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This paper provides a supplement to two companion papers by the authors: “Testing for
Multiple Bubbles: Historical Episodes of Exuberance and Collapse in the S&P 500" (PSY1
hereafter); and “Testing for Multiple Bubbles: Limit Theory of Real Time Detectors” (PSY2
hereafter). Section 1 supplements the empirical application of PSY1 by examining the robust-
ness of the bubble identification and dating results to the choice of the minimum window size
parameter used in the rolling regression framework of PSY. Section 2 provides proofs of supple-
mentary lemmas that facilitate analysis of the multiple bubble case, derives the limit behaviour
of the recursive unit root and BDF test statistics discussed in PSY2 in a model with two bubble
episodes, and gives complete proofs for Theorem 4-9 in PSY2 which describe the consistency

properties of the PWY, PSY and sequential PWY dating procedures.

1 Empirical Supplement to PSY1

The minimum window size used in this section contains 36 observations (3 years of monthly
data), which is approximately 2% of the sample of 1680 observations, compared with the (ap-

proximate) 5% of the sample used in the empirical application of PSY1. Importantly, as 7
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approaches zero, the tests tend to suffer from increased size distortion. Extensive simulations
conducted by the authors led to the recommendation in PSY1 of the sample size dependent
choice rule ro = 0.01+1.8/ VT for use in applications. The exercise conducted here analyzes the
impact of using a smaller value of g in the empirics. The discussion below follows that of PSY1,
details the new findings and compares the results with those given in PSY1, showing that the
main episodes of exuberance and collapse that are detected in PSY1 are robust to the choice of
a smaller value of rg.

We first apply the summary SADF and GSADF tests to the price-dividend ratio. Table 1
presents critical values for these two tests obtained by simulation with 2,000 replications and
sample size 1,680. From Table 1, the SADF and GSADF statistics for the full data series are 3.30
and 4.21, obtained from subsamples 1987M01-2000M07 and 1976M04-1999MO06, respectively.
Both exceed their respective 1% right-tail critical values (i.e. 3.30 > 2.17 and 4.21 > 3.31),
giving strong evidence that the S&P 500 price-dividend ratio had explosive subperiods. We
conclude from both summary tests that there is evidence of bubbles in the S&P 500 stock
market data. These calculations used a transient dynamic lag order & = 0. The findings are
robust to other choices. For example, the same conclusion applies when k = 3, where the SADF
and GSADF tests for the full data series are 2.16 and 3.88 with corresponding 5% critical values
of 1.70 and 3.40. These results corroborate closely with those reported in PSY1 using the rule
ro = 0.01 + 1.8/V/T.

Table 1: The SADF test and the GSADF test of the S&P500 price-dividend ratio

Test Stat. Finite Sample Critical Values
90% 95% 99%
SADF 3.30 1.45 1.70 2.17
GSADF 4.21 2.55 2.80 3.31

Note: Critical values of both tests are obtained from Monte Carlo simulation with 2,000 replications (
sample size 1,680). The smallest window has 36 observations.

Next, we conduct a (pseudo) real-time bubble monitoring exercise for the S&P 500 stock
market using PSY, PWY, sequential PWY, and CUSUM dating strategies. With a training

period of 36 observations, we monitor the time series behavior of the price-dividend ratio for



the market from January 1874 until the end of the sample period.!

——— The backward SADF sequence (left axis)
The 95% critical value sequence (left axis)
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Figure 1: Date-stamping bubble periods in the S&P 500 price-dividend ratio: the GSADF test.

For the PSY real-time dating strategy, we compared the backward SADF statistic with the
95% SADF critical value (obtained from Monte Carlo simulations with 2,000 replications) for
each observation of interest. The top panel of Figure 1 displays the results for this date-stamping
exercise over the period from January 1874 to December 1949 and the bottom panel displays
results over the rest of the sample period. We focus attention on episodes with duration longer
than one year (i.e. 6 = 3.7). The identified periods of exuberance in the market include the

so-called post long-depression period (1878MO07-1880M04), the stock market expansion in the

"We have also applied the PSY procedure to the logarithm of the real S&P 500 price index (instead of the
price-dividend ratio) and considered minimum window sizes of 48 and 60 observations (equivalent to 4 and 5

years). There were only minor discrepancies in the test results from these robustness exercises.



late 1880s (1885M12-1887MO01), the great crash episode (1928M05-1929MO09), the postwar boom
in 1954 (1954M09-1956MO04), black Monday in October 1987 (1986M03-1987M09), and the dot-
com bubble (1995M07-2001M08). With regard to the dot-com bubble, the PSY strategy detects
mildly explosive market behavior 5 years before the market crashes. These results again align

closely with the empirical findings in PSY1 using the choice rule ro = 0.01 + 1.8/\/?.
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Figure 2: Date-stamping bubble periods in the S&P 500 price-dividend ratio: the SADF test.

The PSY strategy also identifies several short crisis periods, including the banking panic
of 1907 (1907M09-1908MO02), the 1917 stock market crash (1917M08-1918MO04), the 1974 stock
market crash (1974M07-M12), and the subprime mortgage crisis (2008M10-2009M04). These
shorter episodes all relate to market downturns rather than expansionary bubble periods. There

are several reasons why bubble tests can identify crashes. These are mainly associated with the



use of a small minimum window width rg, especially in the presence of rapid changes in the
data, conditional heteroskedasticity or large (possibly nonstationary) residual variation during
periods of turbulence.

Figure 2 plots the ADF statistic sequence against the 95% ADF critical value sequence. We
can see that the PWY strategy (based on the SADF test) identifies only a single explosive period
with duration longer than one year — the dot-com bubble (1997M07-2001MO08).

600
The sequential backward ADF sequence (left axis)
------ The 95% critical value sequence (left axis) - 500
——— The S&P500 price-dividend ratio (right axis) | 400
- 300
i A . - 200
e Ay Y A s h - M,
1 HM‘\—A"H:)" bt ~ e S 5 L'A""“'J\\Vrh_;“w"""'w i r.j"\g' "L,-‘m\n,\__d"“ “e 100
0+ [“""- P S ey S e e o e Ay o mae et NS SUPTORONISUEP T | |
1 1
2
-3
-4 T T T T T T T T T T v v v v T
75 80 85 90 95 00 05 10 15 20 25 30 35 40 45
- - 600
The sequential backward SADF sequence (left axis)
------ The 95% critical value sequence (left axis) *.ﬁ\ | 500
——— The S&P500 price-dividend ratio (right axis) f‘ ¥
) H - 400
4+ ) .
A
/ y Ai 300
.’H |:l
7
24 e S 4 A o, i 200
-v-carl’.f’ Wi LI#&“LL;H "\"""‘ Ay ¢
e e L 100
[o I A - - - -
-0
97M12-02M04

Figure 3: Date-stamping bubble periods in the S&P 500 price-dividend ratio: the sequential
PWY strategy.

Empirical results from the sequential PWY procedure are shown in Figure 3 which plots the
ADF statistic sequence against the 95% ADF critical value sequence (as for the PWY dating
strategy). The sequential ADF plot has two breaks in the Figure, each corresponding to the re-



initialization of the test procedure following a collapse. Findings from the sequential PWY test
indicate a single bubble with duration longer than one year — the dot-com bubble from 1997M12
to 2002M04.2
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Figure 4: Date-stamping bubble periods in the S&P 500 price-dividend ratio: the CUSUM
monitoring procedure.

For further comparison, we applied the CUSUM monitoring procedure to the detrended S&P
500 price-dividend ratio (i.e. to the residuals from the regression of y; on a constant and a linear
time trend). To be consistent with the SADF and GSADF dating strategies, we chose a training
sample of 36 months. Figure 4 plots the CUSUM detector sequence against the 95% critical

2If the transient dynamic lag order is k = 3, the backward SADF strategy identifies two additional episodes
(namely, 1945M12-1946MO7 and 1969M11-1970M12). The PWY and sequential PWY strategies identify the same
bubble episodes but with slight changes in dates.



value sequence. The critical value sequence is obtained from Monte Carlo simulation (through
application of the CUSUM detector to data simulated from a pure random walk) with 2,000
replications.

As is evident in Figure 4, the CUSUM test identifies four bubble episodes for periods before
1900 (with three longer than one year). For the post-1900 sample, the procedure detects only
the great crash (28M08-29M10) and the dot-com bubble (96M11-02M05) episodes. It does not
provide any prior warning for or acknowledgment of the great crash in 1929 or the black Monday
episode in October 1987, among other events that are identified by the GSADF dating strategy.
These results closely match the findings in PSY1 for the post 1900 data. For the period before
1900, the CUSUM test here identifies three episodes in addition to the post long-depression
episode found in PSY1 using CUSUM.

2 Technical Supplement to PSY2

2.1 Notation and lemmas

e The two bubble periods are By = [rie,7if] and By = [1o¢, Toy], where 7, = [T7ric],

Tip = |Trif], 7e = |Troe| and mop = |Tray].

e The normal periods are Ng = [1,7i¢), N1 = (71, T2¢), No = (725, 7], where 7 = |T'r] is the

last observation of the sample.

We use the data generating process

Xi1+e for t € Ny
X, = orXi—1+ e fort e B; withi=1,2 | (1)
X7+ ZZ:WH e forte N; withi=1,2

where 67 = 1+ ¢I~* with ¢ > 0 and a € (0,1), & ijvd

X*=0p,(1) fori=1,2.

(0,0’2) and X:_;_f = XTz’e + X* with

Under the stated conditions, partial sums of e; satisfy the functional law

7]
T712N ey = B():=0W (), (2)

t=1



where W is standard Brownian motion. We start by proving the following lemmas which give
limit theory for the components in recursive unit root statistics under successive stochastic trend
and bubble regimes. We follow the approach developed in the unpublished working paper by
Phillips and Yu (2009). The results given here require some very detailed and in some cases
complex calculations to obtain the limits and orders of magnitude of components of the recursive
unit root statistics in the various detection algorithms. While these results are specific to the
bubble model context under study, the methods will be useful in other recursive regression
contexts. With minor modifications, the results continue to hold under correspondingly general
conditions on the innovations ¢; for which the weak convergence (2) applies as well as the limit
theory for mildly explosive processes given in Phillips and Magdalinos (2007a, 2007b). To keep

this supplement to manageable length we do not go into the details of those extensions here.

Lemma S1. Under the data generating process,
(1) Fort € No, Xy—|7p) ~a TY2B (p).
(2) Fort € By with i = 1,2, X,y = 65 " Xp,, {1+ 0p (1)} ~q TV2657 B (rye) -
(3) Fort € N; withi=1,2, X;— |7y ~a TV [B(p) — B (rif) + B (ric)] -

Proof. (1) For t € Ny, X; is a unit root process. We know that T_1/2Xt=LTpJ = B (p) as
T — oo.
(2) For t € B; with i = 1,2, the data generating process

t—Tie
t—Tiet1 j
X =0rXp1+er =0T X, 1+ Z o7 Et—j-
Jj=0

Based on Phillips and Magdalinos (2007a, lemma 4.2), we know that for o < 1,

t—Tie

T—/2 Z 5;(t_n‘i)+j6t,j L X. =N (O, 02/20)
=0

as t — T;e — 0o. Furthermore, we know that T‘l/QXTie_l LB (rie) and 07 — 1 as T' — oc.
Therefore,

57(15772'8) 1 » 2t—ne C(emi)td
TTTXt = 6T VX, +T7Y Z; o Ter;
]:

8



t—Tie
= 6T VX, g + T~ UmR2p=e/2 N 5 b, K B ()
§=0

This implies that 6t Tietl X1 has a higher order than Zt Tie 57 7€t—; and hence
X, = 85T X, {14 0p (1)} ~a TV255 7 B (1)

(3) For t € N; with i = 1,2,

t t
D1 et X, = Y et Xe 4 X ~o TV B (p) = Blrig) + B (ric)]
k=7;p+1 k=7 p+1

due to the fact that X,  ~, TY2B(r:), ZZ:WH ex ~a TY?[B(p) — B(riy)) and X* =
Op (1).

Lemma S2. Under the data generating process,

(1) For 1 € N;—1 and 19 € B; withi = 1,2,

Ta&TZ e a—1/2 cTo—T; 1
- Z Xj=—L X, {14+0,(1)} ~ T o7 o CB(%).
w

]Tl

(2) For 1 € B; and 7o € N; with i =1,2,

Ta(stf T1 0[*1/2 Tif—T1 1
- Z X;=—L X, {1+0,()}~ T o B (rie) .
w = TwC
(3) For 11 € Ni—y and 19 € N; with i = 1,2,
Ta(sTiffTie o 1
— ) X=X, —L—{1 D)} ~g TOY2577T B (1) .
32;1 e e {1+0p (1)} ~a T ot (Tie)
(4) For 7 € Ny and 5 € N, ilef — Tle > T2f — T2e
Taé“rlf Tle B T 1
- Z Xj = T X, {1+ 0p (D} ~a T2 =B (11,
w = TwC
and if T1p — Tie < Tof — Toe
Taaﬁf e e 1
Ly =T e oy ) ma T 27 L)
w

]T1



(5) For . € B; and 5 € BQ, ’ilef —T1 > T2 — T2

1 Z x, = Lo

_ -7 1
X {140y () ~a T2 LB ()
J ~ TrwC
if’i’lf —T1 < Ty — Toe
Ta57'2 T2e
o Z X — 7)(7_26 {1 + Op (1)} ~a Ta—1/25;?*T267B (7426)
J ~ wC TwC
(6) For i € By and 13 € Na, if Ty — T1 > Tof — Toe,
o5t -n 1
_ ZX XT1e {1+Op (1)} ~a Ta_1/25;1f 7'17B (7"1)
w & TwC
and if Ty — 11 < Top — Toe,
_ Tyt —rae 1
P Z Xj=——Xn. {1+0,(1)} ~a Ta_1/26;2f " —B (r2e) -
w TwC
(7) For T € N() and Ty € BQ, ilef — Tle > T2 — T2¢;
Taé-’rlf Tle _ T1¢—Tle 1
— Z Xj= L Xy {1+ 0y (1)} o T V2577 — B (1)
j ~ TwC
and if T1f — Tie < T2 — Toe,
Ta5T2 T2e B 1
— Z Xj=—"Xn. {1+0,(1)} ~a Ta_l/zé% TQEEB (r2e) -
w
.7 1

Proof. (1) For 11 € N;_; and 75 € B; with i = 1,2

Tie—1

72)(_ ZX +—ZX
]7'1 ]Tl JTze

We know that

Tw
] T1

Tie— - 7_ Tzefl r: r Tie
X T1/2 e ~ Tl/Qui_]'/ B S ds7
S S X e [T

J=m

10

3)



T2

1 Z X, Xrie Z 5{’;”6 {1+0p,(1)} from Lemma S1

] Tie J=Tie

57'2 Tiet+1 -1

= Xri 1 1

e {140, (1)

Toz57'2—7'ie + 067—2_7—2'6 _ Ta

= Xri. S - {L+0p(1)}

TwC

Ta(STQ—Tie

=X, —T 1 1

{140, (1))

— T —T; 1
~q TO7V2672 B

Since
Ta71/25,71:2_7ie 6;2—7% 6c(r2—riE)T1_°‘
T1/2 = ria T Tl-a > 1,

1 1 7,671
222, X has a higher order than -3 7<"" X; and hence

1 T2 Taé‘;z—ﬁe
Sy x= ZXﬂwMH=——f%N+mm
Tw TwC
J=T1 J Tie
~g Ta—1/257'2*7'z‘e LB (rie> .
T TwC
(2) For 1 € B; and 7o € N; with i = 1,2,
Tif
— Z X; Z Xj+ — > X
Y j=m Y j=n W= Tif+1
We know that
Tzf T,L'f
— Z X Xre Z & {1+ o0p(1)} from Lemma S1
Y j=n J=T71
p—T1+1
X, 60T
— 1€ 1 1
Tw 6T -1 { + Op( )}
X, TO6 ™ 4 eop! ™ — T
— € 1 1
- ' {1+0,(1)}
T
= #Xne {140y (1)}
a7 257 L gy

TwC

11



ZX

] Tzf+1

1 T2 J
:: Z Z €k+X7'ie

Y=+l | k=rip+1

T2

—7 1 1 < T — T 1
= T1/2 ke Tif N c + JT1/2 (
S N S e = e

T2 — T,
2 if jZTif-i-]. kZTif+1 w

_ . 72 _ .
~ TWW/ B(s) — B (riy)]ds + TV* 22 =" B (1)
Tow ,

if Tw

_ T1/27"2;J {/m [B(s) — B(rif)]ds — (Tie)} ‘
w Tif

Since
Ta71/25;£f*7'1 B 5;1‘7"'1 B ec(rif—rl)Tlfa .
T1/2 T oTl-a T Tl-a ’
% ZT”C X; has a higher order than T— > 2., +1X; and hence
1 2 Tif Ta(;”'if—’rl
X=X (1o (U) =k X {140, (1))
w w
J=71 Y j=n
e 725 L gy,
TwC

(3) For 7 € N;—1 and 7o € N; with i = 1,2,

Tie— Tif
Ly xn-L¥ailyael ¥k
Y j=m Y oj=n Y j=Tie Y= TipFl
We know that
1 Tie—1 o — 7
1 Z X g TV/2T0 1/ B (s)ds from (3),
i Tw r1
Tif X Tif
- Z X; Tie Z 53 Tie {14+0,(1)} from Lemma S1
] Tie J=Tie
1
X 07 1
= - F— {1+Op(1)}
Xri [pasTir—Tie Tif Tie «
:TC[T6 +cop =T {1+0p, (1)}
w

12



Ta 6Tzf Tie

X, A1 1
L Xr {1+ 0, (1)

1
~a Ta 1/26Tzf TleiB(TZe)7

TwC

Ti Z X ~a p1/2"2 ZTif {/m [B(s) — B (rif)] ds — (rie)} from (8).
Tif

wj:Tif-‘rl Tw
Since
Toz—l/?é;‘f*ne eC(T'if—Tie)Tl_a
T1/2 - Tl-a > 1,
T}U Z?:fm X; dominates % Z;’eﬁl Xj and — Z] 2 ,;+1X; and hence
Taéﬂf Tie o 1
— Z Xj= T Xy {140y (1)} ~a TOV267 7 =B ().
Cly
Y j=n
(4) For 7 € Ny and 19 € Ny,
Tle— TiLf T2e — T2f
B R DR 3E RSP DIE TS DR T o
Jj=T1 Jj=71 Y =Tt j=r15+1 Y j=Te Jj=mo5+1
We know that
1T15_1 Tle — T1
— Z X~ T1/2/ B (s)ds from (3),
Jj=m1 Tw 1
1 1
— Z Xj ~g TO7YV2527T Z_B(ry,) from (9) ,
] Tle rwc
1= r g
2¢ — T'1
- S X~ TV erw {/ [B(s) — B(ri)]ds — B (Tle)} from (8),
Jj=m15+1 rif
1 & 1
— Z X o~og T 1/25T2f ¢ B (rg.) from (9),
.7 T2e Twc
LS e i / B(s) = B (ray)] ds — B(rs) b from (8).
Tw] =m2f+1 Tw r2f
Since
Tafl/Qd;lflee B eC(Tlf—Tle)T17a .

