ON THE ASYMPTOTIC EFFECT OF SUBSTITUTING ESTIMATORS FOR
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This paper studies the general problem of making inferences for a set of parameters 0
in the presence of another set of (nuisance) parameters \, based on the statistic T'(y; 5\, 0),
where y = {y1,¥2, -, Un} represents the data, \ is an estimator of A and the lim-
iting distribution of T'(y; A, 0) is known. We provide general methods for finding the
limiting distributions of T(y;j\,ﬁ) when \ is either a constrained estimator (given 0)
or an unconstrained estimator. The methods will facilitate hypothesis testing as well as
confidence-interval construction. We also extend the results to the cases where inferences
may concern a general function of all parameters (6 and A\) and/or some weakly exogenous
variables. Applications of the theories to testing serial correlation in regression models and

confidence-interval construction in Box-Cox regressions are given.
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1. INTRODUCTION

In a variety of econometric problems, the models for the data y = {y1,y2, -, yn} often
involve two sets of parameters: the parameters of interest 6 and the nuisance parameters .
When A is known, inferences for 8 are usually simple as the limiting distribution of an inferential
statistic T'(y; A, 0) can often be derived. When )\ is unknown, one temptation is to conduct
inferences for 6 based on T'(y; A, ), which is obtained by substituting an estimate A of A into
T(y; \,0). This raises a major question: What is the limiting distribution of T'(y; \,0)? Are
there simple ways to adjust the asymptotic distribution of T'(y; A, ) so as to allow inferences
for 6 to proceed in the usual manner?

This paper studies these problems. One of the key factors in determining the limiting
distribution of T'(y; A, 0) is whether A is a constrained (given ) or unconstrained estimator.
The constrained case was considered by Pierce (1982). This case occurs often in hypothesis
testing such as goodness-of-fit tests, residual-based diagnostics and Lagrange multiplier tests. It
contains the case of no nuisance parameter as a special case. However, many classical inference
methods, such as confidence-interval construction, Wald test, likelihood ratio test, etc., require
the nuisance parameters to be estimated and substituted by their unconstrained estimators.
In confidence-interval construction, it is well known that if the intervals fail to account for the
estimation of the nuisance parameters they usually have lower-than-nominal coverages. Thus,

it should be useful to provide results for the case where the nuisance parameters are replaced



by their unconstrained estimates so as to allow for analytical adjustments for the limiting
distribution of the inferential statistics. Before presenting the main results in the next section,

we give a simple example to further motivate and understand the problems.
1.1. An Example: The Weibull Duration Model

Weibull distribution is one of the most popular models for modelling economic durations
(Kiefer, 1988). For illustrative purpose, we consider a simple situation where y1,ys,- -, y, are
independent and identically distributed (iid) Weibull random variables with probability density
function (pdf) M~*y*Lexp(—(y/0)*), A > 0. We are interested in inferences concerning 6,

the scale parameter, with A\, the shape parameter, treated as a nuisance parameter. Define

L& v\
T(y; A\, 0)=— =] -1
w0 =03 (5)
Then, /nT(y; A, 0) 2 N(0,1). Also, the finite sample distribution of 23", (y;/0)* is chi-
square with 2n degrees of freedom. Thus, if A is known, exact inference about 6 can be
conducted based on 2 Y7 (y;/0)*. Denote the constrained (for a given #) maximum likelihood

estimator (MLE) of A by A. and the unconstrained MLE by \,. Define

3 1 & (v Ae
T(Y;Acﬁ)_EZ(g) —1

=1
and R
T(y; Au, 0) = li(&)” 1
y7 Uy - n i:1 0 .

Here, the standard asymptotic results of the maximum likelihood theory apply. Furthermore,
some tedious but straightforward calculations show that /n T (y; 5\0, 0) is asymptotically inde-
pendent of /7 (A — A), and v/n T(y; A, 0) is asymptotically independent of \/n (A, — ). Some

further calculations show that
VT (y; Ae,0) 25 N(0,1 - ¢})

and
VAT(y; hy ) 2 N(0,1+¢3),

where ¢2 = (1 —7)2/((1 —7)% + (72/6)) = 0.0980, 3 = 6(1 —v)?/7? = 0.1087, and v = 0.5772

is Euler’s constant. See the Appendix for the detailed calculations of the above results. As we

shall see, these results can be obtained as direct applications of Theorems 1 and 3 below.
Hence, the use of Ae deflates the asymptotic variance, whereas the use of A\, inflates the

asymptotic variance. In both cases, it is very easy to adjust the statistics to give standard
normal limiting distributions. Thus, we may have /i T*(y; A, 0) = VR T(y; Ae, 0)/+/0.902,



and /nT*(y; Ay, 0) = VR T(y; M, 0)/v/1.1087. To test for Hy : 0 = 0, both statistics can be
used, but to construct a confidence interval for 6, it is appropriate to use the latter.

