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ABSTRACT ARTICLE HISTORY

The article studies a class of state-space models where the state equation is a Received 24 March 2022
local-to-unity process. The parameter of interest is the persistence parameter Accepted 06 May 2023

of the latent process. The large sample theory for the least squares (LS) esti- KEYWORDS

mator and an instrumental variable (IV) estimator of the persistent parameter Fractional Brownian motion;
in the autoregressive (AR) representation of the model is developed under fractionally integrated errors;
two sets of conditions. In the first set of conditions, the measurement error fractional O-U process;

is independent and identically distributed, and the error term in the state local-to-unity Instrumental
equation is stationary and fractionally integrated with memory parameter variable; state-space.

d.e (.—O..S, 0.5). Fgr both estimators, the convergence rate and the asymptotic JEL CLASSIFICATION:
distribution crucially depend on d. The LS estimator has a severe downward C12,C22, GO1.

bias, which is aggravated even more by the measurement error when d < 0.

The IV estimator eliminates the effects of the measurement error and reduces

the bias. In the second set of conditions, the measurement error is independent

but not necessarily identically distributed, and the error term in the state

equation is strongly mixing. In this case, the IV estimator still leads to a smaller

bias than the LS estimator. Special cases of our models and results in relation

to those in the literature are discussed.

1. Introduction

Since the local-to-unity literature was initiated by Phillips (1987a) and Chan and Wei (1987), the local-
to-unity model has received tremendous attention in theoretical and empirical studies.!. The success of
the local-to-unity model is not surprising because (1) the local-to-unity model is more general than the
exact unit root model; (2) it well describes the dynamics of many macroeconomic and financial time
series; and (3) the resulting asymptotic distribution better approximates the finite sample distribution
than the asymptotic distribution under the assumption of weak dependence.

However, the local-to-unity models used in practical applications assume the variable of interest is
observed without errors. This assumption can be too strong in practice. For example, when a time series
is obtained from a survey, errors of many types are possible, such as recall errors and sampling errors.
These so-called measurement errors can occur with a systematic pattern that generates the difference
between the respondents’ answers to a question and the actual values. See Kasprzyk (2005) for possible
sources of measurement errors and Bound et al. (2001) for certain econometric consequences. For
another example, a time series is sometimes obtained from estimation. A well-known example that
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motivates this article is the daily time series of realized volatilities (RV), which are estimates of the daily
integrated volatilities. Andersen et al. (2003) and Corsi (2009) introduce alternative models for RV. For
the third example, a latent time series may be related to an observed time series by definition or for
structural reasons. The class of the DSGE models and the family of stochastic volatility (SV) models are
among the interesting models in this example.

In this article, we consider the following latent local-to-unity model:

y=un+E&+w .

{stzefst_lw, br=1+%, & ~0p1) =0T W)
where p is a constant, {&} is a latent process that is local-to-unity with ¢ € (—o0, 00) being the local
coefficient. When 67 = 6, which is independent of T, and when {w;} and {v;} are serially independent
Gaussian processes, the model is the popular linear Gaussian state-space model. We deviate from the
literature on linear Gaussian state-space modeling by assuming 7 is a function of T, and also by allowing
for more general stochastic behavior for the measurement error {w;} and also for {v;}.

The main model considered in the article assumes that {w,} is independent and identically distributed
(i.i.d.), and {v} forms a fractionally integrated series with an order d € (—0.5,0.5), that is, an I(d)
process. The I(d) process with d € (0,0.5) has positive serial correlations and an infinite long-run
variance and has been widely applied to model long-memory time series in economics and finance;
see, for example, Granger and Joyeux (1980), Baillie (1996), and Andersen et al. (2003). The interaction
between cross-sectional/temporal aggregation and long-range dependence has been investigated by
Andersen and Bollerslev (1997), Chambers (1998), and Lieberman and Phillips (2008). In contrast,
when d € (—0.5,0), {v¢} becomes an antipersistent process that has negative serial dependence and zero
long-run variance. As argued in Shi and Yu (2022) and Li et al. (2022), the local-to-unity process {&}
with antipersistent errors can also have positive autocorrelations decaying very slowly and, therefore,
is capable of describing time series with long-range dependence. The models of this type share the
same spirit as rough volatility models, which are becoming increasingly popular in modeling spot
volatility and realized variance in the literature; see, for example, Gatheral et al. (2018) and Wang et
al. (2023a). Moreover, when ¢ = 0, the latent process & becomes an nonstationary I (d*) process with
d*=d+1 € (0.5, 1.5). Diebold and Rudebusch (1989) have found evidence of d* = 0.68 for the U.S.
quarterly real GNP per capita.

Our interest is in the estimation and inference of 7, which captures the persistence level of the latent
process. Model (1) can be rewritten as a first-order autoregression (AR) with an intercept:

yi=o+0ryi—1 + e (2)
where « = (1 — 01) i and
& = vt + wy — Orwi_1. (3)

A simple way to estimate O is via the least squares (LS) method based on the observations of { yt}.
Denote the LS estimator by 7. First, we will show that 7 is consistent, but both the convergence rate
and the asymptotic distribution depend on the value of d. Second, we will show that O7 has a severe
downward bias when d € (—0.5,0]. When w; # 0, the variance of w; appears in the limiting distribution
of r and deteriorates the bias problem further. Third, when d € (0,0.5), we will show that the limiting
distribution is not affected by the existence of the measurement error {w}.

To avoid the influence of the measurement error {w;} and reduce the bias in estimating 6, we propose
the use of the instrumental variable (IV) estimator, denoted by é‘%v, with y;_, as the IV. It is shown that
the limiting distribution of é‘%v is not affected by {w;}. In addition, when d € (—0.5,0], @\%V not only
gets rid of the bias caused by the measurement error but also diminishes the bias induced by the serial
dependence in {v;}. In other words, even when the latent process & can be observed directly, GILV still

2Beran (1992) provides a nice review of results on estimation and statistical inference of the process with long-range
dependence.
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outperforms O in terms of bias. Furthermore, when d € (0,0.5), /G}V leads to the same asymptotic theory
as Or.

For completeness of the theory and also for the comparison purpose, we study another model, where
{v} is a strongly mixing process and {w;} and {v;} have heteroskedasticity. Similar results are found in
this model to those in the main model. The measurement error aggravates the bias of the LS estimator
Or but plays no role in the asymptotics of the IV estimator 6. 61V However, GI Y may have more or less bias
than 07, depending on the sign of the probability limit of Zt —2 vtve—1. This result reveals the fact that
the particular dependence structure of the I(d) process is the reason whyé\% outperforms O in the first
model.

Our study is closely related to Hansen and Lunde (2014), where the latent process {&} in (1) is
assumed to be ARMA(p, q). They prove that the IV estimator of the persistence parameter with y;_;,
j > max { D q}, as an instrument, is consistent and can purge the influence of the errors {w;} in the
observation equation. This article extends the model of Hansen and Lunde (2014) with a weakly
dependent structure to that with a strongly dependent structure. Our results show that even with the
I(d) error, the IV estimator with y,_, as an instrument can eliminate the effects of the measurement
error and, more importantly, can further reduce the bias.