T1/2 Tl-«a

13



—1/2cT1f~Tle
T2 7T (ry ) = (rap—2e)

a—1/2572f~T2¢ T ’
To—1/257

we have
_ ZX — % 7'-:Zj:Tle X.] {1+0P (1)} lf Tlf_Tle >7-2f_7_2@
w i i, Xj{l+o0p (1)} i mip — Tie < Top — Toe

TaaTlflec _ —Tle .
X {1+ 0y (1)} ~a TOV2607 77 LB (r1e) if i — Tie > Top — Tac

asT2f " T2e -
LXTQE {140y (1)} ~g TOV2572 TQE%B (roe) if T1p — Tie < Tof — Toe

TwC

(5) For 71 € B; and 12 € Bo,

T1f T2e—1
LY N-iYner Y ni Y
Jj=T71 W j=m j=r15+1 J=T2e
We know that
1 < 1
— ZX ~o T 1/2(5Tlf " —B(r) from 6,
w i TwC
1= T9e — T1 2e
— D Xl TV { [ B-smpa-s <me>} from (8),
W= 7'1f+1 Tw rif
1 a—1/2 To—T2 1
— Z Xj ~g TOH25727 ™ —_B(rg,) from (5).
] T2e Twc
Furthermore,
To‘*l/253—3_7—25 B 5’}2—7'25 B ec(rg—rge)Tl_o‘ .
T1/2 T Tlea T Tl-a ’
Toz—l/25;1f*7'1 B 5;1f*7'1 B ec(rlf—rl)Tl_a -
T1/2 T Tl-a T Tl—a

oa—1/2 §T2—T2e
ToL/257:

(r2=72¢)— (715 —71)
Tocijzgr O :
T T
Therefore,

Ta571f77—1 .
. Z X; e Xn {1+ 0p (1)} ~e T V25— 7,iCB( Te) i Tip—71> 10— T2

Ta572_72e B _ )
Y= T X {1+ 0p (1)} ~a T 267 TQeiB (roe) i mip—71 < 72— Toe

14



(6) For 7 € By and 75 € Ny,

Tif T2e—1 T2 f
L3N XL Y XY K Y X,
J=T1 Y j=r j=tir+1 J=T2e J=T2f+1
We know that
1 < Lgemn 1
—ZX ~a TO7Y26707™ =B (1) from (6),
J o TwC
1 T2e—1 r2€ —Tlf Toe
Y X R [T B () = B(rug))ds - B () | from (9)
Tw J=Tip+1 Tw rif
1 7’2f Ly o . 1
— Z X ~og TO7YV25727™ Z_ B (ry,) from (9),
] T2e rwc
1 2
— Z Xj g TV22 120 {/ (B (s) — B ()] ds—B(rle)} from (8).
Y j=rapia Tw ra2f

Furthermore, as T'— oo

Ta—1/267—2f77—26 57—2f77_2e
T

_r
T1/2 = it 1,
_ T1f—T T f—T
Ta-1/257 T _ s -
T1/2 Ti—a ’

a—1/2 §T2—T2e
To-1/257:

_ 5(T2f_7'2e)_(7'1f_7'1)
_ Tip—11 L ’
T 1/25T

Therefore,
Tos _ - )
1 Z X, e Xn {1+ 0p (1)} ~o T 125711 TLB(r) ifTip—T> Top — T
pagT2f T2 _ —roe .
Y j=n — L — X, {1+0, (1)}~ T 1252077 iB (roe) if g —71 < Tof — Toe

(7) For 71 € Ny and 79 € Bo,

Tie—1 Tif Toe—1
Ly x-t ety xe L ¥ el
Jj=T1 Jj=T1 Y i=T1e j=tir+1 J=T2e
We know that
1 Ted Tle — T
— Z X~ T1/2 e 1/ B (s)ds from (3),
Jj=m Tw 1

15



T1f

1 7' ‘[' 1
— Z X o~g T 1/25 e B (r1e) from (9),
TwC
J Tle
1 el r r
Z X; g TV222e {/ [B(s) — B (ri)]ds — B (rle)} from (8)
Tw Jj= Tlf+1 Tw Tif

1
— Z Xj ~q TO V26727 B (ry,) from (5)
j T2e Tw

Also, as T —

Ta71/26;1f77-16 eC("‘lf—Tle)Tl_a

T1/2 = Tl-a > 1,
—1/9¢T1f—Tie (r1f—71e)—(T2—T2¢)
T 1/ 5Tlf 1 _ 5T
TO‘(S;Q_TQE T1/2
Therefore,
TaéTlf Tle a_1/2 TF—Tie 1 .
1 ZX —L—X, {I1+0,(1)} ~, T op B (r1ie) if 71 —Tie > T2 — Toe
Ta(STQ*TQe _ 7 X
j T1 77?;10 )(7—2e {1—|—Op (1)} ~q T 1/25;2 TQeiB (7“26) llef—Tle STQ—TQe

O

Lemma S3. Define the centered quantity X, =X — 7t Z] X
(1) For 1 € Ny—1 and 19 € B; withi = 1,2,

Ta§T2 Tie .
. ——rt X . {1+0,(1)} if t € Ni—
Xt = t—Tie T 57'2 Tie )
op = —E— | Xn. {1+op (1)} ifteB;

(2) For 11 € B; and 75 € N; with i = 1,2,

TwC

t—T7; Ta5 2 ;
e op 0= —E—| Xr. {1+0,(1)} ifteB;
o Tes T .
———X, . {1+0,(1)} ifte N;

TwC
(3) Form € N;—1 and 79 € N; withi=1,2,

gl e .
~ 7%)(716 {1 + 0p (1)} ift e N;_1 UN;

Xt == if ~Tie
[5;‘”6 - ”} X, {1+0,(1)} ift € B;

TwC

16



(4) Form € N() and T € NQ, if’i‘lf—’]’le > Tof — T2e

Taé-Tlf*Tle )
_ 72’0 Xr. {14+0,(1)} if t € N;
i TaéTlf_Tle ) .
ST Xy, — T X | {140, (1)} ifte B, i=1.2,

X, =

and if Ty — Tie < Tof — Toe

Tog 2 T2 .
T X, {1+ 0, (1)} ift € N;
e TO‘(STQf —T2e ) )
op “Xp, - — L —Xn [{1+0,(1)} ifteB;, i=12,

(5) For 7 € By and ™ € Bs, ilef —T1 > T2 — T2e,

X; =

t—"Tie Taé;lfiﬂ—l ; y —
5T XTie - TXTle {1 + Op (1)} th S BZ7 1= 1, 2,
Tes
— e Xn A1 +0p (1)}

X; =

ifte Ny
and if Ty — 11 < T2 — Toe

t—Tie Ta5;2_7'2e . .
5T Xr. — TXTQE {1+ Op (D} ifteB;, i=1,2,
_Ta(s;?*"?e

TwC XT25 {1 + OP (1>}

X, =

ift S N1
(6) For i € By and 2 € Na, if Tip — T1 > Tof — Toe,

t—T1; Ta(sTlf_Tl : ;
- 5T wXT,LvE - %X‘rle {1 + Op (1)} th E B@', 1= 1,27
X = ¢
ifte N;, i=1,2,
and if 71y — 11 < Tof — Toe,

t—T; Ta5;2f7T2e . .
o X, — Tty b0, (1)} ifteB, i=1,2,

Ta 5;2f —T2e

— X {1+ 0p (1)}
(7) For 71 € Ng and 1o € By, if Tif — Tie > T2 — Toe

X; =

ifteN;, i=1,2,

Xy =

Taé-Tlf_Tle ' .

X {1+ 0 (1)} ifteN;, i=1,2,
asTlf " Tle

[(5;—‘&-5}(—% - ”:;UcXTle] {1+0p, (1)} ifteB; i=1,2

Y Y

17



and if T1f — Tie < T2 — T2e

Ta(;;?_TZeX . .
N ——E —X5 {1+0,(1)} ifte N;, i=1,2,
Xt == P T&6;27T26 . .
5T ZeXTie - TXTQ.—; {1 +0p (1)} th €B;, 1=1,2,

Proof. (1) Suppose 71 € N;—1 and 75 € B; withi=1,2. When t € N;_1,

TOt(STQ Tie
=Xy -7, ZX - — X {1+, (1)},
Tw
J=T71

where the second term dominates the first term due to the fact that

T_I/QXt,LTpJ L B (p) from Lemma S1

1
— Z X ~q TO7V252 7T _—_B (rs) from Lemma S2

w = TwC
and
Ta—1/25;2*7'ie ec(m—rie)Tl"1
T2 = 7Tia ok
When t € By,

T2 T T3
B . TO((S 2 ie
:Xt_TwIZXj: [6; ze_TTC] )(7-1.(i {1+Op(1)}
. w
J=T1

(2) Suppose 71 € B; and 12 € N; with ¢ = 1,2. When t € B;,

. = o TS
Xt:Xt—lel ZXJ' = 5T_TZs - - Xeo {1 +0p (1)}

: TwC
J="

When t € N;,

TCV&T”' n
=X -7, IZX T X, {1+0,(1)},

c
j=n Tw

where the second term dominates the first term due to the fact that

Xi=|1p| ~a 7'/ [B (p) — B (rif) + B (r5)] from Lemma S1

1<
— E X ~g T 1/257” 7-I—B (rie) from Lemma S2
TwC
] T1

18



and )
— Tif—T Tif—T o —a
T 1/25Tlf 1 5Tlf 1 @C(Tlf rl)T

T1/2 = Tl = Tl > 1.
uppose 71 € N;—1 and 1 € [V; with 1 = 1, 2. ent & N;_q,
3)S N, d N; with i =1,2. Wh N,
3 Taé‘Tzf Tie
R X Lo, (1),

J=m1

where the second term dominates the first term due to the fact that

Xt—LTpJ ~a TY2B (p) from Lemma S1

rip—Tie 1
— Z X ~og T 1/25 de—B(rie) {1+ 0, (1)} from Lemma S2

TwC
Y j=n
and
—1/2 §7if ~Tie
T oy > 1
T1/2 ’
When t € By,
i & o TS
- —Tie
Xi =X, — 1, ;;Xj = 07— [ X AL+ o (D}
=T1
When t € Ny,

Ta(s'rzf Tie
=X =Ty ZX TwC — X5 {1+ 0, (1)},
Jj=71

due to the fact that
Xi—|Tp| ~a T2 (B (p) — B (rif) + B (14¢)] from Lemma S1

(4) Suppose 11 € No, T2 € Ny and 715 — T1e > Toy — T2e. When t € Ny,

T@(s'rlf Tle
Xt Y X = T (g, (1),

Tw
J=m71

where the second term dominates the first term due to the fact that

Xi—|Tp| ~a T'2?B (p) from Lemma S1
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1
— Z Xj ~og TO7Y2575 7T —_B(ry,) from Lemma S2

CTw
] T1
and
—1/25T1f " Tle
% >1
T1/2 ’
When t € B; with i =1, 2,
5 T2 . Ta(sTlf*Tle
Xp=X—7,' Y X;j= |05 Xy, - —L—X,, [ {1+0,(1)}.
= TwC
When t € N; with ¢ =1, 2,
Ta(sTlf Tle
D D T L S T S
’LU

J=m

due to the fact that
Xi—|Tp| ~a TY/? [B(p) — B (rif) + B (ri)] from Lemma S1.

Suppose 71 € Ny, 72 € No and 71 — T < Top — T2e. When t € Ny,

Ta572f T2e
Xi=X,—7, 12){ ——7X72€{1+op(1)},

C
Jj=n Tw

where the second term dominates the first term due to the fact that

Xt—Lij ~a TY2B (p) from Lemma S1
1

— Z Xj ~og TO7Y2577™ B (rg,) from Lemma S2
w & T
and -
_1/2 ¢T2f—T2e
L >1
T1/2 ’
When t € B; with i =1, 2,
5 T2 Ta(STQf*TQe
Xe=Xi—m," Y0 Xy = |07 Xy, = X | {140, (1)}
w

J=m1

20



When t € N; with ¢ =1, 2,
TQ(STQf T2e
S IR = - Xn, {140, (1)},

Jj=n Tw
due to the fact that

Xi—|Tp| ~a T2 [B(p) — B (rif) + B (rie)] from Lemma S1.

(5) Suppose 71 € By and 1 € By. If 71f — 71 > 79 — Toe, when t € B; with i = 1,2,

. = s o5
Xe=X,—7," Z X;= |07 "X, — #XTle {1+o0p(1)}.

J=m
When t € Ny,
Tt
=X — w ZX XT1e{1+OP(1)}7

J=T71 Tw®

where the second term dominates the first term due to the fact that

Xt*LTpJ ~a TY? B [B(p) — B (r1f) + B (r1e)] from Lemma S1

— Z Xj roq TOY26707 Tl—B (r1e) from Lemma S2

] T1
and o
—1/2571f7 71
T1/2 )
If rip—71 <70 — 72, when t € B; withi=1,2,
L 72 . Tagr2—T2e
\ - —Tie T
Xt:Xt—’Tw ZX]: 5TT Xne—irwc XTQe {1—|—Op(].)}
J=T1
When t € Ny,
Ta(STQ T2e
=X -7, Z Xj=———Xn {140, (1)},
'll)

Jj=n1

where the second term dominates the first term due to the fact that

Xi—(1p] ~a TY?[B (p) — B (r15) + B (r1)] from Lemma S1
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1
— Z X rog T 1/2672 72¢—— B (rge) from Lemma S2
TwC
Y j=m

and
Ta—l/Q(S;Q—TZe

T1/2 > 1.

(6) Suppose 71 € By and 1 € No. Suppose 71y — T1 > Tof — Toe. When t € B; with i = 1,2,

N L& o Tos
Xi=X; -7, jz; Xy =|0r " X = — X {1+0, (1)},
=T1
When t € N; with ¢ =1, 2,
_Tesp T
XY, — L Xy {140, (1)},
'll)

Jj=n

where the second term dominates the first term due to the fact that
Xi—|Tp| ~a T2 (B (p) — B (rif) + B (14¢)] from Lemma S1

and S
—1/2871f7T1
To1257

T2 > 1.

Suppose 71 — 11 < Toy — Toe. When t € B; with i =1,2,

5 T2 TQ(STQf*TQe
X=X - 0 Xy = |0 X, — X, | {140, (1)}
Jj=n Tw€
When t € N; with ¢ =1, 2,
TOC(STQf T2e
=X;— 7,1 ZX = ficxm{1+op(1)},
w

Jj=71

where the second term dominates the first term due to the fact that
Xi—|Tp| ~a T2 (B (p) — B (rif) + B (14¢)] from Lemma S1

and
a—1/2 §T2f ~T2e
T op

T1/2 > 1.
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7) Suppose 1 € Ny and 79 € By and 71 — T1e > To — Toe. When t € Ny,
f

TaéTlf Tle
=X -7, Z Xj=—— X, {1+, (D},

C
J=T71 Tuw

where the second term dominates the first term due to the fact that

Xt_m,J ~a T"*B (p) from Lemma S1
1 1

— Z X o~g T 1/257” "B (ri.) from Lemma S2
w = TuC
and S
—1/2 1f—Tle
Ty > 1
T1/2 ’
When t € B; with i = 1,2,
T2 . , Ta571f_Tle
=X; — 7'1;1 Z Xj= |07 "X, — #Xﬁe {1+0,(1)}.
. w
J=T1
When t € Ny,
o Ta(s'rlf Tle
=X~ 1, Z X = —7106 X {1+0, (1)},

J=m
since X;—|7p| ~a TY2[B (p) — B (rif) + B (ri¢)] (from Lemma S1). Suppose 71 € Ny and 72 €
B2 and Tif — Tle < 1o — Toe. When t € NQ,
Ta57—2 T2e
=X, -7, ZX ——Xn {1+, (1)},

Jj=71 Tw®

where the second term dominates the first term due to the fact that

Xt_moJ ~a T"*B (p) from Lemma S1

1
— Z Xj g T 1/2572 ¢ —— B (rg.) from Lemma S2
TwC

]7'1

and
Ta—l/Zé;z—Tze

T2 > 1.
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When t € B; with i = 1,2,

2 Te§T2—T2e
=X;— 7,1 Z X; = 5tT’TiEXﬁ.e - #Xme {140, (1)}.
J=m v
When t € Ny,
TC!57—2 T2e
=X -7, ZX — X {140, (1)},
J=m Tw¢
since X, 7| ~a TY?[B (p) — B (rif) + B (ric)] (from Lemma S1). O

Lemma S4. The sample variance of X; has the following limit forms:

(1) Form € Ni—l and Ty € Bi with 1 = 1,2,

2 B Ta52(7'2—7ie) T1+a62(7'2—7ie)
X=X {140, (1)} ~a ————B(rie)’.

J=m

(2) For 11 € B; and 7o € N; with i = 1,2,

T2 Q(Tif—TiE) 1 Q(Tif_Tie)

d Ta(s Ta+ 5

)(2 T )(2 T 2
Z = e A Mo () e g e Bl
j=m

(3) For 71 € Ni—y and 19 € N; with i = 1,2,

T2 (Tlffne) 1 2(Tif7T¢e)
705, To+1s
Do X=X Loy () ey DB (1)’
Jj=m

) For 11 € Ny and 15 € Na,

Tlf Tle ) Ta+152(71f*7'15) 5 .
ZX2 _ XTle {I+o, (1)} ~vog —L——B(r1e)” if Ty — Tre > Toy — Toe
2 T2f 726 2 Ta+162(7'2f77'2e) 9 .
=N —L X, {1 +0,(1)} ~vg —5——B(r2e)” if Tif — Tie < Top — Toe
FOT’ 71 € By and » € BQ,
(Tlf Tle) 2(T1f*7'1e)
T Tot1s .
ZX2 - 726 X2 {1+0,(1)} ~g —L——B(r1e)® if Tif — Tie > T2 — T
e (7'277'2e)
= X2 {1+ 0y (D} ~a TG ™ LB (1) if i =i S 72— 72
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(6) For 71 € By and 7o € No,

T o Q(Tlf_Tle) a1 Q(Tlf_Tle)
S R2, = ”T(QCX%E {1+ 0y (1)} ~a T(ST%C)B (r1e)?
1= 2(Tof T2 2(pp—72e
— TS Totls 9
ok — L X2, {1+ 0y (1)} ~o —L5——B (r2¢)

(7) For 71 € Ny and 79 € Bo,

2(Tlf_T1€) Q(Tlf_Tle)

2 Te§ Tatlg 2

E X?ﬁl = = 2 Xgle {1+ Op (1} ~a = c B (r1e)
J Ta&;(TQ*TQQ) TO£+16§_‘(T27T2€)

J=n X2 {140, (1)} ~g —2——B (1)
Proof. (1) For 11 € N;—1 and 15 € B; with i = 1,2,

Tie

if T — Tie
Z.lef — Tle
if T — Tie
ilef — Tle

To T2 T2
Z X, = Z X7+ Z X, = Z X7 1 {1+0,(1)}.

J=T1 Jj=71 J=Tie J=Tie
The first term is
Tie—1 ~ Tie—1 T2a62(72—7'ie)
Z ng,l = Z #Xﬁie {140, (1)} from Lemma S3
J=T71 J=71 Tw
_ 7'1'7e-2—c27'1 ,1—120457%(7'2*‘ra;e))(%E {1 + o, (1)}
w
~ Tz'er2—c7”1 TQaé‘%(TQ—TiE)B (Tie)Q '
w
Given that
T2 2(T277'¢e) -2 o 2(T27T¢e)
T ) ) T,
62(3 1—Tie) _ T T _ T 1 1
> 01 7 {140, (1)}

J=Tie

T2 To—T; -1 T2 —T;
1 5 2 ie 5 TOé5 2 ie
> o=t L= L {1+0,(1)},

J (ST -1 C
the second term
T2
2
> X
j:Tie
2 . TR e 2 )
=D |0 T X2 {140, (1)}
. w
J=Tie

25
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. Te§T2 Tie T20152(7'2_Tie)
_ ] 1— Tze _ J—1—Tie T T 2
§ [ 269 e X2 {1+0,(1)}

]’Te

Ta5;(72—7ie) T2a—15%(72_7ie) ro — Tie + T 1 <2(ra—s )
— T2, 27 Tie) X; A1+ 1
2c 2 TwCZ 7-2 62 { Op ( )}

Ta52(7'277'¢e)
=L X2 {140, (1)
1+a52(72—ﬁ'e)
~g LB (Tie)Q )
2c

Since 1 +a > 2a, 3772 X2 ; dominates 3 7 Xfﬁl. Therefore,

T2 Ta52(7'2—7'i5) T1+a52(7—2—ﬂ-e) )
DX = X2 {140, (D}~ B (ric)’.
J=71

(2) For 71 € B; and 75 € N; with ¢ = 1,2,

T Tif T2
DX =d X+ )
J=m J=m J=Tif+1
Given that
Tis T [5,?(”’” ) _ 5;(71—%—1)} 2(7ig—Tic)
2(j—1—Tie) _ — TaéT 1 1
Z O N 2c+ 2T« 2c {140, (1)}
J=T1
Tif . Ta |:5;'_7:'f_7'ie — (5,71-117Ti671i| Ta(;'rif_'rie
Yoot = =L {l+0,(1)},
Jj=71 ¢ ¢
the first term is
Tif
> X
J=m
Tif Tif —T1 2
i T
= [aaT i _ T] X2 {1+ 0, (1)}
Jj=m w
TOC‘S;(TZ.F%) TQa_ldgjfiTiEHifiﬁ Tif — 200—1 (Tf Tl) 2
= -2 "1 20— op X2 {1+4+0,(1
2c TwC? + r2c? e { p (D}

Ta(S;(Tif_Tie) ) )
= 5 X2 {1+40,(1)} (since @ >2a—1 and 75 — Tje > Tif — T1)
C e
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o1 5;(7-“ _Tie)
2c

~a

B (rie)*.

