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Abstract

We characterize the class of dominant-strategy incentive-compatible (or strategy-
proof) random social choice functions in the standard multi-dimensional voting model
where voter preferences over the various dimensions (or components) are lexicograph-
ically separable. We show that these social choice functions (which we call generalized
random dictatorships) are induced by probability distributions on voter sequences of
length equal to the number of components. They induce a fixed probability distri-
bution on the product set of voter peaks. The marginal probability distribution over
every component is a random dictatorship. Our results generalize the classic random
dictatorship result in Gibbard (1977) and the decomposability results for strategy-
proof deterministic social choice functions for multi-dimensional models with separable
preferences obtained in LeBreton and Sen (1999).

1 INTRODUCTION

Randomization has been used as a method of resolving conflicts of interest since antiquity.
It has been analyzed extensively in a variety of models such as the pure voting model,
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matching and auctions from the perspectives of aggregation, fairness and mechanism de-

! In the context of mechanism design, allowing for randomization expands the set

sign.
of incentive-compatible social choice functions relative to the deterministic case. This is so
because domain restrictions are inherent in the preference ranking of lotteries that satisfy the
expected utility hypothesis. A classical result in this area is that of Gibbard (1977) which
characterizes the class of strategy-proof random social choice functions over the complete
domain of preferences.

In this paper we investigate the class of strategy-proof random social choice rules over a
specific sub-domain of multi-dimensional (or multi-component) domains with separable pref-
erences. The multi-dimensional separable preferences model is an important one with sev-
eral applications and has been extensively studied in the deterministic setting, for example in
Barbera et al. (1991), Barbera et al. (1993), LeBreton and Sen (1999), Barbera et al. (1997),
Barbera et al. (2005) and Svensson and Torstensson (2008). For a survey see Sprumont
(1995).

LeBreton and Sen (1999) show that every strategy-proof deterministic social choice func-
tion satisfying unanimity defined over a rich domain of preferences is decomposable, i.e. a
strategy-proof social choice function is composed of strategy-proof social choice functions
defined over each component domain. An immediate consequence of this result and the
Gibbard-Satterthwaite Theorem (Gibbard (1973), Satterthwaite (1975)) is the following: if
the domain is rich and each component domain is complete and has at least three alterna-
tives, then a social choice function is strategy-proof if and only if there is a dictator for each
component.

In this paper, we analyze the structure of random strategy-proof social choice functions
(satisfying unanimity) defined over a domain where preferences are separable and compo-
nents are lexicographically ordered. This is the domain of lexicographically separable pref-
erences and is a subset of the domain of all separable preferences. This domain is rich in the
sense of LeBreton and Sen (1999) (see their Example 3.3); according to the result referred
to earlier, every deterministic strategy-proof social choice function over this domain must
be a component random dictatorship. If the decomposability property extended straight-
forwardly to random social choice functions, we would expect strategy-proof random social
choice functions (satisfying unanimity) over this domain to be the stochastic product of com-
ponent random dictatorships. This is false; for instance, random dictatorship itself is clearly
strategy-proof but not the product of component random dictatorships. The latter would
put non-zero probabilities on alternatives that are not first-ranked by any voter unlike a
random dictatorship. Thus products of component random dictatorships are strategy-proof
but do not describe all random strategy-proof choice functions.

1See for example, Barbera and Sonnenschein (1978), Myerson (1981), Bogomolnaia and Moulin (2001),
Bogomolnaia and Moulin (2004), Bogomolnaia et al. (2005), Moulin and Stong (2002).



Our main result is a complete characterization of random strategy-proof social choice
functions satisfying unanimity defined over lexicographically separable domains. We call such
random social choice functions generalized random dictatorships and they include random
dictatorships and products of component random dictatorships. A random dictatorship is a
fixed probability distribution on the set of voters. At any preference profile, the probability of
an alternative is the sum of the probability weights of voters for whom the alternative is the
best. A generalized random dictatorship on the other hand, is a fixed probability distribution
on the set of all voter sequences of length m where m is the number of components. For
instance, if there are three voters and five components, there are 3% possible voter sequences.
A generalized random dictatorship assigns a probability to each of these sequences. An
alternative is consistent with a sequence at a profile if each component of the alternative
is the best (amongst all component alternatives) for the voter specified in the sequence for
that component. The total probability of the alternative at the profile is simply the sum
of probabilities of voter sequences consistent with the alternative. A generalized random
dictatorship thus induces a fixed probability distribution on the product set of the maximal
alternatives of all voters. A critical feature of these social choice functions is that the induced
marginal probability distribution on each component is a random dictatorship.

The paper is organized as follows. In the next section, we introduce the model, the
notation and the background results. The following section contains the main result and its
proof while the final section concludes.

2 BACKGROUND AND PRELIMINARIES

The set of alternatives is a finite set A = A; X Ay... x A,,, where A;, j = 1,...m is the gt
component set. The set of components will be written as M = {1,...,m}. An element a € A
is an m-tuple a = (a4, ..., a,). For any Q C M, we will let Ag = H]EQ A;. Abusing notation
slightly, we will write Ay,_; for the set [, oy Ay. Typical elements of Ay—; will be denoted
by anr—;, by—j ete.

2.1 PREFERENCES

The set of voters is I = {1,.., N}. Each voter 7 has an antisymmetric preference ordering P*
over the elements of A which is assumed to be separable.

DEFINITION 1 The ordering P is separable if for all Q C M, for all ag,bg € Ag, for all
crM-@,dv-q € An—q,

[(aq; crr—@) P (bgs cr—q)] = [(aq, du—q@) P (bo, du—q))-



If a preference ordering is separable, then choices over a subset of components do not
affect ranking of alternatives over the remaining components. In other words, choices over
components do not impose “externalities” over other components.

A particular class of separable orderings is the class of lexicographically separable or simply
lexicographic orderings.

DEFINITION 2 The ordering P! is lexicographic if there exists an antisymmetric ordering =
on the set M and antisymmetric orderings P; on each component set A;, 7 € M such that,
for all a,b € A, aP'b iff there exists a component j such that

1. ajf’;bj
2. ay = by for all k € M such that k > j.

Let P? be a lexicographic ordering. We shall refer to the components that are maximal and
minimal according to the ordering > over M as the lezicographically best and lexicographically
worst components respectively. In general if, components j and k£ are such that k& > j, we
shall say that component k is lexicographically better than component j.

Let P, D° and D* denote respectively the set of all antisymmetric orderings, the set of
separable orderings, the set of additively separable orderings and the set of lexicographic
preference orderings over A respectively. We note that D C DY C P. 2

A separable preference P induces a marginal preference ordering Pé over Ag, @ C M
in a natural way: for every ag,bg € Ag

[aQPébQ] if [(CZQ, CM,Q)Pi(bQ, CM,Q) for all CM—Q € AM,Q].

Let D C D®°. The set of marginal preference orderings over components in the set Q C M
will be denoted by Dg. If @) consists of a single component, we shall write D; for the set of
orderings induced by D over A;.

For any D C P, a preference profile P is an N-tuple (P!, ..., PN) € DV. For any voter i,
ordering P’ and profile P, we shall let (P?, P~") denote the profile where the i component
of P has been replaced by P'. A marginal preference profile for components @ is similarly an
N-tuple, Py = (P}, ..., P) € DY where D C D°. We shall say that two profiles P, P € D¥
(D C D) are marginally equivalent if PJ’ = PJ’ for all voters i € I and j € M.

2The set of lexicographic orderings coincides with the separable orderings in the special case when there

are two components and exactly two alternatives in every component set. In general D’ is a strict subset of
DS,



2.2 RANDOM SOCIAL CHOICE FUNCTIONS

We let L(A) denote the set of lotteries over the elements of the set A. If A € L(A), then
Aq will denote the probability that A puts on a € A. Clearly A\, > 0 and Zae 4\ = 1. For
every j € M we can define £(A;) accordingly.

DEFINITION 3 Let D C P. A Random Social Choice Function (RSCF) (for the domain D)
is a map ¢ : DV — L(A).

Our focus is on RSCFs that are strategy-proof, i.e. those that provide voters with
dominant-strategy incentives to reveal their preference orderings (which are assumed to be
private information), truthfully. In models such as ours where the outcome of voting is a
probability distribution over outcomes, there are several ways to define strategy-proofness.
Here we follow the approach of Gibbard (1977).

DEFINITION 4 A utility function v : A — R represents the ordering P over A if for all
a,b e A,

[aP'b] < [u(a) > u(b)]

DEFINITION 5 A RSCF ¢ : DV — L(A) is manipulable by voter i at profile P € DV wia
P' € D if there exists a utility functions u representing P* such that

Yaeaw(@)a(P', P > 3y ua)pa(P, PTY).

DEFINITION 6 A RSCF ¢ : DV — L(A) is strategy-proof if it is not manipulable by any
voter at any profile. Equivalently, o is strateqy-proof if, for alli € I, for all P € DV, for all
P € D and all utility functions u representing P?, we have

D aca w(a)pa(P, P > 3 qula)pa (P, P7).

A RSCF is strategy-proof if at every profile no voter can obtain a higher expected utility
by deviating from her true preference ordering than she would if she announced her true
preference ordering. Here, expected utility is computed with respect an arbitrary utility
representation of her true preferences. It is well-known that this is equivalent to requiring
that the probability distribution from truth-telling stochastically dominates the probability
distribution from misrepresentation in terms of a voter’s true preferences. This is stated
formally below.

For any i € I, P' € D and a € A, we let B(a, P') = {b € A: bP'a} U{a}, i.e. B(a,P?)
denotes the set of alternatives that are weakly preferred to a according to the ordering P?.

DEFINITION 7 A RSCF ¢ : DV — L(A) is manipulable by voter i at profile P € DV wvia
P ¢ D if there exists a € A such that



Z:bEB(a,Pi) %(papii) > ZbeB(a,Pi) ©u(P, P7Y).

It is strategy-proof if for alli € I, for all P € DV, for all P, € D and all a € A, we have

ZbeB(a,Pi) ‘Pb(PivP_i) 2 ZbeB(a,P") @b(Pia P_i).

We also assume throughout the paper that RSCFs satisfy the standard (and mild) re-
quirement of unanimity. This requires an alternative that is first-ranked by all voters in any
profile to be selected with probability one in that profile. For any P* € D, let 7(P*, A) de-
note the maximal element in A according to P’. Since the domain consists of antisymmetric
orderings and A is finite, a maximal element always exists and is unique.

DEFINITION 8 A RSCF ¢ : DY — L(A) satisfies unanimity if for all P € DY and a € A,
la=71(P" A) for alli € I] = [p.(P) = 1].