The rest of the article is organized as follows. Section 2 introduces the model where {v;} is an I (d)
process and {w;} is an i.i.d. sequence. The large sample theory of the LS estimator and the IV estimator of
Ot is provided. Section 3 studies the model in which {v;} is strongly mixing and {w,} is an independent
but not necessarily identically distributed sequence. Both {v;} and {w;} allow for heteroskedasticity.
Simulation studies are presented in Section 4 to examine the finite sample performance of the derived
asymptotic distributions and to compare the performance of the LS estimator and the IV estimator of
Or. Section 5 concludes. Appendix collects the proof of the theoretical results. Throughout the article,

p d d iid . ., .
we use —, =, —, =, ~ to denote convergence in probability, weak convergence, convergence in

distribution, equivalence in distribution, and independent and identically distributed, respectively. The
weak convergence is defined in the space of cadlag functions equipped with the Skorokhod topology.

2. Latent model with I (d) errors

In this section, we first introduce our main model of the article and connect it with some popular models
in the volatility literature. Then, we focus on estimating the persistence parameter of the latent process
and provide the large sample theory of the LS estimator and an IV estimator.

2.1. The model and motivations

Consider the latent local-to-unity model defined in (1) with the following assumptions for the error
series {w;} and {v;}.

Assumption 1. wt (0 02)

id
Assumption 2. v; is an I (d) process with d € (—0.5,0.5), i.e,, (1 — L)d Vi=¢e; e~ (0,062). There exists
k = max {4, # — 4] such that E |e;|* < .

Assumption 3. w; and v are independent for any t and. s.

Remark 2.1. Assumption 1 assumes that the latent process {&;} is observed with i.i.d. errors. Assumption
2 takes that the error sequence of the latent process, {v;}, is a fractionally integrated process with order
d € (—0.5,0.5). It means that
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C(k+d)

— "~ k%! forl k|.
Fkt L@ |k| or large |k

(o)
V= Z are;_g, with g =
k=0
where I'(-) denotes the Gamma function. The process {v;} is stationary and ergodic for all values of

d € (—0.5,0.5). The autocovariance function is given by

0 forall k#0,ifd=0

Cov (v, Vi_) = I'(1-2d)T" (d+k) 2d—1 :
( ) rara—arieds ~ Ik for large |k|, ifd #0

Note that when d = 0, {v;} becomes an i.i.d. sequence. Whereas when d # 0, {v;} has serial dependence
atall lags. If d > 0, the autocovariance of v; at any lag is positive. Additionally, the autocovariances decay
more slowly than |k|~! and are not summable. Hence, I (d) processes with d € (0, 0.5) are often adopted
to model long-memory time series. In contrast, if d < 0, {v;} has negative autocovariance for any k # 0,
which decays faster than |k|~! as k — co. Moreover, the sum of autocovariances equals zero, and {v;}
is called an antipersistent process. In this case, however, the autocovariance of the latent process & can
still be positive and decay slowly at small and moderate lags due to the local-to-unity AR root (Li et al.,
2022).

The process {&;} with no observation errors has been extensively studied in the literature. For example,
Diebold and Rudebusch (1989) apply the process {&;} with 67 =1 and d = —0.32 to model the U.S.
quarterly real GNP per capita. Sowell (1990) develops the large sample theory of the LS estimator of 0t
when 01 = 1 and no intercept is involved in the regression. Buchmann and Chan (2007) extend Sowell’s
results to the local-to-unity case.

In the following, we motivate our study by linking our model to some existing models in the volatility
literature. It is known that RV serves as a consistent estimate of the integrated variance as the sampling
frequency of the return observations shrinks to zero. A well-established stylized fact is the daily log RV
series has a slowly decaying autocorrelation function (ACF). A standard procedure to model the daily log
RV series is to use a fractional process, namely I(d) with d € (0, 0.5). Significant contributions include
Andersen et al. (2001a, 2001b) and Andersen et al. (2003). Andersen and Bollerslev (1997) provide an
interesting explanation of a slowly decaying ACF in volatilities (i.e., ACF at lag k is of order k>~ with
d € (0,0.5) for large k so that the ACF is not absolutely summable) from the interactions of a large
number of heterogeneous information processes.® The interaction between aggregation and long-range
dependence is also explored in Chambers (1998) and Lieberman and Phillips (2008). Andersen et al.
(2003) introduce the ARFIMA(1, d, 0) model for log RV and provide evidence of d € (0, 0.5) (i.e., long-
memory errors) and weak short-run dynamic based on a semiparametric estimation method. They
also provide evidence that the ARFIMA(1, d, 0) model with long-memory errors and weak short-run
dynamics outperforms many alternative models in predicting RV and log RV, including GARCH-type
models and other high-frequency models.

However, a recent attempt to model daily log RV series is to use the local-to-unity model with
antipersistent errors. Shi and Yu (2022) find that many daily log RV series are better fitted by the local-to-
unity model with I(d) errors where d € (—0.5,0). Li et al. (2022) argue that there is a weak identification
issue between the pure I(d) process with d > 0 and the local-to-unity process with I(d) errors where
d < 0. A debate about how to model slow-decaying ACFs of log RV begins with Gatheral et al. (2018),
where the new stylized fact termed “roughness” is established for the sample path of RV. The partial sum
of an I(d) process converges weakly to the fractional Brownian motion (fBm), denoted by BH(t) with
H = d + 0.5 being the Hurst parameter. Comte and Renault (1996) model the spot volatility of asset price
by using the fractional Ornstein-Uhlenbeck (fO-U) process driven by B (t) with H > 0.5 (i.e., d > 0).

3partly motivated by the presence of heterogeneous traders, Corsi (2009) proposes to use the heterogeneous autoregressive
(HAR) model to capture the slowly decaying ACF. The HAR model has become a popular model in practice to forecast RV.
An interesting observation of Table 2 in Corsi (2009) is that the sum of the three autoregressive parameter estimates is very
close to one for USD/CHF and S & P500.
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Gatheral et al. (2018) point out that Comte and Renault’s model tends to generate smoother sample paths
than the actual daily RV series. Gatheral et al. (2018) advocate the usage of fBm with H < 0.5 (i.e.,d < 0).
This model generates sample paths that are rougher than that from the standard Brownian motion. In
the empirical studies, Gatheral et al. use fBm with H = 0.14 to model log RV and forecast RV and log RV
out-of-sample. It is shown that fBm with H = 0.14 performs better than the AR(5), AR(10), and HAR
models. The fBm with H = 0.14 corresponds to a unit root process with antipersistent errors in discrete
time.

Wang et al. (2023a) apply the fO-U process to model log RV. Under the infill sampling scheme, the
fO-U model is a local-to-unity model with fractionally integrated errors. They introduce a two-stage
method to estimate parameters and develop large sample properties of the estimators. When applying
the approach to the daily log RV, daily log realized kernel (RK), and daily log bipower variation (BV),
they find strong evidence of H € (0.05,0.25) < 0.5 (once again antipersistent errors), although H > 0.5
is also allowed in their model. This finding supports that the log RV follows a local-to-unity model with
antipersistent errors. In terms of out-of-sample forecasting performance, their empirical studies show
that the fO-U model outperforms the random walk, AR(1), HAR, ARFIMA, and fBm in predicting the
daily RV, log RV, log RK, and log BV.

Instead of modeling RV or log RV directly, Bolko et al. (2023) assume the log spot variance follows
an fO-U and take the estimation errors in the daily RV seriously. In particular, under the infill sampling
scheme, the expressions for moments of the daily RV are obtained, facilitating the implementation of
the generalized method of moments (GMM). When applying the GMM method to real data, Bolko et
al. (2023) report strong evidence of H € (0.01,0.2) < 0.5. Therefore, Bolko et al. (2023) present strong
evidence of local-to-unity and antipersistent errors in log spot variance.

Motivated by the ongoing debate about how to model the daily log RV series, together with the
possibility that the integrated variance of an asset is highly persistent and the fact that daily RV is
an approximation to daily integrated variance, we consider the latent model defined in (1) under
Assumptions 1-3. Some concrete examples are given below to relate our model with several popular
models proposed in the volatility literature.

