
Econ 623Econometrics II
Topic 1: Review of Linear Algebra, Statistics,
Asymptotic Theory, Computation, Measure

Theory

1 Linear Algebra

� A matrix is a retangular array: A =

26664
a11 a12 � � � a1K
a21 a22 � � � a2K

...
an1 an1 � � � anK

37775 : A is an
n�K matrix.

� If n = K;A is a square matrix. If aij = aji, A is a symmetric matrix. If

aij = 08i 6= j, A is a diagonal matrix. If, in addition, aii = 18i, A is an

identity matrix (often written as I). If aij = 08i > j, A is a triangular

matrix.

� If K = 1; A is a column vector. If n = 1; A is a row vector.

� B = A0 (transpose of A) if bij = aji;8i; j. So (A0)0 = A. The transpose

of a symmetric matrix is itself. The transpose of a column vector is a

row vector.

� C = A � B if cij = aij � bij. Obviously A and B are of the same

dimension.

� (A+B) + C = A+ (B + C): (A+B)0 = A0 +B0:
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� Let a and b be two column vectors. The inner product of a and b is

a0b =
Pn

i=1 aibi, a scalar. The outer product of a and b is ab
0, which is

a matrix with the ijth element being aibj.

� To multiply two matrices, the number of columns in the �rst matrix

must be same as the number of rows in the second matrix.

� It is easy to see that AI = IA = A: (AB)C = A(BC): A(B + C) =

AB + AC: (AB)0 = B0A0: A0 = 0: But AB 6= BA.

� If � is a scalar, B is a matrix, then �B = (� � bij). Similar, we can

de�ne the product of a scalar and a vector.

� Suppose a1; : : : ; aK are all column vectors, and �1; : : : ; �K are all scalars,

then c =
PK

i=1 �iai is a linear combination of the column vector.

� Let { be a column vector of 1s. Let a be a column vector. ThenPn
i=1 ai = {0a and a = 1

n

Pn
i=1 ai =

1
n
{0a. Also

Pn
i=1 a

2
i = a0a:

� Let X be an n�K matrix whose ith column is xi. Then [X 0X]ij = x0ixj

and X 0X =
Pn

i=1 xix
0
j:
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� A symmetric matrix M is idempotent i¤M2 �MM =M .

� An example: M0 = I� 1
n
{{0.UnderstandingM0. Suppose x is a column

vector.

x{ =

264 x
...
x

375 = x

264 1...
1

375 = {x = { 1
n
{0x = 1

n
{{0x.

264 x1 � x
...

xn � x

375 = x� {x = x� 1
n
{{0x =

�
I � 1

n
{{0
�
x =M0x.

So M0 transform data to deviations from their mean. Furthermore,Pn
i=1(xi�x)2 = (x�x{)0(x�x{) = (M0x)0(M0x) = x0M0M0x = x0M0xPn
i=1(xi � x)(yi � y) = x0M0y:� Pn

i=1(xi � x)2
Pn

i=1(xi � x)(yi � y)Pn
i=1(yi � y)(xi � x)

Pn
i=1(yi � y)2

�
=

�
x0M0x x0M0y
y0M0x y0M0y

�
� If we put the two column vectors x and y in an n�2 matrix Z = [x; y],

then M0Z is the n� 2 matrix in which the two columns of data are in

mean deviation form.
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� A vector space is any set of vectors that is closed under scalar mul-

tiplication and addition. A 2(or K-)-dimensional Euclidean space is

called R2 or (RK).

� A set of vectors in a vector space is a basis for that vector space if any

vector in the space can be written as a linear combination of them.

� A set of vectors is linearly dependent if any one of the vectors is the

set can be written as a linear combination of the others.

� A set of vectors, a1 : : : ; aK , is linearly independent i¤ the only so-

lution to

�1a1 + � � �+ �KaK = 0

is

�1 = � � � = �K = 0

� A basis for a vector space of K dimensions is any set of K linearly

independent vectors in that space.

� The set of all linear combinations of a set of vectors is the vector space

that is spanned by those vectors.

� The column space of a matrix is the vector space that is spanned by

its column vectors.

� The column rank of a matrix is the dimension of the vector space

that is spanned by its column. Similarly one can de�ne the row rank.
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� The column rank is always equal to the row rank, which is called the

rank of the matrix..

� Amatrix is of full column rank if the column rank equals the number

of columns. Similarly one can de�ne the full row rank.

� In this course, full rank means full column rank.

� rank(A)=rank(A0)�min(number of rows, number of columns)

� rank(AB)�min(rank(A), rank(B))

� rank(A)=rank(A0)=rank(AA0)

� Determinant of a 2� 2 square matrix.
���� a c
b d

���� = ad� bc

� jAj =
PK

j=1 aij(�1)i+jjAijj, where Aij is the matrix obtained from A

by deleting row i and column j and its determinant is called a minor

of A. (�1)i+jjAijj is called a cofactor.

� jAj = jA0j:
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� Suppose e is a column vector. The length or norm of it is jjejj =
p
e0e.

� Suppose a and b are two column vectors. They are orthogonal (a ? b)

i¤ a0b = b0a = 0.

� Suppose a and b are two column vectors. The angle � between these

two vectors satis�es cos � = a0b
jjajj�jjbjj .

� Suppose y is an n-dimensional column vector, X is an n�K (assuming

n � K) matrix (hence can be partitioned into K column vectors, each

with n dimensions). If y is in the column space of X, then one can �nd

an K-dimensional column vector, b, so that y = Xb.