The second term is
T2

> X

J=Tig+1

Since

Ta+15;(Tif _Tie)
)

X

T20¢ 52(Tif
Tif
>l

2
X ", dominates » 72 S

T2

Q(Tiffn)
7296
— L X2 {1 +0,(1)}

2
RS B
T Tif—T
- 7'202ZfT2a5 (- I)XQE {1+0,(1)}
9 T Tif—T 2
o rzczszQQ‘s( 7B ().

_ Tl—a(;;[(Tif_Tie)_(Tif_ﬁ)] >1

i

. Therefore,

T 2(rip—Tic) 1:2(mir—7ie)
P i [t op (1)) g 02 = 7
= J 2c T” P 2c
=T1
(3) For 1 € N;_; and 7 € N; with i = 1,2,
T2 Tie—1 Tif T2
v 2 v 2 v 2
PIPEED PP CEED PP CRENDY
Jj=71 Jj=T1 J=Tie J=Tif+1
The first term is
Tie—1 Tie—1 2(7—if_7'ie)
N T2a5
Z ]2 1= 77:202 X72‘ie {1+OP (1)}
J=m J=m v
Tie Ti Tie
- 722 T2a5 2= )X2 {1 +o0p (1)}
Tie Ti Tie 2
2 a Lr2es) 2= B (140 )?.
Given that
Tif 2(rif—ie) -2 2(7if—Tie)
Op -0 T
5 (=1=mie) _ T _ T 1 1
> - {1+ 0, (1)}
] Tle

27
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T T —T: _ T —Ts
S° gt OF oo TR
A T - Sr—1

J=Tie

{1 + Op (1)} )

the second term

Tif
2
> X
j:Tie
Tif Tif —Tie
» T,
—1- ie
=D |0 T X2 {140, (1)}
. w
J=Tie

2(Tl'f—7'ie) 20—1 Q(Tl-f—ne) 1
TafsT T2744 Tif — Tie + 5 B 2(.,.. T )
-2 r Lpla=lg el x2 0] 1
%2 T C2 r2 2 T e {1+ 0p (1)}

Ta52(7'iff‘r¢e)
= TTXE {140, (1)} (since @ > 2a —1)
C e
Ta—l—lé;(nf*ne)

~o ———p B (rie)? .

The third term is

T2 ~ T2 T2a52(7'if_7'ie) ,
¥ w= 3 T s

2 .2
J=Tig+1 J=Tig+1 Tw®
TQ—T'f 2 Tif—Ti 2
=T TN (1, (1))
w
o — Ty 27—
~, 2 - 2zf TgaéT(Tlf Tze)B ("“ie)z )
ric

Since 1 + a > 2a, Z;;f% X'J{I dominates the other two terms. Therefore,

2 Tif Ta(SQ(Tif_Tie)
% v 2 2
S X=X {40, ()} = T X2 {1+0,(1)}
J=T1 J=Tie
Z(Ti —Tie)
To+ls f
~a —gc B ().
(4) For 7 € Ny and 79 € Ny,

T2 Tie—1 i T2e—1 ~ T2f T2 ~
SE T SECINE S HRUS SIF SRS SE SEED I 8
Jj=T1 Jj=T71 J=Tie Jj=m1t+1 J=T2e Jj=Tor+1
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Suppose Tif — Tie > Tof — T2e. The first term is

Tie—1 . Tie—1 Tza(s;(Tlf*Tle) )
Z j—1 = Z 2 2 Xrle {1 +0p (1)}
. . TAC
j=m j=m w
T e
= D Z g TIR2 (140, (1)
7’1 T Tle 2
e T2, o B (r.).
The second term is
Tlf
2
> X
j:TIe
Tif T1f—Tle 2
Ty,
1—T1e
= > | X, - X, | {140,(1)}
j:Tle Tw€
2(7’1f—7'15> 20—1 2(’7’1f—7'15)
Ta(sT T4 6T T1f —Tle p2a-1 (7'1f 7’1e)
B 2¢ 2 T C? * 72,2 ™o X2 AL+ 0, (1)}
Ta(SQ(Tlf_Tle)
= T2c X2 {1+0,(1)} (since a > 20— 1)
2(7‘1f-7'1e)
T1+a5
~a ’gc B (Tle)

T2f
v 2
> X
j:TQe
T2f Tlf*ﬁe 2
)
1—7o¢
= > | T N - X | {140, (1)}
. w
J=T2e
2(72p—72e) 2a—1 o(T2r—72e)+(T1r—71c)
Ty 2 T=""op T2f = T2 p2a—152(T1—Tie) 2
— TXTQ@ -2 " X X7, + WT o X7,

T2 T9 T Tle
:4{;262 6T2a 15 ( 1f=7 )X316{1+0p(1)}

rof — T26T2a5 (r15— Tle)B(Tle)Q'

~Y
a
r2 2

29
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The fourth term is

Toe—1 Toe—1 T2a62(7'1f—7'le)
v 2 T
Z Xj_l - Z 7202 Tle {1 T 0p (1)}
J=rip+l j=rip+1 w
Toe — T1f — 1 2(T1f—T1e) 2
== 722 TZQ‘ST( )Xne {1+0p (1)}

~a

T92¢e — T1 T Tle 2
7‘2 c2 fTQa(S (= )B(Tle) .

The fifth term is

T2 T2a52(7'1f—7'15)

T2
Z X]2_1 = Z iQCQ X’%e {1 + Op (1)}
w

j=T2f+1 j=Tgf+1
— T2f 2 (ﬁf T1e) 2
7202 ~a [ 0p X A1 +0, (1)}
— T9 T Tle 2
o - rzc2 Lr2es, (g .

Since 1+ a > 2a, ZTH Xf_l dominates the other terms. Therefore,

J=Tle

Tif o5 2(r1p—71e)

SR =Y KK {140, (0) = X2 {140,(1)

Jj=71 J=Tie

Ta+152(71f—716)

~a gc B (Tle)z .

Suppose T — Tie < Tof — T2¢. The first term is

Tle—1 o Tie—1 Tza(s;(Tzf_'Qe) )
Z -1 = Z 202 X {1+ 0p (1}
J=m J=m v
= Do g™ N, (140, (1)
~ ’I“l,r2 02 T2a5 (T2f TQe)B (7"2@)2 )

The second term is
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T 1 Ta5T2f—T2e 2
— Z Giitmex, #Xm {1+0,(1)}
J=Tle w
P g
= |7 K2 Xr X
2c te T C2
rf—T 1 2(7of—T2e
%Iﬂa 15T( 2f —T2 )X72_2e:| {1 + 0, (1)}
w
rf—T 1 2(1or—T2e
= %TZG 15T( 2f T2 )X%e {1 + op (1)}
w
TifF—T1 2( 19 —T2e 2
~a %TQO&(ST( 2f T2 )B (T2e) )
w
The third term is
Tgf
2
> X
j:TZe
2/ 1 Toz57'2f*72e 2
=D |00 X - X | {1+0,(1)}
J=T2e w
= X7 2 X7
2c 2e erZ e
Tof — T2 1 2(Tof—T2e
%Yﬂa l(ST( 2f T2 )X32€:| {1 + 0, (1)}
w
2(72p—72e)
175,

TXE% {140,(1)} (since o >2a —1)

2(72p—72e)
T1+a5T

~a 5 B (ree)?.
The fourth term is
T2e—1 Toe—1 T2a62(T1f7T16)
=g )
Z Xj1= Z i202 Xn. {1 +0, (1)}
Jj=m15+1 J=Tip+1 w
T2 Tlf—]. 20 2(T1f—Tle 2
== 7'3,02 T adT( )Xﬁe {1+ Op (1)}

T2e — Tlf 2(mp—71 2
e ;TTQ%T( B (1)
w
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The fifth term is

T2

S

Jj=To5+1

Since 1+ a > 2a, 372

2
e Xj

T2 T2f
)
> X7

J=T71 J=T2e

TOH-l 5;(7%‘ 77‘26)

~

=Y RLK (1o, ()

T2 T2a62(72f_726)
—L—X2, {1+0,(1)}

2 .2
Jj=mop+1 Tw€
T2 — T2f 2q ¢2(T2f —T2e
T 22 T a(ST( )sze {1+0,(1)}
w
o —T9 2(Tof—T2e
oy U a2 2

2 -2
W€

; dominates the other terms. Therefore,

T2f _7—26)

B Taai(

2% X7%2€ {1+0p (]‘)}

a

Thus, when 71 € Ng and 5 € No,

2c

B (ree)%.

2(Tlf_fle) 2(T1f—f1e)
T TS Tatlg )
i X2, = L X2 {140, (1)} ~a —L——B(r1e)* if 71y — T1e > 7oy — T
j:Tl J— Taé;(TQf*TZE 9 Ta+16§(7'2f7725) ) ‘
2¢ XTQE {1 + Op (1)} ~a TB (7126) if Tif — Tle < T2f — T2e

(5) For 71 € B; and 12 € Ba,

T1f T2e—1

T2 T2
) SECHIE ob I b I o CI

J=71 J=71 Jj=r15+1 J=T2e
Suppose T — 71 > T2 — Tg.. The first term is
T1f
2

> X
Jj=71

Tif Ta(s’rlf—n 2
_ J—1—"Tie T
= § o ‘Xr, — X | {1+0p(1)}

J=T71 Tw®

Ta(;;("—lffﬁe)

-2

T20¢—157(17—1f77—1)+(7—1f77—15)

iy T2a—152(71f*71)

2c

B Ta(S;(Tlf_Tle)
- 2c

X2 AL+ 0p (1)} ~a

+ X2 {1+0,(1)}

Ty C2 r2c? T

Ta+l 5;(7—” _7—15)

2c B (7‘16)2
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due to the fact that

2 —lle
TQ(ST(TIf Tie) B Tlia(s(Tlf—Tle)—(Tlf_Tl) o1
- T

)

T20—1 51(~T1f =71)+(71p-71e)

T 5;(7'1f *T1e)

— Tl—aa;[(Tlf*Tle)*(Tlf*Tl)] > 1.
T2a715;(71f771)

The second term is

T2e—1 o T2e—1 T2a6§(7'1f—7'1> ,
> K= oz X {1+0, (1)}
w

j:Tlf""l j:71f+1

_ TQ@ - Tlf - 1 2 2(7’1f77'1) 2
=T 22 T X Al +0p (1)}

~g T2a52(“f_”) T2 —"Mf p (r1e)?

T 2 .2
TiC

The third term is

T2

2
7—1

j:T2e
2
2 T1f—T1
; )
—1—T9e
— E DD G #Xﬁe {1+0,(1)}
y w
J=T2e

Taé%(Tszze) T2a_15(7'1f*71)+(7'2*726)

_ 2 T
= TXQE -2 > X . Xr,
+7“2 2— 226T2a—16;(71f71)X316:| {1 + op (1)}
rac
T9 — 179 1 2(m T

T 22 S 15T( ! I)lee {1+0, (1)}

w
o e B ()2

ric

due to the fact that
_ 2(7’1f77'1)
7?15, _ Tl—a5¥1f—T1)—(T2—T2e) > 1,

T2a_15C(pT1f_Tl)+(T2—T2e)

T2°‘715;(T1f_ﬁ) 5;1[(71,”—71)—(72—725)]

Taé%(TQ_'TQe) - Tl-a

> 1.
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Furthermore, since

Ta+l 5;(7—11' 77—16)

_ pragllinrno-(arm)] | |
T2a 5;(7—110 -7 )

so the first term dominates the other two terms and hence

o) 2(7'1f*7'le) 1 2(7’1f77'16)
~ T%6 Tt
2 _ T 2 T 2
> XK= X {40, (1))~ B (o).
J=T1

Suppose T — 71 < T2 — Tge. The first term is

Tif
>R
J=m71
TLf - Toz(sm T2e 2
= Z 5] TlEXTle _ . X | {1+0,(1)}
Jj=7 w€
Ta(;;(Tlf*Tle) ) T2a 15(7'2 7'2@)4’(7'1]‘*71@)
= %2 XTle -2 rw02 XTleXTQe
"y 20—1 §2(T2—T2¢) 32
LT xe, | (14 o, (1)
(Tlff"'le) 2(7’1f77'1€)
T Ta+1s X
= 2c Xn {1+0p(1)} ~a T2—CB(7“1e)2 1f71f—71e>72—726

T r2a— 15 2(T2— Tze)X2

r2c? a

r1F—T1 20 2(T2—T2¢) 2 .
éjjT o “B(r2.)” if 71— Tie < T2 — Toe

The second term is

Toe—1 Toe—1 T2a62(7'27726)
2 2
DI THID S s PR
Jj=r15+1 Jj=rip+1 w
T2e — T1 To—T2e
= € 265 T20¢5 ( 2—T2 X2 {1 +0p (1)}

HT2e —T1 2
oy T2 62 )7;2 5B ().

The third term is

T2
>R

J=T2e
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T2 2

s Tad,}?_7—2e
= Z 5%“ Xy — —— X | {1+ Op (1)}

TwC
j:T2€ w
2(T2—T2¢) 201 52(T2—T2¢)
« o
_ T 5T _2T 6T
2c Tw62 T%UCQ

_ Ta(;%("? —T2¢)

o X2 {1+0,(1)} (since a > 20— 1)

_ 1
~a TOHOT T B (rae)?
C
Therefore,
Z(Tlflee) 2(7-1f77'15)
LA T%6 7ot
Z Xjq= QT( 2 X2 Al +o0p (D)} ~vg —Tg——
jon T X2 {140,y (1)}~ TOH62™ ) LB (1 )2 if iy — 1y < 7y —
2¢ T2e P ~a T 2 2e U Tif—Tile S T2 — T2e

Thus, when 71 € By and 75 € Bo,

Taai(”f_”e) Ta+15;(71f‘fle)
J=m
(6) For m € By and mp € NQ,

T T2e—1 T2f T

Jj=71 Jj=n Jj=rip+1 J=T2e Jj=mop+1

Suppose Ty — T1 > Toy — Toe. The first term is

Tif
v 2

> X
J=T71

Ty Tip—T1 2

g )

= 6K, - X, | {140, (1)

. w

J=T1

2(m1¢—71
TS ( f e) )
2 2 2 .2
c TwC r2c

_ (T1f—T1)+(T1f—Tle)
T20€ 16T + Tlf — 7 T2O‘_15§_,(T1f_7—1)

2(T1f—7'1e)
_ T8,
2c
Ta+15;(7—1f_7—1€)

NCL 26 B (7”18)2 .

sz {1+0,(1)}

35

+ PGP X2 {140, (1)

2 .
2¢ B(’"le) llef_Tle>T2_TZe

T2 .
Z X]z = — e Xfle {1 + op (1)} ~a #B (r16)2 if TIf — Tle > T2 — T2e
- Ta62(7'277'2e) 2 — .
T2c X%e {1 +op (1)} ~a TCYH(ST(T2 " )iB (7“2e)2 if T1if — Tle < To— Toe

2

72
DKL= X+ )L X+ ) X+ ) XP,

X2 {1+0,(1)}



The second term is

Toe—1 Toe—1 T2a52(71f77'1)
o2 _ T 2
Y Xia= ) TXT1Q{1+OP(1)}
J=T1p+1 J=Tir+1 w
T2e — T1 T1f—T1 2
= e e MR (10, (1)
w
2 _
~ T2a5T(7'1f 71)7“252 glfB(Tle) .
ric
The third term is
Tgf
2

> X
J=T2e

T2f . Taé-Tlf T1 2
= Z 5%—1—726XT26 _ 't x X | {1+40,(1)}

‘ TwC

J=T2e

2(72f_726) 20—1 (TQf—T2e)+(7’1f—T1)

T o T2f — 2 201 52(T1F71) 52

= | Xn. 2 S X X + = T g2 x|\ o, (1))

Tof — T2 TIF—T1
= L ety TR (1, (1))

7'2f T2e

a 2 -2
TaC

gl

The fourth term is

T2 _ T2 T2a62(7'1f—7'1) ra —Taf, - ,
Z X]{l - Z 7?202 Tle {1+ 0p (1)} ~a r2 2 T o )B(Tle) :
Jj=mop+1 Jj=mo5+1 w
The first term dominates the rest of the terms and hence
T2 (Tlf*Tle) +1 2(T1f77'le)
T, Totls )
> X=X {1t o)} v ————B(n)".
J=7

Suppose 71 — 11 < Tof — T2e. The first term is

Tif
v 2

ZX]—l
Jj=n

T1f . TO‘(STQ‘f Toe 2

J T1 T

=3 | T K - X, | {140, (1)

Jj=n w
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_ Ta(;;(ﬁffﬁe) X2 - 2T2a—167(:"1f7Tle)+(7-2f7725)
2c e Ty C2

2 2
W€

2(71f_715)
T4, .
= TTX%E {1+0,(1)} if 71— Tie > Top — Toe

_ 2( 7o F—Toe .
%T%‘_WT A )X72_26 {I4+0, (1)} if71p —Tie < Tof — Toe

2(7mp—T
1 1f le) 1 2 .
T *aéT( )Q—CB (r1e) if T1p — Tie > Top — Toe
2(7‘ —T _
2 2f 2e ) rq 71 2 .
T a5T 77%02 B(Y’Qe) llef—Tle STQf—Tge

The second term is

Toe—1 Toe—1 T2a52(7—2f*7—2e)
2 2
Z Xj—l = £202 X’z’ge {1+Op (1)}
Jj=mis+1 j=m1p+1 w
T2 —Tlf—l 2(T2p—T2e
= — 202 TZ%T( ’ )Xr226 {1+0, (1)}
w
2 —T2e -
~ T2a5T(T2f ™ )%B (r20)?
e
The third term is
Tgf
v 2
> X
J=T2e
T2f T2f —T2e 2
1 T46
- Z 5%1 ! T26X7—26 - - XT28 {1 + OP (1)}
; TwC
J=T2e
2(7’2f—7’26) 20—1 Z(Tgf—Tzc)
TQ(ST 2 T 6T 2 Tif —T1,20-1 2(7'2f—725) 2
= |5 —X5 -2 v X2+ a1 als, X2 | {1+0,(1)}

Ta(sz(TQf*TQe)
= TQ—X% {1+0,(1)} (since a>2a —1)
C €

Ta+1 5;(7%‘ _7'25)

~a > B (ra)*.

The fourth term is

T2 T2 20 2(T2f*726)
~ T
E X]?_l = E T

2 .2
T:55C
Jj=m2r5+1 Jj=m2r+1 w

2 2
TwC
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XTlEXTQe + Tlf — Tl T20l—162(7-2f77-25)

T

X2 {140, (1)} ~a wzﬂa(ﬁ(mrme)B (

2
XT2 e

{140, (1)}



Therefore,

o 2(7—1]0_7—1"3) 9 B
i X2, = ”TTX%S {1+ 0p (1)} ~a T1+Q5T(T1f Tls)z%B (r1e)? if Tif — Tie > Tof — Toe
Jj—1 = 2( 79 —Toe 2(r -0
= ) s (ko () e P B iy e < g
2c T2e P a 2¢ 2e 1f Tle < 7—2f Te

Thus, when 7 € By and 75 € No,

2(7’1f77'1€) Q(Tlfffle)
T4, Ta+15 .
i Xz,l _ TTX%E {14+0,(1)} ~a —L—20B (7’16)2 if 71— Tie > Top — T2e
= regy ) X2 11 1 pengy (2] B (ree)? if <
2c T2e { + Op( )} ~a 2c (TQE) WTif — Tle = T2f — T2e
(7) For 7 € Ny and 79 € Bo,
T2 Tie—1 T1f T2e—1 T2f T2
52 >2 2 2 2 2
D= XL ) XL+ Y X+ )y XL+ ) XL
Jj=T1 Jj=T71 J=Tie Jj=11p+1 J=T2e Jj=Top+1
Suppose Tif — Tie > T2 — T2¢. The first term is
Tle—1 Tie—1 T2a52(7'1f—7'15)
2 T 2
Z i=1 = Z 202 Xoe L +o0p (D}
. . &
Jj=7 Jj=71
Tle — T 2(71y r—T1e
_ 162 5 1T2a5T(7'1f T1 )lee {1 T 0p (1)}
TZc
Tle — T1 20 2(T1f—Tle 2
S A TR
w
The second term is
Tif
)
> X
j:Tle
Tif - Ta(s’rlf—’rle
—1-T1e 2
=3 et e # X2 {1+0,(1)}
j:TIe

Ta52(7'1f—7'1e)
= T -9
2¢ T C2

T2a—15;(7—1f _Tle)

T - T 2(T1¢—Tle
+ 1fn2 3 teqa-1gmmme) | x2 1) 4o (1))
w
Q(Tlf—T1e)
Te s
N 2c
el 5;(7—11‘_715)

~a 2C B (Tle)Q .

X2 {1+0,(1)} (since a > 2o — 1)

38



The third term is

T2
> 5

j:TQe
2
T2 Tif—Tle
L T8
= > |5 T X - L Xn, | {140, (1)}
k TwC
J=T2e
2(To—Tae _ (Tz—Tze)+(Tlf—Tle)
_ Ta(sT(TQ TQ)XQ _2T2a 15T Y x
2C T2e TwCQ Tle“*T2e
T9 9 T Tle
AU (IR
T2 — T2 1201 (T1f T1e) 2 ) (T1f Tle) 2
= %16, X2 {1+ 0y (1)} ~a - 7«2(:2 %6, B (rie)”.
The fourth term is
Toe—1 Toe—1 T2a52(7'1f*7'le)
2
Z 1= Z i202 X5 Al +0p (1)}
Jj=1ip+1 j=T15+1 w
T2 *Tlffl 2(T1p—T1e 2
== 722 T2a5T( 1 )Xne{l‘f‘op(l)}
~, T2¢e _ glfTQQ(S (Tlf TIE)B(Tle)Z.
r5C

Since 1+ a > 2a, Z]T-Zn X 2 | dominates the other terms and hence

—lle Q(Tlflee)
< Tas2nme) T+ 2
Do X=X {140, (1} ~a L B (r1e)?.
J=71

Suppose Ty — Tie < T2 — T2.. The first term is

Tle—1 T2a52(7'2—726)

YoXi=) —Ls—Xx5 {l+0,(1)}

2
J=m J=m Tw¢
= TlTQCQ T2a62(7'2 T2e X2 {1 +Op (1)}
e rlm 2 L2050 B (1)

The second term is

T1f

>R

J=Tle
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T1f To —T 2
L TCMé‘Q 2e
=3 X, - X, | {140, (1)

) TwC
J=Tle
2(r15—71e) 201 (T1F—T1e)+(r2—T2c)

TaéT 2 ™ 5T "1f = Tle p2a—1 52(12—72¢) 42
= — X7, —2 s X X + 77%02 T op X5,
_ T1f — Me 201 52(T2—T2e) 32
N r2c? T oy XL A1 +0p (1)}

1 1 To—T2e 2
Ta {“2 c? eT2a5 (ome (r2e)”

The third term is

72
> X
J=T2e

T2 2

1 TCX(S;?_TQE
=3 X, - X | {140, (1))
TwC

j:T2€
Taéi(TTTQe) 2 Tza_l‘si’(Trme) 2 2 = T2 201 (T —T2e) 12

Ta(sZ(TQ—TQe)
I e (1o,
T1+a52(T2—T2e)

2
o X2, B ().

