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1 Useful lemmas

The following two lemmas are useful throughout the proofs of the main results
in the paper.

Lemma 1.1 (Theorem 3.1 in Silveira (1991)) Suppose u; = A%, € b
(0,0%) Eler]|*t9 < o0, for some § > 0 and d > —0.5. Then, as n — oo,

Lnr]
1
t=1

in D[0, 1] with the uniform metric.
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Lemma 1.2 Suppose the DGP is given by model (12). Let T = |nr| with
r € (0,1]. Then, as n — oo,

T 2 3
L & [W2(r) =] ifd=0
ed D Y1 = g 27 , (A.1.2)
ni e ;:: {2 (WH(r)®  ifd>0
1< r
3&%22%1$0/WWW®%, (A.1.3)
n t=1 0
1 < r )
e D Vi1 = 02/0 (WH(s))" ds. (A.1.4)
t=1

Suppose the empirical regression (8) is based on {y:}j_,. For r € (0,1], as
n — 00, we have

s((W(r)2=r)’ = (f§ W(s)ds)W(r) ifd=0
" W(s))2ds o
T(pr = 1) = { o AO V@) . (A.L5)
s (W) —Us WEMAWEE) 4 ¢ (0, 0.5)

LT A2
Furthermore, let pr = pr + QZfingyt We have

5 (WH () — (fy W (s)ds) W (r)
~ 2
Jo (WH(S)) ds

The following lemmas are useful in proving Theorem 3.3.

T(pr—1) =

, for d €0,0.5). (A.1.6)

Lemma 1.3 Under the assumptions of Theorem 3.3, as n — oo with m = n”,
we have

1215 A1++dyt - A1++dyt = O,(m~'logn). (A.1.7)

Lemma 1.4 [Lemma 12 in Mikusheva (2007)] Let {e; ; : j = 1,...n} be a
triangular array of random variables, such that for every n, {e! .}"_, are i.i.d.

n,jJj=1
with a cumulative distribution function (CDF) F, € L,.(K,M,0). Then we
can construct a process ny,(t) = ﬁ ZJLZIJ €,; and a Brownian motion wy, on

a common probability space such that for every e > 0

lim sup Pr{ sup | (t) — wy(t)] > En_é} =0, (A.1.8)
=0 el (K,M,0) 0<t<1

for some § > 0, where L,(K, M, 0) is a class which satisfies the following three
conditions:

1. ju(Fy) = 0;

2. us(Fy) = o2, where |02 — 1| < Mn=%, with 6 > 0;

n’



3. sup,, |plr (Fn) < K.

where pj(F) and |p|;(F) are the jth central and absolute moments of F,
respectively, and M and K are positive constants.

The results in Lemma 1.4 use an expanded common probability space in
which a weakly convergent sequence can be represented by a sequence that
converges almost surely via the Skorohod representation (see, e.g. Pollard
(1984)). Throughout the proof of Theorem 3.3, random sequences are assumed
to belong to this common probability space.

The following lemma is useful in proving Theorem 4.1.

Lemma 1.5 Let 7 = |nr] with r € (re,1]. Then, under the local alternative
model (25), as n — oo.

L gty = o (eTTTOWH () 4 [ eI (s) ) 4
W D1 Y1 = 0 A g;
inﬁ 2;1 yt2_1 = UQBr,d;
1 T XY U—QC .
nit2d (Zt:1 Ye—1Ut + 3 Zt:l yt) = S5 0rd;

n(ﬁ'r - pc) = Xc(r) d);
n(pr — 1) = Xolr.d) +c.

S & L e

where

Arg = / (e(x_Te)CWH(Te)-i-/ e(x_s)chH(S)> dz,
0 Te
r x 2
Bra = / (G(ITS)CWH(%)-F/ e(xS)CdWH(S)> dx,
0 Te

r 2
Cra = (0w + [0 ()) - W),

1 1 H
icryd — ;Ar,dW (7")
1 )
Bra— A%,

r

BraWH(r) — 5CraAra
r (Br,d — Az,d)

The lemmas below assist in proving Theorems 4.2 and 5.1.

Ye(r,d)

Lemma 1.6 Let B = [, 7¢] be the bubble period, Ny € [1,7.) and Ny = 15 +
1,n] be the normal market periods before and after the bubble period. Under the
DGP (29), with t = |nr|, we have the following asymptotic approximations:

1. Forte Ny, y, ~ n'/2tdgw (),
2. Forte B, Ut 2 pgiTﬁ)n1/2+dlo-WH1 (Te)-



3. Fort € N1, yjpr| ~ nt/2td (o (WHI(r) — WHI(rp)) + oW HI(r,)]
where WH (1) is a Type II fBM with the Hurst parameter H = 1/2 + d.
Lemma 1.7 For the sample average,
1. For T € B, %2;21 yj ~motdiml/2pr=re Loy,

1 7 a di—1/2 ,TF~Te 1 H
2. For T € Ny, ;ijlyj ~ natdi /pnf eTCO'W l(re)'

Lemma 1.8 Let y = y; — %Z;—zl Yj—1.
1. ForT € B, ift € Ny,

1
G % =TT g W () (A.1.9)
ifte B,
2o o) Y rn ) 1/24d
ye~ |\ pp ¢ el < ln oW (r,). (A.1.10)

2. For m € Ny, ift € Ny,
1

TR _na+d1*1/2p;f_TeEaWH1 (re), (A.1.11)

if t € B,
g (A = B ) o, (a

if t € Ny,
g 2 —na+d1-1/2p;f*%awfﬁ (re). (A.1.13)

Lemma 1.9 The sample variance terms involving 4 behave as follows.

1. If T€ B,

T 2(T—7Te)
P el AU (A.1.14)
7j=1
2. If T € Ny,
T 2(Tp—Te)
SR, L nl+a+2d1p”T02WH1 (re)%. (A.1.15)
j=1

Lemma 1.10 The sample variances of §: and us behave as follows:

1. ForTt € B,

T 1+a+f(dq)
S vy = 0, (e U e ) g
j=1
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2. For T € Ny,

T J et f(do)
S g1y = 0y (e U )
j=1

where
1 if do €10,0.5)

f(dg)z 1+e€ ’Lf d2:0.5 ,6>0.
2ds if ds > 0.5

Lemma 1.11 The sample covariances of yj—1 and y; — pnyj—1 behave as fol-
lows:

1. Fort e B,

max{w-&-dl,?%-&-l}) (A 1 18)

.
Z Yi—1(Yj — pnyj—1) = Op <P;_Ten
j=1

2. For T € Ny,

i

_ 2(1¢—Te 2
Zyjfl(yj — PnYj—1) ~ —Pn( ! )n1+2d102 (W (re))”.
=1

Lemma 1.12 For >, Ay?, the following asymptotics apply:

1. When 1t € B,
ZT: Ay? = Op(n}+2di—o 20717 Te)y (A.1.19)
t=1
2. When T € Ny,
ZT: Ay? = O, (n' T2 ppTr7Te)y (A.1.20)
t=1

Lemma 1.13 For the LS estimator pr, the following asymptotics hold:
1. When 7 € B, n(p; —1) =n'"% +0,(1) 5 oc.
2. When 1 € Ny, n(pr —1) = —n'~%c+ 0,(1) 5 —cc.

Lemma 1.14 Under model (29), we have the following asymptotics
QHAR _ Op <n2d1 pgl(TfTe)> ,

1 T ~2
2 T > i1 U —2—a
57 = T——— = 0p(n ), for T € B.
! %ZZ:I Ui 7



2 Proofs of the lemmas

Proof of Lemma 1.2.

When d = 0, the error term is an i.i.d. process and the results in (A.1.2),
(A.1.3), (A.1.4) and (A.1.5) are well known in the literature. Only the claims

for d > 0 need proving. For the first claim, since Y [, y;—1u; = % (yfnr = ya— >, u?),
we have

n_1_2dzytflut = % [(n_l/Q_dyLnrJ) - ( ZW)
t=1

Where the last step is due to n_1/2_dym” = oWH(r) (from Lemma 1.1) and

2
+op(1) = o (W),

nQd ( Yoo 1ut) 20, To see why convergence in probability applies, note
that for d € (0,0.5) we have > /_,u? = Op(n); when d = 0.5, >[_ u? =
Op(n (In(n))?) (see Duffy and Kasparis (2021)); and when d > 0.5, Lemma 1.1

implies
Ut

iy = oWH(r), for t = |nr],
n

2
so that — 37— = Op(1). By continuous mapping theorem, + D <%) =

Op(1), and Y°7_, u? = O,(n??). Hence, —5; ( S ui) 20 for any d > 0, and
we obtain (A.1.2).

