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Since the 1950s a voluminous literature on issues related to structural changes has been developed. As

Perron (2006) remarks, early works were mostly designed for the specific case of a single change. Andrews
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(1993) proposes a supremum-type (sup-type) test for a one-time break in the GMM framework. Andrews
and Ploberger (1994) consider the exponential-type (exp-type) and average-type (avg-type) tests for a
one-time break in linear regression models and investigate their optimality properties under Pitman local
alternatives. Bai (1995) and Bai (1998) consider the median estimation of a regression model with a single
break and multiple breaks, respectively. Bai (1997a) and Bai (1997b) study the least squares estimation
of a regression model with a single break and with multiple breaks, respectively. Bai and Perron (1998)
extend the sup-type test to models with multiple changes and propose a double maximum test against
the alternative under which only the maximum number of breaks is prescribed. They also consider a
sequential test for the null hypothesis of ¢ breaks against the alternative of £+ 1 breaks. Bai et al. (1998)
consider a sup Wald test for a single change in a multivariate system, Qu and Perron (2007) extend the
analysis to the context of multiple structural changes in multivariate regressions, and Kurozumi and Arai
(2006) study inferential problems for multivariate time series with change points, all allowing stationary
or integrated regressors as well as trends. Su and White (2010) consider tests of structural changes
in semiparametric models. As Bai and Perron (2006) show, the multiple structural change tests tend
to be more powerful than the single structural change tests when multiple breaks are present. For a
comprehensive survey on structural changes, see Perron (2006).

Despite the satisfactory power properties of multiple structural change tests, they are subject to some
practical problems. First, one major practical difficulty is that one needs to consider all permissible
partitions of the sample in order to construct the avg- and exp-type test statistics, the number of which
is proportional to 7™ with T and m being the total number of observations in the sample and the
number of breaks under the alternative, respectively. When m > 3, the computational burden can be
prohibitively heavy. For this reason, Bai and Perron (2003a) propose an efficient dynamic-programming-
based algorithm to compute the sup-type test statistic, which requires only O (T?) computations for any
fixed number of breaks. Andrews (1993) and Bai and Perron (1998, 2003b) tabulate the critical values
for the sup-type test for a one-time break and multiple breaks, respectively. Andrews and Ploberger
(1994) tabulate critical values for the exp- and ave-type tests for a one-time break. The critical values
for the last two types of tests in the case of multiple breaks have not been available until Kurozumi
(2012) who tabulates the critical values for the exp-type test for at most three breaks and those for the
sup- and ave-type tests for up to five breaks because the computation for the former test is prohibitively
expensive in the case of m > 3 whereas the latter two tests only require O (TQ) operations for any given
number of breaks under the alternative. Second, for all tests for structural changes in the literature
one has to apply some trimming parameter, say, by trimming 100e percentage of tail observations, and
by requiring the minimum length of a segment be €I', where € typically takes values from 0.05 to 0.25.
Both the asymptotic distribution and the finite sample performance of the test heavily depend on €. One

may draw different conclusions for different choices of € and the desirable choice of € heavily depends on



the underlying data generating process (DGP). See Bai and Perron (2003a, 2006) for discussions on the
importance of the choice of € for the size and power of the test. Third, the asymptotic distributions of the
test statistics depend on the number of regressors in the model. It remains unknown how the presence
of irrelevant regressors affects the performance of the tests. Another undesirable feature of the test of no
break versus a fixed number of breaks is that one has to pick a number of breaks under the alternative,
as practitioners often do not wish to pre-specify a particular number of breaks before making inferences.

In this paper we explore a different approach to the study of structural changes in regression models.
For clarity, we focus on structural changes in a linear regression framework. But our methodology can
be easily extended to the GMM framework, quantile regression, and systems of equations. Unlike the
early literature which tries to test the number of breaks first and then conduct estimation and inference
subsequently, we focus on the simultaneous estimation of the number of breaks and model parameters via
the method of group fused Lasso (least absolute shrinkage and selection operator). See Tibshirani (1996)
for the introduction of Lasso, and Knight and Fu (2000) for the first systematic study of the asymptotic
properties of Lasso-type estimators. Tibshirani et al. (2005) propose a total-variation-based shrinkage
technique, namely, the fused Lasso, a generalization of the Lasso designed for problems with features
that can be ordered in some meaningful way. It penalizes the Li-norm of both the coefficients and their
successive differences and encourages sparsity of both the coefficients and their successive differences.
Friedman et al. (2007) propose a pathwise coordinatewise optimization algorithm to solve the fused
Lasso problem. Rinaldo (2009) considers three interrelated least squares procedures for the fused Lasso
and studies their asymptotic properties in the context of estimating an unknown blocky and sparse signal.
Harchaoui and Lévy-Leduc (2010) apply the idea of fused Lasso to study the change point problem in
one-dimensional piecewise constant signals. Bleakley and Vert (2011) propose fast algorithms to solve
the group fused Lasso (hereafter GFL) problem to detect change points in a signal, and Angelosante and
Giannakis (2012) develop an efficient block-coordinate descent algorithm to estimate piecewise-constants
in time-varying autoregressive models. But they do not study the asymptotic properties of the resulting
estimators of break points or regression coefficients.

We show that under suitable conditions on the tuning parameter, minimum regime length, minimum
break size, and the underlying data generating process (DGP), the GFL procedure can not under-estimate
the number of breaks in the DGP, and when the number of estimated breaks coincides with the true
number of breaks, all break points can be “consistently” estimated as in Bai and Perron (1998). We
further propose a BIC-type information criterion to determine a data-driven tuning parameter that can
yield the correct number of breaks with probability approaching one (w.p.a.1). The limiting distributions
of the break date estimates, the regression coefficients estimates, and their post-Lasso versions are also
derived. We emphasize that we derive all asymptotic results under a set of fairly general conditions. In

particular, the number of observations within each regime may not be proportional to the sample size,



the break magnitudes may differ across different break points, and the number of breaks may diverge to
infinity as the sample size passes to infinity. Simulations demonstrate that our procedure works reasonably
well in finite samples.

To proceed, it is worth mentioning that our paper contributes to the recent literature on the appli-
cations of Lasso-type shrinkage techniques in econometrics. These include Caner (2009) and Fan and
Liao (2011) who consider covariate selection in GMM estimation; Belloni et al. (2012), Caner and Fan
(2011), Garcia (2011), and Liao (2013) who consider instruments or moment conditions selection in the
GMM framework. In addition, Caner and Knight (2013) and Kock (2013) apply bridge estimators to
differentiate a unit root from a stationary alternative and to study oracle efficient estimation of linear
panel data models with fixed or random effects, respectively; Liao and Phillips (2014) apply adaptive
shrinkage techniques to cointegrated systems; Lu and Su (2013) apply adaptive group Lasso to select
both relevant regressors and the number of unobserved factors in panel data models with interactive
fixed effects; Cheng, Liao, and Schorfheide (2014) use adaptive group Lasso to detect and disentangle
two types of instabilities in factor models.

The rest of the paper is organized as follows. Section 2 introduces our GFL procedure. Section
3 analyzes its asymptotic properties. Section 4 reports the Monte Carlo simulation results. Section 5
provides an empirical application and Section 6 concludes. All proofs are relegated to the appendix.

NOTATION. For a real matrix A, we denote its transpose as A’, its Frobenius norm as || A||, and its
Moore-Penrose generalized inverse as AT. When A is symmetric, we use fi,,,, (A) and p,;, (A) to denote
its largest and smallest eigenvalues, respectively. I, denotes a p x p identity matrix and Oqxp an a x b
matrix of zeros. Let 1{-} denote the usual indicator function. The operator L denotes convergence in

probability, 4, convergence in distribution, = weak convergence, and plim probability limit.

