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1 Introduction

This online Supplement contains two sections. First, we provide details of the proofs of the

theorems in Chen, Phillips and Yu (2016) for the univariate case. Second, we include proofs

of the theorems for the multivariate cases.

2 Univariate explosive regressor

2.1 Proof of Theorem 2.1

Proof. The arguments here and in much of what follows closely mirror those of MP (2009)

in the mildly explosive case. We therefore provide only the main new details here. The

limit theory of
∑N

t=1 x
2
t and

∑N
t=1 xtu0t is obtained using split sample arguments replacing

summations in
∑N

t=1 by
(∑mN

t=1 +
∑N

t=mN+1

)
where mN is such that

mN
Nα + N

mN
→∞ so that

with c > 0 and α ∈ (0, 1) we have

R−mNN ∼
(

1 +
c

Nα

)−mN
→ 0,

Nα

RN−mNN

→ 0. (2.1)

∗Phillips acknowledges support from the NSF under Grant No. SES 12-58258. Yu acknowledges finan-

cial support from Singapore Ministry of Education Academic Research Fund Tier 2 under the grant number

MOE2011-T2-2-096.
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(i) Start by writing xt in (2.9) as:

xt = RtNx0 +

t∑
j=1

Rt−jN uxj +
1−RtN
1−RN

µ, (2.2)

so the standardized numerator can be decomposed as

(
RNNN

α
)−1 N∑

t=1

xtu0t

=
(
RNNN

α
)−1 N∑

t=1

RtNu0t

(
x0 −

µ

1−RN

)
+
(
RNNN

α
)−1 N∑

t=1

u0t
µ

1−RN

+
R−NN√
Nα

(
mN∑
t=1

+
N∑

t=mN+1

)
u0t

 1√
Nα

t∑
j=1

Rt−jN uxj

 . (2.3)

For the first term on the right hand side of (2.3), since x̃0 = x0NN
−α/2 ⇒ X∗ and

µ̃ = Nα/2µ⇒ µ∗, we have

DN = N−α/2x0 −
N−α/2µ

1−RN
= N−α/2x0 −

Nα/2µ

−c+ o (1)
⇒ X∗ +

µ∗

c
= D. (2.4)

Setting DN = N−α/2
(
x0 − µ

1−RN

)
, we then have,

(
RNNN

α
)−1 N∑

t=1

RtNu0t

(
x0 −

µ

1−RN

)

= N−α/2
N∑
t=1

R
−(N−t)
N u0t

{
N−α/2

(
x0 −

µ

1−RN

)}
= DNN

−α/2
N∑
t=1

R
−(N−t)
N u0t

= DN−α/2
N∑

t=mN+1

R
−(N−t)
N u0t + op (1) , with D := X∗ +

µ∗

c
. (2.5)

where we assume the probability space is expanded in such a way so that the weak convergence

⇒ can be replaced by
p→ . Also note that

E

{
N−α/2

mN∑
t=1

R
−(N−t)
N u0t

}2
= σ200N

−α
mN∑
t=1

R
−2(N−t)
N = σ200N

−αR
−2(N+1)
N

1−R2mNN

1−R2N

= σ200
R
−2(N+1)
N −R−2(N+1)+2mNN

−2c
= o (1) ,

so that

N−α/2
mN∑
t=1

R
−(N−t)
N u0t = op (1) , (2.6)
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and then (
RNNN

α
)−1 mN∑

t=1

RtNu0t

(
x0 −

µ

1−RN

)
= op (1) .

Hence, for the first term of (2.3) we have by virtue of the martingale central limit theorem

(MCLT), as in Phillips and Magdalinos (2007),

(
RNNN

α
)−1 N∑

t=1

RtNu0t

(
x0 −

µ

1−RN

)
= DN

(
RNNN

α/2
)−1 N∑

t=1

RtNu0t

= D
1√
Nα

N∑
t=mN+1

R
−(N−t)
N u0t + op (1) = D

(
1√
Nα

N−mN−1∑
k=0

R−kN u0N−k

)

= D

(
1√
Nα

N−mN−1∑
k=0

R−kN u′0k

)
⇒ Dσ00

(2c)1/2
U0,

where u′0k := u0N−k
i.i.d.∼

(
0, σ200

)
and U0 = N (0, 1) since 1

Nα

∑N−mN−1
k=0 R−2kN = 1

Nα

1−R−2NN

1−R−2N
∼

1
Nα

1
R2N−1

→ 1
2c .

For the second term on the right hand side of (2.3), noting thatR−NN
√
N =

(
1 + c

Nα

)−N √
N =

O
(
e−c

N
Nα
√
N
)

= o (1) for all α ∈ (0, 1) we obtain

(
RNNN

α
)−1 N∑

t=1

u0t
µ

1−RN
∼ R−NN

√
N

µ

−c
1√
N

N∑
t=1

u0t = O

(
e−c

N
Nα

√
N

Nα

)
Op (1) = op (1) .