For the second claim, since > [  yi—1 = » ;4 (EZ L Ui + y()), applying
Lemma 1.1 and continuous mapping gives

1 T 1 T 1 t—1 r
_ , H
A 2= <nl/2+d Z“z) +op(l) = ff/ W (s)ds.
t=1 t=1 i=1 0
Applying similar arguments, the third claim follows as
1\ 2
IR IR I 1 oo o (" ()2
a2 Vi1 = D | cara 2ot | Ao g D= o /0 (W (s))" ds.
t=1 t=1 i=1 t=1

For the normalized centered LS estimator 7(p, — 1), we have

rp1-2d [221 Yp—1Up — % Z;l Yi—1 Zthl “t]

T(la‘r - 1) =

S 5
nn=27? 221931_1(221% 1)
B Z —1 2dZt LY 1 — 3/2 dz LY 1n—1/2—d2;r:1ut
= — — 2
n n=2=2d %70 13/t 1_?( 8/2- 4y 1 Y- 1)

5 (WH(r)” — [y WH(s)dsW ™ (r)
Jo (WH( ()" ds — 7 (Jo WH(S)dS) 3

(A.2.21)

where the last result is obtained by applying (A.1.1), (A.1.3) and (A.1.4). As
(A.2.21) is equivalent to (A.1.5) when d € (0,0.5), we have proved (A.1.5).



To show (A.1.6), note that

9 2t=1 =Y DIEPA
P yt 1
Dot Y1 — - > T Y1 Dy U I % D1 AyP
Y1 Uiy Yt Ui
D- *Zt 1Yt— IZt 1“75
>oim1 §t271 PO 1 T

where Dy = 7 yiiw 4+ 5> 7 Ay?. Again Yop yew = 5 (2 —3) —
%22:1 uf. So when p, = 1, Ay; = up and >, yr_1us + %22:1 Ay} =
5 (yz — y%) Then

,57'_1 = /67'_1

n17%p, = %WH(T)Q. (A.2.22)
Hence
) Fpole2dp ng,-3/2- dyr yt—1n71/27d ST
Tor=1) = o 2-2d —3/2-dN°T 2
noonT Zt 1Y — 2 (n Dot Ye-1)
5 [(WH)?| = Jy W (s)dswH (r)
= : , for d € ]0,0.5).

IK (WH (s))*ds — 1 L(fy wH(s ds)
|
Proof of Lemma 3.1 in the main paper.

1sr a2 N

Recall that by definition s2 = r 2iz1 0 D As Uy (= w4+ (1 -

S v (Siowe)”
Pr)yi—1 — 1) involves fi, we first study the properties of fi. Write

D1 Y1 D Ut — Zt L Y1t Y g Y L
%ZZ:I y1£2—1 (Zt 1 Yt— 1)

and upon normalization we have

=

2-dpy nTJlFQd i1 y?—lﬁ 2 Ut — nlii% 2= yt—lutﬁlﬂd D=1 Y1
%nzlﬁ Dot Vi1 — (ﬁ > yt—l)
o3 I (WH(S))2dsWH(r) (WH ) I WH (s)ds
ro? fDT (WH(S))2 ds — 02 (fo wH s)ds)

. (A2.23)

which implies i = O,(n~ 12+ = o ( ) when d € (0,0.5).
For the mean squared residuals 1 =D @7, write

*Z Zut+(1_p7)yt 1= f)°

t 1



T

t=1 t=1 t=1
Al T 1 AT A T ~9 T
~2p w2 S Sy S
t=1 T t=1 t=1
1 n 5 21 (1= ) (T (1= p) & 1
I N e WAELSIEVATI £ o
t=1 t=1 t=1 =1

(1—=p7) = Op(1), T2 > i1 Yt—1ut = Op (n2d—1) = 0p(1),
P ) = op(1), T2 Y y—1 = Op (nd_l/z). From

1 ~2 1 2
- = - 1). A.2.24
u Uy - Zut + 0p(1) ( )
Applying Lemma 1.2,

T 1 T 2

- (242d) ny_l - (Z yt—1>
t=1 t=1
— —d T 2
n—(2+2d) Z 2 n=3/? >oi-1 ytfl)

I

= o2 (/0 (WH (s) ds—i(/ W (s >> (A.2.25)

We can express

—ap—1 %T(/A)_l)

—d
DF, = =
" e S (n2+2d83)1/27
I H 2 (erusH H
and, from Lemma 1.2 again, we have 27 (p — 1) = 1 (W) (~f° W Q(S)ds)w (r)
o r fOT(WH(s)) ds
15T g2
Next, note that s2 = %, and from (A.2.24), 137 a7 = 137 uf +
t=1Jt

op(1). By a standard law of large numbers arugment we have %Z;l u? EN
- 2
E[u?] := 2. Finally, since nQ—iZd Sl i =0y (WH(S)> ds, we obtain
1/2

n_dDFT =

Ly (WA - (W (s)as) Wi (o2 J5 (W70) ds

I (WH(3)> ds Tu
= (W ()" — o (fy W (s)ds) W (r)

(ol (7105))° ds)m




Proof of Lemma 1.3

Let &, = d— d and, noting that A1+d A£ € = € —&n t 1 q k4 (§n)
we have

t—1
7 €t—k
sup Afdyt *Q‘ = sup |—&, e +Op(5721>
1<t<n 1<t<n 1
t—1 ¢
t—k
< sup |—&n k +OP<£721)
1<t<n P
t—1 €
t—k
< ‘gnH sup +OP(£72L)'
1<t<n k=1

Since O(£2) is dependent on n but not t as &, is the estimation error of the
memory parameter d — d. Moreover, &, = 0p(1). To prove Lemma 1.3, what
remains to be shown is

t—1
€t—k
sup |y tTy = 0,(1). (A.2.26)
1<t<n =1
To show (A.2.26), it is sufficient to show that |3 j_ e “E| = 0p(1), for any

1 <t < n. By Chebyshev’s inequality, we have, for any (5 > 0,

t—1 o2 1 1 2
€t—k Z (T) o Zk 1 (T) 1
Pr ( kzl |2 5) 5? < 5 =G5

Thus, for any € > 0, we can find § = % such that Pr (‘Zk 1 et Bl > 5)

This implies that, for any 1 <t < n, |35} %] = Op(1), and thus we have
(A.2.26). W

Proof of Lemma 1.5

To show the first claim, backward substitution gives

[nr]
nr nr L] =g
Yinr] _p’ILL J=(lnre] = l)yLm"eJ 1+ E (1+’I’L> Uyj,
j=lre]

and pi el = — (1 4 e pm) = el =1 = exp((r—re)c)+0(1). Therefore,

Lnr)

1 1 1 nr]—j
Wymﬂ = exp((r B re)c)mytnrejfl + W Z 1+ E) Uj
j=lre]

=3 a(e(r_re)CWH(re)+ / e“‘S)CdWH(s)), (A.2.27)

where the limit follows by Lemma 1.1 and the CMT as in Lui et al. (2020).



. . } . 1 1 1
For the second and the third claims, write —75 >/ y—1 = 3 D iy ( ni/2vd yt71>

2
and L YT g2 = 1% (Wﬁyt,1> . Application of (A.2.27) and the
CMT then yields the two results.
For the fourth claim, first consider the second component %2;1 Ay?.

Since
U if t <7,
Ayt i Y .e )
“Yt—1 +up otherwise
we write
T Te—1 9
IV SRS DI TRESY
t=1 t="Te
T T
2y
I -y Y g
= t=Te t=Te
C p2+2d 2c n3/2+d
= Z“t < 2+2d Z Yi— 1) n n3/2+d Z Yi-1
t=Te t=T7e
(A.2.28)
For the term ﬁ Dt y? |, as n — 0o,
1 Te—1 Te 5
2 H
n2+2d Zyt 1= n2+2d Zyt 17 272d Z i = 0*Bra—o /0 (W5(s))" ds,
t=Te
(A.2.29)

where Lemma 1.5.3 and (A.1.4) are used to obtain the limit.