We now review some existing results that have a bearing on the results in this paper.

2.3 EXISTING RESULTS
A RSCF of particular significance is random dictatorship.

DEFINITION 9 Let D C P. The RSCF ¢" : DV — L(A) is a random dictatorship if there
exist non-negative real numbers 3¢, i € I with Yol 3" = 1 such that for all P € DV and
a€ A,

@Z(P) = Z{i:T(Pi,A):a} ﬁl

In a random dictatorship, each voter i gets weight 3; where the sum of these (3;’s is one. At
any profile, the probability assigned to an alternative a is simply the sum of the weights of the
voters whose maximal element is a. A random dictatorship is clearly strategy-proof for any
domain; by misrepresentation, a voter can only transfer weight from her most-preferred to a
less-preferred alternative. A fundamental result in Gibbard (1977) states that the converse
is also true for the complete domain P. 3

THEOREM 1 [Gibbard (1977) ] Assume |A| > 3. A RSCF ¢ : PV — L(A) is strategy-proof
and satisfies unanimity if and only if it is a random dictatorship.

3Gibbard’s result is actually more general than Theorem 1 below because it does not assume unanimity.
However since unanimity will be a maintained hypothesis throughout the paper, we state only the version
of the result with unanimity. See also Sen (2011) for a generalization of the Gibbard result with unanimity.



We now recall results for deterministic social choice functions. For convenience, we pro-
vide definitions only for domains D C D.

DEFINITION 10 A deterministic social choice function (DSCF) f is a map f : DY — A.

A DSCF is simply a RSCF whose image set is the set of degenerate probability distri-
butions over A. The definitions of strategy-proofness and unanimity for a DSCF are special
cases of those of RSCF's and are omitted.

DEFINITION 11 A DSCF f : [DY]N — A is a component dictatorship if there exists a map
o: M — N such that for all P € [D¥]V,

In a component dictatorship, the j* component of the outcome at a profile is the maximal
element of the j'* component of voter o(j). Since preferences are separable for all individuals,
these maximal elements are well-defined. We can imagine the DSCF being decomposable
into component DSCFs which are dictatorial.

THEOREM 2 [LeBreton and Sen (1999)] Assume |A;| > 3 for all j € M. A DSCF f :
[DE]Y — A is strategy-proof and satisfies unanimity if and only if it is a component dicta-
torship.

The result is an immediate consequence of Theorem 5.1, in LeBreton and Sen (1999).

2.4 GENERALIZED RANDOM DICTATORSHIPS

Does the decomposability property carry over to RSCFs? A particular generalization of
component dictatorship is a RSCF where the probability distribution over the set A is the
product of component random dictatorships. We define this below.

DEFINITION 12 A RSCF is ¢ : [DL]Y — L(A) is an independent component random dicta-

torship if for each j € M, there exists a random dictatorship ¢, : P;N — L(A;) such that
for all P € [DF]N

p(P) =] ¢:i(P):
jeEM
Consider the case where there are two voters and two components. Suppose the weight
vectors for components 1 and 2 are (31, 3?) and (31, 33) respectively. Then in any profile
where voter 1 and 2’s maximal elements are a;a, and biby respectively, the alternatives
aias, aiby, bias and biby get probability weights 8153, 3132, Bi3% and (3?32 respectively.

7



An independent component random dictatorship is strategy-proof (we shall verify this
later) and clearly satisfies unanimity. Is every strategy-proof RSCF defined over the domain
D® with |4;| > 3 an independent component random dictatorship? No, and this is estab-
lished by the observation that a random dictatorship is strategy-proof but not an independent
component random dictatorship unless it is deterministic, i.e. there exists a voter ¢ such that
3* = 1. Showing that a random dictatorship is strategy-proof is routine. To demonstrate
the other claim, consider for simplicity the case where there are two voters i and k£ and two
components. Suppose also that 3%, 3¥ > 0. Consider a profile where i’s maximal element is
aiae and k’s is byby where a; # by and as # bs. Observe that this RSCF would put proba-
bilities 3 and 3* on aias and byby respectively and zero on all other alternatives. However
every independent component random dictatorship which puts strictly positive probability
on ajas and byby also puts strictly positive probability on the alternatives a1b, and byas.

Below, we formulate a generalization of both random dictatorship and independent com-
ponent random dictatorship which coincides with the class of strategy-proof RSCF's satisfying
unanimity in the case where each component set has at least three alternatives.

Let ¢ = (i1,...,%,) € I"™ be an m-tuple of voters. We shall call such an m-tuple, a voter
sequence. We note that a voter may appear multiple times in a voter sequence. For all a € A
and P € D]V, we shall let x(a, P) denote the set of voter sequences consistent with a and
P where x(a,P)={i€ " :a; = T(ij,Aj) forall j =1,...m}.

DEFINITION 13 A RSCF 9 : D]V — L(A) is a generalized random dictatorship if there
exist non-negative real numbers (i) for all i € I™ with ) ;c;m (i) = 1 such that for all
a€ A and P € D]V,

PIP)= > A(i).

i€x(a,P)

Consider the following example. Suppose I = {1,2} and A; = {a;,b;,¢;} with j = 1,2.
Here i is one of four, two-tuples (1,1), (1,2), (2,1) and (2,2). The function + specifies four
non-negative real numbers v(1,1), v(1,2), v(2,1) and (2,2) which sum to one. Consider
a profile P where the maximal alternatives of voters 1 and 2 are (ajas) and (b1bs) respec-
tively. Observe that x((aiaz2), P) = {(1,1)}, x((a1b2), P) = {(1,2)}, x((b1as), P) = {(2,1)}
and x((b1by), P) = {(2,2)}. Hence, a generalized random dictatorship puts probabilities
of v(1,1), v(1,2), v(2,1) and (2,2) on (ajaz), (ai1by), (braz) and (b1be) respectively and
zero on all other alternatives. Consider another profile P where voter 1 and 2’s maximal
alternatives are (ay,cy) and (a1by) respectively. Here x((aic2), P) = {(1,1),(2,1)}, and
x((a1b2), P) = {(1,2),(2,1)}. Hence this RSCF will put probability v(1,1) + v(2,1) on
(a1c2) and y(1,2) +v(2,2) on (a1by) and zero on everything else.

In general, a generalized random dictatorship is specified by N non-negative real num-
bers adding up to one. For any ¢ = (iy,...,,), the probability of an alternative a in profile

8



P is the sum of y(Z)’s over those i’s which have the property that for every j =1,...,m, q;
is the maximal element in A; for voter i;, i.e. over all elements of the set x(a, P).
We make several observations about generalized random dictatorships.

OBSERVATION 1 The value of a generalized random dictatorship at a profile depends only
on the maximal alternatives (or “tops”) of voter preferences at the profile. However it may
assign positive probabilities to all elements of the product set of the top alternatives. In
other words, a generalized random dictatorship is a probability distribution over the set

[liead7(P} Ag), . m(P]Y, A}

OBSERVATION 2 Let @9 be a generalized random dictatorship with an associated map ~.
Pick a component j, a voter s and let 3° = Z{E(m._jim):ij:s} ~(2). Clearly 0 < ° <1 and
>ees3° = 1. For any profile P € [D*]", observe that the probability of a; € A; in the
marginal distribution f(P) is (7 (P9)=a;} (3. Hence, a generalized random dictatorship
induces a marginal random social choice function over each component that is a random
dictatorship with respect to marginal preferences over that component. More formally, if ©9
is a generalized random dictatorship, there exist component random dictatorships ¢’ : PN —
L(A;), j =1,...,m such that for all P € [D°|V, @I(P) = ©}(P;) for each j =1,...m.

OBSERVATION 3 A random dictatorship is a special case of a generalized random dictator-
ship when ~(z) = 0 for all voter sequences ¢ such that i; # i;; for some j # j'. Equivalently,
v(2) > 0 implies i = (4,1,...,1) for some i € I.

OBSERVATION 4 An independent component random dictatorship is a special case of a gen-
eralized random dictatorship. Define the component random dictatorships as follows: for all
j=1,...,m,let v(i), 7 =1,..., N be non-negative real numbers with > ., 7;(7) = 1. Now
define a generalized random dictatorship as follows: for all voter sequences i = (iq,...,0n),
V(@) = 7(i1) X 12(iz) X ... X Y (i)

OBSERVATION 5 In the special case where m = 1, a generalized random dictatorship is
simply a random dictatorship.

In the next section we show that all strategy-proof RSCF's satisfying unanimity are gen-
eralized random dictatorships.

3 THE RESULT
Our main result is the following.

THEOREM 3 Assume |A;| > 3 for all j=1,...,m. A RSCF ¢ : [D*]N — L(A) is strategy-
proof and satisfies unanimity if and only if it is a generalized random dictatorship.



Proof: (Sufficiency) We show that generalized random dictatorships satisfy unanimity and
strategy-proofness over the domain D°. Unanimity follows from Observation 1. We show
strategy-proofness. Let @9 be a generalized random dictatorship specified by the function
7 in Definition 13. Let P € [D®]Y be an arbitrary profile and let i be an arbitrary voter.
Consider a possible manipulation by i at P via P'. It follows from the definition of a
generalized random dictatorship that the value of 9 at any profile depends only on the
maximal alternatives of voters at the profile. Let 7(P?) = a and 7(P') = b where by # ag
and ay_g = by—¢g for some non-empty subset @) of M.

Pick an arbitrary i = (i1,...,4,) € I™. If i; # i for any j € () then probability (i) is
assigned to the same alternative under profiles P and (P?, P_;). Ifi; = i for all j € T for some
T C @, then probability v(7) is shifted from alternative (ar,xy _7) for some xp 7 € Ap_p
in profile P to (by,zpy—r) in profile (P, P_;). However a;Pib; for all j € T by assumption
so that (ar,zy—7)P(by, xp_7) by separability. Therefore the distribution ¢9(P? P~%) is
obtained from ¢9(P) by transferring probabilities from higher-ranked alternatives to lower-
ranked alternatives according to P! Clearly ¢9(P) stochastically dominates ¢9(P! P~%)
according to P* and (Y is strategy-proof.

(Necessity) We proceed as follows. The proof consists of three steps. In Step 1, we establish
an important “conditional unanimity” property; in Step 2 we establish generalized random
dictatorship in the case of two voters and in Step 3 we extend the result to an arbitrary
number of voters using induction on the number of voters.

We begin with a Lemma which holds for arbitrary domains and is a straightforward
adaptation of a result in Gibbard (1977).

