Econ 623 Econometrics 11

Topic 7: ARCH Models

1 Forms and Properties of ARCH-type Models

1.1 ARCH(q) model (Engle, 1982)

It models the conditional variance as a deterministic function of past returns. Suppose

y; is the return of a financial asset.

{ Yt = [+ 01y
of =a+pwi+ -+ By

A special ARCH(q) model that we will consider here is,

iid
Yt = Ot&t, E¢ N(07 1)
of =a+ Bl + -+ By,



Properties:

o E(ylli1) =0

o BE(Wi|li1) =07 =+ by, + -+ Byi,
o y2 ~ AR(q)

e Since o7 is time variant, the model is called the Autoregressive Conditional Het-

eroskedasticity (ARCH) model.

e According to the model, the conditional variance is completely determined by

the lagged squared returns.



The kurtosis of ARCH is bigger than 3. In particular, when ¢ = 1, the kurtosis
of y; is given by 3(1 — 37)/(1 — 34%?) > 1 as long as f; # 0. So ARCH models

have fatter tails than the normal distribution.

If B1,---,0By a0 >0, and 1 + --- + B, < 1, the ARCH(q) model is covariance
stationary. If so, E(y?) = /(1 =081 — - — 3,)

E(y; ys) = 0 for any t # s.
E(y? y?) # 0 for some ¢ # s.

In most empirical studies, we need many lags in the variance equation (ie ¢ must

be large).



1.2 GARCH(p,q) (Bollerslev, 1986)

It models the conditional variance as a deterministic function of past returns and

conditional variance

{ Yt = O&y
Ut2 =+ Z?:l 53'1/37]‘ + Z§:1 OéjUthj 7
Properties:

o E(ylli1) =0, E(y;|1:) = of

o yi = o+ (a0 + POy + - (n + Bn)Yi, W — qwiy — - — Wy,

where m = max{p, ¢}, wy = y? — o2

o y> ~ ARM A(max{p, ¢},p)

e According to the model, the conditional variance is the weighted average of
the lagged squared returns (ARCH term) and the lagged conditional variance
(GARCH term).



o Ifay, - ,a,>0,0, - ,0,>0, a>0and (a1 + 1)+ + (v + Bm) <1, the
GARCH(p,q) model is covariance stationary. E(y?) = a/(1 —a; — -+ — ay, —

Pr—+ = Pm)

e In the GARCH (1,1) model, E(y?|I;) = ag + (a1 + B1)y?; + wy — aqwy_q, SO

(v + (1) governs the persistence of volatilities.

e To describe the real financial time series, a parsimonious GARCH model is often
doing the job as well as an ARCH model with a long lag length. In the empirical
study, the GARCH(1,1) specification has been found to be adequate in most
application. In financial data, often (a; + (31) is very found to be close to 1 in the
GARCH(1,1) model. Therefore, the volatility process is persistent, suggesting

volatility is predictable.



1.3 IGARCH (Engle and Bollerslev, 1986)

Volatility is as persistent as a unit root
Yt = Oy

2 2 2
Op = Qo+ 2221 Biye_; + Z§:1 Qo
q p _
ot B =1

Properties:

e A shock to the conditional variance remains forever.

e Unconditional expected value of y? is infinite. Hence, the IGARCH model is not

covariance stationary.

e It is parsimonious compared with GARCH(p,q).



1.4 GJR-GARCH (Glosten, Jaganathan and Runkle, 1993)

Conditional variance responds to good news in different ways to bad news.
Y = 01&y
of = ao+ 30 By Y adia + 20 aiop
d1=11if y,1 <0,di—1 =0 if y_, >0

Properties:

e d,; is a decision rule variable. The threshold is y;_; = 0.

e The model can lead to the leverage effect. When v > 0, bad news (y;_1 < 0) has

larger impact on volatility than good news (y;—; > 0).

e It is also known as the threshold ARCH (TARCH) model.



1.5 EGARCH (Nelson, 1991)

Model the log-conditional volatility to ensure volatility is positive.

Yt = O1&¢
In(0?) = a0+ 57 0y In(o ;) + S, (B B +ute)

Properties:

e Conditional variance depends on both the size and the sign of lagged residuals.

e ; captures the asymmetric effect. When ~; < 0, bad news (y;—; < 0) has larger

impact on volatility than good news (y;_; > 0).

e In the volatility equation, In(c?) but o2 is modeled such that no restriction on

the parameters is needed.



1.6 Absolute Value ARCH (Schwert, 1989)

p
oy = 0p + Z Bilye—i| + Z%‘Ut—i
1

i=1,q =

1.7 NARCH (non-linear ARCH) (Higgin and Bera, 1992)

q
o) =g+ Zﬁiwt—ip + Z ;o
i=1

i=1,p
e Nest the standard GARCH model. If v = 2, it is a GARCH; if v = 1, it is an
absolute value ARCH.

1.8 Quadratic ARCH (Sentana, 1991)

0152 = oo+ ﬁyfq +0y;_1 + ahy_q

e 0 < 0 means positive returns increase volatility less than negative returns.

1.9 Switching ARCH (Cai, 1994; Hamilton and Susmel, 1994)

Yi = Ot&y

o7 = (S + D inig Bivi
Y(St) = Y0 + 1Sk ’
P(S; = i[S; = j) = Dij

e There are two ARCH models and the economy switches from one to another

following a Markov chain.