2 Penalized Estimation of Linear Regression Models with Mul-
tiple Breaks

In this section we consider a linear regression model with an unknown number of breaks, which we

estimate via the GFL.

2.1 The model
Consider the following linear regression model
yt:ﬁ;xt—i—ut, tzl,...,T, (21)

where z; is a p x 1 vector of regressors, u; is the error term, and 3, is a p x 1 vector of unknown coefficients.

We assume that the coefficients {3, ..., 87} exhibit certain sparse nature such that the total number of



distinct vectors in the set is given by m + 1, which is unknown but assumed to be much smaller than the

sample size T. More specifically, we assume that
Bi=oajfort=T;_1,..., 7y —1land j=1,...,m+1,

where we adopt the convention that Ty = 1 and T,,41 = T + 1. The indices T3, ...,T}, indicate the
unobserved m break points/dates and the number m + 1 denotes the total number of regimes. We are

interested in estimating the unknown number m of unknown break dates and the regression coeflicients.

Let o, = (s yq)" and Ty, = (11, ..., T3y -

Throughout, we denote the true value of a parameter with a superscript 0. In particular, we use m?,
aglo = (a?’, e a%oﬂ) and Tngo = ( 79, ..., TT%U) to denote the true number of breaks, the true vector of

regression coefficients, and the true vector of break dates, respectively. Hence the data generating process
is assumed to be

:B?/xt+ut7 t:17"'7T7 (22)

where 59 = of fort =T7 ,..T) —land j=1,...m° +1; T9 =1 and T, =T + 1.

2.2 Penalized least squares estimation of {,}

Since neither m nor the break dates are known and m is typically much smaller than T, this motivates us
to consider the estimation of 8,’s and 7, via a variant of fused Lasso a la Tibshirani et al. (2005). We

propose to estimate {f,} by minimizing the following penalized least squares (PLS) objective function

T
Vs ({B,}) = Z —Brae) AN 18, Bea | (2.3)

t=1 t=2
where A = Ar is a positive tuning parameter. Harchaoui and Lévy-Leduc (2010) consider a special case
where p = 1 and z; = 1 so that the penalty term Zthg Hﬁt — 5&1“ becomes Zthg \Bt — Bt71| , the total
variation of {f3,} . Note that the objective function in (2.3) is convex in {f,}. The solution to the convex
problem can be computed very fast. Let {8, = /3, (\)} denote the solution to the above minimization
problem. We frequently suppress the dependence of Bt on A as long as no confusion arises. In Section
3.2 we will propose a data-driven method to choose .
To see the connection of (2.3) with the group Lasso of Yuan and Lin (2006), we can rewrite (2.1) in an
alternative format. Let 6, = 5, and 6; = 8, —0,_, fort =2,...,T. Let B = (5'1, ...,BIT)/, 6= (0’1, ...,0})/ ,
Y = (y1,...,yr) and U = (uy,...,ur)" . Define

7 L,
xt I I
X = 2 oA = " cand X' = XA
TXTp TpxTp TxTp
Ty L, L, L, L



Then (2.1) can be rewritten as Y = X3+ U = X*0 + U and minimizing (2.3) is equivalent to minimizing

the following group Lasso criterion function

T T t 2 T
_ 1 . 1
Vra ({6:}) = THY*X 9”2+>‘ZH0tH = TZ <yt1’2295> +/\Z‘|9t“~ (2.4)
2 t=1 s=1 t=2

t=
For a given solution {Bt} to (2.3), there exists a block partition {By, ..., Bsi1} of {1,2,...,T} such
that
Bt = ﬁs forall t,s € Bj = {Tj,hfj — 1] and Biy =+ ijfl, j=1..m+1,

where Ty = 1 and Tm+1 =T+ 1. That is, m and ’j;;l:(fl, - Tm) denote the estimated number of breaks
and estimated set of break points, respectively. Given the above block partition, we define &; = é&; (’j'm) =
B@ﬂ as the estimate of o; for 7 = 1,...,m + 1. Frequently we suppress the dependence of &; on T (and
\) unless necessary. Let &, = @i (T) = (61(T5)', ooy g1 (T7)'). For any i, = (o, ...,a’,n+1)/ and
T ={T1,... T} with 1 < T} <--- <T,, <T, we can define

1

[VE

1 m
QT)\ (amaTm) = T ;

S (e —afw)” A g —ayll. (255)
t:T]'71

1 j=1

Then Qra(8un; Tm) = Vira ({8, ).

As we shall show in Theorem 3.3 below, under some weak conditions P (Th > mo) —lasT — oo.
That is, the estimated number of breaks based on the GFL will be no less than the true number of breaks
w.p.a.l. For GFL to produce the correct number of breaks w.p.a.l., we will propose an information

criterion to determine the choice of .

3 Asymptotic Properties

In this section we address the statistical properties of the GFL procedure.
3.1 Consistency of the GFL

Let I;-) = T]Q — T;L1 for j = 1,...,m° + 1. Define

Ipin = min ‘I]O
1<5<mO+1

, and Jpax = max HO&?_H — onH .

‘ Jmin = min HocQ —a
) Jj+1 1<j<mo J

1<j<mo i
Apparently, I, denotes the minimum interval length among the m® + 1 regimes, and Jy,i, and Jyax
denote the minimum and maximum jump sizes, respectively.

To study the consistency of the GFL, we make the following assumptions.
Assumption Al. (i){(z¢u), t = 1,2,...} is a strong mixing process with mixing coefficients « (-)

satisfying a (1) < ¢op” for some ¢, > 0 and p € (0,1). E (z4uy) = 0 for each ¢.



(ii) Either one of the following two conditions is satisfied: (a) sup;~; & ||z¢ |* < o0 and sup;>q B Jug | <
oo for some g > 1; (b) There exist some constants c;, and ¢y, such that sup;s; Elexp(cee lz¢|*7)] <

Croe < 00 and sup;s; E [exp (ceu [|[211e]|")] < Cru < 00 for some 7y € (0, 00].

Assumption A2. (i) There exist two positive constants ¢, and ¢, and a positive sequence {dr}
declining to zero as T' — oo such that

. 1 r—1 1 r—1 B
Cow < 1§5<1£1£T+1 Fmin (T — tZ_;E(%ﬂcé)) S OSUD iy (: ;E(ﬂctmé) < Cax-

1<s<r<T+1
r—s>Tér r—s>Tdr

(ii) Té7 satisfies one of the following two conditions: (a) Té7 > ¢, T/9 for some ¢, > 0 if Al(ii.a) is

satisfied; (b) T67 > ¢, (logT)®™/7 for some ¢, > 0 if AL(ii.b) is satisfied.

Assumption A3. (i) m® = O (logT) and Iin/(T61) — 00 as T — oo.
(i) Jmax = O (1) and T6rJ2,, /(logT)% — oo as T — oo where ¢5 = 6 if Al(ii.a) is satisfied and
cs = 1 if A1(ii.b) is satisfied.
(iii) The tuning parameter A = Ar satisfies A\/(Jmind7) — 0 as T — .

(iv) 67 = O(T'I}2) and TmO[(10g Tin ) /2T~ /21 12 4 1L 4T 71/2] (i J2

min min)_l — 0asT — oo.