� Suppose y is NOT in the column space of X, then no column vector,

b, satis�es y = Xb. Indeed for any b; y �Xb = e will be di¤erent from

0. Of course, for any b; Xb must be in the column space of X.

� Least squares problem: �nd the b so that jjejj = jjy � Xbjj is the

smallest. The solution is to make e orthogonal to Xb, ie, (Xb)0e = 0.

That implies X 0y = X 0Xb.

� Suppose A is a square matrix. If exists a square matrix B such that

BA = I. We call B the inverse of A and denote it by A�1.

� A matrix whose inverse exists is nonsingular. In this case jAj 6= 0

and its rank equals the number of columns (also rows).
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� Suppose aij is the ijth element of A�1. The general formula for com-

puting an inverse matrix is aji = jCij j
jAj . where jCijj is the ijth co-factor

of A.

� Properties about the inverse:

1. jA�1j = jAj�1

2. (A�1)�1 = A

3. (A�1)0 = (A0)�1

4. (AB)�1 = B�1A�1 where A;B are both square matrices.
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� A =

�
A11 A12
A21 A22

�
is a partitioned matrix, where normally A11 and

A22 are square matrices. If A21 and A12 are 0, A is a block diagonal

matrix.

�
���� A11 A12
A21 A22

���� = jA22j � jA11 � A12A
�1
22 A21j = jA11j � jA22 � A21A

�1
11 A12j

�
�
A11 A12
A21 A22

��1
=

�
A�111 (I + A12F2A21A

�1
11 ) �A�111 A12F2

�F2A21A�111 F2

�
,

where F2 = (A22 � A21A
�1
11 A12)

�1.

� An example: suppose x is a n-dimensional column vector.

A =

�
n

Pn
i=1 xiPn

i=1 xi
Pn

i=1 x
2
i

�
=

�
{0{ {0x
x0{ x0x

�
.

Then F2 = (x0x� x0{({0{)�1{0x)�1 = (x0M0x)�1
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� Kronecker product: A
B = [aijB]:

� Properties about the Kronecker product: (A 
 B)�1 = A�1 
 B�1,

(A
B)0 = A0 
B0, (A
B)(C 
D) = AC 
BD

� Suppose A is a square matrix, c 6= 0 is a column vector and � is a

scalar. If Ac = �c is satis�ed, then we call c a characteristic vector

(eigenvector) of A and � a characteristic root (eigenvalue) of A.

We often normalize c so that the norm is 1.

� The characteristic roots of a symmetric matrix are real. To �nd the

characteristic roots of A, one needs to solve jA� �Ij = 0.

� Suppose the characteristic roots of symmetric matrix A are �1 : : : ; �K .

The corresponding characteristic vectors are c1; : : : ; cK . Then Ack =

�kck

� If � =

2664
�1 0 � � � 0
0 �2 � � � 0
� � � � � � � � � � � �
0 0 � � � �K

3775 � diag(�1 : : : ; �K); then AC = C�;

where C = [c1 c2 � � � cK ] that satis�es C 0 = C�1 and CC 0 = CC�1 = I:

� Diagonalization of a matrix: C 0AC = �. Spectral decomposition of

A: A = C�C 0.

� The rank of a matrix is the number of nonzero characteristic roots it

contains.

� Condition number 
 =
�
maximum root
minimum root

�1=2
: Matrices with large condition

numbers are di¢ cult to invert accurately.
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� Trace of a matrix: tr(A) =
P
akk which equals the sum of its charac-

teristic roots.

1. tr(cA) = ctr(A)

2. tr(A0) = tr(A)

3. tr(A+B) = tr(A) + tr(B)

4. tr(AB) = tr(BA)

5. tr(ABC) = tr(BCA) = tr(CAB)

� The determinant of a matrix equals the product of its characteristic

roots.

� The characteristic roots of A2 are the squares of those of A.

� De�ne A1=2 to be a matrix such that A1=2A1=2 = A. The characteristic

roots of A1=2 are the square roots of those of A.

� Factorization of a matrix (ie �nd a P such that P 0P = A�1):

1. One choice is P = ��1=2C 0.

2. Cholesky factorization: A = LU , where L is a lower triangular

matrix and U is a upper triangular matrix.

� Quadratic form: q =
Pn

i=1

Pn
j=1 xixjaij = x

0
Ax.

� If x0Ax > 0 for all nonzero x, A is positive de�nite. We sometimes

write A > 0:
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� If x0Ax < 0 for all nonzero x, A is negative de�nite.

� If x0Ax � 0 for all nonzero x, A is positive semide�nite. We some-

times write A � 0:

� Let A be a symmetric matrix. If all the characteristic roots of A are

positive (negative), then A is positive (negative) de�nite.

� The only full rank, symmetric idempotent matrix is the identity matrix.

All the other symmetric idempotent matrices are singular.

� Every symmetric idempotent matrix is positive semide�nite with roots

being either one or zeros.
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2 Calculus

� A function f(x) is continuous at x0 if limx!x0 f(x) = f(x0). It is

continuous at an interval I if it is continuous at every point in I.

� A sequence of functions, {fn(x)} is said to be uniformly convergent to

f(x) on I if, every " > 0, there exists N , such that jfn(x)� f(x)j < "

for all n > N and for all x 2 I.

� Let {fn(x)} be a sequence of functions on I. The sequence {fn(x)}

is equicontinuous if for every " > 0 and every x 2 I, there exists a

� > 0, such that for all n and all x0 2 X with jx0 � xj < � we have

jfn(x)� fn(x
0)j < ".

� The sequence {fn(x)} is uniformly equicontinuous if for every " > 0,

there exists a � > 0, such that for all n and all x; x0 2 I with jx0�xj < �

we have jfn(x)� fn(x
0)j < ".