Example 2.1. Breidt et al. (1998) propose the following long-memory SV model:
re = oegf/zst, &t ii’gN 0,1),
&=0 1 +ve (1—Dfv=e " N(0,02).
where ¢ is the return of a financial asset. It is easy to get that
yi = log ("?) = +& +w,
where u = logo? + 1.27 and w; = log (8%) —1.27 i log (X(21)> — 1.27 with X(Zl) standing for the chi-

squared distribution with one degree of freedom. By allowing § = 67 = 1 + ¢/ T, the model becomes a
special case of ours.

Example 2.2. Liu et al. (2021) propose the following fractional SV model:

i
ria = 0é8 g0, g0 ~ N (0,1),
Eian =1+ yA) Ee—1ya +ounly, He(0,1)

where {r;a} is a return series with A denoting the sampling frequency and nfi := B (tA) —

BH((t — 1) A) is the first-order difference of the fBm B (tA). {nFA } is often called a fractional Gaussian

noise (FGN). Again, it is easy to get that y; := log (r?,) = 1 + &a + Wi, where u =logo® + 1.27 and
iid

wy ~ log (X(zl)) — 1.27. If we normalize the time span of the data to be one, then it has A =1/T and

1+ y A =1+ y/T with T being the sample size. Hence, the latent process &;a has a local-to-unity root
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as T — oo. Because the FGN {n{i} has an autocovariance function that converges to zero at the same
rate as those of the I (d) process with d = H — 0.5 (see, e.g., Samorodnitsky and Taqqu, 1994), the results
developed for our model can be easily extended to the fractional SV model of Liu et al. (2021).

Example 2.3. Andersen et al. (2003) propose the following model for daily log RV,

y
Xe=(1—0)u+0X1+v (1-D'=e~N(002).

Note that RV is an observed proxy of the integrated variance. Hence, if X; is the log integrated variance
series, we have the model

logRV; = X; + wy = 0 + & + wy,
=08 1+

where w; denotes the observation error and & := X; — u. By further allowing 6 =6r =1+ ¢/T, our
model in (1) is obtained.

Example 2.4. Wang et al. (2023a) apply the exact discretization of an fO-U process to model log RV:

tA
Xia = Xqna + (1= ¢7%) u + &0a, with ea =0 / e AIdBT (),
t-1A
where «, i, and o are three constants, and A denotes the sampling frequency. Again, if X;a is the log
integrated variance series, we have the model

log RVip = Xin + wr = b + &ia + wp,

Ein = e PE1 + e,

where w; denotes the observation error and &; := X; — u. Cheridito et al. (2003) show that the autoco-
variance of {€;a} decays to zero at the same rate as that of the I (d) process with d = H — 0.5, as the lag
number increases. Hence, the results developed for our model can be easily extended to the new model.

Example 2.5. Comte and Renault (1996) specify the following fO-U model with H > 0.5 for the log spot
variance:

dX(t) = —kX(t)dt + odBH (1), (4)

while Gatheral et al. (2018) propose H < 0.5. The discretization of the fO-U process with A being the
sampling frequency is
tA
Xia = e “AXy_1)a + &a, With g4 =0 / e A= gpH (5),
(t—1A
which is the model discussed in Example 2.4 with u = 0. It is also well-known in the literature that the
following discrete-time model

_ _ iid {1 —e 240
Ein=c¢ KAf;‘(t_nA +(1-1) dein, ern ~ (0, Taz) s t=1.,T, (5)

with d = H — 0.5, weakly converges to model (4), that is, ‘SHF(;I—HW'S)&T,J = X(r) as A — 0, where 8y
is a function of H and T'= 1/ A is the sample size (Tanaka, 2013). Clearly, model (5) is a local-to-unity

model with the error term satisfying Assumption 2. Since the spot variance is only observed with errors,
our model in (1) is useful for studying the dynamics of the spot variance.
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2.2. Large sample theory

Throughout this article, our parameter of interest is 67 that controls the persistence level of the latent
process &. It is straightforward to rewrite Model (1) as an AR model:

ye=0o+0ryi1 + e
where o = (1 — 01) u and
& =Vt +wp — Orwy_1.

There are two simple ways to estimate 67, the LS method and the IV method with y;_; as an instrument.
The resulting estimators are

o = ZtT:I ()’t—l —)_’—1))’t
ZtT:I ()’t—l _y—l)z

(6)

and

T _
_ Yo (2 =Y o)yt
Zthz ()’t*Z - )_’—2) Jt—1
respectively, where y_; = T~! Zthl y—1andy_, = (T —1)7"! Zthz yi—2. These two estimators have
closed-form expressions and are hence easy to apply.

When both {w;} and {v;} are i.i.d. series, the error term &; becomes the sum of a white noise process
and a first-order moving average (MA(1)) process. In this case, we have

7)

—QTafj 1

— — , as T — oo,
2+ (1+67)02 oy/og+2

Corr(es, €1-1) =

and
Cov(es, g_x) = Corr(es, i) =0 forall k=2,3....

where Corr(-,-) denotes the correlation function. Hence, ¢; is an MA(1) process with a negative root,
which is due to the measurement error {w;}. Note that when avz / af, — 0, Corr(es, &4—1) — —1/2. This
means that as the ratio between the variance of the signal v; and that of the noise w; shrinks to zero,
the root of the MA(1) process & goes to minus unity. How to test for a unit root when the error term
follows an MA(1) process with a negative root has received much attention in the unit root literature;
see, for example, Schwert (1989) and Ng and Perron (2001). These studies show that the negative root in
the MA(1) process makes the LS estimator of the AR(1) coefficient severely downward biased, leading
to severe size distortions for the conventional Dickey-Fuller and augmented Dickey-Fuller tests. Hall
(1989) proposes to use the IV estimator with y;_» as an instrument to purge the influence of the
negative MA root. Hansen and Lunde (2014) develop the asymptotic theory of the IV estimator with
Yi—j»j = max (p, q), as an instrument when y; isan ARMA (p, g) process. Dou and Miiller (2021) studied
a generalized local-to-unity model that allows y; to be an ARMA (p, p — 1) process with p AR roots close
to unity and p — 1 MA roots close to negative unity.

Our study contributes to the literature in two aspects. First, by allowing {v;} to be an I(d) process,
we show that the influence of {w;} on the LS estimator depends on the value of d. When d <0, the
existence of {w;} deteriorates the bias and increases the difficulty of making inferences by involving
additional nuisance parameters in the limiting distribution. Whereas, when d > 0, {w;} plays no role in
the asymptotics of the LS estimator. Second, we show that when {v;} is an I(d) process, the IV estimator
with y;—> as an instrument can remove the impact of {w;} successfully. More importantly, even in the
case without measurement error {w;}, 9T continues to outperform the LS estimator 97 in terms of bias
ifd <0.Whend > 0, 49T and 67 share the same asymptotic distribution.