Assumption A1(i) requires that {(z:,u:)} be a strong mixing process with geometric decay rate. It is
satisfied by many well-known processes such as linear autoregressive moving average (ARMA) processes
and a large class of processes implied by numerous nonlinear models, including bilinear, nonlinear au-
toregressive, and autoregressive conditional heteroskedastic (ARCH) type of models. Note that we do
not require the error process {u;} to be a martingale difference sequence (m.d.s.) with respect to certain
filtration. Let F; = o-field{xsy1,us, ¢, us—1, ...} . Bai and Perron (1998) specify two sets of conditions
for the process {(z,ut)} : one requires that it be an L*-mixingale sequence for some a > 4 but imposes
independence between x; and u, for all ¢ and s and thus rules out lagged dependent variables in x¢; the
other requires that {u;} be an m.d.s. relative to F;, allowing the presence of lagged dependent variables
in z;, but ruling out serial correlation in {u;}. In stark contrast, A1(i) allows both lagged dependent
variables in x; and serial correlation and heteroskedasticity in wu;. This is important as the model can
be dynamically misspecified. The conditions stated in A1(ii) pertain to two specific cases related to the
moments of z; and u;. Part (a) in A1(ii) only requires finite moments for them whereas part (b) requires

the existence of exponential moments. By Markov inequality, part (b) implies that

P (lonl? 2 v) < exp (1- (T))

where K = max (1,log C,) . That is, the tail probability of ||J2;||* has to decay exponentially. Similar
remarks hold for ||z;ut||. v = oo in part (b) corresponds to the case where ||x:|| and ||u¢|| are uniformly
bounded. When combined with A1(i), the conditions in A2(ii) allow us to apply some exponential

inequalities for strong mixing processes; see, e.g., Merlevede et al. (2009, 2011).



Assumption A2(i) requires that the sequence {E (z:z})} be well behaved. It is automatically satisfied
if the process {x;} is covariance-stationary with positive definite covariance matrix. Nevertheless, we
do not want to make such a strong assumption because the presence of lagged dependent variables in
x; generally invalidates it when a structural change occurs. In sharp contrast, Assumption A3 in Bai
and Perron (1998) requires that the matrix By, = Z:;: x¢xy be invertible for all r — s > p. A similar
assumption is made in Bai (1998) and Kurozumi (2012), among others. It seems difficult to verify this
condition if possible at all. Nevertheless, one can verify that T—iSBST is invertible w.p.a.1 under our
Assumptions A1-A2 by assuming r — s passes to infinity sufficiently fast. A2(ii) restricts the speed at
which §r shrinks to zero. If x; and wu; only exhibit finite 4¢g-th moments for some g > 1, then the fastest
speed at which 67 — 0 is given by 67 oc T(!=9/%, On the other hand, if A1(ii.b) is satisfied, the fastest
speed at which 67 — 0 is given by 67 o (logT)*™/7 /T, which is further simplified to (logT') /T if both
x; and u; are uniformly bounded.

Assumption A3 specifies conditions on m°, §7, Imin, Jmin, and A. Note that we allow the number
of breaks to diverge to infinity slowly and the time intervals in different regimes to diverge to infinity
at different rates as T — oo. This is in sharp contrast with Bai (1998), Bai and Perron (1998), and
Kurozumi (2012), who assume that the fized number of multiple break points are asymptotically distinct
in the sense that T) = |T)] where 0 < &9 < --- < k0, < 1 and || denotes the integer part of -. As
we shall see, dp will control the rate at which TJ /T converges to TJQ /T when the number of break points
are correctly estimated. If one only cares about the convergence rate of Tj/T to T7/T as in Theorem 3.1
below, A3(i) specifies the slowest rate at which dr is allowed to converge to zero: dr < Imin/T; A3(ii)-

(I;gJZ)Cé , L) < 7. Here

min Jmin

(iil) specifies the fastest rate at which 7 is allowed to converge to zero: max (
a < b indicates that a = o (b) as T — oo. In addition, A3(i)-(ii) imply that and IinJ2;,/(logT)% — oo
as T — oo and A3(i) and (iii) imply that AT/ (IiyinJmin) — 0 as T — oo, which will be used in the proofs
of the theorems below.

A3(iv) is required for the proof of Theorem 3.3 below. The first part of A3(iv) is imposed to ensure
root—I]Q consistency of &; for all j and to simplify the other conditions. To get some intuition about the
second part of A3(iv), we suppose that I, o< T for some a. It is easy to see a € (1/2,1] in order for
the second part of A3(iv) to be satisfied and m® = O (1) if a = 1. Let v, = (log Imin)C6/2T_1/2.[;i1n/2 +
I-L +T=1/2 Note that vy = O((log T)/>T~") and O(T~/?) when a = 1 and a € (1/2,1), respectively.

Then the second part of A3(iv) requires

Case 1: (logT)*/2T-1/J2, =o(1) ifa=1
Case 2: T'?m0/(IninJ2,,) = o(1)  ifa € (1/2,1)
Apparently, by allowing m® — 0o as T — oo in Case 2, Iin cannot be proportional to T and we need

to impose slightly stronger restrictions on Ini, and Jynin than those needed for the case of fixed m°. In



particular, I,i,J2., must diverge to infinity faster in the case of divergent m® than in the case of fixed

mP. In addition, in Case 1 the conditions in A3 are reduced to
Assumption A3*. As T — oo, 67 = O(T~'/?), TépJ2
(log T)/*T "/ J3,

m

i/ (logT) — 00, A/(Jmindr) — 0, and
— 0.

The following theorem establishes the consistency of {7} and {é;} conditional on the event i = m°.

Theorem 3.1 Suppose that Assumptions A1-A2 and A3(i)-(iii) hold. If h = m°, then
(i) P (maxlgjgmo Tj - TJQ’ < T6T> —1asT — oo,
(i) é; — af = Op ((I]Q)_l/2 + A\T/19 + 67T/1Y) for each j =1,...,m° +1.

The proof of Theorem 3.1(i) is quite involved. It builds upon some techniques that have been recently
developed by Harchaoui and Lévy-Leduc (2010). The latter authors aim at estimating multiple location
shifts by assuming independent and identically distributed (IID) errors that have exponential moments.
Like Harchaoui and Lévy-Leduc (2010), our analysis is based on a careful inspection of the Karush-Kuhn-
Tucker (KKT) optimality conditions for the solutions to the PLS problem in (2.4). Using these optimality
conditions and some exponential inequalities for strong mixing processes, we prove Theorem 3.1(i) by

contradiction. That is, if

Tj — T]Q’ > Tér for some j = 1,...,m°, we show that w.p.a.1 the solutions
will not satisfy all the KKT conditions and therefore cannot be optimal. Extra technicality appears here
because of the presence of regressors that may contain lagged dependent variables, the allowance of only
finite 4¢-th moments for z; and u;, and the allowance of serial dependence and heteroskedasticity in
the error process. The proof of part (ii) in Theorem 3.1 simply relies on the result in part (i) and the
inspection of the KKT optimality conditions.

Tj — TJQ‘ /T = Op (d7) , where max ((1;%2?66 , J;j:m) < dr as

Theorem 3.1 suggests that max;<;<mo

explained above. On the one hand, because 7 = o (1), we have ‘TJ — T]Q) /T = op(1), implying that the

(log T)%% A
TJmin 7 Jmin

that the fastest convergence rate for the break ratio estimator depends on % and (IOTgJ# Here, the

min

break ratio T]Q /T can be consistently estimated. On the other hand, max ( ) < 67 implies
first term signifies the effect of the penalty term in the GFL that interacts the minimal break size Jpin;
the second term signifies the effect of moment conditions (¢s = 6 if the moment condition in Assumption
Al(ii.a) is satisfied and 1 if that in Assumption A1(ii.b) is satisfied) and minimal break size. Generally
speaking, the smaller the minimal break size is, the slower convergence rate we can achieve for the break
ratio estimator; the stronger moment conditions we have, the faster convergence rate the break ratio
estimator can have. The result in Theorem 3.1(ii) is intuitive. The first term ((1?)7/?) results from the
standard sample convergence as there are essentially I ]Q observations in use for the estimation of 05?; the
second term (AT'/I?) is derived from the penalty term in the GFL; the third term (577/I3) is derived

from the estimation error of TJQ. If one knows the break dates {TJO, j =1,..,m"} in advance, then the

third term vanishes.