For the term 713/#2” > i—r, Yt-1, similarly, using Lemma 1.5.2 and (A.1.3),
we have

n3/2+d Z Yt—1 = O'A d O'/ WH )d (AQSO)

t=Te

Combining (A.2.28), (A.2.29) and (A.2.30),

S Ay =>"ui+ Rip, Rip=0p(n'/*).
= t=1

Upon normalization we now have

1 . 1
t=1

t=1
1 a 1<
it (S 3ot 1)
" t=1 t=1
1 [nre]—1 [nre]—1 1 T 1 T R
1
= it2d > Ye-rue + > ul RSEST > Ye-rue g > U +n1+;d'
=1 t=1 t=|nre] t=|nre]

10



For the first component on the right-hand side of (A.2.31), applying (A.2.22)
gives

1 [nre|—1 [nre|—1
O'
724 Z woaw g Y up | = (W ()
t=1

For the second component, standard calculation yields

T

Zytlut j) Z 7 - Zytl_izut'

t=|nre| t=|nre| t=|nre| "= [nre]
Hence,
P RS ID DI rel) DI ki) DI St rall) DL S DL
2 2m 2 2pm 2
t=|nre] t=|nre] t=|nre| t=|nre| t=|nre| t=|nre|
1 T P T 1 1 T
- Y Y ey (1-1) X @
Pn t=|nre| t=|nre| Pn t=|nre|

As p, =1+ o(1), we have

1 1L 1145 1 1 G,
it2d D e = iT2d 5 [% - yLnreJ—l} ~ it2d o > ui+op(1).
t=|nre] t=|nre]

Thus,

1 T R
| D mawt g Y

t=|nre] t=|nre]

1 1
nlt2d { ~ Yinr |- 1] +0p(1)

2

T 2
= % [<€(T—re)CWH(T6) + /Te e(T—s)C)dWH(5)> — (WH(TE))%},Z.?)Q)

where we obtain the limit by applying Lemma 1.5.1 and Lemma 1.1. The last
term Ry, /n'T2? in (A.2.31) vanishes because Ry, = Op(n'/?t?) as n — oc.
This confirms the fourth claim.

To show the fifth claim, note that

- S0 A S s (e payi ) LS B
pT_pn—pT_pn
Zt 13/t—1 Zt 1yt 1

The numerator of (A.2.33) is

-2.33)

T

.
_ 1
Zyt—l (Yt — pnyt-1) + 3 Z Ay}

t=1 t=1

11



Te—]. T

1
;yt 1 (Yt — puye—1 +Zyt 1 (Yt — Pryi— +§§“§+Rl,n

t=Te
Te—1
Zyt 1 (ye—1 + ut — peyi—1) +Zyt 11U + = Zut+R1n
t=1 t="Te

Te—1

_ 1 c _
(tz_; Ye—1us + B ;%%) - tz_; Yi—1 + Rip. (A.2.34)

Upon normalization, the first component in (A.2.34) is
1 a 1
t=1 t=1
1 T 1 T 1 T T
_ - - 2 _ -
S 1P UEUTR ) SRS ZyH z)
= n1+2d (Z Yr—1t + 5 Zut> - n3/2+d Zyt L 1/24d 1/2+d Z“t

1
= §U2Cr7d — ;UQAMWH(T), (A.2.35)

by virtue of (A.2.32), Lemma 1.5 and Lemma 1.1 to obtain the limit. For the
second component, note that

Te—1 Te—1 Te—l T Te—l

c _ c cTe— 1
- Yt—1 = — Yi— 1—**22% 1—* Y1 — Zyjl
n n
t=1 t=1 t=1 j=1 t=1
After normalization, we have
—1 o—1
n1/2+d yt 1= y] L) T L 32+d £ Yi-1 7 p3/2+d 1%—1
= ]:

= co/ WH(s)ds—creaAnd,
0

where the limit follows by using Lemma 1.2 and 1.5.2.

Therefore, the first component in (A.2.34) is O,(n!T2?) which dominates
i 1! -1 = O, (n*/?*?) and the third component Ry, = O,(n'/>*4). Con-
sequently,

1 T 1
nitzd (Zytl(yt_pnyt 1 ZA%) = 020 d— ;aQA aWH(r).

t=1

For the denominator in (A.2.33), applying Lemma 1.5.2 and 1.5.3, we have
1 < 1 . 1 (< ’ 1
it = |3t (S ) | = (20 Lt
t=1 t=1 t=1

12



and then

- nliﬁ (Zthl Ut—1 (Yt — pnye—1) + % 2;1 AytZ)
n(pr —pn) = 1 T =2
2t dot1 Ui
§Cra = LA aWH (1)
Bygq - %Az,d

=

= Xc(r,d) .

For the sixth claim, since n(pr — 1) = n(pr — pn) +n(pn — 1) = n(pr — pn) + ¢,
we have n(p, — 1) = X.(r,d) + ¢, completing the proof of Lemma 1.5. H

Proof of Lemma 1.6

1. From Lemma 1.1, we have nlﬂ%tﬁymﬂ = o WHi(r).
2. For t € B, we have

t—Te

t—Te
ye=py My + Z prui—g =Py + Z P Ut —jdy -
j=0 §=0
Pre-multiplying both terms by p,, (t=7e)
t—Te ‘
p;(t—re)yt = PpYro_1 + p;(t—re) Z P dys (A.2.37)
j=0

and applying Cauchy—Schwarz we have

t—Te ‘ t—Te ‘ 1/2 t—Te 1/2

> ouejan < | D Y P, (A.2.38)

§=0 §=0 §=0
. 2 1/2 2 p_2(t_76)_2 ) 1/2 , ¢ 1/2

—29 n -

o D (Z “zz,cb) = (3—21> (Z“i@)
=0 i—e P pn- = f—
p’Z(t’T‘E) 2 /2 /¢ 1/2

— 1/2

(50 w) " (52 ,) oo

n I=Te
(A.2.39)
where
n if del0,0.5)
ng=<{nlnn)? if d=05 (A.2.40)
n2d if d>0.5

where the above orders in (A.2.40) follow from Duffy and Kasparis (2021).
Since pg(tffe) _ p;(tnﬂftnrd) _ p;n(T*Te)JrO(l) and p;n(rfre) — exp (—Kn!=®)+

o(1), where K is a positive constant, we have pfl(t*n) 22;66 pﬁjut_jm =
op(1) for any dy > 0, and so

1
—(t—7¢) a _ Pn a H
Pr a9 et Y1 ~ oW (7e)-

13



3. For t € Ny, we have

|nr] [nr]

Ynr) = Z Upd, + Y7, = Z Ukydy + Yr. + Y
k= Terl k= Tf+1
Lnr) s
= D Uk — Y Uka, +Yn + Y
k=1 k=1

Note that y,, ~ n'/?tgWHi(r,), and applying Lemma 1.1 gives
Yinr| & pl/2+d [0 (VVH1 (r) — W (rf)) + oWt (’I“e)] .

This completes the proof of Lemma 1.6. B

Proof of Lemma 1.7 For 7 € B, we have

1 T 7'6 1
o Z Yj = Z yj + = Z Yj-
Jj=1 J Te
The first term is
TPZ_I _n1/2+d1Te ITCZ_I 1 . ﬁ,nl/2+d1na/re WHl(s)ds
j=1 Y T \Te ;3 nt/2td y] T Jo ’

(A.2.41)
where Lemma 1.6.1 and the CMT are used to obtain (A.2.41). For the second
term,

- Z Yj o - Z p(j Te) 1/2+d10_WH1 (Te) 1/2+d1O_WH1 Z p]—’Te

.7 Te .7 Te ] Te
oW (r) g < 1 oW (1) (g ) 1 — 1)
N T pn — 1 |nr|c
1
na+d171/2p;fTeEO.WH1 (re), (A.2.42)

where the last asymptotic equivalence follows because p;,~"*n® dominates n®.
Comparing (A.2.42) with (A.2.41) and since p],~" gives an exponential diver-
gence rate, we have the results in Lemma 1.7.1.