Let D be an arbitrary domain. Let P* € D and let z,y € A and assume that zP'y. We
say « and y are contiguous in P* if there does not exist z € A distinct from 2 and y such
that xP'zP'y. We say that the ordering P; is a feasible local switch of  and y in P?if (i) x
and y are contiguous (ii) 2P’y and yP'z (iii) B(z, P") U {y} = B(y, P)) U {z} (iv) P! € D.

LEMMA 1 Let ¢ : DN — L(A) be strategy-proof. Let i be an arbitrary voter and let P* be a
feasible local switch of x and y in P'. Then

(i) @y(pi7p_i) > ¢y (P).
(i) u(P', P7") + ¢y (P', P™) = 0. (P) + ¢, (P).

We omit the proof of this Lemma which is an implication of the definition of strategy-
proofness.

Consider an arbitrary strategy-proof RSCF ¢ : [DF]Y — L(A) satisfying unanimity. We
will show that ¢ is a generalized random dictatorship. Recall that every P? € D¥ induces an
ordering Pé over Ag for every Q C M.

10



We establish some preliminary lemmas. Let > be an ordering over the set M and let
j€ M. Then E(>-,j) ={i € M :i > j}. Thus E(>,j) is the set of components which
lexicographically dominate j.

LEMMA 2 Let P € [DY)Y and i € 1. Let P' and P be lexicogmphic with respect to = and
=" and let j be a component such that (i) E(-,j) = E(+',j) = Q and (it) Py, = Péu{j}.
Then

(a) @r(P) = @r(P',P~") for all k € QU {j}.
(b) Let ag € Ag. Then vQuijyagu, (P) = goQU{j},aQu{j}(Pi, P,

Before proving the Lemma, we provide an intermediate Proposition.

PROPOSITION 1 For all P',P' € DX, P=P ¢ [DMN"Y and T C M (T #0), if or(P*, P7%) =
or(P', P79, then @7(P', P~") = @p(P', P7%) for all T C T where T # 0.

Proof: For all a; € Az, we have the following:

SOT,Q,Jc,(Pi’ P_Z) = Z Sp(aj‘rx]\/[fj“) (PZ7 P_Z)

T pC€AN_p

- Z Z SO(“T”’fofzxM—T)(Pi’ P

Tp_#€Ar_¢ TM-TEAM-T

- Z wr, (ag@p_ T)<PZ P_i)

Tp_pC€Ap_p

- Z wr, (ag@p_ T)<PZ P_i)

Tp_pE€Ap

- Z Z SO(GTA,xT,fvafTKPiv P_i)

{ET_TEAT_T Tr—TEAM-—T

- Z Plagay (PP

Ty pC€AN 7

We now return to the proof of the Lemma.

Proof: In view of Lemma 1, in order to show (a), it suffices to show (b).
To simplify the notation, let Q = Q U {j}. Now, suppose 0o(P) #
co be the Pé — maximal alternative such that goncQ(P’ R CQ(P

Q( _i). Let
P, Therefore

11



for all zg € Ag with mQPé cg, we have ¢g ., (P) = gpQ@Q(P", P~%). Then, we consider the

following 2 cases.

Case 1: ¢g ., (P) < gchQ(P"?P_i). )
Let wy_g denote the Py, 5 — minimal alternative. Consider (cg,wy_g) and B =

B ((CQ, War_5), Pi). Since all components in @ lexicographically dominate all components

in M — Q, we know that B = {x € A : either xQPé cg, or g = cg}. Then,

Z¢x(Pi’P_i) - Z Z SO(vafofQ)(Pi’P_i) T Z SD(Cézvﬂﬁlw—c?)(lm’P_i)

zeB xQPl cg TM— 6€AM-0 Tr_g€AM_O

= D 90wy (PP + g, (PP
:EQP(%CQ
<Y 0ug(PLPT) +0ge (PP

z5 Pé} o)

= Z‘P:E(Piap_i)

z€B

Therefore, voter i manipulates at (P, P~%) via P’

Case 2: g ., (P) >_<,0'Q,CQ(P", P7Y). N

Let wg denote lev[_Q — mz’m’mal alternatiye. We claim that cg is the Pé — maximal
alternative such that chcQ(PZ, P # gvacQ(Pz, P). N N |

Suppose not. Then there exists dg € Ag such that dgFyg ¢q and gondQ(P’,P_Z) #
goQ,dQ(P", P~"). Since Pé = P(f?, we have that dQPé co and ch’dQ(Pi, P £ ©Q.dq (Pi,_P_i),
which is a contr_gdictipn to the deﬁnitiqn of cg. Therefore, for all x5 € Ag with :EQPé o
we have gvaxQ(Pl, P = gvaxQ(P’, P).

Now, consider (cg,wy,_g) and B= B((CQ, Wyr—g), Pi>. Since all components in Q lexi-
cographically dominate all components in M —@Q, we know B= {z € A: either xQPé Co, OF T =
cg}- Then,

Dowe(PLPT) = Y Y Ceqan PP Y Plgan (PP
zeB prz cg TM— QEAM o Tr—0€AM -0
= Y Paug (PP + g (PP
xQPZ?CQ
< Y 00ug(PLPT) 4 g (PP

_ Z‘Pw(PiaP_i)

zeB

12



Hence, voter i manipulates at (P?, P~*) via P’. Therefore ¢g(P', P~™") = ¢g(P', P~"). M

We say that orderings P', P* € [D*] are marginally equivalent if P} = P/ for all j € M.
Similarly, we will say that profiles P, P € [D*]" are marginally equivalent if P* and P’ are
marginally equivalent for all ¢ € I.

LEMMA 3 Let P € [DE)N, i € I and P* € DY be such that (i) P' and P* are marginally
equivalent and (i) if P and P are lexicographic with respect to the orderings = and = over
M respectively, then > and > agree over all components except j and k where j and k are

contiguous in =. If p(P) # @(P', P~%) then p;(P) # p;(P', P~%) and pi(P) # or(P!, P7Y).

Proof: Suppose the Lemma is false. In view of Lemma 2, we can assume that j and k are
the lexicographic best and second best components respectively in P® and the lexicographic
second and best components in P’ respectively. We have therefore assumed that (P!, P~%) #
o(P!, P~%) but ¢ (P!, P~%) = ¢(P!, P~ for all components [. Let a be the highest ranked
alternative in P’ such that o, (P?, P~%) # o, (P*, P~%). Since ¢ is strategy-proof, it must be
the case that (P!, P7%) > @ (P, P7™%). Let Y = {x € A: 2, Play} = {x € A : 2, Play}
(since Pl = Pj). Let Z = {x € A : a3 = a, and zPa}. Note that Z = {z € A : 1}, =
ar and xP'a} since P and P are marginally equivalent orderings and the lexicographic
ordering of components in M \ k in the two orderings is also the same. Note the following

(i) B(a, P") =Y UZU{a}

(ii) . (P!, P8 = . (P, P~ for all z € Z since z € Z implies that zP’a and a is the
highest-ranked alternative P? such that ¢, (P?, P~%) # ¢,(P?, P~%) and

(1) D 0o Pian) Ohoy, (P, P7Y) = > (epion Piay) P (P15 PT1) by virtue of our assumption
that the ¢ yields the same marginal probability distribution all over components.

Hence,

Z ‘Pw(Piapii) = Z@w(PZ +Z‘P:v PZ +90a<Pl Pii)

z€B(a,P?) zeY zeZ

= ) o (PLPT)H D @u(PLPT) 4 pu(PL P
{wp:wpPlag} T€Z

> Z Ohay, (P, P + Z 0 (P', P7") 4 @0q (P, P7")
{xkxkplzak} r€Z

= D Gha (PP 0u(PL P + g, (PP
€Y x€Z

= Z pr(Pia P_i)
z€B(a,P?)
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Consequently voter 4 manipulates at (P?, P~%) via P’ contradicting the strategy-proofness
of . |

STEP 1: The goal of this Step is to show the following. Pick an arbitrary non-empty subset
@ C M. Then there exists a unanimous, strategy-proof RSCF % : [D§]V — L(Ag) such
that for all profiles P € [D*]V satisfying 7(P};_, Av—-q) = an—q for all i € I, we have

L. [@e(P) > 0] = [zp—@ = apn—g) and

2. SO(fEQ,aM—Q)(P) = SOSQ (PQ) for all g € AQ'

Thus, there exists a strategy-proof RSCF ¢@ defined for every non-empty set of com-
ponents () with the property that whenever all voters are unanimous with respect to say
ay—g € Ap—q, then ¢ (i) puts strictly positive probability only on those alternatives whose
M — @Q are given by ayr—¢ and (ii) the probability of an alternative (ag, an—q) in the profile
P is the probability given to ag in the RSCF 9 in the component @ induced profile P.
Moreover ¢© satisfies unanimity.

The arguments involved in Step 1 are generalizations of counterparts in LeBreton and Sen

(1999).

The first lemma asserts that ¢ satisfies a conditional unanimity property.

LEMMA 4 Let Q C M, P € [D*]Y and a € A be such that T(Pi;_g, Av—-q) = an—q for all
i€ 1. Then [pp(P) > 0] = [by—g = an—q-

Proof: Suppose that the Lemma is false. Assume that T(P}Q_Q, Ay_g) =ay_gforallie ]
but ¢,(P) > 0 where by # ay_q. For alli € I, let P' € DY be such that (i) P{ = P} for
all k e M —Q (i) 7(P}, Ag) = bg and (iii) all components in @ lexicographically dominate
all components in M — Q).

Pick an arbitrary voter i and suppose p,(P’, P~%) = 0 whenever 2o = bg. For any
k€ M —Q,let dy € Ay, be the worst ranked element in A, according to P} (and P}). Let
B = B((bg,dy—_q), P"). Since components in @ lexicographically dominate those in M — Q
in P it follows that ¢ € B = [cg = bg]. Therefore

Y wulPLPT) 2 p(P) > 0= @u( P, PT).
z€B +cB

Hence ¢ manipulates ¢ at (P?, P_;) via P'. Therefore, ¢ Pl P~%) > 0 for some

baenr—a)(
CM—-qQ € AM_Q. B X
Now SUppose Yo, .ay_o) (P, P~*) = 1. Let B = B((bg, an—gq), P*). Note that

(bQ, (IM_Q)Pib since ap—Q = T(Pi, AM_Q). Since

D (PP <Y @u(PL P =1

xeB J:EB
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voter ¢ will manipulate at P via P*. Therefore cp(bQ,aM_Q)(Pi, P < 1.

