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Abstract

This paper gives a rigorous justification to the Deviance information criterion

(DIC), which has been extensively used for model selection based on MCMC out-

put. It is shown that, when a plug-in predictive distribution is used and under

a set of regularity conditions, DIC is an asymptotically unbiased estimator of
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the expected Kullback-Leibler divergence between the data generating process

and the plug-in predictive distribution. High-order expansions to DIC and the

effective number of parameters are developed, facilitating investigating the effect

of the prior. DIC is used to compare alternative discrete-choice models, alter-

native GARCH-type models, and alternative copula models in three empirical

applications.

Keywords: AIC; DIC; Expected loss function; Kullback-Leibler divergence; Model

comparison; Plug-in predictive distribution
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1 Introduction

A highly important statistical inference often faced by model builders and empirical

researchers in economics is model selection. Many penalty-based information criteria

have been proposed to select from a set of candidate models. In the frequentist sta-

tistical framework, perhaps the most popular information criterion is AIC. Arguably

one of the most important developments for model selection in the Bayesian literature

in the last twenty years is the deviance information criterion (DIC) of Spiegelhalter et

al. (2002).1 DIC is understood as a Bayesian version of AIC. Like AIC, it trades off

a measure of model adequacy against a measure of complexity and is concerned with

how hypothetically replicate data predict the observed data. However, unlike AIC, DIC

takes prior information into account.

DIC is constructed based on the posterior mean of the log-likelihood or the deviance

and has several desirable features. First, DIC is easy to calculate when the likelihood

function is available in closed-form, and the posterior distributions of models are ob-

tained by Markov chain Monte Carlo (MCMC) simulation. Second, it applies to a

1According to Spiegelhalter et al. (2014), Spiegelhalter et al. (2002) was the third most cited paper
in international mathematical sciences between 1998 and 2008. Up to September 2022, it has received
13524 citations on Google Scholar.
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wide range of statistical models. Third, unlike Bayes factors (BF), it is not subject to

Jeffreys-Lindley-Barlett’s paradox and can be calculated when vague or even improper

priors are used.

However, as acknowledged in Spiegelhalter et al. (2002, 2014), the decision-theoretic

justification of DIC is not rigorous in the literature. In fact, in the heuristic justifica-

tion given by Spiegelhalter et al. (2002), the frequentist framework and the Bayesian

framework were mixed. The first contribution of the present paper is to provide a

rigorous decision-theoretic justification to DIC purely in a frequentist setup. It can

be shown that DIC is an asymptotically unbiased estimator of the expected Kullback-

Leibler (KL) divergence between the data generating process (DGP) and the plug-in

predictive distribution when the posterior mean is used. This justification is similar to

how AIC has been justified. The second contribution of the present paper is to develop

high-order expansions to DIC and the effective number of parameters that allow us to

easily see the effect of the prior on DIC and the effective number of parameters.

The rest of the paper is organized as follows. Section 2 explains how to treat

the model selection as a decision problem and provides a rigorous decision-theoretic

justification to DIC of Spiegelhalter et al. (2002) under a set of regularity conditions.

In Section 3, we give two examples to illustrate the effect of the prior distribution

on DIC in finite samples. In Section 4, we apply DIC to compare alternative discrete-

choice models, alternative GARCH-type models and alternative copula models. Section

5 concludes the paper. In Appendix, Theorem 2.1 is proved and the expressions for the

high order terms in Lemma 2.2 are given. The online supplement collects the proof of

the lemmas in the paper.

Throughout the paper, we use :=, tr, vec, ⊗, o(1), op(1), Op(1),
p→ to denote

definitional equality, trace, vector operator that converts the matrix into a column

vector, Kronecker product, tending to zero, tending to zero in probability, bounded in

probability, convergence in probability, respectively. Moreover, we use θ̃n, θn, θ̂n, θ
p
n to
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denote a generic estimator, the posterior mean, the quasi maximum likelihood (QML)

estimator, and the pseudo true parameter of θ, respectively.

2 Decision-theoretic Justification of DIC

There are essentially two strands of literature on model selection.2 The first strand aims

to answer the following question – which model best explains the observed data? The

BF (Kass and Raftery, 1995) and its variations belong to this strand. They compare

models by examining “posterior probabilities” given the observed data and search for

the “true” model. BIC is a large sample approximation to BF, although it is based

on the maximum likelihood estimator. The second strand aims to answer the follow-

ing question: Which model gives the best predictions of future observations generated

by the same mechanism that gives the observed data? Clearly, this is a utility-based

approach where the utility is set as prediction. Ideally, we would like to choose the

model that gives the best overall predictions of future values. Some cross-validation-

based criteria have been developed where the original sample is split into a training set

and a validation set (Vehtari and Lampinen, 2002; Zhang and Yang, 2015). Unfortu-

nately, different ways of sample splitting often lead to different outcomes. Alternatively,

based on hypothetically replicate data generated by the exact mechanism that gives the

observed data, some predictive information criteria have been proposed for model se-

lection. They minimize a loss function associated with the predictive decisions. AIC

and DIC are two well-known criteria in this framework. After the decision is made

about which model should be used for prediction and how predictions should be made,

a unique prediction action for future values can be obtained to fulfill the original goal.

The latter approach is what we follow in the present paper. Given the relevance of

prediction in practice, not surprisingly, such an approach to model selection has been

2For more information about the literature, see Vehtari and Ojanen (2012) and Burnham and
Anderson (2002).
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widely used in applications.

2.1 Predictive model selection as a decision problem

Assuming that the probabilistic behavior of observed data, y = (y1, y2, · · · , yn)′ ∈ Y, is

described by a set of probabilistic models such as {Mk}Kk=1 = {p (y|θk,Mk)}Kk=1 where

n is the sample size, θk (without confusion, we simply write it as θ) is the set of

parameters in candidate model Mk, and p(·) is a probability density function (pdf).

Formally, the model selection problem can be taken as a decision problem to select a

model among {Mk}Kk=1 where the action space has K elements, namely, {dk}Kk=1, where

dk means Mk is selected.

For the decision problem, a loss function, ℓ(y, dk), which measures the loss of decision

dk as a function of y, must be specified. Given the loss function, the expected loss (or

risk) can be defined as (Berger, 1985)

Risk(dk) = Ey [ℓ(y, dk)] =

∫
ℓ(y, dk)g(y)dy,

where g(y) is the pdf of the DGP of y. Hence, the model selection problem is equivalent

to optimizing the statistical decision,

k∗ = argmin
k
Risk(dk).

Based on the set of candidate models {Mk}Kk=1, the model Mk∗ with the decision dk∗ is

selected.

Let yrep = (y1,rep, · · · , yn,rep)′ be the hypothetically replicate data, independently

generated by the exact mechanism that gives y. Assume the sample size in yrep is the

same as that in y (i.e. n). Consider the predictive density of this replicate experi-

ment for a candidate model Mk. The plug-in predictive density can be expressed as
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p
(
yrep|θ̃n(y),Mk

)
for Mk where θ̃n(y) is an estimate of θ based on y (when there is

no confusion we simply write θ̃n(y) as θ̃n).

The quantity that has been used to measure the quality of the candidate model

in terms of its ability to make predictions is the KL divergence between g (yrep) and

p
(
yrep|θ̃n(y),Mk

)
multiplied by 2,

2×KL
[
g (yrep) , p

(
yrep|θ̃n(y),Mk

)]
= 2

∫
ln

g (yrep)

p
(
yrep|θ̃n(y),Mk

)g (yrep) dyrep.

Naturally, the loss function associated with decision dk is

ℓ(y, dk) = 2×KL
[
g (yrep) , p

(
yrep|θ̃n(y),Mk

)]
= 2

∫
ln

g (yrep)

p
(
yrep|θ̃n(y),Mk

)g (yrep) dyrep.

As a result, the model selection problem is,

k∗ = argmin
k
Risk(dk) = argmin

k
Ey [ℓ(y, dk)]

= argmin
k

{
EyEyrep [2 ln g (yrep)] + EyEyrep

[
−2 ln p

(
yrep|θ̃n(y),Mk

)]}
.

Since g (yrep) is the DGP, Eyrep [2 ln g (yrep)] is the same across all candidate models,

and hence, is dropped from the above equation. Consequently,

k∗ = argmin
k
Risk(dk) = argmin

k
EyEyrep

[
−2 ln p

(
yrep|θ̃n(y),Mk

)]
.

The smallerRisk(dk) is, the better the candidate model performs when using p
(
yrep|θ̃n(y),Mk

)
to predict g (yrep). The optimal decision makes it necessary to evaluate the risk.
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2.2 AIC for predictive model selection

When there is no confusion, we simply write a generic candidate model p (y|θ,Mk) as

p (y|θ) where θ ∈ Θ ⊆ RP (i.e. the dimension of θ is P ). When the candidate model

is different, the value of P may be different. Define AIC by

AIC = −2 ln p
(
y|θ̂n(y)

)
+ 2P,

where θ̂n(y) is the QML estimate from y defined by

θ̂n(y) = arg max
θ∈Θ

ln p (y|θ,Mk) ,

which is the global maximum interior to Θ.

Under a set of regularity conditions, it is well known (e.g. Burnham and Anderson,

2002) that AIC is an asymptotically unbiased estimator ofEyEyrep

[
−2 ln p

(
yrep|θ̂n(y),Mk

)]
,

that is, as n→∞,

Ey(AIC)− EyEyrep

(
−2 ln p

(
yrep|θ̂n(y)

))
→ 0.

The decision-theoretic justification of AIC rests on a frequentist framework. Specif-

ically, it requires a careful choice of the KL divergence, the use of QML, and a set

of regularity conditions that ensure
√
n-consistency and the asymptotic normality of

QML. The penalty term in AIC arises from two sources. First, the pseudo true param-

eter value has to be estimated. Second, the estimate obtained from the observed data

is not the same as that from the replicate data. Moreover, as pointed out in Burnham

and Anderson (2002), the justification of AIC requires the candidate model to be a

“good approximation” to the DGP.
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2.3 DIC

Spiegelhalter et al. (2002) propose DIC for Bayesian model selection. The criterion is

based on the deviance

D (θ) = −2 ln p (y|θ) ,

and takes the form of

DIC = D (θ) + PD. (1)

The first term, interpreted as a Bayesian measure of model fit, is defined as the posterior

mean of the deviance, that is,

D (θ) = Eθ|yD (θ) = Eθ|y [−2 ln p (y|θ)] .

The better the model fits the data, the larger the log-likelihood value, and hence, the

smaller the value for D (θ). The second term, used to measure the model complexity

and also known as the “effective number of parameters”, is defined as the difference

between the posterior mean of the deviance and the deviance evaluated at the posterior

mean of the parameters:

PD = D (θ)−D
(
θn(y)

)
= −2

∫ [
ln p (y|θ)− ln p

(
y|θn(y)

)]
p (θ|y) dθ, (2)

where θn(y) is the posterior mean of θ based on y, defined by
∫
θp (θ|y) dθ. When

there is no confusion, we simply write θn(y) as θn.

DIC can be rewritten in two equivalent forms:

DIC = D
(
θn

)
+ 2PD, (3)
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and

DIC = 2D (θ)−D
(
θn

)
= −4Eθ|y ln p (y|θ) + 2 ln p

(
y|θn

)
. (4)

DIC defined in Equation (3) bears similarity to AIC of Akaike (1973) and can be

interpreted as a classical “plug-in” measure of fit plus a measure of complexity (i.e. 2PD,

also known as the penalty term or the “optimism” in the model selection literature).

In Equation (1) the Bayesian measure, D (θ), is the same as D
(
θn

)
+ PD that already

includes PD as a penalty for model complexity and, thus, could be better thought of as

a measure of model adequacy rather than pure goodness of fit.

However, as stated explicitly in Spiegelhalter et al. (2002) (Section 7.3 on Page

603 and the first paragraph on Page 605), the justification of DIC is informal and

heuristic. It mixes a frequentist setup and a Bayesian setup. In the next subsection, we

provide a rigorous decision-theoretic justification of DIC purely in a frequentist setup.

Specifically, we show that when a proper loss function is selected, DIC is an unbiased

estimator of the expected loss asymptotically.

2.4 Decision-theoretic justification of DIC

When developing DIC, Spiegelhalter et al. (2002) assumes that there is a true distribu-

tion for y in Section 2.2, a pseudo-true parameter value θp
n for a candidate model also

in Section 2.2, an independent replicate data set yrep in Section 7.1. All these assump-

tions are identical to what has been done to justify AIC. Furthermore, as explained in

Section 7.1 of Spiegelhalter et al. (2002), the goal for model selection is to estimate the

expected loss where the expectation is taken with respect to yrep|θp
n. The assumptions

and the goal indicate that a frequentist framework was considered. On the other hand,

since the “optimism” associated with the natural estimator depends on a pseudo true

parameter value θp
n, instead of replacing it with a frequentist estimator and then finding
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the asymptotic property of the “optimism”, in Sections 7.1 and 7.3 of Spiegelhalter et

al. (2002), θp
n is replaced with a random quantity θ and then calculates the posterior

mean of the “optimism”. As a result, a Bayesian framework is adopted when studying

the behavior of “optimism”.

Spiegelhalter et al. (2002) do not explicitly specify the KL divergence function.

However, from Equation (33) on Page 602, the loss function defined in the first para-

graph on Page 603, and Equation (40) on Page 603, one may deduce that the following

KL divergence

KL
[
p (yrep|θ) , p

(
yrep|θn(y)

)]
= E

yrep|θ

[
ln

p (yrep|θ)
p
(
yrep|θn(y)

)] (5)

was used.3 Hence,

2×KL
[
p (yrep|θ) , p

(
yrep|θn(y)

)]
= 2E

yrep|θ (ln p (yrep|θ)) + E
yrep|θ

(
−2 ln p

(
yrep|θn(y)

))
.

(6)

With this KL function, unfortunately, the first term in the right hand side of Equation

(6) is no longer a constant across candidate models. This is because, when the pseudo-

true value is replaced by a random quantity θ, the first term in the right hand side

of Equation (6) is model dependent. This deficiency suggests another KL divergence

function is needed.

As in AIC, we first consider the plug-in predictive distribution p
(
yrep|θn(y)

)
in the

following KL divergence

KL
[
g (yrep) , p

(
yrep|θn(y)

)]
= Eyrep

[
ln

g (yrep)

p
(
yrep|θn(y)

)] .
3In Equation (33) of Spiegelhalter et al. (2002), the expectation is taken with respect to yrep|θt

which corresponds to the candidate model. In AIC, the expectation is taken with respect to yrep which
corresponds to the DGP.
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The corresponding expected loss function of a statistical decision dk is

Risk(dk) = Ey

{
Eyrep

[
2 ln

g (yrep)

p
(
yrep|θn(y),Mk

)]}
= EyEyrep [2 ln g (yrep)] + EyEyrep

[
−2 ln p

(
yrep|θn(y),Mk

)]
.

Once again, since EyEyrep [2 ln g (yrep)] is the same across candidate models, minimizing

the expected loss function Risk(dk) is equivalent to minimizing

EyEyrep

[
−2 ln p

(
yrep|θn(y),Mk

)]
.

Denote the selected model by Mk∗ . Then p
(
yrep|θn(y),Mk∗

)
is used to generate future

observations where θn(y) is the posterior mean of θ in Mk∗ .

We are now in the position to provide a rigorous decision-theoretic justification to

DIC in a frequentist framework based on a set of regularity conditions. To do so, let

us first fix some notations. Let yt = (y0, y1, . . . , yt) for any 0 ≤ t ≤ n and lt (y
t,θ) =

ln p (yt|θ) − ln p (yt−1|θ) be the conditional log-likelihood for the tth observation for

any 1 ≤ t ≤ n. When there is no confusion, we suppress lt (y
t,θ) as lt (θ) so that the

log-likelihood function ln p (y|θ) is
∑n

t=1 lt (θ).
4 Let ∇jlt (θ) denote the jth derivative

of lt (θ) and ∇jlt (θ) = lt (θ) when j = 0. Furthermore, define

s
(
yt,θ

)
=
∂ ln p (yt|θ)

∂θ
=

t∑
i=1

∇li (θ) , h
(
yt,θ

)
=
∂2 ln p (yt|θ)

∂θ∂θ′
=

t∑
i=1

∇2li (θ) ,

st (θ) = ∇lt (θ) = s
(
yt,θ

)
− s

(
yt−1,θ

)
, ht (θ) = ∇2lt (θ) = h

(
yt,θ

)
− h

(
yt−1,θ

)
,

Bn (θ) = V ar

[
1√
n

n∑
t=1

▽lt (θ)

]
, H̄n (θ) =

1

n

n∑
t=1

ht (θ) ,

J̄n (θ) =
1

n

n∑
t=1

[st (θ)− s̄ (θ)] [st (θ)− s̄ (θ)]′ , s̄ (θ) =
1

n

n∑
t=1

st (θ) ,

Ln (θ) = ln p (θ|y) , L(j)
n (θ) = ∂j ln p (θ|y) /∂θj,

4In the definition of log-likelihood, we ignore the initial condition ln p(y0). For weakly dependent
data, the impact of ignoring the initial condition is asymptotically negligible.
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Hn (θ) =

∫
H̄n (θ) g (y) dy, Jn (θ) =

∫
J̄n (θ) g (y) dy.

In this paper, we impose the following regularity conditions.

Assumption 1: Θ ⊂ RP is compact.

Assumption 2: {yt}∞t=1 satisfies the strong mixing condition with the mixing coef-

ficient α (m) = O
(
m

−2r
r−2
−ε
)
for some ε > 0 and r > 2.

Assumption 3: For all t, lt (θ) satisfies the standard measurability and continuity

condition, and the eight-times differentiability condition on Θ almost surely..

Assumption 4: For j = 0, 1, 2, for any θ,θ′ ∈ Θ, ∥▽jlt (θ)−▽jlt (θ
′)∥ ≤ cjt (y

t) ∥θ − θ′∥,

where cjt (y
t) is a positive random variable with suptE

∥∥cjt (yt)
∥∥ <∞ and

1

n

n∑
t=1

(
cjt
(
yt
)
− E

(
cjt
(
yt
))) p→ 0.

Assumption 5: For j = 0, 1, . . . , 8, there exist Mt(y
t) and M < ∞ such that for

all θ ∈ Θ, ▽jlt (θ) exists, supθ∈Θ ∥▽
jlt (θ)∥ ⩽ Mt(y

t), suptE ∥Mt(y
t)∥r+δ ≤ M for

some δ > 0, where r is the same as that in Assumption 2.

Assumption 6: {▽jlt (θ)} is L2-near epoch dependent of size −1 for j = 0, 1 and

−1
2
for j = 2 uniformly on Θ.

Assumption 7: Let θp
n be the pseudo-true value that minimizes the KL loss be-

tween the DGP and the candidate model

θp
n = arg min

θ∈Θ

1

n

∫
ln

g(y)

p (y|θ)
g(y)dy,

where {θp
n} is the sequence of minimizers that are interior to Θ uniformly in n. For all

ε > 0,

lim
n→∞

sup sup
Θ\N(θ

p

n,ε)

1

n

n∑
t=1

{E [lt (θ)]− E [lt (θ
p
n)]} < 0, (7)
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where N (θp
n, ε) is the open ball of radius ε around θp

n.

Assumption 8: The sequence {Hn (θ
p
n)} is negative definite and {Bn (θ

p
n)} is

positive definite, both uniformly in n.

Assumption 9: Hn (θ
p
n) +Bn (θ

p
n) = o (1).

Assumption 10: The prior density p (θ) is eight-times continuously differentiable,

p (θp
n) > 0 uniformly in n. Moreover, there exists an n∗ such that, for any n > n∗, the

posterior distribution p (θ|y) is proper and
∫
∥θ∥2 p (θ|y) dθ <∞.

Remark 2.1 Assumption 1 is the compactness condition. Assumption 2 and Assump-

tion 6 imply weak dependence in yt and lt. The first part of Assumption 3 is the

continuity condition. Assumption 4 is the Lipschitz condition for lt first introduced in

Andrews (1987) to develop the uniform law of large numbers for dependent and het-

erogeneous stochastic processes. Assumption 5 contains the domination condition for

lt. Assumption 7 is the identification condition. These assumptions are well-known

primitive conditions for developing the QML theory, namely consistency and asymp-

totic normality, for dependent and heterogeneous data; see, for example, Gallant and

White (1988) and Wooldridge (1994).

Remark 2.2 The eight-times differentiability condition in Assumption 3 and the dom-

ination condition for up to the eighth derivative of lt are important to develop a high

order stochastic Laplace approximation. In particular, as shown in Kass et al. (1990),

these two conditions, together with the well-known consistency condition for QML given

by Equation (8) below, are sufficient for developing the Laplace approximation. This

consistency condition requires that, for any ε > 0, there exists K1 (ε) > 0 such that

lim
n→∞

P

 sup
Θ\N(θ

p

n,ε)

1

n

n∑
t=1

[lt (θ)− lt (θp
n)] < −K1 (ε)

 = 1. (8)

Our Assumption 7 is clearly more primitive than the consistency condition (8). In
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the following lemma, we show that Assumptions 1-7, including the identification con-

dition (7), are sufficient to ensure (8) as well as the concentration condition around

the posterior mode given by Chen (1985). Together with Assumption 10, the concen-

tration condition suggests that the stochastic Laplace approximation can be applied to

the posterior distribution, and the asymptotic normality of the posterior distribution

can be established. To the best of our knowledge, this is the first time in the literature

that primitive conditions have been proposed for the stochastic Laplace approximation.

Assumption 10 ensures the second moment of the posterior is bounded. Moreover, it

implies that the prior is negligible asymptotically.

Lemma 2.1 If Assumptions 1-7 hold, then Equation (8) holds. Furthermore, if As-

sumptions 1-7 hold, for any ε > 0, there exists K2 (ε) > 0 such that

lim
n→∞

P

 sup

Θ\N
(
θ̂n,ε

) 1

n

[
n∑

t=1

lt (θ)−
n∑

t=1

lt (θ
p
n)

]
< −K2 (ε)

 = 1. (9)

Let
←→
θ n = argmaxθ∈Θ

∑n
t=1 lt (θ) + ln p (θ) be the posterior mode. If, in addition,

Assumption 10 holds, then, for any ε > 0, there exists K3 (ε) > 0 such that

lim
n→∞

P

 sup

Θ\N
(←→
θ n,ε

) 1

n

(
n∑

t=1

[lt (θ)− lt (θp
n)] + ln p (θ)− ln p (θp

n)

)
< −K3 (ε)

 = 1.