The above example clearly demonstrates the different effects on the limiting distribution
of the inferential statistic, depending on whether the constrained or unconstrained estimator
is substituted. It also shows the way to correct the statistic to account for the estimation of
the nuisance parameters. General results along these lines are clearly desirable. Furthermore,
situations often arise in practical applications when (i) inference concerning a general function
of both 6 and A, and (ii) inference concerning only a subset of 6, are desired. Thus, it will be
useful to extend the methods to cover these cases.

The rest of the paper is organized as follows. Sections 2 presents general methods for finding
the limiting distributions of T'(y; 5\, ), and some extensions of the methods. Applications of
the theorems to testing serial correlation in a regression model with lagged dependent variables
and confidence interval construction in Box-Cox regressions are given in Section 3. Section 4

concludes. The proofs of the results can be found in the Appendix.

2. THE MAIN RESULTS

Denote the likelihood function of the data by p(y; A, 0). It is desired to find the limiting
distribution of T (y;;\, 0) with A denoting generically an estimator of A, which may be the
constrained MLE given 6, or the unconstrained MLE. We now state the major assumptions

and present some preliminary results.
2.1. Assumptions and Preliminaries

AsSSUMPTION I: For every A, there is a joint convergence in law to normality:

VnT(y; N, 0) D Vit Vao
. — N |0,
V(A=) Vo1 Vao
The dispersion matriz is assumed to be nonsingular.

AssumpTION II: There is a matrix B = lim, .o E[0T (y; A, 0) /0], such that

VT (y; A\, 0) = VaT(y;\,0) + Byvn (A = X) + op(1).

Assumptions I and IT are similar to those of Pierce (1982). Under these assumptions, we can

easily see that /nT(y; 5\, 0) is asymptotically normal with mean zero and asymptotic variance
AVar[y/n T(y; \,0)] = Vi1 + BVasB' + BVay + V1o B'. (1)

In the above expression, B is the same whether ) is the constrained or unconstrained MLE.
However, Vs and Vio will be different in the two situations. For this reason, we study the two

cases separately.



AssumpTiION III: E[T(y; A, 0)] = 0 (or a function that is continuous in X\ and 0) and there

is an integrable function h(y) such that, in a neighbourhood of (\,0), the following conditions
hold:

>

(@) [T APy A 0] < hly); [T(y: A, 0)[Fxp: A 0)]| < hly)
(®) STy X Olp(y; A\ 0) < h(y): [T(y; A 0)[p(y: A, 0)] < h(y).

We denote the score function by U(M,6) and write U(X\,0) = (Ux(\,0),Up(N,0)") =
(OL(A,0)/ON,0L(\,0)/00"), where L(\, ) is the log-likelihood function. Note that as a con-

sequence of Assumption III we have the following Lemma.

LEMMA 1: Under Assumption III, we have

~ lim E[T(y: X, 6)Ux(\.6)') = lim E[0T(y: \,0)/0X] = B.
~ lim E[T(y: A, 0)Us(\,0)] = lim E[9T(y: X, 0)/00] = C.

We denote the constrained MLE of A given 6 by Ae and the unconstrained MLE by M.
Similarly, the constrained (given ) and unconstrained MLE of § are denoted, respectively, by
0. and 6,. We denote the Fisher information matrix —E[0U (X, 0)/d(N,0)] by I(),0) and let

n—oo

A= lim <%I()\,9)>,

which is partitioned according to (A,6) into sub-blocks A;j, 4,7 = 1,2. Assume the usual

regularity conditions for the MLE hold. We have, for the constrained estimations,

Vit (e = A) = %AHIUA(A,e) +0,(1), 2)

- 1

\/5(96—9):%

and for the unconstrained estimation of A,

Az Up(X, 0) + 0p(1), (3)

\/E(S\u —A) = % A1_11.2U>\()‘7 0) — %

where Aj1y = (A1 — A1pA5) A1) ™!, which is the upper-left-corner block in A~!.