The fourth term is

Toe—1 Toe—1 T2a62(7'27726)
2 2
DR TRI U SR
Jj=ri5+1 Jj=rip+1 w
L’?é T2 TOXE {140, (1))
C
— T .
Na r2c2 fTQa(S (o )B(""Ze) :

Since 1 + a > 2a, 2]72:726 X?A dominates the other terms. Therefore,

T2

Ta(s 2(T2—T2e)

) ) Ta+15§—‘(72*7'28) )
Z Xy 1= TXTQE {140, (1)} ~a 2—CB (r2e)”.
j=m1

40
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Thus, when 71 € Ny and ™ € Bs,

Q(Tlfffle) 2(7—1f77—le)

T2 Tas Totls .

ZX? _ T 5 lee {1—|—0p (1)} ~a T2—CB(7’16)2 llef—Tle > To — T2e
. J=1 Ta62(7'2_7'25) 9 Ta+162(7'2—7'25) 2 .

j=m — Lo X2 {140, (1)} ~vo ——5——B(ree)” if 11p—T1e < 72— Toe

Lemma S5. The sample covariance of X; and e, has the following limit forms:

(1) Form € N;,_1 and 0 € B; with 1 = 1,2,

T2
Z Xjflsj ~a T(a+1)/25§3_TiEXcB (Tie) .

J=T71

(2) For 1 € B; and 7o € N; withi=1,2,

T2
Z Xj,1€j ~a T(a+1)/25¥f7TieXcB (7"@'6) .
J=T1
(3) For 11 € Ni—1 and 12 € N; with i = 1,2,

T2
Z Xj_lsj ~a T(a+1)/25;f*7ieXCB (Tie) .

Jj=n

(4) For 1 € Ny and 19 € Ny,

i X 1es T(Ha)/zé;lf_mXcB (r1e) if Tif — T1e > Tof — Toe
7 T2 X B (roe) if Tif — Tie < Tof — Toe

J=m

(5) For 71 € By and 19 € Bo,

T .
ZQX, c O‘+1 /2(5Tlf TIEXB(’I’le) Zlef—Tle>7'2—7—2@
€5 ‘
j=r T Tt /Q‘W e XeB(r2e)  if Tip — Tie < To — Toe
=T1

(6) For 1 € By and 7o € No,

ij( o /25Tlf TISXB( le) if Tif — Tie > Tof — Toc
i 155 /2(57—% TQEXB( e) ilef—TleSTQf—Tge

(7) For 71 € Ny and 79 € Bo,

T .

2 X, c O‘+1 /25Tlf TleX B (7“1,3) Zlef — Tle > T2 — T2e
E j—1cj .
j=r . Tl /2572 e XeB (roe) if Tif — Tie < To — Toe
=T1
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Proof. (1) For 71 € N;—1 and 15 € B; with i = 1,2,

Tie—1
ZX _18j = ZX 153—|—ZX ~1Ej-
j=m1 J=T1 J=Tie
The first term is
Tie— Tie—1 T 57'2 —Tie
S e = 5 T T g 0)
=71 J=m1 v
TOZ(;TQ Tie Tie—1
= XTze ZE]{1+OP( )}
TwC
J=71
Tag§T2Tie 1/2 1 2”6_1
D <T— / X%) T2 " e [ {140, (1)}
TwC j=m1
TO[(;TQ_T'LE
~g ———L——B(rie) [B(rie) — B(r1)] .
TwC
The second term is
T2 -
> X
j:Tie
T T2 —T;
T Ta(s 2 ie
_ Z léfjr 1-Tie T] XTieEj {1 + 0p (1)}
' TwC
J=Tie
T2 TO—T; T2
) . Ta5 2 e
_1_ 1€
DL e S
j:Tie v J=Tie
—1/257'2—Tie
_ Oé/2 T Tie (T2 ]+1) — JW—T
= |TY267 Ta/? Z‘S TwC f 253 Xrie {1+0p (1)}
L J=Tie I=Tie
) 1 ~ To—J
_ TO[/Q(S;?_Tze o Z 5T( 2 ]+1)€j Xr. {140, (1)} (since a/2 > a —1/2)
j:Tie

2
o T2 —Tie —Q —(r2—j+1 -
= Tle+D/2g7 T2 N g I, (T 1/2Xng) {1+0, (1)}
j:Tie

~ T(a+1)/26;,rg—TieXCB (Tie) .
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Since (a+1) /2>, 3772 XJ 165 dominates > 7 ' X, _1¢j. Therefore,

Z Xjagj = Z Xjgj{l+0, (1)} ~a T(a+1)/25773_TieXcB (Tie) -

Jj=T1 J=Tie

(2) For 71 € B; and 75 € N; with ¢ = 1,2,

Tif
ZXJ 1&5 = ZXJ 15 + Z j—1&j-
Jj=n J=T1 J=Tif+1

The first term is

Tif

> Kj-e;

J=m
Tif Tif—T1

; . T
—1—Tje

= |0 s X {10 (1))

j =71 w
Tif Tifg—T1 Tif
To‘é

= | D0 T - =) | Xn {1+ 0, (1)}
J T1 Jj=71

= E5 -_—_ _— Es . 0.

2 J J Tie p

i To/ = TuwC \/Tj ~ |

B Ta/Qéw Tie 1 Tzﬁjé Tif— ]+1)€' _Ta—1/25;if—n 1535.

- a/2 J J
L T Jj=T1 TwC \/T] =T1 |

Tif
TOé/zaTzf Tie T—Q’/Q Z 6 Tzf ]+1) ) X
&j | Xr A1 +0p (1)}
J=n

~oa TV X B (rye) .

The second term is

T2 T2 Ta(sﬂ'f—ﬁ

Y Xjag= ), —%Xnﬁj{ﬁrop(l)}
j=Tig+1 j=Tig+1 Y
TaéTif—Tl T2
:_#Xﬁ'e Z gj{1+0p (1)}
w j=rip+1
TOé(STif_TI T2
= (TR ) (TR Y e e (1)
w

J=Tif+1
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asTif 71
T8

~a ——————B (i) [B(r2) — B (rif)] .
TwC
Since (a+1) /2 > «, Z] g X;_1e; dominates > Tf+1X _1€j, SO
Tif
S Ky = 3 Kyaes {14 0p (1)) g TG0 X,B (1),
J=T1 J=T1
(3) For 7 € N;_1 and 5 € N; with ¢ =1, 2,
T2 Tie — Tif
Z Xj1g5 = Z XJ 1&5 + Z XJ 185 + Z j—1&j-
J=T1 J=T1 J=Tie J=Tig+1
The first term is
Tie—1 Tie—1 T, T
ie N ie Ta5 if —Tie
Yo Xjgi= ) X {140, (1)}
J=71 J=71
Ta(stf Tie Tie—1
= TwC XT@@Z€]{1+OP( )}
Jj=m1
Toé(s"—if_'rie Tie—1
_ T —1/2 ) —1/2 ,
=——+ (T X, T 1 1
Lo (X > e | (1o, (0}
J=71
Ta(sTif_Tie
~a -—TL B (rie) [B (1ie) — B (r1)] -
TwC
The second term is
Tif
> X
J=Tie
Tif Tif —Tie
1 T
=3 (o - e X {140, (1)}
, TwC
J T’LE
Tif Tif —Tie Tif
T
= G ey~ L X {1 1
Z e ; & | Xro {1+ 0p (1)
[ Tif a—1/257—if —Tie Tif
I (rg=g+1)_ | _ T T
SRR EED Y e; — f > || Xn {140, (1)}
| J=Tie J=Tie
Tif
Tz 1 _
_Ta/2+1/257'1f Tie | p—a/2 Z 5 F=it )ej (T 1/2Xne> {1+0p(1)}
J TZE
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TG, B (1),

The third term is

) T2 TaéTif_Tie

> Xjag= ). _#Xﬁ'ﬁj {140, (1)}
J=mif+1 J=mif+1 v
Taéjz'jf*‘re T2

= —7XTie Z Ej {1 + Op (1)}

TwC
w j=7ip+1

T2

To‘(s;ff_ne 1
_ o (e /2X . ) T—1/2 .
TwC < Tie ‘ Z g | L +op (L)}
J=Tif+1
Ta(STif*Tie
~ - T B (rie) [B (7“2) -B (Tif)] .

TwC
Since (@ +1) /2> a, >0 i Xj_lsj dominates the other two terms, so

Tif
S Xy ae = 30 Kyaes {14 0p (1)) ~a TG X,B (1),
.7 T1 .] Tie
(4) For 71 € Ny and 19 € Ny,

Tie—1 T1if Toe—1 T2f

T2
ZXj—lgj Z XJ 1€ + Z XJ 185 + Z XJ 1€ + Z XJ 185 + Z Xj-1€5.

Jj=71 J=71 J=Tle Jj=rip+1 J=T2e J=mar+1

Suppose Tif — Tie > Tof — T2e. The first term is

el - Tie—1 Ta(STlf*ﬁe
Z Xj-185 = Z _#Xﬁe‘gj {1+0p, (1)}
Jj=71 j=‘l'1 w
TQ(STU Tle Tie—1
= g XTleZEJ{1+OP()}
v Jj=m
TaéTlf_Tlﬂ Tie—1
—-1/2 —1/2
= () [T Y s | G )
J=T1
Ta(;Tlf_Tle
~a =B (r1) [B(rie) = B (r1)].
w

The second term is

Tif

Z Xj g

J=T1e
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Ti1f

jiliTle Ta(S;—}f_Tle
D Dl e S S [PFERAE

= TwC
[ T1f T1f—Tle T1f
1 )
= | D o T X - X0, D | {1+ 0 (1))
; TwC ;
| J=T1e J=T1e
— 1 Tlf ( +1)
—Tie —(7T15—
= Ta/25;1f n Tarz Z 5T R €5 X,
L j:Tle
) 1
) S o R
TwC n \/T].ZT;E J P
S (i)
= 725 7T [ el Z 50 ! ej | X7, (since a/2 > a—1/2)
J=T1e

g TUF/26T T X B (1)

The third term is

’T2f
> %
j:T2e
Tof Ta(STlf*Tle
j—1—T2e
= Z 5%“ 2 XTQe - #XT]& Ej {1 + Op (1)}
; w
J=T2e
2r 1 Tagif e T
= | > & e Xn, - TTc Xn, Y e[ {l+0p (1)}
j:TQS Y j:Tle
LA (i)
— —\T -
— TCM/Q&;?f T2e W Z 6T 273 83 X7'2e {1 + Op (1)}
j:TQe

Ta_l/Q(STlf—ﬁe 1 T1f
T

e yr 2o Ko ()

J=Tle
Toz—l/Q(STlfiTle ~ T1f Ta(STlf*Tle
I (e 35 ) K = ) 1B 1) - B
J=Tle
The fourth term is

Toe—1 _ T2e—1 Ta(;Tlf_Tle
YDIE IR S ST

J=rip+1 J=rif+l v
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o sT1f—Tle T2e—1
1057

=L Xn, ) e{lto1)

TwC

Jj=r15+1
TaéTlf_Tle T2e—1
=L (17X, ) (TN g | {140 (1)
TwC .
Jj=rm15+1
Tos T
~g ——————B (r1e) [B (r2e) — B (r1y)] -
TwC
The fifth term is
T2 _ ™ TagTf e
Y. Xag= ) ——F—Xn5{l+01)
j=ras+1 j=m2p+1 v
Ta57—1f_7—16 T2
— _77?0 X, Z gi{l4+o0p(1)}
w j=map+1
Ta(sTlf*Tle T2
= (T2, ) (T2 g | {140, (1)}
TwC ,
Jj=r25+1
Ta(STlf_Tle
~a =B (r1e) [B(r2) = B (ray)].
w
Since (a+1) /2 > a, Z;zﬁe X;_1¢; dominates the other terms, so
T T1f B
> Xjmaei= Y Xy {10, (D) ~a T2 XB ().
Jj=71 J=T1e

Suppose Tif — Tie < Tof — T2e. The first term is

Tie—1 B Tie—1 Ta5T2f7726
D XK= ——F—Xne{l+0,(1)}
J=n J=m v
Ta5T2f_7—26 Tre—1
=X, ) ¢{l+o 1)}
v J=m71
Ta5T2f_TQE Tie—1
= (172X, ) | T2 ) & | {1+ 0, (1))
v J=m
Ta(;TQf*TQe
~o ———1———B (r2) [B (r1e) — B (r1)].

TwC
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The second term is

T1f
> Kime;
j:Tle
Tlf T2f*7'26
L o5
= 3 | T X X 5 {140, (1)
j:Tle
[ T1f T2f —T2e T1f
1 T
_ Z 6jT 1 Teei X, —77_ . Xrp, gil {140, (1)}
| J=Tle J=Tle
[ Tif _1/25T2f " T2e
1 T +1) T« (5
o /2 cT1f~Tle 1f—7 ) _ T
= | T/%67 a2 > oy i | X, —rwc
L .] Tle
Ta—1/257_2f_7_26 1 T1if
- T X > g | {140, (1)} (since a/2 > a —1/2)
Twc \/7.7 =Tle
Ta67'2f_7—2€
~o —————B(r2.) [B(r1y) — B (r1e)] -
TwC
The third term is
T2 f
D Kijmiej
j:TQe
T2f Tof —T2e
1 T%6
=D |0 X - X | g {1+ 0y (1)
. w
J=T2e
T2 f . Ta67_2f T2e T2f
.
Z o e Xry, — Tl —Xn. Z gji| {1+o0p (1)}
j:TQe j T2e
T
Ta/25T2f T2e 1 if 5 7'2f ]+1)€. X {1—|—O (1)}
- Ta/2 J T2e p
] T2e

Ta71/26;2f*7'2e 1 T2 f
- > e | Xn {1 +0, (1)}
"we f] =T2e

TQf
Ta/257'2f T2e 1

.] T2e
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The fourth term is

21 - T2e—1 Ta(STQf_T%
Z Xj_lgj = Z _#XTQEEj {1 +op (1)}
J=rip+l Jj=r1+1 w
Ta(STQf*TQe Toe—1
B N ST )
v Jj=11p+1
Ta(;TQf_TQe Toe—1
airranl CRe 9§ CRp DI] RO
TwC B
Jj=mip+1
Ta67'2f77'2e
~a _#B (r2e) [B (12¢) — B (7“1f)] .
w
The fifth term is
T2 ~ T2 g2l T2
Z Xj-185 = Z _%X‘%Ej {1+0,(1)}
J=mo5+1 j=rop+1 w
Ta5T2f_7—2E T2
=——F—Xn > £5{l+0(1)}
v J=mop+1
Ta(STQf_TZE T2
—_°%r <T—1/2XT28> 7-1/2 Z e | 1140, )}
T'wC '
J=T2r+1
Ta(STQf_TQE
~o ———L———B (r2:) [B (r2) = B (ray)] -

TwC

Since (a+1) /2> a, 3277 X;_1e; dominates the other terms, so

J=T2e
T2 N T2f B _
Y Xjagi= > Xjagi {1+ 0y (1)} ~va THHORERTTX B (ry)
J=m1 J=T2e

Thus, when 71 € Ng and » € No,

T2 T(Ha)/?(s,}lf*mXcB (r1e) if T1p — Tie > Top — Toe
2 X

) T(1+04)/2(5;2f_7—26XCB (7”26) if Tif — Tle < Tof — Toe

(5) For 71 € By and 1 € Ba,

T2 Tif T2e—1 T2
E Xj_lfj = E Xj_lEj + E Xj_lé‘j + E Xj_lsj.
J=T71 J=T71 Jj=1ip+1 J=T2e
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Suppose T — 71 > T2 — To.. The first term is

Ti1f
> X
J=m
Tlf ] Ta(STlf*Tl
=3 | - e X (L0, (1))
= TwC
_Tlf - Ta(STlf—Tl T1f
- (L = Y| Xa 1+ )
| J=T1 v J=m
i Tif ) a—1/25T1f~T1 T1f
_ 1 —(rip—i+1) Te7%6 1
2T Tle f r ]
= |15 To/2 > 07 ST e VT > || Xn A1+ 0p (1)}
L J=n J=n
TiLf ( .+1)
_ Ta/Q(S;If_TIe T—a/2 Z 5T TiIf—J £ XTle {1 + 0p (1)}
J=T
~a T(O‘+l)/25;f_TleXcB (7’1.«3) .
The second term is
T2e—l T2e—1 TosT T
Z Xj1g5 = Z —#Xﬁgfj {1+0p (1)}
j=r1p+1 J=miy+l v
pagTisTT T2e—1
=X, Y {l+o(1)}
w j=r1+1
TosmT T2e 1
__ 2% (T—I/QXTle) T_1/2 Z £j {1—|—Op (1)}
TwC .
j:T1f+1
TS5
~a —#B (r1e) [B (rze) — B (r1y)] -
w

The third term is

T2
E Xjfla?j

J=T2e

T2 - Ta(sTlf_Tl
= Z op X, — LX’H& gji{l+o0p (1)}

. TwC
J=T2e
T2 Ta(STlf_Tl T2
— J—1—-T2e T )
= | Xr, E o7 ‘ej — X, g gil {1+0,(1)}
X TwC ;
J=T2e J=T2e
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T2
TQ/Q(STQ TQEXTQP Ti/Q Z 5 7'2 J+1) ]

] T2e
Toz—l/?é;lf_‘rl 1 2
—X E; 1+o0,(1
Zame & IR IEERA
To—1/2571F 7T B
=X, T Z {1+0, (1)}
TuC
J=Toe
Tos T
~o ———2——B(r1e) [B(r2) — B (r2)] -
TwC

The first term dominates the other two terms and hence

TiLf
S Krs = 3 Kyaey {14 0, (D) ma TG T X B (1),
Jj=n Jj=T71
Suppose T — 71 < T2 — Toe. The first term is
Tif
> Xjae
J=71
T1f To—T:
o TOéd 2 2e
= Z [5% 1 TleXTle — 77—710 X7'2e] €j {1 —|—Op (1)}
J=T1 w
[ Tif To—T: Tif
Ta(s 2—T2e
1=T1e
= | X0 T e X - L X e [ {1 0p (1)
| 7=T1 j=m
[ TLf —1/2 §T2—T2e Tif
T 0
= Ta/25ﬁf e | /2 Z 5 - J+1)€j Xre — T CT X T2 Z €j
- J=n v J=T1
Ta/25;1f—715 (T—a/Q Z;&fﬁ ) (Tlfj+1)6j> XTle {1 + oy (1)} if Tif — Tie > T2 — Tae
B To—1/25727T2e _ T .
- rwz X7—2e <T 1/2 Zjlzfrl E]) lf Tlf — Tle S T2 — T2e
T(O‘+1)/25;1f_T16XCB (r1e) if 71p — Tie > T2 — Toe
“ —Ta(s;?_ﬁeiB (roe) [B (Tlf) — B(r)] if TIf — Tle < T2 — T2e

The second term is

T2e—1 T2e—1

_ Ta5;2_7—2e
> Xjsi= Y, T Xng{l o, (1)}
Jj=my+l j=mis+1 w
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— Toe—1
Ta57'2 T2e
T

=T Xn, Y e{l+o(1)}

Tw€ j:Tlf+1
TosT2 " T2e T2e—1
S (T*WX%) T2 3 | {1+0,(1)}
TwC )
Jj=m15+1
Ta67'2—7'2e
~g ——L——B (12¢) [B (12¢) — B (Tlf)] .
TwC
The third term is
T2 B
> Ki-e;
j:TQe
2 L Te§T2—T2e
=D |0 T | Xn {140, (1))
. w
J=T2e
e . Ta(ngg—TQe T2
= Z 5% Tzegj - Z gj| X {1+0,(1)}
_j:T2e w j:7—2e