(10)

Remark 2.3 Assumption 9 gives the exact requirement for “good approximation”. This

generalizes the definition of information matrix equality (White, 1996). We now give

an example where Hn (θ
p
n) + Bn (θ

p
n) is o (1) but not zero in finite samples. Let the
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DGP be

yt = x1tβ0 + x2tγ0 + εt, εt
iid∼ N(0, σ2

0),

where (x1t, x2t) is iid over t and independent of εt. Assume that γ0 = δ0/n
1/2, where δ0

is an unknown constant. Let the candidate model be

yt = x1tβ + vt, vt
iid∼ N(0, σ2).

In this case

lt (θ) = −
1

2
ln 2π − 1

2
lnσ2 − (yt − x1tβ)2

2σ2
,

where θ = (β, σ2)
′
. In this case, the pseudo true value is θp

n = (βp
n, σ

2p
n )
′
, which maxi-

mizes E [lt (θ)], and can be expressed as

βp
n = β0 + bγ0, σ

2p
n = σ2

0 + cγ20 ,

where b = [E (x21t)]
−1
E (x1tx2t) and c = E (x22t)− [E (x1tx2t)]

2 [E (x21t)]
−1
. Hence,

−E [ht (θ
p
n)] =

 E(x2
1t)

σ2p
n

0

0 − 1

2(σ2p
n )

2 +
σ2
0+cγ2

0

(σ2p
n )

3

 ,

−Hn (θ
p
n) = −

1

n

n∑
t=1

E [ht (θ
p
n)] = −E [ht (θ

p
n)] .

From the iid assumption, we have

V ar (st (θ
p
n)) = E

(
st (θ

p
n) st (θ

p
n)
′)
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=


σ2
0E(x1tx′

1t)
σ2p
n

+
d1γ2

0

(σ2p
n )

2

d2γ3
0

2(σ2p
n )

2

d2γ3
0

2(σ2p
n )

2 − 1

4(σ2p
n )

2 +
3σ2

0+6cσ2
0γ

2
0+d3γ4

0

4(σ2p
n )

4

 .

where dj = E
[
x4−j−11t (x2t − x1tb)j+1

]
for j = 1, 2, 3 and

Bn (θ
p
n) = V ar

(
1√
n

n∑
t=1

st (θ
p
n)

)
=

1

n

n∑
t=1

V ar (st (θ
p
n)) = Jn (θ

p
n)

=


σ2
0E(x2

1t)
σ2p
n

+
d1γ2

0

(σ2p
n )

2

d2γ3
0

2(σ2p
n )

2

d2γ3
0

2(σ2p
n )

2 − 1

4(σ2p
n )

2 +
3(σ2

0)
2
+6cσ2

0γ
2
0+d3γ4

0

4(σ2p
n )

4

 .
Hence,

lim
n→∞

Bn (θ
p
n) = lim

n→∞
Jn (θ

p
n) = lim

n→∞
−Hn (θ

p
n) =

 E(x2
1t)

σ2
0

0

0 1

2(σ2
0)

2


since γ0 = δ0/n

1/2. Thus, Hn (θ
p
n) +Bn (θ

p
n) = o (1). However, Hn (θ

p
n) +Bn (θ

p
n) ̸= 0

for any finite n. The violation of this assumption has implications for the expression of

DIC and hence, its theoretical justification. This issue has been carefully investigated

in Li et al. (2020).

To develop the Laplace approximation, we need to fix more notations. For the

convenience of exposition, we let H̄
(j)
n (θ) = 1

n

∑n
t=1∇jlt (θ) for j = 3, 4, 5. Let π (θ) =

ln p (θ), p̂, π̂, ∇j p̂, and∇jπ̂ be the values of functions, p (θ), π (θ), ∇jp (θ), and∇jπ (θ)

evaluated at θ̂n. The next lemma extends Theorem 4 of Kass et al. (1990) to a higher

order in matrix form.

Lemma 2.2 Under Assumptions 1-10, we have, as n→∞,

∫
lt (θ) p (θ) p (y|θ) dθ∫
p (θ) p (y|θ) dθ

(11)
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= lt

(
θ̂n

)
+

1

n
Bt,1 +

1

n2

(
B1

t,21 +B2
t,21 +Bt,22 −B4Bt,1

)
+Op

(
n−3
)
,

where Bt,1, B
1
t,21, B

2
t,21, Bt,22, B4 are all Op(1) with the expressions given in Appendix 5.2.

The following lemma develops a high-order expansion of PD and DIC.

Lemma 2.3 Under Assumptions 1-10, we have, as n→∞,

PD = P +
1

n
C1 −

1

n
C2 +Op

(
n−2
)
,

DIC = AIC+
1

n
D1 +

1

n
D2 +Op

(
n−2
)
,

where

C1 =
1

4
tr (A2)−

1

6
A3 = Op (1) ,

C2 = tr

[
H̄n

(
θ̂n

)−1
∇2π̂

]
= Op (1) ,

D1 = −1

4
A1 +

1

2
tr (A2)−

1

3
A3 = Op (1) ,

D2 = C21 − 2C2 − C23 = Op (1) ,

with

A1 = vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)′
vec

(
H̄n

(
θ̂n

)−1)
,

A2 =

[
H̄n

(
θ̂n

)−1
⊗ vec

(
H̄n

(
θ̂n

)−1)]′
H̄(4)

n

(
θ̂n

)
,

A3 = vec
(
H̄(3)

n

(
θ̂n

))′ [
H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1]
vec
(
H̄(3)

n

(
θ̂n

))
,

C21 = ∇π̂′H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)′
vec

(
H̄n

(
θ̂n

)−1)
,

C23 = ∇π̂′H̄n

(
θ̂n

)−1
∇π̂.
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Theorem 2.1 Under Assumptions 1-10, we have, as n→∞,

EyEyrep

[
−2 ln p

(
yrep|θn(y)

)]
= Ey (DIC) + o(1).

Remark 2.4 DIC is an unbiased estimator of EyEyrep

[
−2 ln p

(
yrep|θn(y)

)]
asymptot-

ically, according to Theorem 2.1. Hence, the decision-theoretic justification to DIC is

that DIC selects a model that asymptotically minimizes the expected loss, which is the ex-

pected KL divergence between the DGP and the plug-in predictive density p
(
yrep|θn(y)

)
.

A key difference between AIC and DIC is that the plug-in predictive density is based

on different estimators of θ. In AIC, the QML estimate, θ̂n(y), is used. In DIC, the

posterior mean, θn(y), is used. In this sense, DIC is the Bayesian version of AIC.

Remark 2.5 The justification of DIC remains valid if the posterior mean is replaced

with the posterior mode or with the QML estimator and/or if PD is replaced with P .

This is because the justification of DIC requires the information matrix identity to hold

asymptotically, and the posterior distribution to converge to a normal distribution (more

specifically, the posterior mean minus the posterior mode converges to zero and the

posterior variance converges to zero).

Remark 2.6 In AIC, the number of parameters, P , is used to measure model com-

plexity. When the prior is informative, the prior imposes additional restrictions on the

parameter space, and hence, PD may not be close to P in finite samples. A useful con-

tribution of DIC is to provide a way to measure the model complexity when the prior

information is incorporated; see Brooks (2002). From Lemma 2.3, the effect of prior on

PD depends on C2, which can be thought of as a measure of the ratio of the information

in the prior to the information in the likelihood about the parameters. The effect of

prior on DIC depends on D2, which in turn depends on C21, C2, and C23.

Remark 2.7 If p (y|θ) has a closed-form expression, DIC is trivially computable from

the MCMC output. The computational tractability, together with the versatility of
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MCMC and the fact that DIC is incorporated into a Bayesian software, WinBUGS,

are among the reasons why DIC has enjoyed a very wide range of applications.

3 Examples

In this section, we use two examples from Spiegelhalter et al. (2002), namely, the

normal linear model with known sampling precision and the normal linear model with

unknown sampling precision, to illustrate the properties of DIC. In particular, we pay

attention to the effect of prior on PD and DIC.

3.1 The normal linear model with known sampling precision

The general hierarchical normal model described by Lindley and Smith (1972) is

y ∼ N (F1θ1, G1) , (12)

and the conjugate prior for θ1 is

θ1 ∼ N (F2ϕ, G2) , (13)

where F1 is n× P matrix, θ1 is a P × 1 vector, G1 is n× n matrix. Assume G1, F2, ϕ,

and G2 are all known. In this case, θ = θ1. The log likelihood function is

L (y|θ) = −n
2
ln 2π − 1

2
ln |G1| −

1

2
(y − F1θ1)

′G−11 (y − F1θ1) .

It is easy to see that the QML estimate of θ is

θ̂n =
(
F ′1G

−1
1 F1

)−1
F ′1G

−1
1 y. (14)
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The log prior density is

π (θ) = −P
2
ln 2π − 1

2
ln |G2| −

1

2
(θ1 − F2ϕ)

′G−12 (θ1 − F2ϕ) .

It is well-known that the posterior distribution of θ is

θ|y ∼ N (V b, V ) ,

where

V =
(
F ′1G

−1
1 F1 +G−12

)−1
, (15)

b = F ′1G
−1
1 y +G−12 F2ϕ. (16)

By Lemma 2.3, we have

θn = θ̂n −
1

n
H̄n

(
θ̂n

)−1
∇π

(
θ̂n

)
+Op

(
n−2
)
, (17)

V = − 1

n
H̄n

(
θ̂n

)−1
+Op

(
n−2
)
, (18)

PD = P − 1

n
tr

[
H̄n

(
θ̂n

)−1
∇2π

(
θ̂n

)]
+Op

(
n−2
)
, (19)

where ∇π
(
θ̂n

)
= G−12

(
θ̂n − F2ϕ

)
and ∇2π

(
θ̂n

)
= −G−12 .

In (19), one can see the effect of prior on PD via ∇2π
(
θ̂n

)
, which is determined by

the curvature of the density of prior at θ̂n. Note that the third order derivative of the

log likelihood function L (y|θ) is zero. Thus, D1 = C21 = 0 and the effect of prior on
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DIC is

D2 = −2C2 − C23 = −2tr
[
H̄n

(
θ̂n

)−1
∇2π

(
θ̂n

)]
−∇π

(
θ̂n

)′
H̄n

(
θ̂n

)−1
∇π

(
θ̂n

)
.

Hence, by Lemma 2.3, we have

DIC = AIC +
1

n
D2 +Op

(
n−2
)
.

Spiegelhalter et al. (2002) express PD as

PD = tr
[
F ′1G

−1
1 F1V

]
= tr

[
−L(−2) (θn

)
V
]
= P − tr

[
G−12 V

]
, (20)

where L(−2) (θ) is the inverse of L(2) (θ) and L(2) (θ) = nH̄n (θ) = −F ′1G−11 F1. Together

with (18), (20) is the same as (19).

3.2 The normal linear models with unknown sampling preci-

sion

Suppose the model is

y ∼ N
(
F1θ1, τ

−1G1

)
. (21)

Assume the conjugate prior for θ1 is

θ1 ∼ N
(
F2ϕ, τ

−1G2

)
, (22)
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and the conjugate prior for τ is

τ ∼ Γ (a, b) . (23)

Assume G1, F2, ϕ, and G2 are all known. Let θ = (θ′1, τ)
′
, where the dimension of θ

and θ1 is P × 1 and P1 × 1, respectively. Clearly, P = P1 + 1. The dimension of F1,

G1, F2 and G2 is n× P1, P1 × P1, P1 × P1, P1 × P1, respectively. It is well-known that

the posterior of θ is

θ1|τ,y ∼ N (V1b1, V1) and τ |y ∼ Γ

(
a+

n

2
, b+

S

2

)
,

where

V −11 = τV −1, b1 = τb, S = (y−F1F2ϕ)
′ (G1 + F ′1G2F1)

−1
(y−F1F2ϕ) .

According to Lemma 2.3, we have

PD = P +
1

n
C1 −

1

n
C2 +Op

(
n−2
)

= P +
1

n

(
1

4
tr[A2]−

1

6
A3

)
− 1

n
C2 +Op

(
n−2
)

= P +

(
− 5

3n
+
P1

n

)
− 1

n
C2 +Op

(
n−2
)
, (24)

since tr[A2] = −12, and A3 = −6P1 − 8. The effect of prior on PD is

− 1

n
C2 = −tr

[
L(−2)

(
θ̂n

)
∇2π

(
θ̂n

)]
= −

(
tr
[(
F ′1G

−1
1 F1

)−1
G−12

]
+
P1

n
+

2 (a− 1)

n

)
.

(25)
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From (24), and (25), we can rewrite PD as

PD = P − 2a

n
+

1

3n
+

1

n
tr

[
H̄n,11

(
θ̂n

)−1
τ̂G−12

]
+Op

(
n−2
)
, (26)

where H̄n,11

(
θ̂n

)−1
= −

(
τ̂F ′1G

−1
1 F1

)−1
is the submatrix of H̄n

(
θ̂n

)−1
corresponding

to θ1. In (26), one can see the effect of prior on PD via a and G2. The effect of prior

on DIC is

1

n
D2 =

1

n
C21 −

2

n
C2 −

1

n
C23,

where

1

n
C21 = −

2τ̂P1

n
C∗21,

1

n
C23 = −C∗′22

(
F ′1G

−1
1 F1

)−1
C∗22 −

2

n
τ̂ 2nC

∗2
21 ,

with

C∗21 =
P1

2τ̂n
− 1

2
C∗′22G2C

∗
22 +

(a− 1)

τ̂n
− 1

b
, C∗22 = G−12

(
θ̂1,n − F2ϕ

)
.

Thus,

DIC = AIC +
1

n
D1 +

1

n
D2 +Op

(
1

n2

)
,

where

D1 =
1

2
P 2
1 + 2P1 −

4

3
, A1 = −

(
2P 2

1 + 8
)
.

Spiegelhalter et al. (2002) express PD as

PD = tr
[
F ′1G

−1
1 F1V

]
− n {ψ (a+ n/2)− log (a+ n/2)} , (27)
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where ψ (z) is the digamma function that has the asymptotic expansion

ψ (z) = ln z − 1

2z
−
∞∑
j=1

B2j

2jz2j
= ln z − 1

2z
− 1

12z2
+O

(
1

z4

)
, (28)

where Bk is the kth Bernoulli number. Thus, the second term of the right-hand side of

(27) can be written as

n {ψ (a+ n/2)− log (a+ n/2)} = n

{
− 1

(2a+ n)
− 1

3 (2a+ n)2
+O

(
1

n4

)}
. (29)

The first term of (27) is

tr
[
F ′1G

−1
1 F1V

]
= P1 +

1

n
tr

[
H̄n,11

(
θ̂n

)−1
τ̂G−12

]
+Op

(
1

n2

)
. (30)

Hence, from (27), (29), and (30), we have

PD = P1 +
1

n
tr

[
H̄n,11

(
θ̂n

)−1
τ̂G−12

]
+ 1−

2a− 1
3

2a+ n
+O

(
1

n2

)
. (31)

Applying the Taylor expansion to
2a− 1

3

2a+n
at a = 0, we have

2a− 1
3

2a+ n
= − 1

3n
+

2a

n
+O

(
1

n2

)
.

Substituting this to (31), we can get (26).

From this example, we can see that Lemma 2.3 provides a general and convenient

way to measure the effect of prior on PD. Spiegelhalter et al. (2002) use some specific

techniques to derive (26). However, these techniques are problem specific and difficult

to use in general.
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4 Empirical Applications

In this section, we conduct three empirical applications to illustrate the implementation

of DIC. The first application compares two alternative discrete choice models to inves-

tigate the marginal effects of parents’ education level on children’s completion of high

school. The second application compares two GARCH-type models using the USD/euro

exchange rate returns. In the third application we compares four copula models using

S&P indexes returns. All three classes of models have been widely applied in economics.

In all three applications, the competing models are non-nested, making the hypothesis-

testing-based approach to model comparison infeasible. In all three empirical studies,

we employ vague priors.

4.1 Discrete choice models

In this section, we compare a binary probit model and a binary logit model. Let

y =(y1,y2, . . . yn)
′ be a vector of dependent variables, where yi takes a value 0 or 1 for

i = 1, 2, . . . , n; X = [x′1,x
′
2, . . . ,x

′
N ]
′ be a matrix of independent variables, where xi is

a 1× P vector. The probability of yi = 1 conditional on X is

P (yi = 1|Xi, β) = F (Xiβ) , (32)

where β is a P×1 vector. Assume (yi,xi)
n
i=1 are identical and independently distributed.

If F (Xiβ) = Φ (Xiβ) with Φ (·) being the CDF of the standard normal distribution, (32)

is the probit model. And if choosing F (Xiβ) be the CDF of the logistic distribution,

that is, F (Xiβ) =
exp(Xiβ)

1+exp(Xiβ)
, (32) becomes the logit model.

The latent variable representation of (32) is

zi = Xiβ+εi, yi = I (zi > 0) , (33)
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where zi is the latent variable, I (·) is the indicator function. In this representation,

εi is a standard normal variate in the probit model and a logistic variate in the logit

model.

Albert and Chib (1993) propose a Gibbs sampling algorithm for (33) based on

the data augmentation technique of Tanner and Wong (1987). Zens et al. (2022a)

apply the marginal data argumentation technique of Liu and Wu (1999) to boost the

convergence of the Gibbs sampling algorithm for the probit model. In the logit model,

the latent variable follows a linear model with a logistic error term. To approximate the

error distribution, Holmes and Held (2006) use the scale mixture normal representation

while Polson et al. (2013) use a Pólya-Gamma (UPG) mixture representation. Zens

et al. (2022a) combine the UPG representation and the marginal data augmentation

technique to improve the efficiency of Gibbs sampler for the logit model. In this paper,

we use the algorithm proposed by Zens et al. (2022a) to draw MCMC samplers for the

logit model.

We fit the two models to a dataset obtained from the US Panel Study of Income.

The dependent variable is a binary variable that takes the value of 1 if a woman par-

ticipates in the labor force and zero otherwise. The independent variables include the

number of children under the age of 5, the number of children between 6 and 18 years,

a standardized age index, two binary indicators capturing whether a college degree

was obtained by the wife and the husband, the expected log wage of the woman, the

logarithm of family income exclusive of the income of the woman. There are 753 obser-

vations in the data set.5 In total, there are eight parameters in both models, including

the intercept.

We specify a vague prior distribution for parameters as

β ∼ N (0k×1, λ× Ik) ,

5For more details about the dataset, see Zens et al. (2022b).
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where λ = 100 in both models. Here, we draw 5,100,000 random draws from the joint

posterior distributions of parameters and latent variables in each model. The first

100,000 draws are used as the burn-in sample. Hence, there are 5,000,000 effective

draws. To compute PD, we need to evaluate Eθ|y [ln p(y|θ))] where θ = β, which does

not have a closed-form expression. We approximate it based on the MCMC output as,

Eθ|y [ln p(y|θ))] ≈
1

5000000

M∑
m=1

ln p
(
y|θ(m)

)
.

Table 1: Model selection results for the probit model and the logit model

Model D
(
θ
)

PD DIC C2/n
Probit 905.3953 8.0040 921.4032 0.0008
Logit 905.2918 8.0253 921.3424 0.0023

Table 1 reports D
(
θ
)
, PD, DIC, and C2/n for both models. DIC suggests that the

logit model is slightly better than the probit model. The difference between the two

DIC values is mainly due to the difference between the two D
(
θ
)
values. This is not

surprising as the priors are vague. To examine the effect of the priors on PD, we can

compare the two C2/n = n−1tr

[
H̄n

(
θ̂n

)−1
∇2π̂

]
values. It is 0.0008 for the probit

model and 0.0023 for the logit model, both being negligible. Not surprisingly, PD is

8.0040 in the probit model and 8.0253 in the logit model, both values very close to the

actual number of parameters.

4.2 GARCH-type models

Pioneered by Engle (1982), the GARCH-type models have proven highly useful in mod-

eling time-varying conditional variance. Two GARCH-type models are particularly

popular, namely, the GARCH model of Bollerslev (1986) and the EGARCH model of

Nelson (1991). These two models are non-nested. A way of comparing them is to inves-
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tigate their out-of-sample forecasting performance, as did in Hansen and Lunde (2005).

In this paper, we use DIC to compare the following GARCH(1,1) and EGARCH(1,1):

GARCH(1,1):


yt = σtεt, εt

iid∼ N(0, 1)

σ2
t = α0 + α1y

2
t−1 + β1σ

2
t−1

,

EGARCH(1,1):


yt = exp

(
ht

2

)
et, et

iid∼ N(0, 1)

ht = δ0 + δ1ht−1 + γ1 |et−1|
.

In this application, we assume yt is the demeaned daily log return of the USD/euro

exchange rate over the period between January 2, 2020 and September 16, 2022. The

data is downloaded from the European Central Bank (ECB) website. The sample size

n = 698.

To do posterior sampling and DIC computation, we impose vague priors under

parameter restriction as follows. For the prior distribution in GARCH(1,1):
α0, α1, β1

iid∼ N(0, 100), if α0 > 0 and α1 ≥ 0 and β1 ≥ 0 and α1 + β1 < 1,

negative infinity prior density, if α0 ≤ 0 or α1 < 0 or β1 < 0 or α1 + β1 ≥ 1.

For the prior distribution in EGARCH(1,1):
δ0, δ1, γ1

iid∼ N(0, 100), if − 1 < δ1 < 1,

negative infinity prior density, if δ1 ≥ 1 or δ1 ≤ −1.

The MCMC output are obtained using “MitISEM” package in R (Basturk et al.,

2017). The total number of iterations is 100,000. The burn-in period is the first 50,000

iterations. One effective sample is taken for every five samples in the remaining itera-

tions, resulting in 10,000 samples for each parameter from their posterior distributions.

These effective draws are used for Bayesian parameter estimation and DIC computation.

The parameter estimation results for the two models are reported in Table 2. Table

3 reports D
(
θ
)
, PD, DIC, and C2/n for both models. According to DIC, GARCH(1,1)
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model has a smaller DIC value than EGARCH(1,1) (842.26 versus 849.58). This indi-

cates that DIC prefers GARCH(1,1) over EGARCH(1,1). To see the effect of the prior,

we report the value of C2/n. With vague priors, the values of C2/n are negligible in

both models.