We can conclude from the arguments in the two previous paragraphs that there exists
cv—g € Ay \ {am—q} such that go(bQ7CA17Q)(I5i,P_i) > 0. Now pick a voter 7/ # 7 and
replace P? in the profile (P?, P~%) by P?. Replicating the arguments above, we can conclude
that there exists dy—g € Ay—g \ {an—q} such that v 4, o) (P, P*, P~*") > 0. Proceed-
boan_o) (P) > 0 where 2p—¢ € An—q \ {an—g}. But
all voters have (bg, arr—g) as their first-ranked alternative in the profile P. Hence ¢ violates

ing in this manner, it follows that ¢

unanimity completing the proof of the Lemma. [

For every Q C M and a € A, let [D¥(a, Q)] C [D¥]Y be the set of lexicographic profiles
P with the property that 7(Pj; o, Ay—q) = an—q for all i € I.

LEMMA 5 Let Q C M and a € A. Let P, P € [D"(a,Q)]N be such that Py = Py. Then
p(P) = ¢(P).

A —

Proof: It follows from Lemma 4 that [¢,(P) > 0] = [by—g = an—g] and [ps(P) > 0] =
[bar—o = an—g). We first claim that ¢(P?, P~%) = o(P) for an arbitrary voter i. Suppose
this is false. Let cg be the best-alternative in Ag according to ]552 = P} such that

SO(Cé?valwf(;))(pi?P_i) # SO(CQ,O«MfQ)(Pia P_i).
Such an alternative cg must exist. If

QP(CQ,G«MfQ)<Pi7 Pii) > (P(CQ,GAFQ)(P)

then

> a( P, P7Y) > > #a(P)

z€B((cq.anm—q),P?) z€B((cq,an—q),P?)

contradicting the strategy-proofness of . If

~

(p(CQva]W—Q)(pZ‘7 P_Z) < QO(CanM—Q)(P)
then

S @Y PP

z€B((bg,an—q),P?) z€B((cq,anm—q),P?)

again contradicting the strategy-proofness of ¢. Therefore p(P?, P‘i) = gp(]s) Progres-
sively switching preferences of voters from P? to P' and repeatedly applying these arguments

~ —

above yields ¢(P) = ¢(P) as required. |

Let a € A and Q C M. We define the function ¢*? : D5V — L(Ag) as follows: for
all P € [D¥(a,Q)]" and zg € Ag, gpgg‘?(PQ) = Pegan_g)(P), where Py is the induced
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profile of preferences of P. Thus we obtain ¢*% by considering a profile P € [D*(a, Q)]
and equating the probability that ¢®@(Pg) gives to every bg € Ag with O an—_o)(P). A
critical observation is that Lemma 5 implies that ¢*® is well-defined. The next Lemma
demonstrates that it is strategy-proof.

LEMMA 6 %@ is strategy-proof and satisfies unanimity.

Proof: Suppose ¢®@ is not strategy-proof. Then there must exist i € I, Pg € [D*(a, Q)]V,
P} € [D"(a,Q)] and by € Aq such that

S wlBE > Y SRR,
2QEB(bq.P)) 2QEB(bq.P)

Let P € [DY]Y be a profile and P* € D* be an ordering such that (i) Py = Py (i)
T(P}{/[_Q, Ap—_q) = ay—g for all voters t € I (iii) all components in () are lexicographically
dominated by those in M — @ in P for all t € I (iv) Py = P}, (v) 7(Pi;_q, Av—q) = ay-q
and (vi) all components in @) are lexicographically dominated by those in M — @ in P".

By construction, the profiles P, (P?, P~) € [D%(a,Q)]". Hence Lemma 4 implies that
[op(P) > 0] = [by-g = am—g] and [pp(P", P7") > 0] = [by-o = am-g]. Since com-
ponents in @ are lexicographically dominated by those in M — @ in both P* and P! and
T(Pir_g» Av—q) = an—q we must have B((bg, an—q), P*) = {(zq, an—q) : ©¢ € B(bg, P))}-

Consequently

> oo (PP = Y @R, Py

z€B((bg,anm—g),P?) erB(bQ,Pé)
= > P, Py
2Q€B(bq.P})

> > ko (py)
2Q€B(b.PY)

= Y. wlp)

z€B((bg.anm—q),P?)

contradicting the strategy-proofness of ¢. Therefore %% is strategy-proof.

Now let P be a profile such that Py € [D*(a, Q)] be a profile such that all voters are
unanimous with respect to components in (), i.e. suppose T(Pé, Ag) = bg for some by € Ag.
Clearly 7(P', A) = (bg,an—g). Since ¢ satisfies unanimity, ¢(P) = (bg, ar—g) which implies
that ¢“?(Pg) = bg. Therefore p*? satisfies unanimity. |

LEMMA 7 ©%? does not depend on a i.e. p*? = p"? for all b € A.
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Proof: Given any a,b € A, Q C M and Py € []D)é]N , consider following two profiles
P € [D*(a, Q)N and P € [DX(b, Q)] such that (i) Py = Py = Py, (ii) Q lexicographically
dominates M — @Q in P’ for all i € I and (iii) Q lexicographically dominates M — Q in Pi
for all ¢ € I. Then, by Lemma 4, we have that for all z¢ € Ag,

WQ@Q(pivpii) = Z SO(QEQ,LBMfQ)(Piﬂpii) = 80(33@70%4—(2)(?1.7?77:)
xM,QEAM,Q
QDQ,IQ<PZ" P_i) = Z SD(IQ@M—Q)(Pi7 P_i) = Qp(wQ»beQ)(PaP_i)

IM_QEAM_Q

Since P € [D(a, Q)N and P € [D(b, Q)N we know that gpgg(PQ) = Plagran_o) (P P
and gog’g(PQ) = go(xQ,bM_Q)(Pi, ]5*1) for all zg € Ag. Hence, gog’g(PQ) = goQ,xQ(Pi, f_’*") and
gog’g(PQ) = goQ@Q(P", }/\7*1) for all zg € Ag.

Since P}, = P, and () lexicographically dominates M — @ in both Fj and P, we can
apply Lemma 2 to obtain the following conclusion: ¢ (P?, P~') = (P, P~%). Applying the
same argument to all other voters, we have that g (P, P~%) = @o(P?, P~%). Consequently,
gogg(PQ) = gpg’g(PQ) for all zg € Ag. [

This concludes Step 1.

Step 2: The goal of this step is to show the following: Let I = {1,2} and let ¢ :
[DE]?2 — L(A) be a strategy-proof RSCF satisfying unanimity. Then ¢ is a generalized
random dictatorship. Throughout Step 2, we assume that ¢ is a two-voter RSCF defined on
the domain of lexicographic preferences that is strategy-proof and satisfies unanimity.

For any P € [DY]?, the Top Product Set at P or TPS(P) is defined as follows:

TPS(P) = [{r(P, A} U{T(PL A x oo x [{7(Py, Am) } U7 (Pr, Am) Y-

We say that ¢ satisfies the TPS Property if
Z @.(P) =1 forall Pe D2
a€TPS(P)

LEMMA 8 ¢ satisfies the TPS Property.

Proof: Suppose the Lemma is false. Then there exists P € [DL]? a,b,c € A and j € M
such that ¢.(P) > 0 and 7(P', A) = a, 7(P*,A) = b and ¢; ¢ {a;,b;}. We consider two
mutually exhaustive cases.

Case 1: Component j is the lexicographically worst component in P and P2.
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Claim 1: If @;,,(P) > 0 where x; ¢ {a;,b;}, then a;P}2;P/b; and b; P}x;Pra;.

Suppose that the Claim is false. Assume without loss of generality that bijlmj and
@iw,(P) > 0. Consider P' € D* such that (i) Py, ;, = Py,_; (ii) (P}, A;) = b; and
(iii) component j is lexicographically worst in P!. By Lemmas 2 and 4, we have that

szeAj So(nyj,Zj)(P17P2> - szeAj QO(yMﬂ‘,Zj)(Pl? P2) = QD(nyj,bj)(plv P2)'
Since @y, .2, (P, P?) > 0, it must be the case that

Z SO(nyjazj)<P17P2> < Z SO(nyj,Zj)(PHPQ)

Zijlxj ZjEAj
= Qp(nyjﬁbj)(PlvPQ)'
Since b; Pz, Lemma 4 implies that Zz]-P}acj Clunr—s.z) (PY P?) = ©(yas_; 0 (P, P?). There-

fore7 sz-Pj.lxj Sp(yzvz—j,zj)(P1>P2) < szlexj Sp(yM—j,Zj)(P17P2)'

By virtue of the fact that component j is lexicographically worst in P!, it follows that
B= B((Z/ijv ), Pl)\{(nyjv vj)} ={2 € At 2y Py _jyn—j or 2a—j = yu—j and z; P}
An application of Lemma 2 yields

Z¢Z(P17P2) = Z Z QO(ZM—jvzj)(P1>P2) + Z QO(nyj,Zj)(Plﬂpz)

2€B Zm—PY_syni—j 2€A; zjPla;
= Z Z QO(ZM—j:Zj)(p1>P2) + Z SO(QM—J'»ZJ’)(PI’PQ)
ZijPJ{{,ijfj Zj€A;j Zijlmj
< Z Z ¢(ZM7j7Zj)<P17P2) + Z SO(nyﬁZj)(PlvP%
ZM—jPJh_]-ZJM—j Z;€EA; Zijlxj
= Z@z(pla PQ)
2€B

Therefore, voter 1 will manipulate at (P*, P?) via P!. This proves Claim 1.

In view of Claim 1, we can assume that a;P}c;P}b; and b;P?c;P?a;. Let P' € D" be
such that (i) Py_; = Py (i) (P}, Aj) = a; and b; is ranked second in A; according to
P} and (iii) j is lexicographically worst in P*. We claim that ¢;q, (P) = @jq,(P', P?). If
©ia;(P) < ¢ja, (P!, P?), then we can construct an argument analogous to the one above to
show that 1 manipulates at P via P!. If the reverse is true, 1 manipulates at (P!, P?) via
P'. Tt follows from our earlier arguments that ¢;. (P*, P?) = 0 for all z; # a;,b;. Since
Qic;(P) >0 and p;q,(P) = ¢jq, (P, P?), we must have ;4. (P) < @;,, (P, P?).