4The maximum likelihood estimator, although could be more efficient, does not lead to an analytical expression.
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Before presenting the large sample theory of the estimators, we first introduce some notations that
will be heavily used in the rest of this subsection. The I (d) process {v;} has a variance of

o1 —2d)

{ra-ayR ®

ovz = Var (vp) =

Sowell (1990) has shown that

T 2 _
Var (ZW) B 02T (1 — 2d) |:1“(1—|—d+ T) r(1+d)} o)
t=1

T QA+ DT +dlQ—d) |[TA—d+T) Ta-4d)

~ T(2d+1D) |: Uezr(l —2d) i| — TQd+D) 52
Qd+DTA+dHIr 1 —d) v
where
= _ o2 (1 — 2d)
YA+ 1DTA+ (1 —d)
is often referred to as the long-run variance of v; in the literature. According to Davydov (1970, Theorem

2) and Taqqu (1975, Theorem 2.1), under Assumption 2, the following functional central limit theorem
(FCLT) holds:

[Tr]
th =>BH(r), as T — oo,
t=1

THz,

where H =d + 0.5, | Tr] denotes the integer part of Tr for any r € [0, 1] and BH(r) is an fBm that is a
Gaussian process with mean zero and covariance function

1
Cov (B (), B (s)) = 3 (1127 4 s — |t — s]*7), Vi, (10)

An alternative definition of fBm is given by Mandelbrot and van Ness (1968) as
0

1 t
® ['(H +0.5) _OO[( s) (=s) Jdw(s) 0( s) (s)

where W (t) is a standard Brownian motion. Clearly, if H = 0.5, B (r) becomes a standard Brownian
motion, W(r). We further define the O-U process J.(t) by the stochastic diffusion function of
djc(t) = cJc(H)dt + dW(t), ].(0) =0, (11)

and the fO-U process ]ff (t) by

4l (1) = g (vt + dB™ (1), JI'(0) =0, (12)
where ¢ is the local parameter in 7 =1+ ¢/T. R

Theorem 2.1 gives the large sample theory of the LS estimator 7.

Theorem 2.1. Let {)/z}tho be the time series generated by (1), é} be the LS estimator defined in (6). Let
Assumptions 1-3 hold. Then, as T — 00, it has

~ot/2-0}
o2 < fol JH (r)2dr — ( fol JH (r)dr)z)

< [T dW () — o2 /ol
[ Te(r)2dr

TCd+1) (é‘T _ 9T) K ,ifd < 0; (13)

T (§T — 9T)

,ifd=0; (14)
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@2 — ¢ f) JE (2 dr — BAQ) [} JH(r)dr
2
Jo TH(r)?dr — (fol ]CH(r)dr)

T (0r — 0r) 5 ,ifd >0, (15)

where H=d + 0.5, J.(r) = J.(r) — fol Jc(s)ds is the de-meaned O-U process, the parameters avz and E%
are defined in (8), (9), and o and o2 are defined in Assumptions 1 and 2, respectively.

Remark 2.2. Theorem 2.1 reveals several facts about the asymptotics of Or. First, 9T is a consistent
estimator of 67. Second, both the convergence rate and the limiting distribution of 61 depend on the
value of d. The centered estimator 9T — 07 converges to zero at the same rate when d > 0, which is
higher than that of d < 0. Third, the measurement error influences the limiting distribution when d < 0
because o2 appears in the e limiting distribution. In part1cu1ar, the measurement error leads to a more
severe downward bias in . Fourth, when d > 0, o2 plays no role in the asymptotics of or.

Remark 2.3. To understand the phenomenon that the variance of the measurement error, 0.2, presents
in the limiting distribution of the LS estimator only when d < 0, we pay attention to the asymptotic
properties of the term ZtT: 1 Yi—1€1, which appears in the numerator of the centered LS estimator. From
Eq. (2), it is easy to get

T

T T 22 T
1 nec ,u
S I CaRID WLEED SERLLRY) e
t=1 t=1 =1

t=1

The large sample theory of ZtT: | yt—18¢ is jointly determined by y%, (67 — 1) Zth \¥2_;,and Zth €2
Note that y; = u + & + wy, that is, imposing a relatively “high frequency” noise w; on the persistent
signal & gives the observation series y;. Therefore, the asymptotic properties of y; should be the same
as those of &. As shown in Lemma A.1, % = O, (T?**) and (62 — 1) Y, y?_, = O, (T**1), whose
limiting distributions, after they are normalized by corresponding convergence rates, are free from the
impact of w;. In contrast, the limit of 7! Zthl ef is the variance of &; = v; + w; — Orw;_1, that is,

H |

T T
1
Z 70 (74w 07w y) + 0p (1) B o) 4207,
=1 t:l

which involves the variance of the measurement error w;. It becomes clear now that when d < 0, Zthl sf
dominates the other two terms in the decomposition of ZtT: 1 yi—1€&; and hence, determines the limiting
distribution of Zthl yi—16¢. Consequently, we see the role of o2 in the limiting distribution of the LS
estimator. Whereas, when d > 0, the dominant terms in the decomposition are y2 = O, (TZd‘H) and
(03 —1) Zth =0, (TZd'H). As a result, the limiting distribution of 87 — 61 in the case of d > 0
is not affected by the measurement error wy.

Remark 2.4. When 03‘, =0, u = 0,and ¢ = 0, the latent process & in Model (1) becomes observable and
is described by an integrated first-order autoregression with I (d) errors:

&=& 1+
Sowell (1990) develops the large sample theory of the LS estimator of the AR root, that is 67 =
Simi Eerfe) X £y s
al)2

T RN G /- B
( ) o2 fol BH(r)2dr

ifd <0,
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d fo Wrdw(r)

T(6r —1) > , ifd=0,
(Or=1) fol W(r)2dr
~ 1BH (1)2
r@-1)% 220 g,
Jo BHE(r)?dr

Buchmann and Chan (2007) extend Sowell’s results to the case where ¢ # 0, that is, the AR root of &
becomes 07 =1 4 ¢/T. Our results in Theorem 2.1 extend the study to the case where & are observed
with measurement errors (62 # 0), and an AR regression with an unknown intercept is used.

Remark 2.5. When o2 = 0, our model is also closely related to the following model considered by Wang
et al. (2023b):

c
& =0715-1+e¢, Oy =exp(c/T) =1+ e (16)

where ¢; is a fractional Gaussian noise (FGN) with memory parameter H € (0, 1), whose covariance
function is

1
Cov (er,89) = 5 [(k+ D% + (k — 1) - 2k7H]
~ HQH — D2 for large k = [t — 5.

As k increases, the autocovariance of the FGN decays to zero at the same rate as that of an I(d) process
with d = H — 0.5. Wang et al (2023b) derive the limiting distributions of both 0T (i.e., the LS estimator
with fitted intercept) and QT (i.e., the LS estimator without fitted intercept) under a general initial
condition. However, the results in Wang et al. (2023b) are not the invariance principle as the error term
in the model (16) is assumed to be normally distributed. By betting &; be an I (d) process without specific
distributional assumption, the results in the present paper establish an invariance principle.

To purge the influence of the measurement error and reduce the bias in estimating 67, we propose to
use the IV estimator GI V defined in (7). Theorem 2.2 presents the large sample theory.

Theorem 2.2. Let {yt}t o be the time series generated by (1), 9 be the IV estimator defined in (7). Let
Assumptions 1-3 hold. Then, as T — 00, it has

roas) G gy 4 ZOSTATRHD/TC=d) L0 o -

fo JH(r)2dr — (fo ]f(r)dr)

K Jo Je(rdW (r)

TOY —6
Or —or) = [T r2dr

,ifd=0; (18)
@2 —c [y JE (2> dr — BE(1) ) JH(r)dr

@Y - o) & 0
fol JH(r)2dr — (fol ]f(r)dr)

,ifd >0, (19)

whered € (—0.5,0.5) and H=d + 0.5.