AL A12455 Ug(N, 0) + 0p(1), (4)

The following result has been generally neglected in the literature.
LEMMA 2: Under usual regularity conditions, 6. and Ay are asymptotically independent.

Lemma 2 is a fundamental result for classical likelihood inference. This lemma is essential
in the derivation of some of the key results regarding the limiting distribution of T'(y; ;\,9).

Section 3 presents some interesting applications. We are now ready to state the main results.



We first discuss the case of constrained estimation of A, followed by the case of unconstrained

estimation and some extensions.
2.2. Substituting the Constrained Estimator

The constrained estimator . solves U)\(;\C,G) = 0 for a given 0. Thus, its asymptotic

expansion given in (2) involves only the A-component of the score function.

THEOREM 1: Under Assumptions I-II and I1I(a), \/n T (y; Ae, 0) is asymptotically distributed

as a normal variate with mean zero and asymptotic variance given by

AVar[\/nT(y; Ae,0)] = Vi1 — BA}' B (5)

Theorem 1 has been proved by Pierce (1982) under slightly different conditions. Pierce’s re-
sult, however, has been largely neglected in the econometrics literature until recently. Bera and
Kim (2002) used Pierce’s theorem to derive a test for constant correlation in a bivariate con-
ditional heteroscedasticity model. Tse (2002) applied it to examine residual-based diagnostics

for univariate and multivariate conditional heteroscedasticity models.
2.3. Substituting the Unconstrained Estimator

Theorem 1 works mainly for hypothesis testing when 6 is completely specified under the
null. However, there are many practical situations where the null hypothesis does not give
a complete specification of 6, or the null hypothesis involves a function of both 6 and A,
etc. It is much easier in these cases to replace A in T'(y; A, #) by an unconstrained estimator.
Furthermore, in certain applications one may be interested in constructing a confidence region
for 6. Thus, the use of \, is necessary. Unconstrained estimation involves the estimation of A

and 6 simultaneously, and hence the asymptotic expansion (4) applies.

THEOREM 2: Under Assumptions I-III, \/nT(y; S\U,H) 18 asymptotically distributed as a

normal variate with mean zero and asymptotic variance given by

AVar[y/n T (y; A, 0)] = Vit = BAj 3B+ C Ay A AT, B + BAj 5 A1245, O (6)

Though the result of Theorem 2 looks a bit complicated compared to the result of Theorem
1, it is still implementable as all the quantities in the asymptotic variance expression can be
estimated from the data so that the asymptotic variance can be corrected easily. It is interesting
to note that in many classical inference problems, T'(y; A, ) possesses certain special structure.
For example, T'(y; A, 0) may depend on y only through 0. (see the applications in Section 3).

In this case, we have a simpler result.

THEOREM 3: Under Assumption II, if T(y; A, 0) depends on'y only through 6. and is mea-
surable in 0., then T(y; A\, 0) is asymptotically independent of Au, and \/ﬁT(y;S\u,H) s as-



ymptotically distributed as a mormal variate with mean zero and asymptotic variance given
by
AVar[\/nT(y; A, 0)] = Vi1 + BA,B'. (7)

For the Weibull duration example in Section 1.1, we can see, from Appendix A.1, that

1 1/
b= [Ly,p
=1
so that

é A
T(y; )\70) = (é) - 17

which is a function of y through 0. only. Thus, T'(y; A, 0) and A\, are asymptotically indepen-
dent. Furthermore, as B = (1 —~)/\ and A" = X2/((1 — 7)? + (x%/6)), from Theorem 1
we have /nT(y; Ae, 0) 5 N(0,1 —¢}). Also, as Ajj'y = (72/6)/)2, from Theorem 3 we have
ViT(y; A, 0) 2 N(0,1+ 2).