Now construct P? € D" be such that (i) Py,_;, = Py_; (i) 7(P}, A;) = b; and a; is
ranked second in A; according to ]5j2 and (iii) component j is lexicographically worst in P2.
From our earlier arguments ;. (P) = 0 for all z; # aj,b; and @;p,(P) = @, (P, P?).
Therefore ¢jq, (P) = ¢jq,(P*, P?). Hence @y, (P) > ¢;4,(P).
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Now consider ¢;(P', P?). Using the same arguments as before, we can deduce that
cpj7bj(P) = gpjybj(Pl,pZ), ¢j7aj(P) < gpjyaj(Pl,PQ) and gpmj(Pl,PQ) = 0 for all z; # a;,b;.
Furthermore @4, (P) = ¢j5, (P', P?), ¢ja,(P) = ¢jq,(P', P?) and ¢;. (P) = 0 for all z; #

aj, b;. Hence @;. (P) = @jp, (P) contradicting our earlier conclusion that ¢;, (P) > @js, (P).
This completes Case 1.

Case 2: Case 1 does not hold. Assume without loss of generality that j is not the lexicograph-
ically worst component in P!. Let S and T denote the set of components lexicographically
worse than j and lexicographically better than j respectively. Let P! € D such that (i)
Prugy = Prygjys (i) the set of components lexicographically better than j in P! is 7" and
(iii) 7(P, Ag) = bs.
Suppose @;(P', P?) # ¢;(P', P?). Since j € T U {j}, it must be true that
orugy(PY, P?) # ooy (P, P?). Let (w7, ;) be P%U{j}—maximal such that
SOTU{j}v(LUT@j)(Plapz) 7£ (PTU{j}a(Ivaj)<P1>P2)' Since T<P§>i45) = T(Psl'vAS> = T!Pé,As) =
bs, we can apply Lemma 4, we know that ¢rugy ) (P P?) = ©apa,be (P, P?) and
SDTU{j},(a:T,xj)(Pla P2) = Qp(xT,a:j,bS_) (Pla PQ) Hence7 Qo(fT,xj,bs)(Pla PQ) 7% QO(xT,xj,bs)(Pla PQ)
Assume first that Q. o 66) (P, P?) < @(apa; s (P, P?). Since in P!, T' lexicographically
dominates j and j lexicographically dominates S, we know that B = B((a:T,a:j, bs), 131> =

{2z € A (21, 2)) Py (wr, 25)} U {(2r, 25, bs) }. Then,

Z@Z(PlaPQ) = Z Z SO(ZT,ZJ‘JS)(PI?PQ) + ¢(IT7Ij7bS)(P17P2)

2€B (zT,zj)ﬁ%u{j}(xT,mj) 25€Ag

< Z Z SD(ZT7Z]'1ZS)(P1’P2) + QD(IT’zjvbS)(P17P2>
(ZT7Zj)]5711U{j}(xT7xj) z5€Ag

= Z%pz(plvPQ)

2€B

Therefore, voter 1 will manipulate at (P', P?) via P'.

)(PI,PQ). Since T lexicographically

:Eszj’bS

Next, assume that ©u,.q;56) (P, P%) > ¢
dominates S and S lexicographically dominates j in P, we know that
B = B((xT,xj7b5),]51> = {z € A: zPlxy, or zp = xr,25 = bg and szjlxj} U
{(xT7xj>bS>}‘

Since P! and P* agree on the lexicographic order over T, T' lexicographically dominates
M — T in both P and P! and P! = P! for all k € M, we can conclude that P} = P}. Fur-
thermore, since 71" lexicographically dominates M — T in both P! and P', Lemma 2 implies
or(P', P?) = op(P', P?) and hence ZzTﬁ%zT @12, (P, P?) = ZzTﬁ%xT o7, (P, P?). Also,
for any z; € A; with zjf’jlxj, we know that z; P x; since 6 = f’jl. Hence (z, zj)P%u{_j}(xT, xj).
Therefore, according to the definition of (zp,z;) in P, we have @1y} ar,z) (P P?) =
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OTU Y (@, ZJ)(P P?) for all ijll'] Furthermore, since T(PS7 AS) = 7(P}, Ag) = T(PS, Ag) =
bs, Lemma 4 implies thatgaxT’Zj’bS)(P P?) = @1 (ar, %) y(P', P?) = 010, (ar, zj)(P , P?) =

@(wT,Zj,bS)(]sl, P?) for all zj]ADjlxj.

Hence
Z@Z(ﬁﬂaPQ)
2€B

= Z Z SO(ZT,ZM,T)(PIJP2) + Z QO(xT,Zj,bs)<P17P2> + SO(xT,xj,bs)(Plu‘PQ)
zp Plap #M-TEAM-T 2Pl

< Z Z QD(ZT,szT)(PIJ‘Fﬂ) + Z QO(xT,Z]-,bS)<P17P2> + QO(xT,xj,bs)(Plu-PQ)
zp Plag #M-TEAM-T 2 Pla;

e ngz(pl,PQ)
2€B

Therefore, voter 1 will manipulate at (P!, P?) via P'. In conclusion, ¢;(P', P?) =
©;(P', P?) which establishes the claim.

Similarly we can find P? € D where j is lexicographically worst and ¢;(P) = ¢, (P).
Therefore goj,cj(lf’) > (. Note that 7'(]5]?, A;) # ¢; for i = 1,2. Hence we are in the situation
described in Case 1 and we can use the same arguments to show that o;. (P) > 0 is not
possible. [ ]

According to our next lemma, the outcome of a strategy-proof RSCF in the two-voter
case is identical across marginally equivalent profiles.

LEMMA 9 Let P, P € [DL)? be marginally equivalent profiles. Then ¢(P) = ¢(P).

Proof: Let P, P € [D%)? be marginally equivalent profiles. Suppose 7(P') = a and 7(P?) =
b. Since P and P are marginally equivalent it follows that 7(P') = a and 7(P?) = b.
Moreover a]P bj, ajPlb and b; P2aj7 bjpfaj for all j € M whenever a; and b; are distinct.
According to Lemma 8, the support of the lotteries ¢(P) and ¢(P) are the same and equal
to the set {a1,b1} x ... X {am,bn}. We will show that these lotteries are in fact, equal to
each other. We prove this by induction on the number of components.

The result follows from the Gibbard random dictatorship result in the case where m = 1.
Assume now that the following is true.

> 2 components. Let P,P € [D']? be
marginally equivalent profiles. Then ¢(P) = o(P) for all unanimous and strategy-proof
RSCFs ¢[DL]2 — L(A).

Induction Hypothesis (IH): Suppose there are ¢

We will show that Lemma 9 holds in the case of ¢t + 1 components. We will prove this in
two steps.
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Claim 2: Suppose that there are t + 1 components. Let P, P € [D*]? be two profiles such
that there exists a component assumed without loss of generality to be component ¢t + 1 and

L. 7'(Ptl+1) (Pt2+1) = Ty and T(Pt1+1) (PtQ—l-l) = Yt4+1

2. Pl = P{ for i = 1,2 and all components k =1,...¢t.

Then gz, 1)(P) = @(ay)(P) for all t-component alternatives a.

Let P_(441) and P—(t—i—l) denote the profiles of preferences induced over all components
other than ¢ + 1 by the profiles P and P respectively. Observe that P_(;11) and P—(t—i—l) are
marginally equivalent over all components other than ¢ + 1 by 2 above. Applying Lemma 7,
we know that there exists a t component strategy-proof RSCF ¢’ such that

(1) [ Pla,ai+1) (P) > O] = [a't-‘rl = xt-}—l]
(i1) [ (P) > 0] = [ar1 = yori]
(Hl) Pla,meq1) ( ) Spiz(P—(t-H))
)

(IV Playes1) ( ) (pa(P_ t+1) )

Note that IH implies that ¢}, (P-41)) = ¢} (P-+1)). Therefore gz, 1) (P) = @aye. 1) (P)-
This completes Claim 2.

We now complete the proof of the induction step. In view of Claim 2 the only case
that needs to be considered is the one where 7(P') = a and 7(P?) = b and a; # b; for all
j=1,...t+1. Suppose that p(P!, P?) # o(P', P?). (Recall that P' and P! are marginally
equivalent.) There must exist z,y € TPS(P) = TPS(P) such that xP'y and yP'z. We
claim that there must exist at least two components say j and k such that z; # y; and
xr 7# yr- Of course, at least one such component is required; otherwise x = y. Suppose there
exists exactly one such component, say j. Then separability of preference orderings would
imply that the marginal preferences over component j have switched between P! and P!
contradicting our hypothesis that P' and P! are marginally equivalent.

From Lemma 3 we know that there exist j,k € M, a; € A; and a, € Ay such that
on,aj (P17P2) > Spj,a]-(P) and (Pk,ak(P17P2> < ka,ak(P)' 4

Consider the second ranked alternative x in P?. There must exist a unique component
say [ such that z; # b; and z; = b; for all j # [. In fact, we can assume w.l.o.g that z; = q;.
We consider two cases.

Case 1: j # I. Let P! be an ordering such that (i) component j is lexicographically best
and (ii) 7(P1,A) = a. If gpjﬂj(}sl,Pz) < @ja, (P, P?), then voter 1 will manipulate at

4The proof of this claim requires consideration of several cases. These are routine and we omit the details.
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(P', P?) via P'. Therefore cpj,aj(lﬁl, P?) > @, (P, P?). Let P! be an ordering where (i) j
is the lexicographic best component (i) 7(P}, 4;) = b; and (iii) P}, , = P},_,. By strategy-
proofuess, @;q, (P, P2) = ¢;4, (P!, Ps). Hence @j,,(P', Py) > ¢;,,(P). Observe that at the
profile (f’l, P?), both voters have a common maximal alternative b; for component /.

Let P? be a lexicographic ordering where j and [ are the best and the worst components
respectively and 7(P?, A) = b. Using the same argument as before, ©jp, (P pP?) > ©jp; (P)
i.e. by Lemma 4, ¢;, (P!, P?) < ¢;,.(P). Let P? be a lexicographic ordering such that (i)
components j and [ are the best and worst respectively (i) 7(P2, A;) = a; and (iii) P%_, =
Piy_i- As before, goj,bj(Pl,]SQE = ju,(P', P?). Then Lemma 8 implies ¢, (P!, P?) =
Pi,a; (P17P2) so that gpj,a](Pl?PZ) < ij,aj(P)'

Observe that at the profile (P!, f’z), both voters have a common maximal alternative q;
for component [. By Lemma 4 and Claim 2 above (in the proof of this Lemma), we must
have ¢;q, (P, P?) = pj,(P", P?). However, we have shown that ¢;, (P', P2) > ¢; .. (P) >
©a, (P, P?). We have a contradiction.

Case 2: j = l. Let P? be a lexicographic ordering where component k is lexicographically
best. Using a similar argument as before we have @yq, (P!, P?) < @ (P!, P?). Let P?
be a lexicographic ordering where £ is the best and 7(1512, A;) = a;. By strategy-proofness,
Or.ap (P, P?) = @pq, (P', P?). Hence gpq, (P!, P?) < @pq,(P). Observe that at the profile
(P!, P?), both voters have a common maximal alternative a; for component /.