(2.7)

The third term on the right hand side of (2.3) is

R−NN√
Nα

(
mN∑
t=1

+
N∑

t=mN+1

)
u0t

 1√
Nα

t∑
j=1

Rt−jN uxj


=

1√
Nα

mN∑
t=1

R
−(N−t)
N u0t

 1√
Nα

t∑
j=1

R−jN uxj

+
1√
Nα

N∑
t=mN+1

R
−(N−t)
N u0t

 1√
Nα

t∑
j=1

R−jN uxt


=

1√
Nα

N∑
t=mN+1

R
−(N−t)
N u0t

 1√
Nα

mN∑
j=1

R−jN uxj

+ op (1) ,

where we use the fact that N−α/2
∑mN

t=1 R
−(N−t)
N u0t = op (1) from (2.6). We now use a joint

MCLT for the components

(U0N , UxN ) =

 1√
Nα

N∑
t=mN+1

R
−(N−t)
N u0t,

1√
Nα

mN∑
j=1

R−jN uxj
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=

 1√
Nα

N∑
t=1

R
−(N−t)
N u0t,

1√
Nα

N∑
j=1

R−jN uxj

+ op (1)

⇒
(

σ00

(2c)1/2
U0,

σxx

(2c)1/2
Ux

)
with

(
U ′0, U

′
x

)′ ∼ N (0, I2) ,

just as in Phillips and Magdalinos (2007) and MP (2009), using the fact that the limit variates

(U0, Ux) are independent because

E


(

1√
Nα

N∑
t=1

R
−(N−t)
N u0t

) 1√
Nα

N∑
j=1

R−jN uxj

 =
N1−α

RNN
σ0x → 0.

Hence

R−NN√
Nα

(
mN∑
t=1

+
N∑

t=mN+1

)
u0t

 1√
Nα

t∑
j=1

Rt−jN uxj


=

1√
Nα

N∑
t=mN+1

R
−(N−t)
N u0t

 1√
Nα

mN∑
j=1

R−jN uxj

+ op (1)

⇒
(

σ00

(2c)1/2
U0

)(
σxx

(2c)1/2
Ux

)
=
σ00σxx

2c
U0Ux.

Combining the above results and using (2.4) we obtain

(
RNNN

α
)−1 N∑

t=1

xtu0t

=
(
RNNN

α
)−1 N∑

t=1

RtNu0t

(
x0 −

µ

1−RN

)
+
(
RNNN

α
)−1 N∑

t=1

u0t
µ

1−RN

+
R−NN√
Nα

N∑
t=mN+1

u0t

 1√
Nα

t∑
j=1

Rt−jN uxj

+ op (1)

=
(
RNNN

α
)−1 N∑

t=1

RtNu0t

(
x0 −

µ

1−RN

)
+
R−NN√
Nα

N∑
t=mN+1

u0t

 1√
Nα

t∑
j=1

Rt−jN uxj

+ op (1)

⇒ Dσ00

(2c)1/2
U0 +

σ00σxx
2c

U0Ux =
σ00

(2c)1/2
U0

(
D +

σxx

(2c)1/2
Ux

)
, (2.8)

giving the limit of the numerator.

(ii) From the identity

x2t = R2Nx
2
t−1 + µ2 + u2xt + 2RNµxt−1 + 2RNxt−1uxt + 2µuxt,
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we have

(
R2N − 1

) N∑
t=1

x2t = R2Nx
2
N−R2Nx20−2RNµ

N∑
t=1

xt−1−2RN

N∑
t=1

xt−1uxt−Nµ2−
N∑
t=1

u2xt−2µ
N∑
t=1

uxt.

(2.9)

We show in the following that each of the following standardized terms

R2Nx
2
0

R2NN Nα
,
Nµ2

R2NN Nα
,
2µ
∑N

t=1 uxt

R2NN Nα
,

∑N
t=1 u

2
xt

R2NN Nα
,
RNµ

∑N
t=1 xt−1

R2NN Nα
,
RN

∑N
t=1 xt−1uxt

R2NN Nα

are asymptotically negligible. In particular, since the standardized initial condition and drift

satisfy x̃0 = x0NN
−α/2 ⇒ X∗ and µ̃ = Nα/2µ⇒ µ∗, we find that

R2Nx
2
0

R2NN Nα
= Op

(( x0

Nα/2

)2 1

R2NN

)
= op (1) ,

Nµ2

R2NN Nα
= Op

(
N1−2α

R2NN

)
= op (1) ,

2µ
∑N

t=1 uxt

R2NN Nα
=

(
1

R2NN

)(
2µ
√
N

Nα

)(
1√
N

N∑
t=1

uxt

)
= Op

(
1

R2NN

)
×Op

(
N

1
2
− 3
2
α
)
×Op (1) = op (1) ,

∑N
t=1 u

2
xt

R2NN Nα
=

N

R2NN Nα

1

N

N∑
t=1

u2xt = Op

(
N1−α

R2NN

)
×Op (1) = op (1) ,

RN
∑N

t=1 xt−1uxt
R2NN Nα

= Op

(∑N
t=1 xt−1uxt
RNNN

α

)
×Op

(
1

RNN

)
= op (1) ,

since
(
RNNN

α
)−1∑N

t=1 xt−1uxt = Op (1) just as in the analysis of
(
RNNN

α
)−1∑N

t=1 xtu0t in

part (i); and finally

RNµ
∑N

t=1 xt

R2NN Nα
=

µ

Nα/2RNN

N∑
t=1

xt

Nα/2RtN

RtN
RNN

= Op

(
1

NαRNN

)
×Op (N) = op (1) .