For 7 € Ny,

’T'e—l

%Zyj Z yj + = Z y; + = Z yj. (A.2.43)
j=1

j Te ] Tf+1
For the first term, similar to (A.2.41) we have

Te—l

- Zy & pt/td ea/ W (s)ds.
0
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For the second term, similar to (A.2.42), we have

Tf
1 a Tf—Te 1
7§ :y Nna+d1 1/2 f WHl( )
rc
J=Te

For the last term, using Lemma 1.6.3 we have

T—T a
Z y; = - r=rir nl/2+di) (1 (1 )NOp(n1/2+d1).
] =7¢+1

As in the proof of Lemma 1.7, the second term in (A.2.43) has the highest
order. So the result in Lemma 1.7.2 follows. l

Proof of Lemma 1.8

1. Suppose 7 € B. If t € Ny, from Lemma 1. 6 L, yr = Op(n 1/2+d1) Follow-
ing Lemma 1.7.1, we obtain *Zj VY1~ n‘“+d1 1/2 7T LoWHi(r,).
Hence, the second term has higher order and

— a a+d 127'7' H
g~ — 1—1/ er Wl(Te)

If t € B, from Lemma 1.6.2,

(t Te) 1/2+d10'WH1(7“) Oé+d1 1/2 7' Te WHl(Te)

ytNP e

2. Suppose 7 € Nj. If t € Ny, then similar to the proof in Lemma 1.8.1 as
y¢ is asymptotically dominated by the latter term, we have

—a a+d 1/2 Tf T H
g S — 1=1/ er oWHi(r,).

Ift € B,
(0%
i (ﬂ,(f R )”UMIUWHI (re)-

nrc

Ift € Ny, components in y; are dominated by the components in % 2;:1 Yj—1-
Following the proof of Lemma 1.8.1, we have

_ -7 1
Gp o —nO T2 07T (),
re

This completes the proof of Lemma 1.8. B

Proof of Lemma 1.9

1. For 7 € B,

Te—1

Zyy 1= Z Yj—1+ Z Y1 (A.2.44)

J=Te

15



For the first term in (A.2.44), applying (A.1.9) gives

Te—1 Te—1

y a < a+d1 1/2 T Te
Z J—1 ;

_ (Te — 1)n2(a+d1)p2(r—'re) 1 2WH1 (T8)2 a Te nQ(a+d1)pi(T_Te)02WHl (re)Q'

rc

Lowih (s >)2

n n 1202 1202
(A.2.45)
For the second term in (A.2.44), applying (A.1.10) gives
n® . 1/24d H ?
Zyy = Z [( Qo —Pn TE)” toW 1(7“@)]
J=Te J=Te
1+2dy 2 (y7H 2~ (ory  N° ?
— 1 J—Te) _ ~  T—Te
n o (W 1(Te)) Z <pn TLTCpn >
J=Te
121 2 ()2 S (2 g ) P P e
—Te —Te T—Te T—Te
J=Te
a 2(7—Te) 20—1 ,2(T—Te) 1
— plt2d 52 (i 2N Pn _27”L Pn r—Te+ /n pn20—1 2(T—Te)
n o ( (Te)) [ 9% e + 22 Pn
2(T—"Te)

,as a > 2a — 1.

Since 1+ 2d1 +a > 2(a+di1), D27_ . yj ; dominates 3 7€ N y]2 1 asymp-
totically and we have

T 2(T—Te)
Z@?—l L pltrhteg? (i (Te))2 Pn 5 (A.2.46)
i=1
2. For 71 € Ny and 7 € Ny,
Te—1
Zy] 1_2% 1+Z?/] 1+ Z UHEE (A.2.47)
J=m J=n J=Te j=7r+1

For the first term in (A.2.47), similar to (A.2.45), we have

Te—1

S

2z

For the second term, similar to (A.2.46), we have

) p2('rf—'re)
Z g]zfl o n1+a+2d10.2 (WHI (Te)) n .

2c
j:Te

16



For the third term, applying (A.1.13) gives

T

1 2
atdi—1/2 Tf—Te L H,
§ s> ( n pi oW (Te)>

Jj=7r+1 Jj=7r+1

— T—Te 1 a — T¢—Te
_ T Ty n2(a+d1)pi( f ) o2 (WH1 (1"6))2 2 (T‘ 7nf) 2(a+d1)p ( = ) o2

n r2c? r2c2

As 14+ a+2d; > 2(a+d;p), the middle term in the right hand side of
(A.2.47) dominates and we have

2(7y—7e)

S g ()

This completes the proof of Lemma 1.9. B
Proof of Lemma 1.10
1. For 7 € B,

Te—1

Zyﬂ 1y = Z Yi—1ujd, + Z Yj—1Ujdy- (A.2.48)

J=Te
From (A.1.9), the first term in (A.2.48) can be written as

Te—1 Te—1

1
_ a di—1/2 7—7¢ H
DG LY (—na+ T oW (re) | wja
j:l j:l
1 Te—1
_ (_nonrdll/Qp;Te UWHI Te ) Z U dy
re
_potdi—1/2+di+1/2 o - 1 Te—1
= re (re) —73ray nl/2+di Z Uiy
7j=1
a na+2d1 T—Te 2 H, 2 A
~ = pr oot (W (re)) ™. (A.2.49)
re
For the second term in (A.2.48),
T
Z Yj—1Uj.dy
J=Te
a & n 1/24d H
&S| (s - oW )|
“ nre
J=Te
1/2+d H - j n*
- n /2+ oW 1(7"6) Z <P$L]_Te)uj,d2 _p;rl Tenrcujv‘b)
ne <«
1/2+d1 WH1 ‘r Te an T— ] - Zude
Jd nre “ ’
J=Te J=Te

17
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— a 12, 1 a—

= n P )l | Op(n®?)0p(n]7) — Oy
= V2w (1) pr = 0,(n%)Op(nl?), (A.2.50)
where ng, is defined in (A.2.39). The second last equality is obtained

using the approach in (A.2.39), and the last equality follows by verifying

that for any d > 0, na/zn}iéz diverges faster than n@+te—1/2,

The asymptotic orders of Z;;l Yj—1uja, and 7 Yj_1ujq, depend on
the magnitude of «, d; and dy. We have

T2 1+a+£(dp)
> g1y =0, <pﬁ_”nmax{ ’ +d1’a+2d1}> - (A.2.51)

. For m € N() and ™ € Nl,

Te—1

Zy] 1U; = Zy] 1'%4‘23/] 1u; + Z Yj—1U;.

J=71 Jj=71 J=Ta Jj=7r+1

As in (A.2.49), the first term is

Te—l “ a+2d1 " 9
D giuy - o (W (re))
J=T1

As in (A.2.50), the second term is

Tf
37 gioruy &AW () o 7T % 0y (n®12) x Op(nf?).

J=Te

The third term is

T

-
Z i1 a Z ( notdi—- 1/2 ‘r Te — WHI(T6)> Uj dy

j=Tp+1 j=T1+1
_ potdi— 1/2 TTe _ WH1 Z Ui d,
j=7r+1
— a—l—dl 1/2 T— TET. WHI( ) 1/24dy (WHl(T')—WHl(T‘f))
Sl ”r oW (re) (W (r) = WHi(ry)).

Then, similar to (A.2.51), we can write

Z y o O ( S max{ 1+°‘+2f(d2>+d1,o¢+2d1}>
J—1%5 = :

J=71

and the proof of Lemma 1.10 is complete. B
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Proof of Lemma 1.11

1. Separate Z;‘:l ¥j—1(yj — pnyj—1) into two parts

Te—1
Zy] 1 — PnYj— 1) = Z Yj— 1 — PnYj— 1 + Z Yj— 1 — PnYj— 1)
J=Te
Te—l T
= D i ll=pa)yi+ul+ > g1
j=1 J=Te
T Te—1
_ & _
= Zyjflut Y Yji—1Yj—1
7j=1 J=1
From (A.1.16),
T « 1+a+f<d2>
R U S B e X
For the second term, applying (A.1.9) leads to
c Te—1 c Te—1 1
— a d1— T—Te H
ne Z Yi-1Yi—r ~ o <na+ ' l/zpn EUW 1(Te)) Yji—1
j=1 j=1

Te—l

_ ( d1 1/2 7' 7'5 WH1 Te )Te Zyj 1

a _101
2 (—ndl 1/2;,0; TSJWHl(re)> Te <n1/2+d10/ WHl(s)ds>
0

= —n2d1+1pg_767;f02WH1(r6)/ Wi (s)ds. (A.2.53)
0

Comparing the order in (A.2.52) and (A.2.53), as o < 1, we can write

max{ w+d1,2d1+1}>

Zyj 1 — PnYj— 1) O <P; Te

2. For 7 € N1, we can express

Zy] 1 — PnYj— 1)