Let P! be a lexicographic ordering where k and [ are the best and the worst components
respectively. Using the same argument as before, @y q, (P!, P?) > ¢rq,(P). Let P' be a
lexicographic ordering such that component £ and [ are the best and worst respectively and
7(P}, A)) = b. As before, g q, (P!, P?) = @pa, (P, P?) so that ¢y q, (P, P%) > @pa, (P).

Observe that at the profile (P', P2), both voters have a common maximal alternative b; for
component [. By the same argument as at the end of Case 1, it follows that ¢y 4, (P1 P?) =
Or.a, (P', P?). However, we have shown that ¢y q, (P!, P?) > @pa, (P) > ©pa (P, P?). We
have a contradiction. [ |

The next Lemma establishes the following: the probability distribution on the top product
set of the two voters depends on the maximal alternatives of the voters.

LEMMA 10 For all P, P € [D*]? such that (P}, Ay,) = 7(P}, Ay,) for allk € M and i € I,
we have p(P) = ¢(P).

Proof: Let @ C M be such that for all j € Q, 7(P}, A;) # 7(P?,A;) and for all k €
M — Q, 7(P}, Ay) = 7(P?, Ag). (It is possible that M Q = 0.) Assume w.lo.g that
(i) 7(P}, Aj) = 7(P},A;) = x; and 7(P?, Aj) = y; for all j € Q and (i) 7(P, Ay) =
T(PL Ay) = 7(P2, Ay) = 2, for all k € M — Q. Therefore, TPS(P*, Pz) =TPS(P', P?) =
HjeQ{xj’ yjt x erM—Q{Zk}'
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We claim that P! and P? agree on TPS(P!, P?). By Lemma 9, we can assume that P!
and P! have a common lexicographic ordering over components which has the property that
Q lexicographically dominates M — Q. Given a,b € TPS(P!, P?), let k be lexicographically
maximal component such that ap # bg. Then, it is evident that k£ € (). Since ay, by €
{2k, yr}, i Plyr and xp, Plyg, if ap Plby, it must be the case that aPb, a = xy and by = .
Hence, aj,Plby,. Furthermore, since P! and P! agree on the lexicographic order, it is true
that aP'b. Symmetrically, we also show that [aP'b] = [aPb] for all a,b € TPS(P*, P?).

Next, to simplify the notation, we assume that TPS(P!, P?) = {a*}]_, for some integer
T > 0 such that a*P'a**' k =1,...,T —1. Hence, a*P'a**' k. =1,...,T — 1. By Lemma
8, we know that for all z € A — TPS(P!, P?), 0,(P', P?) = (P!, P?) = 0. Therefore, for
all k = 2,... 7T7 erB(ak,Pl) @z(P17P2) = Z];:l QOGS(P17P2) and ZzeB(ak,Pl) ¢I(P1,P2) =
S @as (P, P?). Meanwhile, since P and P? agree on TPS(P*, P?), we also have that for
all k=2, T, Y cpepr@e(PLP?) = 38 00 (P P?) and 3 e pr) (P, P?) =
25:1 @qs (P, P?). Therefore, by strategy-proofness, we have that for all k = 2,...,T,
Z’:Zl as (P, P?) = Z’;:l @qs (P, P?). Furthermore, strategy-proofness also implies that
a1 (P, P?) = @, (P, P?). Therefore, ou(Pt, P?) = pu (P, P?) for all k = 1,...,T.
Now, we conclude that for all z € TPS(P!, P?), p.(P!, P?) = (P, P?) and for all x €
A —TPS(P, P?), o.(P', P?) = ¢,(P*, P?) = 0. Consequently, (P!, P?) = (P!, P?).

Applying the same argument to voter 2, we can show that (P!, P?) = (P!, P?). There-
fore, (P!, P?) = (P, P?). [

LEMMA 11 Let j € M, P € [D¥]?, P* € D* and (v;,20-;), (Y, 200—;) € A be such that
(i) 7(P{, Ay) = 7(P}, Ay) for all k # j (i) T(f);,Aj) = z; and T(F);,Aj) = y; and (iii)
(xj,2pm—5) € TPS(P). Then

So(szM_j)(piv P_i) + (p(ijzlw—j)(Pl’ P_i) = Sp(xjsz—j)(P) + gp(ijzlw—j)(P)’

Moreover
Sp(dj,ZM_j)(Pz7P_Z) = Sa(djvz]%—j)<P) fO’f’ all dj ¢ {$j,yj}-

Proof: 1In view of Lemmas 8, 9 and 10 we can assume without loss of generality that (i) j
is the lexicographically worst component in P* and P (ii) P]ﬁ/[_j = p&_j for all k£ # j and
(iil) (x;, z2m—j) and (y;, 2p—;) are contiguous in P'. Suppose (a;, zp—;) P (2}, zpm—;) where
a; # y;. Since j is the lexicographically worst component and (z;, zp—;) and (y;, 2p—;)
are contiguous it follows that (aj, zpr—;) P (y;, 2p—j). Similarly (aj, z2a—;) P (yj, 2m—j) =
(aj, zr—5) P (x4, 20—4). Now suppose (aj, by—;)P'(x;, zp—;) where byr—j # zpy—;. From our
assumptions, by ;P _zy—;. Hence by Pl .zy—j and (aj, by—;)P*(y;, za—;). Similarly,
(aj,bar—;) P (yj, 2ar—;) implies (aj,bar—;)Pi(zj, za—;). Hence P! is a feasible local switch of
(xj, zp—;) and (y;, zp—j). The result now follows from Lemma 1.
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To show the second part of the Lemma, note that np(dj,ZM_j)(Pi, P = Oy o) (P) =0
if d; # T(Pj_i,Aj). Suppose d; = T(]Dj_i,Aj). Again, using Lemmas 8 and 9, we can
assume that d; is ranked third in both P! and P!. This implies that B((d;,z—;), P") =
B((dj, znm—j), P'). Now strategy-proofness implies that (g, .., (P, P™") = @, 20, (P)-
[

We now complete the proof of Step 2. Let P € [DF]? be such that 7(P') = a and
7(P?) = b where a; # b; for all j € M. Pick an arbitrary i € I"™ and let v(i) = ¢, (P)
where x(z, P) = i. Since the maximal alternatives of the two voters for each component
are distinct, there exists a unique i € I"™ for every x € TPS(P) such that x(x, P) = {i}.
Therefore

Do)=Y P =1

ielm 2€TPS(P)

where the second equality follows from the fact that ¢ satisfies the TPS property (Lemma

8).
Now consider j € M and P' € D such that 7(P}, A;) = ¢; # b; and 7(P}, Ay,) = ay, for all

k # j. Let x € TPS(P). Observe that [i € x((aj, za—;), P)] < [i € x((¢j, znm—j), (P, P?)].
Now applying Lemma 11 and the fact that (c;, zp—;) &€ TPS(P) and (aj, zp—;) ¢ TPS(P, P?),
we conclude that o, e, ,)(FP) = go(cj,m_j)(f’l,PQ). Using this and the second part of
Lemma 11, it follows that ¢, (P', P?) = 37, (. (p1 p2y) V().

Now consider the case where 7(P}, A;) = b;. Let « € TPS(P). Observe that [i €
X((aj, 2a1—;), P) Ux((bj, wai—y), P)] & [i € x((bj, 2a—), (P, P?)]. Now applying Lemma 11
and noting the fact that (a;,zp—;) ¢ TPS(P', P?), we have

gp(bj7mk17j)(Pl’P2) = gp(aj»szj)(P> + Qp(bj,waj)(P)'

Once again, we have ¢, (P', P?) = 37, . p1 pey) (i) for all z € A. Progressively re-
placing the maximal alternative of each component in voter 1 and voter 2’s preferences and
noting that the previous expression holds at all profiles along the sequence, we conclude that
the expression holds for all profiles P. This establishes generalized random dictatorship for
the case N = 2 and completes Step 2.

Step 3: Let N > 2 be an integer. We assume the following:

Induction Hypothesis (IH*). For all integers K < N, if ¢ : [D¥]¥ — L(A) is strategy-proof
and satisfies unanimity, then it is a generalized random dictatorship.

Let ¢ : [DL]Y — L(A) be a strategy-proof RSCF satisfying unanimity. We will show that
it is a generalized random dictatorship.
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Let I' = {1',3,..., N} be a set of N — 1 voters where voters 3,..., N are the same voters
as in the set I. Voter 1’ is a voter obtained by “cloning” voters 1 and 2 in I. Define a RSCF
over the voter set I', g : [DL]V=1 — L(A) as follows:

g(PY,P*. . PN)=@(P', P!, P .. PY)forall P',P% .. PNeD"
It is clear that ¢ satisfies unanimity:.

Claim 3: g is strategy-proof.
Fix an arbitrary voter profile in I/, (PY, P3 ..., PN) € [D*]V~! and let P' € DY, Let
a € A. Since ¢ is strategy-proof

> g(PY P PY) = ©. (P, P, .. PY)

z€B(a,P) z€B(a,P)

(]

o (P, P, ..., PY) (1)

(]

z€B(a,P!)

(P, P ... PY) (2)

(]

z€B(a,Pl")

=Y (VPR PY)

z€B(a,PY)

Note that inequalities 1 and 2 follow from the strategy-proofness of .
Since a was arbitrary, voter 1’ cannot manipulate in g. If voters 3, ..., N can manipulate
g, they can also manipulate ¢. Hence g is strategy-proof establishing Claim 3.

It follows from Induction Hypothesis* that g is a generalized random dictatorship. Let
~9 be the function associated with g. We will write 9 € I'" for a voter sequence where
i} € I' for all j € M. Hence

gx(P:l/?PZ?"'JPN) = Z 79<Zg>
i9€x(z,(PY,P3...PN))
for all z € A.
Let T C M. Let i_g be an assignment of voters in {3,...,n} to components in M — T.

In particular i_p(k) is the voter in {3,...,n} assigned to component k € M —T.

We shall let i(T) denote the voter sequence where voter 1’ is assigned to all components
in T and i_p(k) is assigned to components k € M — T. Thus #(T) assigns 1’ to components
in T and agrees with i_p on M — T

An extra piece of notation will be useful. Let b € A and P € [DE]V. Let

Z(b,P,T)={i € x(b, P) and i;, ¢ {1,2} for some k € T'}
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In other words, Z(b, P,T) is the set of voter sequences in I"™ consistent with outcome b
and profile P such that neither voter 1 nor 2 appear for some component in the set 7.