Table 2: Parameter estimation results for GARCH(1,1) and EGARCH(1,1)

GARCH(1,1) EGARCH(1,1)
α0 α1 β1 δ0 δ1 γ1

Posterior Mean 0.0047 0.0662 0.9157 -0.2130 0.9288 0.2861
Posterior SD 0.0025 0.0185 0.0246 0.0549 0.0210 0.0694

Table 3: Model selection results for GARCH(1,1) and EGARCH(1,1)

Model D
(
θ
)

PD DIC C2/n
GARCH(1,1) 837.36 2.45 842.26 7.89× 10−6

EGARCH(1,1) 844.15 2.71 849.58 6.91× 10−5

4.3 Copula models

In this section, we compare several copula models based on estimated DIC. Copula

models are popular tools in finance to model the joint distribution of multiple asset

returns. It consists of the marginal distribution of each random variable and a copula

function. Consider a simple case where there are two assets. Let r1t and r2t be daily

log returns for asset 1 and asset 2 at time t. Assume

r1t = µ1 + σ1z1t,

r2t = µ2 + σ2z2t,

where µi is mean of return, σi is standard deviation, and zit = (rit−µi)/σi is normalized

returns for i = 1, 2. With different assumptions for marginal distribution of zit and the
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Copula function, we obtain different Copula models. Particularly, we consider four

Copula models in Hurn et al. (2020).

Let hi = 1/σ2
i > 0 be the precision parameter, F (zit; v), f(zit; v) be the cumulative

distribution function (CDF) and probability density function (PDF) of the t distribution

with v degrees of freedom (v > 2) respectively, Φ−1(·) be the quantile function of the

standard normal distribution, F−1(·; η) be the quantile function of the t distribution

with η degrees of freedom (η > 2), qϕ,it = Φ−1(F (zit; v)), qf,it = F−1(F (zit; v); η).

Given the above notations, the log likelihood function, parameters, prior distribution

of parameters for considered Copula models are summarized in table 4. For more model

details and model property analysis, one can refer to Hurn et al. (2020).

The data we use are daily log returns on the S&P 100 and S&P 600 Indices from

17 August 1995 to 28 December 2018 and the sample size is n = 5893. The MCMC

output are obtained using “mcmc” package in R, where total iteration is 100,000 times,

burn-in iteration is the first 50,000 times and one effective sample is taken for every

five samples in the remaining iterations, resulting in 10,000 samples for each parameter

from their posterior distributions.

To compute PD, we need to evaluate Eθ|y [ln p(y|θ))]. Since it does not has closed

form, similar to the discrete choice model example, we approximate it by MCMC output,

Eθ|y [ln p(y|θ))] ≈
1

M

M∑
m=1

ln p
(
y|θ(m)

)

where M is the number of effective draws.

To compare these four Copula models, we calculate D
(
θ
)
, PD and DIC for all

candidate models based on the 10,000 effective draws. The results are summarized in

table 5.

Based on the DIC estimates reported in table 5, the t copula t marginals model (ttc)

outperforms the other models by a large margin. Its DIC is estimated to be around
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Table 4: Four Copula models to be compared

Gaussian copula normal marginals model (gnc)

Distributional assumption: zit ∼ N(0, 1), Gaussian copula function

Log likelihood −n ln 2π − n
2
ln

(
1−δ2

h1h2

)
−

∑n
t=1

z21t+z22t−2δz1tz2t
2(1−δ2)

Parameters θ = ( µ1 h1 µ2 h2 δ )T , hi ∈ (0,+∞), δ ∈ [−1, 1]

Priors µi ∼ Normal(0, 25), hi ∼ Gamma(0.1, 1), δ ∼ Uniform[−1, 1]

Gaussian copula t marginals model (gtc)

Distributional assumption: zit ∼ t(0, 1, v), Gaussian copula function

Log likelihood −n
2
ln 1−δ2

h1h2
−

∑n
t=1

[
q2ϕ,1t+q2ϕ,2t−2δqϕ,1tqϕ,2t

2(1−δ2)
+ 1

2
(q2ϕ,1t + q2ϕ,2t) + ln f(z1t; v) + ln f(z2t; v)

]
Parameters θ = ( µ1 h1 µ2 h2 δ v )T , hi ∈ (0,+∞), δ ∈ [−1, 1], v ∈ (2,+∞)

Priors µi ∼ Normal(0, 25), hi ∼ Gamma(0.1, 1), δ ∼ Uniform[−1, 1], v − 2 ∼ Exponential(1)

t copula t marginals model (ttc)

Distributional assumption: zit ∼ t(0, 1, v), t copula function

Log likelihood
−n ln 2π − n

2
ln 1−δ2

h1h2
− η+2

2

∑n
t=1 ln

(
1 +

q2f,1t+q2f,2t−2δqf,1tqf,2t

η(1−δ2)

)
−

∑n
t=1

[
ln f(qf,1t; η) + ln f(qf,2t; η)− ln f(z1t; v)− ln f(z2t; v)

]
Parameters θ = ( µ1 h1 µ2 h2 δ v η )T , hi ∈ (0,+∞), δ ∈ [−1, 1], v, η ∈ (2,+∞)

Priors
µi ∼ Normal(0, 25), hi ∼ Gamma(0.1, 1), δ ∼ Uniform[−1, 1],

v − 2 ∼ Exponential(1), η − 2 ∼ Exponential(1)

Clayton copula t marginals model (ctc)

Distributional assumption: zit ∼ t(0, 1, v), Clayton copula function

Log likelihood

n
2
ln((1 + δ)2h1h2)− (1 + δ)

∑n
t=1(lnF (z1t; v) + lnF (z2t; v))

−
∑n

t=1

[
(2 + 1

δ
) ln

(
F (z1t; v)−δ + F (z2t; v)−δ − 1

)
− ln f(z1t; v)− ln f(z2t; v)

]
Parameters θ = ( µ1 h1 µ2 h2 δ v )T , hi ∈ (0,+∞), δ ∈ (0,+∞), v ∈ (2,+∞)

Priors µi ∼ Normal(0, 25), hi ∼ Gamma(0.1, 1), δ ∼ Gamma(1, 1), v − 2 ∼ Exponential(1)
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Table 5: Model selection results for four copula models

Model D
(
θ
)

PD DIC C2/n
gnc 31378 5.20 31389 -0.0006
gtc 29689 5.69 29700 -0.0014
ttc 29305 5.60 29316 -0.0016
ctc 30490 5.67 30502 -0.0016

29316, being the smallest among the candidate models. Then follows the second best

model, i.e., the Gaussian copula t marginals model (gtc), with DIC being around 29700.

The performance of the remaining Clayton copula t marginals model (ctc) and Gaussian

copula normal marginals model (gnc) are not satisfactory. These results are consistent

with existing empirical facts that asset returns exhibit heavy tails, and that the two

asset returns we choose are expected to have strong tail dependence.

The estimated values of PD are close to the number of model parameters. This is

because we employ vague prior distributions for parameters. In the last column in table

5, we give the estimated prior effects on PD, i.e., C2/n = n−1tr

[
H̄n

(
θ̂n

)−1
∇2π̂

]
. The

prior effects are small.6

5 Conclusion

This paper provides a rigorous decision-theoretic justification of DIC based on a set of

regularity conditions. To do so, we first specify the underlying loss function to be the

KL divergence between the true DGP and plug-in predictive distribution p
(
yrep|θn(y)

)
.

This loss function is slightly different from that in AIC by using the posterior mean

θn(y) as the estimator of θ rather than QML. As a result, DIC is easy to calculate

when the MCMC output is available.

Under a set of regularity conditions, we then show that DIC is an asymptotically

6To obtain a positive prior effect, the ∇2π̂ need to be negative definite. However, this is not
necessarily satisfied in practice. Here the estimated C2/n is negative because ∇2π̂ is not negative
definite.
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unbiased estimator of the expected loss function as n → ∞. Moreover, we develop

expansions to DIC and the penalty term based on the high-order Laplace approxima-

tions. These expansions allow us to easily see the effect of prior on DIC and the penalty

term. We illustrate how to use DIC to compare some non-nested models widely used

in economics.

Although the theoretic framework under which we justify DIC is general, it requires

consistency of the posterior mean, the asymptotic normal approximation to the poste-

rior distribution, and the asymptotic normality to the QML estimator. When there are

latent variables in the candidate model under which the number of latent variables grows

as n grows, consistency and the asymptotic normality may not hold if the parameter

space is enlarged to include latent variables. As a result, our decision-theoretic justifi-

cation DIC is not applicable. A recent study by Li et al. (2020) provides a modification

to DIC to compare latent variable models. Moreover, when the data are nonstationary,

the asymptotic normality may not hold. In this case, it remains unknown whether or

not DIC is justified.
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Appendix

5.1 A Proof of Theorem 2.1

We write Hn (θ
p
n) as Hn, Bn (θ

p
n) as Bn, and let Cn = H−1n BnH

−1
n . Under Assumptions

1-10, we can show that

θn(y) = θ̂n(y) +Op

(
n−1
)

(34)

by (86). Then, we have

θn(y) = θp
n +Op

(
n−1/2

)
,

1√
n
B−1/2n

∂ ln p(yrep|θp
n)

∂θ

d→ N (0, IP ) , (35)

and

C−1/2n

√
n
(
θn(y)− θp

n

) d→ N (0, IP ) . (36)

Note that

EyEyrep

(
−2 ln p

(
yrep|θn(y)

))
=

[
EyEyrep

(
−2 ln p

(
yrep|θn (yrep)

))]
(T1)

+
[
EyEyrep (−2 ln p (yrep|θp

n))− EyEyrep

(
−2 ln p

(
yrep|θn (yrep)

))]
(T2)

+
[
EyEyrep

(
−2 ln p

(
yrep|θn(y)

))
− EyEyrep (−2 ln p (yrep|θp

n))
]

(T3)

.
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Now let us analyze T2 and T3. First, expanding ln p (yrep|θp
n) at θn (yrep), we have

ln p (yrep|θp
n)

= ln p
(
yrep|θn (yrep)

)
+
∂ ln p

(
yrep|θn (yrep)

)
∂θ′

(
θp
n − θn (yrep)

)
+
1

2

(
θp
n − θn (yrep)

)′ ∂2 ln p (yrep|θn (yrep)
)

∂θ∂θ′
(
θp
n − θn (yrep)

)
+ op (1)

= ln p
(
yrep|θn (yrep)

)
+
∂ ln p

(
yrep|θ̂n (yrep)

)
∂θ′

(
θp
n − θn (yrep)

)
+
(
θn (yrep)− θ̂n (yrep)

)′ ∂2 ln p(yrep|θ̂n (yrep)
)

∂θ∂θ′
(
θp
n − θn (yrep)

)
+
1

2

(
θp
n − θn (yrep)

)′ ∂2 ln p (yrep|θn (yrep)
)

∂θ∂θ′
(
θp
n − θn (yrep)

)
+ op (1)

= ln p
(
yrep|θn (yrep)

)
+

1

2

(
θp
n − θn (yrep)

)′ ∂2 ln p (yrep|θn (yrep)
)

∂θ∂θ′
(
θp
n − θn (yrep)

)
+ op (1) .

from (34). Then, we have

T2 = EyEyrep

[
−2 ln p (yrep|θp

n) + 2 ln p
(
yrep|θn (yrep)

)]
= EyEyrep

[
−
(
θn (yrep)− θp

n

)′ ∂ ln p (yrep|θn (yrep)
)

∂θ∂θ′
(
θn (yrep)− θp

n

)
+ op (1)

]

= Eyrep

[
−
(
θn (yrep)− θp

n

)′ ∂2 ln p (yrep|θn (yrep)
)

∂θ∂θ′
(
θn (yrep)− θp

n

)]
+ o (1)

= Ey

[
−
(
θn(y)− θp

n

)′ ∂2 ln p (y|θn(y)
)

∂θ∂θ′
(
θn(y)− θp

n

)]
+ o (1) ,

by Assumptions 5-6 and the dominated convergence theorem (Chung, 2001 and Das-

Gupta, 2008). Next, we expand ln p
(
yrep|θn(y)

)
at θp

n:

ln p
(
yrep|θn(y)

)
= ln p (yrep|θp

n) +
∂ ln p (yrep|θp

n)

∂θ′
(
θn(y)− θp

n

)
+
1

2

(
θn(y)− θp

n

)′ ∂2 ln p (yrep|θp
n)

∂θ∂θ′
(
θn(y)− θp

n

)
+ op (1) .
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Substituting the above expansion into T3, we have

T3 = EyEyrep

[
−2 ln p

(
yrep|θn(y)

)]
− EyEyrep [−2 ln p (yrep|θp

n)]

= EyEyrep

 −2∂ ln p(yrep|θ
p

n)
∂θ′

(
θn(y)− θp

n

)
−(

θn(y)− θp
n

)′ ∂2 ln p(yrep|θ
p

n)
∂θ∂θ′

(
θn(y)− θp

n

)
+ op (1)


= EyEyrep

[
−2∂ ln p (yrep|θp

n)

∂θ′
(
θn(y)− θp

n

)]
+EyEyrep

[
−
(
θn(y)− θp

n

)′ ∂2 ln p (yrep|θp
n)

∂θ∂θ′
(
θn(y)− θp

n

)]
+ o (1)

= −2Eyrep

(
∂ ln p (yrep|θp

n)

∂θ′

)
Ey

[(
θn(y)− θp

n

)]
+Ey

[
−
(
θn(y)− θp

n

)′
Eyrep

(
∂2 ln p (yrep|θp

n)

∂θ∂θ′

)(
θn(y)− θp

n

)]
+ o (1)

= Ey

[
−
√
n
(
θn(y)− θp

n

)′
Ey

(
1

n

∂2 ln p(y|θp
n)

∂θ∂θ′

)√
n
(
θn(y)− θp

n

)]
+ o(1),

since

EyEyrep

[
−2∂ ln p (yrep|θp

n)

∂θ′
(
θn(y)− θp

n

)]
= Eyrep

[
−2∂ ln p (yrep|θp

n)

∂θ′

]
Ey

[(
θn(y)− θp

n

)]
= 0

by (35), (36), and by the dominated convergence theorem.

Note that

1

n

∂2 ln p
(
y|θn(y)

)
∂θ∂θ′

= Ey

(
1

n

∂2 ln p (y|θp
n)

∂θ∂θ′

)
+ op (1) ,

by Assumptions 1-10 and the uniform law of large numbers. Hence, we get

T2 = Ey

[
−
(
θn(y)− θp

n

)′ ∂2 ln p (y|θn(y)
)

∂θ∂θ′
(
θn(y)− θp

n

)]
+ o (1)

= Ey

[
−
√
n
(
θn(y)− θp

n

)′ 1
n
Ey

(
∂2 ln p (y|θp

n)

∂θ∂θ′

)√
n
(
θn(y)− θp

n

)
+ op (1)

]
+ o (1)

= T3 + o(1).
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Hence, we only need to analyze T3. Note that

T3 = Ey

[
−
√
n
(
θn(y)− θp

n

)′
Ey

(
− 1

n

∂2 ln p(y|θp
n)

∂θ∂θ′

)√
n
(
θn(y)− θp

n

)]
+ o (1)

= Ey

[√
n
(
θn(y)− θp

n

)′
(−Hn)

√
n
(
θn(y)− θp

n

)]
+ o (1)

= Ey

[(
C−1/2n

√
n
(
θn(y)− θp

n

))′
C1/2

n (−Hn)C
1/2
n C−1/2n

√
n
(
θn(y)− θp

n

)]
+ o (1)

= Ey

{
tr
[
HnC

1/2
n C−1/2n

√
n
(
θn(y)− θp

n

)√
n
(
θn(y)− θp

n

)′
C−1/2n C1/2

n

]}
+ o (1)

= tr
{
(−Hn)C

1/2
n Ey

[
C−1/2n

√
n
(
θn(y)− θp

n

)√
n
(
θn(y)− θp

n

)′
C−1/2n

]
C1/2

n

}
+ o (1)

= tr
{
(−Hn)C

1/2
n Ey

[
C−1/2n

√
n
(
θn(y)− θp

n

)√
n
(
θn(y)− θp

n

)′
C−1/2n

]
C1/2

n

}
+ o (1) ,

and

Ey

[
C−1/2n

√
n
(
θn(y)− θp

n

)√
n
(
θn(y)− θp

n

)′
C−1/2n

]
= IP + o (1) .

Hence,

T3 = tr
(
(−Hn)C

1/2
n C1/2

n

)
+ o (1) = tr ((−Hn)Cn) + o (1)

= tr
(
(−Hn) (−Hn)

−1Bn (−Hn)
−1)+ o (1)

= tr
(
(−Hn) (−Hn)

−1Bn (−Hn)
−1)+ o (1)

= tr
(
Bn (−Hn)

−1)+ o (1) ,

and

Ey

[
Eyrep

(
−2 ln p

(
yrep|θn(y)

))]
= Ey

[
Eyrep

(
−2 ln p

(
yrep|θn (yrep)

))]
+ 2tr

(
Bn (−Hn)

−1)+ o (1)

= Ey

[
Ey

(
−2 ln p

(
y|θn(y)

))]
+ 2tr

(
Bn (−Hn)

−1)+ o (1)

= Ey

[
−2 ln p

(
y|θn(y)

)]
+ 2tr

(
Bn (−Hn)

−1)+ o (1)
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= Ey

[
−2 ln p

(
y|θn(y)

)]
+ 2P + o (1) .

The last step is due to the assumption that Hn (θ
p
n) +Bn (θ

p
n) = o (1).

Following Lemma 2.3, we get PD = P + op(1). Finally, by Assumption 10 and the

dominated convergence theorem, we have

EyEyrep

[
−2 ln p

(
yrep|θn(y)

)]
= Ey

[
−2 ln p

(
y|θn

)
+ 2P + op(1)

]
= Ey

[
D
(
θn

)
+ 2PD + op(1)

]
= Ey [DIC + op(1)] = Ey [DIC] + o(1).

5.2 Expressions for Bt,1, B
1
t,21, B

2
t,21, Bt,22, B4

For Bt,1, we have

Bt,1 = −1

2
tr

[
H̄n

(
θ̂n

)−1
▽2 lt

(
θ̂n

)]
−▽lt

(
θ̂n

)′
H̄n

(
θ̂n

)−1 ∇p̂
p̂

+
1

2
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
▽ lt

(
θ̂n

)
. (37)

For B1
t,21, we have

B1
t,21 (38)

= −1

8

(
∇lt

(
θ̂n

))′
H̄n

(
θ̂n

)−1 (
H̄(5)

n

(
θ̂n

))′
vec

[
H̄n

(
θ̂n

)−1
⊗ vec

(
H̄n

(
θ̂n

)−1)]
+
1

4
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
H̄(4)

n

(
θ̂n

)′
×
(
vec

(
H̄n

(
θ̂n

)−1)
⊗
(
H̄n

(
θ̂n

)−1
∇lt

(
θ̂n

)))
+
1

6
vec
(
H̄(3)

n

(
θ̂n

))′ [
H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1]
H̄(4)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
∇lt

(
θ̂n

)
+

1

16
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
∇lt

(
θ̂n

)
×tr

[(
H̄n

(
θ̂n

)−1
⊗ vec

(
H̄n

(
θ̂n

)−1))′
H̄(4)

n

(
θ̂n

)]
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+
1

4
tr



((

H̄n

(
θ̂n

)−1
⊗
(
∇lt

(
θ̂n

)′
H̄n

(
θ̂n

)−1))
H̄

(3)
n

(
θ̂n

)
H̄n

(
θ̂n

)−1)
⊗vec

(
H̄n

(
θ̂n

)−1)

′

H̄(4)
n

(
θ̂n

)
−3

8
vec

((
H̄n

(
θ̂n

)−1)−1)′
H̄(3)

n

(
θ̂n

)(
H̄n

(
θ̂n

)−1)−1
H̄(3)

n

(
θ̂n

)′

×vec


(
H̄n

(
θ̂n

)−1)−1
H̄

(3)
n

(
θ̂n

)′
×

(
vec

((
H̄n

(
θ̂n

)−1)−1)
⊗

((
H̄n

(
θ̂n

)−1)−1
∇lt

(
θ̂n

)))


−1

4
vec
(
H̄(3)

n

(
θ̂n

))′


H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1
H̄

(3)
n

(
θ̂n

)′
×

(
vec

(
H̄n

(
θ̂n

)−1)
⊗

((
H̄n

(
θ̂n

)−1)−1
∇lt

(
θ̂n

)))



×vec

(
H̄(3)

n

(
θ̂n

))
− 1

16
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)′
vec

(
H̄n

(
θ̂n

)−1)
×vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
H̄n

(
θ̂n

)−1
∇lt

(
θ̂n

)
− 1

24
vec
(
H̄(3)

n

(
θ̂n

))′ [
H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1]
vec
(
H̄(3)

n

(
θ̂n

))
×vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
H̄n

(
θ̂n

)−1
∇lt

(
θ̂n

)
−5

8

(
∇lt

(
θ̂n

))′
H̄n

(
θ̂n

)−1 ∇p̂
p̂

tr

[[
H̄n

(
θ̂n

)−1
⊗ vec

(
H̄n

(
θ̂n

)−1)](
H̄(4)

n

(
θ̂n

))′]
−1

8
tr

[[
H̄n

(
θ̂n

)−1
⊗ vec

(
H̄n

(
θ̂n

)−1)](
H̄(4)

n

(
θ̂n

))′]
tr

[
H̄n

(
θ̂n

)−1
∇lt

(
θ̂n

) ∇p̂
p̂

′]
−1

2
tr

[[(
H̄n

(
θ̂n

)−1
∇lt

(
θ̂n

) ∇p̂
p̂

′
H̄n

(
θ̂n

)−1)
⊗ vec

(
H̄n

(
θ̂n

)−1)](
H̄(4)

n

(
θ̂n

))′]
+
1

8
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1 (
H̄(3)

n

(
θ̂n

))′
vec

(
H̄n

(
θ̂n

)−1)
×tr

[
H̄n

(
θ̂n

)−1 ∇p̂
p̂
∇lt

(
θ̂n

)]
+

1

12
vec
(
H̄(3)

n

(
θ̂n

))′ [
H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1]
vec
(
H̄(3)

n

(
θ̂n

))
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×tr
[
H̄n

(
θ̂n

)−1 ∇p̂
p̂
∇lt

(
θ̂n

)]
+
1

2
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)′
×vec

(
H̄n

(
θ̂n

)−1 ∇p̂
p̂
∇lt

(
θ̂n

)
H̄n

(
θ̂n

)−1)
,

For B2
t,21, we have

B2
t,21 =

1

4
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1 ∇p̂
p̂
∇lt

(
θ̂n

)
(39)