Te—l
Zyg 1(yj — pnyj1) + Zyg 1Y) = Puyj1) + Frs (Yry = Pryr)
J=Te
+ Z Yj— 1 — PnYj— 1)
J=Tp+2
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Te—1 Tf

_ c _ _
= Z Yj—1 [—ﬁyj—l + Ut:| + Z Yj—1ut + Yry (Yry+1 — PnYr;)
j=1 j=Te
a c
+ | Z Yj—1 {—njyj—l + Ut]
J=Tr+2
Te—1
= Zy, (U — — Z Gj1Yj-1 — — Z Fjo1Yj—1 — Pulir, Yr;-

j Tr+2

For the first term, similar to (A.1.16), we have
1+a+f(dg)
S =0, (s )

For the second term, following the steps in obtaining (A.2.53), we have

Te—1

Te
& _ a Tr—Te T
— D U1~ 5602WH1/ W (s)ds.
n = r 0

For the third term,

,
) c 1
Z Ui—1Yj-1 &7 Z < a+d1 1/2 Tf T TCUWHI(T6)> i1
=75+

jZTf+2

d127'7'e H
iz Loy Sy

J=Tr+2
1 nl/2+d1 T 1
_ -tz L 1) ——— —Vi-
n pTL T’CU (7"6) (7— Tf ) T — Tf _ 1 ] Tf+2 1/2+d1 y] 1
1 T
& 2ty Teﬁa2 (W (T'e))2 (r— rf)/ Wi (s)ds.
T
For the last term, from Lemma 1.6.2 and (A.1.12),
— a —
PnYriYry  ~ YrplYry (as Pn — 1)
«
N <p;f_7'e . p;f—Te:ZTC> nl/2+di Gy Hi (7"@) <p:lf—7'en1/2+d10,d1 w1 (Te))

_ pQ(Tf_Te)n1+2d102 (WHl (7“@))2 )

n

2(Tp—Te
Note that the last component involves pn(Tf ™)

and thus dominates the
previous terms. Finally, we have

_ 2(1f—Te 2
Zyj—l( — PnlYj— 1) ~ _pn( ! )n1+2d102 (WHl (Te)) .
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This completes the proof of Lemma 1.11. B
Proof of Lemma 1.12

For Ay, note that it has different expressions at different periods, viz.,

Ut,dy ’Lf t < Te,
— 1)y— ) <t<
Ay = Pn *)yt L i TestsT (A.2.54)
Yre +y +u7’f—|—1,d1 _ny /Lf t :Tf+ 17
Ut dy if t>7p+ 1
Note that
T Te—1 Tf
Z Ay? = Z Ay? + Z Ay? + AnyH + Z Ay?, (A.2.55)
t=1 t=1 t=Te t=77+2
and using (A.2.54), we can write
T
Z Ay (A.2.56)
’T'e—l ) T
= 2t S (0 = Dt + e + o +9° g — ) Y
t=Te t=T;+2
Te—1 62 Tf % Tf Tf )
2 2 2 *
= Z Uy g, + n2a Z Yi—1 T+ no Z Yt—1Ut,dy + Z Ut g, + (yfe +y - yff)
t=1 t=7e t=Te t="Te
42 (Yr, + U = Ury) Urpirdy T U 10+ Y Uig, (A.2.57)
t:Tf+2
Te—1 T Tf 02 Tf % Tf
2 2 2 2
= Do uia t D Uit ) Ui, |+ 2 D vt e >y
t=1 t=‘l‘f+1 t=T7¢ t="Te t=T7¢
* 2 *
+ (Yre + ¥ = yry) 2 (U + Y — Yry) Urpia (A.2.58)

Now compare the stochastic orders of the components in (A.2.56). First,

St uid = Op(ng), where ng is defined in (A.2.40). For the second term,
applying Lemma 1.7, we have

C2 i) 02 /
2 a 1/24+dq H1 § t T
n2ao Z Yt—1~ n2a ( oW ) p” )

t=Te t=Te

c? Zn pQ(Tf ) c 2(T—Te)
— n% (n1/2+d10WH1 (,',,e)) 5 — §n1+2d1—apn f—Te 0'2WH1 (Te)2
= O, (n}+2di—o 27 7Te)y (A.2.59)

Suppose 7 € B. We do not have the term in (A.2.55), and (A.2.59) yields
(A.1.19). For the third term, note that

Yro T Y — Yy & pl/2td gy (re) + Op(1) — pgffﬂf)rbl/ﬂdlcﬂ/VH1 (re)
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- 0, (pngf_Te)nl/Q—‘rdl) ’

which implies (yTe +y* — ny)2 =0, (pi(Tf_Te)nle) ; and

2 (yTe +y" - ny) Urp41 = Op <p1(1‘rf*‘re)n1/2+d1) x Op(1)
= 0, (P%Tf_%)nl/2+dl) .
Thus, the third term which involves pi(Tf e dominates the other terms as

n — oo, and we have (A.1.20). This completes the proof. B

Proof of Lemma 1.13

15T 2
By definition, g, = pr + QZT’:#
Z]’:l Yi-1

is clear that %Z]T-zl Ay? is at most O, (nszl pi(Tf 776)) and Y775 =

From Lemma 1.9 and Lemma 1.12, it

_ 15r 2
O, <n1+2d1+api(Tf Te)) for 7 € BUN;. Hence, QZJ;EQA% = 0p(1). This leaves
j=1Y-1
the asymptotic properties of p,. First, focus on the centered statistics pr—p, =
> i=1i-1(yi—pny;i-1)
2 532'71 ’

1. When 7 € B, applying (A.1.18) and (A.1.14) gives

O T_Tenmax{l-‘r%f(dw—i—dlﬁdl—i-l}
2j=1 Ui-1(yj — pnyj—1) »\Pn ,
ZT ) = "y 2(7__7_6) \11260)
j=1Y5-1 Op (n + 1+apn )
O <nmax{l+a+2f<‘12)+d1,2d1+1}12d1a>
p

Oy (ph7™)

Note that (A.2.60) also implies p-—p, = O, (n

op(1) as p],~ ™ diverges exponentially. As n(p,—1) = n(pp—1)+n(pr—pn),
we have

n(pn — 1) +n(pr — pn) = n'"%c+ o0p(1) — 0. (A.2.61)

2. When 7 € Ny,

_ 2(7¢—Te 2
ijzl Uio1(y5 — pn¥io1) 4 _Pn( f )n1+2d102 (WH1 (Te))
T —2 ~ 2(Tp—7e)
2 =195 pl+a+2d Pn ;C o2WH (7,)?2
= —n *2c, (A.2.62)

and (A.2.62) similarly gives the order of p; — p,.
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Then, as n(pr — 1) = n(p, — 1) + n(pr — pn), we have

n(pn — 1) +n(pr —pp) =n' "% —n (n™*2¢) +op(1) = —n' "%+ 0,(1) = —oo0.

(A.2.63)
This completes the proof of Lemma 1.13. B

Proof of Lemma 1.14
Recall from (49) that

1213 i—i\ 1 4 1
Ouan=13 0w (1) 87,

and to find its order we need only study the limit of -LS;. Suppose 7 € B, we
have

N

1 . 1 T 1 Te—1
75’7’ - i — AT_'f T T
N ﬁ[;< pyzﬁ; .
1 Te—1
=0 (wid, — (Pr — 1Yz Z Ui,dy — = pn)Yi-1)
\/ﬁ =1 \/>z Te
1 Te—1 Te—1
SE IIVRELE ST D RIS SR O
=1 z =Te z Te
(A.2.64)

Now compare the order of the three terms in (A.2.64). It is clear that - ZTE !

=1 uldl

ﬁ Y ier, Uidy = Op (nmax{dlvd?}) . For the second term, note that (Pr—l) ~ oS
and

Te—l

Vi 3 = Vil Sho-va ( b 3 y)
= O(v/n) x (Op (n1/2+d1> —o, (na+d1—1/2p;—re)) —o, (n”dlp;‘“) ’

where we obtain the third equality by the continuous mapping theorem, Lemma
1.6, and Lemma 1.7.