Fix T and #(T'). Pick an arbitrary 2_p € Ay_p. We say that P € [DY)N is an (i(T), z_7)
extension of (P}, P#) if

(i) P induces (P}, P?) for voters 1 and 2 and component set 7.
(ii) @, = 7(PXT%) £ 7(Pr) for all v £ i(T), and k € M — T.
(i) 7(P) =7(P?) forallk e M —T.

We proceed in two steps.

Step o For all i(T) such that v9(i(T)) = 0, we let v(i(T), 2(T)_7) = 0 for all i(T) such that
i(T), € {1,2} forall k € T.

Step 3: We consider (T such that v9(i(T)) # 0, i.e. the 7(T)’s remaining after Step a has
been completed. Our strategy here is to define a two-voter RSCF h for voters 1 and 2 over
component set 7" depending on %(T) We do so inductively on the size of T'.

Consider T such that |T| = 1 Fix x_p € Ap_r. Define a two-voter, one-component
probabilistic rule AT as follows: for all profiles (P;, P?),

B (P, P2) = Plaren®P)= D A (3)

i€Z((ar,x_1),P,T)

¥ (i(T))

~

where P is an (¢(T),z_r) extension of (P}, P2).

We will show that h(®) is a RSCF, i.e. all the relevant probabilities are non-negative
and add up to one. Moreover, it is strategy-proof and satisfies unanimity. Using Step 2 for
two-person, one-component RSCF's, we will deduce that Ri(T) is a random dictatorship with
probability weights, ;7 (1) and ;) (2). Next, we let v(1r, i(T)_7) = WQ(E(T)).%(T)(D and
Y20, (T 1) = 79(%(T)).7;(T)(2). Here (17,4(T)_7) refers to a voter sequence where voter
1 appears for component 7" while the rest of the components agree with %(T)_T. A similar
interpretation holds for (27,%(T)_z). For all i € I" such that i, ¢ {1,2} for all k € M,
let v(i) = 79(i). We conduct this procedure with respect to all 4(T) such that |T] = 1 and
obtain the corresponding 7y’s.

In the next step, we consider i(T) such that |T| = 2. Once again, we define a two-voter,
two-component probabilistic rule h? as follows: for all profiles (P, P2),

; 1 .
h\T(P}, P}) = 0T [Plara_r)(P) — E v(3)] (4)
’}/ (Z< )) QEZ((aT,x_T),P,T)

where P is an (i(T), z_r) extension of (P}, P2).
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Note that we are only using the 7’s that we have constructed in the earlier step. We
will again show that R s a RSCF, is strategy-proof and satisfies unanimity. Appeal-
ing to Step 2, we deduce that KT i a generalized random dictatorship with associated
weights ;7 (i(T)) where i(T)x € {1,2} for all k € T. Thus, i(T) is a voter sequence
for the components in set T" where each element of the sequence is either 1 or 2. We let
~(@(T),1(T)—_1) = 79(%(T)).7;(T) (¢(7")). Once again, we conduct this procedure with respect
to all #(T") such that |T| = 2 and obtain the corresponding 7’s.

It is clear that we can continue this process till |T'| = m. In the general step, we consider
i(T) with |T| = k 4 1 after having applied the procedure for all i(T") with |T| < k and
obtained the corresponding 7’s. The probabilistic rule Ri(T) is obtained as follows: for all
profiles (P, P2),

il 1 i
B (Prs PP) = — < [ptara n(P) = >, ()] (5)
fy (Z< )) iEZ((aT,Z’_T),P,T)

~

where P is an (¢(T),x_7) extension of (P}, PZ).
Note once again that the v’s in the bracketed term in the RHS of the equation above only
uses the +’s obtained in the previous steps. Eventually, we will obtain ~(2) for all i € I™.
We will proceed in two steps.

Step A. Consider T" such that |T'| = 1. We show that hi(T) as defined in Equation 3 is an RSCF.
In addition, it is strategy-proof and satisfies unanimity. By virtue of Step 2, R s a
random dictatorship. Finally we show that this random dictatorship is (appropriately)
independent of the extension.

Step B. Suppose that for all 7" such that |T| < k, Ki(T) as defined in Equation 5 is an RSCF
which is strategy-proof, satisfies unanimity and (appropriately) independent of the
extension. Then, we show that the same is true for h*") for |T'| = k + 1.

Step A: Let T'= {j}. Note that R is a one-component rule (on component j) because
all components other than j are fixed by the extension procedure. The claim that XASEDRT
a RSCF follows immediately from Lemmas 4 and 5 in Sen (2011). Moreover, it is strategy-
proof and satisfies unanimity. It follows from Step 2 that RiUIY i a j-component random
dictatorship for players 1 and 2. Denote these probability weights by v;4((;y) (1) and Yis ({1 (2).
Note that these weights depend (amongst other things) on z_;j;_;; chosen for the extension.

LEMMA 12 The probability weights v;e((;)(1) and vie((;)(2) do not depend on the x_(nr—j
chosen for the extension.
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Proof: Suppose that the lemma is false, i.e. suppose that there exists x_g;y,y_¢j3 € Ay—gj)
with associated probability weights v(1),v(2) and 7/(1),7/(2) where v(1) # +/(1). ® Assume
without loss of generality that y(1) > v(2). Assume further that xy_g;; and ya—g; differ
over a single component, say k. For convenience, let voter #9({j}); be denoted as voter s. In

other words, voter s, s # 1 is the voter corresponding to component k in the voter sequence
9. Let P € [DF]N such that

(1 (Pk;Ak) = Tk.

(ii) The second-ranked alternative in the k-th component ranking P} is yy.

(iv T( Aj) = T(P‘?,Aj) =a; #b; = T(PZ,AJ').
(v

)
)
(iii) k is the lexicographic worst component in P*.
)
)

Pis an (#({j}),zn—;) extension of (P}, P?).

Let 7(P°,A) = (aj, 2, dy—jry) for some dy—giry € Ap—giny. From (ii) and (iii)
above, it is clear that the second ranked alternative in P° is (a;, yx, dp—gjky). (Note that
Tar— iy = (Th, dar—giwy) and yar— gy = Yk, dar—gjxy))- Since P is an (19({j}), za—;) extension
of (P1 P2) it follows from straightforward algebraic manipulation and strategy-proofness of

@ (for details, see Sen (2011)) that the total probability on the first and second ranked
alternatives in P* in the profile P is

Y(1) 49 (1) + > (@) + > ¥ (4). (6)
i€Z((aj,xr,dpr—g5,51) P17} 1€Z((aj,Yk,dnr—4,63)) {5}

Now suppose s changes her announcement to P° where the first and second ranked
alternatives are interchanged. This is feasible because k is the lexicographic worst component.
If (P*, P~*) is not an extension of (le, Pj?), there is nothing to be proved. Suppose, on the
other hand that it is an extension. By virtue of earlier arguments, the total probability on
the first and second ranked alternatives in P? in the profile P is

Y (1)A2 ) + > (@) + > (@) (7)
i€Z((aj,xr,dpr—g5,63) P15} 1€Z((az,yn,drr—£5,63)) P {d})

Since (1) # /(1) by assumption, it follows that expression 6 # expression 7 contradicting

the strategy-proofness of . Progressively changing the components of xp;—; to ya—; and

applying the argument at every stage completes the proof. ]

REMARK: Note that the argument in the Lemma above also works for the case where voter
s in the construction above, is one of the voters 1 or 2. The only case that remains is when

5We drop the subscripts and superscripts for convenience.
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voter s # 1,2 and the maximal alternative in a component k other than j for either voter 1
or 2 coincides with the maximal element in component k£ for s. We do not have to deal with
this situation in Steps A or B - we therefore address it in the final step of the proof.

Step B: Fix T € M and i(T) such that |T| = k + 1. Following the procedure outlined
previously, we have obtained probability weights v(i(T"),2(T)_r), for all T such that |T'| < k.
As described earlier, i(T) is a voter sequence over components in 7" where element of the
sequence is either 1 or 2. Thus, (i(T),#(T)_r) is a voter sequence that is either 1 or 2 for
all components in 7' and agrees with ¢(T) in M — T (i.e. consists of voters from 3 through
N). Moreover, the 4’s so obtained are appropriately independent of the extensions used to
generate them.

Consider the probabilistic rule AT in the general step (Equation 5). Observe that hi™)
is well-defined, i.e. all the terms in the summation on the RHS of Equation 5 are known. We
will show that it is a strategy-proof RSCF satisfying unanimity. We begin with a preliminary
Lemma.

LEMMA 13 Suppose 7(P}) = 7(P2) = ap. Let P be an (i(T),z7) estension of (Pp, P3).
Then

Qo(bT,fJLT)(P) = Z ,yg(gg)

igEX((bT:l"—T)vP)

for all by € Ap. ©

Proof: In view of the definition of an extension, we can assume w.l.o.g 7(P!) = 7(P?) = a.
We know from IH* that

Qo(bT,x—T)(PlvPlaPSw"vPN) = Z v9(i%)
9ex((br,xz_7),P)
where (P!, P3 ... PN) are obtained from the extension P. Pick k € M — T and ¢ =
(g, anr—r). Assume w.lo.g. that @ (P, P? P3 ... PN) > @.(P', P, P3 . .. PN) (clearly,
such a ¢ must exist). Pick P? € DF such that a and ¢ are the first and second ranked
alternatives in P? respectively. This is possible by making %k the lexicographically worst
component. By strategy-proofness

6We are abusing notation slightly here. In the term Zzg»Ex((bT.,m_T),P) ~v9(#9) in the expression above,
the P in x((by,z_7), P) refers to the N — 1 profile (P'', P3,..., PY) where P = P!. We freely use this
notation in the rest of the proof - the interpretation should be evident from the context.
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(P, P? P3 ... . PN) = (P, P P3 . .. PY)
= o (P, P*, P3 ... PNy > /(P P?P3 . . PN
= o (P, P*, P ... PY) > (P, P P . . PY)

— (,OC<P2,P2,P3, 7PN)

Also, @, (P, P2 P3 ..., PN) = ¢,(P% P2, P3 ..., PN). Hence voter 1 manipulates at
(P2, P2, P3,..., PN) via P'.

