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Abstract

This paper gives a rigorous justification to the Deviance information criterion
(DIC), which has been extensively used for model selection based on MCMC out-
put. It is shown that, when a plug-in predictive distribution is used and under

a set of regularity conditions, DIC is an asymptotically unbiased estimator of
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the expected Kullback-Leibler divergence between the data generating process
and the plug-in predictive distribution. High-order expansions to DIC and the
effective number of parameters are developed, facilitating investigating the effect
of the prior. DIC is used to compare alternative discrete-choice models, alter-
native GARCH-type models, and alternative copula models in three empirical
applications.
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1 Introduction

A highly important statistical inference often faced by model builders and empirical
researchers in economics is model selection. Many penalty-based information criteria
have been proposed to select from a set of candidate models. In the frequentist sta-
tistical framework, perhaps the most popular information criterion is AIC. Arguably
one of the most important developments for model selection in the Bayesian literature
in the last twenty years is the deviance information criterion (DIC) of Spiegelhalter et
al. (2002).! DIC is understood as a Bayesian version of AIC. Like AIC, it trades off
a measure of model adequacy against a measure of complexity and is concerned with
how hypothetically replicate data predict the observed data. However, unlike AIC, DIC
takes prior information into account.

DIC is constructed based on the posterior mean of the log-likelihood or the deviance
and has several desirable features. First, DIC is easy to calculate when the likelihood
function is available in closed-form, and the posterior distributions of models are ob-

tained by Markov chain Monte Carlo (MCMC) simulation. Second, it applies to a

! According to Spiegelhalter et al. (2014), Spiegelhalter et al. (2002) was the third most cited paper
in international mathematical sciences between 1998 and 2008. Up to September 2022, it has received
13524 citations on Google Scholar.



wide range of statistical models. Third, unlike Bayes factors (BF), it is not subject to
Jeffreys-Lindley-Barlett’s paradox and can be calculated when vague or even improper
priors are used.

However, as acknowledged in Spiegelhalter et al. (2002, 2014), the decision-theoretic
justification of DIC is not rigorous in the literature. In fact, in the heuristic justifica-
tion given by Spiegelhalter et al. (2002), the frequentist framework and the Bayesian
framework were mixed. The first contribution of the present paper is to provide a
rigorous decision-theoretic justification to DIC purely in a frequentist setup. It can
be shown that DIC is an asymptotically unbiased estimator of the expected Kullback-
Leibler (KL) divergence between the data generating process (DGP) and the plug-in
predictive distribution when the posterior mean is used. This justification is similar to
how AIC has been justified. The second contribution of the present paper is to develop
high-order expansions to DIC and the effective number of parameters that allow us to
easily see the effect of the prior on DIC and the effective number of parameters.

The rest of the paper is organized as follows. Section 2 explains how to treat
the model selection as a decision problem and provides a rigorous decision-theoretic
justification to DIC of Spiegelhalter et al. (2002) under a set of regularity conditions.
In Section 3, we give two examples to illustrate the effect of the prior distribution
on DIC in finite samples. In Section 4, we apply DIC to compare alternative discrete-
choice models, alternative GARCH-type models and alternative copula models. Section
5 concludes the paper. In Appendix, Theorem 2.1 is proved and the expressions for the
high order terms in Lemma 2.2 are given. The online supplement collects the proof of
the lemmas in the paper.

Throughout the paper, we use :=, tr, vec, ®, o(1), 0,(1), O,(1), % to denote
definitional equality, trace, vector operator that converts the matrix into a column
vector, Kronecker product, tending to zero, tending to zero in probability, bounded in

probability, convergence in probability, respectively. Moreover, we use én, 0,. én, 0" to



denote a generic estimator, the posterior mean, the quasi maximum likelihood (QML)

estimator, and the pseudo true parameter of 8, respectively.

2 Decision-theoretic Justification of DIC

There are essentially two strands of literature on model selection.? The first strand aims
to answer the following question — which model best explains the observed data? The
BF (Kass and Raftery, 1995) and its variations belong to this strand. They compare
models by examining “posterior probabilities” given the observed data and search for
the “true” model. BIC is a large sample approximation to BF, although it is based
on the maximum likelihood estimator. The second strand aims to answer the follow-
ing question: Which model gives the best predictions of future observations generated
by the same mechanism that gives the observed data? Clearly, this is a utility-based
approach where the utility is set as prediction. Ideally, we would like to choose the
model that gives the best overall predictions of future values. Some cross-validation-
based criteria have been developed where the original sample is split into a training set
and a validation set (Vehtari and Lampinen, 2002; Zhang and Yang, 2015). Unfortu-
nately, different ways of sample splitting often lead to different outcomes. Alternatively,
based on hypothetically replicate data generated by the exact mechanism that gives the
observed data, some predictive information criteria have been proposed for model se-
lection. They minimize a loss function associated with the predictive decisions. AIC
and DIC are two well-known criteria in this framework. After the decision is made
about which model should be used for prediction and how predictions should be made,
a unique prediction action for future values can be obtained to fulfill the original goal.
The latter approach is what we follow in the present paper. Given the relevance of

prediction in practice, not surprisingly, such an approach to model selection has been

2For more information about the literature, see Vehtari and Ojanen (2012) and Burnham and
Anderson (2002).



widely used in applications.

2.1 Predictive model selection as a decision problem

Assuming that the probabilistic behavior of observed data, y = (y1,y2, - ,yn) € Y, is
described by a set of probabilistic models such as { M }r_, = {p (y|0%, My)}1_, where
n is the sample size, 0 (without confusion, we simply write it as @) is the set of
parameters in candidate model My, and p(-) is a probability density function (pdf).
Formally, the model selection problem can be taken as a decision problem to select a
model among {Mk}iil where the action space has K elements, namely, {d; }5_,, where
dj, means M, is selected.

For the decision problem, a loss function, £(y, dy), which measures the loss of decision
dy as a function of y, must be specified. Given the loss function, the expected loss (or

risk) can be defined as (Berger, 1985)

Risk(dy) = By [((y, dy)] = / Uy, d)g(y)dy.

where g(y) is the pdf of the DGP of y. Hence, the model selection problem is equivalent

to optimizing the statistical decision,
k* = arg mkin Risk(dy,).

Based on the set of candidate models {Mk}le, the model M+ with the decision dj« is
selected.

Let ¥rep = (Yireps -+ > Ynrep) be the hypothetically replicate data, independently
generated by the exact mechanism that gives y. Assume the sample size in y,, is the
same as that in y (i.e. n). Consider the predictive density of this replicate experi-

ment for a candidate model Mj. The plug-in predictive density can be expressed as



P (yre,p|én(y)7 Mk> for M, where 0,,(y) is an estimate of @ based on y (when there is
no confusion we simply write 8,,(y) as 8,,).
The quantity that has been used to measure the quality of the candidate model

in terms of its ability to make predictions is the KL divergence between g (y,ep) and

p (yrep|én(y), Mk> multiplied by 2,

K ) )] =2 o2t
p

Naturally, the loss function associated with decision d, is

U(y,dy) =2 x KL [g (Yrep) » 0 (yrep|én(y), Mk)} =2 / In ; (yj|;i(;)) Mk) 9 (Yrep) AY rep-

As a result, the model selection problem is,

k* = arg mkin Risk(dy) = arg mlgn E, [((y,d)]

= arg mkin {EyEyrep 2Ing (yrep)] + EyEYTep [_2 Inp <YTep|én(Y)> Mkzﬂ } .

Since ¢ (yrep) is the DGP, E

Vo 1210 g (Yrep)] is the same across all candidate models,

and hence, is dropped from the above equation. Consequently,
k* = arg mkin Risk(dy) = arg mkin EyE,. .. [—21np (yr6p|én(y), Mk>] :

The smaller Risk(dy) is, the better the candidate model performs when using p (yrep|én(y), Mk>

to predict g (y,¢p). The optimal decision makes it necessary to evaluate the risk.



2.2 AIC for predictive model selection

When there is no confusion, we simply write a generic candidate model p (y|@, My) as
p(y|@) where 8 € ® C R (i.e. the dimension of 8 is P). When the candidate model

is different, the value of P may be different. Define AIC by
AIC = —21np (y|5n(y)> 4 2P,
where an(y) is the QML estimate from y defined by
4/9\71 = arg max In 6, M),
(¥) g max p(y16, M)

which is the global maximum interior to ©.
Under a set of regularity conditions, it is well known (e.g. Burnham and Anderson,
2002) that AIC is an asymptotically unbiased estimator of Ey Ey, [—2 Inp (yrep|§n(y), Mk>] ,

that is, as n — oo,

Ey(AIC) — EyEy, ., (—21np (yr6p|5n(y)>) — 0.

The decision-theoretic justification of AIC rests on a frequentist framework. Specif-
ically, it requires a careful choice of the KL divergence, the use of QML, and a set
of regularity conditions that ensure y/n-consistency and the asymptotic normality of
QML. The penalty term in AIC arises from two sources. First, the pseudo true param-
eter value has to be estimated. Second, the estimate obtained from the observed data
is not the same as that from the replicate data. Moreover, as pointed out in Burnham
and Anderson (2002), the justification of AIC requires the candidate model to be a

“good approximation” to the DGP.



2.3 DIC

Spiegelhalter et al. (2002) propose DIC for Bayesian model selection. The criterion is

based on the deviance
D(6)=—2Inp(y|0),

and takes the form of

DIC = D (8) + Pp. (1)

The first term, interpreted as a Bayesian measure of model fit, is defined as the posterior

mean of the deviance, that is,
D (6) = Eg,, D (8) = Eg,, [~21np(y|0)].

The better the model fits the data, the larger the log-likelihood value, and hence, the
smaller the value for D (0). The second term, used to measure the model complexity
and also known as the “effective number of parameters”, is defined as the difference

between the posterior mean of the deviance and the deviance evaluated at the posterior

mean of the parameters:

Py =D @)~ D (8y) = -2 [ [1np(516) - lnp (s[8.(v)] p(Bl) 8. (2)

where 0,,(y) is the posterior mean of @ based on y, defined by [ 6p(6]y)dd. When
there is no confusion, we simply write 8,,(y) as 6,,.

DIC can be rewritten in two equivalent forms:

DIC = D (6,,) + 2Pp, (3)



and
DIC =2D () — D (6,) = —4Eyg,, Inp(y|0) +2Inp (y|6,) . (4)

DIC defined in Equation (3) bears similarity to AIC of Akaike (1973) and can be
interpreted as a classical “plug-in” measure of fit plus a measure of complexity (i.e. 2Pp,
also known as the penalty term or the “optimism” in the model selection literature).
In Equation (1) the Bayesian measure, D (@), is the same as D (ﬁn) + Pp that already
includes Pp as a penalty for model complexity and, thus, could be better thought of as
a measure of model adequacy rather than pure goodness of fit.

However, as stated explicitly in Spiegelhalter et al. (2002) (Section 7.3 on Page
603 and the first paragraph on Page 605), the justification of DIC is informal and
heuristic. It mixes a frequentist setup and a Bayesian setup. In the next subsection, we
provide a rigorous decision-theoretic justification of DIC purely in a frequentist setup.
Specifically, we show that when a proper loss function is selected, DIC is an unbiased

estimator of the expected loss asymptotically.

2.4 Decision-theoretic justification of DIC

When developing DIC, Spiegelhalter et al. (2002) assumes that there is a true distribu-
tion for y in Section 2.2, a pseudo-true parameter value 6% for a candidate model also
in Section 2.2, an independent replicate data set y,, in Section 7.1. All these assump-
tions are identical to what has been done to justify AIC. Furthermore, as explained in
Section 7.1 of Spiegelhalter et al. (2002), the goal for model selection is to estimate the
expected loss where the expectation is taken with respect to y,¢,|0%. The assumptions
and the goal indicate that a frequentist framework was considered. On the other hand,
since the “optimism” associated with the natural estimator depends on a pseudo true

parameter value 67 instead of replacing it with a frequentist estimator and then finding



the asymptotic property of the “optimism”, in Sections 7.1 and 7.3 of Spiegelhalter et
al. (2002), 67 is replaced with a random quantity € and then calculates the posterior
mean of the “optimism”. As a result, a Bayesian framework is adopted when studying
the behavior of “optimism”.

Spiegelhalter et al. (2002) do not explicitly specify the KL divergence function.
However, from Equation (33) on Page 602, the loss function defined in the first para-
graph on Page 603, and Equation (40) on Page 603, one may deduce that the following

KL divergence

N
KL [p(yrepl0) .0 (yrepl0a(¥))] = E, 0 [1 P (yr€p|§n(}’))]

was used.? Hence,

2X KL [p <YTep’0) P (YTeplan(Y))} = 2Eymp|0 (lnp (YT€p|0)) + Eymp|0 (_2 Inp (yT‘ep‘an(y))) :
(6)

With this KL function, unfortunately, the first term in the right hand side of Equation
(6) is no longer a constant across candidate models. This is because, when the pseudo-
true value is replaced by a random quantity @, the first term in the right hand side
of Equation (6) is model dependent. This deficiency suggests another KL divergence
function is needed.

As in AIC, we first consider the plug-in predictive distribution p (yrep|§n(y)) in the

following KL divergence

KL [g(yrep) 2 (Yrep|0a(y))] = Ey,.,

9 (Yrep) ]
P (YreplOn(y)) |

3In Equation (33) of Spiegelhalter et al. (2002), the expectation is taken with respect to y,c,|6"
which corresponds to the candidate model. In AIC, the expectation is taken with respect to y,ep, which
corresponds to the DGP.
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The corresponding expected loss function of a statistical decision dj, is

ol 9 Wrer)
p (YTeplen(y-), Mk)
= Ly, 2lng (yrep)] + EyEy,., {_2 Inp <YTep|§n<y)a Mk)] .

Risk(dy) = Ey {Eymp

Once again, since Ey E.

Voo 1210 g (Yrep)] is the same across candidate models, minimizing

the expected loss function Risk(dy) is equivalent to minimizing

EyEyT‘ﬁp [_2 lIlp (YTep|§n<Y)7 Mk)] .

Denote the selected model by My«. Then p (ymp@n(y), Mk*) is used to generate future
observations where 6,,(y) is the posterior mean of @ in Mj..

We are now in the position to provide a rigorous decision-theoretic justification to
DIC in a frequentist framework based on a set of regularity conditions. To do so, let
us first fix some notations. Let y* = (yo,¥1,... ,4:) for any 0 < ¢ < n and [; (y*,0) =
Inp (y!|0) — Inp (y*~1|0) be the conditional log-likelihood for the " observation for
any 1 <t < n. When there is no confusion, we suppress [, (y*,0) as [, (6) so that the
log-likelihood function Inp (y|0) is > i, 1 (8).* Let Vi, (@) denote the ;™ derivative

of I, (@) and VI, (6) = [, (@) when j = 0. Furthermore, define

(9lnp y dlnp (y'|0) O*Inp(y 9’ Inp(y'|60) :
s(y',0) = sz h(y',0) = 000 ZZVZZZ

st(0):Vlt(0):s(y,0)— (v 6), h,(6)=V?;(6)=h(y.6) —h(y"',0),

n

B, (6) =Var % Z Vi (0)] JH,, () = % Z h; (6)
3.(0)= > [5.(6) ~5(0)][s: () 5 (8)] 5 (6) = > s,(0)

L, (0) =lnp(8ly), L (8) = &' lnp(8ly) /06",

4In the definition of log-likelihood, we ignore the initial condition Inp(yo). For weakly dependent
data, the impact of ignoring the initial condition is asymptotically negligible.

11



0)= [ . (0)5(x)dy. 3.6) = [ 1(6)g(v)dy.

In this paper, we impose the following regularity conditions.

Assumption 1: ©® C R” is compact.

Assumption 2: {y;};°, satisfies the strong mixing condition with the mixing coef-
ficient ao (m) = O (m%_g> for some € > 0 and r > 2.

Assumption 3: For all ¢, [; (@) satisfies the standard measurability and continuity

condition, and the eight-times differentiability condition on © almost surely..

Assumption 4: For j = 0, 1,2, forany 6,6’ € ©, |71, (8) — /1, (8')|| < ¢ (y') |0 — €],

where ¢/ (y') is a positive random variable with sup, £ HCZ (yt)H < oo and

Z E(c (') 0.

Assumption 5: For j =0,1,...,8, there exist M;(y") and M < oo such that for
all @ € ©, /1, () exists, supg_g |71 (8)] < My(y"), sup, E || M(y))||™° < M for
some ¢ > 0, where r is the same as that in Assumption 2.

Assumption 6: {//l; (0)} is Ly-near epoch dependent of size —1 for j = 0,1 and
—% for 7 = 2 uniformly on ©.

Assumption 7: Let 6% be the pseudo-true value that minimizes the KL loss be-

tween the DGP and the candidate model

1 9(y)
Op:argmln—/ln 9(y)dy,
90 n.) p(yl6) W)

where {67} is the sequence of minimizers that are interior to ® uniformly in n. For all

e >0,

1 n
limsup  sup S {E[L(8)] — E[L, (0°)]} <0, (7)

12



where N (6% ¢) is the open ball of radius € around 6%.

Assumption 8: The sequence {H, (6%)} is negative definite and {B, (6%)} is
positive definite, both uniformly in n.

Assumption 9: H, (6°) +B,, (62) = o(1).

Assumption 10: The prior density p () is eight-times continuously differentiable,
p(6?) > 0 uniformly in n. Moreover, there exists an n* such that, for any n > n*, the

posterior distribution p (8]y) is proper and [ H9||2p(0|y) df < co.

Remark 2.1 Assumption 1 is the compactness condition. Assumption 2 and Assump-
tion 6 imply weak dependence in y; and l;. The first part of Assumption 3 is the
continuity condition. Assumption 4 is the Lipschitz condition for l; first introduced in
Andrews (1987) to develop the uniform law of large numbers for dependent and het-
erogeneous stochastic processes. Assumption 5 contains the domination condition for
ly. Assumption 7 is the identification condition. These assumptions are well-known
primitive conditions for developing the QML theory, namely consistency and asymp-

totic normality, for dependent and heterogeneous data; see, for example, Gallant and

White (1988) and Wooldridge (1994).