� For comparison, the statement all functions fn(x) are continuous means

that for every " > 0, every n, and every x 2 I, there exists a � > 0,

such that for all x0 2 I with jx0 � xj < � we have jfn(x)� fn(x
0)j < ".

So, for continuity, � may depend on ", x and n; for equicontinuity, �

must be independent of n; and for uniform equicontinuity, � must be

independent of both n and x.

� Let {fn(x)} be an equicontinuous sequence of functions. If fn(x) !

f(x) for every x 2 I, then the function f is continuous.
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� Let {fn(x)} uniformly converges to f(x) and each fn(x) is continuous

on I, then the function f is continuous.

� Every equicontinuous sequence of functions from [0; 1] to R is uniformly

equicontinuous.

� Let {fn(x)} be an equicontinuous sequence of functions from [0; 1] to

R. If fn(x) ! f(x) for every x 2 [0; 1], then fn(x) ! f(x) uniformly

in x.

� Let {fn(x)} be an equicontinuous sequence of uniformly bounded func-

tions from [0; 1] to R. Then there is a subsequence which converges

uniformly.
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� A univariate Taylor series expansion: f(x) � f(x0)+
Pp

i=1
1
i!
dif(x0)
d(x0)i

(x�

x0)
i

� Now suppose f : Rn ! R1. The gradient (Jacobian) is @f(x)
@x

= g =264
@f(x)
@x1
...

@f(x)
@xn

375. The Hessian is @2f(x)@x@x0 = H =

264 @2f(x)
@x1@x1

� � � @2f(x)
@x1@xn

� � � � � � � � �
@2f(x)
@xn@x1

� � � @2f(x)
@xn@xn

375
� The second order Taylor series expansion: f(x) � f(x0) + (g

0)0(x �

x0) +
1
2
(x� x0)

0H0(x� x0)

� Now suppose f : Rn ! RK . The Jacobian is rf and the Hessian is

r2f . Then second order Taylor series expansion is f(x) � f(x0) +

rf(x0)(x� x0) +
1
2
r2f(x0) [(x� x0)
 (x� x0)].

� A linear function can be written as y = a0x =
Pn

i=1 aixi. A quadratic

function can be written as y = x0Ax =
Pn

i=1

Pn
i=1 xixjaij. Then

� @(a0x)
@x

= @(x0a)
@x

= a

� @(x0Ax)
@x

= 2Ax when A is symmetric.

� Optimization: max f(x) or min f(x). Suppose f (R1 ! R1) is di¤er-

entiable and the optimum takes place at an interior point.

� First order (necessary condition) condition: df(x)
dx

= 0

� The su¢ cient condition is: d2f(x)
dx2

< 0 for a maximum and d2f(x)
dx2

> 0

for a minimum.
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� Now suppose f : Rn ! R1. First order condition is: @f(x)
@x

= 0. The suf-

�cient condition is: H is negative de�nite for a maximum and positive

de�nite for a minimum.
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3 Review of Statistics

� Classical de�nition of probability:

Experiment

#

Outcomes

#

Sample Space

#

Event

� Probability of an event:

P (A) = Total number of outcomes favorable to A
Total number of outcomes
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� Properties:

�P (�) = 0, where � is an empty space.

�P (
) = 1

�For any A; 0 � P (A) � 1

�P (A [B) = P (A) + P (B) if A and B disjoint

�P ( �A) = 1� P (A)

�A � B ) P (A) � P (B)

�P (A [B) = P (A) + P (B)� P (A \B)
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� More de�nitions:

�Conditional Probability

A;B are two events and P (B) 6= 0, then the conditional probabil-

ity of A conditional on B is de�ned as

P (AjB) = P (A\B)
P (B)

�A and B are independent if

P (AjB) = P (A) (or P (A \B) = P (A)P (B))
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�Random variable:

A random variable is a rule which assigns a numerical value to

any outcome of the experiment. X; Y; Z (capital letters) are often

used to represent a random variable.

�Distribution function(cumulative distribution function: cdf)

The distribution function of a r.v. is the function F : R ! [0; 1]

and is given by F (x) = P (X � x)

�A random variable is discrete if it can take only a �nite or count-

able number of values in <:When a r.v. is discrete, f(x) = P (X =

x) is called the probability mass function.

�A random variable is continuous if 9f(x) such that F (x) =R x
�1 f(u)du, where f(x) is called the probability density func-

tion (pdf).

�S(x) = 1� F (x) is called the survival function. h(x) = f(x)
S(x)

is

called the harzard function.

�For a random variable X, if the function M(t) = E(etX) exists,

then it is the moment-generating function.

�For a random variable X, c(t) = E(eitX) is called the charac-

teristic function, where i =
p
�1.  (t) = ln c(t) is called the

cumulant generating function.
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� Properties:

� limx!�1 F (x) =

�
1
0

� x < y ) F (x) � F (y)

�P (X > x) = 1� F (x)

�P (x < X � y) = F (y)� F (x)

�P (X = x) = limh&0 P (x� h < X � x) = F (x)� limh&0 F (x� h)

For the discrete random variable

�F (x) = P (X � x) =
P

xi�x f(xi)

�
P

xi
f(xi) = 1
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For the continuous random variable

�F 0(x) = f(x)

�P (X = x) = F (x)� limh&0 F (x� h) = limh&0
R x
x�h f(u)du = 0

�
R1
�1 f(u)du = 1

�P (a < X < b) = P (a � X � b) = P (a < X � b) = P (a � X <

b) = F (b)� F (a) =
R b
a
f(u)du

� Sometimes it is hard to know the pdf or cdf of a random variable. In

other cases, it is not necessary to know the whole pdf or cdf. We may

only need to know some important characteristics of it.
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� De�nitions:

�Expectation or expected value or mean:

E(X) =

� P
xf(x) if X is a discrete random variable.R1

�1 xf(x)dx if X is a continuous random variable.