Remark 2.6. Theorem 2.2 shows that the measurement error {w;} (1 e., 02) does not affect the IV
estimator 9?’ in asymptotics. Moreover, the limiting distribution of GT in every case has only d and
¢ as nuisance parameters. It further has ¢ = 0 in unit-root testmg In contrast, the limiting distribution
of the LS estimator O7 depends on extra parameters, 02,02,02,7% Hence, it is more convenient to make

inferences about 0 based on GT than on QT
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Remark 2.7. It is known that fol J(rdW(r)/ fol Jo(r)2dr is left-skewed for ¢ > 0, suggesting that the
IV estimator is downward biased when d = 0. In this case, it is straightforward to compare the limiting
distribution in (18) with that in (14) and find that é‘%v has a less downward bias than é} because 0142, is
eliminated from the asymptotic distribution.

Remark 2.8. To facilitate the comparison between the limiting distribution of égy and that of 7 when
d < 0, we give an equivalent representation of the limiting distribution given in (17):

TQd+1) (é\;\/ — ) 4 —02/2 = Cov (v, vi—1) ’ (20)
2
o |:f01 JH(r)2dr — (fol ]f(r)dr) i|
where
Cov vy = L 2DLUAD 2 d 5 1)

TAHrA-dTe—a 1-d°

Comparing to the limiting distribution of Or _given in (13), the term —o2

= is replaced with the term
—Cov (vt, v¢—1) in the limiting distribution of 9?’. Since —/qf, is always negative and —Cov (v, vi—1) is
always positive when d < 0, é‘%v is not only less biased than 81 when there is measurement error but also
less biased than /Q\T when there is no measurement error. Combining (20) and (21), we can also get

] _1ld, 2
T(Zd-‘rl) (Q%V _ OT) A 21—-d"v

e ( Jy T2 = ( f3 78 (r)dr)2>

which suggests that the bias of §§V is negative.

Remark 2.9. For the case of d > Of,\the formula in (19) shows that the IV estimator é}v has the same
limiting distribution as 67. Hence, 61" does not lead to any loss of asymptotic efficiency relative to f7.

Remark 2.10. The advantages of @?’ over @T in the case of d = 0 have been explored by Hall (1989)
and Hansen and Lunde (2014). However, when d # 0, {v} has serial dependence. In this scenario, the
choice of the optimal instrumental variable y;; and the performance of the resulting IV estimator have
not been studied in the literature. Theorem 2.2 partially fulfills this task by showing that y;_, is a good
instrument, especially when d < 0.

3. Latent model with strongly mixing errors
3.1. The model and motivations

While Assumptions 1-3 allow for fractionally integrated errors in the latent local-to-unity model, no
heteroskedasticity is allowed in {w;} or {v:}. It is possible that {w;} and/or {v;} involve heteroskedasticity
in practice, and hence, it is important to relax the requirement of homoskedasticity.

For example, heteroskedasticity may present in {v;} when & measures the spot variance. The well-
known square root model of Heston (1993) and the GARCH diffusion model of Nelson (1990) are two
widely used specifications for the spot variance that allow for heteroskedasticity in the error term of the
discretized representation via the Euler scheme.

Heteroskedasticity may also arise in the measurement error {w;}. One example is using daily RV to
estimate daily integrated variance. To compute the daily RV for a trading day t, let the intraday return
based on a particular sampling frequency M be

Tif = Pi/Mt — Pi—1)/Mp> fori=1,2,---, M,

5This formula is obtained in the proof of Theorem 2.2, which is included in the Appendix.
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where p;/a¢ is the log price at time i/M on day t. The RV on day ¢ is

M
RV, (M) = "1},
i=1

As M — o0, it has
M t
RV, =Y B / o2ds:=1V,,
i=1 =1

where o2 is the spot variance and IV; denotes the integrated variance on day t. Barndorff-Nielsen and
Shephard (2002) have shown that, as M — oo,

VM RV,(M) — IV,) <> MN(0,21Q,), (22)

where MN stands for mixed normality and

t
IQt=/ oltds
-1

is the integrated quarticity. To improve the accuracy of the asymptotic approximation, Barndorff-Nielsen
and Shephard (2005) suggest using the log RV, to approximate the log IV, and develop the following
asymptotic theory when M — oo :

VM [log (RV(M)) —log (IV)] 4 MN(0,21Q,/1V?), (23)

where 1Q;/I Vt2 can be much less time-varying than IQ;. The asymptotic theory given by (22) and (23)
suggests the presence of heteroskedasticity when approximating IV; (or log IV;) by RV, (or log RV}).
This example gives a practical reason why one would like to relax the i.i.d. assumption about w.

Unfortunately, for the FCLT to be applicable when the assumption of homoskedasticity is relaxed, a
form of strong mixing condition for {v;} is required as a trade-off. Hence, in this section, we study the
latent local-to-unity model defined in (1), but with the following assumptions on the error sequences
{w:} and {v;}.

Assumption 4. {w} is independent over t with E(w) = 0. 02 = Tli_)moo% Zthl E(w?) exists. Thereisk > 2

such that sup, E lwe| ¥ < o0.

Assumption 5. E(v;) =0 for all t. {v;} is strong mixing with mixing coefficients oy, satisfying
2

% L am * < oo, Thereexistsk > 2 such that sup, E |v|F < oc. Assume 0} = limr—00 + Y| EW?) €

2
(0,00), 52 = lim7— o0 %E (Zthl vt) € (0,00), and y; = plimr_, o0 % Zthl ViVi_ exists.
Assumption 6. w; and v are independent for any t and s.

Assumption 4 allows the latent process & to be observed with independent but not necessarily
identically distributed errors. Assumption 5 allows & to have an error term that could be serially
dependent and heteroscedastic. This assumption, also adopted in Phillips (1987a, 1987b), includes many
stationary ARMA models as special cases. According to Phillips (1987a, 1987b), the FCLT of Herrndorf
(1983) applies to the partial sum process of {v;}, that is, as T — oo,

1 LTr]
TZW:} W(r) for re[0,1].
V5, t=1



598 X. WANG AND J. YU

3.2. Asymptotics for the model with strongly mixing errors

This subsection develops the large sample theory for the LS estimator oy and the IV estimator 9
defined in 1 (6) and (7), respectively, under Assumptions 4-6. Compared to GT, it is found that the
estimator 61 V can purge the influence of the observation errors {w;}, but not necessarlly lead to a smaller
bias. The last finding is distinct from that for the model with I (d) errors, in which case QT always leads
to a smaller bias than QT

Theorem 3.1. Let {y;}_, be the time series generated by (1), and Assumptions 4-6 hold. Then, as T — oo,
it has
T (@ — o7) a fo Je(dW(r) + 1 (62 — 02 — 202) /52 24
fO ]c (r)2dr

and

2 —2
@Y — og) 4 Jo TedW ) + 5 (53 — o ) /73 (25)

3 Te(r2dr

where 02, y1, 52, and o2 are defined in Assumptions 4-5, and ] (r) is defined in Theorem 2.1.