In summary, the effect of substituting the nuisance parameter X\ in T'(y; A, #) by its con-
strained MLE A, is to reduce the asymptotic variance (Theorem 1). When A is substituted
by its unconstrained MLE 5\u, the effect on the asymptotic variance is (whether increase or
decrease) uncertain (Theorem 2). Under the special case that T'(y; A, 0) depends on y only
through the constrained MLE of 8, namely éc, the effect of substituting the nuisance parameter

A by its unconstrained MLE A is to increase the asymptotic variance (Theorem 3).
2.4. Some Extensions

The above results refer to the case where A represents the parameters to be substituted
while the inference concerns all the elements in 8. We now address three other interesting
cases: (i) there is no parameter of interest, i.e., no # involved in the statistic, (ii) the inference
concerns a subset of 0, and (iii) the inference concerns a function of  or a function of both
and A. Clearly, in these cases, it is not meaningful to use A defined for a given 6 as the null
hypothesis does not completely specify the value of §. These issues are discussed in a unified
manner as follows.

Let g(A,60) be a function of the parameters and is the focus for inference. Suppose the
statistic used for inference concerning g when A is known is T'(y; A, g) with its limiting distri-
bution completely specified. When A is unknown it is replaced by A to give T(y; 5\u, g).! In
addition, g can be made even more flexible by allowing it to depend on some weakly exogenous

variables. The following corollaries extend the results of Theorems 2 and 3.

!We note that ) in the function g is not replaced. In fact, it cannot be replaced as g(}, ) is the value that
the inference is concerned.



COROLLARY 1: Under the assumptions of Theorem 2, T(y; Ay, g) is asymptotically normally

distributed with mean zero and asymptotic variance given by equation (6), with
C = (lim E[0T(y; X, g)/0g])[0g(X,0)/00].
Hence, when g is a constant in 0, C' =0 and AVar[\/nT(y; A, g)] = Vi1 — BA[},B'.2

COROLLARY 2: Under the conditions of Theorem 3, if g is a function of A and 6, and possibly

some weakly exogenous variables, then
Vi T(y; A, g) = N(0, Vi1 + BATL,B).
If g is constant in 0, then C' = 0 and thus B = 0. Hence, ﬁT(y;S\u,g) has the same
asymptotic distribution as /nT(y; A, g).
3. APPLICATIONS
We now consider some applications to illustrate the use of the theorems.
3.1. Regression Models with Residual Serial Correlation
Consider a linear regression model with AR(1) errors given by
Ut = Ti\ + &y,

where

et = 041+ u

and {u;} are a sequence of white noise with variance 1 (this assumption simplifies the example
without losing the essence). We first assume the regressor consists of only exogenous variables.
The hypothesis of interest is Hy : § = 0, and A is a nuisance parameter. Using the notations

above, we define the following statistic:

where

o= 2 — v M)W — x5 4N 2 Etei-1
(Y — 1A Yef
Note that p* is also the constrained (under known \) MLE of 6, namely, 6.. When X is known
and {e;} are observed under the null, then \/n p* is asymptotically distributed as a standard
normal variate under Hy. When A is unknown and is estimated by the full MLE ;\u, we denote
Er = yp — :ng\u Thus, upon substituting j\u, the test statistic becomes
T(y; A, 0) = p— 0 = Zg—?%l—e.
2As X is also involved in g, it should be clarified that B = lim,,—,.. E[0T(y; A, g)/0N], where g is treated as
a constant in the differentiation of T'(y; A, g) with respect to A.




It can be checked that B = 0 when 6 = 0, so that from Theorem 3, \/n p is asymptotically
normal with mean 0 and variance 1 on Hy.
On the other hand, if the restricted (under § = 0) MLE (i.e., the OLS) is used for A and

we denote the OLS residual by &;, the test statistic becomes

> Et€i-1

Y&

Applying Theorem 1, \/n p is also asymptotically normal with mean 0 and variance 1 on Hj.

T(y; Ae,0) = p— 0 = —0.

We now consider the case with lagged dependent variables. For illustration, we consider the
simple model with one lag:
Yt = T\ + Y12 + &,
with [Aa] < 1, and
et = Oep_1 + uy.
For Hy : 6 = 0, the nuisance parameters are A = (A}, A2)’. We consider the statistic T'(y; \, 0) =
0* — 0, with

(e — A — ye—1X2) (We—1 — Th_1 A1 — Ye—2A2)
Sy — wpA1 — yi-122)?