This makes (3, — 1) 75 i1 = 50y (1 7—7) = O, (nh ).
For the last term in (A.2.64), note that from (A.2.61), we have p, — p, =
Op (ﬁ) and

n=pn

nr| 1
\FZ?JJ 1= Zgl— m"JTZ<y]1 Z%)

1=Te 1= =Te 1=Te

nr T—T.+11
- J(zyﬂ—e Sl

T <
1=Te =1
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From Lemma 1.7.1 and Lemma (A.2.42), we have

1 T
LS =0, (nag),
j:Te
and
1 - T —Te
]
j=1
Thus,

=0 (1) 0, () =0, (177

1=Te

and this implies

IS0 (o) 0 ()

Pn
(A.2.65)
Comparing the order of the three terms in (A.2.64), we obtain
1 1 Te—1
S A (1) G =0, (n 1T Te) (A.2.66)
v Vi

Then (49) and (50) imply Qpar = Op(nlep%(TfTﬁ)).
Suppose 7 € Np. In this case

Tg‘r = \F Z /A)Tgifl)

1 7-57 T - o
= 7 > @i = prBi-1) +Z — T+ D (T — prli)
i=1

1=Te 1=7p+1
1 Te—1 R
= % Z (wid, — (pr — Z (Uidy — (Pr — Pn)¥i-1)
=1 z Te
1 T
7 Z (via, = (pr — 1)¥i-1)
z—‘rerl
Te—1 1 Te—1
= —F= Zuzd1+zuzd2+ Z Ui, dy AT_l)izgi—l
\F 1=Te i=Tp+1 \/ﬁ =1
=)= S g1+ - D= 3 g (A.2.67)
—\Pr — Pn)—F= Yj—1 pr—L1)—= i—1- <&
\/ﬁi:ﬂ3 \/ﬁi:Terl

The orders of the first three terms in (A.2.67) are O, (n™{d1d2}) 0, (nd1p7 =)
(as in (A.2.66)), and O, (n?') (as in (A.2.65)), respectively. For the last term,

24



we have

T

. 1
E E : _ d1—1/2 Tf—Te Hy
Yi—1 ~ < nt Pr oW (Te)>
" n®/n re

i=Tp+1
= Op(n™pi ™),

IS}
e}
—_

%\

where we have applied (A.1.13) and (A.2.63) to obtain the asymptotic equiv-
alence. As 7 € Nj, 74 < 7, eventually we have the same expression as in
(A.2.66) and this implies that Qp4p = Op(n2d pi™ ™)),
LS~ 52
For s2 = ﬁ;{;‘t, note that when 7 € B we can write

T i=1Ji—1

Te—1 T

- 1 L 1 L
- Z Z — prgic1)’ = - @i —pryion)’ + - > @i = pria)?
=1 =1 1=Te
Te 1 1 T
=~ Z uigy = (pr = Dii-1)* + - Z (idy = (Pr — pn)Ti1)?
1=Te
1 Te—1 ’7‘E 1 1 T
-7 (Z Ujd, + Z U d2> - Z Yi—1tid, — 2(pr — pn); Z Yi—1Ui dy
1=Te 1=Te
Te 1 1
Z Gi1+ (br = pn) Z 7. (A.2.68)
1=Te

As n — 00, note that % (Z? 11 uz ,d1 + Z’L e Wi d2> (Op(ndl) + Op(nd2)> /TL,
where ng is defined in (A.2.40), and

Te 1

Z Jio1u; = n a) % Op(na+d1pz'l ‘re) — Op( a+d1p; 7'.«3)7

where we obtain the first equality from (A.2.49) and (A.2.61). For the fourth
term in (A.2.68),

o 1 - = — L — o T—Te T—Te
pr =17 =D g = Op(n2%) x Op(n™ 1 F2OTR) Iy = O (B 7T 7)),

where the first equality follows from (A.2.45) and (A.2.61). For the last term
n (A.2.68)

1< . N
n);_zgz_luz - Op(n ,On(T Te)) x O ( T Te 2(1+ )+di+d1 1)

1
_ Op(nf§(1+a)+d1+d1a)7

where the first equality follows from (A.2.50) and (A.2.61).
Note that the fourth term in (A.2.68) asymptotically dominates the other

Op(nzdlflpi“_“))

4 terms. Therefore, we have %2;1 0 = . Combining the

result from Lemma 1.9.1, where Z;Zl gjj{l = Op(n1+2d1+o‘pi(T_Te)), we have
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2d;—1 ,2(7—Te)
53 = Op(n pn2(7’—7')) :Op(n—Q—oz)’
Op(nt+2ditaptrel)

which completes the proof of Lemma 1.14. W

Proof of Lemma 6.1 in the main paper.

We sketch the proof as it is similar to Silveira (1991). Let dy = 1+ d, 71';1 =
i— . — —d d

%’ and write y; = yr—1 + A% = AL e +yo = Xj_y 7”65 + vo-

Let Y, (r) = n'/2~% Y|nr|> and then

Lnr)

_ d
Ya(r) = nl/20 % al ojej+op(1)
j=1

o
n!/2= 0" 1l 0 (S5 — Sj-1) + op(1),
=1

where ¢ = |nr] and S; = > 7_; &
Setting V; = 327_, 2; and 2 Zflvd/\/(O, 1), we can write

Yn(r) = an(T’) + QQn(r) + Q?m(r) + Q4n(r) + Op(l)a

where

0 R e () A
1”(T) = n Z P(dy) 9 (V] V}—l)?
i=1

o—1
— d
Qan(r) = !> Wy 7 05((S; = Sj1) — (V; = Vi),
j=1

9) — pl/2-dy S dy M (Ve — Vi
sa(r) = n Z Ty—j T'(d,) o; (Vj 1)

j=1
Qun(r) = n'/* Moy (Sy—Sy_1).

The ideas is to show Q1,(r) = WgH(T) and Q2 (), Q3n(r) and Qun(r) are
all 0,(1). Given the finiteness of sup,cjo1)9(s), it is straightforward to show
Q2n(r), Q3n(r) and Quy,(r) are op(1) following the approach in Silveira (1991).
As the proof is similar to Silveira (1991), we only illustrate the idea for one
term, viz., Q2,(r) = op(1).

Applying Corollary 2.1 in Silveira (1991), an iid Gaussian sequence z; ud
N(0,0?) can form a partial sum >, z such that in a suitably extended
probability space, Y ;- ; z can approximate Y, ; ¢ and

n n
D=
t=1

t=1

1
=0 <n2(1+9)) , 8 >0, almost surely. (A.2.69)
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By virtue of Abel summation by parts, Q2,(r) can be written as

o1
_ d,
Qan(r) = n'* WY "7l 05 (85— Sj1 — (Vj = Vi)

¢—2

nt/2=dy 3 (wi?ijaj - Wg?ijflaj*1> (S5 =Vj) (A.2.70)
j=1

+7,L1/2—cly7rfyo_¢_1 (Sg—1—Vy_1).

For the second term in (A.2.70), we have

Sp—1—Vp-1)

1 1
n/ 2oy 1 (Sgo1 — Vi) = 1Y og_1n? +ari |

1
n 20+0)
— oy %_dy+2(1:-0) = for 6
=m’og_1n op (1) = 0p(1) for 6 > 0,

where the second equality is obtained using (A.2.69). For the first term in
(A.2.70), we have

¢—2
1/2—d d d
Jj=1
¢—2
1/2—d d d, d d
Y (%y_jgj T Momj=1%3 T Mm% 7%11;'—1"3'*1) (S5 = Vj)
j=1
é—2
1/2—d d, d 1/2—d
Y gy (w ) (8- V) + ”Z%“ e,
j=1
(A.2.71)

For the first term in (A.2.71),

-2
1/2—d d d
n!/2= ZUJ‘ <7T¢y—j - 7T¢y—j—1> (55 =Vj)
j=1
< sup |oj nt/?dy ‘ ’ -V
1<]<¢)| ’ Z (;5 7—1 ‘ ’
_ — | d d 1/2—d
= sup |oj ‘77’1.—77”_._‘ sup n v S — Vi
292,174 ; o e ckgn | |
-2
d d —
< Z ‘ijij — 7T¢’ij71‘ sup nl/2—dy |Sk — Vil
=1

1<k<n
= op(1).

where the above convergence in probability can be obtained from the proof of
Lemma 5 in Marinucci and Robinson (2000). For the second term in (A.2.71),
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since 0 = 0, = g(t/n) and g is differentiable, we have |o; — 0j_1| < C/n for
some positive C', and

b2
_ d
n!/2 N o (05— 0j-1) (S5 = Vj)
j=1

¢—2
_ 1 _V
< gn1/2 dy+—2<1+9)z7rgy_j_l sup |S; : f
n = 1<j<n  n20+9)
¢—2
dy 14— _ S; =V,
< CKn\/> 1+2<1+9)Z(¢_j)dy 1<sup |5; : ]’)

j=1 1<j<n n2(1+9)

= KM T o (nd)o,(1)

= CKO (n71/2+2<11+9)) 0p(1) = 0p(1) for any 6 > 0,

where K is a positive constant. For the second equality, we use the result in
Silveira (1991) that, for a sufficiently large K, Wiy_j_l < K (¢p—5)%'. The
above results imply that Qg (1) = 0p(1).