Remark 3.1. Theorem 3.1 shows that the measurement error {w;} affects the limiting distribution of the
LS estimator 6. In contrast, it does not affect the limiting distribution of the IV estimator 91 v

Remark 3.2. Although /H\W pu /ges the influence of ¢ o2 in asymptotics, y; appears in the limiting
distribution. Whether or not 61" outperforming Or in terms of bias depends on the sign of

{[fo TJ.(ndw(r) + 1 (o -0 )/52] /fo ]C(r)zdr} and the sign and magnitude of y; relative to

2
O

Remark 3.3. Under Assumptions 4-6, it can be shown that
4 p
_th —_Z (Vi +wi +03w]1) +0p (1) = 0} + 20,
t=1

by McLeish (1975, Theorem 2.10 with condition (2.12)). Hence, 03 + 20’142/ as a whole can be consistently
estimated by

T
%ZE’}Z IZyt—a—GTyt 1)2.

t= t=1

Whereas, estimating o2 separately is not easily achieved. Thus, compared to Or, it is more challenging
to use Oy 61V to make 1nferences

Remark 3.4. For a special case where both {w;} and {v;} are i.i.d. sequences and 67 = 1 with ¢ = 0, Hall
(1989) and Hansen and Lunde (2014) prove that

d Jo Te(dw () — o2 /52
Jo Te(r)>dr

T (6r — 61) >

and
d fo Jo(r)dW (r)

TOr =) = T Terrdr
0 [
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In this case, é\%‘/ has a smaller bias than 67. Moreover, using é\gy to make inferences is more convenient
than using O, because its limiting distribution of 61" is free from nuisance parameters. Our results in
Theorem 3.1 extend those in the literature to the local-to-unity case allowing for heteroskedasticity.

4. Finite sample performance of asymptotic distributions

To check the finite sample performance of the asymptotic distributions, we focus on the case where
Assumptions 1-3 hold. That is, we check the quality of approximation of the asymptotic distributions
derived in Theorem 2.1 and Theorem 2.2 in finite sample.

We simulate data {)’t}tho from Model (1) under Assumptions 1-3 with w; i N(0,0.1), e i N(0, 1),
p=0,c=—5,and T = 256, 1024, and 4096, respectively. The finite sample distributions of the estima-
tors O and ’é\%v are obtained from 10,000 replications. The asymptotic distributions are calculated based
on the formulae given in Theorem 2.1 and Theorem 2.2, with the integrals replaced by the corresponding
sums with 10,000 interior points.

Figure 1 plots three finite sample distributions of T (é} — Or), its asymptotic distribution, three finite
sample distributions of T (é}{V — Or) and its asymptotic distribution when d = 0. It can be seen that even
when T = 256, the finite sample distributions are very close to their asymptotic distributions. All of them
are asymmetric and skewed to the left. It is much more likely for T (1’9} — QT) and T (@}V — 9T) to take a
negative number than a positive number. It is clear that the IV estimator is less biased and more efficient
than the LS estimator when d = 0.

Figure 2 plots three finite sample distributions plus the asymptotic distribution of T (§T - QT), as
well as those of T (§§V — QT) when d = —0.3. The four densities centered around —2 are for é} while the
four densities centered around —0.8 are for @%V Three features are apparent in the figure. First, the finite
sample distributions of the LS estimator are close to the asymptotic distribution. In contrast, the finite
sample distributions of the IV estimator are noticeably different from the asymptotic distribution, even
when T = 4096, although the finite sample distribution gets closer to the asymptotic distribution as T
increases. Second, the limiting distributions of both estimators have only negative support. Hence, both
estimators have a downward bias. But, the IV estimator is much less biased than the LS estimator. Third,
the distributions of the IV estimator are more concentrated than those of the LS estimator. Therefore,

5?’ is more efficient than 87 when d = —0.3.
0.09
008 |10 1
T=4096
0.07 Asymptotic )
0.06 ]
0.05 1
0.04 | ]
0.03 i
0.02 i
0.01 ]
o ‘ ‘
-70 -60 -50 -40 -30 -20 -10 0 10 20

Figure 1. The graph plots three finite sample distributions and the asymptotic distribution of T (@T — Gr) and those of T (é}’y — 01>,
when d = 0and T = 256, 1024, and 4096, respectively.
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Figure 2. Three finite sample distributions and the asymptotic distribution of T2d+1 (@\T - 67) and those of 7241 (5}‘/ - GT) when
d=—0.3and T = 256, 1024, and 4096, respectively.
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Figure 3. The finite sample and asymptotic distributions of T (§T - 9T) (the left panel) and those of T (@;-V — 91) (the right panel)
when d = 0.3, T = 256, 1024, and 4096, respectively.

Figure 3 plots three finite sample distributions of T (é} — 6r) and its asymptotic distribution (the left
panel) as well as those distributions of T' (@Tv — Or) (the right panel) when d = 0.3. The two asymptotic
distributions are the same, as has been proven in Theorem 2.1 and Theorem 2.2. The figure shows that,
for each estimator, the finite sample distribution has some distance to the asymptotic distribution when
T = 256. As T increases, the finite sample distribution gets closer to its limiting distribution. Also shown
in the figure is that both T (é} —6r)and T (é‘%v — 0r) are more likely to take a positive number than a
negative one. Hence, both two estimators are upward biased when d = 0.3.

To further compare the two estimators’ finite sample performance in the case of d = 0.3, Figure 4 plots
the finite sample distributions of T (07 — 6r) and T (61" — 6r) for T = 256 only, plus the associated
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Figure 4. The finite sample distributions of T (57 — 9T) and T (§7TV — GT) when d = 0.3 and T = 256, and the associated asymptotic
distribution.

asymptotic distribution. It shows that the LS estimator has a more significant upward bias than the IV
estimator. This is because the finite sample distribution of the LS estimator is closer to the asymptotic
distribution, which has a support that is almost always positive. Moreover, there might have a bias-
variance trade-off between 67 and 0%‘/ when d is positive, as the finite sample distribution of 01 seems
to be more concentrated than that of é\?’.

5. Conclusion

In this article, the primary consideration is given to the latent local-to-unity model under the conditions
that (i) the error in the observation equation is an i.i.d. sequence, and (ii) the error in the state equation
is an I(d) series with d € (—0.5,0.5). We develop the large sample theory for the LS estimator of the AR
root of the latent process. Two properties are found. First, both the convergence rate and the limiting
distribution crucially depend on the value of d. Second, the variance of the measurement error appears
in the limiting distribution and deteriorates the downward bias of the LS estimator when d < 0.

To purge the influence of the measurement error, we propose the IV estimator with y;_, as an
instrument to estimate the AR root of the latent process. It is shown that the IV method not only
eliminates the effect of the measurement error but also leads to a less biased estimator than LS when
d=<o.

We also study another model specification, in which (i) the error term in the observation equation is
independent and not necessarily identically distributed, and (ii) the error term in the state equation is
strong mixing. In this case, the IV estimator can still remove the influence of the measurement error in
asymptotics. However, it is not necessarily less biased than the LS estimator.

Our model is similar to the class of models recently introduced by Dou and Miiller (2021) in that
the local-to-unity feature exists in both the AR and the MA components. However, in our model, the
local-to-unity feature is only a part of the MA component, which comes from the state-space modeling
strategy. Hence, it has a natural structural interpretation. It would be interesting to compare the empirical
relevance of these two non-nested modeling strategies.

We have not considered the boundary case where d = 0.5. The model with d = 0.5 has attracted some
attention in the literature in different contexts; see, for example, Dufty and Kasparis (2021). Extending
our results to cover the case of d = 0.5 is to be investigated.
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We should also point out that making statistical inferences about 61 based on our asymptotic theory
is generally not feasible, as it requires ¢ and d to be consistently estimated. Although d is consistently
estimable as shown in Wang et al. (2023b), ¢ is not consistently estimable in our setup. However, our
asymptotic theory can be used to examine the local power of unit root tests. To develop a feasible
inferential framework, one may use the grid bootstrap method of Hansen (1999). The formal asymptotic
justification of the grid bootstrap method in the context of the latent local-to-unity model is beyond the
scope of this article. We plan to report it in the future study.

