) dBf} dt — Ty
0 0
X, —
— OTFHIU/ tht—i-—/ / —k(t—s) BHdt
0
Xo—p [T —rt oBf K(T—s) g gH
= TH /0 dt + TH - /iT_H dB (A33)
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A straightforward calculation shows that

Xo— T K a.s.

TH /0 e "tdt =% 0, (A.34)

oBI . o?
0,— | . A.35
oo 5w (0 (A.35)

Moreover, from Lemma 18 of Hu et al. (2018), we can see that
o [ rwgpi

— e " dB; 0. A.36
KTH ( )

On the other hand, a straightforward calculation shows that

Xp2Xo L (U X2dt— L [T X dX, 7 [ Xodt
T (fips — p) = TH TfO t tTHfo ¢ — T H, (A3

XTTXO L[ Xdt — % [T XdX,

Combining (A.23), (1), (2), (3), (A.33)-(A.37) and Slutsky’s theorem, we obtain (5).

A.4. Proof of Theorem 3.2

Consistency of ~gyny and figy can be easily obtained by Lemma 3.1. Moreover, the
asymptotic law of figy can be obtained by using Slutsky’s theorem and (A.33)-(A.36).
Hence, we only consider (6) here.

Using (2) and (4), we have

1 L
ﬁ IA{HN—I{ = ﬁ I%HN—I{I_ﬁI%ZH —f-lil_ﬁ/%QH — K
LS LS

1
2 2H
_ \/T/%f’; HT (QH) B Hlfﬁ
Xpd Xy

Xr—X 1 T
TT : Xtdt Tf(]

Tk 21 ( 2 _ /{ﬁ> : (A.38)
By Theorem 3.1 and the delta method, we get
VT (/{g — ) SN (0,570 ). (A.39)

Using (1), (3), (A.23), (A.38), (A.39) and Slutsky’s theorem, we obtain (6).
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