T2 —1/2 —T2e 2
_ Ta/25;2—7'2e 1 Z 5;(7—27]#1)6]' 7Ta /677“2 " 1

= Z g || Xre {1 +0p(1)}

2
I T/ = TwC \/Tj:’rze
T2 )
— TOZ/Q(S;'—‘Q*TQe T—a/2 Z 57_“(7—2_J+1)5j X‘rze {1 i 0p (1)}
J=T2e
g TOTV252Te X B (1y,) .
Therefore,
i X e Z;I:fn Xj—lej {1+ Op (1)} ' if TIf — Tle > T2 — T2e
= J—1Ej To/2§2 T2 (T—a/z S 5;(7'2—]+1)5j> X {140, (1)} if 71p — T1e < T2 — Te

N T(O“H)/Qé;lf_ﬁeXcB (r1e) i Tif — Tie > 70 — Toe
) T2 X B (o) . if Tip — Tie < T2 — Toe
Thus, when 7 € By and » € B,

T T(a+1)/25;}1f*ﬁeXCB (rie) if Tif — Tie > T2 — Toe
2 Xjmrej

‘ T(a+1)/2(5§?_7—2€XCB (Tge) . if Tif — Tle < Ty — T
J=7

52



(6) For 7 € By and 75 € Ny,

T1f Toe—1 T2f
E X —1€5 = E X —1&5; + E X —1&5 + E X —1&5 + E j—1E;-
J=71 J=71 Jj=m15+1 J=T2e Jj= Tzf+1

Suppose T — 71 > Tof — T2e. The first term is

Tif
D> Xjmej
J=T1
T1f T1F—T1
T
1—T71e
= [T X, = X, | g {140, (1)}
Jj=n w
_Tlf T1f—T1 T1f
: T
—1—T1e
= Z(SJT e Xn, — - Xnezgj {140, (1)}
| J=T1 J=T1
i T1f —1/25T1f~T1 T1f
1 T j+1) T 1)
Tl (LIS P ) N /P (T
/2 J Tle Tle J
L T Jj=71 fwe \/>J =71
Tif +1)
= T2 | T2 N 6y (riy=3 gj | Xn. {140, (1)} (since a/2 > a —1/2)
Jj=T1
~g TUFI2TTX B (11,).
The second term is
Toe—1 Toe—1 To‘éﬁf_ﬁ
% T
. Z Xj-165 = | Z —TXmEj {1+0p(1)}
j=r15+1 j=r1r+1
TaéTlfle Toe—1
= —#Xne > gi{l+o, (1)}
Jj=T1+1
To6p " 1/2 1/2 S
=L (172X, ) [ 772 Y & | {1+a (1)
w j:Tlf—‘rl
Tos ™
~e ——2——B (r1¢) [B (r2¢) — B (rlf)] .
TwC

The third term is

T2f

Z Xjflej

J=T2e
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T2f TOC(STlf_TI

= Z 5%7177-26)(72@ _LX‘FIe €j {140, (1)}
j:T26 TwC
T2 TIF—T1 T2
; T
—1—79¢
= | T T X, - —— > X, | {140, (1)}
| J=T2e J=T2e
. - a/257'2f Toe 1 T2f 6 7—2f ]+1) X
=|T Toz/? Z &j T2e
L .] T2e
Ta—1/25;1f—ﬁ T2f
— f > | Xn| {10 (1)}
] T2e
Toz—l/Q(STlf_Tl s T2f
= [T X e | X 1o ()
J=T2e
TS
~a =T [B (ray) = B (r2¢)] B (ric) -
w
The fourth term is
T2 5 T2 Ta(STlf_Tl
Y. Xig= ) —#Xneej{lJrOp(l)}
J=Tap+1 J=T25+1 v
Taé'rlf_'rl T2
=-—TL X, ) eif{lto,(1)}
TwC .
J=m2r+1
Taé*Tlf*Tl ) ) T2
— L (172X, ) [ T2 ) o | {140, (1))
v j=Ta5+1
To5
~a ——————B(r1¢) [B(r2) — B (ra)].
TwC
Therefore, Ejlfﬁ X _1€j dominates the rest of terms,
T1f
S Kyae = 3 Kyoay (Lt 0y (1)) o TG X B (1)
Jj=n J=T1

Suppose T — 71 < Tof — Toe. The first term is

Tif

Z Xjfla?j

Jj=n
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T1f . TQ(STQf T2e
= Z 6”{; 7716X71e - T7X7'2e €j {140, (1)}
J=T1 Tw€
[ Tif - Ta67'2f77'2e T1f
11
= Z o e X = X, Z | {14 0p (1)}
| J=T1 Jj=m1
T 1 j+1 Ta—1/2§72f T2 Tif
— Ta/25r1f le TaT2 Z 5 (r1g—i )Ej X, — T—:XT28 Z gi || {1+0p(1)}
B =" v J T1
T1Lf—Tle T +1 .
Ta/25T1f 1 <Ti/2 Z]lle 5 (15— ) g ) X, {1+ 0p (1)} if Tif — Tie > Tof — Tac
- Ta71/267—2f77-26 .
- — (fz]ﬁfn j) if 71— Tie < T2 — Toe
N T(1+Ol)/267'1f TleXCB (Tle) if Tlf T > T2f .
“ TQ5T2f TQeTch (T’Qe) [B (Tlf) — B (7“1)] if T1f — Tle S Tgf — T2e
The second term is
Toe—1 _ T2e—1 T T2 T2
Y Xjag= ) 77; o Xmegi i1+ op (1)}
J=Tip+l J=mi5+1 v
TQ(STQf—T2e T2e—1
= —TI X Z gi{l4+o0p(1)}
TwC .
Jj=m15+1
Taé;Qf*TQE s 1 Toe—1
— (T_ / sze) T2 N g | {140, (1)}
v j=r15+1
Ta67—2f_7—26
~ag —————B(r2e) [B(rae) — B (riy)] -
TwC
The third term is
T2f
> Xig
j:TZe
T2f Tof —T2e
g T
= > | T - | Xne {1+ 0, (1)}
j:T2€ Twc
T2 - Ta57—2f_7—2e T2
= | Do T - ) | Xn AL+ 0y (1)}
< TwC ~
_.777—28 J=T2e
— /2 T T 1 TQZf of ]+1) TOé—l/Q(S;?f_TQe 1 %
= |per2gTa T 5 o N ) X, (o, (1))
2 ] J T2e D
I To/ = T C \/TJ =~
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T2f
_Ta/267'2f T2e T_Q/Q Z 5 7'2f ]+1)€j Xq-Qe {1+Op (1)}

] T2e

TV X B (rge) -

The fourth term is

T2 B T2 Ta57—2f —T2e
Y Xjag= Y, ——L—X,ei{l+0,(1)}
j:TQf+1 j:T2f+1 TwC
Ta57—2f—7—2& T2
=X, > 5{l+to1)
w J=mop+1
Ta5;2f*72e 1/2 1/2 =
I — (T_ / Xm) T2 Y gy | {140, (1)}
w j=Tos+1
TaéTQf_Tzﬁ
~a —TTicB (r2¢) [B (r2) — B (r25)] .
w

Therefore, the first term dominates the other terms and hence

i X e TUT25IX B (11e) i T1p — Tie > Tof — Tac
7 T2 X B (r9e)  if 71 — Tie < Top — Toe

J=n

Thus, when 7 € By and 75 € No,

TZQ o ) T(1+a)/2(5;1fiﬁeXCB (rle) if T1f — Tle > Tof — T2e
15 T(a+1)/2572/ "2 x B £ _ < B
T c (TQE) I TIf — Tle > T2f — T2e

J=T71

(7) For 71 € Ny and 79 € By,

T2 Tie—1 Tif T2e—1
E Xj—lgj E X] 1€ + E X] 1€5 + E X] 1€5 + E XJ 1€5-
J=T1 J=T1 J=Tle Jj=m15+1 J=T2e

Suppose Tif — Tie > T2 — T2¢. The first term is

Tie—1 _ Tre—1 TadTlf_Tle
Y Xjagi= ) —#Xneﬁj{l +op (1)}
J=T71 J=71 w
Ta(;’rlf Tle Tie—1
=L X, Y {1 +0, (1)
’LU

Jj=T1
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a cTLf—Tle Tie—1
T

_ 1
=L (x| Z e | {1+0, (1)}
~g _MB (rie) [B (rie) — B (r1)].

TwC

The second term is

Tif
> Xime
j:'rle
Tlf Tlflee
N 27
= > | T - | Xng {10 (1)
g TwC
[ T1f Tif—Tle 7T1f
- )
—1—71e
= | D0 e ) | X {1+ 0, (1)}
. TwC ;
_J:Tle J=Tle
[V WSt I W e il SRR
= | /25 1 T e K - T @ | _—_ . X 1 1
T Ta/2 Z T < Ty C VT Z € me 11+ 0p (1)}
B J=Tle J=T1e
Tlf .
_ Ta/25;1f—7'1e, T—/2 Z 5;(T1f*j+1)€j X, {1+ 0p (1)} (since a/2 > a —1/2)
J=T1e

~o TOTDRGTTX B (11,).

The third term is

T9e—1

>

Toe—1 Ta(;Tlf_Tle
T

Xjgj= )

Xrg{1+0p (1)}

J=mif+l J=mis+1 Twt
Taé;f—ﬂe T2e—1
= Xn Y eiflto, (1)}
Jj=m15+1
Ta(;Tlf_TlE T2e—1
= (172X, ) [T Y & | {1 +o (1)
w j:’rlf-i-l
Ta671f_Tle
~a ———————B(r1c) [B (r2e) — B (riy)].

TwC

The fourth term is

T2
> Xj-ig

J=T2e
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T2 Ta(sTlf —Tle

=Y | X, - X e {1+ 0, (1))
j =T2e Twc
_ j—1— —T2e Ta(;Tlf_Tle G .
= | X, Z &, : Xie Y i | {140, (1)}

J=T2e J=Tie

_ Ta/25§3—725X726 Ta/2 Z 5 (T2— ]Jrl)

] T2e

TO‘ 1/257'1;‘ Tle T1f

- f S e | {1+0,(1)}

_7 Tle

T 1/2571f Tle Ty

_ ~1/2 Z

J=Tle

TaéTlf Tle
~No T o Tle B Tlf (Tle)]

due to the fact that

Ta/25;2—725 B T(l—a)/2 B T(l—a)/2 -1
TOé—l/Q(;;lf_TlE B 5,;7—1f_7—1&)—(7'2—7'25) N ec[(Tlf—7‘16)—(7"2—7”26)]'11170‘ '

Since (a +1) /2 > a, ZJ Yo X;_1¢; dominates the other terms. Therefore,

T2 TLf
Yo Xjmieg= Y Xjmagi {10y (1)} ~a TOTV25TXCB (1)

Jj=m1 J=Tle
Suppose T — Tie < T2 — T2e. The first term is

Tie—1 N Tie—1 Ta(sgl?_TQE
Yo Xjag =) —— L X {l+0,(1)}
i=mi j= Tw¢

TosT2 " T2e Tie—1

—= —7’7—16 XTQe - 6]{1+0p (].)}
J=m1

_ Ta(s;?iqﬁe (T_1/2X )
S T2e

TwC

TQ(S;—_‘Q —T2e

TwC



The second term is

Tlf
D Kimreg
J=Tle
Tif To—T:
) To§T2 " T2e
—1—71¢
=D | T X - X g {10 (1)
J=T1le w
[ 71y - To§T2"T2e Tif
= Z 5%,1_ _Tlengﬁe - # Z ngTZe {1 +0p (1)}
_j:Tle w J=Tle
. L Q2 o~ (mit) To-V25pme [ U
2 T Tle 1f—J T
= Ta/ 5T1f 1 Ta/Q JZ 5T €5 Tle — T \/TJZ €5 X7'2e {]. + Op (1)}
=Tle =Tle
Ta_l/Q(S;—?_TQe 1 T1f
=—-— 4 | e | X 1+o0,(1 since a/2 > o —1/2
> ﬁZ i | X A1+ 0y (1)} (since af /2)
Ta572*7'25
~a ———2——[B(rif) = B (rie)] B (rae) -
TwC
The third term is
T2e—1 ~ Toe—1 Ta5§.,2_7—26
Yo Xjgi= Y ——— —Xn.gj{l+op (1)}
Jj=7i+1 Jj=m15+1 w
Ta(sTQ—Tge T2e—1
=T X Y s ito )
w =i p+1
T g2 T2e T2e—1
—1/2 —1/2
= —# <T / sze) TV Z g | {140, (1)}
w j:Tlf+l
Ta572—7'2e
~a =B (r2e) [B (r2e) — B (r1y)].

TwC
The fourth term is

T2

D K-

J=T2e

T2

1. Ta5;2_7—2e
= Z 5T XTQE —TXQe €j {1+0p (1)}

J=T2e w
T2 TO—T; Tif
) To§T2"T2e
_ J—1-T2e T )
= | Xn. E o7 € — g Xoe Z gj| {1+0p(1)}
J=T2e w J=Tle
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I & (i
Ta/26;2—TQEXTQe Ta/2 Z 6T(T2 ]+1)5j

J=T2e

To—1/2§T2—T2e 1 Tif
_TCTXTR ﬁz g || {1+0,(1)}

J=Tle

1 X (ri
_ 2 ¢To—T2e ( ""1)
— 7/ 6P X, TaT3 E o7 T2—j €j

J=T2e

~a T(1+a)/25;ﬂ27T26B (TZe) Xe.

Since (o +1) /2> «, Y72 X;_1e; dominates the other terms. Therefore,

j:TQe
T2 _ T2 _
S K= > Xiagi {140y (1)} ~a THO26277 B (ry,) X,
Jj=71 J=T2e
Thus, when 71 € Ny and ™ € Bs,
i T T(a+1)/25;1f_neXcB (r1e) i 71— Tie > T — Toe
j ~1% T T(a+1)/26,}277-28XCB (7‘26) if Tif — Tle < T2 — T2e

O]

Lemma S6. The sample covariance of X'j_l and X; — o7 X;j_1 has the following limit forms:

(1) For 71 € Ni—1 and 1o € B; with i =1,2,

Tie —T1

T2
Y Xja (X —0rXj1) ~a

J=T71

T2 B (1) / " B(s)ds.

w 1

(2) Formy € B; and 19 € N; with 1 = 1,2,
2L Q(Tif—Tie) 2
Z Xj—l (X] - (5TX]‘_1) ~a —T(ST B (Tie) .
J=m
(3) For 11 € Ni—1 and 19 € N; with i = 1,2,
2 ~ 2(Tif—7'ie) 2
Z Xj—l (X] - 5TXj—1) ~a _TdT B (rie) .

J=n
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(4) For 11 € Ny and 1o € No,

72 (T1f—7'1e) 2 .
o =T B — > —
) " X1 (X —6rXj1) ~a D rag ) (7"16)2 ff Tif = Tle > Tof — T
j=71 _T(ST B (T2e) if Tif — Tle < T2f — T2e

(5) Form € B and » € BQ,

2(T1F—Tle .

E , XJ 1 ( — 07X 1) ~ { _T6T( . +1 )B (Tle)Q if TIf — Tie > T2 — Tae
To—T2e+T1f—Tle .

j=11 Ta5T2 e ficB (r2¢) B (r16) if TIf — Tle < T2 — T2e

(6) For 7 € By and 19 € Na,

3K (X - 0p X)) ~ T VB () i g~ mie > g — 7o
' J— J TAj—1 a s (Tzf*T2e)B 9 '

j=m1 T (roe)” if Tif — Tie < Tof — Toe
(7) For 1 € Ng and 19 € Bo,

271 f—T1e ,

Z X —0rX;_q) ~ —Top (= )B (7“1e)2 if TIf — Tie > T2 — T2e
= 1 TAj-1 a sT2— T2e+ﬁf Tie 1 .

i T reB (r2e) B(r1e) if Tip — Tie < T2 — Toe

Proof. (1) For 71 € N;_1 and 7, € B; with i = 1,2,

Tie—1
Zle (STle ZX 15]+ZX]1X X 1+X 1—(5TX] 1)
Jj=n J=Tie Jj=T1
Tie—1
—ZX] 1€]+ZXJ 1( X] 1)
J=Tie Jj=m1
T2 5 Tie ™
= Z Xj—lgj Z X] 1X] 1- (11)
J=m J=m1

The first term of (11)

Z Xj16j ~q TOTV2627Te X B (1) .

Jj=n
The second term is
Tie—1
(D IR REE
J=T1
Tie—1 o ST2—Tie
~ 15 L o X 4 1)

61



57’2 —Tie Tie—1

—_T X, Z Xi—1{l+o0,(1)}

Tw

J=T1
Tiw — T 1 Tiefl
— e Tpgpore (171/2x,,) > (772 ) [ {1+ 0, (1)}
Tw Tie —T1
j=m
Tie — T1 oo Tie
~a == LT B (1) / B (s)ds.
Tw -

Since (a4 1) /2 < 1, 7% Z;’:e;ll X;_1X;_1 dominates > X;_1¢j. Therefore,

T2 c Tie—1

Z X1 (Xj — 5TXj—1) = ~Ta Z Xj1Xj1 {1+ 0p (1)}

J=T71 J=T71

R Tie
o e LT T B (1) / B(s)ds
Tw "
(2) For 71 € B; and 73 € N; with i = 1,2,
T Tif T2
DX (X —orX; ) =Y Xjag+ Koy (Xepi1 —60Xe,) + Y. Xja (X — X0+ X501 — 6rX;1)
j=T1 j=T1 jZTif+2
Tif 2
- - . ~ c
= Z Xj 185+ Xq-if (Xq-ie + X"+ Erip+l — 5TXT7;f) + Z X1 (€j - ﬁXj—l)
=71 J=Tig+2
I ~ c T2 ~
= Z Xj_lEj - 5TXTz’fXTi — ﬁ Z Xj_lXj_l.
J=T1 J=Tif+2

The first term is
2
Z Xj—lfj ~a T(a+1)/25;f_TiEXCB (rie) .

Jj=m
The second term is
- oy TSI
6TXT.LfXTlf — 5T 5’1'%f - # XTieXTif {1 + Op (1)}
w

= SN X (14 0p (1)) ~a T T B (1)

due to the fact that
5Tif_7—ie
T l—agm1—7;
_— = T (5 1 e > 1
1 5Tif—T1 T
T 15T
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The third term is

T2
c ~
7o 2 XinXim

J=Tip+2
T2 Tif—T1
c To5
=7a >, o Xn X {l+o, (1)}
J=Tif+2 v
6Tif77'1 T2
= — TT Xro > Xja{l4o0,(1)}
w J=Tip+2
T2 —Tif =1 mipm (12 1 S —1/2
= -5} (T Xne) P | ST OTTVRX | {140, (1))
w K]

J=Tif+2

ro — Ty e "2
~g _MT(S;”‘ TIB(Tie)/ B (s)ds.

T rif

The second term dominates the other terms and hence

2
> > 2(Tif—Tie
Z Xj1 (X —0rXja) = =07 Xr Xy {1+0p(1)} ~a _T5T( ! )B (Tie)z-

J=m1

(3) For 71 € N;—1 and 79 € N; with i = 1,2,

T2
> X1 (X - 6rXj)

J=m
Tif Tie_l
= Xjmg+ Y X1 (X = Xjoa + Xjo1 — 01 Xjo1)
j:Tie j:l

T2
+ Xy (Xrgar = 00Xe )+ Y Xjoa (X = X1 + Xjo1 = 0rX1)
J=Tif+2

Tif Tie—1

J=m J=Tif+2
T2 c Tie—1 c T2
= E Xj,lsj — ﬁ E Xjlejfl — 6TXTifXTz‘f — ﬁ E Xjlejfl.
J=m Jj=1 J=Tif+2

The first term is

T2
Z Xjflej ~q T(a+1)/2(5¥f_neXcB (Tie) .

J=m
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= E Xjflsj + E Xj,1 (8j ~ Ta j71> - 5TXTifX7'if + E Xjfl (8j —
7j=1

T
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The second term is

c Tie—1
ﬁ Xj_lXj_l
J=m
Tie—1 Tif —Ti
c ie Taé‘jff ie
= ﬁ ‘ — e XT,-er—l {1 + 0p (1)}
J=T1
57'1']‘*7'1‘5 Tie—1
=T X, > Xj1{l+0,(1)}
Tw J=m71
ie—1
L o 1 Tie
_ _7_7,6 T1 T(S;f Tie (Tfl/QXTie) — Z T*1/2Xj_1 {1 +Op (1)}
Tw Tie — T1 j=m
P o Tie
o — e LTI B (1) / B (s)ds.
Tw r1
The third term is
B o Ta(;Tif_Tie
5TXTle7'1f = (5T [6;f e - # XTieXTif {1 + OP (1)}
w

= SN X (14 0p (1)) ~a T B ()2

The fourth term is

T2

Is ~
7o 2. XX

J=Tif+2
T2 Tif —Tie
¢ T8
= Ta > — o Xm Xl o (1))
J=Tif+2
§Tif e T2
=1L Xrie Z Xj—1{l+0, (1)}
Tw j:’Tif—‘rQ
T2 — Tif +1 / 1 2 /
== Y g (T_l 2X. ) _ 712X, 1 1
Tw T Tie TZ_Tif_l Z j—1 { +OP( )}

Jj=Tif+1

— _ T2
oy =TT T e B (1) / B(s) ds.