Now pick k,1 € M—T and consider d = (dy, d;, api—gx,y) such that q( P!, P2, P3,... PY) >
pq(PY, Pt P2, ..., PN). We know from the preceding argument that o.(P', P2,..., PY) =
Divex(ep) V(@) for all ¢ = (¢j, an—;) and all j € M —T. Now consider P? € DX where k and
[ are the lexicographically worst components. Moreover P? such that a = 7(P?) and all al-
ternatives better than d differ from a in exactly one component. We can replicate the earlier
argument to show that (P, P%, ... PN) = ZZQEX(d7P) 7v9(19). Moreover, applying the argu-
ment repeatedly, we can conclude that ¢, (P P? ..., PY) = Y ivex((ara_q).p) VY (E)-
In the same way, we can progressively switch single components in T' from ar to some arbi-
trary by to show that O, o) (P, P2, PY) =3 e (orap.) V(). |

Our next Lemma establishes that the probabilistic rule Ri(T) is an RSCF.

LEMMA 14 For all (P}, P3),
(i) Sapeny bz (PhPR) =1,
(i1) hi(TT)(P%,P%) >0 for all ar € Ar.

Proof: We begin with (i). Consider first the situation where 7(P}) = 7(P2) = az. In view
of Lemma 13, we can assume w.l.o.g. that P} = PZ Moreover, our extension rule implies
that P! = P?. We know from Induction Hypothesis* and the definition of ¢ that

SO((ZT,x_T)<P17P27P37-..7PN) — gaT<P1,,P37...,PN)

= > V(&)

i9ex(ar,x_r),(PY,P3,... .PN))

= 27((T)) + > @ ()

icZ((ap,x_7),(PY P3,.. PN)T)

The last step in Equation 8 holds for the following reasons. Since 7(P}) = 7(P?) # x4
for all k € M — T, it follows that if i € x(arp,z_7), (PY, P3,..., PY)), 1’ can appear only
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for components in T. Therefore x((ap,z_7), (P, P?,..., PN)) can be partitioned into two
components, one being ¢(T") and the other being Z((ar, z-7), (PY,P3, ..., PN)).

Now using Equation 5, it follows that hir )(P%,P%) = 1. Consider by # arp. Note
that W(T) ¢ x((bp,z_7),(PY,P3 ..., PN)). Using Equation 5 once again, we infer that
" (P, P2) = 0.

Consider an arbitrary profile (P;, P?). We can start with the profile (P#, P?) and reach
(P}, P2) by switching adjacent “blocks” of alternatives in Pp. The total probability on two
adjacent blocks is conserved under switching of these blocks by the strategy-proofness of .
It follows that the sum of the probabilities of the maximal elements of PL and P2 in hi™)
remains unchanged at the RHS of Equation 8. This implies that the total probability of all
alternatives in the domain of 2™ is one.

We now consider (i7). We have already shown in (i) that in the case where 7(Pp) =
7(P2) = ar, hZ(TT)(P%, P2) =1and hé(TT)(P%, P2) = 0 for all by # ar. Therefore hi(TT)(P%, P2) >
0.

Suppose that ar = 7(P}) # 7(P2) = by. Consider an arbitrary alternative cp € Ap. Our
strategy is to construct another profile by “lowering” (c¢r, z_r) as far as possible while making
the maximal alternatives of voters 1 and 2 (in the set T') agree on at least one component
in T'. We can then use the induction step the probability rule R defined over component
set |T'| < k+1, is an RSCF to conclude that probability of ¢r in this profile (under AT or
(¢, c_7) under ), is non-negative. Now strategy-proofness of ¢ implies that the probability
of (er,x_7) in the original profile is no lower than its probability in the constructed profile
which we have argued to be non-negative.

In the special case where ¢ differs from ar and by for all components in T', note that in
the domain of hg(T), cr can be made last and both voters made to have a common maximal
alternative in Ar (either by or ar).

Suppose that cr agrees with ar for some component k& € T'. If ¢, = by, then a;, = b, and
the non-negativity of hi(TT) follows immediately from the induction step. Assume therefore
that ¢, # by. Construct a preference ordering P; for voter 1 such that

(i) bx and ay are the best and worst elements in Ay according to Pkl.
(ii) k is the lexicographically worst component in M.
(iii) P}, = Pl , (this has been defined earlier).

It follows from our construction that B(cr, PE) € B(er, P3) (in the domain of hi™); for
v, we append x_r to ¢y everywhere.) By strategy-proofness of ¢, the probability of (¢r, z_7)
under ¢ in the profile (P, P% ... PY) is at least as great as the probability of the same
alternative in (P!, P?,..., PV). However, we know the induction step on the |T'| that the
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probability of the latter (P!, P?) under Ri(T) s non-negative. This concludes our argument.

Observe that we have already shown that Ri(D) satisfies unanimity. The strategy-proofness
of KT follows straightforwardly from its construction and the strategy-proofness of ¢ (we
omit the details of the argument). It now follows from Step 1 that KT is a generalized
random dictatorship. Let the weights associated with this generalized random dictatorships
be denoted by v"(i(T)). Once again i(T) is a voter sequence over components in 7" with
every element of the sequence being either voter 1 or 2. As before let,

A(T), H(T) 1) = 1 G(T)) ALy (D)

This procedure allows us to obtain the probability weights v for all voter sequences where
the cloned voter appears over a set of components of size k 4+ 1. Note that these probability
weights obtained at this Step depend on the extension xzr. In order to complete Step B, we
need to show that these weights are, in fact, independent of the x_r chosen. this generalized
random dictatorship is appropriately extension-independent.

LEMMA 15 Let v = y(i(T),i(T)—_7) and v = ~'(i(T),i«(T)_1) be the probability weights
associated with the extensions x_r and y_ respectively. Then v = ~'.

Proof: We shall follow the arguments in Lemma 12 closely. As before, assume further that
x_7 and y_r differs over a single component, say k. For convenience, let the voter in the kth
component of the voter sequence (i(T),7(T)_7) be denoted by s. Pick a profile P € [D!N
such that

(i) 7(F, Ax) = .
(ii) The second-ranked alternative in the k-th component ranking P} is yy.
(iii) k is the lexicographic worst component in P?.
(iv) 7(P},A;) =7(P;, Aj) = a; # b; = 7(P?, A;) forall j € T.
)

(v) Pisa (i(T),z_g) extension of (P}, P2).

Let (ar, zk, dp—7—k) be the first-ranked alternative in P°. By construction, the second-
ranked alternative in this ordering is (ar, yx, dps—7—x). Using the definition of a generalized
random dictatorship, the total probability on these alternatives in in the profile P under ¢,
is given by

YA (UT)) + > (@) + > (@) (9)

i€Z((ar,xr,dv—T—k),P,T) i€Z((ar Yy drvi—7—1)),P.T)
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Now suppose s changes her announcement to P° where the first and second ranked
alternatives are interchanged. This is feasible because k is the lexicographic worst component.
If (P*, P~*) is not an extension of (P}, P?), there is nothing to be proved. Suppose, on the
other hand that it is an extension. By virtue of earlier arguments, the total probability on
the first and second ranked alternatives in P? in the profile P is

Y A T)) + > (@) + > 7(0). (10)
i€Z((ar @k, dpr—7—1),P,T) i€Z((aryk,dar—r—1)),PT)

Note that the « terms in the summation terms in the RHS of both expressions 9 and 10
are obtained from the earlier steps with cardinality of T" < k. By the induction hypothesis,
these 7’s are independent of the extensions x_7 and y_p. This justifies the use of the same
~’s in the summation terms in the RHS of expressions 9 and 10. If v = +/, the two expressions
are different contradicting the strategy-proofness of . ]

Our arguments thus far can be summarized as follows. We have constructed probability
weights 7(i) for every voter sequence i € I"™ with the following property:
For any P € [D¥]¥ and a € A such that there does not exist voters 7,7 € I\ {1,2} and
k € M with 7(P}, Ay) = 7(P], Ay) = ay, we have

calP) = 3 20) (11)
i€x(a,P)

Equation 11 is obtained by rearranging terms in Equation 5 and using our definition for
~. In order to complete the proof of the Theorem, we will show that Equation 11 holds for
all profiles and alternatives.

Consider a profile P and an alternative a such that there exists exactly one component,
say k and exactly two voters i,j € I\ {1,2} such that 7(P}, Ay) = 7(P], Ay) = a; and
(P}, Ag), (P2, Ay) # ay, ie. for all voters other than 1 and 2, their maximal alternatives
over components [ # k differs from a;. Moreover, all voters than ¢ and j have maximal
alternatives in A, different from a;,. We will show that Equation 11 holds for this P.

Let ¢, € Ay, be such that it differs from the maximal alternative in Ay, for all voters (such
an alternative exists because Ay has at least three alternatives). Assume w.l.o.g that k is
the lexicographically worst component and b, is second-ranked alternative in Ay (after ay)
for voter i. Now consider an ordering P* where the top two alternatives in P} are switched
(this is feasible by assumption). Observe that Equation 5 holds for the profile (P!, P~%) for
the alternatives a and (bg, a_g). Therefore,
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Qpa(pivp_i) + Qp(bk,a_k)(Pi7P_i) = Z '7(1) + Z ’7(1)

iex(a,(P*,P~1)) iex((br,a—g),(P?,P%))
= ). ) (12)
i€x(a,P)

Note that the second step in 12 follows because x(a, P) = x(a, (P, P~%))Ux((bg, a_1) (P!, P7Y)).
We will show that the LHS of Equation 12 in ¢, (P).

Suppose that the claim above is false, i.e. w(bha%)(Pi, P~ > 0. We can assume w.l.o.g
that (bg,a_) is the worst element in P? (the only restrictions on P? require its maximal
elements to be different from those of the others). If voter 2 matches its maximal alternative
with that of voter 1, the probability on (b, a_j) can be made to equal zero. This will be a
manipulation by voter 2. Therefore ¢o(P) = >_,c (. p) V(@) as required.

We can apply this argument repeatedly to show that Equation 11 holds for any profile P
and any alternative a. This completes the proof of the Theorem. [

We have proved our result for lexicographically separable preferences. An important open
question is whether the result generalizes to separable supersets of this domain.

4  CONCLUSION

We have generalized the random dictatorship result of Gibbard (1977) to a multi-dimensional
setting where voter preferences are lexicographically separable. In particular we have shown
that strategy-proof random social choice functions satisfying unanimity are generalized ran-
dom dictatorships. These are induced by a fixed probability distribution on voter sequences
of length equal to the number of components. Although the joint distribution on outcomes
is not the product of strategy-proof component random social functions, we have shown that
the marginal probability distribution on each component at a preference profile depends
only on component preferences. Moreover the marginal random social choice functions are
in fact, strategy-proof and therefore random dictatorships. An important question for future
research is whether the decomposability of the marginal random social choice functions holds
more generally, for instance, for “rich domains” as defined in LeBreton and Sen (1999).
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