Hence, from (2.9) and (2.2) we deduce that(
R2N − 1

)∑N
t=1 x

2
t

R2NN Nα
=

R2Nx
2
N

R2NN Nα
{1 + op (1)} =

(
xN

RNNN
α/2

)2
{1 + op (1)}

=

 x0

Nα/2
+

1

Nα/2

N∑
j=1

R−jN uxj +
Nα/2

c
µ


2

{1 + op (1)}

⇒
(

σxx

(2c)1/2
Ux +D

)2
. (2.10)
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(iii) Combining the results (2.8) and (2.10), we have(
RNNN

α
)−1∑N

t=1 xtuxt
(R2N−1)
R2NN Nα

∑N
t=1 x

2
t

∼
(
RNNN

α
)−1∑N

t=1 xtuxt
2c

R2NN N2α

∑N
t=1 x

2
t

⇒
σ00

(2c)1/2
U0

(
D + σxx

(2c)1/2
Ux

)
(

σxx
(2c)1/2

Ux +D
)2

=

σ00
(2c)1/2

U0

σxx
(2c)1/2

Ux +D
=

σ00U0

σxxUx + (2c)1/2D
.

Therefore,

RNNN
α
(
Â−A

)
=

(
RNNN

α
)−1∑N

t=1 xtuxt(
R2NN N2α

)−1∑N
t=1 x

2
t

⇒ 2c
σ00U0

σxxUx + (2c)1/2D
,

giving the stated result.

2.2 Proof of Corollary 2.2

Proof. The proof follows from Theorem 2.1 by noting the mappings

σ200 7→ σ200, σ
2
xx 7→ 1, RN 7→ ah = e−κh, X∗ 7→ x0

σxx
, µ 7→ µκ

σxx
h1/2, µ∗ 7→ µκ

σxx
,

DN 7→ Dh = x̃0hh
1/2 − h−1/2g̃h

κ
→ D∗ =

x0
σxx
− µ

σxx
,

with h = 1/Nα. It follows that

a−Nh h
N∑
t=1

x̃thu0,th ⇒ σ00
−2κ

U0

(
Ux + (−2κ)1/2D∗

)
, (2.11)

a−2Nh h2
N∑
t=1

x̃2th ⇒
(

1

−2κ

)2 (
Ux + (−2κ)1/2D∗

)2
, (2.12)

and hence

aNh√
h

(
β̂ − β

)
⇒ (−2κ)

σ00
σxx

U0

Ux + (−2κ)1/2D∗
= (−2κ)

σ00U0

σxxUx + (−2κ)1/2 (x0 − µ)
.

3 Multivariate explosive regressor

3.1 Proof of Thorem 3.1

Proof. First, we rewrite xt by backward recursion as,

xt = (I −RN )−1 µ+RtN

(
x0 − (I −RN )−1 µ

)
+

t∑
j=1

Rt−jN uxj .
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(i) With this expression, we have

vec

(
1

Nα

N∑
t=1

u0tx
′
tR
−N
N

)
(3.1)

= vec

 1

Nα

N∑
t=1

u0t

(I −RN )−1 µ+RtN

(
x0 − (I −RN )−1 µ

)
+

t∑
j=1

Rt−jN uxj


′

R−NN


=

1

Nα
vec

(
N∑
t=1

u0t

{
x0 − (I −RN )−1 µ

}′
Rt−NN

)
+

1

Nα
vec

(
N∑
t=1

u0tµ
′
(I −RN )−1R−NN

)

+
1

Nα
vec

(mN∑
t=1

+

N∑
t=mN+1

)
u0t

 t∑
j=1

Rt−jN uxj

′ R−NN
 .

For the first item on the right side of (3.1), letting DN = N−α/2
(
x0 +NαC−1µ

)
, we obtain

1

Nα
vec

(
N∑
t=1

u0t

{
x0 − (I −RN )−1 µ

}′
Rt−NN

)

=
1

Nα/2
vec

(
N∑
t=1

u0tD
′
NR

t−N
N

)
=

1

Nα/2

N∑
t=1

(
Rt−NN ⊗ u0t

)
vec

(
D′N
)

=
1

Nα/2

N∑
t=mN+1

(
Rt−NN ⊗ u0t

)
D + op (1) with D := X∗ + C−1µ∗,

since DN = N−α/2x0+Nα/2C−1µ⇒ X∗+C−1µ∗ = D and by replacing the weak convergence

with convergence in probability in an expanded space for the final step. In addition, we have

E

∥∥∥∥∥ 1

Nα/2

mN∑
t=1

(
Rt−NN ⊗ u0t

)∥∥∥∥∥
2

= N−α
mN∑
t=1

∥∥∥R2(t−N)N

∥∥∥E ‖u0t‖2 =
N−α ‖RN‖−2(N−1)

(
1− ‖RN‖2(mN−2)

)
1− ‖RN‖2

E ‖u0t‖2

=
E ‖u0t‖2

−max1≤i≤K ci
o (1) = o (1) assuming E ‖u0t‖2 <∞.

The result implies

1

Nα/2

mN∑
t=1

(
Rt−NN ⊗ u0t

)
= op (1) and

1

Nα/2

mN∑
t=1

(
Rt−NN ⊗ u0t

)
D = op (1) .

Hence, for the first item of (3.1), we have

1

Nα
vec

(
N∑
t=1

u0t

{
x0 − (I −RN )−1 µ

}′
Rt−NN

)
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=
1

Nα/2

N∑
t=mN+1

(
Rt−NN ⊗ u0t

)
D + op (1) =

1

Nα/2

N−mN−1∑
j=0

(
R−jN D ⊗ u0N−j

)

=
1

Nα/2

N−mN−1∑
j=0

(
R−jN D ⊗ ũ0j

)
,

where ũ0j = u0N−j
d
= N (0,Ω00).