Tw rip

The third term dominates the other terms. Therefore,

T2
5 - 2(Tif—Tie
> X1 (X =60 X)) = =00 Xr, Xo {140, (1)} ~a *T(ST( e p (rie)”.

Jj=T1

64



(4) For 71 € Ny and 72 € No,

T2
> Xjo1 (X — 61X

j=mn
T1f 5 T2f 5 Tie—1
=Y Xjgi+ Y Xjagi+ Y X (X = Xy + X — 6rX1)
J=Tie J=T2e Jj=m

+ X‘Flf (XﬁfH - 5TX7'1f) + X72f (X"'2f+1 - 5TX72f)

Toe—1

T2
+ Z Xj_1 (Xj —Xj_1+Xj_1 —5TXj_1)—|— Z Xj_l (Xj —Xj_1+Xj_1 —(5TXj_1)
J=T1p+2 j=Tof+2
Tif T2f Tie—1 c
= Z Xj_lé‘j + Z Xj_lé‘j + Z Xj—l (Ej — ﬁXj_1>
J=Tle J=T2e J=T1
~ _ el c T2 ~ c
— 5TX7'1fX7'1f — 5TXTQfX7—2f + Z Xj_l (Ej — ﬁXj_1> + Z Xj_l <€j — ﬁXj_l>
j:Tlf-‘rQ j:TQf+2
T2 c Tie—1 ~ _ _ c T2e—1 _ c
= Z Xj18 = 7a Z Xjo1Xjo1— 07 Xr  Xryy — 07 X0y, Xry, — Ta Z XjaXj = 7
J=71 J=T1 J=Ti5+1

Suppose Tif — Tie > Tof — T2¢. The first term is

T2
D Xjagy g TUFIP2ETTX B (r1e)

Jj=m
The second term is
c Tie—1
ﬁ ' Xj—lXj—l
J=T1
Tie—1 T1f—Tle
c T"‘(STf
= Ta ' —7%]0 Xr.Xj—1{1+0,(1)}
J=T1
571‘)“77-18 Tie—1
==X, Y X {140 (D)
w j:Tl
Tle — T 1 e
= —De—Tpgp e (712X ) N 7K | {140, (1))
Tw Tle — T1 =
Tle = Tl oTif—Tle Me
~g — To, B (rle)/ B (s) ds.
Tw "
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The third and fourth terms are

. S T
5TX7'1fX7'1f = or [6T1f ' Xre — #XTle XTlf {1 +0p (1)}
w
_ 2 —Tle
— 5;1f Tle+1XT1eXT1f {1 + 0p (1)} ~a T(;T(Tlf T1 )B (T1€)2 )
and
s Tof—T2e Taé’?f_ne

6TX7’2fX7'2f = Or 5T‘ Xrpe — TXTM X7'2f {1 + 0p (1)}

T1F—T1e+1 T1f—Tle+Tof—T:
TO‘(STlf le Ta(sj}f le 2f 2e

= TXTleXT2f {1 + 0p (1)} ~a — TC B (rle) B (""26) .
due to the fact that
57'2f*7'26 Tlfa
5 TIf—Tie 1—a <l
Ta—l(sTf e ec[(rlf—rle)—(rgf—rge)]T
The fifth term is
c Toe—1 ~
7o 2. XX
J=T15+2
Toe—1 Tif—Tle
c )
=ga 2. XX {l+o 1)
J=T1f+2 v
5Tlf*7'le T2e—1
= x Y Xl M)
v J=T1p+2
T2e — T1f — 1 T1f—Tle -1/2 1 £ -1/2
= —7T5T <T Xﬁe> - Z T X1 {1 + op (1)}
Tw T2e — T1f — 1
J=T1+2

— T2e
g — 22U s (1) / B (s)ds.
T1f

Tw

The sixth term is

72

C ~
7o 2. XinXio

J=Taf+2
T2 Ti1f—Tle
c T
= Y X X, 1 {140,(1)}
. TwC
J=Top+2
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671f —Tle

&)
=1 Xri. Z Xj—1{l+0, (1)}

Tw j=7’2f+2
_ _MT(STlf—Tle <T71/2X ) ; i T*1/2X. 1 {1 +o0 (1)}
Tw T e Ty — Top — 1 a P

J=T2f+2

rg — 1T - "2
~o ———2 5B (1) / B (s)ds.

Tw rog

Since
T6:2F(T1f*7'1@)

_ Tl_a&l(ﬂTlf*Tle)*(T2f*T2e) -1

Y

TaéTlf*TleJrTgf*Tze
T

The third term dominates the other terms and hence

T2
- - 2(T1f—Tle
Y X (X =00 X)) = =00 X Xoyy {140, (1)} ~a 15 B ()2

J=m

Suppose Tif — Tie < Tof — T2e. The first term is

T2

Z Xj—lgj ~a T(1+a)/2(5;2f772eXcB (7‘26) .

J=T1
The second term is
c Tie—1
Ta Z Xj1Xj1
J=T1
Tie—1 Tof —T2e
c )
— Ta _#XTQerfl {1‘|‘0p (1)}
J=m v
5;2f—725 Tie—1
=X 3 X1+ e ()
J=T1
. . 1 Tie—1
_ e Mgy (pie ) > TG | {140, (1)}
Tw Tle - 7-1 .
J=T1
Tle — T1 To f—T2 e
~a =P ) [ B (s)as
Tw 1

The third and fourth terms are

Ta 57—2f —T2e
T

TwC

5TX7'1fXT1f = 5T [5;—'}/._7—16)(7'1@ - XTQG] XTlf {1 + Op (]‘)}
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Ta57'2f*7'26 Ta(sﬁf*‘rleJrTzf*Tze

T
- _ 77;)6 Xop X {1+ 0p (1)} ~a — - B (r2¢) B (11¢) -
and
Ta(57—2f77-26
T2f —T2e
5T Tof T2f = Or 6T2f X725 - #XTZe XT2f {1 +0p (1)}
w

_ 2 —T2e
= TN X {140 (1)} o TE B ()2

The fifth term is

c Toe—1 ~
7o 2 KX
J=T1p+2
T2e—1 a§T2f T T2e
c T
= Ta Z —TXTzer—l {1+0p(1)}
J=T15+2
6T2f T2e T2e—1
_ CY X {l4o, (1)
J=T15+2
B 1 Toe—1
BTy g (i) > TN [ {1t (1)
Tw e =71y~ 1 J=T1+2
Toe — T - f2e
~a R () [ B ) s
Tw
The sixth term is
T2
> KXo
J=T2f+2
T2 T2 f —T2e
c T
T 2 e XeXia{lte )
J=Top+2
(57-2f T2e
= - Xrse Z Xj—-1{1+o0, (1)}
Tw J=Tof+2
— -1 1 = _
_ _wn;f 2e (T’WXT%) o Z TY2X; 1 | {140, (1)}
Tw T2 —Top =1 J=Tap+2

— T2
g — 2RI B (1) / B (s)ds.

Tw rag
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The fourth term dominates the other terms and hence

~ 2(ToF—T2e
Z X] 1 (ST)(J 1) (5TX7—2fX7—2f {1 + 0p (1)} ~a _T(ST( A )B <T28)2 .

J=T71

(5) For 71 € By and 15 € Ba,

T2
> X1 (X~ 07X

J=T71
T1f Toe—1
= ZXjflej_FXTlf (X‘rlerl 5TX7'1f + Z X] 1(X XJ 1—|—XJ 1— 5TXJ 1 + Z XJ 1€
Jj=n J=T15+2 J=T2e
T1f Toe—1 c T2
= Z Xj_lej . 5TXT1fX7—1f + Z Xj_l (Ej . ﬁXj_l) + Z Xj_lé‘j
J=71 J=T11+2 J=T2e
c Toe—1
=3 Ky Xy e 3 KX
Jj=n Jj= T1f+2

The first term is

i X £i T(a+1)/25;ﬂ1fiTleXCB (7‘16) if T1f — Tle > T9 — T2
J—1¢j ~a T(a+1)/25;2—meXcB (7426) if Tif — Tie < T2 — Toe

J=m1
Suppose Ty — 71 > T2 — T2.. The second tem is

asT1f~T1
To s

TwC

5T Tif Tlf = 6T [(STlf TIFXTle XTle XTlf {1 + Op (1)}
—Tle 2 —Tie
= ST X {1 0p (1)) ~a 6T B ()2

The third term is

c Toe—1 ~
o 2L XX
J=T15+2
Toe—1 T1f—T1
c T
=ga 2. XX {l+o (1)
J=T15+2 v
6Tlf T1 Toe—1
== Xr. Z j-1{1+0p (1)}
w
J=T15+2
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Toe—1

_ -1 _ 1
=P T (1) | ey X TN | e (1)
Tw Toe = Tif — 1 J=T1+2

roe — T _ T2e
g =2 U g () / B(s)ds.

Tw ris
The second term dominates the other terms and hence
2 2(7’1f—715) 2
Z Xj_1 (Xj - 5TXj_1) ~a —T(ST B (7’16) .
J=m

Suppose 71y — 71 < T2 — T2.. The second term is

) . Togp e
51K Xny = 01 077" X, = X | Xy {140, (1)}

Tif—Tiet+1 ;
op” T X Xe {1+ 0, (1D} i iy — e > o — Toe
== Ta6;27T2€+1

XT25XT1f {1 + 0p (1)} if T1f — Tle < T — Toe

TwC
2(T1f—T1e )
TéT(Tlf " )B (7“_1@)2 if 71p—Tie > T2 — Toe
~ a TaéTQ*TQE‘,’Tlf*Tle .
-t B (r2¢) B (r1e) if T1p — T1e < 72 — T2e
The third tem is
c Toe—1
7o 2. XiaXia
j:Tlf—l-Q
c T2e—1 TQ(S;Q_TQE
=7 2 o Xn X {l+o (1)}
J=T1f+2 v
5;27726 T2e—1
=— Xre > Xja{l+o0,(1)}
Tw .
J=T1f+2
Toe — T1f — 1 1 T2e !
= s (T, ) | e 3D T | (Lo, (1)
Tw Toe — T1f — 1 e
Toe — T T2e
g = PET B () / B (s)ds.
Tw ris
The second term dominates the other two terms and hence
T Q(Tlf—’rle) 2 .
- -T6 B (r1e) ifrip—Tie>1— 1
> X (X —0rX; 1) ~a pag T e ’ . i )
j=m1 s B (r2¢) B (r1e) if T1p — T1e < 72— Toe
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Thus, when 71 € By and 15 € Bo,

_T(sT(ﬁf T1e)B (Tle)Q if TIf — Tie > Ty — Toe
Z XJ 1 5TXJ 1) TasgT2 T2t TIf T Tle ‘
j=7 L TG B (7"25) B (Tle) if Tif — Tle < Ty — T2

(6) For m € By and 7 € NQ,

> Xj1 (X —0rXjo)

J="
Tif T2e—1 T2f 5

= ZXj_1€j+X7—1f (XT1f+1 _5TX’T Z X] 1 X XJ 1+X] 1 —(5TX] 1 Z Xj_lé‘j
J=T71 Jj=rip+1 J=T2e

T2
+ X0y, (Xrppq1 — 00 X5,,) + Z Xia(X;— X0+ X210 —0rX;1)

J=Tof+2

T1f T2e—1 c T2f
= E Xj 185 — 5TX71fX7'1f + E X1 (6]' — ﬁXjfl) + E Xj-1€;

Jj=T71 J=T1+2 J=T2e
— 5TXTQfX7—2f + E Xj 1 (Ej — ﬁXj_1>

Jj=Tos+2
T2e—1 c p)

= g Xj_16; — 07X Xy — Ta g X; 11X —orX Ty Tgf—ﬁ E X;i1Xj1.

j=71 J=T15+2 J=T2f+2

The first term is (from Lemma S5)

i P T(1+0‘)/25;1f_T16XCB (r1e) if Tip — Tie > Tof — Toe
S T+ X B (19e)  if 71 — Tie < Top — Toe

J=m

Suppose T — 71 > Tof — T2e. The second term is

T F—T1 T"‘(SZF“HT1
5T Tif T1f = or 61f eXTle_iXTle X7'1f {1+Op<1)}
TwC
—T1e+1 2( 11 —T1e
= TN X {140y (1)} e TE T B ()2
The third tem is
Toe—1 Toe—1 o STLF—T1
~ c T
> XX = Ta >, _#Xner—l{lJrOp(l)}
J=T15+2 J=T15+2 v
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Toe — T - T2e
~a —uTégﬂ” "B (7’16)/ B (s) ds.

Tw riy

The fourth term is

5 _ Taé*Tlf*Tl
0rXry, Xnyy = O |67 X, — #Xm Xoy {1+ 0, (1)}
w

a Tlf—7'1+1
T

= TuC XTleXTzf {1+0;D (1)} ~a —

Ta6;71f771)+(72f7726)

B (Tle) B (7"26) .

TwC

The fifth term is

c 2 c 2 TO‘(S;lf_Tl
Ta > Xj1Xj1=7g > X X {140, (1)}

TwC
J=Tof+1 J=Tof+1 v
T2
T2 — T2 LT
~a ———2 T B (1) / B (s) ds.
Tw raf

Therefore,

T2
~ ~ 2(71F—Tle
D Xja (X = 00X 1) = =0rXs, Xy ~a _T5T( vl (re)*.

J=m1

Suppose T — 71 < Toy — T2e. The second term is

~ T —T1e Tos R
6TXTle7'1f = Or 5T XTle - JE XTze XT1f {1 +op (1)}
w

_ 2(r1 f—T1e .
_ 5;” TIEHXTlean {140, (1)} ~, T5T<Tlf " )B (7“16)2 if 71p — T1e > Top — T2e
_Ta(;;?f*TzeJrl ﬁngeX‘rlf ~ T(S;?f*T%JrTlfleeiB (r1e) B (roe) i T1f — Tie < Tof — Toe

The third term is

c T2e—1 N c T2e—1 Ta67_2f_7—2€
S I D TR S L Y R
J R J=T1p+2 v
_ T2e
o BT () / B (s) ds.
w

Tlf
The fourth term is

. TS
orXr,, X -—r
TwC

_ T2f —T2e
ry = Or |0p Xr —

XTQe] XTzf {1+0,(1)}
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— 2 — e
= ST X {1 0p (1)) ~a 6 B ()2

The fifth term is

T2 N c T2 Ta572f77-2e
Yo XX = T > X X {140, (1)}
J=T2f+2 J=To5+2 w
_ 2
~a _wTé,;Qf_T%iB (TQE)/ B (S) ds‘
Tw raf
Therefore,
2 —Tle .
ZX 1 5TX 1) 5T Tlf T1f ~a _TéT(Tlf o )B(Tle)Z llef_Tle >’7'2f—7'2€
J— 71— . '
J=71 5T Tof 7’2f ~a —TéT(TQf T2 )B (T2e>2 if Tlf . S 7'2f — Ty

Thus, when 7 € By and 75 € No,

T2 B _T(;;(Tlf*Tle)B (,',,16)2 lf Tlf — Tle > T2f — T
Z Xj1(Xj = 0rXj-1) ~a 2(rap—T2e) 2 .
j=m1 —To, B (roe)” if Tip — Tie < Top — Toe

(7) For 7 € Ny and 79 € Bo,

Z Xjo1(Xj —6rXj1)
Jj=71
Tie—1 TiLf _ _
= Z Xjia(X;j—Xja+ X0 —0rX;—1) + Z Xj 185+ X, (X701 — 07 X7)
J=71 J=Tle
Toe—1 _ I
+ Z X1 (Xj - Xj 1+ X5 —5TXj_1)—|— Z Xj_1€j
J=T1f+2 J=T2e
Tie—1 Tif
= Z Xj-1 <‘€j ) Z —16j — 07X Xry
Jj=n J=Tle
Toe—1 ~ c ) ~
+ Z Xjfl (8j — ﬁXJ;l) + Z X];l&j
j:T1f+2 J=T2e
Tie—1 c T2¢—1 ~
= Z X] 153 Ta Z Xj 1Xj 1 — 5TXTle7'1f - ﬁ Z Xj_1Xj_1.
J=m J=m J=T1p4+2

The first term is

T T(a+1)/25;1f*ﬁeXcB (rie) if 71 — Tie > T2 — Toe
> Xjgj ~

4 T(a+1)/2(5}?_7—2eXcB (7'2@) if TIf — Tle S T2 — T2e
J=T1
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Suppose Tif — Tie > T2 — T2¢. The second term is

c Tie—1 ~
7o 2 Xin1Xjm
J=T71
Tie—1 T1f—Tle
c T
= ﬁ ' — e XTler—l {1—|—Op (1)}
J=71
5'r1f—71e Tie—1
==X, Y X {140, (1))
v Jj=T71
Tle — T 1 el
_ leT IT(S;lf*‘f‘le (T_1/2X7—1€> — T_l/sz—l {1 + o, (1)}
w 16 1 j:TI
Tle —T1 T1f—Tle e
~o — T B (r) | B(s)ds.
Tw r1
The third term is
_ S Ta(STlf_Tle
50 Xr, Xry, = Or |00 X0, - #Xﬁe Xo, {1+ 0p(1)}
w

_ 2 —Tle
= STX, X {14 0p (1)} e TET T B ()2

The fourth term is

c Toe—1 ~
7o 2. X
J=T15+2
T2e—1 T1f—Tle
c T%6
=ga D XX {l+o (1)}
J=T1f42 v
5Tlf7716 T2e—1
= - TT Xee Y Xj{l+o,(1)}
v J=T15+2
Toe — T1f — 1 1 T2e !
= DT T pgne (T‘l/2X719> Y TRX | {140, (1)}
Tw ) T2e — T1f — 1 R

Tw

Toe — T —Tie "2e
g =2 U g g (g / B (s) ds.
T1f
The third term dominates the other terms and hence

P
S b 2(T15—T1e
> X (Xj—orXj) = =00 Xr, Xryp ~a *T5T( vl (r1e)?.

TipTp Y
J=m
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Suppose Tif — Tie < T2 — T2¢. The second term is
Tie—1
ﬁ Xj_lXj_l
Jj=71

15_1 o ST2—T2e

B ﬁ Jj=71 _T h
57’2 T2e 7'le_l
Xy, ~1{1+0p (1)}
Jj=71
T T R
. Tle— T1 —72e (rp—1/2 -1/2x .
_ T672 (T XP) 772X 4 | 140,01
T w) | mmm 2T )
Tle —T1 To—T2e Te
~a T To7" "B (r2¢) B (s)ds.
w 1
The third term is
T1f—Tle Tacs"ql?iTQe
6T Tif Tlf = or |op X7, — Xroe XT1f {1+ Op (1)}
TwC
Ta572—72e+1 Ta57_2_7—26+7'1f_7—1&
= —77;1”6 Xy Xry {140y (1)} ~vg —F — B (rae) B (ric) .
The fourth term is
c Toe—1 _
7o 2 XX
J=T15+2
T2e—1 o ST2—T:
c T*§ 2 "2
= T Z —#Xij—l {140, (1)}
J=T1f+2 v
57’2 T2e T2e—1
=— Xrpe > Xja{l+o0,(1)}
Tw J=T1r+2
Toe — T1f — 1 1 el
= _%TCS;Q_TQE (T71/2X726> - Z T—l/sz_l {140, (1)}
Tw T2e — T1f — 1 R
— T2e
g — 22 T psmTe B () / B (s)ds.
Tw
The third term dominates the other terms and hence
T Ta572—72e+71f—7'15
Z Xjfl 6TX] 1) 6T Tif Tlf ~a L B (T2e) B (Tle) .

J="1 Tw€
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Thus, when 71 € Ny and ™ € Bs,

T2 2 —Tie .
> X1 (X — 00X 1) ~a _T(ST(TIf +Tl 's (rie)” if T1p = Tie > T2 — Toe
= Tosy T LB (roe) B (r1e) if iy — Tie < T2 — Tac
]

2.2 Test asymptotics and Proofs of Theorems 4-9

The fitted regression model for the recursive unit root tests is
Xt - 647'1,7'2 + ﬁ'r’l,TQthl + éta

where the intercept &, ,, and slope coefficient p,, ,, are obtained using data over the subperiod

[7’1, 7’2].

Remark 1. Based on Lemma S4 and Lemma S6, we can obtain the limit distribution of pr, r, —

o1 using

) 5 Do Xj—1 (X — 01 Xj-1)
Prire — 0T = 2 = .