More general,

E(u(X)) =

� P
u(x)f(x) if X is a discrete random variable.R1

�1 u(x)f(x)dx if X is a continuous random variable.

�Variance:

V ar(X) = E[(X � �)2] = �2

�� =
p
V ar(X) is called the standard deviation of X

�A numberm is the �th quantile of a random variableX if Prob(X �

m) = 1� � and P (X < m) = � . When � = 0:5; m is the median.

� skewness=E[(X � �)3]

� skewness coe¢ cient=E[(X��)3]
�3

� kurtosis=E[(X � �)4]

� kurtosis for Normal distribution is 3.

� degree of excess kurtosis=E[(X��)4]
�4

� 3:
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� Properties: (a, b, c are all constants)

�E(c) = c

�E(aX + bY ) = aE(X) + bE(Y )

�V ar(X) = EX2 � (E(X))2

�V ar(c) = 0

�V ar(aX + b) = a2V ar(X)

� It can be shown that d
kM(t)
dtk

jt=0 = E(Xk) (moments)
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� De�nitions:

� Joint distribution:

The joint cdf and joint pdf for random variables X and Y are

de�ned as

F (x; y) = P (X � x; Y � y) =

� P
xi�x

P
yj�y f(xi;yj) if X; Y discreteR x

�1
R y
�1 f(u; v)dudv if X; Y continuous

where F (x; y) is the joint cdf and f(x; y) is the joint pdf

�Marginal distribution:

f1(x) and f2(y) are marginal pdfs and de�ned by

f1(x) =
P

y f(x;y); f2(y) =
P

x f(x;y)

�Conditional distribution:

f(xjy) and f(yjx) are marginal pdfs and de�ned by

f(xjy) =f(x;y)
f2(y)

; f(yjx) =f(x;y)
f1(x)

�Y jX = x is a random variable. E(Y jX = x) =
R +1
�1 yf(yjx)dy is

called the conditional expectation. It is a real function of x.
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�E(Y jX) is a random variable. EX(EY (Y jX)) = E(Y ). This is

known as the Law of Iterative Expectations.

�V ar(Y ) = V arX(EY (Y jX))+EX(V arY (Y jX)). This is known as

the Decomposition of Variance.

� Independence of two random variables:

The random variables X and Y are independent i¤ f(x; y) =

f1(x)f2(y)

�Covariance between two random variables:

�2X;Y = Cov(X; Y ) = E[(X � E(X))(Y � E(Y ))] = E(XY ) �

E(X)E(Y )

where E(XY ) =
R +1
�1

R +1
�1 xyf(x; y)dxdy

�Covariance matrix (or variance-covariance matrix):

�X;Y =

�
�2X Cov(X; Y )

Cov(X; Y ) �2Y

�
�Correlation coe¢ cient:

�X;Y =
Cov(X;Y )p
V ar(X)V ar(Y )

2 [�1; 1]

When �X;Y = 0, we say X and Y are uncorrelated.
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� Properties:

� IfX and Y are independent, then f(X) and g(Y ) are independent,

where f and g are any measurable functions.

� If X and Y are independent, then E(XY ) = E(X)E(Y )

� If X and Y are independent, then Cov(X; Y ) = 0: But not vice

versa!

�Cov(X;X) = V ar(X); �X;X = 1

�V ar(aX + bY ) = a2V ar(X) + b2V ar(Y ) + 2abCov(X;Y )

� if X and Y are uncorrelated, then V ar(aX + bY ) = a2V ar(X) +

b2V ar(Y )

� Extension of 2� 2 covariance matrix to high dimensional matrix:

We have T di¤erent random variables, X1; � � � ; XT

� =

0BBB@
�2X1 Cov(X1; X2) � � � Cov(X1; XT )

Cov(X2; X1) �2X2 � � � Cov(X2; XT )
...

... � � � ...
Cov(XT ; X1) Cov(XT ; X2) � � � �2XT

1CCCA
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� Some important distribution functions:

1. Normal distribution

�Normal distribution: N(�; �2)

f(x) = 1p
2��2

exp(� (x��)2
2�2

)

A normal distribution is uniquely determined by �; �2

N(0,1) is called the standard normal distribution

�Multivariate normal distribution: N(�;�)

f(x) = (2�)�
T
2 j�j� 1

2 exp(�1
2
(x� �)0��1(x� �))

�Properties

(a) X � N(�; �2)) E(X) = �; V ar(X) = �2

(b) X � N(�; �2)) Z = (X � �)=� � N(0; 1)

(c) X � N(�; �2)) aX + b � N(a�+ b; a2�2)

(d) X � N(�1; �
2
1) and Y � N(�2; �

2
2) ) X + Y � N(�1 +

�2; V ar(X + Y ))

(e) Moment generating function for N(�; �2): exp(�t+ 1
2
�2t2)

(f) Moment generating function for N(0; 1): exp(1
2
t2)

(g) Charateristic function for N(�; �2): exp(i�t� 1
2
�2t2)
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(h)
�
X
Y

�
� N

��
�1
�2

�
;

�
�2X �2X;Y
�2X;Y �2Y

��
) XjY = y and Y jX = x are both normal and

XjY = y � N
�
�1 +

�2X;Y (y��2)
�2Y

; �2X �
�4X;Y
�2Y

�
Y jX = x � N

�
�2 +

�2X;Y (x��1)
�2Y

; �2Y �
�4X;Y
�2X

�
(i) If �X;Y = 0; then X and Y are independent

2. �2 distribution:

��2(1) � Z2 where Z � N(0; 1)

� If X1; � � � ; Xr are independently and identically distributed

(IID) as �2(1) distribution, then

Y = X1 + � � �+Xr � �2(r)

� If Y � �2(r), E(Y ) = r; V ar(Y ) = 2r

� Suppose X � N(0; I) and A is idempotent, then X 0AX has

a �2 distribution with degrees of freedom being equal to the

ranks of A.