For the second item of (3.1), we have

1

Nα
vec

(
N∑
t=1

u0tµ
′
(I −RN )−1R−NN

)

=
−1

Nα
vec

(
N∑
t=1

u0tµ
′
C−1R−NN Nα

)
= vec

(
−

N∑
t=1

u0t√
N
µ
′
C−1R−NN

√
N

)
= op (1) ,

since R−NN
√
N = O

(
e−CN

1−α√
N
)

= op (1).

For the third item of (3.1), we have

1

Nα
vec

(mN∑
t=1

+

N∑
t=mN+1

)
u0t

 t∑
j=1

Rt−jN uxj

′ R−NN


=
1

Nα
vec

(mN∑
t=1

+
N∑

t=mN+1

)
u0t

 N∑
j=1

Rt−jN uxj

′ R−NN
+ op (1)

=

(
1

Nα/2

mN∑
t=1

R
−(N−t)
N ⊗ u0t

)
vec

 1

Nα/2

N∑
j=1

R−jN uxj

′ +
(

1

Nα/2

N∑
t=mN+1

R
−(N−t)
N ⊗ u0t

)
vec

 1

Nα/2

N∑
j=1

R−jN uxj

′

=

(
1

Nα/2

N∑
t=mN+1

R
−(N−t)
N ⊗ u0t

) 1

Nα/2

mN∑
j=1

R−jN uxt

+ op (1)

=
1

Nα/2

N∑
t=mN+1

R
−(N−t)
N UxN ⊗ u0t + op (1) , with UxN =

1

Nα/2

mN∑
j=1

R−jN uxt,

since we have shown
∑mN

t=1 R
−(N−t)
N ⊗ u0t = op (1). Note that, from MP

UxN ⇒
(∫ ∞

0
e−pCΩxxe

−pCdp

)1/2
Ux =: Ũx,
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with Ux = N (0, IK) . Hence the third item has the following form:

1

Nα
vec

(
mN∑
t=1

+
N∑

t=mN+1

)
u0t

 t∑
j=1

Rt−jN uxj

′ R−NN
=

1

Nα/2

N∑
t=mN+1

R
−(N−t)
N UxN ⊗ u0t + op (1) .

Combining the above results and using (3.1), we have the limit result for the numerator as,

vec

(
1

Nα

N∑
t=1

u0tx
′
tR
−N
N

)

=
1

Nα/2

N∑
t=mN+1

R
−(N−t)
N (UxN +D)⊗ u0t + op (1)

⇒
(∫ ∞

0
e−pC

(
D + Ũx

)(
D + Ũx

)′
e−pCdp⊗ Ω00

)1/2
W0

d
= MN

(
0,

∫ ∞
0

e−pC
(
D + Ũx

)(
D + Ũx

)′
e−pCdp⊗ Ω00

)
, (3.2)

where W0 = N (0, ImK). Due to the sample splitting at t = mN , as N →∞ the limit variate

W0 is independent of the limit variate Ux.

(ii) From the identity

xtx
′
t = µµ′+RNxt−1µ

′+uxtµ
′
+µx′t−1RN+RNxt−1x

′
t−1R

′
N+uxtx

′
t−1RN+µu

′
xt+RNxt−1u

′
xt+uxtu

′
xt,

we have

(RN ⊗RN − IK×K)
N∑
t=1

vec
(
xtx
′
t

)
(3.3)

= (RN ⊗RN ) vec
(
xNx

′
N

)
− (RN ⊗RN ) vec

(
x0x

′
0

)
−Nvec

(
µµ′
)
−

N∑
t=1

vec
(
RNxt−1µ

′)− N∑
t=1

vec
(
uxtµ

′
)

−
N∑
t=1

vec
(
µx′t−1RN

)
−

N∑
t=1

vec
(
uxtx

′
t−1RN

)
−

N∑
t=1

vec
(
µu
′
xt

)
−

N∑
t=1

vec
(
RNxt−1u

′
xt

)
−

N∑
t=1

vec
(
uxtu

′
xt

)
.

We show in the following that each of the following terms standardized byN−α
(
R−NN ⊗R−NN

)

(RN ⊗RN ) vec
(
x0x

′
0

)
, Nvec

(
µµ′
)
,
N∑
t=1

vec
(
RNxt−1µ

′) , N∑
t=1

vec
(
µu′xt

)
,
N∑
t=1

vec
(
uxtx

′
t−1RN

)
,
N∑
t=1

vec
(
uxtu

′
xt

)

9



are asymptotically negligible. In particular, we have

N−α
(
R−NN ⊗R−NN

)
(RN ⊗RN ) vec

(
x0x

′
0

)
=

(
R
−(N−1)
N ⊗R−(N−1)N

)
vec

(
N−α/2x0x

′
0N
−α/2

)
= op (1) ,

N−α
(
R−NN ⊗R−NN

)
Nvec

(
µµ′
)

= Op

(
N1−2αR−NN ⊗R−NN

)
= op (1) ,

N−α
(
R−NN ⊗R−NN

) N∑
t=1

vec
(
µu′xt

)
= N

1
2
−α
(
R−NN ⊗R−NN

)
(IK ⊗ µ)

1√
N

N∑
t=1

uxt

= Op

(
N

1−3α
2

)
Op

(
R−NN ⊗R−NN

)
Op (1) = op (1) ,

N−α
(
R−NN ⊗R−NN

) N∑
t=1

vec
(
uxtx

′
t−1RN

)
= N−α

(
R−NN ⊗R−NN

)
(RN ⊗ IK)

N∑
t=1

vec
(
uxtx

′
t−1
)