1.10 ARCH in Mean (Engle, Lilien and Robin(1987))
Allow inter-temporal risk-return trade-offs

{ Yt = 60'152 +0-t€t
ol =a+ Byt + o+ Bty

e This model is the extension of the Capital Asset Pricing Model (CAPM).
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1.11 Non-Normal GARCH

e t-GARCH (Bollerslev, 1987): &, w t( with n being the degrees of freedom. Let
f(2) be the density of ;. Then

f(z) = r <772i1) (1 22 >—(n+1)/2'

T -2\ -2
where T'(+) is the gamma function, and 7 is the degrees of freedom. The mean
of this distribution is 0 and the variance is 1. In the ¢ distribution, 7 is a tail-
thickness parameter. When 1 = oo, it becomes a standard normal distribution.
When 7 is finite, it has fatter tails than the normal distribution. The smaller the
7, the fatter the tails.
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GED-GARCH (Nelson, 1991): & % Generalized Error Distribution (GED). Let
f(z) be the density of ;. Then

_ vexp[—0.5]z/al"]
f(z) = (/1)

where

a = \/272T(1/v) /T (3/n).
In GED, v is a tail-thickness parameter. When v = 2, it becomes a standard

normal distribution. When v < 2, it has fatter tails than the normal distribution.
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e Skewed t-GARCH (Hansen, 1991): &, % skewed tm)- Let f(z) be the density of

2\ —(n+1)/2
bc(l + (ﬁ(?f;) ) if z < —a/b,
f(z) = 2{ —(n+1)/2 ,
bc(l + (ﬁ(ﬁﬁ;) ) if 2> —a/b,

where n > 2, —1 < A < 1. The constant a, b, c are given by

a:4)\c(n_2),
n—1

b=V1+3)\—a?,
)
m(n—2)0 (%)

In the skewed ¢, A captures asymmetry. If A = 0, it becomes a (,) distribution.

Et. Then

CcC =

A < 0 gives a negatively skewed distribution (ie the left tail is longer than the right
tail).
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2 Estimation of ARCH-type Models
2.1 MLE for Gaussian GARCH

iid
Yy = Ot&,y E¢ N<07 1)

— =, ¥ N(0,1)

Ot

= In f(y1,...,yr;0) = ZtT:l[ln P(g;) —0.5In 02| = ZtT:l[ln (b(g—i) —0.5In0?]

e 02 is obtained from the recursive volatility equation in the model. Bollerslev

(1986) suggested making the initial values of y? and o? at the unconditional

. T
mean of y?. That is, y3,y%,, -+ ,08,0%,,-- are all assumed to be % >y Yo

e The second term is the Jacobian in the transformation.

e The resulting estimator is consistent, asymptotically normal and asymptotically

efficient.
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2.2 MLE for non-Gaussian ARCH

i
Yt = O1E¢, E¢ < f(z)

:%:gt% £(z)

= In f(y1,...,yr;0) = Z;[ln f(er) —0.5Ino?] = ZtT:l[ln f(g—i) —0.5In0?]

e As before, 02 is obtained from the recursive volatility equation in the model and

T
we can assume yg, 42, -, 00,02, to be £ >, yF.
e The second term is the Jacobian in the transformation.

e The resulting estimator is consistent, asymptotically normal and asymptotically

efficient.
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2.3 Quasi-ML for Non-Gaussain GARCH Models

e Even in the case where g, ~ f(z) where f is different from the Gaussian dis-
tribution, calculate the likelihood function by assuming that ¢, YN (0,1). The
resulting estimator is consistent, asymptotically normal but asymptotically inef-

ficient. The asymptotic variance of QMLE is larger than that of MLE.
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3 Testing in ARCH
3.1 Testing for ARCH effects: LM Test

e Calculate R? from the regression of 37 on a constant and y;7 ..., y7 . T - R? is
the statistic of the LM test. If there exists one ¢ such that the LM statistic is
too big (compared with the x? distribution with ¢ degrees of freedom), we have

to reject the hypothesis of no ARCH effect in y;. See Engle (1984).

3.2 Choosing the order parameter p,q in ARCH models: LR
test

Hy: GARCH (p,q)
H,: GARCH(p+1i,q+7)

e (Calculate the likelihood values for both models. Calculate the likelihood ra-
tio (LR) statistic —2(In L(Hy) — In L(H;)). If LR statistic is too big (compared
with x? distribution with (i + j) degrees of freedom), we have to reject the
GARCH (p,q) model.
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4 Volatility Forecasting with ARCH
E(U1:2+h|It) = E(:ytz—i-h‘lt)a where I, = yi,- -+ ,yr.

4.1 Forecasting Volatility with ARCH Models (no GARCH
term)

0ty =0+ Biyd 4o+ 5q3/%+17q

= E(0F,|Ir) = a0 + Buyg + - + By

—> E(075lIr) = ag + b1y + By + - + ﬁqy%w,q

= E(07.,|Ir) = a0 + B1E(0F | Ir) + Bayz + - + Byt 10,
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4.2 Forecasting Volatility with GARCH Models

Following Baillie and Bollerslev (1992), the asymptotically optimal h-day ahead fore-
cast of the volatility can be calculated by iterating on

0Fpn = A+ Z i+ B)07 s — Brir — ... = Bn@rynm, for h=1,..p
=1

=+ Z(ai + Bi)07 s for h=p+1, ..,
i=1
62 =192 for0 <7 <T,

T
o 22 for 7 <0,
T:yT_E( ’

w, =0, for 7 <0.

1), for 0 <7< T,
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