To compare with existing results in the literature, we first restrict our attention to the fixed m® case
where J;iln = O (1) and Inj, < T so that Assumption A3* is in effect with Jy,i, replaced by 1. We further
consider two specific cases that correspond to Assumption Al(ii.a) and Al1(ii.b), respectively. In the case
where Assumption Al(ii.a) is satisfied, both A2(ii) and A3* are satisfied if one chooses d7 oc T =9)/4 and
A\ = d7/logT. To ensure 67 = o(T~'/?) so that the estimation of break dates has no effect on the first
order asymptotic distribution of the regression coefficient estimators, we would require that ¢ > 2, that is,
both z; and u; exhibit finite eighth plus moments. In the case where Assumptions A1(ii.b) and A2(ii.b)
are satisfied, by choosing 67 = (log T)*™™/7 /T and A = (log T) /T we can ensure that both A2(ii) and
A3* are satisfied. Then we can obtain an almost optimal rate for the estimation of TjO /T for j =1,...,m°
up to a logarithmic factor since the optimal rate obtained in the literature is of order T—'; see, e.g.,
Bai and Perron (1998). The appearance of the logarithmic factor is due to the application of certain
exponential inequality for strong mixing processes. Note that Bai and Perron (1998) make high level
assumptions on B, which are not directly verifiable and their proof does not rely on any exponential
inequality. In the case of slowly divergent m°, if Iin o< T/m®, JL = O (1), and Al(i.b) and A2(ii.b) is
also satisfied, we can verify that Assumptions A3(i)-(iii) are all satisfied by setting 7 = (log T)(Q'M)M /T
and A = (logT) /T so that we can obtain the same nearly optimal rate for the estimation of T]Q /T for
j=1,...,m° as in the case of fixed m®. In the following we show that as long as 72 = m? in large samples,

the above convergence rates for the estimates of break dates can be improved. See the last paragraph in

Section 3.3.

Unfortunately, the correct number m® of break points may be unknown. However, if we follow the
literature (e.g., Bai and Perron (1998)) and assume that the true number of breaks is bounded by a number
Mmax With mpax < ClogT for a large number C, then we can show that for any single true break date
T} € T°, there exists an estimated break date in Ty, that is sufficiently close to T} as long as 7 > m?.
In addition, under the extra conditions on m°, A\, Inin, Jmin, and d7 detailed in Assumption A3(iv), we
can ensure that the last condition is satisfied w.p.a.1. That is, the probability of under-estimating the
number of true break points converges to zero as T — oo.

To proceed, let D (A, B) = supycp inf,ca |a — 0| for any two sets A and B. Note that max{D (4, B),
D (B, A)} denotes the Hausdorfl distance between A and B. The following theorem indicates that all true
break points in 7° can be “consistently” estimated by some points in Ty, under the assumption that the

estimated number of breaks is no less than the true number of breaks.

Theorem 3.2 Suppose that Assumptions A1-A2 and A3(i)-(iii) hold. Ifm° < 1 < Mmumax, then P(D(T
T <Tér) —1as T — <.

m?

The proof of the above theorem is also accomplished by contradiction and by the repeated utilization

of the KKT optimality conditions under the same set of Assumptions required for Theorem 3.1. Theorem
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3.2 assures us that even if the number of breaks is overestimated, there will be an estimated break date
close to each unknown true break date.
The next theorem shows that 7 cannot be smaller than m° in large samples provided Assumption

A3(iv) is also satisfied.
Theorem 3.3 Suppose that Assumptions A1-A3 hold. Then P (Th < mo) —0asT — oo.

Theorem 3.3 implies that the probability of under-estimating the number of break points is asymp-

totically negligible.

3.2 Choosing the tuning parameter )\

Let dj—m A = (&Lj.mA ()\)/,...,&fm_lrljmA (A)) denote the set of post-Lasso OLS estimates of the
regression coefficients based on the break dates in ’f’m = Tn , (A), where we make the dependence of
various estimates on A explicit. Let &QTTM = QT,I(&Tm (A), Trn, ), where

m+1 Tj—l

QT1(Oém, m == Z Z ?Jt*Of SCt ) (3-1)
j=1 t=T;_

is the first term in the definition of Q1) (@m; Tr) in (2.5). We propose to select the tuning parameter A

by minimizing the following information criterion:

IC (X) =1log(6% )+ prp (ma+1). (3.2)

LN

Without any condition on A, we are unable to study the asymptotic properties of 1y, ’]A'mm and &; for
j =1,...,1 4+ m,. For this reason, we restrict our attention to the class of tuning parameters such that
Assumptions A3(iii)-(iv) are satisfied.

To state the next result, we add the following assumption.

Assumption A4. (i) 05T1]m11n[1r1n/1iT Y2(log Iin)*/? +1] = O (1) as T — oc.
(i) (1+ 75

Assumption A4(i) imposes an extra condition on d7 and it becomes redundant under Assumption A2

)me — 0 and 07" pp — 00 as T — oco.

IminJ, 1

if Inin o T. As in the discussion of Assumption A3(iv), if we suppose that Iy, o< T for some a € (1/2,1],
A4(i) reduces to

Case 1: 65T Y(logT)*/?=0(1) ifa=1

Case 2: m® /(67 Imin) = O(1) ifae(1/2,1)
The condition in Case 1 is redundant under Assumption A2(ii). By allowing m® — oo as T — oo in Case
2, 7 Inin must diverge to infinity; otherwise, it is possible to have d7 I, = O (1) as T — oo. Assumption

A4(ii) reflects the usual conditions for the consistency of model selection, that is, the penalty coefficient

11



pr cannot shrink to zero either too fast or too slowly. If Iy, oc T and JL = O(1), the first part of
A4(ii) requires that p; — 0, which is standard for an information-criterion function. Jdr indicates the
probability order of the distance between the first term in the criterion function for an over-parametrized

model and that for the true model.

Theorem 3.4 Suppose that Assumptions A1-A4 hold. Let A= argminy IC (\). Then P (Th;\ = mo) —1

as T — oo.

The proof of Theorem 3.4 in Appendix E suggests that the \’s that yield the over-estimated or
under-estimated number of breaks fail to minimize the information criterion w.p.a.l provided that the
minimization is restricted for a class of tuning parameters that satisfy some basic requirements stated

in Assumptions A3(iii)-(iv). Consequently, the minimizer of IC ()\) can only be the one that produces

0

the correct number of estimated breaks in large samples. Conditional on m) = m", we will study the

asymptotic distributions of the Lasso estimates of regression coefficients and break dates below.

3.3 Limiting distributions of the Lasso estimates of regression coefficients

and break dates

In this subsection we analyze the consistency of the regression coefficient estimates and break fraction es-

timates. We let & = (&1, ..., Rmo) = (T1/T, ..., Tino /T) with corresponding true values £° = (9, ..., k0 ;) =

koo
(T?/T, ..., T2 /T). Note that we allow £ —r9_; = 0 for some j = 1, ..., m®+1, which occurs if Iyin = o(T).

It is well known that the limiting distributions of the break date estimators obtained by specifying
fixed magnitude of changes are dependent on the exact distribution of {x4,u;}. It is useful to consider

asymptotic distributions under shrinking magnitude of changes. Now, ag’s is T-dependent and we fre-
quently write o, ; for ) when we want to emphasize the dependence of a)’s on T'. Let df. = oy 1 —af, j

for j = 1,...,m". The required conditions are stated in the following two assumptions.