For the weak convergence of Q1,(r), Silveira (1991) showed that for Gaus-
sian processes Q1,(r) and WgH (r), we need to verify the following conditions:

1. 1limpo0 E [Qun(r)] = E [WH (r)].
2. limy o0 E[Q1a(r)Qua(s)] = E [WH ()W (s)].

3. E[Qun(r) — an(Q)]QE [Q1n(s) — Q1n(7’)]2 < D|s —¢|7, for all n > 1 and
0<g<r<s<1land D and ~ are some positive constants. 1

4. E [W;{(s) —W;{(T‘)]Q < Dls—r|", for 0 < s <r <1and D and v are
some positive constants.

It is trivial to verify the first condition since both Q1,(r) and Wf (r) are
Gaussian random variables with a zero mean. For the second condition, note

that
g, R (e = )P e I (Ins) — )
E[Qun(r)Qin(s)] = E [n'/>~% ; o ]Z; A
[nr]—1 N\ dy—1 N\ dy—1
11 o (L) =G\ % 7 (ns) — 4\ ™
= T e ; o (n ) (n > : (A.2.72)

Clearly, (A.2.72) converges to W%W Jo 9(x)* (r — ) (s — )™ ds by the
dominated convergence theorem, and the second condition is satisfied.
For the third condition, note that

Q1n (7“) - an(Q)

!This tightness criterion is also used by Akonom and Gourieroux (1987) (p.13) and Marinucci and
Robinson (2000) (p.114).
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1/2-d, |l L [ng)—1 1
- (Lnr) = )% gz —nt 37 (Ing] = ) o2
(y) _]:1 Jj=1
1/2—d, [lnal-1 L L] —1 o
= (L) = 5% = (Lna) = ) y—)ajzﬁ D0 (lor) =) oz
L(dy) 3=1 =lnq]

1 1

_i_ii
Pl n' 25

Therefore, we have

R A A LY AN
E[an(r)_an(Q)]Q = P(dy)QE Z ((TL) _<Tl> ) 0']2-

j=1
[nr]—1 2(dy—1)
1 1 || —]> v 2
F(dy)2 n ]an:qJ < 7
< % (Qan(r) + Qun(r)),
where
lng] -1 dy—1 dy=1
11 lnr] — 5\ lng] —7\™
Qan( )_F(dy)2ﬁ ]Zl << n ) ( n ) ) )
|nr]—1 N\ 2(dy—1)
RS Tt Lor] =3\
Qb,n(r) - F(dy)2 n j:ZLr;qJ < n )

and 52 = SUDje[1,n] 0]2-. Lemma 3-A-3 in Silveira (1991) shows Qun(7) +
Qb (1) < ¢(r—q)7 for some constants ¢ and . This implies the third condition
is satisfied.

For the fourth condition concerning E [W[ (s) — W[ (r)] ? | given sup s9(s)? <
oo and using the same steps as in showing the third condition, it is straight-
forward to see that the fourth condition holds.

Finally, since Q2,(r), Qan(r) and Qu4,(r) are all 0y(1), the proof of Lemma
6.1 is completed using the weak convergence of Q1,(r). B

3 Proofs and discussions of various remarks

Proof of Remark 3.4

As in (49), write

N 121“2‘17@ -\ 11
HAR_T - T br o= z\/;_ B

=1 7j=1
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and following the steps in proving Theorem 4 in Sun (2004), we can show

nh—>nolo7_2DT (’b;j) = _b21r2 K" (81), given (i/n,j/n) — (p,q). Combining (49),
(51) and applying the CMT, we have
1. 11 i—j\ 1 1,1 1 4
0 — Y S%"p, R AL
p2d HAR T;T; <b7>ndﬁznd T 7
0.2 rorr p—q o o
= " W W dpdq(A.3.73
s /0 < . > (p)W*(q)dpdq( )
Since 572-,HAR = Qpan z, Lemma 1.2 and (A.3.73) give

i1 ?/?71_771(2;:1 ytfl)
242 . for for —K" (%) WH(p)WH(q)dpdq
T,adj N 5 .
vr [y (WH(3)> ds

Finally, since BI/TT,HAR = 7-('577_1)1/2, and using (A.1.6) and (A.3.74), stan-

("'253,HAR)

(A.3.74)

dard calculation yields

2 (W () — bt/ (fy WH (s)ds) W (r)
. /2"
<<for (WH(S))Q ds) Jo Jo —E" (FRt) WH(p)WwH (q)dde>

This completes the proof of Remark 3.4. B

DF: gar =

Discussion of Remark 4.2

Our proof of the consistency requires that Lemma 1.6.2 holds. The rest
of the proof goes through in the same way as the original proof if we replace
n® by ky. Following our original proof of expressions (A.2.37) - (A.2.40), the
sufficient condition to ensure Lemma 1.6.2 is

—2(t—7e) 2 —4(t—7e) —2(t—7e) 2

I —p p —p p

an(t Te) ( n 1_7p2 n) Ng, = ( n l_an n) 7’Ld2—>0.
n n

Note that for p, =1+ ;= =exp(;>) + o (é) , we have

—4(t—7e) . —2(t—7e) 2 ex _2671(1”—7“@) 1
Pn Pn Pn Ndy = p( kn )ndQ knll4+o|— .
1—p2 2¢ kr,

If we normalize ¢ = 1, then the above condition is equivalent to

exp <—2"(Tk_re>) naykn — 0, (A.3.75)

and taking a log transformation of (A.3.75) gives

—2]%(7“ — 7¢) + log(ng,) + log(kn) — —oc.
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Since 7= — 00, na, > n, and log(ng,) = O (log(n)) from (A.2.40), condition
(A.3.75) is satisfied if r > r. and
log(n)ky,

n

— 0. (A.3.76)

Discussion of Remark 4.3

Setting p, = p = 1+ ¢ with ¢ > 0, we obtain similar results to those in the
lemmas with small changes in stochastic orders. To see this, recall that when
the model is mildly explosive, from Lemma 1.6.2 and Lemma 1.7, we have:

yp & plTen! 2w H () for t € B. (A.3.77)
1 < 1
; Zyj 2 p;—Tena+d1—1/2%O_WH(r6)’ for + € B. (A.3.78)
j=1
1« _ 1
; Zyj N P:if Tena+d1_1/2EO'WH(T€), for 7 € Ny. (A379)
j=1

Now extend (A.3.77)-(A.3.79) to the case where p =1+ c¢ > 1.
First, from the inequality (A.2.39), we have

t—Te 2 —2(t—7e) 1/2 t 1/2
; pr—p

S s < (2_1 ) S,

=0 p

1=Te

- (5" (£)”

= 0(1)0,(n}*) = 0y(nl?).