Remark 2.2 The eight-times differentiability condition in Assumption 8 and the dom-
ination condition for up to the eighth derivative of l; are important to develop a high
order stochastic Laplace approximation. In particular, as shown in Kass et al. (1990),
these two conditions, together with the well-known consistency condition for QML given
by Equation (8) below, are sufficient for developing the Laplace approzimation. This

consistency condition requires that, for any e > 0, there ezists K (¢) > 0 such that

1 n
nee @\N(gi,a) n t=1

Our Assumption 7 is clearly more primitive than the consistency condition (8). In

13



the following lemma, we show that Assumptions 1-7, including the identification con-
dition (7), are sufficient to ensure (8) as well as the concentration condition around
the posterior mode given by Chen (1985). Together with Assumption 10, the concen-
tration condition suggests that the stochastic Laplace approximation can be applied to
the posterior distribution, and the asymptotic normality of the posterior distribution
can be established. To the best of our knowledge, this is the first time in the literature
that primitive conditions have been proposed for the stochastic Laplace approrimation.
Assumption 10 ensures the second moment of the posterior is bounded. Moreover, it

implies that the prior is negligible asymptotically.

Lemma 2.1 If Assumptions 1-7 hold, then Equation (8) holds. Furthermore, if As-

sumptions 1-7 hold, for any e > 0, there exists Ky (¢) > 0 such that

im P | sup [i I, (6) —izt (eg)] <K@ | =1 (9)
nee @\N<§mg>n =1 =1

Let ?n = arg max Y 1, (0) +1np(0) be the posterior mode. If, in addition,
0cO Lit=1

Assumption 10 holds, then, for any € > 0, there ezists K3 (¢) > 0 such that

m P | sup %(ZW)—zt<02>]+1np<e>—1np<9¢;>> <K () | =1
@\N(ﬁn,e> t=1

(10)

Remark 2.3 Assumption 9 gives the exact requirement for “qood approximation”. This
generalizes the definition of information matriz equality (White, 1996). We now give

an example where H,, (62) + B,, (0%) is o(1) but not zero in finite samples. Let the

14



DGP be
iid
Y = o1t + Tayo + €1, € ~ N(O, 03),

where (114, To;) is iid over t and independent of e,. Assume that vy = 6/n'/?, where &

1s an unknown constant. Let the candidate model be
itd 2
Y = xS + v, v ~ N(0,07).

In this case

1 1 — 21,8)°
lt (0) = —§1n27r— 51110'2 - %,

where @ = (B,02). In this case, the pseudo true value is @7 = (67, 02P)’, which maxi-

n-n

mizes E[l; (0)], and can be expressed as
B = Bo + byo, 07 = a5 + 5,

where b = [E (x%t)]fl E (z1429) and ¢ = E (23,) — |F (l’ltilfgt)]2 E (:Eft)]fl. Hence,

—E[h (0})] = S 1y cbrent |V
2(o2)” " (o%)
“H, (") = _% > E[h,(67)] = —E[h (67)].

From the id assumption, we have

Var (s, (6%)) = E (s (6%) 5, (6%)")

15



UgE(xltmllt> + divd davg
0'72Lp (Uip)Q 2(03”)2
o dag B 1 + 303 +6co2vE+d3vg
2(air)” a(orr)” aoir)”

where d; = E [xéll;jfl (o — xltb)jﬂ} forj=1,2,3 and

1 n
B, (6?) = Var (TZ @) | = ZVCLT (st (67)) =J,, (67)
"

0(2)E<m1t) + d12 dav3
_ 3 (o) 2(air)’
B davg . 1 + 3(‘73)2+6CU0'70+‘1570
2(o7)’ 4(o)” a(oir)’

Hence,
0.2
lim B, (6}) = lim 3, (6}) = lim ~H, (8})= |
n—o00 n—o00 n— 00 0 1 ]
2(at)

since o = dg/n*/?. Thus, H, (6°) + B,, (6") = o(1). However, H, (67) + B,, (62) # 0
for any finite n. The violation of this assumption has implications for the expression of

DIC and hence, its theoretical justification. This issue has been carefully investigated

in Li et al. (2020).

To develop the Laplace approximation, we need to fix more notations. For the
convenience of exposition, we let HY (6) = LS VI, () for j =3,4,5. Let w(6) =
Inp(0), p, 7, V/p, and V7 be the values of functions, p (8), 7 (0), V/p (6), and V'~ (0)
evaluated at 8,,. The next lemma extends Theorem 4 of Kass et al. (1990) to a higher

order in matrix form.

Lemma 2.2 Under Assumptions 1-10, we have, as n — oo,

[l (6 p(y|0) d6
fp y|0 ) de (11)

16



~ 1 1 _
= (On) ﬁBt’l + ) (Bt1721 + Bt2,21 + Bt oo — B4Bt,1) + O, (n 3) )
where By 1, Btlm, Bt2,217 B 92, By are all Oy(1) with the expressions given in Appendiz 5.2.

The following lemma develops a high-order expansion of Pp and DIC.

Lemma 2.3 Under Assumptions 1-10, we have, as n — oo,

PD = P‘i‘lCl—lC’Q—'—Op(niZ),
n n

1 1
DIC" = AIC+ —Di+ —D,+0, (n7?),
n

where
Ci = “tr(Ay) — 24y =0, (1)
1 = 41' 2 6 3 —=Up )
SN |
Cy = tr [Hn (9n> VQ%] =0, (1),
1 1 1
D1 = _ZAI + itr (AQ) — §A3 = Op (1),
D2 = 021—202—023:Op(1),
with

a = [0, (0) s (m (0) 1))

17



Theorem 2.1 Under Assumptions 1-10, we have, as n — oo,

EyEy,., [=2Inp (yr¢|0.(y))] = Ey (DIC) + o(1).

Remark 2.4 DIC'is an unbiased estimator of EyEy,  [-2Inp (yrep|§n(y))} asymptot-
ically, according to Theorem 2.1. Hence, the decision-theoretic justification to DIC is
that DIC selects a model that asymptotically minimizes the expected loss, which is the ex-
pected KL divergence between the DGP and the plug-in predictive density p (yrep\an(y)).
A key difference between AIC and DIC is that the plug-in predictive density is based
on different estimators of 8. In AIC, the QML estimate, an(y), 1s used. In DIC, the

posterior mean, 0,,(y), is used. In this sense, DIC is the Bayesian version of AIC.

Remark 2.5 The justification of DIC remains valid if the posterior mean is replaced
with the posterior mode or with the QML estimator and/or if Pp is replaced with P.
This is because the justification of DIC requires the information matriz identity to hold
asymptotically, and the posterior distribution to converge to a normal distribution (more
specifically, the posterior mean minus the posterior mode converges to zero and the

posterior variance converges to zero).

Remark 2.6 In AIC, the number of parameters, P, is used to measure model com-
plexity. When the prior is informative, the prior imposes additional restrictions on the
parameter space, and hence, Pp may not be close to P in finite samples. A useful con-
tribution of DIC s to provide a way to measure the model complexity when the prior
information is incorporated; see Brooks (2002). From Lemma 2.3, the effect of prior on
Pp depends on Cy, which can be thought of as a measure of the ratio of the information
in the prior to the information in the likelthood about the parameters. The effect of

prior on DIC depends on Do, which in turn depends on Ca1, Cy, and Cays.

Remark 2.7 Ifp(y|@) has a closed-form expression, DIC is trivially computable from

the MCMC' output. The computational tractability, together with the wversatility of

18



MCMC and the fact that DIC is incorporated into a Bayesian software, WinBUGS,

are among the reasons why DIC has enjoyed a very wide range of applications.

3 Examples

In this section, we use two examples from Spiegelhalter et al. (2002), namely, the
normal linear model with known sampling precision and the normal linear model with
unknown sampling precision, to illustrate the properties of DIC. In particular, we pay

attention to the effect of prior on Pp and DIC.

3.1 The normal linear model with known sampling precision

The general hierarchical normal model described by Lindley and Smith (1972) is

y ~ N (F10,,Gy), (12)
and the conjugate prior for 6, is

01 ~ N (F20,G) (13)

where F} is n x P matrix, 8, is a P x 1 vector, GGy is n X n matrix. Assume Gy, Fy, ¢,

and G5 are all known. In this case, @ = 6. The log likelihood function is

n 1 1 _
L(yl6) = —§1n27T - 5111 |G| - B (y — F161) G (y — F16y) .
It is easy to see that the QML estimate of @ is

6, = (F,G/'F) " Faly. (14)
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The log prior density is

P 1

1 ;o
m(0) = —51n27r— §IH|G2| ) (61 — Fr9) G21 (0, — Fr9).

It is well-known that the posterior distribution of @ is

Oly ~ N (Vb,V),
where
V = (KGR +G07, (15)
b = FG]'y + Gy Fyo. (16)
By Lemma 2.3, we have
_ ~ 1= -1 ~ B
6, = 6,——H,(6,) Vr(0.)+0,(n?), (17)
v -\ (5 )_1 + 0, (n?) (18)
n n n P )
1, [ /2! ~ _
Pp=P—~tr [Hn (6:) v (enﬂ +0,(n?), (19)

where Vr <§n> = G;l <§n - F2q§> and V21 (§n> = —Gg_l.
In (19), one can see the effect of prior on Pp via V27 (én), which is determined by
the curvature of the density of prior at @n Note that the third order derivative of the

log likelihood function L (y|@) is zero. Thus, D; = Cy = 0 and the effect of prior on
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DIC is

Dy =20y~ Cu = ~2tr |1, (8,) 7% (8,)] - v (6,) 1, (8.) " vx (5).

Hence, by Lemma 2.3, we have
DIC = AIC + %DQ + 0, (n7?).
Spiegelhalter et al. (2002) express Pp as
Pp=tr [FGI'"BV] =tr [-L"Y (8,) V] = P —tr [G,'V], (20)

where L(=?) () is the inverse of L (8) and L® (8) = nH,, () = —F/G,"F,. Together
with (18), (20) is the same as (19).

3.2 The normal linear models with unknown sampling preci-
sion

Suppose the model is
Yy~ N (Flel,TilGl) . (21)
Assume the conjugate prior for 6 is

0, ~ N (F2,7'Gy) | (22)
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and the conjugate prior for 7 is
T~T(a,b). (23)

Assume Gy, Fy, ¢, and Gy are all known. Let @ = (0, 7)', where the dimension of @
and 0, is P x 1 and P; x 1, respectively. Clearly, P = P; + 1. The dimension of Fi,
G1, Fy and Gy isn x P, P, x P, P, x Py, P, x Py, respectively. It is well-known that

the posterior of 0 is

01|ty ~ N (Vib1, Vi) and 7]y ~ T (a+g,b+ g) :

where
Vit=rV"'b =7b8 = (y—-FiFx¢) (Gi + F1,G2Fly1 (y—F1Fy2¢) .

According to Lemma 2.3, we have

1 1 _
PD = P—i—EC’l—ﬁC’g—i-Op(n 2)

1 /1 1 1 _
= P + E (Ztr[Ag] — 6143) — EOQ —+ Op (n 2)

P\ 1 _2
= P+(——+;)—502+0p(n ), (24)
since tr[Ay] = —12, and A3 = —6P; — 8. The effect of prior on Pp is

—%02 = —tr [L(_Q) <§n> Vin <§n>] = — (tr [(F{Glel)fl G;l} + % + 2(a— 1)) '

(25)
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From (24), and (25), we can rewrite Pp as

2a 1 1 _ ~N\-1 _
PD =P — ? + S_n + Etr |:Hn711 (0n> TG2 1:| + Op (Tl 2) s (26)
_ o\ — N SN |
where H,, 11 <0n> = — (%F{Glel) " is the submatrix of H, <0n> corresponding
to 6. In (26), one can see the effect of prior on Pp via a and Gy. The effect of prior
on DIC is
1 1 2 1
—Dy = —Cy — —Cy — —Ca;,
n n n n
where
1 27P 1 . _ 1 29 .
SOn=———0Cy, —COp= —C5y (FGT'R) Gy — 5730212,
with
* Pl 1 * * (CL — 1) 1 * -1 (p
021 — E - §CQQG2C22 + T - E, 022 — G2 ! (01,77, - F2¢> .
Thus,
1 1 1
DIC = AIC+ —-D; + —-Dy+ O, <—2) )
n n n
where

1 4
D1:§Pf+2P1—§, Ay =— (2P +38).

Spiegelhalter et al. (2002) express Pp as

Pp =tr [F{GT'F V] —n{¢ (a+n/2) —log(a+n/2)}, (27)
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where 1 (2) is the digamma function that has the asymptotic expansion

[e.9]

1 By, 11 1
—lnz— — — Iz~ — 10— 28
Y(z) =tz -5 £22j2 Ny T T (24) (28)

where By, is the kth Bernoulli number. Thus, the second term of the right-hand side of

(27) can be written as

n {0 (a+n/2) —log (a+n/2)} =n {_(2a1+n) _ 3<2a1+ — (L) } (29)
The first term of (27) is

! — 1 E ~N\NTLL 1
tr [FIGTAV] = P+ —tr [Hn,n <0n) e 1} 10, (n—) . (30)

Hence, from (27), (29), and (30), we have

- 1. [- SNl 20 — 5 1
PD—P1+ﬁtI'|:Hn’11<0n> TG2:|—|—1— + 0 E . (31)

1
3

2
et at a =0, we have

2aq — 1 1 2 1
. =——+—a+0(—).

2a +n 3n n n?

Applying the Taylor expansion to =

Substituting this to (31), we can get (26).

From this example, we can see that Lemma 2.3 provides a general and convenient
way to measure the effect of prior on Pp. Spiegelhalter et al. (2002) use some specific
techniques to derive (26). However, these techniques are problem specific and difficult

to use in general.
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4 Empirical Applications

In this section, we conduct three empirical applications to illustrate the implementation
of DIC. The first application compares two alternative discrete choice models to inves-
tigate the marginal effects of parents’ education level on children’s completion of high
school. The second application compares two GARCH-type models using the USD/euro
exchange rate returns. In the third application we compares four copula models using
S&P indexes returns. All three classes of models have been widely applied in economics.
In all three applications, the competing models are non-nested, making the hypothesis-
testing-based approach to model comparison infeasible. In all three empirical studies,

we employ vague priors.

4.1 Discrete choice models

In this section, we compare a binary probit model and a binary logit model. Let
Yy = (Y12, .- .yn)" be a vector of dependent variables, where y; takes a value 0 or 1 for
i=1,2,...,n; X =[x],%},...,xXy] be amatrix of independent variables, where x; is

a 1 x P vector. The probability of y; = 1 conditional on X is
P(yi = 1‘Xi76> =F (Xi6>7 (32)

where is a Px 1 vector. Assume (y;,x;);_, are identical and independently distributed.
If F(X;5) =@ (X;5) with ® (-) being the CDF of the standard normal distribution, (32)
is the probit model. And if choosing F' (X;3) be the CDF of the logistic distribution,
that is, F' (X;5) = %, (32) becomes the logit model.

The latent variable representation of (32) is

2 = Xif+ei, yi =1(z > 0), (33)
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where z; is the latent variable, I(-) is the indicator function. In this representation,
g; is a standard normal variate in the probit model and a logistic variate in the logit
model.

Albert and Chib (1993) propose a Gibbs sampling algorithm for (33) based on
the data augmentation technique of Tanner and Wong (1987). Zens et al. (2022a)
apply the marginal data argumentation technique of Liu and Wu (1999) to boost the
convergence of the Gibbs sampling algorithm for the probit model. In the logit model,
the latent variable follows a linear model with a logistic error term. To approximate the
error distribution, Holmes and Held (2006) use the scale mixture normal representation
while Polson et al. (2013) use a Pélya-Gamma (UPG) mixture representation. Zens
et al. (2022a) combine the UPG representation and the marginal data augmentation
technique to improve the efficiency of Gibbs sampler for the logit model. In this paper,
we use the algorithm proposed by Zens et al. (2022a) to draw MCMC samplers for the
logit model.

We fit the two models to a dataset obtained from the US Panel Study of Income.
The dependent variable is a binary variable that takes the value of 1 if a woman par-
ticipates in the labor force and zero otherwise. The independent variables include the
number of children under the age of 5, the number of children between 6 and 18 years,
a standardized age index, two binary indicators capturing whether a college degree
was obtained by the wife and the husband, the expected log wage of the woman, the
logarithm of family income exclusive of the income of the woman. There are 753 obser-
vations in the data set.” In total, there are eight parameters in both models, including
the intercept.

We specify a vague prior distribution for parameters as

B ~ N (Ogx1, A x Ii)

°For more details about the dataset, see Zens et al. (2022b).
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where A = 100 in both models. Here, we draw 5,100,000 random draws from the joint
posterior distributions of parameters and latent variables in each model. The first
100,000 draws are used as the burn-in sample. Hence, there are 5,000,000 effective
draws. To compute Pp, we need to evaluate Eg [Inp(y|@))] where 8 = 3, which does

not have a closed-form expression. We approximate it based on the MCMC output as,

M

Eg,, Inp(y]0))] = np (y6™)

5000000 Z

m=1

Table 1: Model selection results for the probit model and the logit model

Model D (6) Pp DIC  (y/n
Probit  905.3953 8.0040 921.4032 0.0008
Logit  905.2918 8.0253 921.3424 0.0023

Table 1 reports D (5), Pp, DIC, and Cy/n for both models. DIC suggests that the
logit model is slightly better than the probit model. The difference between the two
DIC values is mainly due to the difference between the two D (5) values. This is not
surprising as the priors are vague. To examine the effect of the priors on Pp, we can
compare the two Cy/n = n~ltr [ﬁn <§n> - Vz/ﬁ] values. It is 0.0008 for the probit
model and 0.0023 for the logit model, both being negligible. Not surprisingly, Pp is
8.0040 in the probit model and 8.0253 in the logit model, both values very close to the

actual number of parameters.

4.2 GARCH-type models

Pioneered by Engle (1982), the GARCH-type models have proven highly useful in mod-
eling time-varying conditional variance. Two GARCH-type models are particularly
popular, namely, the GARCH model of Bollerslev (1986) and the EGARCH model of

Nelson (1991). These two models are non-nested. A way of comparing them is to inves-
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tigate their out-of-sample forecasting performance, as did in Hansen and Lunde (2005).