Assumption A5. (i) For j = 1,...,m°, d%j = JT’jAj for some A; independent of T and JT,j >0is a
scalar satisfying dr; — 0 and T(/2)=Yidp ; — oo for some ¥; € (0,1/2).
T i+ 17 ] Ty +Ls T ]

.. . _ T9 . +[s19] _
(ii) For j = 1,...,m 41, as IY — oo, (IJ)~" Zt;T}_l 7B (wpxy) — sWjand (17) 7 Zt:TJQ_l Lro |

p . .
E (242l upus) — s®; uniformly in s.

Assumption AG6. mOTA % 0 as T — oc.

min
Assumption A5(i) specifies the magnitude of each break size: the smaller the value of ¥, the smaller
the magnitude of the break size could be. Note that we allow different breaks to shrink to zero at
different speeds. A5(ii) specifies the asymptotic average behavior of E (z:a}) and E (zixluius) within

each regime. In conjunction with Assumption Al, the first and second parts of A5(ii) ensure that
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T)_+sI]]

+|_st P _
( 0y~ Zt i » iy — s, and (I]O) 1Zt:TJ@_1

of large numbers and invariance principle for heterogeneous strong mixing processes, where Bj () is a

ziuy = Bj (s), respectively, by the uniform law

multivariate Gaussian process on [0, 1] with mean 0 and covariance kernel E[B;(s)B;(r)] = min(s, r)®;.
See White (2001). A6 imposes some side condition on A to ensure that the penalty term in the Lasso
procedure does not affect the usual (I9)/2-consistency of the Lasso estimator of o).
Let Dyo =diag((19)Y/21,, ..., (1%, ,)"/?1,) and X =diag(X1, ..., X,041), where X; = (@70 w20 1)
for j =1,...,m%+1. Let ¥ = plim D X'’XD_§ and ® = plim D, {X'UU'XD; {. Note that both ¥ and &
are well behaved under Assumptions A1 and A5(ii). For j =1,...,m°, define £; = AjW; 1 A;/ALW;A;,
i1 = {QSR A /AU A2 iy = {ASD A /A A2 and let Wiy (s) and W2 (s) be inde-
pendent Wiener processes that are defined on [0, co) with W;; (0) = W 2 (0) = 0 and independent across
j. Define
?; 1 Wi (—s)—|s|/2 ifs<0
V&9 2W; —¢&lsl/2  ifs>0

The following theorem reports the asymptotic distributions of the Lasso estimators.

Zj(s) = forj=1,...m

Theorem 3.5 Suppose that Assumptions A1-A6 hold. Let S denote an L x p(m® + 1) selection matriz
such that ||S|| is finite, where L € [1,p(m°® + 1)] is a fized integer. Then

(i) Do (@po — ) 5 N (0, ST 10 15");

(i) (A! \I/jAj)J%’jT (R — /-@?) <, argmaxs Z; (s) for j =1,. O and kj’s are asymptotically mutu-
ally independent of each other.

The above theorem lays down the foundation for inferences on the unknown regression coeflicients and
break fractions based on the GFL. Note that we specify a selection matrix S in Theorem 3.5(i) that is not
needed if m? is fixed. Intuitively, we allow the number of breaks, m?, to diverge to infinity as the sample
size T passes to infinity. For this reason, the dimension of &;,,0 is also divergent to infinity at the rate m°
and we cannot derive the asymptotic normality of é&,,0. Instead, we follow the literature on inferences
with a diverging number of parameters (see, e.g., Fan and Peng (2004), Lam and Fan (2008), Lu and
Su (2015)) and prove the asymptotic normality for any arbitrary linear combinations of elements of &0
after adapting to different convergence rates for different subvectors of é,0(= (&1, ..., &;041)"). In the
special case where m? is fixed, we can take S = I,(mo41) and obtain the usual joint asymptotic normality
of &;’s. Alternatively, if we assume that {z;u,} is an m.d.s., then like ¥, @ is also block diagonal and &;’s
are asymptotically mutually independent of each other. In this case, it suffices to report the asymptotic
normality of &; for j = 1,...,m® + 1. Interestingly, Theorem 3.5(ii) suggests that #;’s are asymptotically
mutually independent of each other even in the absence of any m.d.s. condition for {xsu;}.

A close examination of the proof of the above theorem suggests that the GFL estimators of the

regression coefficients and break dates are closely tied with Bai and Perron’s (1998) OLS estimators. If
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the number of breaks m® were known, one could obtain the GFL estimator by minimizing the following

PLS objective function

M+

ST,\(a T

_ e
2

Z (g — 2pay)” + A [l — ag]

t=T,;_

j=1

Il
_

j
where the first term is the usual OLS objective function with m" unknown breaks and the second term
is a penalty term. As expected, for sufficiently small A, the solution to the above problem will share the

0 is unknown but can be

same asymptotic distribution as that of Bai and Perron’s estimator. When m
estimated correctly by 7 w.p.a.l, we can treat m as m° to infer the above asymptotic result.

Given the result in Theorem 3.5(i), it is standard to estimate the asymptotic variance-covariance
matrix and make inferences on a. In particular, one can obtain a HAC estimator for ® to allow for
both heteroskedasticity and serial correlation. Let Dmo =diag(I; [/ 2]1 s ey I;ln/oilllp) where I = Tj — Tj,1
for j =1,..,m° +1, Ty = 1, and Tm0+1 =T + 1. One can replace D,,0 by D, 0 in the above theorem.
Theorem 3.5(ii) indicates that the limiting distribution of the break fraction estimates is the same as
that occurring in a single break model. As Bai and Perron (1998) remark, if ¥; and ®; are the same
for adjacent j’s and are given by W and ®, respectively, then we have the standard asymptotic pivotal
limiting distribution for %4 after normalization:

/
(AA;\%TAA].)C{ T( — /ﬁ??) 4, argmgx{Wj (s) —|s|/2}
where Wj (s) = Wj1(—s) for s < 0 and W; (s) = W;2(s) for s > 0. One can apply this result to
construct confidence intervals for £ or equivalently, T7. See, e.g., Bai (1997a) and Su et al. (2013). We
omit the details for brevity.

Theorem 3.5(ii), in conjunction with Assumption A3(ii), indicates that in the case of small breaks
Ty~ 1) = Op (d2) = Op(Ji) = 0p(T67),

which suggests an improved rate than that obtained in Theorem 3.1. For the fixed magnitude of breaks,
although there is no way to obtain any asymptotic pivotal distribution for the break fraction estimates
even after normalization, we can obtain Tj - TJQ = Op (1) = op(Tr), using similar arguments in the
proof of Theorem 3.5. In either case, we can obtain the optimal rate of convergence for the estimation of

the break dates provided that 7y = m® is ensured by a proper choice of the tuning parameter \.

3.4 Limiting distribution of post-Lasso estimate of regression coefficients

In this subsection we study the asymptotic distribution of the post-Lasso estimate dj 7 .- Let X :diag(Xl,

- X,p041) where Xj = (ijil, ceny ij_l)’. We can write the DGP in matrix form

Y =Xa® 4+ U. (3.3)
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The model used for the post-Lasso estimation of o is given by
Y = Xé‘fmo + U, (3.4)

where &y == (X' X)*IX’ Y, and UisaT x 1 vector of the post-Lasso residuals. The following assumption

is needed for the analysis of the limiting distribution of &4 .
Assumption A7. TrLOTéSTIH_ﬁln/2 —0asT — oo.

