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1 Introduction

This online Supplement contains two sections. First, we provide details of the proofs of the
theorems in Chen, Phillips and Yu (2016) for the univariate case. Second, we include proofs

of the theorems for the multivariate cases.
2 Univariate explosive regressor

2.1 Proof of Theorem 2.1

Proof. The arguments here and in much of what follows closely mirror those of MP (2009)
in the mildly explosive case. We therefore provide only the main new details here. The
limit theory of Zi\; 1 x? and Zi\; 1| Truot is obtained using split sample arguments replacing
summations in 3> | by (ZQ\{ + ZlfimNJrl) where my is such that A + niV—N — 00 so that
with ¢ > 0 and a € (0,1) we have
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(i) Start by writing x; in (2.9) as
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so the standardized numerator can be decomposed as
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For the first term on the right hand side of (2.3), since Zp = zonN~*/? = X* and
o= NY?p = p*, we have
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Setting Dy = N—¢/2 (:130 - ﬁ), we then have,
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where we assume the probability space is expanded in such a way so that the weak convergence

= can be replaced by 2, . Also note that
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and then

(R%Na ZRNUOt <$0 7 _MR > =op(1).
t=1

Hence, for the first term of (2.3) we have by virtue of the martingale central limit theorem
(MCLT), as in Phillips and Magdalinos (2007),
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For the second term on the right hand side of (2.3), noting that RR,N N = (1 + ﬁ) NYN =
O (e_CN*AZ’ \/N) =o0(1) for all & € (0,1) we obtain

N
N ara —12 H —-N Z —e | N -
N ) o UOtl _ RN ~ RN —C \/} UOt ( N Na> Op (]‘) - Op (]‘) *

(2.7)

The third term on the right hand side of (2.3) is
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where we use the fact that N—®/2 37 R;,(N_t)u()t = 0p (1) from (2.6). We now use a joint

MCLT for the components
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just as in Phillips and Magdalinos (2007) and MP (2009), using the fact that the limit variates

(Up, Uy) are independent because
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Combining the above results and using (2.4) we obtain
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giving the limit of the numerator.
(ii) From the identity

= RJ2V$§—1 + ,u2 + uit 4+ 2RNpxi—1 + 2RNTi—1Uze + 2Ug4,



we have
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We show in the following that each of the following standardized terms
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are asymptotically negligible. In particular, since the standardized initial condition and drift

satisfy To = 2oy N2 = X* and i = N*/?p = p*, we find that
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(iii) Combining the results (2.8) and (2.10), we have
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giving the stated result. m

2.2 Proof of Corollary 2.2

Proof. The proof follows from Theorem 2.1 by noting the mappings
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3 Multivariate explosive regressor

3.1 Proof of Thorem 3.1

Proof. First, we rewrite x; by backward recursion as,

t
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(i) With this expression, we have
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with U, = N (0, Ix) . Hence the third item has the following form:
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Combining the above results and using (3.1), we have the limit result for the numerator as,
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are asymptotically negligible. In particular, we have
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since
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3.2 Proof of Theorem 3.2

Proof. Given the following limit result obtained in the proof of Theorem 3.1
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with Q1 = Iy — Z1(Z,21)"" Z} and Ty = (Z,21)"" Z, Zy. We show in the following that
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E PN Uzt+1+j

1
PN — H n

D

N—t—
j=1

N—-1-t ]
Y N Hin +0,(1)
7j=1
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= N1+a Hy Z — e 'Hin +op(1)
N

1 ..
= _EHLN,U pw'Hiy +o0p(1),

N-1
HLN § uxt+luxt+1HiN = NHLNQxxHLNv
t=1

1
N

N-1
*HLN Z p H' = op (1)

Hence, by the same argument as in Lemma 4.3 of MP, we have

2 N-—1
py — 1 2 : 2042
N 2t
t=1

2 N
= HiNszHJ_N + EHILNM*M /HJ_N + op (1)

2 «
= Hj_meHJ_ + EHj_,u*,u IHJ_,
where H| is a K x (K — 1) matrix (an orthogonal complement of the vector X.) satisfying
~ ~ !
(D+0.) (p+0.)

(D + ffx)/ (D + ffl,) .

H H'| = Iy —

Therefore,
1 al u
WZZQtZé,:#Hi( sz—Ff c >HJ_
t=1

(i) Normalizing by N1, the component N1 Zi\i L Uotzh, is asymptotically negligible,

since
N N N—t N—t !
NZUOtzét = ﬁZ“Ot HLN/JZPN —H'y ZPN Usttj | =0p(1).
t=1 t=1 j=1 J=1

Hence, when normalized by W, we have

N
1
Wuec (Z U[)tZét> (38)
t=1
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N

- 1+a)/2 Z“Ot“ ZPNHUV _T ZUOthN Uorrj HLN

For the first item on the right side of (3.8), we have

N+2 Zum# ZPN Hin

N

= N+a)/2 Zuﬂtﬂl Z pN t)HLN

j=t+1

1 = (N—t) N
=~ e (Zum (1—pN )MH N)

t=1

= —*77)66 <Z Uot 1 HLN) + f—vec (Z pN UOt,u HLN)

w 1
= —H yv—® | —vec U
/.L* M*/
= H)— ®N(0 Q00) (OaHj_HL ® Q00> . (3.9)
c c

The second item on the right handside of (3.8) is asymptotically negligible, since

N N—t
1 iy
_WZuUthNJu;HjHLNZ N(O+a)2 Z oz Z o JHIN 4 0p (1),
t=1 Jj=1 t my+1  j=t+1
(3.10)
and
- vec Z w Z i H =N OLH' Qe H' vy @ Q
N(ta)/2 0Ot PN 1N 1 9o TN el LN 00 | -
t=mn+1  j=t+1
(3.11)

(1) For equation (3.10), we have

2

(j—t)
N(+a)/2 Zum Z PN Uit

Jj=t+1

B ol 5 IR S~ oo
e B[ > 0

t=1 j=t-+1

E [|uor||* B [Just || < —2(j—t)
= N Z o(1).

t=1 j=t+1
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(2) The result (3.11) follows from Lemma 4.4 of MP.
Combining (3.9) and (3.11), the limit distribution of ~a7 Yoy uorzh, is

1 N
W'Z)ec (Z UOtZét>
t=1

1/2 1
= <H’ W —H, ®Qoo) X N (0, Ly (x—-1)) + <

1/2
%Hj_QmmHJ_ ® Q00> X N (07 ImX(K—l))

i 1/2
= <H¢ ( + Qazx) H, ® Q00) X N (0, Lyx (k1)) 5

Cc

since we have the following independent structure asymptotically

1 N 1 N N ( )

. " —(j—t .

lim & (JN E Uot b ’) N2 E Uot E pn g =0.
t=1

N—o00 .
t=mn+1 j=t+1

(iii) Using the results from (i) and (ii), we obtain

NI+ 260 (21\ — A)

N —1
= vec 1+Oé (Z U0t22t> (Z ZQtlet> Hj_N + Op (1)
t=1

[ R o 1 ol
= HJ_N (W Z 22t2,'2t> &® Im vec {]\W Z uOtZQt} + Op (1)
t=1 t=1
- p* N ! uw* N 1/2
= H, {HJ_ ( c + Qx:p) HJ_} ® Iy {Hj_ < c c + Qrm) H, ® Q00} X N (OalmX(K—l))
;. W -
= MN (07HJ_ {HJ_ ( pals Qm> HJ_} H| ® Q00) :

giving the stated result. m
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