In this paper, we use DIC to compare the following GARCH(1,1) and EGARCH(1,1):

Yt = Oty €t 6 N<07 1)
GARCH(1,1): ,

2 2 2
o; = ap+ oy + fio;,

Yr = €Xp (%) €t, €t % N(0,1)
EGARCH(1,1):

he = 0o + d1he1 + 71 |es—1]

In this application, we assume y; is the demeaned daily log return of the USD /euro
exchange rate over the period between January 2, 2020 and September 16, 2022. The
data is downloaded from the European Central Bank (ECB) website. The sample size
n = 698.

To do posterior sampling and DIC computation, we impose vague priors under

parameter restriction as follows. For the prior distribution in GARCH(1,1):

ao, a1, B < N(0,100), if ap > 0 and oy > 0 and B > 0 and ap + B < 1,

negative infinity prior density, if ag < 0O or a; <0Oor f; <0or ay + f; > 1.

For the prior distribution in EGARCH(1,1):

80, 01,71 ~ N(0,100), if —1 <6 <1,
negative infinity prior density, if 6; > 1 or §; < —1.

The MCMC output are obtained using “MitISEM” package in R (Basturk et al.,
2017). The total number of iterations is 100,000. The burn-in period is the first 50,000
iterations. One effective sample is taken for every five samples in the remaining itera-
tions, resulting in 10,000 samples for each parameter from their posterior distributions.
These effective draws are used for Bayesian parameter estimation and DIC computation.

The parameter estimation results for the two models are reported in Table 2. Table

3 reports D (5), Pp, DIC, and Cy/n for both models. According to DIC, GARCH(1,1)
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model has a smaller DIC value than EGARCH(1,1) (842.26 versus 849.58). This indi-
cates that DIC prefers GARCH(1,1) over EGARCH(1,1). To see the effect of the prior,
we report the value of Cy/n. With vague priors, the values of Cy/n are negligible in

both models.

Table 2: Parameter estimation results for GARCH(1,1) and EGARCH(1,1)
GARCH(L,1) EGARCH(L,1)
o o b do 01 2i!
Posterior Mean | 0.0047 0.0662 0.9157 | -0.2130 0.9288 0.2861
Posterior SD | 0.0025 0.0185 0.0246 | 0.0549 0.0210 0.0694

Table 3: Model selection results for GARCH(1,1) and EGARCH(1,1)

Model D(#) | Pp | DIC Cy/n
GARCH(1,1) |[837.36 | 2.45 | 842.26 | 7.89 x 10°°
EGARCH(1,1) | 844.15 | 2.71 | 849.58 | 6.91 x 10"

4.3 Copula models

In this section, we compare several copula models based on estimated DIC. Copula
models are popular tools in finance to model the joint distribution of multiple asset
returns. It consists of the marginal distribution of each random variable and a copula
function. Consider a simple case where there are two assets. Let r1; and ro be daily

log returns for asset 1 and asset 2 at time ¢. Assume

rie = 1+ 0121,

Tot = H2 + 0229,

where p; is mean of return, o; is standard deviation, and z;; = (ry; — 11;) /0; is normalized

returns for ¢ = 1,2. With different assumptions for marginal distribution of z; and the
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Copula function, we obtain different Copula models. Particularly, we consider four
Copula models in Hurn et al. (2020).

Let h; = 1/0? > 0 be the precision parameter, F(z;;v), f(zi;v) be the cumulative
distribution function (CDF) and probability density function (PDF') of the t distribution
with v degrees of freedom (v > 2) respectively, ®~!(-) be the quantile function of the
standard normal distribution, F~!(-;n) be the quantile function of the t distribution
with 7 degrees of freedom (n > 2), gy = P HF(2i;v)), qrie = FHF(zi;0);m).
Given the above notations, the log likelihood function, parameters, prior distribution
of parameters for considered Copula models are summarized in table 4. For more model
details and model property analysis, one can refer to Hurn et al. (2020).

The data we use are daily log returns on the S&P 100 and S&P 600 Indices from
17 August 1995 to 28 December 2018 and the sample size is n = 5893. The MCMC
output are obtained using “mcmc” package in R, where total iteration is 100,000 times,
burn-in iteration is the first 50,000 times and one effective sample is taken for every
five samples in the remaining iterations, resulting in 10,000 samples for each parameter
from their posterior distributions.

To compute Pp, we need to evaluate Eg [Inp(y|@))]. Since it does not has closed

form, similar to the discrete choice model example, we approximate it by MCMC output,

i

Eg,, [Inp(y|6)) Z (3’!9(’”)>

m=1

where M is the number of effective draws.

To compare these four Copula models, we calculate D (5), Pp and DIC for all
candidate models based on the 10,000 effective draws. The results are summarized in
table 5.

Based on the DIC estimates reported in table 5, the t copula t marginals model (ttc)

outperforms the other models by a large margin. Its DIC is estimated to be around
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Table 4: Four Copula models to be compared

Gaussian copula normal marginals model (gnc)

Distributional assumption: z;; ~ N(0,1), Gaussian copula function

2 2
Log likelihood | —nln2r — 21n (=2) — yop, bzt
Parameters 0=(p1 hi pz hy & )T,hi€(0,+0),6¢€[—1,1]
Priors wi ~ Normal(0, 25), h; ~ Gamma(0.1,1),8 ~ Uniform[—1, 1]

Gaussian copula t marginals model (gtc)

Distributional assumption: z;; ~ t(0,1,v), Gaussian copula function

RN ni 1-52 n a3 14495, 00—20dp 1696,2¢ | 1, o 5
Log likelihood | —3 In 7752 = 3 /g | = 2(1-67) + 5(q5 14 + 95 o) +In f(21650) + In f (2265 v)
Parameters 0=(p1 hi p2 hy & v )T, hi€(0,400),6€[-1,1],v € (2,+00)
Priors pi ~ Normal(0, 25), h; ~ Gamma(0.1,1),8 ~ Uniform[—1, 1], v — 2 ~ Exponential(1)

t copula t marginals model (ttc)

Distributional assumption: z;; ~ ¢(0,1,v), t copula function

2 2
1-62 _ n+2 9F,16+9%,26—2095,149f,2¢
—n1n27r—%ln ——Etzlln(l—&-

Log likelihood hiha 2 n(1—52)
=37 1 [In flggaesm) + In f(gg,2¢5m) — In fz1;0) — In f(22¢50)]
Parameters O0=(pu hi p ha & v 7 Y hy € (0,+00),68 € [—1,1],v,m € (2, +0)

i ~ Normal(0, 25), h; ~ Gamma(0.1,1),6 ~ Uniform[—1, 1],
Priors

v — 2 ~ Exponential(1),n — 2 ~ Exponential(1)

Clayton copula t marginals model (ctc)

Distributional assumption: z;¢ ~ ¢(0, 1,v), Clayton copula function

2 n((1+ 8)2h1ha) — (1 +6) 3", (In F(z14;v) + In F(z2¢; v
Log likelihood 7 In(( )2hiho) — (1+6) 320 (In F(z1¢;0) (2¢;v))

- e+ %) In (F(zlt;v)_5 + F(z4;0)7 % — 1) —1In f(z1¢5v) — In f(z2¢;v)]
Parameters 0= pr hi p2 he & w )T,hi € (0,400),0 € (0,400),v € (2,400)
Priors pi ~ Normal(0, 25), h; ~ Gamma(0.1,1), ~ Gamma(1,1),v — 2 ~ Exponential(1)
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Table 5: Model selection results for four copula models

Model | D () | Pp | DIC | Cy/n
gnc | 31378 | 5.20 | 31389 | -0.0006
gte | 29689 | 5.69 | 29700 | -0.0014
titc 29305 | 5.60 | 29316 | -0.0016
cte 30490 | 5.67 | 30502 | -0.0016

29316, being the smallest among the candidate models. Then follows the second best
model, i.e., the Gaussian copula t marginals model (gtc), with DIC being around 29700.
The performance of the remaining Clayton copula t marginals model (ctc) and Gaussian
copula normal marginals model (gnc) are not satisfactory. These results are consistent
with existing empirical facts that asset returns exhibit heavy tails, and that the two
asset returns we choose are expected to have strong tail dependence.

The estimated values of Pp are close to the number of model parameters. This is
because we employ vague prior distributions for parameters. In the last column in table
5, we give the estimated prior effects on Pp, i.e., Cy/n = n~ltr [P_In (§n> - Vzﬁ] . The

prior effects are small.®

5 Conclusion

This paper provides a rigorous decision-theoretic justification of DIC based on a set of
regularity conditions. To do so, we first specify the underlying loss function to be the
KL divergence between the true DGP and plug-in predictive distribution p (yreplgn (y))
This loss function is slightly different from that in AIC by using the posterior mean
0,.(y) as the estimator of @ rather than QML. As a result, DIC is easy to calculate
when the MCMC output is available.

Under a set of regularity conditions, we then show that DIC is an asymptotically

6To obtain a positive prior effect, the V27 need to be negative definite. However, this is not
necessarily satisfied in practice. Here the estimated Cs/n is negative because V27 is not negative
definite.
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unbiased estimator of the expected loss function as n — oco. Moreover, we develop
expansions to DIC and the penalty term based on the high-order Laplace approxima-
tions. These expansions allow us to easily see the effect of prior on DIC and the penalty
term. We illustrate how to use DIC to compare some non-nested models widely used
in economics.

Although the theoretic framework under which we justify DIC is general, it requires
consistency of the posterior mean, the asymptotic normal approximation to the poste-
rior distribution, and the asymptotic normality to the QML estimator. When there are
latent variables in the candidate model under which the number of latent variables grows
as n grows, consistency and the asymptotic normality may not hold if the parameter
space is enlarged to include latent variables. As a result, our decision-theoretic justifi-
cation DIC is not applicable. A recent study by Li et al. (2020) provides a modification
to DIC to compare latent variable models. Moreover, when the data are nonstationary,
the asymptotic normality may not hold. In this case, it remains unknown whether or

not DIC is justified.
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Appendix

5.1 A Proof of Theorem 2.1

We write H,, (67) as H,,, B,, (6%) as B,,, and let C,, = H'B,,H,/!. Under Assumptions

1-10, we can show that

0,(y) = 0.(y) + 0, (n") (34)

by (86). Then, we have

0.(y) =0, + 0, (n""?),

1 01 ren|OF
B 1/2 np(y P‘ n) i)N(O,IP), (35)

Nt 06

and
C,2V/n (8.,(y) — 67) 5 N (0,1p). (36)

Note that

EyEy'rep (—2 lnp (YTep|§n (Y)))

= [EyEY’I‘ep (_2 lnp (YTepyan (yrep)))}
(T1)

+ [EyEy’l‘ep (=2Inp (yreplO7)) — EyEy,., (_2 Inp (Yrep‘an (%"ep)))}
(T2)

+ [EyEYTep (_2 hlp (ymplgn(y'))) - EyEyTEp (_21np (yT‘EP‘gfL))} N
(Ts)
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Now let us analyze Ty and Ty. First, expanding Inp (y,¢,|0%) at 6, (¥,ep), we have

Inp (yrepwz)

_ O p (Yrep|On (yre
— hlp (yrep|0n (yr6p>)+ ( P| ( p))(

00’
20 B () TP ) (0 (y,) 4 0,1
= D (Yrep|On (rep)) + oy <yr;p;0n (yrep)> (67 — 0, (yrep))
+ (00 (Frep) — Bu (yrup)) o %Oaf e ) 0. (¥rer))
0By T OO ) (g, (i’“’” +o0,1)
= (Yol () + 5 (02— B () T EL 0O (g1 (y,) 40, 1)

from (34). Then, we have

T2 = E Ey'rep [ 2 lnp (yreplezr)z) + 2 lnp (YTep‘gn (yrep)):|

= BBy |- (B () - o2 0O )] <ymp>—9£>+0p<”]
= By | (B () - o) T2 e G )| o)
= B |- @ty —opy T2V 6 () )| o),

by Assumptions 5-6 and the dominated convergence theorem (Chung, 2001 and Das-

Gupta, 2008). Next, we expand Inp (yrep\an(y)) at 6:

— Olnp (Yrep|0t) =
P (Yrep|On(y)) = Ip(yrelh) + pgqﬂ )(On(y)—eﬁ)

1 = 1 PInp (yrep|0?)
- _ D rep n _ D
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Substituting the above expansion into 73, we have

Ty = EyEy. [-2np (yrep|00(y))] — EyEy,., [-210p (yrep|6?)]

[ 81np()’rep|05> —
—2———7—"2(0,(y) — 6") —
_ BE o~ (On(y) —07)

yee | ) 62 Inp(yrep07)

(On(Y) - sz) T 2090 (an(Y) - 02) +0p (1)

i Onp (yrepl6h) 5
- EyEyrep _2 (80/ p| ) (OTL(Y) - GZ):|

+Ey By, {— (6.(y) - 07)’ T np (¥rrl0r) (0.(y) — eg)] +0(1)

9606’
Oln rep|OF — »
( Pl >> Ey [(Bu(y) - 67)]

v, [ Ouv) - 02) By, (S22 ) 6,00 - 07)] +00)

= B |V @) - ) By (FEEEEE ) i 0, - 07)| + o)

= —2F

Yrep

n 0606

since

Ey [(6n(y) — 67)] =0

y

Olnp (yrepl0?) — OInp (Yrep|6?
E Ey'rep |:_2 (aelp‘ ) (On(y) - 0£):| - EYTep |:_2 (80/ p| )

by (35), (36), and by the dominated convergence theorem.

Note that

10*Inp (y|6.(y)) 19*Inp (y|67)
n 0000 y (n 0000’ ) +op (1),

by Assumptions 1-10 and the uniform law of large numbers. Hence, we get

;0 Inp (y]0,(y))

T, = Ey _<§n(3’)_02) 9000 (EN(Y)_&Z) +0(1)
= B |V - ) 1 (T ) Vi @uty) - 82) 40, (1)] (1)

= T3 —|— 0(1)
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Hence, we only need to analyze T5. Note that

Ty = B |-V @uly) - 07) B (~L E5EE ) i 6,) - 07)| 40

= By [Vi (Bu(y) - 67) (-H,) v (Bu(y) — 67)] + 0 (1)

= By [(C.2Vn (Buly) - 65)) C2 (—HL,) CY2C, 2 v/n (Buly) - 62)] +0(1)
= By {tr [H,C2C; 2V (8,(y) - 62) v (Bu(y) — 6) C;2CL2] L 40 (1)
— tr {(~H,) C*B, |C; 2V (0u(y) — 62) Vi (Bu(y) — 02) C; 2| 2} + 0 (1)

= tr{(~H,) CI B, |C;*v/n (Bu(y) - 02) Vi (Bu(y) — 67) C; "2 €} +0(1),

and
Ly [C;W\/ﬁ (0.(y) — 67) Vi (0u(y) — 9?;)'0;1/2] =Ip+o0(1).
Hence,
Ty = tr((-H,)CY?’CY?) +o(1) =tr((-H,)C,) +o(1)

= tr((-H,) (-H,) ' B, (-H,) ") +o(1)

= tr((-H,)(-H,) "B, (-H,)™") +0(1)

= tr (B, (-H,) ") +0(1)
and

40



= Ey[-2Inp(y(6.(y))] +2P +o0(1).

The last step is due to the assumption that H, (82) + B, (62) = o(1).
Following Lemma 2.3, we get Pp = P + 0,(1). Finally, by Assumption 10 and the

dominated convergence theorem, we have

EyEy,., [-2np (Yrep|On(y))] = Ey [-2Inp (y]0,) + 2P + 0,(1)]

= E,[D(6,)+2Pp+ 0,(1)] = Ey [DIC + 0,(1)] = E, [DIC] + o(1).

5.2 Expressions for B; |, Btlm, Bf’gl,Bt,gz,Bél

For B;;, we have

o = g 0 o (@) - 0 m (6"

rpeee (1,(0,) ) B9 ()1, (8) 'vu(@). @0

1
For B, ,,, we have
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~gvee (7, (8,) v (6,) B, (3,) ) A
yree (0 0)7) v (0.) 8. (6.)"F
ctoe [, (3.) % (@) or [ (2) " 2]
e[ @) v 6) . 6) "]

For B4, we have

po= —per[fn(8) U] S (R (6) ) B0 (8) B (6) 2
_%Al - 1—12143 + étr [As], (41)
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where
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Online Supplement (Not for Publication)

5.3 Proof of Lemma 2.1

Note that

n n

- Z (1:(8) ~ B[ (8))) + > (B1(6)] ~ Elh (6] + - S (B {1 (62)] 1. (67)).

From (7), we know that for any ¢ > 0, there exists d;(¢) > 0 and N(g) > 0, for all

n > N (e),

—Z{E 1: (0)] — E [l (82)]} < —61(2),

if @ € ®\N (6%, ¢). Thus, for any ¢ > 0, if 8 € O\N (07, ¢), for all n > N (e),

n n

! Z 1 (0) — L (O2)] < " ((0) = B (8)) — b1 (2) + > (B[ (02)] = 1, (67)

t=1 t=1

and
1 n
sup  — » [l (0) — 1, (6%)]
OW(6.) " i
1 — 1 —
< su - (,(0) = E[l,(0)]) —d1(c) + — )] —1:(67))
@\N(gf;,s) n ; " t:l
< sp o SSL0) - EL O] -6 )+ |~ S (B[ (02)] — 1, (62)
OW(0) | = (=
1 n
< 2su — ltO—Elte —51 . 42
< Oegn;(() 1, (6)]) () (42)
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Under Assumptions 1-6, the uniform convergence condition is satisfied, that is,

n

1
P Su — ltO—EltG
(065 S W)~ ElL©)

From the uniform convergence, if we choose 05 such that 0 < d, < 6; (¢) /2, we have

< 5) — 1, (43)

Sup lt H)D < (52] — 1
0O | tz:;
Hence,
1 n
Sllp — lt 0)])| — (51 (6) < 252 — (51 (5)] — 1.
00 | tz:;

From (42), we have

_ Lo
P |2 sup |— L,(O)—FE|L(0))| —d (e 209 — 07 (€
:oegn;(() [()])‘ (e) < ()]
< P su I (0 Iy (6% 209 — 07 (&
< @\N<gp [Z ; ( )]< (€)

Letting K (¢) = — (202 — 61 (€)) > 0, we have, for any ¢ > 0,

lim P | sup [th =D L (6| <-Ki(e)| =1,
t=1

which proves the consistency condition given by (8). The proof of the other two con-
centration conditions (9) and (10) can be done similarly, and hence, omitted.
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5.4 Proof of Lemma 2.2

Before we prove Lemma 2.2, we need to prove the three lemmas. Lemma 5.1 is about
the high-order analytical expansions while Lemma 5.3 and Lemma 5.2 are about the
high-order stochastic expansions.