= R
−(N−1)
N ⊗R−NN N−α

N∑
t=1

vec
(
uxtx

′
t−1
)

= Op

(
R
−(N−1)
N

)
⊗Op (1) = op (1) ,

sinceR−NN N−α
∑N

t=1 vec
(
uxtx

′
t−1
)

= Op (1) following the same argument thatR−NN N−α
∑N

t=1 vec (u0tx
′
t) =

Op (1). Finally,

N−α
(
R−NN ⊗R−NN

) N∑
t=1

vec
(
RNxt−1µ

′)
= N−α

(
R−NN ⊗R−NN

)
(µ⊗RN )

N∑
t=1

xt−1 = N−α
(
R−NN µ⊗R−(N−1)N

) N∑
t=1

xt−1

= R−NN µN−α/2 ⊗
N∑
t=1

R
−(N−1−t)
N N−α/2R−tN xt−1 = R−NN µN−α/2 ⊗Op (Nα) .

Therefore, for the denominator, we have from (3.3) that

N−α (RN ⊗RN − IK×K)
(
R−NN ⊗R−NN

) N∑
t=1

vec
(
xtx
′
t

)
= N−α

(
R
−(N−1)
N ⊗R−(N−1)N

)
vec

(
xNx

′
N

)
+ op (1)

10



= vec

{(
N−α/2R

−(N−1)
N xN

)(
N−α/2R

−(N−1)
N xN

)′}
+ op (1)

⇒ vec

((
D + Ũx

)(
D + Ũx

)′)
,

since

N−α/2R−NN xN

= N−α/2R−NN

(I −RN )−1 µ+RNN

(
x0 − (I −RN )−1 µ

)
+

N∑
j=1

RN−jN uxj .


= R−NN C−1Nα/2µ+N−α/2x0 +Nα/2C−1µ+N−α/2

N∑
j=1

R−jN uxj

⇒ D +

(∫ ∞
0

e−pCΩxxe
−pCdp

)1/2
Ux = D + Ũx.

Hence, we have

N−2α
(
R−NN ⊗R−NN

) N∑
t=1

vec
(
xtx
′
t

)
= (C ⊗ IK + IK ⊗ C)−1 vec

((
D + Ũx

)(
D + Ũx

)′)
+ op (1)

= vec

(∫ ∞
0

e−pC
(
D + Ũx

)(
D + Ũx

)′
e−pCdp

)
+ op (1) . (3.4)

(iii) Combining results from (3.2) and (3.4), we obtain

vec
{
Nα

(
Â−A

)
RNN

}
= vec

Nα

(
N∑
t=1

u0tx
′
t

)(
N∑
t=1

xtx
′
t

)−1
RNN


=

{N−2α N∑
t=1

R−NN xtx
′
tR
−N
N

}−1
⊗ Im

 vec{N−α N∑
t=1

u0tx
′
tR
−N
N

}

⇒
[(∫ ∞

0
e−pC

(
D + Ũx

)(
D + Ũx

)′
e−pC

)−1
⊗ Im

](∫ ∞
0

e−pC
(
D + Ũx

)(
D + Ũx

)′
e−pCdp⊗ Ω00

)1/2
W0

=

[(∫ ∞
0

e−pC
(
D + Ũx

)(
D + Ũx

)′
e−pC

)−1/2
⊗ Ω

1/2
00

]
W0,

giving the stated result.
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3.2 Proof of Theorem 3.2

Proof. Given the following limit result obtained in the proof of Theorem 3.1

N−α/2R−NN xN ⇒ D +

(∫ ∞
0

e−pCΩxxe
−pCdp

)1/2
Ux = D + Ũx,

we have

H⊥NH
′
⊥N = IK −

xNx
′
N

x′NxN
⇒ IK −

(
D + Ũx

)(
D + Ũx

)′
(
D + Ũx

)′ (
D + Ũx

)
= IK −XcX

′
c := H⊥H

′
⊥,

where Xc :=
(
D + Ũx

)
/

{(
D + Ũx

)′ (
D + Ũx

)}1/2
and D + Ũx is the same as the limit

given in Theorem 3.1 but with C = cIK . The subvector z2t can be written as

z2t = −H ′⊥Nµ
N−t∑
j=1

ρ−jN −H
′
⊥N

N−t∑
j=1

ρ−jN uxt+j , (3.5)

by the reverse autoregression

z2t = −ρ−1N H ′⊥Nµ+ ρ−1N z2t+1 − ρ−1N H ′⊥Nuxt+1.

Using the following expression for the scaled error in the LS estimator of A

N (1+α)/2
(
ÂN −A

)
=

(
N−(1+α)/2

N∑
t=1

u0tz
′
t

)(
N∑
t=1

ztz
′
t

)−1
H ′N ,

we can write the expression in component form as(
1

N (1+α)/2

N∑
t=1

u0tz
′
t

) Op

(
N1−αρ−2NN

)
Op

(
ρ−NN

)
Op

(
ρ−NN

) (
N−(1+α)

∑N
t=1 z2tz

′
2t

)−1
+ op (1)

H ′N

=

(
1

N (1+α)/2

N∑
t=1

u0tz
′
2t

)(
1

N1+α

N∑
t=1

z2tz
′
2t

)−1
H ′⊥N + op (1) .