2jen X1

(1) When 11 € N;—1 and 7o € B; with i = 1,2,

A —a c—(T2—Tie) Tié;;rl rTlie B (3) ds
Priry — op ~a T 6T B (r3) ;
ie

(2) when 11 € B; and 72 € N; withi=1,2,

Priry — 01 ~a =21 “¢;
(3) when 11 € Nj—1 and 1o € N; with i = 1,2,

Prirs — 0T ~q =21 %¢;
(4) when 1 € Ny and 15 € Na,

Prire — 0T ~q =27 %¢;

(5) when 11 € By and 19 € Bo,

—2T % ilef—Tle>TQ—Tge

Prirs — or ~q _1 o (r2=T2e)+(T1r—T1e) 2B(r1e .
{ T 16T ( )TwB(E:QE)) Zf Tif — Tle < To — Toe

)
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(6) when 7 € By and 12 € Na,
ST — 07 ~yg —QT_aC;

(7) when T € N() and Ty € BQ,

—2T%¢ if Tif — Tie > T2 — Toe

ﬁ 3 _6T: — _( - e)+ - (= B e .
1,72 { T 1(5T To—T2 (Tlf 1 )TiB(Z;}Qe)) zf’rlf—TleSTQ—Tze

Remark 2. The asymptotic distributions of the recursive unit root coefficient Z-statistic in the

various cases are as follows. (1) When 11 € N;—1 and 15 € B; with i =1,2,

DF’I’ZlyT'Q = Tw (ﬁT1,T2 - 1) = Tw (6T - 1) + Tw (/37“1,7“2 - 6T)

Tl-«
=7y (00 —1)+0p <rw>

T2 —Tie
6T

_ TwC Tl
= ﬁ + Op Tw eC(T’Q*’I"ie)Tl_a

= erTl—a + op (1) — 0.
(2) When 11 € B; and 19 € N; with i = 1,2,

DFer,rQ = Tw (/37“1,7“2 1) =7y (07 — 1) + 7 (ﬁr1,r2 — or)
= cro TV + 0, (Tle_a)

= —cry TV = —00.
(3) When 1 € Ni—l and Ty € Ni with 1 = 1,2,

DFer,rQ = Tw (/37“1,7“2 1) =7 (0r — 1)+ 1 (ﬁr1,r2 — or)
= cry T + 0, (roT7%)

= —cerl_O‘ — —00.
(4) When 11 € Ng and 7o € N3,

DFer,rQ = Tw (fam,rz 1) =7 (0r — 1) + 1 (/37”1,7’2 — or)

= cry, TV + Op (Tle_a)
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= —cr, T = —o0.
(5) When 11 € By and T2 € Bo,

DFfl ro — Tw (/67“1,7“2 —1) =7 (0r — 1) + 7 ([)7"1,7"2 — o7)

cry T + 0p (1T ) if TLf — Tie > T2 — Toe
11—« T .
cryT + o0 Y T —Tile <Tog— T
w p ( <7277—25)7(7—1f77—1€) > f ].f le > 72 2e
T

—cryT1 7 = —00 if TIf — Tle > T2 — T2¢
ery T = 00 if Tif — Tie < T2 — Toe

(6) When 11 € By and 15 € No,

DFer ro — Tw ([’h,rz 1) =7 (0r — 1)+ 7w (ﬁnﬂ‘z —07)
= cry T % + 0 (erl_o‘)

= —cry, TV 5 —c0.
(7) When 11 € Ny and 72 € Bo,

DFer re — Tw (ﬁrlﬂ"Z - 1) = Tw (5T - 1) + Tw (ﬁrl,rz - 5T)

cry, T~ 4+ op (erl_o‘) if Tif — Tie > T2 — Toe
N CTleia + Op e Zf T1f — Tle < Ty — Toe
6(7'2*7'25)*(7'”**1@)
T

_ —cry TV = —00 if Tif — Tie > T2 — Toe
o ery TV =00 difmip—Tie < T — Toe

To obtain the asymptotic distributions of the unit root t-statistic, we first need to estimate

the standard error of the regression equation over [rq,r2], which is

1/2
- 2
Oriry = _1 Z ( = Py Xj- 1>
Jj=n
Lemma S7. (1) When 71 € N;—1 and 12 € B; with i =1,2,
. o) Tie — T1
0317“2 ~y T 15 2(12—Tie) Tie B(Tz‘e)Q

_1’!”3

78



(2) When 11 € B; and 19 € N; with i = 1,2,
1 if —Tie
62, g LT R ()2

r1iT2
Tw

(3) When 7 € Nj—1 and 70 € N; with i =1,2,

~92 T 2
Oriry ~a , B (ric)
w
(4) When 11 € Ny and 79 € Na,
2( 11 —T1e .
52 r;léT(Tlf " )B (rie)? if Tif — Tle > Tof — T2¢
r1T2 a 2 —Toe )
TE15T(T2f " )B (7’26)2 if rif —rie < rof —Toe

(5) When 11 € By and 15 € Bs,
2(rp—71e) _ .
62~ 5T(Tlf " )TwlB (T1€)2 if T1f —Tle > T2 — T2
a — —
n T_1672“(72 ) TZerg)Tlf B (TQe)Q Zf T1if —Tle < T2 — T2e

(6) When 11 € By and 1o € Na,

271 —T1e .
N 5T(T1f b >iB (rie)? if rip —r1e > rap — 720
T2 2 — 1 2e .
5T(T2f " >iB (roe)? if Tif = T1e < Tof — T2e

(7) When 11 € N() and Ty € Bz,

2(m ¢—T .
.9 5T( Y 16)%3 (r1€)2 if Tif = Tie > T2 — T2

rirg ~a T_152(7277'26) Tle—T1+72e—T1f B
T ——a—1B(

&

Proof. (1)When 171 € N;_; and 1 € B; with i = 1,2,

A2
Orirg

~ 2
71 Z ( = Prir X 1)

J=71

Tie—1 T2

=) [Ej = (Priyrs — 1)5(3'71}2 + ) [Ej = (Prirs = O1) Xjfl}

J=T1 J=Tie

Tie—1

T2 T2
:TJIZ€§+(pAT17T27 _1 Z 1+ pT17’276T)27—1;1 ZX2_

j:Tl ] 1 j:Tie

79

2 .
T2¢)” if rif —rie <o —Toe
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Tie—1 T2
. — ~1 o
_2(p7"1,7“2 - E , j—1&5 — pTM’Q _5T) Tw E : Xj-1€j
.7 T1 j:Tie
TL@
s )2,
= (Prir — Tw
Jj=n
T; 1
o T1 T T TR (1 )2,
ciry

Notice that in general the quantity > X _, dominates the quantity ZXJ 1€j. The term
(Prirs — 127, 15Tt X 2 | dominates the other terms due to the fact that

J=T1
Tie—1
(PATLTQ — 1)2 Tw_l Z ij—l _ Op (T—Za) Op <T20¢—15;(7'2—Tie)) — Op (T_ICS;(TQ_Tie))
J=T71
D . 5 1 o 2(T2—Tie —a
(Prosrs — 5T)27'w1jz; X2, =0, (TQ%%(T“J 0, (T 5 )) =0, (T7%)

(2) When 71 € B; and 75 € N; with i = 1,2,
X‘Fz‘f+l - ﬁﬁﬂ“zXﬂf
(5Tif_7—1

E P S
w

= =0, (17253 ) — 0, (1"2077 ) = 0, (1) 0, (1"/%67 ™)

= _X'rif = _(5;”_%&)(%6 {1+ Op (M},

using the fact that

v 1f —Tie 5Tif77_1 1f —Tie
e [(SCTFf o rigﬁ Xy AL+ 0p ()} = 8777 X {1+ 0, (1)} -
w
Therefore,
(}31T2
71 < 2
Z ( — Prir X 1)
Jj=m1
T2 Tif R 2
= 7-1;1 Z |:€j - (ﬁT1,T2 - J 1:| + Z |: pT’l,T2 - 5T) Xjfl
J=Tif+2 J=n

80



2
% ~ 2
+ [XTif+1 - pTlﬂ"QXTZ'f — Erptl + ETif+1:| }

T2 T2 Tif
~1 Z 2, (A 2 _ -1 Z 2 A 2 _—1 Z o2
= Tw gj + (pm,rz - 1) Tw Xjfl + (pm,rz - 5T) Tw X]fl
J=m J=Tip+2 J=m
T2 Tif
—2(pryry — 1) 7 Xjo165 =2 (Prys —0T) T L > X; Jl1x?
(Pr,r2 ) T J—1€j (Prirs j=1€5 + Ty Tif
J=Tig+2 Jj=n

o 2(Tif —Tie
= K2, = T X2 (140, (1))
1 2(rp—mie
g 52T B ()2

Tw

The term 7, 1)2% ; dominates the other terms due to the fact that

) [p) ~ Q(T‘f_ﬁ) 52(T¢f 7'1)
VP 30 %= 0, () (1)) o, (T
J=Tif+2
Tif 2( ) 52(7'”« Tig)
N - % — Tif —Tie
(Pri,rs — 5T)2 Twl X]2—1 =0p (T 2a) Op <Ta5T ! ) =0p TT
J=71
X2 =0, <5 (”f‘”'ﬂ)> .
(3) When 71 € N;—1 and 72 € N; with i = 1,2,
Xﬂ‘f"rl - pAm,TzXﬂ‘f — Emip+l
Toc—l(sTif_T’ie ~ . ~
== TwTC Xre — Xﬂ'f - [Pmﬂ”z —1] Xn-
—1/2 (Tif —Tie 1/2 ¢Tif —Tie 1/2 T Tie
= =0, (12725777 ) — 0, (T2 ™) 0 0, (125777
= *Xﬂf = 75;”_”6)(‘% {1+ Op (D}
Therefore,
67%17"2
Y (% i)’
phﬂ”z Jj—1
J=T71
T2 ~ 9 Tie—l ~ 9
= TJI Z [Ej = (Priro — 1) Xjfl] + Z [5j (Prira — 1) Xjfl}
J=Tif+2 J="1
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~ 2 ~
— (Pry,ro — O1) Xjfl} + Xris

e pT‘l,T‘z

2
X2,

T2 Tie—1
TJl Z 532' + (Prire — 1)2 Tw ! Z X]2 1+ Z X]2 1
j=71 J=Tif+2 J=T71
Tif T2
+ (Prira — 5T)2 71;1 Z X: (Prira — 1) 7'1;1 Z Xj—lgj +
J=Tie J=Tif+2
Tif

-2 (:57“1,7“2 - 5T) Tw !

= T_lX

J=Tie
5;(Tzf _Tie)
Tw

X72-,-e {1+ Op (1)} ~a L

> Xjg+ 1 Xy

(52(Tif_7-ie)

- B (rie)*.

The term 7, I)N(%_ ; dominates the other terms due to the fact that

X

We calculate

XT1f+1

T1f =

T2f =

A — Q(Ti _Tie)
_1)2 Tie—1 so\Tif
(pn,rj— ) Z 1+ Z T =
w J=Tif+2 Jj=71
2 Tif 2 Tif —Tie
(pm,m — Z 5T( )
TOé
J=Tie

T1f—Tle
T,

T2f —T2e T
op X ———X4,

TwC

o ST1f —Tle
103

g Xrpe {1+Op(1)}"’

— Prira XTlf

82

— Ty, We have

B Tesp

1f—Tle

5Tf Tle T.C Tle {1 +0P (1)}
w

— 5’71-11f*TleXTle {1 + Op (1)} ~a T1/25;1f*TIEB (Tle) :

{140, (1)}

o—1/2 T1f ~Tle
—To 1257

Tie—1

> Xjae

J=T1

—1 < 2 Tif —Tie
Tle‘i'f = Op <5T( ! )> .

(4) Suppose 11 € Ng and 75 € No. When 715 — 71 > Tof



Ta(STlf*Tle ~ R ~
=——L— X, — Xy — [brir, — 11 Xr,

TwC
— Op (Ta—1/25;1f—7'15> _ Op (Tl/Qé‘;lf—Tle) _ Op (T—a) Op (T1/25;1f_‘rle>
= _Xﬁf ~a —TH207 7B (1) 5

and

X72f+1 - 107“1,7“2X72f

Ta(sTlf_Tle B R ~
_TiXﬁe - XTzf - [pr1,7’2 - 1] XTzf

TwC

= _5;%77—26)(725 {1 +op (1)} - [157"1,7"2 - 1] XTzf
= 0, (126777) = 0, (1) 0, (1725777

. . pemyme 1
== [pm,rz - 1] XTQf ~a =T 1/25;” —B (7’16) .

Tw

Evidently, the first residual (capturing the collapse at 7i7,1) dominates the second. Suppose

Tif — Tle < Tof — T2¢. We have

~ o Ta57'2f—7'25
Xoyp = léTlf TlﬁXne - TiXTQe {1+0,(1)}
TwC
o §T2f ~T2e a—1/2 §72f~T2e
=X (1o ()~ — LB (n);
~ _ Ta572f_725
X7'2f = lé;gf TQEXTQe - %XTQe {1 + Op (1)}
w

— 5;—"2f_T2EX7—2€ {1 + Op (1)} ~a T1/25;2f_7'26B (TQ@) .

Then,

Xorip41 = Prira Xy

Toé(sTZf*TQe B .
_TiXTze - X‘F1f - [pm,?"z —1] X‘r1f

TwC

= *5iT“lf_TleX‘r1e {1+0p (D)} = [ry,ro — 1] XTlf
-0, <T1/25;1f*7'le) —0,(T™) 0, (Ta—1/25;2f*726>
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- = [ﬁ?‘l,m - 1] Xﬁf
1

2 L (),
Tw
and
Xrypt1 = Proiro Xy
TaéTQf_TZE ~ . ~
_ _Ti‘)(,r26 — XTQf - [prl,rz - 1] XTQf
TwC

=0 (T35 ) =0, (125 T =0, (17) 0, (1257 )

=X —TYV252 B () .

Tor ~a

Evidently in this case the second residual (measuring the collapse at 75¢1) dominates the first.

Therefore,

2
0-7'1 T2

~ 2
_1 Z < = PriraXj— 1)

Jj=7
T2 ~ 9 T2e—1 ~ 9
= 7-1;1 Z [Ej = (brira — 1) Xjfl} + Z [5j = (Prirs — 1)XJ*1}
J=Tof+2 J=T154+2
Tie—1 _ 2 T1f _ 2
+ Z [Ej — (rira — 1) Xj—l} + Z [Ej - (/37’177’2 —0r) Xj—l}
j:Tl j:Tle
2 12 3 12 . 2
+ Z |: pmﬂ”z - 6T) Xjfl] + [X71f+1 - ﬁT17T2X72-1f} + |:XT2f+1 - /37‘177‘2X32f}
J T2e
T2 Tie—1 T2e—1 ~ 2 ~
DI R CE LT D DR G DR T DR
J=T1 Jj=71 J=T1p+2 Jj=Tos+2
Tlf T2f
+ (ﬁmﬂ"z - 5T)2 7121 Z X]2—1 + Z X:
J=Tle J=T2e
T1f TQf
-2 (ﬁm,m - 5T) 71;1 Z Xj—lgj + Z Xj—15j
j:Tle j:7—2e
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-2 (/37"177"2 - 1) 7-1;1

Toe—1 Tie—1

Z X] 1€5 + Z X] 153+ZXJ 1€5

J=Top+2 J=T15+2 Jj=7
A 2 S .
N 1X31f [Pm,rg —1° X2 if iy = Tie > Top — Toe
2 —1 2 :
Tw [pTLTZ - ] XTlf + T XT2f lf Tlf — Tle S 7_2f — T2e

—1X2 ~a Ty

= Tif
2 _
_1X72'2f ~a 7‘;15T(T2f Tze)B(

This is due to the fact that

_16T(Tlf*Tle)B (

2 .
r1e)” i Tip — Tie > Top — Toe

2 .
roe)” if Tip — Tie < Top — Toe

if 71— Tie > Top — T2e

Tlf 7'le
Tgf
+ X2, | =
—1 7j—1

Tlf
(pr1,T2 _ Z =
) 7-2f 7—26
I=Tie J= e I 7if—Tie < Tof — Toe
( Tlf 7'1e
(p Tie—1 T2e—1 T2 if Tif = Tle > Tof = T2e
\Pri,re — &) Z + § X2 Z XQ =
-1 ) .7_1 + ) .7_1 T2f 726
j=m1 j:T1f+2 ]:T2f+2 if Tlf — Tle S Tgf — T2e
1 -~ 2(rip—m
2 - 1f— 16
T—Xﬁf = Op| oy if 715 — T1e > Tof — Toe
w

(5) Suppose 71 € By and 1 € By. When 71y — 71 > 7o

Tos T
v TIf—T1 T
XT1f = 5Tf “Xr. — g X,
w

and

X71f+1 - Pm,rgXﬁf — &+l
LT
T, ~
= - XTle - XTlf
TwC

- [ﬁﬁ,Tz

~ 2(Tor—T2e .
T_1X2 = Op<5T(2f 2)> 1f7'1f—7‘1€§7'2f—7'2€.

— Ty, We have

{140, (1)} =077 X, {1+ 0y (1)} ~a TV2077 77 B (1)

11X

T1f

=-0, (To‘—l/Qé;}f_ﬁ) —0, (T1/26;1f_7'1¢> —0, (T_"‘) 0, (T1/26;1f_7'15)

=-X

iy ~a

When 71 — 71 < 19 — T2, we have

TR ().
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% Tif ~Tle Taé’?z?ime
Xy = |op Xn,————Xn [ {1+0,(1)}
TwC
{ 6T”HT16X7-1e {1+0,(1)} if71p—Tie > T — Te
- Ta5"'2 T2e

_7X726 {1 +0p (1)} if Tif — Tle <70 — Toe

Tw

T1/2(5;1f "B (r1e) if 71f — Tie > T2 — Toe
_Ta—1/25;2—725$3 (roe) if Tip — Tie < T2 — Toe
and
Xﬁf""l - ﬁhﬂ?Xﬁf
Ta&;z—me B 5
= _TXTze - XT1f - [phﬂ”Q - 1] XT1f
| —0p (T2 < 0, (THRRTT) = 0, (T72) 0, (TY2679 ™) i iy = mie > 72 = o
~0, (T1/25;1f—718> — 0, (T) O, (T /25727 72¢) i 7if—Tie < T2 — T2e
_{ —X'Tlf ) if 71p—T1e > T2 — T2e
—[Priy = U Xry, i 71p = T1e < 72— Toe

-~ —Tl/zdg}fiTleB(Tle) if TIf — Tle > T2 — T2e
—T_I/Q(S;?_De%B (7’26) if TIf — Tle < T — T2

Therefore,
)
0—7"17"2
~ 2
_1 Z ( :OT1,T2 Jj— 1)
J=T1
Tlf _ 9 ~
= 71;1 Z [5j - (ﬁT1,T2 — or) Xj—l} + XT1f+1 - ﬁr1,T2X31f
Jj=n
2
Toe—1 B 2 T _ 9
+ Z [ pTl,TQ - 1) Xj—l] + Z [5j - (ﬁrl,TQ - 5T) Xj—l]
J=T15+2 J=T2e
T T1f T2e—1
= 71;1 Z 5? + (pATM? B 5T)271;1 Z X2 1T (107'177'2 - 1)2 Tw—1 Z
J=71 J=T1 J=T1p+2
T2 Tif
+ (ﬁﬁﬂ"z - 5T)2 Tw_l Z X]Z—l -2 (ﬁrl,rz - 6T) 7-1;1 Z Xjflgj
J=T2e =71
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Toe—1

T2
-2 (/A)Tl,rz - 1) 7-1;1 Z Xjflgj -2 (ﬁh,m - 5T) 7—1;1 Z Xjflej

J=r15+2 J=T2e
TJIX?-U if 7 —Tie > T2 — Toe
— 2 .

Tw [p’f1 ro T ] X7'1f if Tif — Tle < Ty — Toe

TfilXTQlf i 7ip—Tie > T2 — T2e
= 71 ) 1 .

(pT‘177'2 - ) Z] ET1f+2 -1 if Tlf — Tle S T2 — T2e

2(T1p—T1e) 1 2 .