Again, 0* = 6. and \/n0* is asymptotically distributed as a standard normal variate under

0" =

: (8)

Hj. Denote X as the regression matrix, then Ay; = lim,,_ E[X'X/n]. Let

% b

lim EX'X/n]=| %
n—00 s

Ty Uyy

It can be shown that As; = (0,...,0,1) and Age = 1. Furthermore, B = (0,...,0,1) on Hy.
Thus, if we substitute the OLS estimate of A into T'(y; A, ) to obtain 6, we conclude from
Theorem 1 that \/ﬁé is asymptotically normally distributed with mean 0 and variance 1— v,
where v is the bottom corner element of A7}, namely, 1/(cy, — EéﬂyZ;lemy). This result has

been proved by Durbin (1970) in a more general context.

Now, we consider

by by
A2 = A — A12A§21A21 = e

Z;y Oyy — 1
Suppose we substitute the unrestricted MLE of X into equation (8) to obtain T'(y; Ay, #). Then,
from Theorem 3, on Hy the asymptotic variance of \/n T (y; A, 0) is given by

1
(oyy —1) — Eéyzgﬂﬂlzmy‘




Note that on the null, T'(y; Xu,ﬁ) is indeed the unrestricted MLE of 6, namely, 6,. From
standard MLE theory, the asymptotic variance of \/n 0, is

-1 -1 1 -
(Ao — A1 A1y A12) ™ = (1 - - EgyE;xlEx) ;
which reduces to the expression in equation (9).

It is well known that the tests based on 6 and 0, are asymptotically equivalent under local
alternatives, due to the asymptotic equivalence of the Lagrange multiplier and likelihood ratio
tests. However, the estimated asymptotic variance of \/ﬁé may be negative in small samples,
especially when the exogenous variables are highly trended (see, for example, Tse, 1985). In
contrast, the estimated asymptotic variance of \/ﬁéu is always positive.

The above results can be easily extended to cases when the residual variance is unknown
and there are multiple lags in the dependent variable. While many model diagnostics are
constructed based on the constrained MLE, mainly due to its simplicity in calculation, our
results provide a way to obtain the asymptotic distribution of a diagnostic when unconstrained
MLE is used. In some cases, such as the tests for dynamic specification suggested by Sargan

(1980), unconstrained MLE may be more convenient.
3.2. Boz-Coz Regression

The usual Box-Cox transformation model (Box and Cox, 1964) has the following form
h(y,\) = X3 + oe,

where y is an n x 1 vector of original observations, h(y, ) is a vector of transformed observa-
tions, and X is an n x k matrix the columns of which contain the values of the explanatory
variables X1, Xs,...,Xg, B is a k X 1 vector of regression coeflicients, ¢ is the error stan-
dard deviation, e is an n x 1 vector of N(0,1) variates, and h(-, \) is a general monotonically
increasing function, known except A, called the transformation parameter.

In this application, we write # = (3’,02)" and X is the nuisance parameter. If X is known,

inferences concerning 6 become simple. We now define
B = (X'X) ' X'h(y, N)

and
52(\) = [MA(y, M)[*/n,

where || - || is the Euclidian norm and M = I, — X(X’X) !X’ with I, being the n x n
identity matrix. The unrestricted MLE (see Yang and Tse, 2002, for the details) of A is Au =
arg ming J 1 (0)||Mh(y, )|, where J(£) is the geometric mean of {h, (i, £) = dh(Y;, £)/dY;,i =
1,---,n}. Likewise, the unrestricted MLE of 3 and o? are, respectively, BA(S\u) and 62(5\u).



First, we consider the inferences for a/3, a general linear function of 3 for a fixed vector a.

Let g = a’/3. When X is assumed known, we consider the following statistic:

aB(\) — g
{@(X'X)~1a}76(N)

VT (y; N, g) =

which is asymptotically a standard normal. Tests and confidence intervals can be easily con-
structed for g. When A is unknown and is substituted by its unconstrained MLE Au, We

have

n 3 _ a’ﬁA(S\u) -9
VRT(y; A, g) = T XX) o)

It is easy to verify that the conditions of Corollary 2 are satisfied. Hence, \/nT(y; A, g) is
asymptotically normal with mean zero and AVar[\/n T (y; A, g)] = 1 + B2A[ !}, where