5.4.1 High-order analytical expansions

Suppose © is a compact subset of RY. For any 8 € ©, let {h,(0): n=1,2,...} be
a sequence of eight-times continuously differentiable functions of @, having an interior

global minimum at {§n n=12... }, b(0) be a six-times continuously differentiable

real function of 8. For any function f(6), let ]?be the value of function f evaluated

at 0, (ie., f=f (En)) When there is no confusion, we write h,,(6) as h(0) or h,, or

even h and b(@) as b. We use Bs (0) to denote the open ball of radius § centered at

0. So B /5 (0) is an open ball of radius \/nd centered at the origin. For convenience

of exposition, we write m () as fj,..j,. The Hessian of h, at 8 is denoted
J1 J2 Jd

by V2h, (0), and its (i, j)-component is written as h;; while the component of its in-
verse is written as h”. Let 5., Uoirars: Heikqrstwr Highqrstwos> Hijkqrstwogre D€ the fourth,
sixth, eighth, tenth, and twelfth central moments of a multivariate normal distribution
whose covariance matrix is (Vﬁz) T (V2h, (6))”" lg_g - Note that we require h,(6)
be eight-times continuously differentiable and b(€) be six-times continuously differen-
tiable. These two conditions are stronger than what have typically been assumed in
the literature on the Laplace approximation as we would like to develop higher order
expansions.

Following Kass et al. (1990), we call the pair ({h,},b) satisfies the analytical
assumptions for Laplace’s method if the following assumptions are met. There exists
positive numbers €, M and 7, and an integer ngy such that n > ngy implies (i) for all 8 €
B. (En) and all 1 < ji, -+, jg < P with 0 < d < 8, [|hy (8)]| < M and ||hj,..;, ()] <

M: (i) V2h is positive definite and det <V2/fz> > n; (iil) [g b(0) exp [—nh (0)] dO exists
and is finite, and for all § for which 0 < § < & and By <§n> ce,

1

[det (nV%)} : /@_B (9n) b(0)exp [—nhn (0) — nﬂ d0 =0 (n7?).

If one sets —nh,, to be the sequence of the log-likelihood functions of a model (as
a sequence of n), we say the model is Laplace regular. Lemma 5.1 below and Lemma
5.2 in the next subsection extend Theorem 1 and Theorem 5 of Kass et al. (1990) to a
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higher order.

Lemma 5.1 If ({h,},b) satisfy the analytical assumptions for Laplace’s method, then

/@ b(0)exp[—nh(0)]dO = (27r)§ [det <nv2ﬁ)} E exp (—nﬁ) (B—I— %Ql + %Qz +0 (n_3)) ,

where

1 ~ ~ 1 ~ o~ ~ 1 ~ ~ 1 ~ o~
Ql = _ﬂ Z hi]'kqﬂ’?jkqb + ﬁ Z hijkhqrslu?jqusb - 6 Z hijk’:u?jkg‘bg + § Z bgﬁhcna

ijkq ijkqrs ijk¢ (n
ST el D + Pistaratll g
Q2 — _% Z ijkarsHijkqrs + T52 Z ijkq!rstw My jkgrstw
1jkqrs ijkqrstw
1 > 7 8 N 1 > 77 10 7
+ﬁo Z hijkthStw/JJijqustwb - ﬁ Z hijkhqrshtw”ﬁuijqustwv,ﬁb
ijkqrstw ijkqrstwu
1 T 7T T 7 12 N 1 N 6 N
+31104 Z hijilgrsTtws e o ijkgrstwoprol — 120 Z Pijkqr i igreOc
ijkqrstwvBTeo 1jkqrg
1 T 7 8 N 1 N NN 10 T
+m Z hijkthSt:uijqusthC - % Z hijkthShtwv:uijqustvabC
ijkqrstC ijkqrstwul
1 = 6 -~ 1 ~ o~ ] ~
8 > Dijrghipgenben + i1 > hijehgrsttkgrscnben
LS ijkqrs¢n

1 ~ ~ 1 N
36 Z hij’f'u?jk@ﬁb@f + 2 Z bénﬁwﬂéngw-
ijkCng (e

Proof. Note that, by the third analytical assumption for Laplace’s method, we have

/@ b(0)exp|[—nh(0)]dO = / b(0)exp[—nh(0)]dO,

5 (0.

b(0) exp [—nh (0)] dO—i—/@_B (é )
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and

00| exp (<) [aee (u77R)]* L )@ (o (10~

1 ~
nh(0) = nh+ = Z hijuiu; + n 2 Z hijruiwug + 4n71 Z ijrquittjuritg

ok tjkq
1 . )
+—n"2 E R gt U Uty + =~ Z R e U U U U U U
120 ™ S 720 jkq UK Ug
ijkqr Bl
| .
+Mn ’ Z hijquStuiujukuqurusut -+ Tn (U) )

ijkqrst

where

Tn (U) 40320 E hzyqustw U u]ukuqurusutuw7

ijkqrstw

and ' lies between @ and 0,,.

~

h

)) o

Define
1 e 1 1 5 e=m
r = én 2 E hijkuiujuk—i—ﬂn E hijkquiujukuq—i—l—zon 2 E hijquuiujukuqur
ijk ijkq ijkqr
TR > " h FRENIES Y + 1 (u)
San ijkqrs Ui Uj Uk UqUr Us AN 2 ijkqrstWiUj U UqUsrUs Ut rn(U) .
720 / 5040
ijkqrs ijkqrst

Applying the Taylor expansion to exp (—x) at the origin, we have

exp (—mh) = exp {—n?z} exp (—% ZEﬂh%) X

ij

50



1 1 1 1 ~
14+ 514+ =S+ -Hs+ -4+ —EF n<0,9n) ;
(+ 1+2 2+6 3+24 4+120 5+ Ry, )

where
_ 1 1 ~ 1 1 ~ 1 3 ~
=1 = —g’fl, 2 E hijkuiujuk—ﬂn E hijkquiujukuq—mn 2 E hijquuiujukuqur
ijk ijkq ijkqr
—Ln_2 /f; UiU; Uk UgUpUg — Ln_g /f; U Ui U Ug Uy UgU
7920 ijkqrs Wiy Wk gty g 5040 ijkqrst Wiy Wj Wl gty gl ,
ijkqrs ijkqrst
2 = in_l i By s Ui U UL Uy + —n? o P st U U U Uy U U U
H2—36 ijk!TbqrsWillj U gty g 242 igkq!brstw Wi Wi Wagly gttty
ijkqrs ijkqrstw
1 3 ~ o~ 1 ~ o~
-5 -2
—l—ﬁn 2 E hijkthstuiujukuqurusut+%n E it Pgr st With j U Ug Uy Us U Uy,
ijkqrst ijkqrstw
1 5 ~ o~
+ 1440n 2 E hijkhqrstwvuiujukuqurusutuwuv
ijkqrstwv
1 5 ~ o~
+2160n 2 E hijkhqrstwvuiujukuqurusutuwuv7
ijkqrstwv
- I s
=3 = _2_16n 2 E hijkhqrshtwvuiujukuqurusutuwuv
ijkqrstwv
1 —2
~ 258" E it Pgrs g B3 U U Ug Uy U g U Uy Uy U
ijkqrstwv
I s
_@n 2 g hijkhqrsthwv,BTuiujukuqurusutuwuvuﬁuT
ijkqrstwuST
1 s
_@n 2 E hijkhqrshtwvﬁTuiujukuqurusutuwuvuﬂuﬂ
ijkqrstwuST
_ 1 g ~ o~~~
=4 = T%n E Pk Pgrs Pt Pz Wit U Ug Up U g U Uy Uy U UL U
ijkqrstwvSTo
1 _§ —~ ~ —~ ~
+%n 2 E hijkh’qrshtwvhﬁrqbocuiujuk:uqurusutuwuvuﬁu'ruqbuoc7
i7kqrstwuBToa
_ 1 5 ~ o~ o~~~
=5 = —ﬁn 2 E Nt PogrsPetwo Pz g Paysep Wit U Ug Uy U g U Uy Uy U U7 U U U U
ijkqrstwuBToaxo

Applying the Taylor expansion to b () at 6n, we have

~ 1 -~ 1 - 1 T
b (0) = b+n 2 Z byu; + 57171 Z bijuiuj + gn*% Z bijkuiujuk
i ij

ijk

o1



1 ~ 1 ~ .
—l—ﬁn” Z bijkquiujukuq + mn*% Z bijquuiujukuqur -+ RQ,n (9, 9n> .

ijkq ijkqr

Hence,
b(0)exp(—nh(0)) = exp (—nﬁ) exp [—% Zﬁw“z%] {In (0,§n> + R, (0,§n>}

E‘é exp <—nﬁ> (%) v?h %GXP <—% ZE;%W)
X {In (e,én) +R, (e,én) } ,

where I, <0, 5n> and R, <0, 5n> will be specified below. Thus,

= (27r)g

/Bé (én) b(0) (jxp [—nh ()] dO
3‘7 exp (—nﬁ) X

R (—gzjﬁ”u@{ (08,) + 1, (0.8.) o

— (gﬂ)g

= (27r)§ /ﬁ‘é exp (—nﬁ) nTT x
/Bﬁé(o) (2 ) exp (—— Z hiju; uj> { n (0, 9n> + R, (0, 9n> } du
= (27r)g nVvZh o exp (—nﬁ) X

o (g zz@.uiuj) (1, (0.8.) + 7 (6.8.)
ij

_P
/ (2m) 5
B /75(0)

where R, (0, §n> is the sum of the terms involving R, , (0, §n>, Ry, (0, @L), and the

terms whose order is equal to or smaller than O(n~?). Furthermore, we can get

R2,n (0 0 > 720 73 Z bzgqus <~> Ui UjUpUqUpUs,

where 0 lies between 6 and 4/9\71 Thus, the leading term of R, (0, 1/9\”) is BRM (0, §n) +
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Ry, <9, §n> that include r, (u). The integral of r, (u) over B <§n> can be expressed
as
n3/ (2 ) eXp (—— Z hijug u]> Z Rijrgrstw (0") withjup g, ustupt, du
B\/Hé(o) ijkqrstw
< n_S/ (2 ) eXp <—— Z hwuluj> Z |\ Pijgrstw (07)] |uitjuguguusuyi, | du
B\/ﬁé(o) ijkqrstw
< n3M (2 ) exp (—— Zhwulu]> Z |31 UR U U U s Up Uy, |
RP ijkqrstw
= 0(n7?),

where [, (27)" 2 ‘VZh‘ exp (—% > ﬁijUin) D ikgrstw [WillURUGU U | du is the eighth
order moment o_f 1folded multivariate folded normal distribution with mean 0 and co-
variance (V2h> that is finite; see Kamat (1953) and Kan and Robotti (2017). Then,

we have

(2m)2

2 nVZE’_; exp <—nﬁ> /
B

_ (27T>§ W2 3 exp (_n};> [/B I, (0,5) f(u)du+ O (n_3)] )

vns(0)

) [Jn (9,5) +R, (0,5)] £ () du

Vs (0

For I, (97571)7 we have

I, (0,6n> — 70 (0, 0n> + 1! (0, on) + 12 (9, en> + I3 (0, on) + I8 (9, 0n> + I8 (0, on) ,

" - 1 1 1 1
° (9 en) = b(1+45 + -5+ S+ oE
n A\ (J“ e e A T T 5)

= bd14n 210+ n %+ n_ilg?’ +n 2 n_g]%} ,

n

beue (14514 o5+ B+ 5+ =3
cthe R R Vi R DT

beue +n N+ n’%I,i2 +n 2P 4n 2[14
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1 1.1 1 1 _
") - n 1525477“(“77<1+31+§:2+6u3+ﬂ 4+EO 5)

1 ~
= 3 [n_l Z ety + n_%lsl +n 22 n_gfﬁ?’] ,

-~ 1_ 1_ 1_
I (0 en) = iS00 1+ 51+ =S+ S5+ -y +
n ) n- 2 Z C??EUCUTIUE + 1 +35 2 2 + = 6 3 + 24 + 120 5

]O4 —

o1 ~ — 1_ 1_ 1_
n) = n 22_4 Zbgn&)ucunu§uw (1 + =1 + 5:2 + 6 =3+ 2—4 =4+ EO:{))

Lr s N —2731 -5 132
= 5[” Qmefucunuﬁn I +n QIn},

1 _9 -~ —5 41
Y [” D bengwuctyueu, + 02 I } :

_5 1_ 1_ 1 1 _
n) = n 2 120 Z bzykzqruzujukuqur 1+ _'1 + *—*2 + ‘—‘3 + *—‘4 + —===5

2 6 24 120

ijkqr

1 5 ~
= 120 [n 2 Z bijquUinUkuqur] )

ijkqr
1 ~
_6 E hz’jkuiujuk7
ijk
1 ~ 1 ~ o~
——45 hijkquiujukuq—l—ﬁ E i Pgrs Wit Up Ug Uy Usg,
ijkq ijkqrs
1 ~ 1 ~ o~
- 5 Nijkgruitjurugts, + — E ik Pogrst Wit U Ug Uy U Uy
120 4 144 -
ijkqr ijkqrst
1 ~ o~ o~
- E hijkhqrshtwvuiujukuqurusutuwuv7
1296
ijkqrstwv
1 ~ 1 ~ ~
_720 hijqusuiujukuqurus + 1152 E hijkqhrstwuiujukuqurusutuw
ijkqrs ijkqrstw
1 ~ o~
_'_720 E hijkhqrstwuiujukuqurusutuw
ijkqrstw
1 ~ o~ o~
- 1728 E hijk:hqrshtwvﬁuiujukuqurusutuwuvuﬁ
ijkqrstwvf
1 ~ o~~~
+m E i grs et P g r Ui U U U g Uy U g Uy Uy Uy U U Uy
ijkqrstwv BT
I T
- ”qustuiujukuqurusut ijk qrstwo Ui WU UgUpr U g Ut Uqy Uy
5040 " 2880
ijkqrst ijkqrstwv
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Ill

[12

[13

[21

]22

123

§ : hijkhqrstwvuiujUkuqurusutuwuv

ijkqrstwv

+ L
5120

1
6912 Z PuijiTgrst v pr Uit Uk Uq U U Uy Uy Uy U U

1
8640

ijkqrstwvBT

Z Rijihgrs P pa it Wkt g Uy U U Uy Uy Ug Uy
ijkqrstwvBT

1 ~ _~ -~ -~
+31 104 Z hijkhqrshtwvh/37'¢auiujukuqurusutuwuvu5u7u¢ua

ijkqrstwuBToa

1 - -~ -~ ~ ~
933120 Z PijkPgrs o N gr o Moo Uit U g U Us Uy Uey U U U U U U U

ijkqrstwuBToaxo

1 ~ ~
LS R
ijk¢

1 ~ N 1 L ~

24 Z hijrgUittjutiquche + — Z RijkPgrstittjugptquyusuche,
ijkqC ijkqrsc
1 ~ R 1 A R
“120 Z hijkgruiujuguquyuche + i Z Pt Pt Uit U U Uy U U U
ikar ijkqrst

—1 N N T -~

B 1296 Z hijkhqrshtwvuiujukuqurusutuwuvU(bg,
ijkqrstwv

1 - -
- hijqusuiujukuqurusucbc —+

1152 Z hijkqhmtwuiujukuqurusutuqubC
ijkqrsC ijkqrstw(

1 o A

. 720 Z P g st Wit jUR U g Uy U s U Uy U b

ijkqrstw(

—1 T T T ~
N 1728 Z hijkhqrshtwvﬁuiug‘UkuqurusutuwuvuﬂucbC

ijkqrstwvB{ijkqrs

—1 7 N T T -~
31101 Z PigiPigrs Mo Ngrg Uit Ukt U sty U Uy U g U g UCDe,
ijkqrstwvBTdC

1 ~ -
6 Z hijiuiujupuctnbey,
1jk¢n
1
24

1
120

— g Pijik Pogrstithj UpUg Uy U s U Uy,
1jkqCn ijkqrs¢n
~ ~ 1 ~ o~ ~

E P jhoqrti WU g Uy U Uy by + a1 E Pijk Pogrst Wit U Ug Uy Us Uyt Uy by
ijkqrin ijkqrst(n

hijkquiujukquCUann +

1 N~ R
B 1296 Z h'ijkhqrshtvaiU/]’U/kuqurusutuwuvucunbcn7

ijkqrstwuln
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L -
I = 6 > hijrusuguguciyuebee,

ijk¢n
1 X R A ~
32
L= = Y hijquinUkUqUCUnuben§+E Z Pijihgrs it g qUy st tytebene,
tjkqln Hharsn
41 1 h b
r- = — hijruiujug ety tet,bengo,

ijk¢n

Let f (u) be the pdf of the multivariate normal distribution with mean 0 and covariance

N\ —1
matrix <V2h> . Then, we have

/Rp I, (0,§n) f (u) du

1 ~ 1 ~ ~ 1 ~ ~ 1 ~ ~
<_ﬁ Z hijkqluzljkq + 5 Z hijkhqrsﬂgjqus - 6 Z hijku?jk(bC + 5 Z anh4n>

ijkq ijkqrs ijkC (n

-

SRS

_% Zijk:qrs /ﬁijqusﬂ'?jqus + T152 Zijqustw /ﬁijkq};mtwluigjqustw
+ﬁlo Zz’jqustw Tlijkﬁqrﬁw/l’?jqustw - ﬁ Zz’jqustwvﬂ Tlijkﬁqu/]’\Ltwvﬁuzlequstwv,B
1 +31_}04 Zijqustwvﬁ‘rqb ﬁi]'k/};qrsﬁtwvﬁﬁﬂb:uzljqurstwvﬁ7'¢
n2 _EIO Zijqu{ /ﬁijkqhu?jktﬂ"(/b\c + ﬁ Zijqust( Eijk/ﬁqmt/l?jqust(g{
_ﬁ Zijqustwv( ﬁijkﬁqrs/ﬁtwvuzl;)qustwvﬁ/l)\g