� Suppose X � N(0; I) and A and B are idempotent with

AB = 0. Then X 0AX and X 0BX are independent.
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3. t distribution:

� t(T ) =
Zp
Y
T

; where Y � �2(T ) and independent of Z which is

N(0; 1)

�E(t(T )) = 0; V ar(t(T )) =
T
T�2

4. Cauchy distribution

�Cauchy distribution is obtained from X
Y
, where X � N(0; 1);

Y � N(0; 1) and they are independent

�Mean and variance do not exist. Median is 0
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5. F distribution:

�F(r1;r2) =
X=r1
Y=r2

, where X � �2(r1); Y � �2(r2) and they are

independent

6. Lognormal, gamma, beta, logistic

7. Poisson, Binomial

� Properties:

� If X � N(0; I) then X 0X � �2(T )

� If X � N(�;�) then L0X � N(L0�; L0�L)

� If X � N(�;�), then (X � �)0��1(X � �) � �2(T )

� If X � N(�;�), then ��1=2(X � �) � N(0; I)

� Suppose X � N(0; I), A is idempotent and L is a matrix with

LA = 0. Then LX and X 0AX are independent.

�Let d = �+�2 @
@�
. If f(y) is the pdf of N(�; �2), then (y�d)f(y) =

0 or yf(y) = df(y).

�More generally, if h a real-valued function of y, then (h(y) �

h(d))f(y) = 0 or h(y)f(y) = h(d)f(y).

� If y � N(�; �2), E(h(y)) exists, then E(h(y)g(y)) = h(d)E(g(y))
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� Change of variable technique. Suppose X is a random variable

whose probability density function (pdf) is fX(x). Let g be a di¤eren-

tiable and monotonic function. What is the pdf of Y = g(X) (call it

fY (y))?

� Let h(x) = g�1(x) be the inverse of g(x), ie, h(g(x)) = x.

� Then the change of variable technique says that

fY (y) = fX(h(y))jh0(y)j:
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� De�nitions:

1. A parameter is a number that describes the population character-

istics

2. An estimate is a value calculated from a sample of data that is

used to estimate a population parameter. It is a number, not a

random variable

3. The formula to calculate an estimate is called an estimator. It is

a random variable and varies with samples.

4. A sample statistic is a rule to tell us how to describe some char-

acteristics of a sample

5. The sampling distribution is the probability distribution of any

sample statistic
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� Example:

�Population: A random variable Y represents the household income

in New Zealand.

�Parameters: Usually they have important economic meaning.

� = E(Y )�� average household income

�2 = V ar(Y )�� household income dispersion (inequality)

� In general the parameters are unknown to econometricians. We

have to estimate them from a dataset. Before we collect a dataset

(sample), we need to decide a rule to estimate the parameters.

Suppose fY1; � � � ; YTg is a sample.

�Estimator:

For �, �Y = Y1+���+YT
T

can be an estimator. It is called the sample

mean.

For �2, S2Y =
(Y1� �Y )2+���+(YT� �Y )2

T�1 can be an estimator. It is called

the sample variance.

Both �Y and S2Y are random variables.
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�Estimate:

Suppose we actually collect a sample fy1; � � � ; yTg: Since y1; � � � ; yT
are real numbers, they are not random variables. y1+���+yT

T
is an

estimate of �: It is called the point estimate. The quality of the

estimation depends on both the sample and the sample size.

�Random sample:

fY1; � � � ; YTg is a random sample from a population Y if

1. Y1; � � � ; YT have the same distribution function as Y

2. Y1; � � � ; YT are independent

� Sampling distribution:

If fY1; � � � ; YTg is a random sample from a population Y s N(�; �2):

Then �Y s N(�; �2=T ) and (T�1)S2Y
�2

� �2(T�1)
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� Criteria to evaluate an estimator

�Unbiasedness: � is an unbiased estimator of � if E(�) = �

�E¢ ciency: If both �1 and �2 are both unbiased estimators of �;

and V ar(�1) < V ar(�2); then �1 is more e¢ cient than �2:

�Weak consistency: Suppose �T is an estimator of �: If 8" >

0; limT!1 P (j�T � �j < ") = 1, then �T is a consistent estima-

tor of � in the weak sense: Usually we denote it by plim�T = � or

�T
p! �

� Strong consistency: Suppose �T is an estimator of �: If P (limT!1 �T =

�) = 1, then �T is a consistent estimator of � in the strong sense:

Usually we denote it by �T
as! �

� Form of an estimator

Linear estimator is a linear function of the sample observations. An

estimator which is linear and also has the smallest variance among all

linear unbiased estimators is called the best linear unbiased estimator

(BLUE).
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� Properties of sample mean:

1. Unbiasedness

2. Linearity

3. BLUE

4. Consistency: Weak Law of Large Number (LLN), ie, plim�Y = �.

� From the inference point of view, point estimation is not enough.