B = lim @ E[5(M) —,
e /n{d (X'X) " tatzo

and B,\()\) is the derivative of B()\) with respect to A. In practice, the above variance inflation
factor, BzAlflllQ, can be easily estimated and /nT(y; A, g) can be corrected to have a N(0,1)
limiting distribution, so that inference about a’(3 based on the corrected statistic is asymptot-
ically valid. Bickel and Doksum (1981) showed that the asymptotic variance of G(),) is larger
than that of 3 (A), and thus it is not valid for making inference concerning (3 in the usual way.
However, they did not provide ways to correct for the asymptotic variance of /nT(y; M, g)-
Suppose now we want to construct a confidence interval for the pth quantile of yg at a given
observation g, denoted by g. It is easy to see that g = h=1[(z(3+ 02p), A], where 2, is the pth
quantile of the standard normal variate. Note that g is a function of all the parameters. To
state the problem in the framework of our theory, we need to find a statistic T'(y; \, g) with a

known asymptotic distribution. A natural choice is:

nT(y; )\, g) = 2hB(N) +6(N)z, —1]1(9, )\).
\/_ (y g) {x6(X’X)_1xO}§&()\)

With proper adjustment for the degrees of freedom T'(y; A, g) is distributed as a noncentral
t random variable (see Yang and Tse, 2002, for the details), so that confidence interval for
h(g,\) can be easily constructed. Applying inverse transformations to the lower and upper
confidence limits for h(g, \) gives the confidence limits for g. When A is unknown, substituting
My for A in the confidence limits results in a plug-in type of confidence interval. The validity

of this interval clearly depends on whether the statistic

_ x{)/é(;\u) + a'(S‘u)Zp - h(g, 5\u)
{ah(X'X) " Lao} 26 (Ay)

VR T(¥; M, 9)

)

10



has the same limiting distribution as \/n T (y; A, g). It can be verified that this problem fits
into the framework of Corollary 2. Hence, v/nT(y; A, g) is asymptotic normal with mean zero
and AVar[y/n T(y; M, 9] = Vi1 + B2A7],, where

B 1 TEBN] + 2EA ()] — ha(g, V)
noee V{ah(XX) g}z
and hy(g,\) and 6)(A) are the derivatives of h(g, \) and 6(\) with respect to . This result

and an extended version of it (for a heteroscedastic Box-Cox regression) formed the base of the

)

general corrected plug-in method for constructing confidence intervals for a regression quantile
proposed by Yang and Tse (2002). They showed that this method has a clear advantage over
the commonly used delta method in terms of finite sample coverage probability.

It is clear from the second application that, even if one is concerned with the hypothesis
testing on g, it is not feasible to use the constrained estimator A as a replacement of \ in the
statistics, as the hypothesis on g does not completely specify the values of 6. This becomes
even more problematic for the case of quantile estimation as the g function also involves A, the
nuisance parameter. One could of course argue to use the an estimator under the constraint
imposed on the g function instead of requiring to know all the values of . However, doing so
induces at least two problems: (i) the estimation process becomes more complicated and (ii)

Theorem 1 and its related results are no longer applicable.

4. CONCLUSIONS

We have examined the effects of substituting unknown parameters using the constrained
or unconstrained MLE into an inferential statistic in a very general set-up. When the con-
strained MLE is used, there is variance deflation, as is well known in the literature. When
the unconstrained MLE is used, the effects are uncertain, and we provide a formula for its
calculation. However, if the inferential statistic depends only on the constrained MLE of the
parameter of interest, substituting the unconstrained MLE of the nuisance parameter results
in variance inflation. This result provides a way of conveniently adjusting for the variance of
the inferential statistic when the unconstrained MLE of the nuisance parameters are used. We
illustrate two examples of the applications of the results: testing for residual correlation in

regression models and confidence-interval construction in Box-Cox transformed regressions.
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APPENDIX

A.1 DERIVATION FOR SECTION 1 (Weibull Duration Model): First, from the Taylor’s expan-

sion and the law of large numbers we have, for any /n-consistent estimator A,

VaT(y; A 0) = VaT(y;\0)+ %i[( Z) (%)A] V(A = X) + op(1)

'\, 0) + Y i) o %A] m(A = A) + 0p(1
VAT(y 21[() 5(%) | VAl =0+ o)
_ ﬁT(y;A,e>+1TWﬁ<A—A>+op<1>.