(i) Letting Z1 = [z11, z12, . . . z1N ]′ and Z2 = [z11, z12, . . . z1N ]′, we have

(
1

N1+α

N∑
t=1

ztz
′
t

)−1
=

 (
Z′1Z1
N1+α

)−1
+ Π1N

(
Z′2Q1Z2
N1+α

)−1
Π′1N −Π1N

(
Z′2Q1Z2
N1+α

)−1
−
(
Z′2Q1Z2
N1+α

)−1
Π′1N

(
Z′2Q1Z2
N1+α

)−1
 ,
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with Q1 = IN − Z1 (Z ′1Z1)
−1 Z ′1 and Π1N = (Z ′1Z1)

−1 Z ′1Z2. We show in the following that(
1

N1+α

N∑
t=1

ztz
′
t

)−1
=

 Op

(
N1−αρ−2NN

)
Op

(
ρ−NN

)
Op

(
ρ−NN

) (
1

N1+α

∑N
t=1 z2tz

′
2t

)−1
+ op (1)

 . (3.6)

First, Z ′1Z1 = Op
(
ρ2NN N2α

)
since∥∥∥∥∥ρ−2NN

N2α
Z ′1Z1

∥∥∥∥∥ =
ρ−2NN

N2α

∥∥∥∥∥
N∑
t=1

z1tz
′
1t

∥∥∥∥∥ =
ρ−2NN

N2α
‖HcN‖

∥∥H ′cN∥∥
∥∥∥∥∥
N∑
t=1

xtx
′
t

∥∥∥∥∥ = Op (1) , (3.7)

and
∑N

t=1 xtx
′
t = Op

(
ρ2NN N2α

)
.

Second, we show Z ′1Z2 = Op
(
ρNNN

2α
)
. Using (3.5) and

z1t = H ′cN

Nα

−c µ+ ρtN

(
x0 +

Nα

c
µ

)
+

t∑
j=1

ρt−jN uxj

 ,

we have the following representation for Z ′1Z2:

N∑
t=1

z1tz
′
2t =

N∑
t=1

H ′cN


(
Nα

−c µ+ ρtN
(
x0 + Nα

c µ
)

+
∑t

j=1 ρ
t−j
N uxj

)(
−µ′ 1−ρ

t−N
N

ρN−1
−
∑N

j=t+1 ρ
−(j−t)
N u′xj

) H⊥N

=

N∑
t=1

H ′cN


Nα

c
1−ρt−NN
ρN−1

µµ′ − ρtN−ρ
2t−N
N

ρN−1
(
x0 + Nα

c µ
)
µ′

−1−ρ
t−N
N

ρN−1
∑t

j=1 ρ
t−j
N uxjµ

′ + Nα

c µ
∑N

j=t+1 ρ
−(j−t)
N u′xj

−ρtN
(
x0 + Nα

c µ
)∑N

j=t+1 ρ
−(j−t)
N u′xj −

∑t
j=1 ρ

t−j
N uxj

∑N
j=t+1 ρ

−(j−t)
N u′xj

H⊥N .

Hence,∥∥∥∥∥ρ−NNN2α

N∑
t=1

z1tz
′
2t

∥∥∥∥∥ 6 ρ−NN
N2α

∥∥H ′cN∥∥ ‖H⊥N‖

(
Nα

c

)2 ∥∥∥∑N
t=1

(
1− ρt−NN

)
µµ′
∥∥∥+

∥∥∥∥∑N
t=1

ρtN−ρ
2t−N
N

ρN−1
(
x0 + Nα

c µ
)
µ′
∥∥∥∥

+

∥∥∥∥∑N
t=1

1−ρt−NN
ρN−1

∑t
j=1 ρ

t−j
N uxjµ

′
∥∥∥∥+

∥∥∥∑N
t=1

Nα

c µ
∑N

j=t+1 ρ
−(j−t)
N u′xj

∥∥∥
+
∥∥∥∑N

t=1 ρ
t
N

(
x0 + Nα

c µ
)∑N

j=t+1 ρ
−(j−t)
N u′xj

∥∥∥+
∥∥∥∑N

t=1

∑t
j=1 ρ

t−j
N uxj

∑N
j=t+1 ρ

−(j−t)
N u′xj

∥∥∥


= Op (1) ,

since

ρ−NN
N2α

(
Nα

c

)2 ∥∥∥∥∥
N∑
t=1

(
1− ρt−NN

)
µµ′

∥∥∥∥∥
13



=
ρ−NN
c2

(
N − ρ

−(N−1)
N − ρN

1− ρN

)∥∥µµ′∥∥
=

ρ−NN
c2

(
N − ρ

−(N−1)
N − ρN

1− ρN

)
N−α

∥∥µ∗µ∗′∥∥+ op (1) = op (1) ,

ρ−NN
N2α

∥∥∥∥∥
N∑
t=1

ρtN − ρ
2t−N
N

ρN − 1

(
x0 +

Nα

c
µ

)
µ′

∥∥∥∥∥
=

ρ−NN
N2α (ρN − 1)

(
ρN
(
1− ρNN

)
1− ρN

−
ρ−NN ρ2N

(
1− ρ2NN

)
1− ρ2N

)∥∥∥∥(x0 +
Nα

c
µ

)
µ′
∥∥∥∥

= −2ρN + ρ2N
2c2

∥∥∥∥x∗µ∗′ + 1

c
µ∗µ∗′

∥∥∥∥ = Op (1) ,

and

ρ−NN
N2α

∥∥∥∥∥∥
N∑
t=1

1− ρt−NN

ρN − 1

t∑
j=1

ρt−jN uxjµ
′

∥∥∥∥∥∥ = op (1) ,

as

ρ−NN
N2α

E

∥∥∥∥∥∥
N∑
t=1

1− ρt−NN

ρN − 1

t∑
j=1

ρt−jN uxjµ
′

∥∥∥∥∥∥ = 0.