We have to know something about the distribution of the estima-

tor(sampling distribution). For example, if �2 is known, the sampling

distribution of �Y is

�Y � N(�; �
2

T
)

The sampling distribution is very important for inferences, such as con-

structing con�dence intervals, testing hypothesis and making prediction
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� Con�dence interval of � :

( �Y � Z�=2
�p
T
; �Y + Z�=2

�p
T
)

where Z�=2 is the critical value and 1� � is the level of con�dence

� Hypothesis testing:

H0 : � = �0

H1 : � 6= �0

� If �2 is known, we can use
�Y��0
�=
p
T
to test the hypothesis. The

sampling distribution of
�Y��0
�=
p
T
is N(0; 1): If j �Y��0

�=
p
T
j > Z�=2 we

reject H0 at � signi�cant level, where Z�=2 is the critical value.

Otherwise, we will not reject H0:

� If �2 is unknown, we can not use
�Y��0
�=
p
T
to test the hypothesis.

Instead we de�ne �̂ =
p
S2Y and a new test statistic

�Y��0
�̂=
p
T
. The

sampling distribution of
�Y��0
�̂=
p
T
is not N(0; 1): In fact

�Y��0
�̂=
p
T
� t(T�1):

If j �Y��0
�=
p
T
> tT�1;�=2j we reject H0 at � signi�cant level, where

tT�1;�=2 is the critical value. Otherwise, we will not reject H0:

The test statistic
�Y��0
�̂=
p
T
is called the t-statistic.
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� Test for normality.

Single Tests

A simple way to test for normality is to compare the computed

skewness and kurtosis coe¢ cients with the theoretical values under

the assumption of normality; namely 0 and 3 respectively. Thus,

the tests are

Skewness Test : ZSk =
Sp
6=T

;

Kurtosis Test : ZKt =
K � 3p
24=T

:

Both test statistics are distributed under the null hypothesis of

normality as N(0; 1): Thus �large� values of the test statistic,

say greater than �2; constitute rejection of the null hypothesis of

normality.

Joint Test (JB test)

A joint test can also be constructed as

JB = Z2Sk + Z2Kt:

which is distributed as �22: The null hypothesis of normality is re-

jected at the 5% level when the p-value is less than � = 0:05: This

test is commonly referred to as the Jarque-Bera test of normality.
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� What happens if Y � Normal

In this case �Y is not exactly normally distributed. Fortunately, �Y is ap-

proximately normally distributed when the sample size T is reasonably

large.

� Central Limit Theorem(CLT)

If Y � (�; �2)(but not necessarily N(�; �2)) and fY1; � � � ; YTg is a ran-

dom sample. Then �Y is approximately normally distributed when the

sample size T is large enough. In fact,
p
T ( �Y � �)

d! N(0; �2) (or brie�y, �Y a� N(�; �2=T ))

� Most econometric inferences rely on either the �nite sample distribution

(when it is available) or the asymptotic distribution.

� De�nitions:

1. Type I error=Pr(reject H0jH0 is true)=�. This is the size of the

test.

2. Type II error=Pr(accept H0jH0 is false)=�

3. power of the test: 1� �

4. p-value: the lowest signi�cant level at which H0 can be rejected.

5. A test is most powerful if it has greater power than any test of

the same size.

6. A test is consistent if the power goes to one as the sample size

grows to in�nity.
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4 Asymptotic Theory

� Converge in probability: 8" > 0; limn!1 P (jxn � cj < ") = 1:

Usually we denote it by plimxn = c or xn
p! c.

� Markov inequality: suppose yn is a nonnegative random variable,

8� > 0, P (yn � �) � E(yn)=�.

� Chebychev�s inequality: suppose yn is a random variable, 8c; ";

P (jxn � cj > ") � E((xn � c)2)="2.

� Suppose xn has mean �n and �2n such that the ordinary limit of them

are c and 0, respectively. Then we say xn converges in mean square

to c or xn
r2! c.

� If xn
r2! c then xn

p! c.

� Weak Law of Large Numbers: Suppose x1; : : : xn are a sequence

of independent and identically distributed (iid) random variables with

mean � <1 and variance �2 <1. Then x p! �.

� Khinchine�s Weak Law of Large Numbers: Suppose x1; : : : xn are

a sequence of iid random variables with mean � <1. Then x p! �.

� Chebychev�s Weak Law of Large Numbers: Suppose x1; : : : xn

are a sequence of independent random variables with E(xi) = �i <1

and V ar(xi) = �2i < 1 such that 1
n
�2n =

1
n

�
1
n

P
�2i
�
! 0 as n ! 1.

Then x� 1
n

P
�i

p! 0.
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� Almost Sure Convergence: P (limn!1 xn = c) = 1: Usually we

denote it by xn
a:s:! c.

� If xn
a:s:! c then xn

p! c.

� Kolmogorov�s Strong Law of Large Numbers: Suppose x1; : : : xn

are a sequence of iid random variables with E(xi) = � < 1 and

E(jxij) <1 . Then x� �
a:s:! 0.

� Kolmogorov�s Strong Law of Large Numbers: Suppose x1; : : : xn

are a sequence of independent random variables with E(xi) = �i <1

and V ar(xi) = �2i < 1 such that
P
�2i =i

2 < 1 as n ! 1. Then

x� 1
n

P
�i

a:s:! 0.

� Markov�s Strong Law of Large Numbers: Suppose x1; : : : xn are

a sequence of independent random variables with E(xi) = �i < 1.

If for some � > 0;
P
E(jxi � �ij1+�)=i1+� < 1 as n ! 1. Then

x� 1
n

P
�i

a:s:! 0.