The last equation follows from the result E[w logw] = 1—+, where w is an exponential variable
with mean 1 and ~ is Euler’s constant.
Now, the log-likelihood function is

A
L(\,0) = nlog A — n\logf + (A — 1) Zlogyz Z(0> ,
=1

which gives the score functions

0= 2405 S (5) (5 (3

=1

and

BLING)  nA AL [y
w0 = 252 =52 (5)
=1

The Fisher information matrix I(), 6) has the following elements: Iyy = n[(1—7)2+(72/6)]/A2,
I)\g = Ig)\ = —n(l — 7)/9, and Igg = n()\/H)Q
The constrained estimator ). involves only U A(A, 0) and hence has the following first-order

approximation
V(e —A) = VR IGUL(N, 0) + 0p(1).
This gives, by noticing T'(y, A, 0) = 0Uy(X, 0)/(n)),

0 1-—

ACov[VRT(y; e, 0), Vi (A — N)] = 3 A

Hence, /i T(y; A, 0) is asymptotically independent of /7 (A, — ), which gives

(=
(1=7)%+ (72/6)

Now, the unconstrained estimator ;\u involves both Uy and Uy. It can be easily seen to have

1

AVar[y/AT(yi A 0)) = 1~ (*57 ) AVarlyi (3 - X)) =

the following first-order approximation

VG = \) = i T {U,\(A, 0) + 9(1; D00, 0)] + 0,(1),

12



where I* is the upper-left-corner block of I='(),0). This, together with the fact that

~

T(y, A\ 0) = 0Up(A,0)/(nN), leads immediately to ACov[T (y; A, 0),v/n (A — A)] = 0, and

hence
6(1 —v)?
w2

AVar[Va T (y: A, 0)] = 1+ (“T”YAVM[\/H(XU SN =1+4

A.2 Proor oF LEMMA 1: Under Assumption III, we apply the dominated convergence
theorem (DCT) to obtain

0

0 0

Thus, we have

[ (570 sn0)dy + [ 7(5:0.0) (550008 ) dy =0.

As the second term on the RHS of the above equation is [ T(y; A, 0) (OL(A,6)/0XN) p(X, 0)dy,

the first part of the lemma follows. Similarly, we can prove the second part of the lemma.
A.3 PROOF OF LEMMA 2: It suffices to show that AVar[n(A, —A)(8, —0)] = 0, which follows
directly from the asymptotic expansions given in equations (3) and (4):

~ ~

: . 1 _ _
lim E[n(A, — N (0. —0)] = lim E[=AS(Ux(N,0) — Ao As Up(N, 0))Ug(N, 0) Ay

n—00 n—oo  n

= Af'y(Az — A)Ag; =0.

A.4 Proor oF THEOREM 1: Using the asymptotic expansion in equation (2) and Assumption

II, we obtain, following the first result in Lemma 1,

Vig = lim nE[T(y; ), 0)(Ae — N)] = lim E[T(y; \,0)Ux(), 0) A7}l] = —BALL.

n—oo

Substituting Vag = Aj;" and Vi = —BAj! into (1), we obtain the result of Theorem 1.

A.5 PROOF OF THEOREM 2: Assumptions I and II ensure that T(y, Ay, 0) is asymptotically
normal with mean zero. For the asymptotic variance, we have, from the asymptotic expansion
in equation (3),

Vig = lim nE[T(y; A, 0)(Au — N)']
= Tim E[T(y: \,O)UA(\,0) Ay — lim E[T(y: A, 0)Us(A 0)']A5} A Ayl
= —BAy, + CAy An A,

Substituting this back into equation (1), we obtain the result of Theorem 2.
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A.6 PROOF OF THEOREM 3: Since T'(y; A, 0) = T(0c; A, 0) and T is a measurable function
of 0., we conclude, from Lemma 2, that T(y; \,0) is asymptotically independent of Au, ie.,
Vi2 = 0. The result of Theorem 3 thus follows from equation (1), noting Vae = A7j'y.3

A.7 PROOF OF COROLLARY 1: Assumption III and the DCT lead to

/ (%T(y; A g, 9))) p(\, 0)dy = —/T(y; W) <%p@, 9)) iy.
Thus, C = —lim, .o E[T(y; X, 0)Us (), 0)'] = (lim,, oo E[OT(y; X, 9)/09']) [0g(), 0) /00').

A.8 PROOF OF COROLLARY 2: The main statement follows directly from Lemma 1. For the

last statement, B = 0 as C and Vi are zero.
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