A. Appendix

Lemma A.1. Let {y;}L, be the time series generated by (1). Let Assumptions 1-3 hold, H=d + 0.5, and r €
[0,1]. Then, as T — oo, it has

1 TH ZtLTrIJ & = o,B(r);

2. Zgyim = o JH (1)

3. ﬁ YLy S 7 ) T

4. o STz 1—> o2 fo JH (r)2dr;

5 1Y g m—‘i —02/2— 02, ifH < 0.5

6+ e ”—6(15(1)2—240 Je(rPdr = 1) = 02, if H=0.5;
7o S s S 2 (72 = 2¢ [ JE2dr), if H > 05,

where o2 and o2 are defined in (8), (9), 0.2 and o2 are defined in Assumptions 1 and 2, JH (r) is the fO-U process
defined in (12), and J.(r) is ]fl(r) with H = 0.5.

Lemma A.2. Let {y;}L, be the time series generated by (1) and Assumptions 4-6 hold. Then, as T — oo, it has

—~

YT = (1)
T d __ 1
. ﬁ Zt:l Yt—1 —> Oy fO Je(r)dr;
T d 5 rl
. % YV~ CH fo Je(r)*dr;

2
3
4. % Zthlyt_let 4 o2 fol J.(rdW(r) + % (512, — o7 —202);
5
6

2
v
2
v

d _ .
A yiae S F [ T (AW + L (G2 — 0 — 21);

T d 5 1
. % Zz:Zyi—Zyt—l - 012/ fo ]C(T’)Zdr,
where 02, y1, 2, and % are the constants defined in Assumptions 4-5, and ] (r) is defined in Theorem 2.1.

Proof of Lemma A.1. Part (1): Under Assumption (2), the FCLT of Davydov (1970) and Taqqu (1975) shows
that, as T — oo,

1 LTr]

ﬁ Z V¢ = EVBH(I’)
t=1

Note that &, = v + w; — Orw;_1 and

LTr] L Tr] | Tr]

;etz ;Vt + Wi — Wo — %;wt,
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where wt (0 o) as presumed in Assumption 1. Hence, as long as H = d + 0.5 > 0, it has

[Tr) LT . . L7
i (Y= 2w = e g o == 3
< su Wit — Wo + ¢ %W
= lonl TH THH £
2o.

Therefore, - T ZLM & and % Ztmlj v¢ have the same limit. This gives the proof of Part (1).
Part (2): Buchmann and Chan (2007) have proved that, under Assumption (2), the latent process &; given

in Model (1) has the following large sample theory (see also Tanaka, 2013):

&\

TH

where ]fl (r) is the fO-U process defined in (12). Note that y; = u + & + w;. Under Assumption (1), it is easy
to get

=>E‘Jf[(r), as T — oo,

Y i

W+ W T 2
TH TH

sup TH

re(0,1)

re(0,1)

Therefore, it has ”% = Ev]f (r) too.
Parts (3)-(4) are obtained by directly applying Part (2) and the continuous mapping theorem.
To prove Parts (5)-(7), we turn to the AR representation of y; that is given in Eq. (2):

y=0—=0p)u+0ry—1+ &

which leads to

MZZ
= 022 el 4 20y 42

T2 Oryi—1 + &),

T “(
and

T T 22 T
Zyt 18t = |:yT ; ;zsf — MTC _ 2% Z (9Tyt—1 + 8t)j| .

t=1
Under Assumptlons 1-3, the law of large numbers yields the following results for any H € (0,1) :
T

th Z(Vt+wt Orw;— 1)—>0

t 1
and

T L
Z Z [vi + (W — Orwi—1)® + 2v¢ (W — Orwi—1) ]

t=1

’*] \

1

T

MH

(vt —l—wt +9th 1)—l—op(l)—>0 —|—20

t
Hence, Zt 1 et O,(T) for any H € (0, 1). However, the results in Parts (3)-(4) show that yT = Op(T2 ),
Zt LVE = Op(T'2H), and Zt 1 ¥t—1 = Op(T"). Those terms have orders crucially depending on H,
and hence, can dominate or be dominated by the term Zt | &2 for different values of H. As a result, the

convergence rate and the limiting distribution of thl Yi—16¢ also depend on the value of H.
When H < 0.5, it has

1

T 2
1 o,
?tzzlyt,lst: 27 TZst+op(l)—>7+
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When H = 0.5, it has
T

1 T 1 y2 y2 y 1 T
- 1
?E Ytlgt:m[TT LT QT_1 E (t ) _T§:€t2:|+op(l)
t=1 t=1 t=1

1
—d> 3 {Elz,]c(l)2 - 2(:5,2,/ J.(r)dr — crvz - 20,%,}
0

O.2 1
— e {16(1)2 - 2c/ J(r)2dr — 1} — ol
2 0

where the last equation comes from that fact that 72 = 0> = 62 when H = 0.5.
When H > 0.5,

T ) T
1 )’T_)’o Yi—1
TZH;” = Sor [ i~ T 1) ;( ) +op (D)
d V| om0 —2 H, N2
- 3 o] ()" = 2co;, ; ]C (r)°dry .

This completes the proof of Lemma A.1. O

Proof of Theorem 2.1. When d <0, it has H=4d + 0.5 < 0.5. From the results in Lemma A.1.1-5, it is
straightforward to get

T T T
T71 Zytflgt _ T2H71 (TfH Z 8t> <T717H Zyt71>

T2H ('G‘T _ OT) _ t=1 t=1 t=1

T T 2
Ty (1Y )
t=1 t=1
_d) —03/2 - af, -
oy { Jo JH(r)2dr — ( fyH (r)dr) }
When d = 0, it has H = 0.5. Applying the results in Lemma A.1.1-4 and Lemma A.1.6, we have

T T T
T71 Y yi16 — (Tfo's > 8t> <T73/2 Z)’t—l)
T (QT _ OT) — t=1 t=1 t=1

T T 2
12 Yyt - (19 )
t=1 t=1

2
9

* {]C(l)2 - 2(:[01 Jo(r)?dr — 1} — 02 —02W(Q) fol J(r)dr
72 fy Iy =2 (fy Ic(r)dr)

d Jo JedW () — 02 /o2 = WQ) [ Je(r)dr

- 2

o Je(r)2dr — ( N Ic(r)dr)

I~

>

where the last equation is from the fact that 52 = 02 when H = 0.5, and
1 1 1
> {]c(l)z - ZC/ Je(r)?dr — 1} Z/ Je(r)dW (r).
2 0 0

With the definition of J.(r) := J.(r) — fol Je(r)dr, it is easy to get

1 1 1
/ Je(r)dw (r) :/ Je(r)dW (r) — W(l)/ Je(r)dr,
0 0 0



ECONOMETRIC REVIEWS (&) 605

and

1 1 1 2
/ J.(n2dr = / Ic(r)zdr—< / Mr)dr) .
0 0 0

The limiting distribution reported in (14) in Theorem 2.1 is then obtained.
For the case of d > 0, which makes H > 0.5, it has

T T T
TH Yy e (T*H > ) (T*H*l Zyt_l)
T (HT _ QT) — t=1 =1 =1

T T 2
Ty (T )
t=1

t=1

e HEH W2 = 22 [y 12| - 2B ) [ TE dr
a2 fy T n2dr =2 () ]H(r)dr)
1 {}5(1)2 —2c ] ]gf(r)zdr} — BHQ) [ (rdr
1 1 2
Jo JH(r)?dr — (fo ]f(r)dr)