Assumption A7 ensures that the estimation of the break dates has an asymptotically negligible effect
on the asymptotic distribution of the post-Lasso estimate of the regression coefficients. In the special
case Imin o T, Assumption A7 is satisfied as long as 67 = o(T~1/?). In this case, Assumption A2(ii)
indicates that we only need z; and u; to exhibit finite eighth plus moments. In the general case, the
minimum interval length has a crucial effect on the rate at which §7 shrinks to zero.

The following theorem reports the limiting distribution of &+ o

Theorem 3.6 Suppose that Assumptions A1-A4 and A7 hold. Let S be defined as in Theorem 3.5. Then
SDpo(d; , —a) 5 N (0,5 '@T 1),

Note that Assumptions A5-A6 are not required for the above theorem. Define the infeasible estimator

o =
Tmo

(X'X)~!X'Y. We can prove the theorem by showing that SDmO(dTmU — a”) shares the same
asymptotic distribution as SDmD(anLo —aY). A similar idea was used by Bai (1997a) for the case of a
single structural break. Extra care is needed as we allow the interval length to be different across different
regimes and m® to be divergent. Given the above result, it is standard to make inference on a® based on
the post Lasso estimate df'mo'

As a referee kindly points out, the asymptotic distribution of the post-Lasso estimator is only valid
pointwise and it does not provide uniformly valid inference for the regression coefficients; see Potscher
and Leeb (2009) and Potscher and Schneider (2009). In particular, this limiting distribution ignores the
randomness of the estimated number of breaks in finite samples. As a result, a robust inference procedure
with correct asymptotic size is an important issue for the post-Lasso estimator; see, e.g., Belloni et al.
(2014). This is closely related to the post model selection inference problem investigated by Leeb and
Potscher (2005, 2008), among others. Robust inference on the parameter of interest is beyond the scope

of this paper.

4 Monte Carlo Simulations

In this section we conduct a set of Monte Carlo experiments to evaluate the finite sample performance
of our GFL method. Throughout we use the block-coordinate descent algorithm (Angelosante and Gian-

nakis, 2012) to solve the minimization problem in (2.3).! We select the penalty term A that minimizes
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the information criterion IC ()\) by setting p; = 1/v/T (c.f. Bai (1998)).2 It is well known that there
exists a A" such that any A > A" will produce constant coefficients (i.e., no break) (Ohlsson et
al., 2010). We thus search for a minimal IC on 20 evenly-distributed logarithmic grids on the interval
[0.01A™* ) A\ Finally, to purge unwanted breaks, we employ a post-processing procedure similar to
that used by Harchaoui and Lévy-Leduc (2010).

The main competitor of our approach is Bai and Perron (1998, 2003a, BP hereafter). For the brevity
of presentation, we focus on our method here but refer the readers to an early version of the paper (Qian
and Su, 2014) for a detailed comparison between BP’s and our methods. It is worth mentioning that as
shown in Bai and Perron (2006), the performance of BP is crucially dependent on the choice of trimming.
For some of the data generating processes (DGPs) experimented with, which have either no break or only
a small number of breaks in the middle range of the data, BP’s tests with large trimmings generally give
satisfactory performance. However, large trimming is an implicit assumption on the nature of the DGP.
For example, a trimming of 0.2 implicitly assumes that the maximum number of breaks is 4 and that
the break cannot happen in partitions at the beginning or in the end (each with a length of 20% of the
sample). The assumption may be too restrictive for some applications. Small trimming can afford more
breaks in the DGP but tend to overestimate the number of breaks. The size of trimming, indeed, plays

a similar role as the penalty term in our approach.

4.1 The Case of No Break

We first evaluate the probability of falsely detecting breaks when no break exists. We consider the
following DGPs
yr =1+ 2t + wy,

with

e DGPO-1: a; ~ IID N(0,1), u; ~ IID N(0,02).

DGPO0-2: x4 ~ AR(1), uy ~ IID N(0,02).

GDPO-3: z; ~ IID N(0,1), us = oyvs, v = 0501 + €, ¢ ~ 11D N(0,0.75).

DGPO0-4: x4 ~ AR(1), uy = oy/hier, by = 0.05 4+ 0.05u7_; +0.9hs 1, ¢ ~ I[ID N(0,1).

DGP0-5: z; ~ AR(1), uz ~ IID N(0,0%) for t € {1,2,...,7/2} and u; ~ IID N(0,03) for
te{T/2,T/2+1,...,T).

e DGP0-6: y; = ays_1 + €, Tt = ys_1, € ~ [ID N(0,1 — a?).
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DGPO-1 is a benchmark. DGP0-2 introduces serial correlation in x;. Specifically, we generate x; by
AR(1) dynamics: x; = 0.5x4_1 + &; where ¢, ~ IID N(0,0.75), so that x; has unit variance. DGP0-3
introduces serial correlation in u;. DGPO0-4 introduces conditional heteroscedasticity (volatility clustering)
in the error process. DGPO0-5 allows for breaks in the variance of the error process. Finally, DGP0-6 is
an AR regression where z; is the lagged value of y;. To evaluate the performance under different noise
levels, we select the parameter o, in DGP0-1, DGP0-2, DGP0-3, and GDP0-4 to be 0.5, 1, and 1.5. For
the benchmark case, o, = 1 corresponds to a unit signal-to-noise ratio. In DGP0-5, we set o7 = 0.1 and
o9 = 0.2, 0.3, or 0.5. In DGP0-6, the autoregressive coefficient a is chosen from {0.2,0.5,0.9}.

The results are summarized in Table 1, where we report percentages of false detections among 500
repetitions for our GFL method. In the benchmark case of DGP0-1, GFL produces negligible percentages
of false detection of breaks for all noise levels. The same is true for all other DGPs but DGP0-3. However,
when serial correlation is introduced in u; (DGPO0-3), there are sizable percentages of false detections when
T =100. As T gets larger, the percentages of false detections quickly decline to nearly zero. Overall, we

may conclude that GFL enjoys a low probability of falsely detecting breaks when none exists.

Table 1: Percentage of false detection when m =0

oy T =100 T =200 T =500
0.5 0.0 0.0 0.0
DGPO-1 1.0 0.0 0.0 0.0
1.5 0.2 0.0 0.0
0.5 0.0 0.0 0.0
DGPO0-2 1.0 0.0 0.0 0.0
1.5 0.2 0.2 0.0
0.5 12.2 3.2 0.0
DGPO0-3 1.0 11.6 24 0.2
1.5 11.8 2.8 0.2
0.5 0.2 0.0 0.0
DGP0-4 1.0 1.4 0.2 0.0
1.5 0.4 0.0 0.0
o9 =0.2 0.2 0.0 0.0
DGPO0-5 o2 =0.3 0.0 0.0 0.0
o2 =0.5 0.6 0.0 0.0
a=0.2 0.0 0.0 0.0
DGP0-6 a=0.5 0.2 0.0 0.0
a=09 0.2 0.0 0.0

4.2 The Case of One Break

In the following we evaluate the probability of correctly detecting the number of structural changes and

the accuracy of change-point estimation when the true number of breaks is small. We generate data from
Yt = By + uy,
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with
e DGP1-1: 3, =1{T/2<t<T}, x4 ~IID N(0,1), uy ~ IID N(0,02).

e DGP1-2: 3, = 1{T/2<t<T}, &y ~ IID N(0,1), uy = o,vy with vy = 0.5v;_1 + €, & ~
N(0,0.75).

o DGP1-3: 3, =1{T/2 <t<T}, a; ~ AR(1), us ~ IID N(0,02).

e DGP1-4: B, = 1{T/2 <t < T}, zx ~ AR(1), uy = ouv/heer, he = 0.05 + 0.05u?_; + 0.9h;_1,
e~ IID N(0,1).

e DGP1-5: B, =1{T/2 <t <T}, xs ~ AR(1), ut = o, vy with v; = €, +0.5¢;_1, €, ~ IID N(0,0.8).

e DGP1-6: 3, =021{1 <t <T/2} +0.81{T/2 <t <T}, @ =ys_1, uy ~ IID N(0,02).