) ~ 6 ~ ) ~ o~ g ~
T Zijkqgn hijkqﬂijkqg‘nbcrz + 144 Zijqus{n hijkhqrs#ijqusgnbm

1 7 6 7 1 N 4
36 Zijkgng hijkﬂijkqngbcvzﬁ + 51 Zgngw anEwﬂgngw
+0 (n’?’) )

Note that the odd order central moments of the multivariate normal distribution are
all zero. By expanding the domain from B 5 (0) to R”, the error can be expressed as

/ Z hijrquivjugug f (w) du
RP—B /5(0)

ijkq
= Zﬁzjkq/ wiujupu, f (u) du

ijkq RP—B_ /75(0)

= (271')_% 2zﬁijkq/

ijkq RP =B /5(0)

v2h

1 ~
Ui U UgUg €XP [—5 Z hijuiuj] du

v
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_ ST SN 1 1
= (2m) 7 v2h|® thjkq/ Ui U UpUg €XP ——Zhijuiuj exp ——Zhijuiuj du
-~ RP—-B (0) 4 — 4 -
ijkq Vné L 1J iJ
IR AT SN 1 1~
< (2n) T v2h|® Zhiﬂ“q/ Ui U UpUg €XP ——Zx\minuiuj exp ——Zhijuiuj du
— RP—-B (0) 4 — 4 -
ijkq Vné L 1J iJ
P | |3 1 ) ~ 1 1~
< (27) 2 |V°h| exp —Z/\miné n Zhijkq U U U UG €XP —3 Z §hij wiug | du
ijkq RP ij
1
= M'exp —Z/\mm52n} ,

where A\, > 0 is the smallest eigenvalue of V2h and

M' = (271')_% V2h

1 ~
Y g /

ijkq R

1~
i U U UgUg €XP [— Z <Zhij) uiuj] du < 00.

ij

The first inequality follows from the fact that

Amin = ||Hﬁ1—nl f (6) - 6,146,

where A is a positive definite matrix, and A, is the smallest eigenvalue of A. Here,
we only express one term in I, (9, 9n>. The other terms can be analyzed in the same

way.
Hence, we have

and
/@ b(6) exp [—nh (8)] d6
= _ . b(@)exp[—nh(0)]dO + _
/35 (en) /@_Bé (en)

w7 exp () [ /

b(0)exp [—nh (0)]dO

~

- 1, (6.8.) + £ (6.8,)] f (wdu+0 (n3)]

s (0)
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— (QW)g nv2h = exp <—nﬁ> _/ I, (0,§n) fw)du+0O (n%)
|/ B/ms(0)
= (27r)g nV2h E exp (—nﬁ) fRP I <07 /én) {(U) tu + 0 (n_3)
ey 1o (6580) £ () du
— (207 [nv?h 2 exp (—nﬁ) {/ I, (97571) f(u)du+O (n3)} :
RP

Hence, this lemma is proved. m

5.4.2 High-order stochastic expansions

In this subsection we develop high-order stochastic Laplace expansions. Suppose y is
defined on a common probability space {Q,}" , pg}, where (Q is a sample space, F is
a sigma-algebra, and pg is a probability measure that depends on parameter 6 € O,
a compact subset of R”. Assume {y;,i =1,2,---} take values in the same subset of
R. Let h,(y,0) be a sequence of functions, each of which is eight-times continuously
differentiable with respect to @ and has an interior global minimum {én} and b(0) be
a six-times continuously differentiable real function of 8. When there is no confusion,
we write h,(y,0) as h,(0) or h, or even h.

We call the pair ({h,},b) satisfies the analytical assumptions for the stochastic
Laplace method on pg if the following assumptions are satisfied. There exists posi-
tive numbers €, M and n such that (i) with probability approach one (w.p.a.1), for
all 0 € BE@,L) and all 1 < ji,--.jq < P with 0 < d < 8, ||ha (8)] < M and

.y (B)]] < M; (ii) w.p.a.l, V2h is positive definite and det (VQ/ﬁ) > p; (iii)
Jo b(0) exp (—nh,, (8)) dO exists and is finite, and for all ¢ for which 0 < § < ¢ and

~

Bs (071) C 0,

1

[det (nv%)} ’ /@Bé ) b(6) exp [—n (hn ) — E)] 6 =0, (n™%).

Note that the assumptions above are related to but slightly different from those in
Section 3 of Kass et al. (1990). They differ in two aspects. First, we require h,(6) be
eight-times continuously differentiable and b(0) be six-times continuously differentiable.
Second, for conditions (ii) and (iii), instead of almost sure boundedness and almost

sure convergence, we assume they hold w.p.a.1. We do so because we are interested

o8



in convergence in probability only. Following the result in Theorem 7 of Kass et al.
(1990), ({h,},b) satisfy the analytical assumptions for stochastic Laplace’s method on
9 and Lemma 5.1 above, it is straightforward to show that

N

/@ b(0)exp [—nh, (0)]dO = (277)g [det (nV%)] exp (—nﬁ) </b\—|- %Ql + %Qz + 0, (n?’)) ,

(44)
where the expressions for (); and ()5 are given in Lemma 5.1.

Lemma 5.2 If both ({h,},g x bp) and ({h,},bp) satisfy the analytical assumptions
Jor the stochastic Laplace method on pg, then

fg(0 exp (—nh, (0))do
fbD )exp (—nh, (0)) dO

o1 1 1
:g+ﬁBl+ﬁ(32_B3)+Op<ﬁ>’

where

1 PR Ziﬁij/b\p,j@ 1 ~ R
B, = 5 Z 0ij9i5 + = Z hijk/vb;ljknga
2 & bp 6 P

1 ~ ~
BZ = Z h'ljqu:uz]qusgS 144 Z hijkthSt:uzgjqustwgw

zjqus ijkqrstw

! h 1 Zzgqus h”k‘JMz]qusz sgr
_ 1996 Z hzjkhqwshtwvuwqustwvﬁgﬁ 24 bD

ijkqrstwu

oo 8 N U N N
i Zz’jqustw hijkhqrsll’ijqustwbD,wgt . i Zijk{nﬁ hijkll’ijk’CnfbD:nggC
72 " 12 ™

+

lzénfw M?nfwmefw/g\C B 1

+6 ~ _8 Z h’ijkqlu?jqus/g\rs
bp -
1JRqrs
+m Z hijkhqrsﬂz‘jqustwgtw T 36 Z hz‘jkﬂz‘jkmggc‘n&
ijkqrstw igk(né

1 4~ 1D incne Uk/“ka(n{gCanf
+5 Z MCn{wgCnfw - =

24 12 b

(néw b

_'_1 ZCnfw Uéngw:q\CnébDyw + 1 Z(r]gw Méngw/g\Can,fw
6 bp 4 bp ’
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I~ bpij lsx=~ 4 bp, 1 ~ o~ 1 —~
By = (520273__6 hijk:uijkqg'f—ﬁ Z hijkhqrs:uz‘jqus_ﬂzhijkquijkq By,

ij D ijkq ijkqrs ijkq
with 045 = h”

Proof. If {h" (0),by} and {h” (8),bp} satisfy the analytical assumptions for the
stochastic Laplace method on pg, then, by (44)

Fexp [ (8))]

o [ (87)]

~ ~N
J by (8) exp [-nh™ (8)] d6 \VQhN Hn) + 2oy + Zdy + O, (n7?)

J bp (8) exp [—nhP ()] dO

|

P 0%) + oo + o + 0, )

From Tierney and Kadane (1986) and Miyata (2004, 2010), we have

by (55) +ley+ Ldy+0,(n7%) by
(

bp 55) +Licp+ Hdp+0,(n73)  bp f) 1+ %bp (C‘%f) + #bp (gf) +Op (n79)
4 A
b (87) P ) (e
- bp (AD) ) 1 d d 3 |
n 1 N _ D . cD cN B cD _
@) (e (el \n (e o)) ) T

where
by (CN CD) B by (CNbD - CDbN) B enbp — cpby
o oy i) P )
1 Zij aij/l;N,ij/gD - Zij a\ij/b\D,ij/b\N
2 R b%A R R o
1 Zijkq hf}(kﬂfjkqu,qu — Zijkq hz‘[;kufjkqu,qu
6 b2,
i bN Zijqus hz]gkhé\;sl“bfjqus - Zijqus hilj)'khqusu?jqusbN
7 o
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1 bN Zijkq hi}fkq'u?jkq B Zijkq hgkqﬂzlj'kqu
2% BD '

z_N<d_N_d_D)
bp \by  bp

N TN 6 7D 6
1 bN Zijk‘q’rs hijqusuijqus - Zijk:qrs hijqusuijqusbN

— =
1 bN Zz]qustw hzgkthstw:uzjqustw - Zijqustw hzjkthstwuzjqustw/b\N
1152 bp
LEN Zijqustw hN htjj\;stwﬂzsjqustw - Eijqustw thhqrstwlu’z]qustng
720 bp
1 by D ijharstwod Ei]khé\;shtwvuzyqustwvﬁ D ijhgrstwos hzgkhg"sht[:uvuilfqustwvﬁ/b\]v
1728 bp
DN S ikarstwnirs Nijteharshtwoharol hgrstuwnirs
1 - Zijqustwvﬂfqb /};Ukﬁfﬁ”s/}ztwv/ﬁﬁﬂﬁlejqurstwvﬁfrgb/g]\’
31104 bp
B 1 Zijqus E%quﬂ?jqusgN,sgD - Zijqus ngqrﬂgjqus/gD,sgN
120 o ?g) . o o
_{_L Zijqustw hgkhévrstﬂfjqustwa,wbD: Zijqustw hgkhgstﬂfjqustwbD,wa
144 2
B 1 Zijqustwvﬁ /};i]khcj]\wl“shtwvuzyqustwvﬁbNaﬁ/gD - Zijqustwvﬁ hzjkhc?’shtwvuz]qustwvﬁbDﬁbN
1296 A o ) b2 o
1 Eijqus hgkqu?jqusbN,rsz - Zijqus hgkqﬂgjqusz,rsbN
48 o Ejﬂ . o
jLE14 Eijqustw hi}fk hé\{“su?jqustwb]v ,twbD: Zijqustw hz]khqrsuzsjqustwbDiwa
1 2 iicne MijkHRikcneON.cnebD = D iiicne Mk iinenebD cneby
36 /l%

4 7 n 4 7 N
i Zgnfw N(ngwa,CnﬁwbD - Z(r]fw MCngwbD7<77§WbN
24 3%
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cp by (CN CD) _ L i 0ibn,iibp — 325 0ijbp,ijby
~ T = — SJtD

bpbp \by  bp 3

_1 - Zijkq hz]'}[kl“ijkqu,qu - Zzgkq hl]kthSMljqusz qu

6 b3
7 TN D7D ,6 h

—f-iCD bN Zz]qus hzgkhqrs:uzjqus - Zijkq hijkhqrs:uijqusbN
72 b2D

—iC bN Zijkq h’z]gkqlu?jkq - Zz’jkq hgkqu?jkqu
24 g% '

If we set by () = g (0)bp (0) and h¥ (@) = hP () = h(0), we can show that, for the
derivatives of by (0),

bni(0) =gi(0)bp (0) +g(0)bp,(0),

bnij () = g (8) bp (0) + g: (0) bp ; (8) + g; (0) bp,; (8) + g (0) bp.; (9),

bnijk (0) = Giji (0)bp (0) + gi; (0) bp 1. (8) + gix (0) bp ; (0) + gi (0) bp 1 (0) + gjx (0) bp i (0)
+9;(0) bpir. (0) + gi (0) bpij (0) + g (0) bpijr (0),

ONijrg (0) = Gijiq (0) bp (8) + giji (0) bp,q (0) + gijq (0) bp s (0) + gij (6) bp,kq (0)
+9irq (0) bp,; (0) + gir (0) bp 54 (0) + giq (€) bp,jk (0) + 9: () bp kg (0)

+Yikq (0) b, (0) + gji () bpiq (0) + gjq (8) bp ik (6) + 95 (6) bpikqg (0)

(0) (6) (6) + (

+9rq (0) bp,; ij (0) + gr (0)bp, ijq (0) + gq (9) bp.iji (0) + 9(0)bp Jijkq 0) .

Hence, we have

bn,ij (0) bp (0) — bp,i; (6) by (6) (45)
= (9 (0)bp () + 9:(8) bp,; (0) + g; (0) bp,; (6) + g (6) bp,i; (0)] bp (0) — bp,i; (8) g () bp (6)
= i (0)bp (6)* +g:(8) bp; (8) bp (8) + g; (8) b; (6) b (6)

+9(60) bp,i; (0)bp (8) —bp,i; () g(8)bp (0)
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= i (0)bp (0)° + g;(0) bp; (6) bp (6) + g; () bp,: (8) bp (6),

bni(0)bp (8) —bp. (0) by (6) (46)
= (g:(0)bp (0) +g(0)bp, (8))bp (8) —bp,: () g(0)bp () = gi (6) bp (6)*,

bn.iji. (8) bp (6) — bp i (0) by (6) (47)
_ | Gin (0)bp (0) + i (0) bp 1. (8) + gix (0) bp ; (0) + gi (0) bp ;1 (0) by (0)
951 (8) bp.i (0) + gy (0) b, () + g1 (8) b, (6) |
bN,ijkg (0) bp (8) — bpijiq (0) b (0) (48)
_ Gijrq (0) bp (0) + giji (0) bp g (0) + gijq (0) bp x (8) + g5 (8) bp kg (0) by (0)

+0ikq (0) bp,; (8) + gir (8) bp jq (0) + giq (0) bp j1 (8) + gi (6) bp jkg (0)

ikq (0) bp,i (0) + gji. (0) bp i (8) + gjq (6) bpir (6) + g (0) bp,ikg (0)

bp(6).
+0kq (0) bp,ij (6) + gi (0) bpijq (0) + g4 (0) bp,ijx (0)

Consequently,
EN (cN CD) 1 Zij aijgN,ij/gD — Zij 6ijBD,ijEN
bp \by  bp 2 b2

12 g Pk rgDN.aDD = D g Pkl igDD.abN

6 b%

1 Zij </7\¢j (bN,iij - bD,iij) 1 Zijk:q hijk/‘;‘ljkq (vaqu o bDﬂbN)

2 v 6 v
where

b b}
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~ o~ A2 ~ /\A -
i 0ii9ibD + 23, 0i5Gibp jbp

bh
~ 2 i'az bD 9i
bp

from (45) and

ZN,qBD - /b\D,q/b\N </9\qu + /g\bD*I) bp — bD’q/g\bD —~
= = = = Yq
bp bh

by (46). Hence,

BN CN CD 1 PR Zi-az‘ng,j@‘ 1 ~ ~
=~ (A— —= =3 Z 0ijgij + == — Z hijkﬂ?jkng
by  bp 2 r bp 6

bp ijkq

From (47) and (48), we can get

TN ,6 N 0 D 6 N N
Zijkgng hijk:uijkcnng,Cnsz - Zz‘jkgng hz’jk::uijkcnng,CnﬁbN
72
bp

D ijene Pk iSjene [ﬁcnabD + Genbp,e + Geebpy + Gcbpme + Gnebo.c + Gnbp,ce + ﬁng,Cn]

bp
~ e ~
_ T D ijhene NigkHijhene9enbe 3 X ijucne MikHijrcnedcOD ne 19
- Z igkHijkene one = + = . (49)
ijkCné bp bp
4 7 N 4 T ~
D e MengwDNcnewbd = D eneus Hnew D cngwbn
j;z
D
4 - T 4 —~
— Z qul c Tenww + 4ZCn§w Hingw9ineb.w 4 6Zgn§w HenewIcnbD go
- néwICnéw =~ =
¢néw bp bp
4 =7 4~
+4 2 cnew “ﬁnswgcbD,nfw N 4> e Mﬁngwgcban&w | (50)

bD bD
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We can also show that

B_N(d_N_d_D>
b \bw  bp

-~

6 '~ o~ -~ o~
1 Zijqus hijquluijqus (bN,SbD - bD,sbN>

120 b%
1 ZijquStw hijkh‘l"““?jqustw (bN,wbD - bD,wa)
+ .
144 b%
1 Zijkqmtwvﬁ hijkhqrshtwvugjokqmtwvﬁ <bN,BbD — bD,BbN)
1296 b2
1 Zijqus hl]kqufjqus <bN,7'SbD - bD,rsbN)
48 bQD
1 Zijqustw hijkhqrslj’zsjqustw <bN,twbD - bD,twa>
1w )

1 Zijk(ns hiﬂf’u?jk@‘né <bN7<n£bD - bD,CnsbN>
36 b2,

1 ZCU&U /’Léniw (bN,Cn&ubD - bD,cngwa>
24 bQD

Y

since hY (8) = hP (0) = h (0). Hence, by (45), (46), (49), and (50), we have

z_N(d_N_d_D>
oo \by b

1 ~ 6 R 1 L } R
= _ﬁ hijkqﬂ“bijqusgs + m Z hijkthStMijqustwgw
ijkgrs ijkqrstw
L hohh 1 D iikgrs MidkaltSjrgrsDD s r
T Ianns hZ h Tsh wo 10 = 1Jkqrs b ijkqrs” L,
1296 ijquzst:wvﬁ 7k!lq t :uzgqustwv,@gﬁ 94 bD
+i Zijqustw hijkhqrs,u?jqustwbD,w:q\t _ i Zijk{nf hijkﬂ?jkCnﬁ/g\CbD,nﬁ
? b 12 o
1 ZCnEw Iuénfw/g\g/l;D,nEw 1 ~ 6 R
+6 /b\D 48 Z hijkqﬂijqusgrs

ijkqrs
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]_ fa -~ 8 ~ 1 - 6 ~
+m Z hijkharsijhgrstwrw — 36 Z PijiHeijiene Gene
ijkqrstw i7kCné
1 4~ 1D kene Pigehincne Genbo.e
+57 Z NcnngCnﬁw ) T
24 12 bp
(néw

+1 Zgnfw Mgnfw/g\Cﬂngvw + EZCU&U Mér]&wﬁﬁ"]bl}:&*’
6 bp 4 bp

Using the matrix notation for high order derivatives as in Magnus and Neudecker
(1999) (with the exception that the first order derivative of a scalar function in our
setting is a column vector), we can write Lemma 5.2 in matrix form. Before we do that,

let us first introduce the following Generalized Isserlis theorem.