� Slutsky Theorem: plimg(xn) = g(plimxn) where g is a continuous

function.

� Convergence in Distribution: Suppose x1; : : : xn are a sequence of

random variables with cdf Fn(xn). Suppose x is a random variable

with cdf F (x). If Fn(xn) ! F (x) for all continuity point of F , we

say xn
d! x. The mean (variance) of x is called the limiting mean

(variance).

41



� If xn
d! x then g(xn)

d! g(x) where g is a continuous function.

� If xn
d! x, yn

p! a, zn
p! b, then xnyn + zn

d! ax+ b

� Cramer-Wold Device: If xn
d! x, then c0xn

d! c0x
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� Lindberg-Levy Central Limit Theorem: Suppose x1; : : : xn are

a sequence of iid random variables with mean � < 1 and variance

�2 <1. Then
p
n(x� �)

d! N(0; �2).

� Lindberg-Feller Central Limit Theorem: Suppose x1; : : : xn are a

sequence of independent random variables with E(xi) = �i < 1 and

V ar(xi) = �2i < 1 such that limmaxi2[1;n](�i)=(n�n) = 0 as n ! 1.

Then
p
n(x� �n)

d! N(0; lim�2n), where �
2
n =

1
n

P
�2i .

� Liapounov Central Limit Theorem: Suppose x1; : : : xn are a se-

quence of independent random variables with E(xi) = �i < 1 and

V ar(xi) = �2i < 1 such that E[jxi � �ij2+�] is �nite for some � > 0.

Then
p
n(x� �n)=�n

d! N(0; 1) if �n > 0.

� Delta method: if
p
n(x � �)

d! N(0; �2) and if g is a di¤erentiable

function, then
p
n(g(x)� g(�))

d! N
�
0; dg(�)

d�
�2 dg(�)

d�

�
� The random sequence fbng is at most of order n� in probability, denoted

bn = Op(n
�), if for every " > 0 there exists a �nite �(") > 0 and

N(") 2 N , such that P (jn��bnj > �(")) < " for all n � N("):

� The random sequence fbng is of smaller order n� in probability, denoted

bn = op(n
�), if n��bn

p! 0:
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5 Computation

� Random draw from univariate and multivariate distributions. How to

generate a random draw from a distribution F? De�ne F�1 be the

inverse of F . Let X � U [0; 1]. Then Y = F�1(X) � F .

� Gibbs sampler generates a correlated draw. Example: How to draw

from f(x1; x2)? Repeated draws from f(x2jx1) and then from f(x1jx2).

� Numerical integration: Simpson�s rule, Gaussian quadrature, Monte

Carlo methods. Example: Suppose f : [0; 1] ! [0; 1]. We need to

evaluate
R 1
0
f(x)dx. One form of Monte Carlo method is to approximateR 1

0
f(x)dx by 1

n

Pn
i=1 f(xi) where xi � U [0; 1].

� Variance reduction methods: antithetic variable, importance sampling

� Numerical optimization: grid search, Newton�s method.

Newton�s method: min f(x). De�ne gt = g(xt) =
@f(xt)
@x

and Ht =

@2f(xt)
@x@x0

Then Newton�s method implements the iteration: xt+1 = xt �H�1
t gt
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6 Measure Theory*

We shall assume some familiarity with basic concepts on measure theory

which the modern probability theory is based on.

� � �eld. This is a collection F of subsets of a set 
 that satis�es

1. 
 2 F

2. F 2 F) F c 2 F

3. Fn 2 
; 8n)
S1
1 Fn 2 F.

� (
;F) is called a measurable space.

� A �-�nite measure m on (
;F) is a nonnegative �-additive set function

m : F! R+ = [0;1) satisfying

1. m(�) = 0

2. m([11 Fn) =
P1

1 m(Fn) for any sequence fFng of pairwise disjoint

member of F (ie Fn \ Fm = �;8n 6= m).
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� A measure space (
;F;m) is a triplet where (
;F) is a measurable

space and m is a �-�nite measure on (
;F).

� A probability space (
;F; P ) is a normalized measurable space in which

P (
) = 1. P is then called a probability measure on (
;F).

� B = B(R) is the Borel �-�eld of R, ie, the � �eld generated by all

open subsets of R.

� Let (
;F; P ) be a probability space. Then a function f : 
 ! R is

measurable (or F measurable) if

f�1B 2 F; 8B 2 B:

Here f�1B is the preimage of B under f and the requirement is that

f takes measurable sets (in F) into measurable sets in B.

� If X : 
 ! R is F-measurable (ie f!jX(!) � rg 2 F for all r 2 R)

then we call X a real valued random variable on 
.
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� Examples:

1. Indicator random variable. Let A 2 F. De�ne:

1A : 
! R by 1A(w) = 1 if w 2 A and 0 otherwise

2. Simple random variable. Let fAign1 2 F be disjoint subsets of 


(Ai \ Aj = � if i 6= j).

De�ne

f : 
! R

by

f(w) =
nX
1

ai1Ai(w); ai > 0

Then f is a simple random variable.

� Integral of a simple function. If f =
Pn

1 ai is a simple function, we

de�ne the integral of f with respect to P asZ
fdP =

nX
1

aiP (Ai):

� Suppose X : 
 ! �R+(� R+
S
f1g). Then X(w) � 0 is a random

variable on (
;F; P ) i¤ X(w) is a pointwise limit of an increasing se-

quence of simple random variables Xn. The idea of the proof is to use

the following construction:

Xn(w) =
n2nX
k=1

k � 1
2n

1

�
k � 1
2n

� X(w) � k

2n

�
+ n1(X(w) � n)
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� Integral of a nonnegative function. If F is F-measurable and f � 0, we

de�ne Z
fdP = lim

n!1

Z
fndP

where ffng is a sequence of sample random variables such that fn ! f .

f is integrable if
R
fdp <1.