Eventually, we have

t—Te
P~y = pyr 1+ o7 TN o, = pyre—1 + 0p(1).
5=0
Thus,
yp L ptTeR I 24w H () for t € B. (A.3.80)

For 7 € B, similar to (A.2.42), we can show %2;21 Y~ %Z]T-:Te yj, and

l ZT: ” o n1/2+d10'WH(7‘5) pT—Te+1 -1, el n_1/2+d10WH(re)
i .
-

= T p—1 ~r re
(A.3.81)
Similarly, for 7 € Ny,
1 T —1/2+dy WH
— Z Yj < pr*TeJrl i ? (Te) . (A382)
T4 re

A direct comparison of (A.3.77)-(A.3.79) and (A.3.80)-(A.3.82) shows that one
can simply set a = 0 and replace pl; ™ by p'~7¢*! to obtain analogous results
under a purely explosive alternative. Consistency of the test is then obtained
when a = 0.
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4 Additional empirical results

Table 1 below supports the empirical findings in Table 1 of the main paper
using the same time series but over a longer observation period. As in Table
1 of the main paper, DF,,, cf, and the confidence intervals for d are reported,
and the results support the conclusions that (i) the time series has a strongly
dependent error in view of the ELW estimates d and the associated confidence
intervals for d, and (ii) there is evidence of explosive behavior in the data using
right sided DF), tests.

Table 1: Right-tailed unit root tests for the S&P 500 PD ratio

Sampling Period DF, d 90% C1 95% CI

(a)) Jan 1871 to Feb 1880 | 1.32 0.24 (0.06,0.42) (0.03,0.45)
(b%) Jan 1882 to May 1887 | 0.71  0.31 (0.10,0.52) (0.06,0.56)
(¢') Nov 1936 to Jun 1946 | 0.61 0.28 (0.08,0.48) (0.04,0.52)
(d’) Aug 1947 to Nov 1955 | 1.42  0.23 (0.04,0.42) (0.01,0.45)
(€’) Jun 1977 to Mar 1987 | 1.93  0.21 (0.03,0.39) (0.00,0.42)
() May 1988 to Apr 1998 | 3.76  0.24 (0.06,0.42) (0.03,0.45)

5 Simulations for empirical rejection rates under
various c and n

The simulation design here uses the following alternative model:

Yt = (?/t—l + Ut) ]-{t < Te..} + (Pnyt—l + Ut) 1{7—6 S t S n}7t = 1) ey 1,
A%, d=0.25¢ & N(0,1),7. = [n x 0.5,
1+¢/n%7 ce {1,1.5},n € {100,400, 700, ..., 5200}, yo = 0.

Ut
Pn

The number of replications in all experiments is 2,500. Figure 1 below reports
the empirical rejection rates of the right-tailed Bﬁn HAR test at the 5% level.
The red dotted line and dashed blue line show the empirical powers of the test
under ¢ = 1 and ¢ = 1.5, respectively. Empirical power evidently rises with
increasing ¢ and n.

6 Simulations for the heteroskedastic model

This simulation employs the following design model

Y =
Uy =

where d € {0,0.05,0.1,...,0.45},n € {100,500} and g(¢) takes one of the fol-
lowing three forms:

Yt—1 + ut, Yo = O7t = 17
ATl = AT (Der, & % N(0,1),

7n7
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Finite sample power of the lf)\ﬁ/’n HAR test
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Figure 1: Empirical power of the DF n,HAR test as a function of n.

1 g(t)=1+ (v2-1)L (DGP1).
2. g(t) =1+ ooy 0 = 025 (DGP2).

2—1
3. g(t) = 1 + o=y 0 = —0.25 (DGP3).

To estimate g(t), similar to Astill et al. (2023), we choose the bandwidth
v* to minimize
1 ¢ ~2 d 2\?
CVv) = 2> (330 - a%)
t=1

for v < V, where §2(t) is the estimator of g?(¢) given the bandwidth v and
the tuning parameter V' is set to 20. And we use the one sided Epanechnikov
kernel to estimate g2 (t). The number of replications in all experiments is 2,500.

The empirical size of DFfM AR tests with 5% significance level is reported in
Table 2 below.

7 Sup statistic

As mentioned in Remark 3.6, a version of right-tailed sup statistics can be
employed. The sup statistic SDF g ar(70) is given by

— 5 — 1
SDFgar(m0) = sup P
TE[T(),TL] ST,HAR

and its limit theory under null and alternative hypotheses are given in the
following result.
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Table 2: Empirical sizes of DF 2 gag for various d and DGPs with a nominal 5% right-
tailed critical value

n = 100
d 0 0.06 01 015 02 025 03 035 04 045
DGP1 0.07 0.07 0.07 0.06 0.07 0.07 0.06 0.07 0.06 0.07
DGP2 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.07
DGP3 0.08 0.07 0.07 0.08 0.07 0.07 0.07 0.07 0.07 0.07
n = 500
d 0 0.06 01 015 02 025 03 035 04 045
DGP1 0.05 0.05 0.05 0.05 0.05 0.05 0.04 0.04 0.04 0.04
DGP2 0.05 0.04 0.05 0.04 0.05 0.04 0.04 0.04 0.04 0.04
DGP3 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05

Theorem 7.1 Let M = |br| and Kp(x) be the Bartlett kernel function. Un-
der model (12), as n — oo,

SDF 5 ar(mo) (A.7.83)
= sup D12 [5(WH (r)?) = (Jg WH(s)dsWH (r))]

T (o) (5w o )]

Under model (25), as n — oo,

SDF 17 ar(70)
bl/2 (%Cr,d — Ap aWH(r) + By ger — cA%vd)

relro R o -
[ro,1] [27“ (Br,d - rAr,d) (fo Groc(p)2dp — [y 77 Gy o(p)Groc(p + bT‘)dp)]

Under model (27)-(28) if 1o < 7y, ,ﬁHAR(TO) 2 0, as n — 0.

Theorem 7.1 above establishes the asymptotic behavior of SDF HAR(T0)
under the null hypothesis, local alternative, and mildly explosive alternative.
Under the null the sup statistic has a well-defined limit. Under the local
alternative, the limit of the test statistic can be used to obtain the local power
function. Under the mildly explosive alternative, the divergent behavior of
the test statistic implies consistency. Further, the limit distribution (A.7.83)
and consistent estimation of d allow us to obtain the 8 x 100% critical value,

denoted by scvg AR (ci), for practical implementation of the test.

To investigate the empirical size of STI\D? mARr(70), we perform a Monte
Carlo study based on the DGP (39). Let d € {0,0.05,...,0.45}. To calculate
ﬁHAR(TQ), as in Section 7, we let b = 0.05. For the minimum window,
based on extensive simulations, we find that the following rule of thumb gives
satisfactory size and power performance in finite samples: 7o = 0.01+4.9//n.
So rg = 0.5 if n = 100 and r¢ ~ 0.23 if n = 500. For comparison we report

34



both the empirical size of SDF(7y) and 515771{,43(7'0) based on the 5% critical
value in Table 3 below. The findings echo those in Table 2 of the main paper.
Mostly importantly, SDF(7y) suffers severe oversizing when d is large, whereas
SDF a4 r(70) has empirical size close to the nominal level.

Table 3: Empirical size of SDF (1) and S/B./FHAR(T())

n = 100,79 = 0.50

d 0 005 01 015 0.2 025 03 035 04 045

SDF(m) 0.04 0.08 0.15 0.23 032 041 0.50 0.56 0.63 0.68
SDFpar(mo) | 0.05 0.05 0.05 0.05 0.06 0.06 0.06 0.06 0.06 0.06

n = 500, rop = 0.23

d 0 005 01 015 02 025 03 035 04 045

SDF(7y) 0.04 015 032 049 064 075 0.83 0.87 090 0.93
SDFpar(mo) | 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05

To explore power of the sup test the simulations are based on model (29)
with the following parameter settings: yg = 100, n = 100, ¢ = 1, a = 0.6,
re = 0.6, 7y € {0.7,0.75,0.85} and d € {0,0.05,...,0.45}. Similar to Table 3,
we report the power of SDF HAR(70) based on the 5% critical value in Table 4.
The results show that SDF mARr(70) has good power performance in detecting
explosive behavior.

Table 4: Power of Sfﬁj—’HAR(TO) when n = 100,y = 0.5

d 0 005 01 015 02 025 03 035 04 045

re = 0.6,y = 0.7

SDFgar(m9) | 1.00 1.00 1.00 0.99 0.97 094 0.90 0.85 0.80 0.75

re = 0.6,r7 = 0.75

SDFpar(mo) | 1.00 1.00 1.00 1.00 0.99 0.98 0.95 0.91 0.87 0.82

re = 0.6,7y = 0.8

SDFgar(m9) | 1.00 1.00 1.00 1.00 1.00 0.98 0.98 0.95 0.92 0.87
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