In all the above DGPs, the coefficient on x; has a break at T/2 and the intercept is a constant zero.?

DGP1-1 serves as the benchmark case where both x; and u; are IID. DGP1-2 and DGP1-3 introduce
AR(1) structure to u; and x;, respectively. As in the case of no breaks, we generate AR(1) processes
with an AR coefficient of 0.5 and make sure that the processes have unit variances. DGP1-4 considers
GARCH(1,1) error along with an AR(1) regressor. DGP1-5 considers MA(1) error along with an AR(1)
regressor. And DGP1-6 considers an auto-regression with a break in the AR coefficient. Again we set
o, =0.5,1, and 1.5.

Table 2 summarizes the percentages of correct estimation (pce) of m and, conditional on the correct
estimation of m (i.e., ™ = 1), the accuracy of break date estimation, which we measure by average
Hausdorff distance divided by T' (hd/T"). All figures in the table are in percentages (%). In the benchmark
case of DGP1-1, our method gives satisfactory results in terms of both pce and hd/T at low and medium
noise levels. At the high noise level (o, = 1.5), the pce is low and the error rate for the break date
estimation is 5%. However, as T increases, the pce rises rapidly and hd/T quickly declines to 1.2%.
A similar picture emerges from other DGPs, with the exception of DGP1-6, where a lagged dependent
variable appears on the right hand side. In the case of DGP1-6, the noise level does not have a big impact

on the signal-to-noise ratio, hence the performances across different noise levels are similar.

4.3 The Case of Many Breaks

To evaluate the finite-sample performance for the case of many breaks, we consider two setups. First we
set a constant regime length and let the number of regimes increase. Then we fix the number of breaks
and allow the regime length to increase proportionally to the sample size. Specifically, we set 6 = T/R,

where R is an even number of regimes (m + 1). We generate data from the following equation,
Yt = ¢y + u,
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Table 2: Percentage of correct detection of one break and accuracy of change-point estimation when
m=1

ou T =100 T =200 T = 500
pce hd/T pce hd/T pce hd/T
0.5 100.0 1.1 100.0 0.6 100.0 0.2
DGP1-1 1.0 71.8 3.0 92.0 1.7 99.8 0.7
1.5 194 5.0 314 2.8 73.6 1.2
0.5 98.2 1.1 99.6 0.6 100.0 0.2
DGP1-2 1.0 74.8 3.9 90.2 1.9 98.0 0.7
1.5 30.2 6.5 42.8 3.7 77.8 1.6
0.5 99.8 1.5 100.0 0.6 100.0 0.2
DGP1-3 1.0 64.4 3.3 91.2 1.8 98.6 0.8
1.5 17.4 5.1 25.2 3.1 76.6 1.5
0.5 99.8 1.5 100.0 0.7 100.0 0.2
DGP14 1.0 62.0 3.4 89.6 1.9 98.8 0.8
1.5 22.8 5.5 314 3.3 73.4 1.3
0.5 98.8 1.6 100.0 0.8 100.0 0.3
DGP1-5 1.0 66.2 44 92.4 2.2 98.8 1.0
1.5 28.0 6.6 42.6 3.5 72.6 1.7
0.5 65.0 8.6 87.8 5.4 98.0 2.5
DGP1-6 1.0 65.8 7.6 88.2 5.0 98.0 2.6
1.5 66.8 8.4 87.0 5.0 98.4 2.5

Note: Under pce is the percentage of correct estimation of one break; under hd/T is the average Hausdorff
distance between the estimated and true sets of break dates in percentages of T conditional on the estimated
number of breaks being correct (i.e., m = 1 here).

where 2y ~ IID N(0,1), uy ~ IID N(0,02), and

0 0(20)+1<t<d(2i+1
B, = (2i) - ( ) ,1=0,1,...,R/2.
1 6(2i+1)+1<t<(20+2)

We specify
e DGPn-1: Fix § = 30 and vary R = 6, 10, 20.
e DGPn-2: Fix R =10 and vary T = 150, 300, 600.

We compare our approach with BP’s weighted double maximum (WDMax) sequential procedure,
which is the preferred procedure in Bai and Perron (2006). To implement BP’s testing procedure, we
consider 5% tests and set the trimming size as 0.05, allowing the maximum number of breaks to be 18.
The results are summarized in Table 3.

In the case of DGPn-1, GFL correctly estimates the number of breaks in most repetitions (close to
100%) at the low noise level. At the high noise level, pce drops significantly, especially when at the same
time the true number of breaks is high. However, BP’s method seems even more sensitive to the noise
level than our method. Notice that when R = 20, pce for BP is zero at both noise levels, since the

number of breaks exceeds the maximum allowed by the trimming size. For both approaches, we witness
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a declining performance as the sample size increases along with the true number of breaks. In the case
of DGPn-2, R is fixed at 10 and § increases proportionally with the sample size T. We do see improving
performance as T increases. GFL dominates BP in terms of pce. In terms of accuracy of break-date

estimation, both approaches give satisfactory performances.

Table 3: Percentage of correct detection of the number of breaks and accuracy of break date estimation
in the case of many breaks

DGPn-1 DGPn-2
o, R GFL BP T GFL BP
pce hd/T pce hd/T pce hd/T pce hd/T
6 99 1 95 0.7 150 98 1.3 52.2 1
0.2 10 99.8 0.7 99.4 0.5 300 100 0.7 98.8 0.5
20 99.4 0.4 0 N/A 600 100 0.4 99.6 0.3
6 924 2 71 1.9 150 53.8 2.4 0.8 2.8
0.5 10 84.8 1.5 38.8 14 300 83.2 1.5 38.8 14
20 36.4 1.2 0 N/A 600 93 0.7 99.4 0.7

Note: The regime length is fixed at 6 = 30 in DGPn-1 and the number of regimes is fixed at R = 10 in DGPn-2.
See the note in Table 2 for the explanation on the main entries.

5 An Empirical Illustration

In this section we present an empirical illustration of our method. We consider the problem of predicting
equity premium using fundamental information. We use a subset of the quarterly data of Welch and
Goyal (2008), which has been updated to 2011Q4. The equity premium (y) is the return on the stock
market minus the prevailing risk-free rate. We use the return on S&P 500 index as the proxy of the stock
market return and take the short-term T-bill rate as the risk-free rate. The fundamental information we
consider includes earning price ratio (ep) and dividend price ratio (dp). We refer to Welch and Goyal
(2008) for a detailed description of the data and sources. Table 4 summarizes the data we use. We

estimate the following predictive regression with structural breaks,

Yt+1 = Bot + B1+dpt + Bor€pr + U1

The parameter 3, = (804,51 4> 82,) may contain multiple breaks in the calendar range from 1921Q2 to
2011Q4, reflecting discrete changes in the way equities are priced overall.