×H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)′
vec

(
H̄n

(
θ̂n

)−1)
+
1

2
vec
(
H̄(3)

n

(
θ̂n

))′ [(
H̄n

(
θ̂n

)−1 ∇p̂
p̂
∇lt

(
θ̂n

)
H̄n

(
θ̂n

)−1)
⊗ H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1]
×vec

(
H̄(3)

n

(
θ̂n

))
−1

2
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1 ∇2p̂

p̂
H̄n

(
θ̂n

)−1
∇lt

(
θ̂n

)
−1

4
tr

[
∇2p̂

p̂
H̄n

(
θ̂n

)−1]
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
∇lt

(
θ̂n

)
−1

2
vec

((
∇2p̂

p̂

)−1
⊗∇lt

(
θ̂n

))′ [
H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1]
vec
(
H̄(3)

n

(
θ̂n

))
+
1

2

(
∇lt

(
θ̂n

))′
H̄n

(
θ̂n

)−1 (∇3p̂)
′

p̂

[
vec

(
H̄n

(
θ̂n

)−1)]
,

For Bt,22, we have

Bt,22 = −
1

16
tr [A2] tr

[
H̄n

(
θ̂n

)−1
∇2lt

(
θ̂n

)]
(40)

−1

4
tr

[[(
H̄n

(
θ̂n

)−1
∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1)
⊗ vec

(
H̄n

(
θ̂n

)−1)]
H̄(4)

n

(
θ̂n

)′]
+

1

16
A1 × tr

[
H̄n

(
θ̂n

)−1
∇2lt

(
θ̂n

)]
+

1

24
A3 × tr

[
H̄n

(
θ̂n

)−1
∇2lt

(
θ̂n

)]
+
1

4
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)′
×vec

(
H̄n

(
θ̂n

)−1
∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1)
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+
1

8
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1
×H̄(3)

n

(
θ̂n

)′
vec

(
H̄n

(
θ̂n

)−1)

+
1

4
vec
(
H̄(3)

n

(
θ̂n

))′ 
(
H̄n

(
θ̂n

)−1
∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1)
⊗H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1


×vec
(
H̄(3)

n

(
θ̂n

))
−1

4
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
∇3lt

(
θ̂n

)′
vec

(
H̄n

(
θ̂n

)−1)
−1

6
vec
(
∇2lt

(
θ̂n

))[
H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1]
×vec

(
H̄(3)

n

(
θ̂n

))
+
1

8
tr

[[
H̄n

(
θ̂n

)−1
⊗ vec

(
H̄n

(
θ̂n

)−1)]
∇4lt

(
θ̂n

)′]
−1

2
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1 ∇p̂
p̂

−1

4
tr

[
∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1]
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1 ▽p̂
p̂

−1

2
vec

(
H̄n

(
θ̂n

)−1
∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1 ▽p̂
p̂

+
1

2
vec

(
H̄n

(
θ̂n

)−1)′
∇3lt

(
θ̂n

)
H̄n

(
θ̂n

)−1 ▽p̂
p̂

+
1

4
tr

[
H̄n

(
θ̂n

)−1
∇2lt

(
θ̂n

)]
tr

[
H̄n

(
θ̂n

)−1 ▽2p̂

p̂

]
+
1

2
tr

[
H̄n

(
θ̂n

)−1
∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1 ▽2p̂

p̂

]

For B4, we have

B4 = −1

2
tr

[
H̄n

(
θ̂n

)−1 ∇2p̂

p̂

]
+

1

2
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1 ∇p̂
p̂

−1

8
A1 −

1

12
A3 +

1

8
tr [A2] , (41)
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where

A1 = vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)′
vec

(
H̄n

(
θ̂n

)−1)
= tr

[
vec

(
H̄n

(
θ̂n

)−1)′
vec

(
H̄n

(
θ̂n

)−1)′
A4

]
,

A2 =

[
H̄n

(
θ̂n

)−1
⊗ vec

(
H̄n

(
θ̂n

)−1)]′
H̄(4)

n

(
θ̂n

)
,

A4 = H̄(3)
n

(
θ̂n

)
H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)′
.
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5.3 Proof of Lemma 2.1

Note that

1

n

n∑
t=1

[lt (θ)− lt (θp
n)]

=
1

n

n∑
t=1

(lt (θ)− E [lt (θ)]) +
1

n

n∑
t=1

(E [lt (θ)]− E [lt (θ
p
n)]) +

1

n

n∑
t=1

(E [lt (θ
p
n)]− lt (θp

n)) .

From (7), we know that for any ε > 0, there exists δ1(ε) > 0 and N(ε) > 0, for all

n > N (ε),

1

n

n∑
t=1

{E [lt (θ)]− E [lt (θ
p
n)]} < −δ1(ε),

if θ ∈ Θ\N (θp
n, ε). Thus, for any ε > 0, if θ ∈ Θ\N (θp

n, ε), for all n > N (ε),

1

n

n∑
t=1

[lt (θ)− lt (θp
n)] <

1

n

n∑
t=1

(lt (θ)− E [lt (θ)])− δ1 (ε) +
1

n

n∑
t=1

(E [lt (θ
p
n)]− lt (θp

n)) ,

and

sup
Θ\N(θ

p

n,ε)

1

n

n∑
t=1

[lt (θ)− lt (θp
n)]

≤ sup
Θ\N(θ

p

n,ε)

1

n

n∑
t=1

(lt (θ)− E [lt (θ)])− δ1 (ε) +
1

n

n∑
t=1

(E [lt (θ
p
n)]− lt (θp

n))

≤ sup
Θ\N(θ

p

n,ε)

∣∣∣∣∣ 1n
n∑

t=1

(lt (θ)− E [lt (θ)])

∣∣∣∣∣− δ1 (ε) +
∣∣∣∣∣ 1n

n∑
t=1

(E [lt (θ
p
n)]− lt (θp

n))

∣∣∣∣∣
≤ 2 sup

θ∈Θ

∣∣∣∣∣ 1n
n∑

t=1

(lt (θ)− E [lt (θ)])

∣∣∣∣∣− δ1 (ε) . (42)
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Under Assumptions 1-6, the uniform convergence condition is satisfied, that is,

P

(
sup
θ∈Θ

∣∣∣∣∣ 1n
n∑

t=1

(lt (θ)− E [lt (θ)])

∣∣∣∣∣ < ε

)
→ 1, (43)

From the uniform convergence, if we choose δ2 such that 0 < δ2 < δ1 (ε) /2, we have

P

[
sup
θ∈Θ

∣∣∣∣∣ 1n
n∑

t=1

(lt (θ)− E [lt (θ)])

∣∣∣∣∣ < δ2

]
→ 1.

Hence,

P

[
2 sup
θ∈Θ

∣∣∣∣∣ 1n
n∑

t=1

(lt (θ)− E [lt (θ)])

∣∣∣∣∣− δ1 (ε) < 2δ2 − δ1 (ε)

]
→ 1.

From (42), we have

P

[
2 sup
θ∈Θ

∣∣∣∣∣ 1n
n∑

t=1

(lt (θ)− E [lt (θ)])

∣∣∣∣∣− δ1 (ε) < 2δ2 − δ1 (ε)

]

⩽ P

 sup
Θ\N(θ

p

n,ε)

1

n

[
n∑

t=1

lt (θ)−
n∑

t=1

lt (θ
p
n)

]
< 2δ2 − δ1 (ε)

 .
Letting K1 (ε) = − (2δ2 − δ1 (ε)) > 0, we have, for any ε > 0,

lim
n→∞

P

 sup
Θ\N(θ

p

n,ε)

1

n

[
n∑

t=1

lt (θ)−
n∑

t=1

lt (θ
p
n)

]
< −K1 (ε)

 = 1,

which proves the consistency condition given by (8). The proof of the other two con-

centration conditions (9) and (10) can be done similarly, and hence, omitted.
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5.4 Proof of Lemma 2.2

Before we prove Lemma 2.2, we need to prove the three lemmas. Lemma 5.1 is about

the high-order analytical expansions while Lemma 5.3 and Lemma 5.2 are about the

high-order stochastic expansions.

5.4.1 High-order analytical expansions

Suppose Θ is a compact subset of RP . For any θ ∈ Θ, let {hn(θ) : n = 1, 2, . . . } be
a sequence of eight-times continuously differentiable functions of θ, having an interior

global minimum at
{
θ̂n : n = 1, 2, . . .

}
, b(θ) be a six-times continuously differentiable

real function of θ. For any function f(θ), let f̂ be the value of function f evaluated

at θ̂n (i.e., f̂ = f
(
θ̂n

)
). When there is no confusion, we write hn(θ) as h(θ) or hn or

even h and b(θ) as b. We use Bδ (θ) to denote the open ball of radius δ centered at

θ. So B√nδ (0) is an open ball of radius
√
nδ centered at the origin. For convenience

of exposition, we write ∂d

∂θj1
∂θj2

···∂θjd

f (θ) as fj1···jd . The Hessian of hn at θ is denoted

by ∇2hn (θ), and its (i, j)-component is written as hij while the component of its in-

verse is written as hij. Let µ4
ijkq, µ

6
ijkqrs, µ

8
ijkqrstw, µ

10
ijkqrstwvβ, µ

12
ijkqrstwvβτϕ be the fourth,

sixth, eighth, tenth, and twelfth central moments of a multivariate normal distribution

whose covariance matrix is
(
∇2ĥ

)−1
= (∇2hn (θ))

−1 |
θ=θ̂n

. Note that we require hn(θ)

be eight-times continuously differentiable and b(θ) be six-times continuously differen-

tiable. These two conditions are stronger than what have typically been assumed in

the literature on the Laplace approximation as we would like to develop higher order

expansions.

Following Kass et al. (1990), we call the pair ({hn} , b) satisfies the analytical

assumptions for Laplace’s method if the following assumptions are met. There exists

positive numbers ε, M and η, and an integer n0 such that n ≥ n0 implies (i) for all θ ∈
Bε

(
θ̂n

)
and all 1 ≤ j1, · · · , jd ≤ P with 0 ≤ d ≤ 8, ∥hn (θ)∥ < M and ∥hj1···jd (θ)∥ <

M ; (ii) ∇2ĥ is positive definite and det
(
∇2ĥ

)
> η; (iii)

∫
Θ b(θ) exp [−nh (θ)] dθ exists

and is finite, and for all δ for which 0 < δ < ε and Bδ

(
θ̂n

)
⊆ Θ,

[
det
(
n∇2ĥ

)] 1
2

∫
Θ−Bδ

(
θ̂n

) b (θ) exp [−nhn (θ)− nĥ] dθ = O
(
n−3
)
.

If one sets −nhn to be the sequence of the log-likelihood functions of a model (as

a sequence of n), we say the model is Laplace regular. Lemma 5.1 below and Lemma

5.2 in the next subsection extend Theorem 1 and Theorem 5 of Kass et al. (1990) to a
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higher order.

Lemma 5.1 If ({hn} , b) satisfy the analytical assumptions for Laplace’s method, then

∫
Θ
b (θ) exp [−nh (θ)] dθ = (2π)

P
2

[
det
(
n∇2ĥ

)]− 1
2
exp

(
−nĥ

)(
b̂+

1

n
Q1 +

1

n2
Q2 +O

(
n−3
))

,

where

Q1 = −
1

24

∑
ijkq

ĥijkqµ
4
ijkq b̂+

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrsb̂−

1

6

∑
ijkζ

ĥijkµ
4
ijkζ b̂ζ +

1

2

∑
ζη

b̂ζηĥ
ζη,

Q2 = − 1

720

∑
ijkqrs

ĥijkqrsµ
6
ijkqrsb̂+

1

1152

∑
ijkqrstw

ĥijkqĥrstwµ
8
ijkqrstwb̂

+
1

720

∑
ijkqrstw

ĥijkĥqrstwµ
8
ijkqrstwb̂−

1

1728

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvβµ
10
ijkqrstwvβ b̂

+
1

31104

∑
ijkqrstwvβτϕ

ĥijkĥqrsĥtwvĥβτϕµ
12
ijkqrstwvβτϕb̂−

1

120

∑
ijkqrζ

ĥijkqrµ
6
ijkqrζ b̂ζ

+
1

144

∑
ijkqrstζ

ĥijkĥqrstµ
8
ijkqrstζ b̂ζ −

1

1296

∑
ijkqrstwvζ

ĥijkĥqrsĥtwvµ
10
ijkqrstwvζ b̂ζ

− 1

48

∑
ijkqζη

ĥijkqµ
6
ijkqζη b̂ζη +

1

144

∑
ijkqrsζη

ĥijkĥqrsµ
8
ijkqrsζη b̂ζη

− 1

36

∑
ijkζηξ

ĥijkµ
6
ijkζηξ b̂ζηξ +

1

24

∑
ζηξω

b̂ζηξωµ
4
ζηξω.

Proof. Note that, by the third analytical assumption for Laplace’s method, we have

∫
Θ
b (θ) exp [−nh (θ)] dθ =

∫
Bδ

(
θ̂n

) b (θ) exp [−nh (θ)] dθ +

∫
Θ−Bδ

(
θ̂n

) b (θ) exp [−nh (θ)] dθ,
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and ∫
Θ−Bδ

(
θ̂n

) b (θ) exp (−nh (θ)) dθ

=
[
det
(
n∇2ĥ

)]− 1
2
exp

(
−nĥ

) [
det
(
n∇2ĥ

)] 1
2

∫
Θ−Bδ

(
θ̂n

) b (θ) exp(−n(h (θ)− ĥ)) dθ
=

[
det
(
n∇2ĥ

)]− 1
2
exp

(
−nĥ

)
O
(
n−3
)
.

Let u =
√
n
(
θ − θ̂n

)
. Applying the Taylor expansion to h (θ) at θ̂n, we have

nh (θ) = nĥ+
1

2

∑
ij

ĥijuiuj +
1

6
n−

1
2

∑
ijk

ĥijkuiujuk +
1

24
n−1

∑
ijkq

ĥijkquiujukuq

+
1

120
n−

3
2

∑
ijkqr

ĥijkqruiujukuqur +
1

720
n−2

∑
ijkqrs

ĥijkqrsuiujukuqurus

+
1

5040
n−

5
2

∑
ijkqrst

ĥijkqrstuiujukuqurusut + rn (u) ,

where

rn (u) =
1

40320
n−3

∑
ijkqrstw

hijkqrstw (θ′)uiujukuqurusutuw,

and θ′ lies between θ and θ̂n.

Define

x =
1

6
n−

1
2

∑
ijk

ĥijkuiujuk +
1

24
n−1

∑
ijkq

ĥijkquiujukuq +
1

120
n−

3
2

∑
ijkqr

ĥijkqruiujukuqur

+
1

720
n−2

∑
ijkqrs

ĥijkqrsuiujukuqurus +
1

5040
n−

5
2

∑
ijkqrst

ĥijkqrstuiujukuqurusut + rn (u) .

Applying the Taylor expansion to exp (−x) at the origin, we have

exp (−nh) = exp
{
−nĥ

}
exp

(
−1

2

∑
ij

ĥijuiuj

)
×
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(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5 +R1,n

(
θ, θ̂n

))
,

where

Ξ1 = −1

6
n−

1
2

∑
ijk

ĥijkuiujuk −
1

24
n−1

∑
ijkq

ĥijkquiujukuq −
1

120
n−

3
2

∑
ijkqr

ĥijkqruiujukuqur

− 1

720
n−2

∑
ijkqrs

ĥijkqrsuiujukuqurus −
1

5040
n−

5
2

∑
ijkqrst

ĥijkqrstuiujukuqurusut,

Ξ2 =
1

36
n−1

∑
ijkqrs

ĥijkĥqrsuiujukuqurus +
1

242
n−2

∑
ijkqrstw

ĥijkqĥrstwuiujukuqurusutuw

+
1

72
n−

3
2

∑
ijkqrst

ĥijkĥqrstuiujukuqurusut +
1

360
n−2

∑
ijkqrstw

ĥijkĥqrstwuiujukuqurusutuw

+
1

1440
n−

5
2

∑
ijkqrstwv

ĥijkĥqrstwvuiujukuqurusutuwuv

+
1

2160
n−

5
2

∑
ijkqrstwv

ĥijkĥqrstwvuiujukuqurusutuwuv,

Ξ3 = − 1

216
n−

3
2

∑
ijkqrstwv

hijkhqrshtwvuiujukuqurusutuwuv

− 1

288
n−2

∑
ijkqrstwvβ

hijkhqrshtwvβuiujukuqurusutuwuvuβ

− 1

1152
n−

5
2

∑
ijkqrstwvβτ

hijkhqrsthwvβτuiujukuqurusutuwuvuβuτ

− 1

1440
n−

5
2

∑
ijkqrstwvβτ

hijkhqrshtwvβτuiujukuqurusutuwuvuβuτ ,

Ξ4 =
1

1296
n−2

∑
ijkqrstwvβτϕ

ĥijkĥqrsĥtwvĥβτϕuiujukuqurusutuwuvuβuτuϕ

+
1

1296
n−

5
2

∑
ijkqrstwvβτϕα

ĥijkĥqrsĥtwvĥβτϕαuiujukuqurusutuwuvuβuτuϕuα,

Ξ5 = − 1

7776
n−

5
2

∑
ijkqrstwvβτϕακϱ

ĥijkĥqrsĥtwvĥβτϕĥακϱuiujukuqurusutuwuvuβuτuϕuαuκuϱ.

Applying the Taylor expansion to b (θ) at θ̂n, we have

b (θ) = b̂+ n−
1
2

∑
i

b̂iui +
1

2
n−1

∑
ij

b̂ijuiuj +
1

6
n−

3
2

∑
ijk

b̂ijkuiujuk
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+
1

24
n−2

∑
ijkq

b̂ijkquiujukuq +
1

120
n−

5
2

∑
ijkqr

b̂ijkqruiujukuqur +R2,n

(
θ, θ̂n

)
.

Hence,

b (θ) exp (−nh (θ)) = exp
(
−nĥ

)
exp

[
−1

2

∑
ij

ĥijuiuj

]{
In

(
θ, θ̂n

)
+Rn

(
θ, θ̂n

)}
= (2π)

P
2

∣∣∣∇2ĥ
∣∣∣− 1

2
exp

(
−nĥ

)( 1

2π

)P
2 ∣∣∣∇2ĥ

∣∣∣ 12 exp(−1

2

∑
ij

ĥijuiuj

)
×
{
In

(
θ, θ̂n

)
+Rn

(
θ, θ̂n

)}
,

where In

(
θ, θ̂n

)
and Rn

(
θ, θ̂n

)
will be specified below. Thus,

∫
Bδ

(
θ̂n

) b (θ) exp [−nh (θ)] dθ

= (2π)
P
2

∣∣∣∇2ĥ
∣∣∣− 1

2
exp

(
−nĥ

)
×∫

Bδ

(
θ̂n

) (2π)−
P
2

∣∣∣∇2ĥ
∣∣∣ 12 exp(−1

2

∑
ij

ĥijuiuj

){
In

(
θ, θ̂n

)
+Rn

(
θ, θ̂n

)}
dθ

= (2π)
P
2

∣∣∣∇2ĥ
∣∣∣− 1

2
exp

(
−nĥ

)
n−

P
2 ×∫

B√
nδ(0)

(2π)−
P
2

∣∣∣∇2ĥ
∣∣∣ 12 exp(−1

2

∑
ij

ĥijuiuj

){
In

(
θ, θ̂n

)
+Rn

(
θ, θ̂n

)}
du

= (2π)
P
2

∣∣∣n∇2ĥ
∣∣∣− 1

2
exp

(
−nĥ

)
×∫

B√
nδ(0)

(2π)−
P
2

∣∣∣∇2ĥ
∣∣∣ 12 exp(−1

2

∑
ij

ĥijuiuj

){
In

(
θ, θ̂n

)
+Rn

(
θ, θ̂n

)}
du,

where Rn

(
θ, θ̂n

)
is the sum of the terms involving R1,n

(
θ, θ̂n

)
, R2,n

(
θ, θ̂n

)
, and the

terms whose order is equal to or smaller than O(n−3). Furthermore, we can get

R2,n

(
θ, θ̂n

)
=

1

720
n−3

∑
bijkqrs

(
θ̃
)
uiujukuqurus,

where θ̃ lies between θ and θ̂n. Thus, the leading term of Rn

(
θ, θ̂n

)
is b̂R1n

(
θ, θ̂n

)
+
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R2n

(
θ, θ̂n

)
that include rn (u). The integral of rn (u) over Bε

(
θ̂n

)
can be expressed

as ∣∣∣∣∣n−3
∫
B√

nδ(0)

(2π)−
P
2

∣∣∣∇2ĥ
∣∣∣ 12 exp(−1

2

∑
ij

ĥijuiuj

) ∑
ijkqrstw

hijkqrstw (θ′)uiujukuqurusutuwdu

∣∣∣∣∣
≤ n−3

∫
B√

nδ(0)

(2π)−
P
2

∣∣∣∇2ĥ
∣∣∣ 12 exp(−1

2

∑
ij

ĥijuiuj

) ∑
ijkqrstw

|hijkqrstw (θ′)| |uiujukuqurusutuw| du

≤ n−3M

∫
RP

(2π)−
P
2

∣∣∣∇2ĥ
∣∣∣ 12 exp(−1

2

∑
ij

ĥijuiuj

) ∑
ijkqrstw

|uiujukuqurusutuw| du

= O
(
n−3
)
,

where
∫
RP (2π)−

P
2

∣∣∣∇2ĥ
∣∣∣ 12 exp(−1

2

∑
ij ĥijuiuj

)∑
ijkqrstw |uiujukuqurusutuw| du is the eighth

order moment of folded multivariate folded normal distribution with mean 0 and co-

variance
(
∇2ĥ

)−1
that is finite; see Kamat (1953) and Kan and Robotti (2017). Then,

we have

(2π)
P
2

∣∣∣n∇2ĥ
∣∣∣− 1

2
exp

(
−nĥ

)∫
B√

nδ(0)

[
In

(
θ, θ̂

)
+Rn

(
θ, θ̂

)]
f (u) du

= (2π)
P
2

∣∣∣n∇2ĥ
∣∣∣− 1

2
exp

(
−nĥ

)[∫
B√

nδ(0)

In

(
θ, θ̂

)
f (u) du+O

(
n−3
)]

.