N (5T( )HB (r1e) if 71p — T1e > T2 — Toe

T15 T 2 B (1)

w

if 7p — T1e <2 — Toe

This is due to the fact that

62(T1f_T18) .
T1f - Op | T—a— if 71p — T1e > T2 — T2
R 2_ 1 -2 2 _
(ph,m - 5T) Tw Z Xj—l + Z Xj_l - Tlf Tle
= I Op i 7ifp—Tie < T2 — T2e

(ﬁrl,r2 - 1)2 7-1;1 Z ij—l =

Tlf 71
T2e—1 if7‘1f—’7’1€>7'2—7'26

. 2(72 T2¢)
J=T1pt2 Op< ilef—TleSTQ—Tge
,1 2 T1f—Tle
XT1f: Op <5T< ) 1f7'1f—7'1e>7'2—7'2e
1A 2 §T27T2e .
Tw [pmﬂ“z_ ] an = O (TTz if 71— Tie <70 — T2

(6) Suppose 71 € By and 12 € No. When 715 — 71 > Tof — Toe, we know

. 75
- S
Xo, = PUERNED G #Xm {1+0,(1)}
w
— 5,;1f_7'16XT1€ {1 + Op (1)} ~a T1/26;}f_TleB (Tle) ’
i Tosi T ]
d Tof—T2e
Xpy = |02 X, — #Xm {140, (1)}
w
Tagms = Ta=1/25T1 7T
- - TZC Xrie {1+0p (1)} ~a _TCTB (r1e) -

Then, we derive

XT1f+1 - Prl,ranf
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Toé(STlf*Tl ~ A ~
= ——TL—X, — Xo, — [br1r — 1 Xr

T1
TwC ¢

=0, (T 267) — 0, (T2 77) — 0, (1) 0, (1257~

=-X

Tip ~a

Y257 B (r1e)

and

X72f+1 - prl7r2X7-2f
o ST1F—T1
_Tort :

T XTle - X7'2f - [ﬁm,f’g - 1] XTQf
= _52.1—‘2f_T2€X7'2e {1 +0p (1)} - [ﬁ'ﬂf’? - 1] X’sz
=0, (125777) 0, (1) 0, (1o 257

N - _ 1
= - [prhrz - 1] XTQf ~a =T 1/2(5;1f TlfB (Tle)

Tw
When 71y — 71 < o5 — T2e, We know

. Ta6T2f T2e

X, = [ O X, = X, | {1+ 0, (1)}

{ S T X {1+ 0p ()} ~g TY267 7B (1) if T1f — Tie > Tof — T2e
TS, TZf T2e _ Tof—T2e . ;
—L — X, {140, (1)} ~g =T 1/25T2f 2 %)CB (rie) if T1ip — Tie < Top — Toe
T e TQ(STZf T2e
7'2f [ e TwC XTQe {1 +op (1)}

= 07" Xy {1+ 0p (1)} ~a V26777 B (r2e) -

Then, we have

XT1f+1 - Prl,rnglf
o ST2f —T2e
— —LX
o T2e
TwC

_Op (Ta71/25;2f*7—26> _ Op <T1/25;1f7716
_Op (Tafl/Q(gZ’?f*Tze) _ Op (Ta,l/g(szl?ffrge

— XTlf - [pA'/‘177‘2 - 1] XTlf
-0, (T7*) 0, T1/2(5:Tplf7ne) if 71p — Tie > Top — Te
— Op (Tﬁa) Op Ta—1/2(5;2f*7'2e) if TIf — Tle < Tof — T2e
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~X-, ]
X

- [/A)Tl,rz Tif

_T1/25;1f—ﬁeB(rle) if TIf — Tle > Tof — T2e
_T—l/25;2f*7'2€ iB (rie) if TIf — Tie < Tof — Toe

if 71p — T1e > Top — T2e
if 71p — T1e < T2 — Toe

|
NQ{

and

X,

2p 1l = Prira Xy = Emypti
TaéTQf_7—2e B ~
— T ~
- JE XT25 - XTzf - [pr1,7“2 - 1] XTzf
w

=0, (T2 ) - 0, (TYV257 ) — 0, (1) 0, (TV257 ™)
-X ~a T1/25;2f_7'2eB (r20) .

T2f

Evidently, when 717 — 71, > 7oy — T2¢, the first collapse dominates the second, whereas when

Tif — Tie < Tof — T2¢ the second dominates the first. Therefore

6%17’2
~ 2
_1 Z ( prl,rg Jj— 1)
J=m

. T1f ) ~ 9 Toe—1 ) ) .

= Tw Z [Ej = (Pry,rs — 07) Xj—l] + Z [gj — (Prira — 1) Xj—l} +
J=n J=T1p4+2

T2f ) ) . i ,
S =G =) %] + 3 65— (e — DX

J=T2e

~ ~ 2 ~
+ (Xﬁf—i—l - ﬁm,er‘:Q-lf) + (XTzf—i—l — Prira

J=Top+2

;zrif)2}2

T1f Tof
1 71 v 2
E E + (Prirs — E 1+ E X
.] T1 j Il j:7—25
Toe—1 ]
A 2 _—1 Z
+ (phﬂ”Q - 1) Tw -1 + § :
J=T15+2 J=Top+2
T1f T2f ]
=2 (prirs — E :XJ 1€5 + E : XJ 1€5
Jj=71 J=T2e
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Toe—1

_2(:57“1,7“2_1)7?;1 Z XJ 1€5 + Z XJ 1€j
J=T1+2 J=Top+2

X oy () iy = e > mop — o
_1X32f{1+0p(1)} if 7p —Tie < Top — Toe
B _1X2 if 71f — T1e > Tof — T2e
_1Xz2f ilef—TleSTQf—Tge
2(71p—T1e .
N 5T(T1f B )iB(?“m)2 if 7ip — Tie > Top — Toc

a 2 —T2e .
5T(T2f " )iB (roe)® if T1p — Tie < Top — Toc

The term 7, ~1X2 dominates the other terms due to the fact that

Tif

TIfTle
Tif Taf Op ( ) if T1p = Tie > Top — Toe

(/37“1,7“2 - 5T)2 Tujl Z ijfl + Z XJZ*1 - Tof—T2e
J=m I=T2e Op ( ) H7f—Tie < Tof — Toe

\

T
Toe—1 . ( ) ilef—7'1>7'2f—T2€

(Pro,rs _1)2 7—1;1 Z ij—l_{_ Z XJZ—l - Tof~T2e
j=rip+2 J=T2f+2 O, ( ) 7y — 1 < mop— 7o

T L X2 O, (6;<Tlf e > if 71f — Tie > Tof — Toe

Tlf

7'2f

T X2 = 0, (5;(7%’—%)) if 71p — T1e < Top — Toe

(7) Suppose 11 € Ng and 75 € By. When 71 — Tie > T2 — Toe, We know

o $T1f —Tle

X _ 67-1f_TleX T 5T‘

TIf T Tle . Tle
w

=627 X {1+ 0, (1)}

{140, (1)}

~a TY250 7B (r1,) .

Then, we have

XT1f+1 - pT1,T2X7'1f
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o ST1f —Tle
R

TwC

= ~0, (T*71267977) = 0, (T26777) = 0, (T7) 0, (TV/267 ™)

¢

Tlf ~a

X

Tle

- X

Tlf

When 71 — 71 < 72 — T2¢, We know

X

Then, we have

- [pﬁ ro
Therefore,
~2
Orirg
_1 ~ 2
p’f‘1,7‘2 7j—1

J=T71

Toe—1

I
\]

J=T1p42

Zf { Pn,rg - 5T) Xjfl}z + Z {63' - (ﬁrl,rg - 5T) Xj,l}

Tif =

TIf—Tle
[5T X’Tle -

T2 T2e
_Top >
TwC
X7'1f+1 - p7'1,7'2X7'1f
o ST2—T2e
s
TwC T2e

TagT2T2e
- r

Xne {1+ 0y (1)} ~a

- X

- [pAleTZ - ]‘] XTlf

CTV25T TR ()

T2e

TwC

TIf [ﬁrl T2

_1]

= —(Sg}f'_TleXTle {1 + Op (1)} —_ [ﬁrl,rg _

T2
=7, Y (i — 1

Jj=n

11X

Tlf

72

J=T2e

Tie—1

~a T_1/26;_’277-25

Tie—1

Jj=T71

T2e—1

IR R

J=n

J=T1r+2
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Y [5G D% Y [ D)

{1+0p(1)}

_Ta*1/25;2—725

X

T1f

11X

T1f

iB (’I"Qe)

Tw

2

TwC

+

-0, (T1/25;1f—ﬁe> 0, (Tfa) 0, (Ta71/25;2—72e>

._1}2

XT1f+1

iB (7“26) .

A ~2 2
- Prl,erlf]



Tif Tif

+ (pAh,TQ _5T)2 7-1;1 Z X 1t Z pT‘1,T2 _5T Z X] 1€ + Z X] 1€5

J=Tie J=T2e J=T1e J=T2e
Toe—1 Tie—1
~ 1 > -
-2 (pﬁ,Tz — 1) Tw E Xj,1€j + E Xj71€j
J=T1r+2 J=71
_1 2 .
n Xﬁf 1f’7’1f—7’16>7'2—7'26
1 2 :
T, [pn,m —1? Xﬁf if 71— Tie < T2 — Toe
71 ~2 .
Too an if 71p — T1e > T2 — T2e
—_ N 2
B (pﬁﬂ“z_l) Tie—1 32 T2e—1 :
e D X 2 eﬁf+2 2| Ty —Tie < T2 — Toe
2(7’1f77'16) 1 2 .
~ 5T B(Tle) 1fT1f—Tle>Tz—Tze
a + .
T-16% 2(raral) rie—n ey Tlrsm "B (1) if TIf = Tle < T2 — Te

The term 7, 15(32 ; dominates the other terms due to the fact that

52(T1f_T18) ]
(5 g Op | T—a— if 71p — Tie > T2 — Toe
\Pri,rg — Y1) Z XQ § —
g—1 + T1f T1e
J=Tle J=T2e O ilef—Tle < T9 — T2e
(
7—lf Tle
Tie—1 Toe—1 O lf T]_f — Tle > T2 — T2e
(:07“1,7“2 — Z % _
AR E =
. 2(72 T2¢) )
J=m1 J=Tipt2 1f7'1f—7'16§7'2—7'26

< 2 —Tle .
7'1;1X2 =0, <6T(T1f " )> if 71f — T1e > T2 — Toe,

. 5 oo 62(7‘2 7’26)
w [:57"1,7"2 - 1] XTlf = OP L —— ] if Tif — Tle S T2 T2e

Remark 3. The asymptotic distributions of the unit root t-statistic

1/2
S, X2 .
DFﬁLTz = ( =n (ph,rz - 1)

)
Orirg
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may now be calculated as follows. (1) When 11 € Nj—1 and 7o € B; with i = 1,2,

7“3/2
DF} ., ~a TP —2——— — o0
e 2(rie — 11)

(2) when 11 € B; and 70 € N; with i = 1,2,

1 2
DF! .~y — | 2crw TA=/2 5 _o0;

1,72 2

(3) when 7 € N;—1 and 19 € N; with i = 1,2,

¢ 1 12 (1-a)/2
DF ~e — | =cry T — —00;

1,72 2

(4) when 11 € Ny and 15 € Na,

¢ 1 Y2 (1-a)/2
DF ~a — | zerw T — —00;

1,72 2
(5) when 11 € By and 1o € By,

- (%crw)l/Q TU=/2 5 00 if T1p — Tie > T2 — Toe

DFE! .~ 1/2 ;
ri,re - a [202?3”)} Tl—a/2 00 if TLf — Tle < Ty — Toe
(6) when 1 € By and 19 € Na,
1 1/2
DF;‘Z,rz ~a — (207"111) T(lia)/Q — —00;
(7) when 7 € Ny and 15 € B,
. - (%Crw)m T2 5 —o0 if TIf — Tie > T2 — Toe
DFT17T2 ~a erd 12 1—a/2 ;
2(rie—r1+r2e—T1y) r =00 Ty Te ST T

Taken together with (11) and (12) in PSY2, these results establish the limit behavior of the
unit root statistics DF,, and BSDF, () in the two cases considered in theorems 4 and 5 (see

also (14) below).
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2.2.1 The PWY Strategy

The originations of the bubble expansion (ri.,72.) and the termination dates of the bubble

collapse (r1¢,72f) based on the recursive PWY algorithm are identified by the crossing time

events
71e = inf {TQ : DF, > cv'BT} and 71y = inf {T‘Q : DF, < CU'BT} ,
7"6[7"071] TE[fle'FrTal}
Poe = inf {7“2 . DF, > cvﬁT} and 7oy = inf {7«2 . DF, < cvﬁT} ,
Te(flf,l] re[f2€+rT71]

where rp = £Z and Ly — oo is a slowly varying function at infinity. We know that when

5,
Br — 0, cvPT — co. We consider two cases depending on the relative duration of the bubbles.
Case 1
Suppose Tif — Tie > Tof — T2e. The asymptotic distributions of the unit root statistic under

the alternative hypothesis are as follows:

F, (W) if r € Ny
1—aj2__ r3/2 :
DF, ~, T ST if r € By

_7(—a)/2 (%cr)l/2 if r€ NyUBUN,

It is obvious that if r € Ny,

lim Pr {DFT > CUBT} — Pr{F,, (W) =00} = 0.

T—o00

Ifr € By, limr_,o Pr {DF, > cv’T} =1 provided that -5 — 0. If r € Ny, limgo0 Pr { DF, < cvf7} =
1.

It follows that for any n,~v > 0,
Pr{f1e > e +n} = 0and Pr{fiy <riy—v} =0,

due to the fact that Pr {DFT16+% > CU’BT} — 1forall 0 < a, <nand Pr {DFT > CU’BT} —

1f~Ay

1 for all 0 < a < 7. Since 7,y > 0 is arbitrary, Pr{#1c < 71} — 0 and Pr{f1y > ris} — 0, we
deduce that Pr {|f1. — rie| > n} — 0 and Pr {|f1f — r1¢| > v} — 0 as T — oo, provided that

1 cvPr

C’UW—FW_}O. (12)
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The strategy can therefore consistently estimate both 71, and r;y under suitable rate conditions
on cvPT satisfying (12).

But since limp_, o Pr {DFT < cvﬁT} = 1 when r € N;UB3UNs, the strategy cannot estimate
r9e and roy consistently when 7y — 7. > 725 — 9. This proves Theorem 6.

Case 11

Suppose 71y —T1e < Tof —T2e. The asymptotic distributions of the recursive unit root statistic

under the alternative hypothesis are as follows:

( F. (W) if r e Ny

Tl 12 if r € By

2(rie—r1)
1/2 .
DFT ~ 1 04/2(507“)12 lfTENluNQ . (13)
—T1a2(%c)/ ifre Byand Tip —Tie > T — Toe
1/2

\ Tl-a/2 |:2(7“1e1“1(::?;2e7”1f):| if r€ Boand 7p — Tie < T — Toe

It is obvious that if r € Ny,

lim Pr {DFQ > CUBT} = Pr{F, (W) = 0o} = 0.
T—o00

Ifr € By, limp o Pr {DF, > cv’T} = 1 provided that -$* 3/2 — 0. Ifr € Ny, limy_,0o Pr {DF, < c0P7} =
1.

It follows that for any n,~v > 0,
Pr{fie > rie+n} = 0and Pr{fiy <ry—~} =0,

due to the fact that Pr {BDFmeJran > cvﬂT} — 1forall 0 < a,, < nand Pr {DFT > CUBT} —

1f Ay

1 for all 0 < ay < 7. Since 7,y > 0 is arbitrary and Pr {71, < 71} — 0 and Pr {71y > 15} — 0,

we deduce that Pr {|71e — 71| > n} — 0 and Pr {|f1f —r1f| > v} = 0 as T — oo, provided that
1 cvPT

a0

The strategy can therefore consistently estimate ri, and 7.

If r € By and 71y — T1e > T — Toe, limp oo Pr {DF < cvﬁT} = 1 since T — oo. If

r € By and T — Tie < T — Toe, limp_ o Pr {DF > cvﬁT} = 1 provided that ch’ ‘;‘F/Z — 0 in
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view of the final panel entry of (13). If r € Ny, limp_,o Pr {DFT < chT} = 1. This implies
that the strategy cannot identify the second bubble when 717 — 71, > 7 — 72.. However, when

Tif — Tle < Ty — T2e it can identify the second bubble provided that

1 cvPr 0
C’UﬁT + Tl—oc/? — U
This suggests that estimated second bubble origination date 7o, will be biased, taking values of
T9¢ + 71§ — e (in view of the condition 71y — 7i¢ < 7 — 7o, under which the final panel entry of

(13) holds). So, there will be delayed detection of the second bubble in general. The termination

point of the second bubble ryf is consistently estimated. This proves Theorem 7.

2.2.2 The PSY algorithm

The origination dates of bubble expansion (r1¢,72.) and the dates of bubble collapse (r1¢,72f)

that are based on the backward sup DF test are identified by crossing time events as follows:

T1e = inf {r : BSDF, (r9) > SCUBT} and 71y =  inf {r : BSDF, (r9) < scvﬁT} ,
TE[?”(),].] Te[f15+rT71}

Poe = inf {r : BSDF, (r9) > scv’BT} and 7of = inf {r : BSDF, (r9) < SCUBT} ,
re(f1p,1] r€[f2etrT,1]

where rp = LTT, and LT — oo is a slowly varying function at infinity. We know that when
Br — 0, scvPT — 0.

Suppose the minimum window size is smaller than the distance separating the termination
dates of two bubbles (i.e. 79 < 79y — rif). The asymptotic distributions of the backward sup

DF statistic under the alternative hypothesis are

Fr (VV, ’I“o) ifre No
/2
- (r—r)® } if r € B,
BSDF, (r0) ~a rrclomr] { 2(rie—r1) n (14)

—TA-a)/2 gyp (lcrw)l/2 if r € Ny U N

2
r1€[0,r—7o]

It is obvious that if r € Np,

lim Pr {BSDFT (ro) > scvﬂT} =Pr{F, (W,rp) = o0} =0.

T—o00
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If € B; with i = 1,2, limg,oc Pr { BSDF, (rg) > scv”} = 1 provided that 20 — 0. If
re N; with i = 1,2, limy_, o, Pr {BSDFT (ro) < scvﬁT} =1.

It follows that for any 7,y > 0,
Pr{#i > rie + n} = 0 and Pr{rjy <rjy —v} =0,

since Pr {BSDFWJF% (ro) > scvﬁT} — 1forall0 < a, < nandPr {BSDFW_,M (ro) > scvﬁT} —
1 for all 0 < a, < 7. Since 7,y > 0 is arbitrary and Pr {f;c < ric} — 0 and Pr {7y > r;s} — 0,

we deduce that Pr {|7e — ri| > n} — 0 and Pr {|f;y — 77| > v} = 0 as T — oo, provided that

1 scvPr
scvBr + T1-/2

Therefore, the date-stamping strategy based on the recursive sup ADF test procedure of PSY

consistently estimates each of the dates ri¢, 71, r2c and roy. This proves Theorem 8.
2.2.3 The sequential PWY procedure

The origination dates of bubble expansion (71¢,72¢) and bubble collapse dates (¢, r2¢) that are
based on the sequential PWY procedure using recursive DF tests are identified by the following
crossing times:
e = Inf {’I“ :DF,. > C’UBT} and 71y = inf {r :DF,. < CUBT} ,
r€(ro,1] r€[f1e+rr,1]

Foe = inf {7" iy, DER > cvﬂT} and Top = inf {r iy, DER < CU/J’T} ’
Te(f1f+7‘o,1] TE[f‘QE-H”T,].]

where 7 ,DF, is the DF statistic calculate over (Prf,r], rr = LTT, and L — oo is a slowly
varying function at infinity. Importantly, the search for the second bubble origination date 7o,
commences after 1 f+7o, that is after a minimum time has elapsed (79) following the termination
of the first bubble (7). We know that when S — 0, cv’T — occ.

The asymptotic distributions of the recursive unit root statistic under the alternative hy-

pothesis are

F (W) ifre No
l1—a/2___r%/2 ;
DF, ~, T T if r € By

—7(1-a)/2 (%cr) 1/2 if re Ny
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and

F; (W) if re Ny
Y ) K.
TAlfDFT ~a m I r € Dy

—T(-a)/2 [%c (r— rlf)] 1/2 if r e Ny
It is obvious that if r € Ny,

lim Pr {DFT > CUBT} = Pr{F,, (W) =00} = 0.
T—o0

If 7 € By, limgsoc Pr {DF, > v’} = 1 provided that 2527 — 0. If r € Ny, limg_,o Pr { DF, < cvfT} =
DF, > T} = Pr{F, (W) = o0} = 0.If r € By, limp_,o Pr {;,,DF, > 07} =

DF, > cvﬁT} =

1 and limp_,, Pr {flf

1 provided that #fz% — 0. This implies that provided that ;Z’STQ — 0, limy_, Pr {
T

1 for any r € By. If r € Ny, limp_,o Pr {flfDFr < CUBT} =1

Py

It follows that for any n,~v > 0,
Pr{fie > rie +n} = 0 and Pr{fiy <ry—~} =0,

since Pr {DFrleJran > chT} — 1 for all 0 < a;, < n and Pr{DFrlf_% > cvﬂT} — 1 for all
0 < a, < 7. Since n,7 > 0 is arbitrary and Pr{f. < ric} — 0 and Pr {7 > ris} — 0, we
deduce that Pr {|f1e — r1e| > n} — 0 and Pr {|f1y — 14| > v} = 0 as T — oo, provided that

1 cvPT 0
cfr " Tz

Thus, this date-stamping strategy consistently estimates 7. and ry.

For any ¢,k > 0,
Pr {er > T2e + qb} — 0 and Pr {fo < T2f - H} - 07

since Pr DFT2€+Q¢ > cvﬁT} — 1forall 0 < ay < ¢ and Pr flf.DF,an,aﬁ > cvﬁT} — 1 for all

TAlf
0 < ax < k. Since ¢,k > 0 is arbitrary and Pr{ri; < foc < 7.} — 0 and Pr{rfoy > 795} — 0,
we deduce that Pr{|foc — r2¢| > n} — 0 and Pr {|fof — rof| > v} — 0 as T' — oo, provided that

1 cvPr

cfr T iz 0

Therefore, the alternative sequential implementation of the PWY procedure consistently esti-

mates rg. and rof provided rg. > r1y + rg. This proves Theorem 9.
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