Theorem 5.1 (Generalized Isserlis Theorem) If A = {ay,...,aan} is a set of
integers such that 1 < «; < P, for each i € [1,2N] and X € RY is a zero mean
multivariate normal random vector, then

E (Xa) = SIE (X,X;). (51)

where EX, = F (H?ileai) = las....asy and the notation Y11 means summing over all

distinct ways of partitioning X, , ... , Xa,y into pairs (X;, X;) and each summand is the

product of the N pairs. This yields (2N)!/ (2N N!) = (2N — 1)!! terms in the sum where
(2N — 1)1 is the double factorial defined by (2N — 1)!l = (2N — 1) x (2N —3) x---x 1.

The Isserlis theorem, first obtained by Isserlis (1918), expresses the higher order
moments of a zero mean Gaussian vector X € RF in terms of its covariance matrix.
The generalized Isserlis theorem is due to Withers (1985) and Vignat (2012). For
example, if 2N = 4, then

E (X1 XoX35X,) = E (X1X5) E (X3Xy) + E (X1X3) E (X, Xy) + E (X1X,) E (X3X3)

where o; = i for ¢ € [1,4] and there are three terms in the sum. If 2N = 6, there are

fifteen terms in the sum.

Lemma 5.3 Let V7h, V7§, and Vibp be the jth order derivatives of h (0), g(0), and
bp (8) evaluated at 6, respectively. If both ({hn},g x bp) and ({h,},bp) satisfy the
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analytical assumptions for the stochastic Laplace method on pg, then,

[g(0)bp (0)exp(—nh,(0))d6 . 1 1 1
— G4+ B+ —(Bo—By)+0, [~
T (8)oxp (—nhn (@) do 0 TPt (B B+ 0p{ 05
where
LV 1
_ = 2 2 ~ 2 D - 2 3 2 -~
B, — tr[(Vh) Vg}—i—(Vg) (Vh) » 2vec<(Vh> )Vh(Vh) o
By = DBa + B
Bg = 31XB4
with
By =
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soee () ) 900 (9) " (9R) wee ( (97) ") or [ (v8) " v7g]

—i—lvec V?’ﬁ)/ {(VQ/H - ® <V2ﬁ)_l ® (V%) _1] vec (V?’?L) tr {(VQ/H)_I V@}

68



5i1bp.i3 bp,; -1 Vb
213 00491 _ > G5, =L = (Vg) (v%) -
bD bD D
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1 7 ~ e~ 1 ~\ —1 ~ -l
—EZhijk,u?jkng Zh]ka iOkqlq = 2vec (<V2h> ) V3h <V2h> Vg.

ijkq ijkq

Then, we can similarly write each term of By in matrix form based on (51), that is

1 ~ 6 -~ NN
~120 Wijkartijrgrs9s = ~120 Z 0ijOkqlijhqrOrsJs
ijkqrs ijkqrs

= 5 ) (9R) " (TR) e | (40) e ((v) )|

By (84) in the next subsection, we have

1 ~ o~
] ~
m hijkhqrstﬂz’jqustwgw
ijkqrstw

= 5[ (7)o (e (7)) R (o) ) 0

poee () [(7) o (7)o (v > } d\s > v
+%tr K(Wﬁ)_l ® vec <<V2h> 1)) }”ec< ) )
N %vec (((vzﬁ)—l % vec ((v%) ) > v'h (v%) ) veh (v%) V3.

By (85) in the next subsection, we have

1
_% h kh htwv ]kq twvﬁgﬁ
ijkqrstwvf

_ _gvec ((v%) 1) v (V) T {(v D T (v?ﬁ)l} v (v%h) v
e (v [(v8) e (vh) | wR) () T e () | v (vR) v
L ((v2ﬁ)1)'v3z (v5) " it ((v20) ") vee ((vzﬁ)l)'vsﬁ (v) " vg
e (V) [ (78) " (9) 0 (v) | vee (v00)
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Xvec ((V%) —1) / V3h (Vﬁ) B Vg,

_ i hijkq:u?jqus/g\?" bD,s
21 - o

ijkqrs

Sp— H(vzz)* ® vec ((v%)_lﬂ EW)] vbz;D (v) " vs
. [ ((v)") o ((wz)—l %)

Similar to the proof of (79) in the next subsection,, we can get

vih (v%) v

~ o~ 8 ~
1 Zijk:qrstw hijk’hqrslu“ijqustwbDngt
72 bp

= Lo ((9) Y 0 () () wee ((98) ) T2 (4
+112vec <V3h> {(V%)l ® (VQ/f;) B (V%) 1} vec <
+%vec ((v%)l ?Dvec ((v%) ) veh (v%) 1) veh VQE) 7

D

e (7)) v (v7) " T2
D
e (7)o () 22) Y i (0) ) i (9) "3

D

By (57), we can show that

1 Y ucne Jk”akcnngnsgc
12 bD

= —%vec (<V2ﬁ)_l> Vj’h (Vfﬁ)_l ing <V2h> - Vg
—%vec ((Vﬁz) ng <V2E>_l> v3h <V2h>_1 Vg



_élltr [V/;ZD (V2ﬁ>_1] vec ((V%) _1)Iv3ﬁ <V2/f2>_1 Vg,

D

G 5 = = gc%ﬂsw 5 Z 9eoen— £ 5
b 6 i Cnéw bp

D< )

o L ()

l\')l»—l

By (68) in the next subsection, we have

~

6 ~
T hijkquijqusg’r’s

S H(v?ﬁ)‘l & vec ((v?ﬁ)‘l)} (wﬁ)’} o {(ﬁ)‘l V@}
S [(() T (o)) e ((9) )] (79

By (79) in the next subsection, we have

1 ~ o~
8 ~
—1 14 hijkhqrs,uijqustwgtw
ijkqrstw
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By (73) in the next subsection, we have

1 ~ & .
36 D higkhtSiecoclcne
ijkCng

= —qoee ((vR) ") W () () vee (v )
e [(79) " (7)o (79) ] or (7).

1 4 - 3 ~ ~ ~
2 Z Hengwinew = o Z O¢nOewlinsw
¢(néw (néw

= %tr H(VQE) ' @ vec <(VQE> 1)} (v@)’} -
By (57), we can get

~ e
s D ijkene Mgk Miikene GenbD g

12 bp
= e ((vB) ") vR () o () 2
D

(v (97) e () 1) w0 () T2

e () v (99) ") R ()

1 Y cnw MengoJcnebpw 3~~~ - bpu
6 7 -5 T¢n9ingTew 3
b Cnéw D
1 -1\ \-1V}
= —vec((V2h> )V3§(V2h> &.
2 b

From (56),

1 ZCU&U Mén{w/g\fn bD,gw
4 by
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= itr {VQ/g\ (VQE)_l] tr

And we have

Ly~ bog _ L igep) ™ Vobo 52
PO r[( ) 5 (52)
DS TI ) S 2
ijkq ijkq bp
= e ((v) ) v (Vi) T2
D
From (74) in the next subsection, we have
% Z Eijkﬁqrsﬂgjkqm (54)
ijkqrs
— ! —_ .
= %vec((v2ﬁ> 1) V3h <V23> 1 (V?’/ﬁ>/vec<<v2ﬁ> 1)
#igeee (V) | (99) " () " (V)| wee ().
Note that
l—~ 3 .
_ﬂzhijkquijkq = —ﬂzhzjkqaz‘jakq (55)

o : ét:ﬁ(w ) e (w) )] (v .

From (52), (53), (54) and (55), we have

1
B4 = itr

e ((wﬁ)‘l)’vgz (v (V9R) e ((m—l)
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#igeee (V) [ (98) e () e ()| wee (V)

—sor || (78) @ eee ((v) )| ()]

5.4.3 Lemma 5.3 in Matrix Form

We show how to express each term of the stochastic expansions reported in Lemma 5.3

in matrix form.

PR
For term L2 Hopeedenbn g
4

bp

We can get

L o~
EZCW&U 'uCnéwgCan,sw

4 bp
1 [ enew IenOcnOewb g N > engw IenOceOnabp e N D engw IenOceOnwbp o
4 bp bp bp

where

GenOcnOenbp cw . bpe (o)
ZC% C??A nI¢ w ZggnUanggw D&w _ 4 {Vzg <V2h) } ¢
bp ¢n fw bp

. Jcn0. b g0 £w
o Cnb o Zgoz%%w T ZU£CQCn0nw A’
D ¢néw D (néw
/b\ w PN ~\ —1 . ~\ -1 V2p
S LN GG = tr | (V) VG (V) D],
£w bp ¢n bp

1)




bD bD b

GerGeeGribD co GenBecOrbp co Nl N-1V2)
ZCnﬁw 9477/\ €9nwODgw ZCngw 9477/\ ¢€9nwYD ¢ . [<V2h> V29 <V2h> 3 D
D

Then, we have

y
EZCU&J MCnEwgCan,sw

(56)

4 bp
- o) e ] (o)
el o S ) S s

o
1 2ighene MijkHijecne9enbD.g

For term —

12 bp

Note that
~ 6 o~ 6 o~
. 1 Zijkgné hijkluijkCnfgCWbDyf _ 1 Zijqus hl.]k:uijqusgqrbD,s
12 bp 12 bp
where
6 ~ ~ ~ A~ ~ A~ o~ ~ o~ A~ ~ o~ o~ ~ o~ A~

Mz’jqus = 04j0kqOrs + 0iq0kjOrs + 0iq04kOrs + 0ij0krOgs + Oik0jrO0g¢s + Oir0;k0gs

+0ij0ksOqr + Oik0js0qr + OisOjkOgr + 0iq0jrOks + Oir0jqOks

+0iq0jsakr + 0is0jqO0kr + Oir0jsOkq + 0is0jrOkq-

Then, we can decompose it into three groups. The first group has six elements without

/O-\qr but with Eij, b\'zk or 6'\j]€, that is

g hz‘jwz‘j%qcfrsgqrbD,SJrE hijkaiqgkjarsgqrbas-i‘g hijk0iq0 k0 rsGqrbp,s

ijkqrs ijkqrs ijkqrs
+ g hijk0ij01r0gsGqrbp s + g hijk0ik0r0qsGqrbp s + E hijk0ir01k0qsGqrbp,s-
ijkqrs ijkqrs ijkqrs
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Note that the six elements are the same since

E hijkaiqakjarsgqrbD,s = E hijkaiqajkarsgqrbD,s: E hijkaijakqarsgqrbD,s
ijkqrs ijkqrs ijkqrs
= § O-ijhijko-kngro-rsz,s
ijkqrs

— vee ((v) ) VR (vR) i (vR) ' .

and
E hijkairajkaqsgqrbD,s = § hijkaikajraqsgqrbD,s: E hiijijakraqsgqrbD,s
ijkqrs ijkqrs ijkqrs
= § UijhijkakraqsgqrbD,S7
ijkqrs
where
E Uijhijko-kro-qsgqrbD,s = E O-ijhijko-krgrqo-qsz,s: E Uijhijko-kngrgrsz,s
ijkqrs ijkqrs ijkqrs

-1\ -1 PO N
— vec (v%) veh (v%) V% (v%) Vo
The second group has six elements without o, 7;;, 0, and o, that is

E hijko_iqajraksgqrbD,s + § hijkairajqaksgqrbD,s + E hijkaiqajsakrgqrbD,s

ijkqrs ijkqrs ijkqrs
+ E hijkaisajqakrgqrbD,s + E hijkairajsakngrbD,s + E hijkaisajrakngrbD,s-
ijkqrs ijkqrs ijkqrs

These six elements are the same since

E hijk [O-iqo'jro'ks + UirquUks] gqrbD,s

ijkqrs
= E hijkaiqgjrgksgqrbD,s + E hijkgirajqo-ksgqrbD,s
ijkqrs ijkqrs
= 2 E hijkgiqo-jro-ksgqrbD,s =2 E Uingrajrhijkgksz,s
1jkqrs ijkqrs

7



= 2w () v () ) W (V) Vi,

Z hijk [O-iqo-jso-kr + O-iso'jqo-kr] gqrbD,s
ijkqrs

= E hijk0iq0js0krGqrbp s + E hijk0is0jq0kr Gqrbp, s
ijkqrs ijkqrs

- E hikjgiqakrajsgqrbD,s + E hkjiakrajqaisgqrbD,s
ijkqrs ijkqrs

= E hijko—iqo_jraksgqrbD,s + E hijko-irajqaksgqrbD,s
ijkqrs ijkqrs

— vec (v%) v (v%) Y v (v%) R

E hijk [O—irajso—k:q + O—isa—jro—kq] gqrbD,s

ijkqrs

= E hijkairajsakngrbD,s + E hiijisUjTJk’ngrbD,s
ijkqrs ijkqrs

= E hkijakqairajsgqrbD,s + E hjkiajrakqaisgqrbD,s
ijkqrs ijkqrs

- E hijkaiqo-jraksgqrbD,s + § hijko-iro'jqo'ksgqrbD,s
ijkqrs ijkqrs

- —1 -1\ -1
— vec <(v2h) V% (v%) ) voh (v%) Vb,
The third group has three elements without o, that is

E hijkdijdksdqrgqrbas+§ hijkﬂikUstqrgqrbD,s+§ hijk0is0 k0 qrJqrbp,s-

ijkqrs ijkqrs ijkqrs

We have

E hijka—ijaksa\qr/g\qrbD,s

ijkqrs
= E hijkaikajsaqrgqrbD,s = E hijkaisajkaqrgqrbD,s = § hijko'jko-isz,sO-qrgqr
ijkqrs ijkqrs ijkqrs
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~ ~ -\ -1 -0 -1
= S G0l Y Fihibibp,s = tr {v@(v%) }vec((V%) )v% (v*h) Vb
qr ijks
Then, we have

—~ 6 ~ -~
1 Zijk(nf Pl jncne Genbp.g

12 bp
= —%vec (<V2E>1>/ Vh <V2/f;) B V3 (V%) - Z_bDD
1 1 3

dvee((w) v () ) R (v) S
h

For the same reason, we have

~ .~
1 Zz’jk(nf hijrijrcnebDme ge

(57)
12 bp
= —%vec ((thj)_l),Vglf\L <V271\>_1 v/;DD (Vz};) - Vg
—%vec ((v%) - V/;;)D (foz)l) Veh (foz)l Vg

—%ltr [V/;/b\p <V2/ﬁ>1] vec ((VQE
D

——
I
~_
<
w
=)
/N
<
[\o)
=)
N—
|
<
Q)

Note that

vec <<V2ﬁ> _1) / V3h (V%) - \Var (V%) - YB—/ED
D

= tr -vec <(V25) _1)/V3ﬁ (VQ?L) - \Var (V%) - VA—BD]

bp

= tr :V2§ <V2E>_l VZZD vec ((V%) _1>/ \val (Vﬁz) |

Towee((w) ") Wi (v) " ]

79

~ | (v)



We have

~
AAA’\AbD,s

O-ingro-jrhijkng/b\_

ijkqrs D
~ T ~ /ED,S/\ -~ ~ 7T -~ /BD,SA ~
= Z UiqhijkngA_UjTQQT = Z ZaiqhiijkSA_gjr Gqr
ijkqrs bD qr ijk bD
A~ o~ /ED,S/\ -~ -~ -~ -~ /b\D,S T ~ ~
= Z 04i0ks=—Nirj0jr gqr:Z Z Z Ogi Oks—=— | hirj| Ojr| | 9q
qr Lijks bD qr j ik s bD
r ~ /
~\ —1 Vb ~\ —1 —~ ~\ —1 .
- tr[ ((v%) 3—D> ®<V2h> ]v% (v%) vl .
D

It can also be shown that

Then, we have

~ 6 ~ -~
_ i Zijkgng hijkﬂz‘jkgnggcrzbﬂf

12 _ by
= g | (V) G (v) ") wh (vh) "
el oo Jonten s
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. —~
1 N ~\ —1 ~\ —1 -1 Vbp
—Ztr V35 (V2h> vec <V2h) veh <V2h> =
bp
1 N 6

For term T Zijkq?“s hijkq:uijk:qrsgrs

Note that

6 . ~ ~ ~ NS -~ P~ =
Mijqus — Uzjakqars —+ UlqaijTS + Oiq0ik0rs + 0ijO0krOgs + O'sz'er'qs + UzraijQS

10ij0ksOqr + Oik0jsOqr + OisOjkOqr + Tiq0jrOks + Tir0jqOks

+0i40js0kr + 0i50q0kr + 0ir0s0kq + 050 jr-Ofg-

We can decompose > ;... /};ijkqufjqusﬁrs into two groups. The first group has twelve
elements without 7,, that is,

§ hijkqaijakraqsgrs+ § hijkqaikajraqsgrs+ § hijkqgirajkgqsgrs

ijkqrs ijkqrs ijkqrs

+ § hijkqo_ijo_kso—qrgrs + E hijkqgikajsaqrgrs + E hijkqgisajkaqrgrs
ijkqrs ijkqrs ijkqrs

+ E hijkqaiqajroksgrs + E hijkqgirajqaksgrs + E hijkqaiqgjsgkrgrs
ijkqrs ijkqrs ijkqrs

+ E hijkqo.isa-jqakrgrs + E hijkqairajsakqgrs + E hl]kqazsajrakqgrs
ijkqrs ijkqrs ijkqrs

The twelve elements in this group are the same as

E hijkqo-ijo-kro-qsgv"s = E hijkqo-ijo-krgv“so-sq (58)

ijkqrs ijkqrs
— tr ((v%) v (v%) 1) ® vec ((v%) 1) (v‘%)/

The detailed proof is as follows

E hijkqaijaksaqrgrs = E hijkqaijaksaqrgsr - E hljquZJUkqusgrsa (59)

ijkqrs ijkqsr ijkqrs
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E hijkqaikajroqsgrs = E hiquaikajraqsgrs = E hijkqo-ijo-krgqsgrsa

ijkqrs ikjqrs ijkqrs
§ hijkqaikajsgqrgrs = E hijkqo-iko-jso-qrgsr = E hijkqaikajraqsgrs
ijkqrs ijkqsr ijkqrs
= E hijkqaijakraqsgr87
ijkqrs

where the last equality is because of (60). And

E hijkqo-iqo-jra-ksgrs = E hiqjko-iqo-jro-ksgrs = E hijkqo-ijo-kro-qsgr&

ijkqrs iqjkrs ijkqrs
§ hzgkqalqajso-krgrs = E hijkqo-iqo'jsa-krgsr = E hz]kqazqajraksgrs
ijkqrs ijkqsr ijkqrs
= 5 hijkqo-ijo-kro-qsgrm
ijkqrs