For In

(
θ, θ̂n

)
, we have

In

(
θ, θ̂n

)
= I0n

(
θ, θ̂n

)
+ I1n

(
θ, θ̂n

)
+ I2n

(
θ, θ̂n

)
+ I3n

(
θ, θ̂n

)
+ I4n

(
θ, θ̂n

)
+ I5n

(
θ, θ̂n

)
,

where

I0n

(
θ, θ̂n

)
= b̂

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)
= b̂

{
1 + n−

1
2 I01n + n−1I02n + n−

3
2 I03n + n−2I04n + n−

5
2 I05n

}
,

I1n

(
θ, θ̂n

)
= n−

1
2

∑
b̂ζuζ

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)
= n−

1
2

∑
b̂ζuζ + n−1I11n + n−

3
2 I12n + n−2I13n + n−

5
2 I14n ,

53



I2n

(
θ, θ̂n

)
= n−1

1

2

∑
b̂ζηuζuη

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)
=

1

2

[
n−1

∑
b̂ζηuζuη + n−

3
2 I21n + n−2I22n + n−

5
2 I23n

]
,

I3n

(
θ, θ̂n

)
= n−

3
2
1

6

∑
b̂ζηξuζuηuξ

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)
=

1

6

[
n−

3
2

∑
b̂ζηξuζuηuξ + n−2I31n + n−

5
2 I32n

]
,

I4n

(
θ, θ̂n

)
= n−2

1

24

∑
b̂ζηξωuζuηuξuω

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)
=

1

24

[
n−2

∑
b̂ζηξωuζuηuξuω + n−

5
2 I41n

]
,

I5n

(
θ, θ̂n

)
= n−

5
2

1

120

∑
ijkqr

b̂ijkqruiujukuqur

(
1 + Ξ1 +

1

2
Ξ2 +

1

6
Ξ3 +

1

24
Ξ4 +

1

120
Ξ5

)

=
1

120

[
n−

5
2

∑
ijkqr

b̂ijkqruiujukuqur

]
.

with

I01n = −1

6

∑
ijk

ĥijkuiujuk,

I02n = − 1

24

∑
ijkq

ĥijkquiujukuq +
1

72

∑
ijkqrs

ĥijkĥqrsuiujukuqurus,

I03n = − 1

120

∑
ijkqr

ĥijkqruiujukuqur +
1

144

∑
ijkqrst

ĥijkĥqrstuiujukuqurusut

− 1

1296

∑
ijkqrstwv

ĥijkĥqrsĥtwvuiujukuqurusutuwuv,

I04n = − 1

720

∑
ijkqrs

ĥijkqrsuiujukuqurus +
1

1152

∑
ijkqrstw

ĥijkqĥrstwuiujukuqurusutuw

+
1

720

∑
ijkqrstw

ĥijkĥqrstwuiujukuqurusutuw

− 1

1728

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvβuiujukuqurusutuwuvuβ

+
1

31104

∑
ijkqrstwvβτϕ

ĥijkĥqrsĥtwvĥβτϕuiujukuqurusutuwuvuβuτuϕ,

I05n = − 1

5040

∑
ijkqrst

ĥijkqrstuiujukuqurusut +
1

2880

∑
ijkqrstwv

ĥijkĥqrstwvuiujukuqurusutuwuv
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+
1

5120
n−

5
2

∑
ijkqrstwv

ĥijkĥqrstwvuiujukuqurusutuwuv

− 1

6912

∑
ijkqrstwvβτ

hijkhqrsthwvβτuiujukuqurusutuwuvuβuτ

− 1

8640

∑
ijkqrstwvβτ

ĥijkĥqrsĥtwvβαuiujukuqurusutuwuvuβuτ

+
1

31104

∑
ijkqrstwvβτϕα

ĥijkĥqrsĥtwvĥβτϕαuiujukuqurusutuwuvuβuτuϕuα

− 1

933120

∑
ijkqrstwvβτϕακϱ

ĥijkĥqrsĥtwvĥβτϕĥακϱuiujukuqurusutuwuvuβuτuϕuαuκuϱ,

I11n = −1

6

∑
ijkζ

ĥijkuiujukuζ b̂ζ ,

I12n = − 1

24

∑
ijkqζ

ĥijkquiujukuquζ b̂ζ +
1

72

∑
ijkqrsζ

ĥijkĥqrsuiujukuqurusuζ b̂ζ ,

I13n = − 1

120

∑
ijkqr

ĥijkqruiujukuquruζ b̂ζ +
1

144

∑
ijkqrst

ĥijkĥqrstuiujukuqurusutuζ b̂ζ

− 1

1296

∑
ijkqrstwv

ĥijkĥqrsĥtwvuiujukuqurusutuwuvuζ b̂ζ ,

I14n = − 1

720

∑
ijkqrsζ

ĥijkqrsuiujukuqurusuζ b̂ζ +
1

1152

∑
ijkqrstwζ

ĥijkqĥrstwuiujukuqurusutuwuζ b̂ζ

+
1

720

∑
ijkqrstwζ

ĥijkĥqrstwuiujukuqurusutuwuζ b̂ζ

− 1

1728

∑
ijkqrstwvβζijkqrs

ĥijkĥqrsĥtwvβuiujukuqurusutuwuvuβuζ b̂ζ

+
1

31104

∑
ijkqrstwvβτϕζ

ĥijkĥqrsĥtwvĥβτϕuiujukuqurusutuwuvuβuτuϕuζ b̂ζ ,

I21n = −1

6

∑
ijkζη

ĥijkuiujukuζuη b̂ζη,

I22n = − 1

24

∑
ijkqζη

ĥijkquiujukuquζuη b̂ζη +
1

72

∑
ijkqrsζη

ĥijkĥqrsuiujukuqurusuζuη b̂ζη,

I23n = − 1

120

∑
ijkqrζη

ĥijkqruiujukuquruζuη b̂ζη +
1

144

∑
ijkqrstζη

ĥijkĥqrstuiujukuqurusutuζuη b̂ζη

− 1

1296

∑
ijkqrstwvζη

ĥijkĥqrsĥtwvuiujukuqurusutuwuvuζuη b̂ζη,
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I31n = −1

6

∑
ijkζη

ĥijkuiujukuζuηuξ b̂ζηξ,

I32n = − 1

24

∑
ijkqζη

ĥijkquiujukuquζuηuξ b̂ζηξ +
1

72

∑
ijkqrsζη

ĥijkĥqrsuiujukuqurusuζuηuξ b̂ζηξ,

I41n = −1

6

∑
ijkζη

ĥijkuiujukuζuηuξuω b̂ζηξω,

Let f (u) be the pdf of the multivariate normal distribution with mean 0 and covariance

matrix
(
∇2ĥ

)−1
. Then, we have

∫
Rp

In

(
θ, θ̂n

)
f (u) du

= b̂+
1

n

(
− 1

24

∑
ijkq

ĥijkqµ
4
ijkq +

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs −

1

6

∑
ijkζ

ĥijkµ
4
ijkζ b̂ζ +

1

2

∑
ζη

b̂ζηĥ
ζη

)

+
1

n2



− 1
720

∑
ijkqrs ĥijkqrsµ

6
ijkqrs +

1
1152

∑
ijkqrstw ĥijkqĥrstwµ

8
ijkqrstw

+ 1
720

∑
ijkqrstw ĥijkĥqrstwµ

8
ijkqrstw − 1

1728

∑
ijkqrstwvβ ĥijkĥqrsĥtwvβµ

10
ijkqrstwvβ

+ 1
31104

∑
ijkqrstwvβτϕ ĥijkĥqrsĥtwvĥβτϕµ

12
ijkqrstwvβτϕ

− 1
120

∑
ijkqrζ ĥijkqrµ

6
ijkqrζ b̂ζ +

1
144

∑
ijkqrstζ ĥijkĥqrstµ

8
ijkqrstζ b̂ζ

− 1
1296

∑
ijkqrstwvζ ĥijkĥqrsĥtwvµ

10
ijkqrstwvζ b̂ζ

− 1
48

∑
ijkqζη ĥijkqµ

6
ijkqζη b̂ζη +

1
144

∑
ijkqrsζη ĥijkĥqrsµ

8
ijkqrsζη b̂ζη

− 1
36

∑
ijkζηξ ĥijkµ

6
ijkζηξ b̂ζηξ +

1
24

∑
ζηξω b̂ζηξωµ

4
ζηξω


+O

(
n−3
)
.

Note that the odd order central moments of the multivariate normal distribution are

all zero. By expanding the domain from B√nδ (0) to R
P , the error can be expressed as

∫
Rp−B√

nδ(0)

∑
ijkq

ĥijkquiujukuqf (u) du

=
∑
ijkq

ĥijkq

∫
Rp−B√

nδ(0)

uiujukuqf (u) du

= (2π)−
P
2

∣∣∣∇2ĥ
∣∣∣ 12 ∑

ijkq

ĥijkq

∫
RP−B√

nδ(0)

uiujukuq exp

[
−1

2

∑
ij

ĥijuiuj

]
du
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= (2π)−
P
2

∣∣∣∇2ĥ
∣∣∣ 12 ∑

ijkq

ĥijkq

∫
RP−B√

nδ(0)

uiujukuq exp

[
−1

4

∑
ij

ĥijuiuj

]
exp

[
−1

4

∑
ij

ĥijuiuj

]
du

≤ (2π)−
P
2

∣∣∣∇2ĥ
∣∣∣ 12 ∑

ijkq

ĥijkq

∫
RP−B√

nδ(0)

uiujukuq exp

[
−1

4

∑
ij

λminuiuj

]
exp

[
−1

4

∑
ij

ĥijuiuj

]
du

≤ (2π)−
P
2

∣∣∣∇2ĥ
∣∣∣ 12 exp [−1

4
λminδ

2n

]∑
ijkq

ĥijkq

∫
RP

uiujukuq exp

[
−1

2

∑
ij

(
1

2
ĥij

)
uiuj

]
du

= M ′ exp

[
−1

4
λminδ

2n

]
,

where λmin > 0 is the smallest eigenvalue of ∇2ĥ and

M ′ = (2π)−
P
2

∣∣∣∇2ĥ
∣∣∣ 12 ∑

ijkq

ĥijkq

∫
RP

uiujukuq exp

[
−
∑
ij

(
1

4
ĥij

)
uiuj

]
du <∞.

The first inequality follows from the fact that

λmin = min
∥e∥=1

f (e) = e′Ae,

where A is a positive definite matrix, and λmin is the smallest eigenvalue of A. Here,

we only express one term in In

(
θ, θ̂n

)
. The other terms can be analyzed in the same

way.

Hence, we have

∫
B√

nδ(0)

In

(
θ, θ̂n

)
f (u) du =

∫
RP

In

(
θ, θ̂n

)
f (u) du−

∫
RP−B√

nδ(0)

In

(
θ, θ̂n

)
f (u) du,

and ∫
Θ
b (θ) exp [−nh (θ)] dθ

=

∫
Bδ

(
θ̂n

) b (θ) exp [−nh (θ)] dθ +

∫
Θ−Bδ

(
θ̂n

) b (θ) exp [−nh (θ)] dθ

= (2π)
P
2

∣∣∣n∇2ĥ
∣∣∣− 1

2
exp

(
−nĥ

)[∫
B√

nδ(0)

[
In

(
θ, θ̂n

)
+Rn

(
θ, θ̂n

)]
f (u) du+O

(
n−3
)]
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= (2π)
P
2

∣∣∣n∇2ĥ
∣∣∣− 1

2
exp

(
−nĥ

)[∫
B√

nδ(0)

In

(
θ, θ̂n

)
f (u) du+O

(
n−3
)]

= (2π)
P
2

∣∣∣n∇2ĥ
∣∣∣− 1

2
exp

(
−nĥ

) ∫
RP In

(
θ, θ̂n

)
f (u) du

−
∫
RP−B√

nδ(0)
In

(
θ, θ̂n

)
f (u) du

+O
(
n−3
)

= (2π)
P
2

∣∣∣n∇2ĥ
∣∣∣− 1

2
exp

(
−nĥ

)[∫
RP

In

(
θ, θ̂n

)
f (u) du+O

(
n−3
)]
.

Hence, this lemma is proved.

5.4.2 High-order stochastic expansions

In this subsection we develop high-order stochastic Laplace expansions. Suppose y is

defined on a common probability space
{
Ω,F , ℘θ

}
, where Ω is a sample space, F is

a sigma-algebra, and ℘θ is a probability measure that depends on parameter θ ∈ Θ,

a compact subset of RP . Assume {yi, i = 1, 2, · · · } take values in the same subset of

R. Let hn(y,θ) be a sequence of functions, each of which is eight-times continuously

differentiable with respect to θ and has an interior global minimum
{
θ̂n

}
and b(θ) be

a six-times continuously differentiable real function of θ. When there is no confusion,

we write hn(y,θ) as hn(θ) or hn or even h.

We call the pair ({hn} , b) satisfies the analytical assumptions for the stochastic

Laplace method on ℘θ if the following assumptions are satisfied. There exists posi-

tive numbers ε, M and η such that (i) with probability approach one (w.p.a.1), for

all θ ∈ Bε

(
θ̂n

)
and all 1 ≤ j1, · · · , jd ≤ P with 0 ≤ d ≤ 8, ∥hn (θ)∥ < M and

∥hj1···jd (θ)∥ < M ; (ii) w.p.a.1, ∇2ĥ is positive definite and det
(
∇2ĥ

)
> η; (iii)∫

Θ b(θ) exp (−nhn (θ)) dθ exists and is finite, and for all δ for which 0 < δ < ε and

Bδ

(
θ̂n

)
⊆ Θ,

[
det
(
n∇2ĥ

)] 1
2

∫
Θ−Bδ

(
θ̂n

) b (θ) exp [−n(hn (θ)− ĥ)] dθ = Op

(
n−3
)
.

Note that the assumptions above are related to but slightly different from those in

Section 3 of Kass et al. (1990). They differ in two aspects. First, we require hn(θ) be

eight-times continuously differentiable and b(θ) be six-times continuously differentiable.

Second, for conditions (ii) and (iii), instead of almost sure boundedness and almost

sure convergence, we assume they hold w.p.a.1. We do so because we are interested
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in convergence in probability only. Following the result in Theorem 7 of Kass et al.

(1990), ({hn} , b) satisfy the analytical assumptions for stochastic Laplace’s method on

℘θ and Lemma 5.1 above, it is straightforward to show that

∫
Θ
b (θ) exp [−nhn (θ)] dθ = (2π)

P
2

[
det
(
n∇2ĥ

)]− 1
2
exp

(
−nĥ

)(
b̂+

1

n
Q1 +

1

n2
Q2 +Op

(
n−3
))

,

(44)

where the expressions for Q1 and Q2 are given in Lemma 5.1.

Lemma 5.2 If both ({hn} , g × bD) and ({hn} , bD) satisfy the analytical assumptions

for the stochastic Laplace method on ℘θ, then∫
g (θ) bD (θ) exp (−nhn (θ)) dθ∫
bD (θ) exp (−nhn (θ)) dθ

= ĝ +
1

n
B1 +

1

n2
(B2 −B3) +Op

(
1

n3

)
,

where

B1 =
1

2

∑
ij

σ̂ij ĝij +

∑
ij σ̂ij b̂D,j ĝi

b̂D
− 1

6

∑
ijkq

ĥijkµ
4
ijkqĝq,

B2 = − 1

120

∑
ijkqrs

ĥijkqrµ
6
ijkqrsĝs +

1

144

∑
ijkqrstw

ĥijkĥqrstµ
8
ijkqrstwĝw

− 1

1296

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvµ
10
ijkqrstwvβ ĝβ −

1

24

∑
ijkqrs ĥijkqµ

6
ijkqrsb̂D,sĝr

b̂D

+
1

72

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstwb̂D,wĝt

b̂D
− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ b̂D,ηξĝζ

b̂D

+
1

6

∑
ζηξω µ

4
ζηξω b̂D,ηξωĝζ

b̂D
− 1

48

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrs

+
1

144

∑
ijkqrstw

ĥijkĥqrsµ
8
ijkqrstwĝtw −

1

36

∑
ijkζηξ

ĥijkµ
6
ijkζηξĝζηξ

+
1

24

∑
ζηξω

µ4
ζηξωĝζηξω −

1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξĝζη b̂D,ξ

b̂D

+
1

6

∑
ζηξω µ

4
ζηξωĝζηξ b̂D,ω

b̂D
+

1

4

∑
ζηξω µ

4
ζηξωĝζη b̂D,ξω

b̂D
,
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B3 =

(
1

2

∑
ij

σ̂ij
b̂D,ij

b̂D
− 1

6

∑
ijkq

ĥijkµ
4
ijkq

b̂D,q

b̂D
+

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs −

1

24

∑
ijkq

ĥijkqµ
4
ijkq

)
B1,

with σij = hij.

Proof. If
{
hN (θ) , bN

}
and

{
hD (θ) , bD

}
satisfy the analytical assumptions for the

stochastic Laplace method on ℘θ, then, by (44)

∫
bN (θ) exp

[
−nhN (θ)

]
dθ∫

bD (θ) exp [−nhD (θ)] dθ
=

∣∣∣∇2ĥN
∣∣∣− 1

2
exp

[
−nh

(
θ̂
N

n

)]
∣∣∣∇2ĥD

∣∣∣− 1
2
exp

[
−nh

(
θ̂
D

n

)] bk
(
θ̂
N

n

)
+ 1

n
cN + 1

n2dN +Op (n
−3)

bk

(
θ̂
D

n

)
+ 1

n
cD + 1

n2dD +Op (n−3)
.

From Tierney and Kadane (1986) and Miyata (2004, 2010), we have

bN

(
θ̂
N

n

)
+ 1

n
cN + 1

n2dN +Op (n
−3)

bD

(
θ̂
D

n

)
+ 1

n
cD + 1

n2dD +Op (n−3)
=
bN

(
θ̂
N

n

)
bD

(
θ̂
D

n

)

1 + 1

n
cN

bN

(
θ̂

N

n

) + 1
n2

dN

bN

(
θ̂

N

n

) +Op (n
−3)

1 + 1
n

cD

bD

(
θ̂

D

n

) + 1
n2

dD

bD

(
θ̂

D

n

) +Op (n−3)



=
bN

(
θ̂
N

n

)
bD

(
θ̂
D

n

)


1 + 1
n

 cN

bN

(
θ̂

N

n

) − cD

bD

(
θ̂

D

n

)


+ 1
n2

 dN

bN

(
θ̂

N

n

) − dD

bD

(
θ̂

D

n

) − cD

bD

(
θ̂

D

n

)
 cN

bN

(
θ̂

N

n

) − cD

bD

(
θ̂

D

n

)
+Op (n

−3)


,

where

b̂N

b̂D

(
cN

b̂N
− cD

b̂D

)
=

b̂N

(
cN b̂D − cDb̂N

)
b̂2Db̂N

=
cN b̂D − cDb̂N

b̂2D

=
1

2

∑
ij σ̂ij b̂N,ij b̂D −

∑
ij σ̂ij b̂D,ij b̂N

b̂2D

−1

6

∑
ijkq ĥ

N
ijkµ

4
ijkq b̂N,q b̂D −

∑
ijkq ĥ

D
ijkµ

4
ijkq b̂D,q b̂N

b̂2D

+
1

72

b̂N
∑

ijkqrs ĥ
N
ijkĥ

N
qrsµ

6
ijkqrs −

∑
ijkqrs ĥ

D
ijkĥ

D
qrsµ

6
ijkqrsb̂N

b̂D
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− 1

24

b̂N
∑

ijkq ĥ
N
ijkqµ

4
ijkq −

∑
ijkq ĥ

D
ijkqµ

4
ijkq b̂N

b̂D
.

b̂N

b̂D

(
dN

b̂N
− dD

b̂D

)
= − 1

720

b̂N
∑

ijkqrs ĥ
N
ijkqrsµ

6
ijkqrs −

∑
ijkqrs ĥ

D
ijkqrsµ

6
ijkqrsb̂N

b̂D

+
1

1152

b̂N
∑

ijkqrstw ĥ
N
ijkqĥ

N
rstwµ

8
ijkqrstw −

∑
ijkqrstw ĥ

D
ijkqĥ

D
rstwµ

8
ijkqrstwb̂N

b̂D

+
1

720

b̂N
∑

ijkqrstw ĥ
N
ijkĥ

N
qrstwµ

8
ijkqrstw −

∑
ijkqrstw ĥ

D
ijkĥ

D
qrstwµ

8
ijkqrstwb̂N

b̂D

− 1

1728

b̂N
∑

ijkqrstwvβ ĥ
N
ijkĥ

N
qrsĥ

N
twvµ

10
ijkqrstwvβ −

∑
ijkqrstwvβ ĥ

D
ijkĥ

D
qrsĥ

D
twvµ

10
ijkqrstwvβ b̂N

b̂D

+
1

31104

 b̂N
∑

ijkqrstwvβτϕ ĥijkĥqrsĥtwvĥβτϕµ
12
ijkqrstwvβτϕ

−
∑

ijkqrstwvβτϕ ĥijkĥqrsĥtwvĥβτϕµ
12
ijkqrstwvβτϕb̂N


b̂D

− 1

120

∑
ijkqrs ĥ

N
ijkqrµ

6
ijkqrsb̂N,sb̂D −

∑
ijkqrs ĥ

D
ijkqrµ

6
ijkqrsb̂D,sb̂N

b̂2D

+
1

144

∑
ijkqrstw ĥ

N
ijkĥ

N
qrstµ

8
ijkqrstwb̂N,wb̂D −

∑
ijkqrstw ĥ

N
ijkĥ

N
qrstµ

8
ijkqrstwb̂D,wb̂N

b̂2D

− 1

1296

∑
ijkqrstwvβ ĥ

N
ijkĥ

N
qrsĥ

N
twvµ

10
ijkqrstwvβ b̂N,β b̂D −

∑
ijkqrstwvβ ĥ

D
ijkĥ

D
qrsĥ

D
twvµ

10
ijkqrstwvβ b̂D,β b̂N

b̂2D

− 1

48

∑
ijkqrs ĥ

N
ijkqµ

6
ijkqrsb̂N,rsb̂D −

∑
ijkqrs ĥ

D
ijkqµ

6
ijkqrsb̂D,rsb̂N

b̂2D

+
1

144

∑
ijkqrstw ĥ

N
ijkĥ

N
qrsµ

8
ijkqrstwb̂N,twb̂D −

∑
ijkqrstw ĥ

D
ijkĥ

D
qrsµ

8
ijkqrstwb̂D,twb̂N

b̂2D

− 1

36

∑
ijkζηξ ĥ

N
ijkµ

6
ijkζηξ b̂N,ζηξ b̂D −

∑
ijkζηξ ĥ

D
ijkµ

6
ijkζηξ b̂D,ζηξ b̂N

b̂2D

+
1

24

∑
ζηξω µ

4
ζηξω b̂N,ζηξω b̂D −

∑
ζηξω µ

4
ζηξω b̂D,ζηξω b̂N

b̂2D
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cD

b̂D

b̂N

b̂D

(
cN

b̂N
− cD

b̂D

)
=

1

2
cD

∑
ij σ̂ij b̂N,ij b̂D −

∑
ij σ̂ij b̂D,ij b̂N

b̂3D

−1

6
cD

∑
ijkq ĥ

N
ijkµijkq b̂N,q b̂D −

∑
ijkq ĥ

D
ijkĥ

D
qrsµ

6
ijkqrsb̂D,q b̂N

b̂3D

+
1

72
cD
b̂N
∑

ijkqrs ĥ
N
ijkĥ

N
qrsµ

6
ijkqrs −

∑
ijkq ĥ

D
ijkĥ

D
qrsµ

6
ijkqrsb̂N

b̂2D

− 1

24
cD
b̂N
∑

ijkq ĥ
N
ijkqµ

4
ijkq −

∑
ijkq ĥ

D
ijkqµ

4
ijkq b̂N

b̂2D
.