� Integral of an F-measurable function. If f : 
 ! R is F-measurable,

set f+ = max(f; 0) and f� = max(�f; 0) and write

f = f+ � f�

Then f+ � 0; f� � 0 and we have sequences of sample random vari-

ables

f+n ! f+; f�n ! f�

and we de�ne

fn = f+n � f�n

and Z
fdP = lim

n!1

Z
fndP:

We say f is measurable ifZ
f+dP <1;

Z
f�dP <1:
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� Let L0(P ) = L0(
;F; P ) denote the space of all real valued random

variables on (
;F; P ), ie,

L0(P ) = fXjX : 
! R;X is measurableg

� Let

Lr(P ) = fXjX : 
! R;

Z
jXjrdP <1g

When r � 1, this space is a real Banach space (complete normed matrix

space) with norm

k X kr= (
Z
jXjrdP )1=r = (EjXjr)1=r

� L2(P ) is a Hilbert space with inner product given by

(X; Y ) =

Z
XY dP;X; Y 2 L2(P )

and by Schwarz�s inequality this is bounded by

j(X; Y )j �k X k2k Y k2

The geometric structure of L2(P ) is useful in de�ning projections.
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� Coordinate presentation of random sequence. It is helpful to identify

an abstract probability space (
;F; P ) and a random sequence fXng1�1
de�ned on it by their coordinate representations

1. De�ne h : 
! R1(� �1�1R) by

h(!) = (� � � ; X�1(!); X0(!); X1(!); � � � ) = (� � � ; x�1; x0; x1; � � � ) = x

2. B1 = B(R1), Borel �-�eld on R1.

3. Xn : R1 ! R coordinate functions de�ned by Xn(x) = xn.

Hence, fxjXn(x) � a) = fxj � � � ; Xn�1 < 1; Xn � a;Xn+1 �

1; � � � gg 2 B1
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� Strict stationarity: fXng11 is strictly stationary if �nite dimensional

distributions are translation invariant, ie,

(Xt1+h; � � � ; Xtp+h) = (Xt1 ; � � � ; Xtp);8h; p; t1; � � � ; tp

� Temporal displacements and shift operator. (R1;B1; P ) with typical

element of R1 : x = (� � � ; x�1; x0; x1; � � � ). Backshift operator S is

de�ned as: Sx = (� � � ; x0; x1; x2; � � � ).

� Denote US the induced operator. Observe that if fXng is a sequence

on (R1;B1; P ) then

X1(x) = x1

X2(x) = X1(Sx) = x2

X3(x) = X1(S
2x) = x3

...
...

Xn+1(x) = X1(S
nx) = xn

inducing

US : L0(R1;B1; P )! L0(R1;B1; P )

de�ned by

USX(x) = X(Sx)

and

USXn = Xn+1; Xn = Un�1S X1
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� Stationary sequences fXng give translation invariance

P (E) = P (S�hE);8h;

ie P is preserved under the action of S

� De�nition. S : 
 ! 
 is a measure preserving if (1) S is measurable;

(2) P (S�1B) = P (B);8B 2 F.

� Theorem: If (1) X = fXng1�1 is strictly stationary; (2) ' : R1 ! R is

measurable (ie '�1B 2 R1;8B 2 B); (3) Yn = '(� � � ; xn�1; xn; xn+1; � � � ).

Then fYng is strictly stationary.

� Can we generalize Kolmogorov LLN to temporally dependent sequences?

A counterexample: Xt = ut + Z, where Ut is an iid uniform [0; 1],

Z is N(0,1) and independent of ut. Obviously E(Xt) = 1=2, but

�X = �u+Z
a:s:! 1=2+Z. Why LLN breaks down? Too much dependence

in the sequence of Xt.
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� Ergodicity. When do temporal averages such as

1

n

nX
1

Xj;
1

n

Z
X(s)ds

converges to spatial averages E(X), ie, when does the average of a

physical system over time is the same as the average of in�nitely many

identical systems at one point in time?

� Several concepts: Given (
;F; P ), S : 
 ! 
 is a measure preserving

map. (1) An event F is invariant if F = S�1F ; (2) S is ergodic if all for

invariant events F , P (F ) = 0; 1; (3) Strictly stationary process fXtg

(Xt = U t�1s X1) is ergodic if S is ergodic.

� Remarks

1. Absence of ergodicity means that there exist invariant events F

for which 0 < P (F ) < 1.

2. Hence it is impossible to fully sample 
 if we start o¤ in F .

3. S does not properly mix the points of 
.

� Theorem. If (1) X 2 L1(
;F; P ); (2) S : 
! 
 is measure preserving

and ergodic. Then

P

�
lim

1

n
Sn = E(x)

�
= 1;

ie

�X
a:s:! E(X):
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� Theorem (necessary and su¢ cient condition for ergodicity): Let (
;F; P )

be a probability space and S : 
! 
 be a measure preserving map on


. S is ergodic i¤

1

n

n�1X
k=0

P (F
\

S�kG)! P (F )P (G);8F;G 2 F:

� Theorem: If (1) X = fXng1�1 is strictly stationary and ergodic; (2)

' : R1 ! R is measurable (ie '�1B 2 R1;8B 2 B); (3) Yn =

'(� � � ; xn�1; xn; xn+1; � � � ). Then fYng is strictly stationary and er-

godic.
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