Similarly,∥∥∥∥∥∥
N∑
t=1

Nα

c
µ

N∑
j=t+1

ρ
−(j−t)
N u′xj

∥∥∥∥∥∥ = op (1) and

∥∥∥∥∥∥
N∑
t=1

ρtN

(
x0 +

Nα

c
µ

) N∑
j=t+1

ρ
−(j−t)
N u′xj

∥∥∥∥∥∥ = op (1) .

Further, we have from MP (2009) that

ρ−NN
N2α

E

∥∥∥∥∥∥
N∑
t=1

t∑
j=1

ρt−jN uxj

N∑
j=t+1

ρ
−(j−t)
N u′xj

∥∥∥∥∥∥ 6 B, where B is some constant.

In summary, combining the above results, we have

Z ′1Z2 = Op
(
ρNNN

2α
)
, Z ′1Z1 = Op

(
ρ2NN N2α

)
,Π1N =

(
Z ′1Z1

)−1 (
Z ′1Z2

)
= Op

(
ρ−NN

)
,

Z ′2Q1Z2
N1+α

=
Z ′2Z2
N1+α

+Op
(
Nα−1) .

Next, we derive the limit distribution for Z′2Z2
N1+α . Considering that z2N = 0 by construction,

we have

Z ′2Z2 =
N−1∑
t=1

(
−ρ−1N H ′⊥Nµ+ ρ−1N z2t+1 − ρ−1N H ′⊥Nuxt+1

) (
−ρ−1N H ′⊥Nµ+ ρ−1N z2t+1 − ρ−1N H ′⊥Nuxt+1

)′
,
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which leads to

ρ2N − 1

N

N−1∑
t=1

z2tz
′
2t

=
z2Nz

′
2N

N
− z0Nz

′
0N

N
+

1

N
H⊥N

N−1∑
t=1

µµ′H ′⊥N −
1

N
H ′⊥N

N−1∑
t=1

µz′2t+1

+
1

N
H ′⊥N

N−1∑
t=1

µu′xt+1H⊥N −
1

N

N−1∑
t=1

z2t+1µ
′H⊥N −

1

N

N−1∑
t=1

z2t+1u
′
xt+1H⊥N

+
1

N
H⊥N

N−1∑
t=1

uxt+1µ
′H ′⊥N −

1

N
H ′⊥N

N−1∑
t=1

uxt+1z
′
2t+1 +

1

N
H ′⊥N

N−1∑
t=1

uxt+1u
′
xt+1H⊥N

=
1

N
H ′⊥N

N−1∑
t=1

uxt+1u
′
xt+1H⊥N −

1

N

N−1∑
t=1

z2t+1µ
′H⊥N −

1

N
H ′⊥N

N−1∑
t=1

µz′2t+1 + op (1)

=
1

N
H ′⊥NΩxxH⊥N +

2

c
H ′⊥Nµ

∗µ
∗′H⊥N + op (1) ,

since the following hold:

(1)
z2Nz

′
2N

N
= Op

(
N−1

)
= op (1) ,

(2)
z0Nz

′
0N

N
= Op

(
Nα−1) = op (1) ,

(3)

1

N
H ′⊥N

N−1∑
t=1

uxt+1z
′
2t+1

=
1

N
H ′⊥N

N−1∑
t=1

uxt+1

−µ
N−1−t∑
j=1

ρ−jN −
N−1−t∑
j=1

ρ−jN uxt+1+j


′

H⊥N

= op (1) ,

(4)

1

N
H ′⊥N

N−1∑
t=1

µz′2t+1 =
1

N
H ′⊥Nµ

N−1∑
t=1

−µ
N−t−1∑
j=1

ρ−jN −
N−t−1∑
j=1

ρ−jN uxt+1+j


′

H⊥N

= − 1

N
H ′⊥N

N−1∑
t=1

N−1−t∑
j=1

ρ−jN µµ′H⊥N + op (1)
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= − 1

N1+α
H ′⊥N

N−1∑
t=1

ρ−1N

(
1− ρ−(N−t−1)N

)
1− ρ−1N

µ∗µ
∗′H⊥N + op (1)

= −1

c
H ′⊥Nµ

∗µ
∗′H⊥N + op (1) ,

(5)

1

N
H ′⊥N

N−1∑
t=1

uxt+1u
′
xt+1H⊥N =⇒ 1

N
H ′⊥NΩxxH⊥N ,

and

(6)

1

N
H⊥N

N−1∑
t=1

µµ′H ′⊥N = op (1) .

Hence, by the same argument as in Lemma 4.3 of MP, we have

ρ2N − 1

N

N−1∑
t=1

z2tz
′
2t

= H ′⊥NΩxxH⊥N +
2

c
H ′⊥Nµ

∗µ
∗′H⊥N + op (1)

⇒ H ′⊥ΩxxH⊥ +
2

c
H ′⊥µ

∗µ
∗′H⊥,

where H⊥ is a K × (K − 1) matrix (an orthogonal complement of the vector Xc) satisfying

H⊥H
′
⊥ = IK −

(
D + Ũx

)(
D + Ũx

)′
(
D + Ũx

)′ (
D + Ũx

) .
Therefore,

1

N1+α

N∑
t=1

z2tz
′
2t ⇒ H ′⊥

(
1

2c
Ωxx +

µ∗

c

µ
∗′

c

)
H⊥.