If we set bN (θ) = g (θ) bD (θ) and hN (θ) = hD (θ) = h (θ), we can show that, for the

derivatives of bN (θ),

bN,i (θ) = gi (θ) bD (θ) + g (θ) bD,i (θ) ,

bN,ij (θ) = gij (θ) bD (θ) + gi (θ) bD,j (θ) + gj (θ) bD,i (θ) + g (θ) bD,ij (θ) ,

bN,ijk (θ) = gijk (θ) bD (θ) + gij (θ) bD,k (θ) + gik (θ) bD,j (θ) + gi (θ) bD,jk (θ) + gjk (θ) bD,i (θ)

+gj (θ) bD,ik (θ) + gk (θ) bD,ij (θ) + g (θ) bD,ijk (θ) ,

bN,ijkq (θ) = gijkq (θ) bD (θ) + gijk (θ) bD,q (θ) + gijq (θ) bD,k (θ) + gij (θ) bD,kq (θ)

+gikq (θ) bD,j (θ) + gik (θ) bD,jq (θ) + giq (θ) bD,jk (θ) + gi (θ) bD,jkq (θ)

+gjkq (θ) bD,i (θ) + gjk (θ) bD,iq (θ) + gjq (θ) bD,ik (θ) + gj (θ) bD,ikq (θ)

+gkq (θ) bD,ij (θ) + gk (θ) bD,ijq (θ) + gq (θ) bD,ijk (θ) + g (θ) bD,ijkq (θ) .

Hence, we have

bN,ij (θ) bD (θ)− bD,ij (θ) bN (θ) (45)

= [gij (θ) bD (θ) + gi (θ) bD,j (θ) + gj (θ) bD,i (θ) + g (θ) bD,ij (θ)] bD (θ)− bD,ij (θ) g (θ) bD (θ)

= gij (θ) bD (θ)2 + gi (θ) bD,j (θ) bD (θ) + gj (θ) bD,i (θ) bD (θ)

+g (θ) bD,ij (θ) bD (θ)− bD,ij (θ) g (θ) bD (θ)
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= gij (θ) bD (θ)2 + gi (θ) bD,j (θ) bD (θ) + gj (θ) bD,i (θ) bD (θ) ,

bN,i (θ) bD (θ)− bD,i (θ) bN (θ) (46)

= (gi (θ) bD (θ) + g (θ) bD,i (θ)) bD (θ)− bD,i (θ) g (θ) bD (θ) = gi (θ) bD (θ)2 ,

bN,ijk (θ) bD (θ)− bD,ijk (θ) bN (θ) (47)

=

 gijk (θ) bD (θ) + gij (θ) bD,k (θ) + gik (θ) bD,j (θ) + gi (θ) bD,jk (θ)

+gjk (θ) bD,i (θ) + gj (θ) bD,ik (θ) + gk (θ) bD,ij (θ)

 bD(θ),

bN,ijkq (θ) bD (θ)− bD,ijkq (θ) bN (θ) (48)

=

 gijkq (θ) bD (θ) + gijk (θ) bD,q (θ) + gijq (θ) bD,k (θ) + gij (θ) bD,kq (θ)

+gikq (θ) bD,j (θ) + gik (θ) bD,jq (θ) + giq (θ) bD,jk (θ) + gi (θ) bD,jkq (θ)

 bD (θ)

+

 gjkq (θ) bD,i (θ) + gjk (θ) bD,iq (θ) + gjq (θ) bD,ik (θ) + gj (θ) bD,ikq (θ)

+gkq (θ) bD,ij (θ) + gk (θ) bD,ijq (θ) + gq (θ) bD,ijk (θ)

 bD(θ).
Consequently,

b̂N

b̂D

(
cN

b̂N
− cD

b̂D

)
=

1

2

∑
ij σ̂ij b̂N,ij b̂D −

∑
ij σ̂ij b̂D,ij b̂N

b̂2D

−1

6

∑
ijkq ĥ

N
ijkµ

4
ijkq b̂N,q b̂D −

∑
ijkq ĥ

D
ijkµ

4
ijkq b̂D,q b̂N

b̂2D

=
1

2

∑
ij σ̂ij

(
b̂N,ij b̂D − b̂D,ij b̂N

)
b̂2D

− 1

6

∑
ijkq ĥijkµ

4
ijkq

(
b̂N,q b̂D − b̂D,q b̂N

)
b̂2D

,

where

∑
ij σ̂ij

(
b̂N,ij b̂D − b̂D,ij b̂N

)
b̂2D

=

∑
ij σ̂ij

(
ĝij b̂

2
D + ĝib̂D,j b̂D + ĝj b̂D,ib̂D

)
b̂2D
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=

∑
ij σ̂ij ĝij b̂

2
D + 2

∑
ij σ̂ij ĝib̂D,j b̂D

b̂2D

=
∑
ij

σ̂ij ĝij +
2
∑

ij σ̂ij b̂D,j ĝi

b̂D
,

from (45) and

b̂N,q b̂D − b̂D,q b̂N

b̂2D
=

(
ĝq b̂D + ĝb̂D,q

)
b̂D − b̂D,qĝb̂D

b̂2D
= ĝq

by (46). Hence,

b̂N

b̂D

(
cN

b̂N
− cD

b̂D

)
=

1

2

∑
ij

σ̂ij ĝij +

∑
ij σ̂ij b̂D,j ĝi

b̂D
− 1

6

∑
ijkq

ĥijkµ
4
ijkqĝq.

From (47) and (48), we can get

∑
ijkζηξ ĥ

N
ijkµ

6
ijkζηξ b̂N,ζηξ b̂D −

∑
ijkζηξ ĥ

D
ijkµ

6
ijkζηξ b̂D,ζηξ b̂N

b̂2D

=

∑
ijkζηξ ĥijkµ

6
ijkζηξ

[
ĝζηξ b̂D + ĝζη b̂D,ξ + ĝζξ b̂D,η + ĝζ b̂D,ηξ + ĝηξ b̂D,ζ + ĝη b̂D,ζξ + ĝξ b̂D,ζη

]
b̂D

=
∑
ijkζηξ

ĥijkµ
6
ijkζηξĝζηξ +

3
∑

ijkζηξ ĥijkµ
6
ijkζηξĝζη b̂D,ξ

b̂D
+

3
∑

ijkζηξ ĥijkµ
6
ijkζηξĝζ b̂D,ηξ

b̂D
, (49)

∑
ζηξω µ

4
ζηξω b̂N,ζηξω b̂D −

∑
ζηξω µ

4
ζηξω b̂D,ζηξω b̂N

b̂2D

=
∑
ζηξω

µ4
ζηξωĝζηξω +

4
∑

ζηξω µ
4
ζηξωĝζηξ b̂D,ω

b̂D
+

6
∑

ζηξω µ
4
ζηξωĝζη b̂D,ξω

b̂D

+
4
∑

ζηξω µ
4
ζηξωĝζ b̂D,ηξω

b̂D
+

4
∑

ζηξω µ
4
ζηξωĝζ b̂D,ηξω

b̂D
. (50)
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We can also show that

b̂N

b̂D

(
dN

b̂N
− dD

b̂D

)

= − 1

120

∑
ijkqrs ĥijkqrµ

6
ijkqrs

(
b̂N,sb̂D − b̂D,sb̂N

)
b̂2D

+
1

144

∑
ijkqrstw ĥijkĥqrstµ

8
ijkqrstw

(
b̂N,wb̂D − b̂D,wb̂N

)
b̂2D

− 1

1296

∑
ijkqrstwvβ ĥijkĥqrsĥtwvµ

10
ijkqrstwvβ

(
b̂N,β b̂D − b̂D,β b̂N

)
b̂2D

− 1

48

∑
ijkqrs ĥijkqµ

6
ijkqrs

(
b̂N,rsb̂D − b̂D,rsb̂N

)
b̂2D

+
1

144

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstw

(
b̂N,twb̂D − b̂D,twb̂N

)
b̂2D

− 1

36

∑
ijkζηξ ĥijkµ

6
ijkζηξ

(
b̂N,ζηξ b̂D − b̂D,ζηξ b̂N

)
b̂2D

+
1

24

∑
ζηξω µ

4
ζηξω

(
b̂N,ζηξω b̂D − b̂D,ζηξω b̂N

)
b̂2D

,

since hN (θ) = hD (θ) = h (θ). Hence, by (45), (46), (49), and (50), we have

b̂N

b̂D

(
dN

b̂N
− dD

b̂D

)
= − 1

120

∑
ijkqrs

ĥijkqrµ
6
ijkqrsĝs +

1

144

∑
ijkqrstw

ĥijkĥqrstµ
8
ijkqrstwĝw

− 1

1296

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvµ
10
ijkqrstwvβ ĝβ −

1

24

∑
ijkqrs ĥijkqµ

6
ijkqrsb̂D,sĝr

b̂D

+
1

72

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstwb̂D,wĝt

b̂D
− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξĝζ b̂D,ηξ

b̂D

+
1

6

∑
ζηξω µ

4
ζηξωĝζ b̂D,ηξω

b̂D
− 1

48

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrs
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+
1

144

∑
ijkqrstw

ĥijkĥqrsµ
8
ijkqrstwĝtw −

1

36

∑
ijkζηξ

ĥijkµ
6
ijkζηξĝζηξ

+
1

24

∑
ζηξω

µ4
ζηξωĝζηξω −

1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξĝζη b̂D,ξ

b̂D

+
1

6

∑
ζηξω µ

4
ζηξωĝζηξ b̂D,ω

b̂D
+

1

4

∑
ζηξω µ

4
ζηξωĝζη b̂D,ξω

b̂D
.

Using the matrix notation for high order derivatives as in Magnus and Neudecker

(1999) (with the exception that the first order derivative of a scalar function in our

setting is a column vector), we can write Lemma 5.2 in matrix form. Before we do that,

let us first introduce the following Generalized Isserlis theorem.

Theorem 5.1 (Generalized Isserlis Theorem) If A = {α1, . . . , α2N} is a set of

integers such that 1 ≤ αi ≤ P, for each i ∈ [1, 2N ] and X ∈ RP is a zero mean

multivariate normal random vector, then

E (XA) = ΣΠ
A
E (XiXj) , (51)

where EXA = E
(
Π2N

i=1Xαi

)
= µα1,... ,α2N

and the notation ΣΠ means summing over all

distinct ways of partitioning Xα1 , . . . , Xα2N
into pairs (Xi, Xj) and each summand is the

product of the N pairs. This yields (2N)!/
(
2NN !

)
= (2N − 1)!! terms in the sum where

(2N − 1)!! is the double factorial defined by (2N − 1)!! = (2N − 1)× (2N − 3)×· · ·×1.

The Isserlis theorem, first obtained by Isserlis (1918), expresses the higher order

moments of a zero mean Gaussian vector X ∈ RP in terms of its covariance matrix.

The generalized Isserlis theorem is due to Withers (1985) and Vignat (2012). For

example, if 2N = 4, then

E (X1X2X3X4) = E (X1X2)E (X3X4) + E (X1X3)E (X2X4) + E (X1X4)E (X2X3)

where αi = i for i ∈ [1, 4] and there are three terms in the sum. If 2N = 6, there are

fifteen terms in the sum.

Lemma 5.3 Let ∇jĥ, ∇j ĝ, and ∇j b̂D be the jth order derivatives of h (θ), g (θ), and

bD (θ) evaluated at θ̂n, respectively. If both ({hn} , g × bD) and ({hn} , bD) satisfy the
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analytical assumptions for the stochastic Laplace method on ℘θ, then,∫
g (θ) bD (θ) exp (−nhn (θ)) dθ∫
bD (θ) exp (−nhn (θ)) dθ

= ĝ +
1

n
B1 +

1

n2
(B2 −B3) +Op

(
1

n3

)
,

where

B1 =
1

2
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+ (∇ĝ)′

(
∇2ĥ

)−1 ∇b̂D
b̂D
− 1

2
vec

((
∇2ĥ

)−1)
∇3ĥ

(
∇2ĥ

)−1
∇ĝ,

B2 = B21 +B22,

B3 = B1 ×B4,

with

B21 = −1

8
(∇ĝ)′

(
∇2ĥ

)−1 (
∇5ĥ

)′
vec

[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)]
+
1

4

[
vec

((
∇2ĥ

)−1)′
⊗
(
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1)]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

6
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

16
tr

[((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1))′
∇4ĥ

]
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

4
vec

(((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)′)
∇4ĥ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−3

8
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−1

4
vec

(
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

− 1

16
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1)
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

− 1

24
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
×vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇g

−1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
∇b̂′D

(
∇2ĥ

)−1
∇ĝ

−1

2

[
vec

((
∇2ĥ

)−1)′
⊗
((
∇2ĥ

)−1
∇b̂D

)′]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ
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+
1

8
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1) ∇b̂D
b̂D

′ (
∇2ĥ

)−1
∇ĝ

+
1

12
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

) ∇b̂D
b̂D

′ (
∇2ĥ

)−1
∇ĝ

+
1

2
vec

((
∇2ĥ

)−1
b̂Dvec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1)
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

4
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
b̂Dvec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

2
vec

(((
∇2ĥ

)−1
⊗
((
∇2ĥ

)−1
b̂D

)′)
∇3ĥ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−1

2
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1
∇ĝ

−1

2
vec

((
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−1

4
tr

[
∇2b̂D

b̂D

(
∇2ĥ

)−1]
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

2
vec

((
∇2ĥ

)−1)′ (
∇2ĥ

)−1 (∇3b̂D

)′
b̂D

∇ĝ,

B22 = − 1

16
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
tr

[(
∇2ĥ

)−1
∇2ĝ

]
−1

4
tr

[[((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
+

1

16
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

1

24
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+
1

4
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
+
1

8
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1)
+
1

4
vec
(
∇3ĥ

)′ [((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
−1

4
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĝ

)′
vec

((
∇2ĥ

)−1)
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−1

6
vec
(
∇3ĝ

)′ [(∇2ĥ
)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
+
1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)]
∇4ĝ′

]
−1

2
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1]
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

2
vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

+
1

2
vec

((
∇2ĥ

)−1)′
∇3ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

+
1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1]
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]

+
1

2
tr

[(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
,

B4 =
1

2
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
− 1

2
vec

((
∇2ĥ

)−1)′
ĥ(3)

(
∇2ĥ

)−1 ∇b̂D
b̂D

+
1

8
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1)
+

1

12
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
−1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
.

Proof. From (5.2), we first write each term of B1 in matrix form based on (51), that is

1

2

∑
ij

σ̂ij ĝij =
1

2

∑
ij

σ̂ij ĝij =
1

2
tr

[(
∇2ĥ

)−1
∇2ĝ

]
,

∑
ij σ̂ij b̂D,j ĝi

b̂D
=
∑
ij

ĝiσ̂ij
b̂D,j

b̂D
= (∇ĝ)′

(
∇2ĥ

)−1 ∇b̂D
b̂D

,
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−1

6

∑
ijkq

ĥijkµ
4
ijkqĝq = −

1

2

∑
ijkq

ĥijkσ̂ijσ̂kqĝq = −
1

2
vec

((
∇2ĥ

)−1)
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

Then, we can similarly write each term of B2 in matrix form based on (51), that is

− 1

120

∑
ijkqrs

ĥijkqrµ
6
ijkqrsĝs = − 15

120

∑
ijkqrs

σ̂ijσ̂kqĥijkqrσ̂rsĝs

= −1

8
(∇ĝ)′

(
∇2ĥ

)−1 (
∇5ĥ

)′
vec

[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)]
.

By (84) in the next subsection, we have

1

144

∑
ijkqrstw

ĥijkĥqrstµ
8
ijkqrstwĝw

=
1

4

[
vec

((
∇2ĥ

)−1)′
⊗
(
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1)]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

6
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

16
tr

[((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1))′
∇4ĥ

]
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

4
vec

(((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)′)
∇4ĥ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

By (85) in the next subsection, we have

− 1

1296

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvµ
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ijkqrstwvβ ĝβ

= −3

8
vec

((
∇2ĥ
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∇3ĥ

(
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∇3ĥ′
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∇3ĥ
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(
∇2ĥ
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(
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((
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)−1)′
∇3ĥ
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∇2ĥ

)−1)′
∇3ĥ
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∇ĝ

− 1

24
vec
(
∇3ĥ
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⊗
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(
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vec
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)
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×vec
((
∇2ĥ
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(
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8
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Similar to the proof of (79) in the next subsection,, we can get

1
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∇ĝ

+
1

12
vec
(
∇3ĥ
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By (57), we can show that
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6
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2
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[
∇2b̂D

b̂D

(
∇2ĥ

)−1]
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ,

1

6

∑
ζηξω µ

4
ζηξω b̂D,ηξωĝζ

b̂D
=

3

6

∑
ζηξω

ĝζ σ̂ζησ̂ξω
b̂D,ηξω

b̂D
=

1

2

∑
ζηξω

ĝζ σ̂ζη
b̂D,ηξω

b̂D
σ̂ξω

=
1

2
(∇ĝ)′

(
∇2ĥ

)−1 (∇3b̂D

)′
b̂D

[
vec

((
∇2ĥ

)−1)]
.

By (68) in the next subsection, we have

− 1

48

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrs

= − 1

16
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
tr

[(
∇2ĥ

)−1
∇2ĝ

]
−1

4
tr

[[((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
.

By (79) in the next subsection, we have

1

144

∑
ijkqrstw

ĥijkĥqrsµ
8
ijkqrstwĝtw

=
1

16
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

1

24
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+
1

4
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
+
1

8
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1)
+
1

4
vec
(
∇3ĥ

)′ [((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
.
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By (73) in the next subsection, we have

− 1

36

∑
ijkζηξ

ĥijkµ
6
ijkζηξĝζηξ

= −1

4
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĝ

)′
vec

((
∇2ĥ

)−1)
−1

6
vec
(
∇3ĝ

)′ [(∇2ĥ
)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
,

1

24

∑
ζηξω

µ4
ζηξωĝζηξω =

3

24

∑
ζηξω

σ̂ζησ̂ξωĝζηξω

=
1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)] (
∇4ĝ

)′]
.

By (57), we can get

− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξĝζη b̂D,ξ

b̂D

= −1

2
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1]
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

2
vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

,

1

6

∑
ζηξω µ

4
ζηξωĝζηξ b̂D,ω

b̂D
=

3

6

∑
ζηξω

σ̂ζηĝζηξσ̂ξω
b̂D,ω

b̂D

=
1

2
vec

((
∇2ĥ

)−1)′
∇3ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

.

From (56),

1

4

∑
ζηξω µ

4
ζηξωĝζη b̂D,ξω

b̂D
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=
1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1]
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
+

1

2
tr

[(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
.

And we have

1

2

∑
ij

σ̂ij
b̂D,ij

b̂D
=

1

2
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
, (52)

−1

6

∑
ijkq

ĥijkµ
4
ijkq

b̂D,q

b̂D
= −3

6

∑
ijkq

ĥijkσ̂ijσ̂kq
b̂D,q

b̂D
(53)

= −1

2
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

.

From (74) in the next subsection, we have

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs (54)

=
1

8
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1)
+

1

12
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
.

Note that

− 1

24

∑
ijkq

ĥijkqµ
4
ijkq = − 3

24

∑
ijkq

ĥijkqσ̂ijσ̂kq (55)

= −1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
.

From (52), (53), (54) and (55), we have

B4 =
1

2
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
− 1

2
vec

((
∇2ĥ

)−1)′
ĥ(3)

(
∇2ĥ

)−1 ∇b̂D
b̂D

+
1

8
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1)
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+
1

12
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
−1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
.

5.4.3 Lemma 5.3 in Matrix Form

We show how to express each term of the stochastic expansions reported in Lemma 5.3

in matrix form.

For term 1
4

∑
ζηξω µ4

ζηξω ĝζη b̂D,ξω

b̂D

We can get

1

4

∑
ζηξω µ

4
ζηξωĝζη b̂D,ξω

b̂D

=
1

4

(∑
ζηξω ĝζησ̂ζησ̂ξω b̂D,ξω

b̂D
+

∑
ζηξω ĝζησ̂ζξσ̂ηω b̂D,ξω

b̂D
+

∑
ζηξω ĝζησ̂ζξσ̂ηω b̂D,ξω

b̂D

)

where

∑
ζηξω ĝζησ̂ζησ̂ξω b̂D,ξω

b̂D
=
∑
ζη

ĝζησ̂ζη
∑
ξω

σ̂ξω
b̂D,ξω

b̂D
= tr

[
∇2ĝ

(
∇2ĥ

)−1]
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
,

∑
ζηξω ĝζησ̂ζξσ̂ηω b̂D,ξω

b̂D
=
∑
ζηξω

ĝζησ̂ζξσ̂ηω
b̂D,ξω

b̂D
=
∑
ζηξω

σ̂ξζ ĝζησ̂ηω
b̂D,ξω

b̂D

=
∑
ξω

b̂D,ξω

b̂D

∑
ζη

σ̂ξζ ĝζησ̂ηω = tr

[(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
,
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∑
ζηξω ĝζησ̂ζξσ̂ηω b̂D,ξω

b̂D
=

∑
ζηξω ĝζησ̂ζξσ̂ηω b̂D,ξω

b̂D
= tr

[(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
.

Then, we have

1

4

∑
ζηξω µ

4
ζηξωĝζη b̂D,ξω

b̂D
(56)

=
1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1]
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
+

1

2
tr

[(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

]

=
1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1]
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

]
+

1

2
tr

[(
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1
∇2ĝ

]
.

For term − 1
12

∑
ijkζηξ ĥijkµ

6
ijkζηξ ĝζη b̂D,ξ

b̂D

Note that

− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξĝζη b̂D,ξ

b̂D
= − 1

12

∑
ijkqrs ĥijkµ

6
ijkqrsĝqrb̂D,s

b̂D

where

µ6
ijkqrs = σ̂ijσ̂kqσrs + σ̂iqσ̂kjσ̂rs + σ̂iqσ̂jkσ̂rs + σ̂ijσ̂krσ̂qs + σ̂ikσ̂jrσ̂qs + σ̂irσ̂jkσ̂qs

+σ̂ijσ̂ksσ̂qr + σ̂ikσ̂jsσ̂qr + σ̂isσ̂jkσ̂qr + σ̂iqσ̂jrσ̂ks + σ̂irσ̂jqσ̂ks

+σ̂iqσ̂jsσ̂kr + σ̂isσ̂jqσ̂kr + σ̂irσ̂jsσ̂kq + σ̂isσ̂jrσ̂kq.