E hijkqairajkaqsgrs = E hykzqajkgzraqsgrs = E hijkqo-ijo-kro-qsgrsa

ijkqrs jkigrs ijkqrs

E hijkqairajqaksgrs = E h]qzka]qo'zro-ksgrs = E hijkqaijakraqsgrm

ijkqrs jqikrs ijkqrs

E hijkqairajsakqgrs = E hqujakqazrajsgrs = E hijkqaijakraqsgrm

ijkqrs kqijrs ijkqrs

E hijkqaisajkaqrgrs = E hjkqiajkaqraisgrs = E hijkqaijakraqsgrs>

ijkqrs jkqirs ijkqrs
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E hijkqaisajqakrgrs = E hjqkiajqakraisgrs = E hljqu-Z]O-kqusgrsa

ijkqrs jqkirs ijkqrs

E hijkqaisajrakqgrs = E hkq]zakqajrazsgrs = E hljquZJUkqusgrsa

ijkqrs kqjirs ijkqrs

E hijkqo-ijo-kTgrso-qs

ijkqrs

= E hz]kq GZJE Ukrgrsgqs

- :rq[[((va)l v (v) ) e ((v0) )] (v5) |

We can illustrate the result by a simple example. Let

hi111 hiig
ho111 - haria
hi211  hi212
@ _ hao11  haoia T= <V2/f;) -1 V2§ <V2ﬁ> -1 7
hi121 hi122
ha121  ha2122

h1221 h1222

h2221 h2222

011

R €11 €12 o\ 1 011 012 o\ 1 021
e = | Vh = ,vec | (V7h =

€21 €22 021 022 012

022
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Then,

011€11 011€12
021€11 021€12
012€11 012€12
R o\ 1 022€11 022€12
e®uvec| (Vh =

011€11 011€12
021€11 021€12

012€11 012€12

| 022€11 022€12

The second group has three elements with 7,4, that is,

E hijkqo—ijo—kqo—rsgrs + § hijkqaiqgkjarsgrs+ E hijkqaiqokjarsgrs'
ijkqrs ijkqrs ijkqrs

These three elements are the same. We can get

E hijkqaijakqarsgrs

s
= | [(v) " wuee () )| () | or | (v78) v
From (58) and (67), we have

-~

6 ~
48 hijkq:uijqusgrs

ijkqrs
3 P o~ 12 ~
= _4_8 E Uz’jakqhijkq E OrsQrs — 4_8 E hijkqaijakrgrsaqs
ijkq s ijkqrs

= s [[(v8) " e (v0) )] (w5) o [(v20) " v

el on (o)) o () )] (09
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E hijquijUkrgrqus

ijkqrs
= Y GokBijhijrgOyslrs = Y [E Urkaijhijkqaqs] rs
ijkqrs TS ijkq

— tr H(Wﬁ) " @ vec ((v%) _1) 1 vih (vQﬁ) - v@} .

Then, we have

__8 Z hijkq:u?jk:qrs/g\TS (69)

z'jqus

1 > m
= E O-Z_]O-k‘q ijkq ngrs - 4_8 E hijkqa-ija-/wgrso-qs
qu ijkqrs

- _1_16tr '[(vzzy ouee () )] (v45) ] or [(v9) " 73]
() e e (¥ ))} (v) vl

= o [[(7R) e (758) )] 98] () ]
(vh) "o () )] vR () " va).

1 ~ 6 o~
For term DY Zijqus hijkq:uijqusgrbl)vs

Similar to the proof of (68), we have

1 ~ ~
6 ~
__4 § :hijkquijqungbD73 (70)
ijqus
~ 12 ~ A A AT
= E UZJqu ijkq OrsgrbD,s - ﬂ E hijkqaijakraqsgrbD,s
z]kq ijkqrs

S HW oe(5) ) (] ) v
e [ () 5 (7)) e (7)) (78]
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We can also write (70) as

~

1 o~
_ﬂ hijkqlu?jqusgrbD,s

ijqus
E UZJqu ijkq E Ursgr D,s — 24 E zgkqaijakrasqgrbD,s
ijq

= _ﬂ E Jijakqhijkq O-rsgrbD,s - § Usqus zqugkrgr
ijkq s z]qus

S H(vzz)* e ((v?ﬁ)‘l)] (v@ } v, (vh) " vg
—% [vec ((v%)l) ® <(V23) B VZD) } vih (VQE) “vi

1 7 .6 ~
For term —; Zijkcns Pigk b ene Gene

Note that Zijk(n& hijku?jkc'qg/g\(ﬂf = Zijqus hijklu?jqus/g\qrs‘ We can decompose Zijqus hijk,u?jqus/g\qrs
into two groups. The first group consists of nine elements, each of which has the term

from (o,;, 0, 0jx) and the term from (0, 0,5, 04s), that is

§ hijkaijakqarsgqrs+ E hijkaiqakjarsgqrs + E hijkaiqaijngqrs
ijkqrs ijkqrs ijkqrs

+ 5 hijko'ijo'kro-qsgqrs"i_ E hijko'iko'jro-qsgqrs"i_ E hijko'iro'jko'qsgqrs
ijkqrs ijkqrs ijkqrs

+ § hijko-ijo-kso'qrgqrs"i_ E hijko'iko'jso'qrgqrs"i_ E hijko'isajko-qrgqrs-

ijkqrs ijkqrs ijkqrs

These nine elements are the same and we have

E hijkgijgkqgrsgqrs = E O-ijhijko-kngrso-rs (71)

ijkqrs ijkqrs
= wee () ) 9 (9R) " (99) wee (7))

The second group consists of six elements that do not include any term from (;;, 7, 0k ),
that is

§ hijkaiqajraksaqsgqrs + E hijkairgjqaksaqsgqrs + E hijkaiqajsakraqsgqrs
ijkqrs ijkqrs ijkqrs
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A~ A A A A A~ N A A A~ A~ N A A A~

ijkqrs ijkqrs ijkqrs

These six elements are the same and we have

E hijkaiqajraksaqsgqrs (72)
ijkqrs

= vec (V?’Z]\)/ {(V%)A ® (V2E>_1 ® (V%) _1} vec <V3/f\z) .

From (71) and (72), we can get

1 ~ .
~36 > higtticneene (73)
ijkCne
9 o~ 6 ~
= 3 > GijhijtOncTincOne — 36 > hijiGicOinOneone
ijkCne ijkCne

_ —ivec ((VQE) _1) v (vh) ' (995) vee ( (v7h) _1)

—évec (V?’ﬁ), {(V%) - & (VQ/B) - & (VQ/h\) _1] vec (V?’ﬁ) .

1 oo 6
For term o) Zijqus hzjkhqrs/'bijk:qrs

Similar to the proof of (73), we have

1 ~ 9 o~ ~ 6 ~
ﬁ Z hijkhqrs,uijqus = i Z Uijhijkakqhqrsars + i Z hijkaiqajrakshqrs>

ijkqrs ijkqrs ijkqrs

where

S dutstates = e ((W5) ) W0 () (995) vee ((v75) ),

ijkqrs

E hijkaiqajro.kshqrs = E hZ]kE Uiqajrakshqrs

ijkqrs ijk qrs
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— (v%)’ {(v%) T (v%) T (v%)l} vec (v?’ﬁ) .

Then, we can get

1 ~ o~
E Z hijkhqrsﬂ?jqus (74)

ijkqrs

= guee () ) W (vR) () e ((v0) )
#igeee (V)| (98) " () " (V)| wee ().

~

1 7 8 -~
For term 144 Zijqustw hUkhqrsluijquStwgtw

~ o~ o
We can decompose D p i Pijiligrsttijpgrsiwdnw into seven groups. One group con-
tains all the terms that involve oy, that is,

Z hijkhqrsﬂgjqusatw/g\tw (75)

ijkqrstw

~ o~ 6 A
- E hijkhqrsﬂzjqusg O tw Jtw

ijkqrs tw

= owee () ) W (9R) (W) vee ((vR) ) [(v20) " wg]

vovee (V) [(v4) " (90) "o (V20) | wee (V) e | (700) g

by (68). Note that there are fifteen terms in this group.
The other six groups are the same. One of them, which involves 7, is

E hijkhqrso—ijo—kqo—rtaswgtw + E hijkhqrso—ijo—kro—qtaswgtw

ijkqrstw ijkqrstw

+ E hijkhqrsaij Okt0qr0 swYtw + § hijkhqrso'iko'jqo'rt O swtw
ijkqrstw ijkqrstw

+ E hijkhqrsaikgjraqtaswgtw + E hijkhqrsaikajtaqraswgtw
ijkqrstw ijkqrstw

+ E hijkhqrsaiqajkartaswgtw + E hijkhqrsaiqajro-ktaswgtw
ijkqrstw ijkqrstw
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+ E hijkhqrsgiqo-jto-kro-swgtw + E hijkhqrsairo-jkgqto-swgtw

ijkqrstw ijkqrstw

+ E hijkhqrsgirajqaktaswgtw + E hijkhqrsgirajtakqaswgtw
ijkqrstw ijkqrstw

+ E hijkhqrso—ito-jko—qraswgtw + E hijkhqrso—ito-jqa—kraswgtw
ijkqrstw ijkqrstw

+ E hijkhqrsaitajrakqaswgtw'
ijkqrstw

Note that this group can be further decomposed into three sub-groups. The first sub-

group consists of six elements, which involve either o,; or 7, that is

E hijkhqrso—ijo—kqo—rtaswgtw + E hijkhqrso—ijo—kro—qtaswgtw

ijkqrstw ijkqrstw

+ g hijkhqrsoikajqartaswgtw + g hijkhqrsaikajraqtaswgtw
ijkqrstw ijkqrstw

+ E hijkhqrsaiqajkartaswgtw + E hijkhqrsairajkaqtaswgtw-
ijkqrstw ijkqrstw

Hence,
E hijkhqrsairojkaqtaswgtw = § Ujkhjkiairhrqsaqtgtwasw (76)
ijkqrstw ijkqrstw

= vec <V271\> - /V?’/ﬁ (V2ﬁ> - V3 vee (Vﬁi) - \Var (VZﬁ) -

The second sub-group consists of three elements, which involve one term from (Gx, 0+,

o4) and one term from (;;, 04k, 0jx), that is

§ hz’jkhqrsgijaktaqraswgtw + § hijkhqrso-iko-jto-qro-swgtw + § hijkhqrso-ito-jko-qro-swgtw'
ijkqrstw ijkqrstw ijkqrstw

These three elements are the same and we have

E hijkhqrso-itgjko-qro-swgtw (77)

ijkqrstw
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= E hijkhqrso-jko-qro-itgtwo-sw = E Ujkhjkigitgtwaswhsqraqr

ijkqrstw ijkqrstw
— vec ( (v%) _1) v (v%) v (v%) e ((v%) _1) .

The third sub-group consists of six elements, which involve one term from (;;, o, 0 k)

but do not include any term from (¢, 0.+, 04). Thus,

A~ AN A A A~ A~ AN A A A~

ijkqrstw ijkqrstw

+ g hijkhqrsoitgjqakraswgtw + g hijkhqrsaitajrakqaswgtw-

ijkqrstw ijkqrstw

These six elements are the same and we have

E hijkhqrsaitajrakqaswgtw = § hijkhqrso-j'ro-kqo'itgtwo-sw (78)
ijkqrstw ijkqrstw
- E hijkgitgtwgwsajrakqhsrq
ijkqrstw

= e (V) |((78) 99 (V) ) o (9R) o (TR) e (996

Then, from (75), (76), (77), and (78), we have

Elél Z ﬁijk};qrsﬂfjqustw/g\tw -
ijkqrstw
(YA ) ()0
e (9 [(99) " (95) 0 (95) e (7)) 5
e () 1) 9 (99) W () v (v) )

+
‘ o
<
)

(o)
/N
<
w
)

N———

VRS
<
no
>

N——

|
<
(&)
Q)

/N
<

no
_>=

N———

~_
&

N
<

[\V)
>
N————
|
&
/N
<
Do

B) e (v40).



We can write (76) as

E hijkhqrsairgjkaqtgswgtw (80)
ijkqrstw
= E O—jkhjkiairhrqsaqto—swgtw = E thajkhjkiairhqrsaswgtw
ijkqrstw ijkqrstw
= E [ § thajkhjkiairhqrsasw Gtw = E [ § thhijkajkairhqrsasw Jtw
tw Lijkqrs tw Lijkqrs

= e[ (oee (v) 1) W (90) ) o (9) | w0 (v0B) ]

E hijkhqrsaito—jkaqra—swgtw (81)
ijkqrstw
= E hijkhqrsajko_qraitgtwasw = E Ujkhjkiaitgtwgswhsqraqr
ijkqrstw ijkqrstw

= E Utiajkhjkiaqrhqrsaswgtw

ijkqrstw

= e [[(9R) " e ((9) Y vee () ) w7 () ] w7

E hijkhqrsaitajrakqaswgtw = E hijkhqrsajrakqaitgtwasw (82)
ijkqrstw ijkqrstw
= E hijkaitgtwawsajrakqhsrq = § Utihikj quajrhqrsaswgtw
ijkqrstw ijkqrstw

— tr {(v%) RV {(v%) g (VQE) _1] Al (v%) - v@} .
Then, we have

1
P

ijkqrstw

= e ((98) ) W () (9B) wee ((v) ) e [ (v75) ]

)

ijkhqrsﬂfjqustw/g\tw (83)

91



b (V)| () " (990) o (9R) e (VR) e | (97R) )
Fapger || (oee ((90) ) 99 (9) ) o (90) | w7 (v) )
et [[(9) " W ((v5) ) oee ((v) 1) w0 (v20) ] ]
+%tr <V2ﬁ>1v3ﬁ’ {(v%) ' (v%)l} Al (v%)l v@].

%Zijqustw hmkh%”“ijqusiwb’:””gt Note that
D

For term

~

> NijihgrsGin0ik0au0 suwbp.wle

ijkqrstw
= E UswbD,ijkhjkiOirh’srqo—qtgt
ijkqrstw

= wee () ovee ((v0) ) W0 () ) W (vR) 9,

E hijkhqrsaitajkaqraswbD,wgt

ijkqrstw
- E Uqrhqrsz,wUsijkhjkiaitgt
ijkqrstw

= wec ((V%) 1)I V3/f; (V%) - /b\Dvec ((V%) 1>/ V3 <V2/f;> B Vg,

E hijk‘hqrsaitajrgkqgswbD,wgt

ijkqrstw

= E h'ijkhqrsajrakqaith7wgtgsw = E h'ijkUith,wgtgsijrgkqhsrq
ijkqrstw ijkqrstw

= E O_jraswbD,w hsrqo—qkhjkiaitgt
ijkqrstw

e (((w:)l ® ((w@@)') v (v?ﬁ)l)/v% (v4h) ' va
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~ o~ g ~
1 Zijqustw h’ijkhqrsluijqustwb[),wgt
72 bp

+Zvec V2h V3L (V2h - %V@V (VQ?L)_I V3h vee ((V%) _1)

D
+%vec V?’ﬁ)/ ((VQE S Voyy (V%) 1) ® (v*h) e (v*h) 1] vee (V)
/ b 1

eggee (V) | (798) "o (V) o (94B) e (9R) 32 () Vg
Favec ((w:)l e ((v) ) v (wz)l) v (V) ' va

—i—%vec ((VQ/H)_1>,V371 (VQ/ﬁ)_l vb/b\D \Y%
e (@) o (@) S2) ) v (0) ") w5 (947) v

D

1 ~ ~ 8 ~
For term 144 Zijqustw hijkhqrst,uz‘jqustwgw

In this case, we can decompose ,u%qustw into seven groups, each containing fifteen

terms. The first four groups contain oy, Gy, Osw, Ot Out of these four groups, the

group involving 7y, is

A~ AN A A~ A~ AN A A~

A~ AN A A~ A~ A A A~

ijkqrstw ijkqrstw
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+ E hijkhqrsto-iko-jro-qso-twgw + E hijkhqrsto-iko-jsgqro-twgw

ijkqrstw ijkqrstw

+ E hijkhqrstaiqajkarsatwgw + E hijkhqrstaiqajraksgtwgw
ijkqrstw ijkqrstw

+ E hijkhqrsto—iqajso—ksatwgw + E hijkhqrstairo—jkaqsatwgw
ijkqrstw ijkqrstw

+ E hijkhqrstgirajqaksgtwgw + § hijkhqrstgirajsgkqgtwgw
ijkqrstw ijkqrstw

+ E hijkhqrstaisajkaqratwgw + E hijkhqrstaisajqakratwgw
ijkqrstw ijkqrstw

+ E hijkhqrstaisajrakqatwgw-
ijkqrstw

The above fifteen terms can be further decomposed into two different sub-groups by
whether two of (i, j,k) are in the same combination of subscripts (i.e., whether there

involves @;; or 0 or 0;;). One sub-group is

E hijkhqrstaijakqarsatwgw + E hijkhqrstaijakraqsatwgw

ijkqrstw ijkqrstw

+ E hijkhqrsto_ijo_ksaqro_twgw + E hijkhqrsto_iko—jqo_rso_twgw
ijkqrstw ijkqrstw

+ E hijkhqrsto—iko—jra—qsa—twgw + § hijkhqrstaikajsaqratwgw
ijkqrstw ijkqrstw

+ E hijkhqrstgiqajkgrsgtwgw + E hijkhqrstgirajkaqsgtwgw
ijkqrstw ijkqrstw

+ E hijkhqrstaisajkaqratwgw~
ijkqrstw

Note that each term in this sub-group are the same and we have

E hijkhqrsto-ij OkqOrsOtwYw

ijkqrstw
= E O-rsgijhijko-kthsqto-twgw
ijkqrstw

/
~

— |vec (vzﬁ)_l ® (vec (v%)_l D (v%)_l vih (vQﬁ)_lvg
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Another sub-group is