>

where the limit comes from the results in Lemma A.1.1-4 and Lemma A.1.7. O

Proof of Theorem 2.2. The IV estimator 5?’ defined in (7) can be rewritten as

T 1 T T
Do Vi-28t — 7 D&t ) Yi-2
~v t=2 t=2 t=2
QT _QT: T T
> y—ayi—1 — 7 Z)’t 2 Z)’t 1

t=2

From Lemma A.1, it is straightforward to get that, as T — oo,

T1+H Zyt 2= T1+H Zyt 1= / It (rydr,

and

1
T 2V
=2
L7
= TrA Z)’t72 [(1—67) i+ Oryr—2 + &1
=2

_(1—6np or s 1 <
= DYt i XVt g D VeaEe
t=2 t=2 t=2

T

or 5

= TiveH Zyt—Z +op (1)
=2

T
1 Yr—
T<T1+2HD?-1 TH;H)HP(DM f I (ry2r.
t=1
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From the AR representation of y; given in Eq. (2), we have

T

T

1
E Vt—26t = 9* E [}/t—l —(1=0r)p— St—l] &t
=2 T

=2

1 & 1 <&

= — _1& — — &r—1& —0p (1).
QTZ;)’tlt OTZ;tlt p (1)

Under Assumptions 1-3, as T — o0, it has

T

T

1 1

T E Et—18r = T E (Vi1 + Wiy — Orwe—2) (Ve + wp — Opwy_1)
t=2 t=2

1 T Or T
= ? th—lvt — ? ZW%71 + Op (1)
t=2 t=2

d
— Cov (V¢—1, V) — UV%,,
where

ra-2ra+d

Cov (vi—1, V1) = radra—-dre- d)ae .

T
For the case of d < 0, ithas H = d 4 0.5 < 0.5. Lemma A.1.5 shows that ) y;_1&; = O, (T). We then get,
t=1
as T — oo,

1< 1 < 1 <&
— & = —— _1& — — Er_1&¢ — 1
T;}’t 28t TOTgyt 1€t TQTZ; t—1€¢ Op()

p 2 2 2
— —0,/2 — o, — Cov (vi—1,vt) + 0y,

= —03/2 — Cov (Ve—1,Vy) .

T
Note that the variance of the measurement error, UVZV, disappears in the limit of T~} > yi_26s. As it becomes
=2
clear later, this is why the limiting distribution of the IV estimator is free from o2 when d < 0. The covariance

T
term Cov (v;—1,v;) appears in the limit of T~! Y y;_,e; because of the inclusion of the cross product
t=2

T
T~1Y" &r_1&. It is important to note that Cov (v;—1,v) < 0 when d < 0. Hence, 62/2 and Cov (v;—1, v¢)

t=2
could partially cancel out each other.
With the results above, it is ready to get that when d < 0, ithas H =d + 0.5 < 0.5 and

1T T2H 1 L 1 L
T O Vi—28t — T ﬁzst WZ%—Z

2H (F1V =2 =2 =
T @ —0r) = T T T
T 2 V-2Vl — o <7T11+H Z%-z) <7T11+H Z)’t—l)
=2 t=2 t=2
d —07/2 = Cov (vi—1, 1)
—

st [ erar - (1 moa)’]
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Eqgs. (8) and (9) give the expressions of 02 and o2, respectively. Some simple calculations yield the following
formula:
ol Cov(ve,v) _ (142)T(1+d)  (1+2d) [ (1+d)
252 72 B M (1—d) rdrQe-d
05+ dT 2+4d)

rQe-d '
This equation completes the proof of the formula (17) in Theorem 2.2.

When d =0, v; becomes an iid. sequence that has zero autocovariances and o2 = o2. Then, it has
Cov (vi—1,v) =0,

1 < 1 < % T P
T
? E Et—1&t = ? E Vi1Vt — ? E W?—l + Op (1) — _UV%/’
=2 t=2 =2

and
1 T 1 T 1 T
- e = e e 1
T;)’t 28t Tor ;)’t 16t TQTZ;& 18t — 0p (1)
p Gez 2 ! 2 2 2
—>7 J.(D) —26/0 Je(n“dr—1 —o, + o0,
1
=0, / Je(NdW (1),
0

where the term (7% is cancelled out. We can further obtain

T T
% t:z:ZYt—zyt—l - % (ﬁ z:zjzytd) <ﬁ t:zjzyFl)
4 Jo JemdW () = W) [y Jedr [y T(ndW(r)

2 1T
fOl J.(r)2dr — (fol ]C(r)dr) fg Jo(r)?dr
which gives the result in the formula (18) of Theorem 2.2.
For the case where d > 0, it has H > 0.5 and

T T T
R % D Yi-28t — Til <T11/2 > 8t> (Tal/z Z)’t—2>
T (OII“V _ GT) — t=2 t=T2 t=2

1 < — —
e t—28t = g t—18t — T Et—1&+ — O (1)

T
1
= args 2 Ve +Hop (D).

t=2
As a result, the IV estimator é}v has the same limiting distribution as the LS estimator Or, as given in the
formula (19) of Theorem 2.2. O
Proof of Lemma A.2. Under Assumptions (5), Phillips (1987a) prove that, as T — 0o
1 _
ﬁSLTrJ = oyJe(1).
Note that y; = p + & + wy. Under Assumption (4), it is easy to get

Y &l uw+wir| p
sup - ——— | —0.
reony | VT NT | reony! VT

Therefore, it has T_l/zymj = 0,Jc(r),as T — 0o. Lemma A.2.1 is proved.
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The results in Lemma A.2.2 and A.2.3 are obtained by directly applying the result of Lemma A.2.1 together
with the continuous mapping theorem.
To prove Lemma A.2.4, we first note that, as T — 00, it has

T

T

1 1 P

T E &= E vt +wy — Orwi—1) — 0,
t=1

t=1

and

T
D= [+ e — 0w ) 4 2v (wi — Orwi1)]

Tt:l
P 1 T 2 T
i 7 2 ECD) + fim 7 ) B () = ot 2ai,

where the two limit results come from the result of McLeish (1975, Theorem 2.10 with condition (2.12)); see
also Page 297 of Phillips, 1987b). From the AR representation of y; given in Eq. (2), it is easy to get that

T
Zyt 16t = |:)’T - (67 -1) ZJ’z 1 th M . 2% > Oy +8t):|,

t=1

which, in turn, leads to

1 1 [ -% o
sztlgtzm[ TT —T( 9T TZZyt 1= Zef:|+op(l)
t=1 t=1

i—[h(l)—wc(r)2—1]+ (62 — o2 — 202)

=352 / Je(dW () + (72— o2 —202).
0

T
To prove Lemma A.2.5, note that y; = plimr_ o 71 > vi_1v; exists. Then, as T — 00, it has
=2

T

1 1
T Z&—l& =T Z (Vi1 + Wi — O7we3) (Ve +wy — Orwi—1)
=2 =2

1 T or T
= T Z thl‘V[ - ? Z W?—l + Op (1)
t=2 t=2

I 2
—> Y1 — O'W.
We then have
T

—Z € L i1 —A =6 p—e]e
Y28t = T or £ YVi—1 T t—1] €t

11
9TT }/t 18t—*728t 18t—|—op(T)

4 aﬁ/ Je(ndW(r) + 3 (65 —o; =2n),
0

~

where the first equation is from the AR representation of y; given in Eq. (2).
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To prove Lemma A.2.6, it has

T T

1 1
el Z}’t—Z}’t—l =Tz Z}/z—z [(1—67) i+ Ory—2 + &1
=2 =2

T 1
Or d _
=71 E in +o0p (1) > o%,/ J.(r)2dr.
t=2 0

The proof is completed. O
Proof of Theorem 3.1. The results in Theorem 3.1 follow directly from the continuous mapping theorem and
Lemma A.2. Details are omitted. O
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