Then, we can decompose it into three groups. The first group has six elements without

σ̂qr but with σ̂ij, σ̂ik or σ̂jk, that is

∑
ijkqrs

ĥijkσ̂ijσ̂kqσ̂rsĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂iqσ̂kjσ̂rsĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂iqσ̂jkσ̂rsĝqrb̂D,s

+
∑
ijkqrs

ĥijkσ̂ijσ̂krσ̂qsĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂ikσ̂jrσ̂qsĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jkσ̂qsĝqrb̂D,s.
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Note that the six elements are the same since

∑
ijkqrs

ĥijkσ̂iqσ̂kjσ̂rsĝqrb̂D,s =
∑
ijkqrs

ĥijkσ̂iqσ̂jkσ̂rsĝqrb̂D,s =
∑
ijkqrs

ĥijkσ̂ijσ̂kqσ̂rsĝqrb̂D,s

=
∑
ijkqrs

σ̂ijĥijkσ̂kqĝqrσ̂rsb̂D,s

= vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇b̂D,

and

∑
ijkqrs

ĥijkσ̂irσ̂jkσ̂qsĝqrb̂D,s =
∑
ijkqrs

ĥijkσ̂ikσ̂jrσ̂qsĝqrb̂D,s =
∑
ijkqrs

ĥijkσ̂ijσ̂krσ̂qsĝqrb̂D,s

=
∑
ijkqrs

σ̂ijĥijkσ̂krσ̂qsĝqrb̂D,s,

where

∑
ijkqrs

σ̂ijĥijkσ̂krσ̂qsĝqrb̂D,s =
∑
ijkqrs

σ̂ijĥijkσ̂krĝrqσ̂qsb̂D,s =
∑
ijkqrs

σ̂ijĥijkσ̂kqĝqrσ̂rsb̂D,s

= vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇b̂D.

The second group has six elements without σ̂qr, σ̂ij, σ̂ik and σ̂jk, that is

∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jqσ̂ksĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂iqσ̂jsσ̂krĝqrb̂D,s

+
∑
ijkqrs

ĥijkσ̂isσ̂jqσ̂krĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jsσ̂kqĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂isσ̂jrσ̂kqĝqrb̂D,s.

These six elements are the same since

∑
ijkqrs

ĥijk [σ̂iqσ̂jrσ̂ks + σ̂irσ̂jqσ̂ks] ĝqrb̂D,s

=
∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jqσ̂ksĝqrb̂D,s

= 2
∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĝqrb̂D,s = 2
∑
ijkqrs

σ̂iqĝqrσ̂jrĥijkσ̂ksb̂D,s
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= 2vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇b̂D,

∑
ijkqrs

ĥijk [σ̂iqσ̂jsσ̂kr + σ̂isσ̂jqσ̂kr] ĝqrb̂D,s

=
∑
ijkqrs

ĥijkσ̂iqσ̂jsσ̂krĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂isσ̂jqσ̂krĝqrb̂D,s

=
∑
ijkqrs

ĥikjσ̂iqσ̂krσ̂jsĝqrb̂D,s +
∑
ijkqrs

ĥkjiσ̂krσ̂jqσ̂isĝqrb̂D,s

=
∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jqσ̂ksĝqrb̂D,s

= 2vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇b̂,

∑
ijkqrs

ĥijk [σ̂irσ̂jsσ̂kq + σ̂isσ̂jrσ̂kq] ĝqrb̂D,s

=
∑
ijkqrs

ĥijkσ̂irσ̂jsσ̂kqĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂isσ̂jrσ̂kqĝqrb̂D,s

=
∑
ijkqrs

ĥkijσ̂kqσ̂irσ̂jsĝqrb̂D,s +
∑
ijkqrs

ĥjkiσ̂jrσ̂kqσ̂isĝqrb̂D,s

=
∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂irσ̂jqσ̂ksĝqrb̂D,s

= 2vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇b̂.

The third group has three elements without σ̂qr, that is

∑
ijkqrs

ĥijkσ̂ijσ̂ksσ̂qrĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂ikσ̂jsσ̂qrĝqrb̂D,s +
∑
ijkqrs

ĥijkσ̂isσ̂jkσ̂qrĝqrb̂D,s.

We have

∑
ijkqrs

ĥijkσ̂ijσ̂ksσ̂qrĝqrb̂D,s

=
∑
ijkqrs

ĥijkσ̂ikσ̂jsσ̂qrĝqrb̂D,s =
∑
ijkqrs

ĥijkσ̂isσ̂jkσ̂qrĝqrb̂D,s =
∑
ijkqrs

ĥijkσ̂jkσ̂isb̂D,sσ̂qrĝqr
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=
∑
qr

σ̂qrĝqr
∑
ijks

σ̂jkĥjkiσ̂isb̂D,s = tr

[
∇2ĝ

(
∇2ĥ

)−1]
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇b̂D.

Then, we have

− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξĝζη b̂D,ξ

b̂D

= −1

2
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

2
vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

−1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1]
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

.

For the same reason, we have

− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξ b̂D,ηξĝζ

b̂D
(57)

= −1

2
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1
∇ĝ

−1

2
vec

((
∇2ĥ

)−1 ∇2b̂D

b̂D

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−1

4
tr

[
∇2b̂D

b̂D

(
∇2ĥ

)−1]
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

Note that

vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

= tr

[
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

]

= tr

[
∇2ĝ

(
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1]

= tr

[(
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]
.
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We have

∑
ijkqrs

σ̂iqĝqrσ̂jrĥijkσ̂ks
b̂D,s

b̂D

=
∑
ijkqrs

σ̂iqĥijkσ̂ks
b̂D,s

b̂D
σ̂jrĝqr =

∑
qr

[∑
ijks

σ̂iqĥijkσ̂ks
b̂D,s

b̂D
σ̂jr

]
ĝqr

=
∑
qr

[∑
ijks

σ̂qiσ̂ks
b̂D,s

b̂D
ĥikjσ̂jr

]
ĝqr =

∑
qr

[∑
j

[∑
ik

[
σ̂qi

[∑
s

σ̂ks
b̂D,s

b̂D

]
ĥikj

]
σ̂jr

]]
ĝqr

= tr

[[((
∇2ĥ

)−1 ∇b̂D
b̂D

)′
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]
.

It can also be shown that

vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

= vec
(
∇2ĝ

)′ [(∇2ĥ
)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

= vec
(
∇2ĝ

)′
vec

[[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

]

= vec
(
∇2ĝ

)′ [((∇2ĥ
)−1 ∇b̂D

b̂D

)′
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
= tr

[
∇2ĝ

(
∇2ĥ

)−1
∇3ĥ′

[((
∇2ĥ

)−1 ∇b̂D
b̂D

)
⊗
(
∇2ĥ

)−1]]

= tr

[[((
∇2ĥ

)−1 ∇b̂D
b̂D

)′
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]
.

Then, we have

− 1

12

∑
ijkζηξ ĥijkµ

6
ijkζηξĝζη b̂D,ξ

b̂D

= −1

2
tr

[(
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]

−1

2
tr

[[((
∇2ĥ

)−1 ∇b̂D
b̂D

)′
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]
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−1

4
tr

[
∇2ĝ

(
∇2ĥ

)−1]
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

.

For term − 1
48

∑
ijkqrs ĥijkqµ

6
ijkqrsĝrs

Note that

µ6
ijkqrs = σ̂ijσ̂kqσrs + σ̂iqσ̂kjσ̂rs + σ̂iqσ̂jkσ̂rs + σ̂ijσ̂krσ̂qs + σ̂ikσ̂jrσ̂qs + σ̂irσ̂jkσ̂qs

+σ̂ijσ̂ksσ̂qr + σ̂ikσ̂jsσ̂qr + σ̂isσ̂jkσ̂qr + σ̂iqσ̂jrσ̂ks + σ̂irσ̂jqσ̂ks

+σ̂iqσ̂jsσ̂kr + σ̂isσ̂jqσ̂kr + σ̂irσ̂jsσ̂kq + σ̂isσ̂jrσ̂kq.

We can decompose
∑

ijkqrs ĥijkqµ
6
ijkqrsĝrs into two groups. The first group has twelve

elements without σ̂rs, that is,

∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs +
∑
ijkqrs

ĥijkqσ̂ikσ̂jrσ̂qsĝrs +
∑
ijkqrs

ĥijkqσ̂irσ̂jkσ̂qsĝrs

+
∑
ijkqrs

ĥijkqσ̂ijσ̂ksσ̂qrĝrs +
∑
ijkqrs

ĥijkqσ̂ikσ̂jsσ̂qrĝrs +
∑
ijkqrs

ĥijkqσ̂isσ̂jkσ̂qrĝrs

+
∑
ijkqrs

ĥijkqσ̂iqσ̂jrσ̂ksĝrs +
∑
ijkqrs

ĥijkqσ̂irσ̂jqσ̂ksĝrs +
∑
ijkqrs

ĥijkqσ̂iqσ̂jsσ̂krĝrs

+
∑
ijkqrs

ĥijkqσ̂isσ̂jqσ̂krĝrs +
∑
ijkqrs

ĥijkqσ̂irσ̂jsσ̂kqĝrs +
∑
ijkqrs

ĥijkqσ̂isσ̂jrσ̂kqĝrs.

The twelve elements in this group are the same as

∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs =
∑
ijkqrs

ĥijkqσ̂ijσ̂krĝrsσ̂sq (58)

= tr

[[((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
.

The detailed proof is as follows

∑
ijkqrs

ĥijkqσ̂ijσ̂ksσ̂qrĝrs =
∑
ijkqsr

ĥijkqσ̂ijσ̂ksσ̂qrĝsr =
∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs, (59)
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∑
ijkqrs

ĥijkqσ̂ikσ̂jrσ̂qsĝrs =
∑
ikjqrs

ĥikjqσ̂ikσ̂jrσ̂qsĝrs =
∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs, (60)

∑
ijkqrs

ĥijkqσ̂ikσ̂jsσ̂qrĝrs =
∑
ijkqsr

ĥijkqσ̂ikσ̂jsσ̂qrĝsr =
∑
ijkqrs

ĥijkqσ̂ikσ̂jrσ̂qsĝrs

=
∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs, (61)

where the last equality is because of (60). And

∑
ijkqrs

ĥijkqσ̂iqσ̂jrσ̂ksĝrs =
∑
iqjkrs

ĥiqjkσ̂iqσ̂jrσ̂ksĝrs =
∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs, (62)

∑
ijkqrs

ĥijkqσ̂iqσ̂jsσ̂krĝrs =
∑
ijkqsr

ĥijkqσ̂iqσ̂jsσ̂krĝsr =
∑
ijkqrs

ĥijkqσ̂iqσ̂jrσ̂ksĝrs

=
∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs, (63)

∑
ijkqrs

ĥijkqσ̂irσ̂jkσ̂qsĝrs =
∑
jkiqrs

ĥjkiqσ̂jkσ̂irσ̂qsĝrs =
∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs, (64)

∑
ijkqrs

ĥijkqσ̂irσ̂jqσ̂ksĝrs =
∑
jqikrs

ĥjqikσ̂jqσ̂irσ̂ksĝrs =
∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs, (65)

∑
ijkqrs

ĥijkqσ̂irσ̂jsσ̂kqĝrs =
∑
kqijrs

ĥkqijσ̂kqσ̂irσ̂jsĝrs =
∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs, (66)

∑
ijkqrs

ĥijkqσ̂isσ̂jkσ̂qrĝrs =
∑
jkqirs

ĥjkqiσ̂jkσ̂qrσ̂isĝrs =
∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs,
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∑
ijkqrs

ĥijkqσ̂isσ̂jqσ̂krĝrs =
∑
jqkirs

ĥjqkiσ̂jqσ̂krσ̂isĝrs =
∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs,

∑
ijkqrs

ĥijkqσ̂isσ̂jrσ̂kqĝrs =
∑
kqjirs

ĥkqjiσ̂kqσ̂jrσ̂isĝrs =
∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrs,

∑
ijkqrs

ĥijkqσ̂ijσ̂krĝrsσ̂qs

=
∑
ijkq

ĥijkq

[
σ̂ij
∑
rs

σ̂krĝrsσ̂qs

]

= tr

[[((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
.

We can illustrate the result by a simple example. Let

ĥ(4) =



h1111 h1112

h2111 h2112

h1211 h1212

h2211 h2212

h1121 h1122

h2121 h2122

h1221 h1222

h2221 h2222



, ê =
(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
,

ê =

 e11 e12

e21 e22

 ,(∇2ĥ
)−1

=

 σ11 σ12

σ21 σ22

 , vec((∇2ĥ
)−1)

=



σ11

σ21

σ12

σ22


.
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Then,

ê⊗ vec
((
∇2ĥ

)−1)
=



σ11e11 σ11e12

σ21e11 σ21e12

σ12e11 σ12e12

σ22e11 σ22e12

σ11e11 σ11e12

σ21e11 σ21e12

σ12e11 σ12e12

σ22e11 σ22e12



.

The second group has three elements with σ̂rs, that is,

∑
ijkqrs

ĥijkqσ̂ijσ̂kqσ̂rsĝrs +
∑
ijkqrs

ĥijkqσ̂iqσ̂kjσ̂rsĝrs +
∑
ijkqrs

ĥijkqσ̂iqσ̂kjσ̂rsĝrs.

These three elements are the same. We can get

∑
ijkqrs

ĥijkqσ̂ijσ̂kqσ̂rsĝrs (67)

= tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
tr

[(
∇2ĥ

)−1
∇2ĝ

]
.

From (58) and (67), we have

− 1

48

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrs (68)

= − 3

48

∑
ijkq

σ̂ijσ̂kqĥijkq
∑
rs

σ̂rsĝrs −
12

48

∑
ijkqrs

ĥijkqσ̂ijσ̂krĝrsσ̂qs

= − 1

16
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
tr

[(
∇2ĥ

)−1
∇2ĝ

]
−1

4
tr

[[((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
,
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∑
ijkqrs

ĥijkqσ̂ijσ̂krĝrsσ̂qs

=
∑
ijkqrs

σ̂rkσ̂ijĥijkqσ̂qsĝrs =
∑
rs

[∑
ijkq

σ̂rkσ̂ijĥijkqσ̂qs

]
ĝrs

= tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)′]
∇4ĥ

(
∇2ĥ

)−1
∇2ĝ

]
.

Then, we have

− 1

48

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrs (69)

= − 3

48

∑
ijkq

σ̂ijσ̂kqĥijkq
∑
rs

σ̂rsĝrs −
12

48

∑
ijkqrs

ĥijkqσ̂ijσ̂krĝrsσ̂qs

= − 1

16
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
tr

[(
∇2ĥ

)−1
∇2ĝ

]
−1

4
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)′]
∇4ĥ

(
∇2ĥ

)−1
∇2ĝ

]
= − 1

16
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)′]
∇4ĥ

]
tr

[(
∇2ĥ

)−1
∇2ĝ

]
−1

4
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)′]
∇4ĥ

(
∇2ĥ

)−1
∇2ĝ

]
.

For term − 1
24

∑
ijkqrs ĥijkqµ

6
ijkqrsĝrb̂D,s

Similar to the proof of (68), we have

− 1

24

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrb̂D,s (70)

= − 3

24

∑
ijkq

σ̂ijσ̂kqĥijkq
∑
rs

σ̂rsĝrb̂D,s −
12

24

∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂qsĝrb̂D,s

= −1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
tr

[(
∇2ĥ

)−1
∇ĝ∇b̂′D

]
−1

2
tr

[[((
∇2ĥ

)−1
∇ĝ∇b̂′D

(
∇2ĥ

)−1)
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
.
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We can also write (70) as

− 1

24

∑
ijkqrs

ĥijkqµ
6
ijkqrsĝrb̂D,s

= − 3

24

∑
ijkq

σ̂ijσ̂kqĥijkq
∑
rs

σ̂rsĝrb̂D,s −
12

24

∑
ijkqrs

ĥijkqσ̂ijσ̂krσ̂sqĝrb̂D,s

= − 3

24

∑
ijkq

σ̂ijσ̂kqĥijkq
∑
rs

σ̂rsĝrb̂D,s −
12

24

∑
ijkqrs

σ̂ijσ̂sq b̂D,sĥijqkσ̂krĝr

= −1

8
tr

[[(
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)](
∇4ĥ

)′]
∇b̂′D

(
∇2ĥ

)−1
∇ĝ

−1

2

[
vec

((
∇2ĥ

)−1)′
⊗
((
∇2ĥ

)−1
∇b̂D

)′]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ.

For term − 1
36

∑
ijkζηξ ĥijkµ

6
ijkζηξĝζηξ

Note that
∑

ijkζηξ ĥijkµ
6
ijkζηξĝζηξ =

∑
ijkqrs ĥijkµ

6
ijkqrsĝqrs. We can decompose

∑
ijkqrs ĥijkµ

6
ijkqrsĝqrs

into two groups. The first group consists of nine elements, each of which has the term

from (σ̂ij, σ̂ik, σ̂jk) and the term from (σ̂qr, σ̂rs, σ̂qs), that is

∑
ijkqrs

ĥijkσ̂ijσ̂kqσ̂rsĝqrs +
∑
ijkqrs

ĥijkσ̂iqσ̂kjσ̂rsĝqrs +
∑
ijkqrs

ĥijkσ̂iqσ̂jkσ̂rsĝqrs

+
∑
ijkqrs

ĥijkσ̂ijσ̂krσ̂qsĝqrs +
∑
ijkqrs

ĥijkσ̂ikσ̂jrσ̂qsĝqrs +
∑
ijkqrs

ĥijkσ̂irσ̂jkσ̂qsĝqrs

+
∑
ijkqrs

ĥijkσ̂ijσ̂ksσ̂qrĝqrs +
∑
ijkqrs

ĥijkσ̂ikσ̂jsσ̂qrĝqrs +
∑
ijkqrs

ĥijkσ̂isσ̂jkσ̂qrĝqrs.

These nine elements are the same and we have

∑
ijkqrs

ĥijkσ̂ijσ̂kqσ̂rsĝqrs =
∑
ijkqrs

σ̂ijĥijkσ̂kqĝqrsσ̂rs (71)

= vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĝ

)′
vec

((
∇2ĥ

)−1)
.

The second group consists of six elements that do not include any term from (σ̂ij, σ̂ik, σ̂jk),

that is

∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksσ̂qsĝqrs +
∑
ijkqrs

ĥijkσ̂irσ̂jqσ̂ksσ̂qsĝqrs +
∑
ijkqrs

ĥijkσ̂iqσ̂jsσ̂krσ̂qsĝqrs
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+
∑
ijkqrs

ĥijkσ̂isσ̂jqσ̂krσ̂qsĝqrs +
∑
ijkqrs

ĥijkσ̂irσ̂jsσ̂kqσ̂qsĝqrs +
∑
ijkqrs

ĥijkσ̂isσ̂jrσ̂kqσ̂qsĝqrs.

These six elements are the same and we have

∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksσ̂qsĝqrs (72)

= vec
(
∇3ĝ

)′ [(∇2ĥ
)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
.

From (71) and (72), we can get

− 1

36

∑
ijkζηξ

ĥijkµ
6
ijkζηξĝζηξ (73)

= − 9

36

∑
ijkζηξ

σ̂ijĥijkσ̂kζ ĝζηξσ̂ηξ −
6

36

∑
ijkζηξ

ĥijkσ̂iζ σ̂jησ̂kξĝζηξ

= −1

4
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĝ

)′
vec

((
∇2ĥ

)−1)
−1

6
vec
(
∇3ĝ

)′ [(∇2ĥ
)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
.

For term 1
72

∑
ijkqrs ĥijkĥqrsµ

6
ijkqrs

Similar to the proof of (73), we have

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs =

9

72

∑
ijkqrs

σ̂ijĥijkσ̂kqĥqrsσ̂rs +
6

72

∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĥqrs,

where

∑
ijkqrs

σ̂ijĥijkσ̂kqĥqrsσ̂rs = vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1)
,

∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĥqrs =
∑
ijk

ĥijk
∑
qrs

σ̂iqσ̂jrσ̂ksĥqrs
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= vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
.

Then, we can get

1

72

∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs (74)

=
1

8
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1)
+

1

12
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
.

For term 1
144

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstwĝtw

We can decompose
∑

ijkqrstw ĥijkĥqrsµ
8
ijkqrstwĝtw into seven groups. One group con-

tains all the terms that involve σ̂tw, that is,

∑
ijkqrstw

ĥijkĥqrsµ
6
ijkqrsσ̂twĝtw (75)

=
∑
ijkqrs

ĥijkĥqrsµ
6
ijkqrs

∑
tw

σ̂twĝtw

= 9vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+6vec

(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
tr

[(
∇2ĥ

)−1
∇2ĝ

]

by (68). Note that there are fifteen terms in this group.

The other six groups are the same. One of them, which involves σ̂sw, is

∑
ijkqrstw

ĥijkĥqrsσ̂ijσ̂kqσ̂rtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂ijσ̂krσ̂qtσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂ijσ̂ktσ̂qrσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jqσ̂rtσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jrσ̂qtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jtσ̂qrσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂iqσ̂jkσ̂rtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂iqσ̂jrσ̂ktσ̂swĝtw
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+
∑

ijkqrstw

ĥijkĥqrsσ̂iqσ̂jtσ̂krσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jkσ̂qtσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jqσ̂ktσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jtσ̂kqσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jkσ̂qrσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jqσ̂krσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jrσ̂kqσ̂swĝtw.

Note that this group can be further decomposed into three sub-groups. The first sub-

group consists of six elements, which involve either σ̂rt or σ̂qt, that is

∑
ijkqrstw

ĥijkĥqrsσ̂ijσ̂kqσ̂rtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂ijσ̂krσ̂qtσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jqσ̂rtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jrσ̂qtσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂iqσ̂jkσ̂rtσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jkσ̂qtσ̂swĝtw.

Hence,

∑
ijkqrstw

ĥijkĥqrsσ̂irσ̂jkσ̂qtσ̂swĝtw =
∑

ijkqrstw

σ̂jkĥjkiσ̂irĥrqsσ̂qtĝtwσ̂sw (76)

= vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
.

The second sub-group consists of three elements, which involve one term from (σ̂kt, σ̂rt,

σ̂qt) and one term from (σ̂ij, σ̂ik, σ̂jk), that is

∑
ijkqrstw

ĥijkĥqrsσ̂ijσ̂ktσ̂qrσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂ikσ̂jtσ̂qrσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jkσ̂qrσ̂swĝtw.