(ii) Normalizing by N−1, the component N−1
∑N

t=1 u0tz
′
2t is asymptotically negligible,

since

1

N

N∑
t=1

u0tz
′
2t =

1

N

N∑
t=1

u0t

−H ′⊥NµN−t∑
j=1

ρ−jN −H
′
⊥N

N−t∑
j=1

ρ−jN uxt+j

′ = op (1) .

Hence, when normalized by 1
N(1+α)/2 , we have

1

N (1+α)/2
vec

(
N∑
t=1

u0tz
′
2t

)
(3.8)
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= − 1

N (1+α)/2
vec

 N∑
t=1

u0tµ
′
N−t∑
j=1

ρ−jN H⊥N

− 1

N (1+α)/2
vec

 N∑
t=1

u0t

N−t∑
j=1

ρ−jN u′xt+jH⊥N

 .

For the first item on the right side of (3.8), we have

− 1

N (1+α)/2
vec

 N∑
t=1

u0tµ
′
N−t∑
j=1

ρ−jN H⊥N


= − 1

N (1+α)/2
vec

 N∑
t=1

u0tµ
′

N∑
j=t+1

ρ
−(j−t)
N H⊥N


= − 1

N (1+α)/2
vec

(
N∑
t=1

u0t

(
1− ρ−(N−t)N

)
µ′H⊥N

Nα

c

)

= −1

c

1√
N
vec

(
N∑
t=1

u0tµ
∗′H⊥N

)
+

1

c

1√
N
vec

(
N∑
t=1

ρ
−(N−t)
N u0tµ

∗H⊥N

)

= −H ′⊥N
µ∗

c
⊗
(

1√
N
vec

(
N∑
t=1

u0t

))

⇒ H ′⊥
µ∗

c
⊗N (0,Ω00)

d
= N

(
0, H ′⊥

µ∗

c

µ∗′

c
H⊥ ⊗ Ω00

)
. (3.9)

The second item on the right handside of (3.8) is asymptotically negligible, since

− 1

N (1+α)/2

N∑
t=1

u0t

N−t∑
j=1

ρ−jN u′xt+jH⊥N = − 1

N (1+α)/2

N∑
t=mN+1

u0t

N∑
j=t+1

ρ
−(j−t)
N u′xjH⊥N + op (1) ,

(3.10)

and

− 1

N (1+α)/2
vec

 N∑
t=mN+1

u0t

N∑
j=t+1

ρ
−(j−t)
N u′xjH⊥N

⇒ N

(
0,

1

2c
H ′⊥NΩxxH

′
⊥N ⊗ Ω00

)
.

(3.11)

(1) For equation (3.10), we have

E

∥∥∥∥∥∥ 1

N (1+α)/2

mN∑
t=1

u0t

N∑
j=t+1

ρ
−(j−t)
N u′xt+j

∥∥∥∥∥∥
2

=
E ‖u0t‖2

N1+α
E

∥∥∥∥∥∥
mN∑
t=1

N∑
j=t+1

ρ
−(j−t)
N u′xt+j

∥∥∥∥∥∥
=

E ‖u01‖2 E ‖ux1‖2

N1+α

mN∑
t=1

N∑
j=t+1

ρ
−2(j−t)
N = o (1) .
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(2) The result (3.11) follows from Lemma 4.4 of MP.

Combining (3.9) and (3.11), the limit distribution of 1
N(1+α)/2

∑N
t=1 u0tz

′
2t is

1

N (1+α)/2
vec

(
N∑
t=1

u0tz
′
2t

)

⇒
(
H ′⊥

µ∗

c

µ∗′

c
H⊥ ⊗ Ω00

)1/2
×N

(
0, Im×(K−1)

)
+

(
1

2c
H ′⊥ΩxxH⊥ ⊗ Ω00

)1/2
×N

(
0, Im×(K−1)

)
=

(
H ′⊥

(
µ∗

c

µ∗′

c
+

1

2c
Ωxx

)
H⊥ ⊗ Ω00

)1/2
×N

(
0, Im×(K−1)

)
,

since we have the following independent structure asymptotically

lim
N→∞

E


(

1√
N

N∑
t=1

u0tµ
∗′

) 1

N (1+α)/2

N∑
t=mN+1

u0t

N∑
j=t+1

ρ
−(j−t)
N u′xj

′ = 0.

(iii) Using the results from (i) and (ii), we obtain

N (1+α)/2vec
(
Â−A

)
= vec

N (1+α)/2

(
N∑
t=1

u0tz
′
2t

)(
N∑
t=1

z2tz
′
2t

)−1
H ′⊥N

+ op (1)

=

H⊥N
(

1

N1+α

N∑
t=1

z2tz
′
2t

)−1⊗ Im
 vec{ 1

N (1+α)/2

N∑
t=1

u0tz
′
2t

}
+ op (1)

⇒
[
H⊥

{
H ′⊥

(
µ∗

c

µ∗′

c
+

1

2c
Ωxx

)
H⊥

}−1
⊗ Im

]{
H ′⊥

(
µ∗

c

µ∗′

c
+

1

2c
Ωxx

)
H⊥ ⊗ Ω00

}1/2
×N

(
0, Im×(K−1)

)
d
= MN

(
0, H⊥

{
H ′⊥

(
µ∗

c

µ∗′

c
+

1

2c
Ωxx

)
H⊥

}−1
H ′⊥ ⊗ Ω00

)
,

giving the stated result.
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