E hijkhqrstaiqajraksatwgw + E hijkhqrstaiqajsaksatwgw

ijkqrstw ijkqrstw

+ § hijkhqrstairo-jqaksatwgw + § hijkhqrsto-iro-jsakqatwgw
ijkqrstw ijkqrstw
+ § hijkhqrstaisajqakratwgw + § hijkhqrstaisajrakqatwgw-

ijkqrstw ijkqrstw

Note that each term in this subgroup are the same and we have

E h'ijk hqrst O0iq0jrO0ksOtwYw

ijkqrstw
= E hijkaiqo—jro—kshqrstatwgw
ijkqrstw

— vec (V?'Z)/ (VQE) e (v%) & (v%) E) (v%) Vs

The second three groups involve 7y, Gjuw, Okw in each term. Out of these three

groups, the group involving 7;,, is

E hijkhqrsto-jko-qro-sto-iwgw + E hijkhqrstajkaqsartaiwgw

ijkqrstw ijkqrstw

+ E hijkhqrsto-jko-qto-rso-iwgw + E hijkhqrsto-jqo-kro-sto-iwgw
ijkqrstw ijkqrstw

+ E hijkhqrsto-jqo-ksartaiwgw + E hijkhqrsto-jqo-kto-rso-iwgw
ijkqrstw ijkqrstw

+ E hijkhqrsto-jro-kqo-staiwgw + E hijkhqrsto-jro-ksgqtaiwgw
ijkqrstw ijkqrstw

+ E hijkh’qrsto_jro-ktaqso—iwgw + E hijkhqrsto_jso—kqo—rto—iwgw
ijkqrstw ijkqrstw

+ E hijkhqrsta—jso—kro—qtaiwgw + § hijkhqrsta—jso—kto—qraiwgw
ijkqrstw ijkqrstw

+ E hijkhqrstgjtakqarsaiwgw + E hijkhqrstgjtakraqsaiwgw
ijkqrstw ijkqrstw

+ E hijkhqrstajtaksaqraiwgw-
ijkqrstw
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This group can be further decomposed into two sub-groups. The first sub-group is as
follows

E hijkhqrstajkgqrgstaiwgw + § hijkhqrstgjkgqsartaiwgw + § hijkhqrstgjkgqtarsaiwgw-
ijkqrstw ijkqrstw ijkqrstw

Note that each element in this group contains ;. The three terms in the first sub-group

are the same and we have

E hijkhqrstajko-qrastaiwgw

ijkqrstw
= E gwaiwajkhijkhqrstaqrast = gwaiwajkhijk E hqrstaqro—st
ijkqrstw ijkw qrst

-0\ - —1 - —1 -V
— vec <v2h) veh (v%) Vitr (v%) ® vec (v%) vih
The second sub-group consists of the remaining terms

E hijkhqrsto_jqo_kro-staiwgw + E hijkhqrsto_jqo_kso—rto—iwgw

ijkqrstw ijkqrstw

+ E hijkhqrsto—jqa—kto—rsa—iwgw + E hijkhqrsto—jro—kqo—sta—iwgw
ijkqrstw ijkqrstw

+ g hijkhqrstajraksaqtaiwgw + E hijkhqrstajraktaqsgiwgw
ijkqrstw ijkqrstw

+ § hijkhqrstajsakqartaiwgw + E hijkhqrstajsakraqtaiwgw
ijkqrstw ijkqrstw

+ § hijkhqrsto'jso'ktaqro-iwgw + § hijkhqrstajtakqarsaiwgw
ijkqrstw ijkqrstw

+ § hz’jkhqrsto'jto-kro-qso-iwgw + § hijkhqrsto'jto-kso-qro-iwgw-

ijkqrstw ijkqrstw

The twelve terms in the second sub-group are the same and we have

E hijkhqrstaqukrgstgiwgw = E qugsthqstrgrkhjkiaiwgw

ijkqrstw ijkqrstw

= wvec (Vﬁz) - X vec (V2ﬁ> -

!/

v'h (v%) N v (v%) “'va
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Then, we have

1 ~ o~ ~
m Z hijkthst/JJ?jqustwgw (84)

ijkqrstw

- % [vec ((v%) 1)/ ® <vec <(v2ﬁ)1)/v3ﬁ (v*h) 1)} v%(v%)l Vi

+hyguee (V)| () " (v40) o (W0) | 90 (70) g

vee ((v0) ) 97 () gt () @ e ((v0) 1)) 9]
(=)

B e (( Lo () ) ) 9 (948) 1) 9 (9) w7

_ Hvec« > (vec( ) ) (v h) 1)]?% (v2ﬁ>_1vg
+ivee (VR) [( B e (v z)* o (v0) ] i (v ﬁ)/lva
—tr [( ®vec< )> 11}60( VQT/L)_I) v (V4h) Vg
tqoee () " owee (w) ) ) v () ) W (vR) V3

1 ~ o~ o~ 10 o
FOI‘ term ~ 1296 Zijqustwvﬁ hijk:h’q’r‘shtwvﬂijqustwvﬂgﬁ

Note that u}jokqmtww can be decomposed into nine groups that are the same. Each
group has one hundred and five elements that involve 0,3, 05, 0k, 048, 013, 03, 018, Owp
and 7,3. We take the group involving 7,5 as an example. This group is further decom-
posed into seven groups with fifteen elements in each group. There are six groups out

of seven with the following structure:

~

§ hijkhqrshtwvaijquartaswavﬁgﬁ + E hijkhqrshtwvaijakraqtaswavﬂgﬂ

ijkqrstwv ijkqrstwvs

+ § hijkhqrshtwvo-ijo-kto-q'ro-swo-vﬁgﬁ + E hz’jkhqrshtwvo-iko-jqo-rto-swo-vﬁgﬁ
ijkqrstwu ijkqrstwv

+ E hijkhqrshtwvo-iko-kro-qto-swO-vﬂgﬂ + E hijk‘hqrshtwvaikaktaqraswJvﬂgﬂ
ijkqrstwu ijkqrstwv

+ E hijkhqrshtwvo-iqo-jko-rto-swo-vﬂgﬁ + E hijkhqrshtwfuo-iqo-jro-kto-swav,@gﬁ
ijkqrstwv ijkqrstwv
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+ E hijkhqrshtwvo-iqo-jto-krgswo-vﬁgﬁ + E hijkhqrshtwvairajkthaswgv,@gﬁ

ijkqrstwv ijkqrstwv

+ E hijkhqrshtwvairajqoktgswavﬁgﬁ + E hijkhqrshtwvUitgjtakqaswgvﬁgﬁ
ijkqrstwvf igkqrstwvf

+ E hijkhqrshtwvaitakjUqraswavﬁgb’ + E hijkhqrshtwvaito—kqo—jro—swo—vﬁgﬁ
ijkqrstwvf igkqrstwvf

+ g hijkhqrshtwvgitokraquswavﬁgﬁ'
ijkqrstwuf

The elements in these group do not include o4,. We can further decompose the above
group into two sub-groups. The first sub-group has elements involving ;;, o or ok
and is expressed as

E hijkhfqrshtwvaijquartaswavﬁgﬁ + E hijkhqrshtwvo—ijo—kro—qtaswo—v,@gﬂ

ijkqrstwvf ijkqrstwof

+ g hijkhqrshtwvaijaktaqraswavﬁgﬁ + E hijkhqmhtwvaikajqartgswgvﬁgﬁ
ijkqrstwuf ijkqrstwvf

+ E hijkhqrshtwvaikakraqtaswUvﬁgﬁ + E hijk h'qrshtwvUikaktaqraswavﬁgﬁ
ijkqrstwuf ijkqrstwv

+ E hijkhqrshtwvo-iqajko-rto'swavﬁgﬁ + E hijkhqrshtwvairajkaqtaswavﬁgﬁ
ijkqrstwu ijkqrstwv

+ § hz’jkhqrshtwvo-ito-kjUqraswavﬁgﬁ'
ijkqrstwu

The nine terms in the first sub-group are the same and we have

E hijkhqrshtwvaij OkqOrtOswOvpYpa

ijkqrstwvf
= E Uijhijko_kqhqrso—rtaswhtwvavﬁgﬁ
ijkqrstwvf

— vec (v%) \ v (v%) IRV (v%) 78 (vﬁz) RD (v%) “va
The second sub-group is

E hijkhqrshtwvaiqajrO-kto-swo-vﬁgﬁ + E hijkhqrshtwvgiqajto-kro-swavﬁgﬁ

ijkqrstwvf ijkqrstwvf
+ E hijk:hqrshtwvo_iro—jqaktaswo—vﬁgﬁ + E hijkh'qrshtwvUita—jto_kqo_swo—v,@gﬁ
ijkqrstwvf ijkqrstwvf
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+ E hijkhqrshtwvo-ito-kqo-jro-swo-vﬂgﬁ + E hijkhqrshtwvo-itgkrajqo-swgvﬁgﬁ
ijkqrstwv ijkqrstwv

The six terms in the second sub-group are the same and we have

E hijkhqrshtwvaiqajraktaswavﬁgﬁ

ijkqrstwvf
= E hijko-iqajrhqrso-ktaswhtwvavﬁgﬁ
ijkqrstwvf

~ - —1 - —1 A\ N\ —1 -1 ~ - —1
— vec (VW (v%) ® (v%) voh (v%) ® (v%) voh <V2h> V3.
Note that out of the seven groups, we have one group remained, which is expressed as

E hijkhqrshtwvaijquarsatwavﬁgﬁ + E hijkhqrshtwvgijgkraqsgtwavﬁgﬂ

ijkqrstwvf ijkqrstwvf

+ E hijkhqrshtvaijaksgqratwavﬁgﬁ + E hijkhqrshtwvaikajqarsatwgvﬁgﬁ
ijkqrstwvf ijkqrstwvf

+ E hijkhqrshtwvaikakraqsatwUvﬁgﬁ + E hijkhqrshtwvaikaksaqratwUvﬁgﬁ
ijkqrstwuf ijkqrstwv

+ § hijkhqrshtwvo-iqo-jko-rso-two-vﬁgﬁ + E hijkhqrshtwvo-iqo-jro'kso-two-vﬁgﬁ
ijkqrstwu ijkqrstwv

+ § hijkhq'rshtwvo-iqo-jso-kro-two-vﬂgﬂ + E hijk:hqrshtwvairajkaqsatwgvﬁgﬁ
ijkqrstwu ijkqrstwv

+ E hijkhqrshtwvo-iro-jqo-kso-two-vﬁgﬂ + E hijkhqrshtwvJito-jsgkqgtwo-vﬁgﬁ
ijkqrstwv ijkqrstwv

+ E hijkhqrshtwvo-iso-kjo-qro-two-vﬂgﬁ + E hijkhqrshtwvaisakqajratwgvﬁgﬁ
ijkqrstwv ijkqrstwv

+ E hijkhqrshtwvaisgkrgjqatwavﬁgﬁ'
ijkqrstwvf

We can further decompose the above group into two sub-groups. The first sub-group is

E hijkhqrshtwvaijquarsatwavﬁgﬁ + E hijkhqrshtwvgijakraqsatwavﬁgﬂ
ijkqrstwv ijkqrstwv
+ § hijkhqrshtwvo-z'jo-ksaqro-two-vﬁgﬁ + E hijkhqrshtwvaikaqursatwavﬁgﬁ
ijkqrstwuf ijkqrstwv
+ § hz’jkhqrshtwvo-iko-kro-qso-twUvﬂgﬁ + E hz’jk hqrshtwvUikaksaqratwavﬁgﬁ
ijkqrstwu ijkqrstwv
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+ E hijkhqrshtwvo-iqo-jko-rso-two-vﬁgﬁ + E hijkhqrshtwvairajkJqsatwgv,@gﬁ
ijkqrstwv ijkqrstwv

+ E hijkhqrshtwvgisgkquratwavﬁgﬁ-
ijkqrstwvf

The elements of this sub-group involve o;;, 7;; or ;. The nine terms in the first

sub-group are the same and we have

E hijk hqrs htwv O0ij0kqOrsOtwOvBYs

ijkqrstwv
= E O'ijhijko-kqhqrso-rs § Utwhtwvavﬂgﬂ
ijkqrs twvf

= vec ((Vrf;)l), V3h <V2E> - V3 vec ((VQ/ﬁ) 1) X vec ((V%) 1)IV33 (v%)l Vg.
The second sub-group is

E hijkhqrshtwvaiqajraksatwavﬁgﬁ + E hijkhqrshtwvaiqajsakratwavﬁgﬁ
ijkqrstwuf ijkqrstwv
+ E hijkhqrshtwvairajqaksatwavﬂgﬂ + § hijkhqrshtwvUitajsakqatwavﬁgﬁ
ijkqrstwv ijkqrstwvf

+ E hijkhqrshtwvaisakqajratwavﬂgﬂ + § hijkhqrshtwvaisO-kro-jqo-two-vﬁgﬂ-
ijkqrstwv ijkqrstwuf

The six terms in the second sub-group are the same and we have

E hijkhqrs htwv OiqO0jrO0ksOtwOuvBYp

ijkqrstwv
- E h'ijkraiqa—jro_kshqrs E O—twhtwvavﬁgﬁ
ijkqrs twvf

= e (V) (V1) "o (V0B) o (97R) | e (7°7)

xvec ((V%) _1)/ v3h <V2/hj) - V3.
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Then, we have

_1 0N N T ~
_ 1296 Z hijkhqrshtwvﬂg_yg}qustwvﬁgﬁ (85)

ijkqrstwv

= TS (v) ) v () R

Note that

9x6x9
1296

3 9><6><6_1 9><1><9_ 1 9><1><6_ 1
87— YT T ans T AT Tans a4

1206 47 1296 167 1296 24’

5.4.4 Proof of Lemma 2.2

Proof of Lemma 2.2 can be obtained by directly applying Lemma 5.3 by setting bp (8) =
p(0),9(0)=1,(0), —nh" (8) = —nhP (6) = Inp(y|0). Then, under Assumptions 1-10,

we have

J1: (0 p(y|6)d6
fp y|0 ) de

1 1
= lt (9 ) + — Bt 1 + (Btlgl + B t,21 + Bt,22 - B4Bt,1) + Op (nig) )

where the expressions for are given in Appendix 5.2.
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5.5 Proof of Lemma 2.3

By definition, we have

Pp =/—2 [Inp(y|6) —Inp (y]6)] p (Bly) d6

— =2 [p(y18)p (6ly)d6 + 21np (v18) = -2 [ 1(6)p(6ly)d6 + 21np (516) .
t=1
By Lemma 2.2, we have

~ 1 1 1
Jr@vomio=i(8.) + 1+ - B0, ().

Note that

1 ¢ 1
E Z Bt71 = —étr [
t=1

since Y, | VI, (571) = 0. For the same reason,

1 n
- E Bt,21 :O
n

t=1

Moreover,
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n

ch
e (B (0,) 1) B9 (8.) 1 (8,) LS w0 (0, wee (1, (02) )

t=1

coec

ctor |7 (0.) "o (7, (2) )| L (an)’]

e (B (0) ) B0 (2) 8. (0) 180 ()R () F
S (@) A (0) e (7 60) ) B0 (o) o)
(A (0) LS @) (0) ) A 3 (0) 7



P 1 P P 1 1 1 1 1 1
_ . 1 / _ N _ . 1 -~
1. (Hn (Bn) ) ae) <9n> q, <9n) VP
2 p
P — o\ N ams 5 \a (5 VD
v (3) VP
" vec (H (8.) ) o (0.) . (3.) 2
1 — >\ N as/a\a () VD
——vec (Hn (Hn) ) Hff’) <0n> H, <9n> —
2 p
1 _ -1\ _ N — N1 TP
+—wvec (Hn <0n> ) Hn?’) (0,1) H, <0n> 2
2 D
P ~\ -1 2% 1 _ N1 T2
+—tr [H, <0n VT + —tr |H,, <0n> Q
p 2 p
P+2 P+2 P+2 P+2 (o NN o /A= (2 \LUD
- e T e S T e (1, (6,) ) B9 (8,) 1, (6,) 2
P+2 o\ 1 2
T [Hn (8,) Q}
p
P+2 P+2 P+2 P+2 P+2 P+2
B T T e 7 et i B e e R R

where Cy1, Cy and Cs3 are defined in Lemma 2.3. Clearly the first three terms are not
related to the prior while the last three terms are related to the prior. We can also

show that

1 n
- ;Bt,g
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e [, (6,) L] - ¢
p
Hence,

i [u@pewa
Sy ]

1 (P+2 P+2 P—i—2 P+2 P+2 P+2
- ( 6 Ay — 16 tr [Ag] + Az — 1 Con + 1 Cy + C'23)
1| P P P P P P

+E |: —CQ — —023 + — 021 —6A1 Ag -+ 1—6’51‘ [AQ]:| + Op (n*2)

S $6)

t=1

1 /1 1 1 1 1 1 _
+E (§A1 — étr [AQ] + EAg - 5021 + 502 + 5023> + Op (n 2) .

From the stochastic expansion, we have
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and

~ 1 1 1
= h’lp <y|0n> - %021 —+ %023 -+ _nAl -+ Op(n*Q). (87)

Hence, from (86) and (87) we have,

Pp = —QZ/lt p(0ly) d9+21np(y|0 )

= —2lnp <y|9 >

1 1 1 1
+ﬁ <_ZA1 + Ztr [AQ] — 6143 + 021 — Cg — CQg)

~ 1 1 1
+2Inp (yl8n) = ~Con + ~Cos + A1+ 0,(n"?)

= P+ % (}Ltr [Az] — éAB - 02) +0, (n7?). (88)
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From the definition of DIC, (87), and (88), we have

DIC = —4Z/zt p(Bly)do +2Inp (y|0)

1 1 1 1
= —2111]) (Y|0n> + P + E (_ZAl + Ztr [AQ] - 6./43 + 021 - CQ — 023)

1/1 1 _
+P+E(Ztr[A2]—6A3—CQ>+Op (n 2)
= —21np<y|§n>+2P
+l 1y +1t [A]—EA + Oy — 205 — Coz| + O, (n7?)
n 1 1 21‘ 2 3 3 21 2 23 p \T

1 1
= AIC + EDI —f- EDQ + Op (TL_Q) .
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