These three elements are the same and we have

∑
ijkqrstw

ĥijkĥqrsσ̂itσ̂jkσ̂qrσ̂swĝtw (77)

89



=
∑

ijkqrstw

ĥijkĥqrsσ̂jkσ̂qrσ̂itĝtwσ̂sw =
∑

ijkqrstw

σ̂jkĥjkiσ̂itĝtwσ̂swĥsqrσ̂qr

= vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1)
.

The third sub-group consists of six elements, which involve one term from (σ̂ij, σ̂ik, σ̂jk)

but do not include any term from (σ̂kt, σ̂rt, σ̂qt). Thus,

∑
ijkqrstw

ĥijkĥqrsσ̂iqσ̂jrσ̂ktσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂iqσ̂jtσ̂krσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jqσ̂ktσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂irσ̂jtσ̂kqσ̂swĝtw

+
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jqσ̂krσ̂swĝtw +
∑

ijkqrstw

ĥijkĥqrsσ̂itσ̂jrσ̂kqσ̂swĝtw.

These six elements are the same and we have

∑
ijkqrstw

ĥijkĥqrsσ̂itσ̂jrσ̂kqσ̂swĝtw =
∑

ijkqrstw

ĥijkĥqrsσ̂jrσ̂kqσ̂itĝtwσ̂sw (78)

=
∑

ijkqrstw

ĥijkσ̂itĝtwσ̂wsσ̂jrσ̂kqĥsrq

= vec
(
∇3ĥ

)′ [((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
.

Then, from (75), (76), (77), and (78), we have

1

144

∑
ijkqrstw

ĥijkĥqrsµ
8
ijkqrstwĝtw (79)

=
9

144
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

6

144
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

36

144
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
+

18

144
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1)
+

36

144
vec
(
∇3ĥ

)′ [((
∇2ĥ

)−1
∇2ĝ

(
∇2ĥ

)−1)
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
.
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We can write (76) as

∑
ijkqrstw

ĥijkĥqrsσ̂irσ̂jkσ̂qtσ̂swĝtw (80)

=
∑

ijkqrstw

σ̂jkĥjkiσ̂irĥrqsσ̂qtσ̂swĝtw =
∑

ijkqrstw

σ̂tqσ̂jkĥjkiσ̂irĥqrsσ̂swĝtw

=
∑
tw

[∑
ijkqrs

σ̂tqσ̂jkĥjkiσ̂irĥqrsσ̂sw

]
ĝtw =

∑
tw

[∑
ijkqrs

σ̂tqĥijkσ̂jkσ̂irĥqrsσ̂sw

]
ĝtw

= tr

[[(
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1)
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]
,

∑
ijkqrstw

ĥijkĥqrsσ̂itσ̂jkσ̂qrσ̂swĝtw (81)

=
∑

ijkqrstw

ĥijkĥqrsσ̂jkσ̂qrσ̂itĝtwσ̂sw =
∑

ijkqrstw

σ̂jkĥjkiσ̂itĝtwσ̂swĥsqrσ̂qr

=
∑

ijkqrstw

σ̂tiσ̂jkĥjkiσ̂qrĥqrsσ̂swĝtw

= tr

[[(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1)
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1]
∇2ĝ

]
,

∑
ijkqrstw

ĥijkĥqrsσ̂itσ̂jrσ̂kqσ̂swĝtw =
∑

ijkqrstw

ĥijkĥqrsσ̂jrσ̂kqσ̂itĝtwσ̂sw (82)

=
∑

ijkqrstw

ĥijkσ̂itĝtwσ̂wsσ̂jrσ̂kqĥsrq =
∑

ijkqrstw

σ̂tiĥikjσ̂kqσ̂jrĥqrsσ̂swĝtw

= tr

[(
∇2ĥ

)−1
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ′

(
∇2ĥ

)−1
∇2ĝ

]
.

Then, we have

1

144

∑
ijkqrstw

ĥijkĥqrsµ
8
ijkqrstwĝtw (83)

=
9

144
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
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+
6

144
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
tr

[(
∇2ĥ

)−1
∇2ĝ

]
+

36

144
tr

[[(
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1)
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1
∇2ĝ

]
+

18

144
tr

[[(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1)
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1]
∇2ĝ

]
+

36

144
tr

[(
∇2ĥ

)−1
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ′

(
∇2ĥ

)−1
∇2ĝ

]
.

For term 1
72

∑
ijkqrstw ĥijkĥqrsµ8

ijkqrstw b̂D,w ĝt

b̂D
Note that

∑
ijkqrstw

ĥijkĥqrsσ̂irσ̂jkσ̂qtσ̂swb̂D,wĝt

=
∑

ijkqrstw

σ̂swb̂D,wσ̂jkĥjkiσ̂irĥsrqσ̂qtĝt

= vec

((
∇2ĥ

)−1
b̂Dvec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1)
∇3ĥ

(
∇2ĥ

)−1
∇ĝ,

∑
ijkqrstw

ĥijkĥqrsσ̂itσ̂jkσ̂qrσ̂swb̂D,wĝt

=
∑

ijkqrstw

σ̂qrĥqrsb̂D,wσ̂swσ̂jkĥjkiσ̂itĝt

= vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
b̂Dvec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ,

∑
ijkqrstw

ĥijkĥqrsσ̂itσ̂jrσ̂kqσ̂swb̂D,wĝt

=
∑

ijkqrstw

ĥijkĥqrsσ̂jrσ̂kqσ̂itb̂D,wĝtσ̂sw =
∑

ijkqrstw

ĥijkσ̂itb̂D,wĝtσ̂swσ̂jrσ̂kqĥsrq

=
∑

ijkqrstw

σ̂jrσ̂swb̂D,wĥsrqσ̂qkĥjkiσ̂itĝt

= vec

(((
∇2ĥ

)−1
⊗
((
∇2ĥ

)−1
b̂D

)′)
∇3ĥ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.
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1

72

∑
ijkqrstw ĥijkĥqrsµ

8
ijkqrstwb̂D,wĝt

b̂D

=
1

8
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1)
tr

[(
∇2ĥ

)−1 ∇b̂D
b̂D
∇ĝ′
]

+
1

12
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
tr

[(
∇2ĥ

)−1 ∇b̂D
b̂D
∇ĝ′
]

+
1

2
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1 ∇b̂D
b̂D
∇ĝ′

(
∇2ĥ

)−1)

+
1

4
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D
∇ĝ′

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1)
+
1

2
vec
(
∇3ĥ

)′ [((
∇2ĥ

)−1 ∇b̂D
b̂D
∇ĝ′

(
∇2ĥ

)−1)
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
=

1

8
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 (
∇3ĥ

)′
vec

((
∇2ĥ

)−1) ∇b̂D
b̂D

′ (
∇2ĥ

)−1
∇ĝ

+
1

12
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

) ∇b̂D
b̂D

′ (
∇2ĥ

)−1
∇ĝ

+
1

2
vec

((
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1)
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

4
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1 ∇b̂D
b̂D

vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

2
vec

(((
∇2ĥ

)−1
⊗

((
∇2ĥ

)−1 ∇b̂D
b̂D

)′)
∇3ĥ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

For term 1
144

∑
ijkqrstw ĥijkĥqrstµ

8
ijkqrstwĝw

In this case, we can decompose µ8
ijkqrstw into seven groups, each containing fifteen

terms. The first four groups contain σ̂qw, σ̂rw, σ̂sw, σ̂tw. Out of these four groups, the

group involving σ̂tw is

∑
ijkqrstw

ĥijkĥqrstσ̂ijσ̂kqσ̂rsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ijσ̂krσ̂qsσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂ijσ̂ksσ̂qrσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jqσ̂rsσ̂twĝw
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+
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jrσ̂qsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jsσ̂qrσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂iqσ̂jkσ̂rsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂iqσ̂jrσ̂ksσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂iqσ̂jsσ̂ksσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jkσ̂qsσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jqσ̂ksσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jsσ̂kqσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jkσ̂qrσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jqσ̂krσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jrσ̂kqσ̂twĝw.

The above fifteen terms can be further decomposed into two different sub-groups by

whether two of (i, j, k) are in the same combination of subscripts (i.e., whether there

involves σ̂ij or σ̂jk or σ̂ik). One sub-group is

∑
ijkqrstw

ĥijkĥqrstσ̂ijσ̂kqσ̂rsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ijσ̂krσ̂qsσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂ijσ̂ksσ̂qrσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jqσ̂rsσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jrσ̂qsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂ikσ̂jsσ̂qrσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂iqσ̂jkσ̂rsσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jkσ̂qsσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jkσ̂qrσ̂twĝw.

Note that each term in this sub-group are the same and we have

∑
ijkqrstw

ĥijkĥqrstσ̂ijσ̂kqσ̂rsσ̂twĝw

=
∑

ijkqrstw

σ̂rsσ̂ijĥijkσ̂kqĥrsqtσ̂twĝw

=

[
vec

((
∇2ĥ

)−1)′
⊗
(
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1)]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ.
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Another sub-group is

∑
ijkqrstw

ĥijkĥqrstσ̂iqσ̂jrσ̂ksσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂iqσ̂jsσ̂ksσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jqσ̂ksσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂irσ̂jsσ̂kqσ̂twĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jqσ̂krσ̂twĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂isσ̂jrσ̂kqσ̂twĝw.

Note that each term in this subgroup are the same and we have

∑
ijkqrstw

ĥijkĥqrstσ̂iqσ̂jrσ̂ksσ̂twĝw

=
∑

ijkqrstw

ĥijkσ̂iqσ̂jrσ̂ksĥqrstσ̂twĝw

= vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ.

The second three groups involve σ̂iw, σ̂jw, σ̂kw in each term. Out of these three

groups, the group involving σ̂iw is

∑
ijkqrstw

ĥijkĥqrstσ̂jkσ̂qrσ̂stσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jkσ̂qsσ̂rtσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jkσ̂qtσ̂rsσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jqσ̂krσ̂stσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jqσ̂ksσ̂rtσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jqσ̂ktσ̂rsσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂kqσ̂stσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂ksσ̂qtσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂ktσ̂qsσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂kqσ̂rtσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂krσ̂qtσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂ktσ̂qrσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂kqσ̂rsσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂krσ̂qsσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂ksσ̂qrσ̂iwĝw.
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This group can be further decomposed into two sub-groups. The first sub-group is as

follows

∑
ijkqrstw

ĥijkĥqrstσ̂jkσ̂qrσ̂stσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jkσ̂qsσ̂rtσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jkσ̂qtσ̂rsσ̂iwĝw.

Note that each element in this group contains σ̂jk. The three terms in the first sub-group

are the same and we have

∑
ijkqrstw

ĥijkĥqrstσ̂jkσ̂qrσ̂stσ̂iwĝw

=
∑

ijkqrstw

ĝwσ̂iwσ̂jkĥijkĥqrstσ̂qrσ̂st =
∑
ijkw

ĝwσ̂iwσ̂jkĥijk
∑
qrst

ĥqrstσ̂qrσ̂st

= vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝtr

[((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1))′
∇4ĥ

]
.

The second sub-group consists of the remaining terms

∑
ijkqrstw

ĥijkĥqrstσ̂jqσ̂krσ̂stσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jqσ̂ksσ̂rtσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jqσ̂ktσ̂rsσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂kqσ̂stσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂ksσ̂qtσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jrσ̂ktσ̂qsσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂kqσ̂rtσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂krσ̂qtσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jsσ̂ktσ̂qrσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂kqσ̂rsσ̂iwĝw

+
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂krσ̂qsσ̂iwĝw +
∑

ijkqrstw

ĥijkĥqrstσ̂jtσ̂ksσ̂qrσ̂iwĝw.

The twelve terms in the second sub-group are the same and we have

∑
ijkqrstw

ĥijkĥqrstσ̂jqσ̂krσ̂stσ̂iwĝw =
∑

ijkqrstw

σ̂jqσ̂stĥqstrσ̂rkĥjkiσ̂iwĝw

= vec

(((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)′)
∇4ĥ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.
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Then, we have

1

144

∑
ijkqrstw

ĥijkĥqrstµ
8
ijkqrstwĝw (84)

=
36

144

[
vec

((
∇2ĥ

)−1)′
⊗
(
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1)]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
24

144
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
9

144
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝtr

[((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1))′
∇4ĥ

]
+

36

144
vec

(((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)′)
∇4ĥ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

=
1

4

[
vec

((
∇2ĥ

)−1)′
⊗
(
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1)]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

6
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇4ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

16
tr

[((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1))′
∇4ĥ

]
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

+
1

4
vec

(((
∇2ĥ

)−1
⊗ vec

((
∇2ĥ

)−1)′)
∇4ĥ

(
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

For term − 1
1296

∑
ijkqrstwvβ ĥijkĥqrsĥtwvµ

10
ijkqrstwvβ ĝβ

Note that µ10
ijkqrstwvβ can be decomposed into nine groups that are the same. Each

group has one hundred and five elements that involve σ̂iβ, σ̂jβ, σ̂kβ, σ̂qβ, σ̂rβ, σ̂sβ, σ̂tβ, σ̂wβ

and σ̂vβ. We take the group involving σ̂vβ as an example. This group is further decom-

posed into seven groups with fifteen elements in each group. There are six groups out

of seven with the following structure:

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂kqσ̂rtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂krσ̂qtσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂ktσ̂qrσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂jqσ̂rtσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂krσ̂qtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂ktσ̂qrσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jkσ̂rtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ktσ̂swσ̂vβ ĝβ
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+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jtσ̂krσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jkσ̂qtσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jqσ̂ktσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂jtσ̂kqσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂kjσ̂qrσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂kqσ̂jrσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂krσ̂jqσ̂swσ̂vβ ĝβ.

The elements in these group do not include σ̂tw. We can further decompose the above

group into two sub-groups. The first sub-group has elements involving σ̂ij, σ̂ik or σ̂jk

and is expressed as

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂kqσ̂rtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂krσ̂qtσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂ktσ̂qrσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂jqσ̂rtσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂krσ̂qtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂ktσ̂qrσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jkσ̂rtσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jkσ̂qtσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂kjσ̂qrσ̂swσ̂vβ ĝβ.

The nine terms in the first sub-group are the same and we have

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂kqσ̂rtσ̂swσ̂vβ ĝβ

=
∑

ijkqrstwvβ

σ̂ijĥijkσ̂kqĥqrsσ̂rtσ̂swĥtwvσ̂vβ ĝβ

= vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

The second sub-group is

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ktσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jtσ̂krσ̂swσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jqσ̂ktσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂jtσ̂kqσ̂swσ̂vβ ĝβ
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+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂kqσ̂jrσ̂swσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂krσ̂jqσ̂swσ̂vβ ĝβ

The six terms in the second sub-group are the same and we have

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ktσ̂swσ̂vβ ĝβ

=
∑

ijkqrstwvβ

ĥijkσ̂iqσ̂jrĥqrsσ̂ktσ̂swĥtwvσ̂vβ ĝβ

= vec

(
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

Note that out of the seven groups, we have one group remained, which is expressed as

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂kqσ̂rsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂krσ̂qsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂ksσ̂qrσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂jqσ̂rsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂krσ̂qsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂ksσ̂qrσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jkσ̂rsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ksσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jsσ̂krσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jkσ̂qsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jqσ̂ksσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂jsσ̂kqσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂kjσ̂qrσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂kqσ̂jrσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂krσ̂jqσ̂twσ̂vβ ĝβ.

We can further decompose the above group into two sub-groups. The first sub-group is

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂kqσ̂rsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂krσ̂qsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂ksσ̂qrσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂jqσ̂rsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂krσ̂qsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ikσ̂ksσ̂qrσ̂twσ̂vβ ĝβ
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+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jkσ̂rsσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jkσ̂qsσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂kjσ̂qrσ̂twσ̂vβ ĝβ.

The elements of this sub-group involve σ̂ij, σ̂ik or σ̂jk. The nine terms in the first

sub-group are the same and we have

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂ijσ̂kqσ̂rsσ̂twσ̂vβ ĝβ

=
∑
ijkqrs

σ̂ijĥijkσ̂kqĥqrsσ̂rs
∑
twvβ

σ̂twĥtwvσ̂vβ ĝβ

= vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1)
× vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.

The second sub-group is

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ksσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jsσ̂krσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂irσ̂jqσ̂ksσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂itσ̂jsσ̂kqσ̂twσ̂vβ ĝβ

+
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂kqσ̂jrσ̂twσ̂vβ ĝβ +
∑

ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂isσ̂krσ̂jqσ̂twσ̂vβ ĝβ.

The six terms in the second sub-group are the same and we have

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvσ̂iqσ̂jrσ̂ksσ̂twσ̂vβ ĝβ

=
∑
ijkqrs

ĥijkσ̂iqσ̂jrσ̂ksĥqrs
∑
twvβ

σ̂twĥtwvσ̂vβ ĝβ

= vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
×vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ.
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Then, we have

− 1

1296

∑
ijkqrstwvβ

ĥijkĥqrsĥtwvµ
10
ijkqrstwvβ ĝβ (85)

= −9× 6× 9

1296
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′

×
[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−9× 6× 6

1296
vec

(
∇3ĥ′

[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ

)′
×
[(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−9× 1× 9

1296
vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇3ĥ′vec

((
∇2ĥ

)−1)
×vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇ĝ

−9× 1× 6

1296
vec
(
∇3ĥ

)′ [(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1
⊗
(
∇2ĥ

)−1]
vec
(
∇3ĥ

)
×vec

((
∇2ĥ

)−1)′
∇3ĥ

(
∇2ĥ

)−1
∇g

Note that

9× 6× 9

1296
=

3

8
,
9× 6× 6

1296
=

1

4
,
9× 1× 9

1296
=

1

16
,
9× 1× 6

1296
=

1

24
.

5.4.4 Proof of Lemma 2.2

Proof of Lemma 2.2 can be obtained by directly applying Lemma 5.3 by setting bD (θ) =

p (θ), g (θ) = lt (θ), −nhN (θ) = −nhD (θ) = ln p(y|θ). Then, under Assumptions 1-10,

we have ∫
lt (θ) p (θ) p (y|θ) dθ∫
p (θ) p (y|θ) dθ

= lt

(
θ̂n

)
+

1

n
Bt,1 +

1

n2

(
B1

t,21 +B2
t,21 +Bt,22 −B4Bt,1

)
+Op

(
n−3
)
,

where the expressions for are given in Appendix 5.2.
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5.5 Proof of Lemma 2.3

By definition, we have

PD =

∫
−2
[
ln p (y|θ)− ln p

(
y|θ̄
)]
p (θ|y) dθ

= −2
∫

ln p (y|θ) p (θ|y) dθ + 2 ln p
(
y|θ̄
)
= −2

n∑
t=1

∫
lt (θ) p (θ|y) dθ + 2 ln p

(
y|θ̄
)
.

By Lemma 2.2, we have

∫
lt (θ) p(θ|y)dθ =lt

(
θ̂n

)
+

1

n
Bt,1 +

1

n2
(Bt,2 −Bt,3) +Op

(
1

n3

)
.

Note that

1

n

n∑
t=1

Bt,1 = −1

2
tr

[
H̄n

(
θ̂n

)−1 1

n

n∑
t=1

∇2lt

(
θ̂n

)]
− 1

n

n∑
t=1

∇lt
(
θ̂n

)′
H̄n

(
θ̂n

)−1 ▽p̂
p̂

+
1

2
vec

(
H̄n

(
θ̂n

)−1)
H̄(3)

n

(
θ̂n

)−1
H̄n

(
θ̂n

)−1 1

n

n∑
t=1

∇lt
(
θ̂n

)
= −1

2
tr

[
H̄n

(
θ̂n

)−1
H̄n

(
θ̂n

)]
= −1

2
P,

since
∑n

t=1∇lt
(
θ̂n

)
= 0. For the same reason,

1

n

n∑
t=1

Bt,21 = 0.

Moreover,

1

n

n∑
t=1

Bt,22

= − 1

16
tr [A2] tr

[
H̄n

(
θ̂n

)−1 1

n

n∑
t=1

∇2lt

(
θ̂n

)]

−1

4
tr

[[(
H̄n

(
θ̂n

)−1 1

n

n∑
t=1

∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1)
⊗ vec

(
H̄n

(
θ̂n

)−1)]
H̄(4)

n

(
θ̂n

)′]
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+
1

16
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)
vec

(
H̄n

(
θ̂n

)−1)
×tr

[
H̄n

(
θ̂n

)−1 1

n

n∑
t=1

∇2lt

(
θ̂n

)]

+
1

24
vec
(
H̄(3)

n

(
θ̂n

))′ [
H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1]
vec
(
H̄(3)

n

(
θ̂n

))
×tr

[
H̄n

(
θ̂n

)−1 1

n

n∑
t=1

∇2lt

(
θ̂n

)]

+
1

4
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)′
×vec

(
H̄n

(
θ̂n

)−1 1

n

n∑
t=1

∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1)

+
1

8
vec

(
H̄n

(
θ̂n

)−1)′
H̄(3)

n

(
θ̂n

)
H̄n

(
θ̂n

)−1 1

n

n∑
t=1

∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1
×H̄(3)

n

(
θ̂n

)′
vec

(
H̄n

(
θ̂n

)−1)

+
1

4
vec
(
H̄(3)

n

(
θ̂n

))′ 
(
H̄n

(
θ̂n

)−1
1
n

∑n
t=1∇2lt

(
θ̂n

)
H̄n

(
θ̂n

)−1)
⊗H̄n

(
θ̂n

)−1
⊗ H̄n

(
θ̂n

)−1


×vec
(
H̄(3)

n

(
θ̂n

))
−1

4
vec

(
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Then, we have
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where C21, C2 and C23 are defined in Lemma 2.3. Clearly the first three terms are not

related to the prior while the last three terms are related to the prior. We can also

show that
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From the stochastic expansion, we have

θn = θ̂n −
1

n
H̄n

(
θ̂n

)−1
∇π̂

+
1

2n
H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)′
vec

(
H̄n

(
θ̂n

)−1)
+Op

(
1

n2

)
,

105



and

θ̂n − θn =
1

n
H̄n

(
θ̂n

)−1
∇π̂

− 1

2n
H̄n

(
θ̂n

)−1
H̄(3)

n

(
θ̂n

)′
vec

(
H̄n

(
θ̂n

)−1)
+Op

(
1

n2

)
. (86)

By the Taylor expansion, we get
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Hence, from (86) and (87) we have,
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From the definition of DIC, (87), and (88), we have
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