The main results are summarized in Table 5. The estimation contains two steps. First we estimate
the break dates, then we perform the usual OLS estimation in each regime. For each OLS regression, co-
efficient estimates and standard errors are tabulated along with R? and F statistics for model significance

tests. Our approach (GFL) detects two breaks at 1932Q3 and 1942Q3. Possible reasons for the first break

20



Table 4: Summary statistics for the equity data from 1921Q2 to 2011Q4 (T = 363)

Mean S.D. Min Max Median  Skewness  Kurtosis
Y 0.0053 0.1050 -0.5023 0.6226 0.0206 0.0683 10.7594
dp 0.0407 0.0178 0.0112 0.1490 0.0377 1.0800 6.4649
ep 0.0730 0.0291 0.0082 0.1695 0.0637 0.7299 3.1455

Note: y is equity premium, dp is dividend to price ratio, and ep is earning price ratio.

include the bottoming out of the stock market, election of FDR to the presidency, and the passage of the
Securities Act of 1933, which comprehensively regulated the securities industry. The second break may
be attributed to the deepening US involvement in World War II. Linear regressions in all three regimes
are statistically significant at the 5% level. Before the first break, the slope on dp is significantly negative
and that on ep significantly positive. This is reversed in the second regime, although the negative slope
of ep fails to be statistically significant at the 5% level. In the third regime, the effect of dp remains
significantly positive but weakens substantially and the effect of ep remains insignificant.

For the purpose of comparison, we also estimate the model using BP’s WDMax procedure coupled
with different trimming sizes. If trimming equals 15%, BP fails to detect any break. Under 10% trimming,
one break is detected at 1932Q3, which coincides with the first break detected by our method. If trimming
equals 5%, two breaks are detected at 1928Q2 and 1933Q2. These results once again show the importance
of choosing a correct trimming size for BP’s approach. A large trimming implicitly imposes restrictive
assumptions that may preclude detection of true breaks, but a small trimming like 5% tends to produce
false structural breaks. Using our approach, in contrast, practitioners do not have to face such choices.
The continuous nature of the tuning parameter A offers an even richer trade-off between goodness of fit
and model simplicity. And as shown in Theorem 3.4, our IC-based procedure to choose A naturally rules

out the possibility of over- and under-fitting, at least asymptotically.

6 Conclusion

We propose a shrinkage procedure for the determination of the number of structural changes in a multiple
linear regression model via GFL. We show that our method consistently determines the number of breaks
and the estimated break dates are sufficiently close to the true break dates. Simulation results suggest
that our new method performs well in finite samples.

There are several interesting topics for further research. First, we consider the estimation and inference
in OLS regression models with an unknown number of breaks in this paper. It is interesting to extend
to the GMM framework. Second, following the lead of Andrews (2003) who considers an end-of-sample
stability test, it is also possible to allow a break to occur at the end of a random sample. Third, it is also

possible to extend our method to the panel data framework. The last decade has seen a growing literature
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Table 5: Empirical results

Regime Range Bo.+ B1.+ (dp) Bay (ep) R? F

GFL:

1921Q2-1932Q2  0.027 (0.776) -3.6747 (0.008) 2.0546 (0.040) 0.205 4.998 (0.007)
1932Q3-1942Q2 -0.1501 (0.080) 5.8416 (0.002) -2.259 (0.109) 0.263 6.411 (0.002)
1942Q3-2011Q4 -0.0194 (0.126) 1.5207 (0.021) -0.3831 (0.221) 0.0369 3.982 (0.020)
BP, trim=0.05:

1921Q2-1928Q1 0.1072 (0.285) -0.6536 (0.000) -0.4801 (0.416) 0.214 0.453 (0.636)
1928Q2-1933Q1 -1.0497 (0.666) -7.0342 (0.008) 21.8756 (0.000) 0.585 10.528 (0.000)
1933Q2-2011Q4 -0.0198 (0.416)  1.6299 (0.000)  -0.4759 (0.106)  0.0383  5.079 (0.007)
BP, trim=0.10:

1921Q2-1932Q2  0.027 (0.776) -3.6747 (0.008) 2.0546 (0.040) 0.205 4.998 (0.007)
1932Q3-2011Q4 -0.0301 (0.037)  2.1835 (0.000)  -0.6301 (0.024)  0.0758  11.655 (0.000)
BP, trim=0.15:

1921Q2-2011Q4 -0.0261 (0.090) 0.4584 (0.293) 0.174 (0.513) 0.0161 2.492 (0.084)

Note: p-values for significance tests (t and F) are given in parentheses.

on estimation and testing of common breaks in panel data models; see, De Watcher and Tzavalis (2005,

2012), Chan et al. (2008), Bai (2010), Kim (2011, 2014), Hsu and Lin (2012), Liao and Wang (2012),

Baltagi et al. (2014), among others. We are exploring some of these topics in ongoing work.

Notes

ISince the minimization in (2.6) is a convex problem, we may use a general-purpose convex solver

system such as CVX (Grant et al., 2009). However, the general solver does not exploit the special

structure of our problem, hence computationally inefficient.

2We also conduct a robustness check by considering pp = ¢;77¢ for ¢; = 0.9, 1 and 1.1 and ¢y = 0.4,

0.5, and 0.6. The results are available upon request.

3The experiments for DGPs with two breaks yield similar results.
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APPENDIX

A  Some Technical Lemmas

In this section we prove some technical lemmas that are used in the proof of the main results in the

paper.

Lemma A.1 Consider the PLS problem in (2.8) or equivalently (2.4). Let {B,, t = 1,2...,T} and {0,,

=2,...,T} denote the respective solutions. Then
. T > A P . A
(i) £ g wn (e = 218,) = 305,/ 0| Sor s =1,
(i) + sz:t o (yr - x;BT) ‘ <3 fort=1,..,T.

Proof. To prove the above lemma, we invoke subdifferential calculus (e.g., Bertsekas (1995, Appendix

B.5)). We first rewrite the PLS criterion function as

T ¢ 2 T
Vra ({0:}) = % Z (yt — Z‘%) + /\Z [16:]] - (A.1)
t=1 s=1 =2

A necessary and sufficient condition for {@t} to minimize (A.1) is that for each ¢t = 1,...,T, 0,x1 belongs

to the subdifferential of (A.1) with respect to 6; evaluated at {f;}. That is,

T T
2 ~
-7 E T, <yT - E 95> + Xer = 0px1 (A.2)
r=t s=1
where for t = 2,...,T R
0 . .
e = 4 if H"tH £0and ||e] < 1if HetH —0, (A.3)

and e; = 0py;. If t = Tj for some j € {1,...,/m}, i.e, ¢ is one of the estimated break dates, then
0, = B, — B,_, # Opx1 and we obtain (i) as the breaks cannot occur at ¢ = 1 and ST 0 =35, In

general, (A.2) and (A.3) imply that (ii) holds for all ¢ > 2. When ¢ = 1, the first order condition with
respect to 67 yields Zle x, (yT -y 93) = 0,1 so that (ii) is also satisfied for t = 1. m

Lemma A.2 Let {{,,t =1,2,...} be a zero-mean strong mizing process, not necessarily stationary, with
the mizing coefficients satisfying o (1) < cap™ for some co, >0 and p € (0,1).

(i) If supy<;<7 |€¢| < M7, then there exists a constant Cy depending on co and p such that for any

T >2 ande >0,
C 2
P >e]| <exp| — 5 5 0¢ 5 |
- v5T + M3 + eMr (logT)

T
> &
t=1
where v = supysy [Var(€,) +2352,,, | Cov (&, €,)[] -
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(i) If supyy P (1€, > v) < exp (1= (v/b)") for some b € (0,00) and v € (0,00], then there exist
constants Cy and Cy depending only on b, ¢y, p, and vy such that for any T > 4 and € > Cy(logT)" with

T - 9
€1ty €
P(;ft >6> <(T+1)exp (— 3 >+exp <_T—C’2)

Proof. (i) Merlevede et al. (2009, Theorem 2) prove (i) under the condition « (7) < exp (—2c7) for

770, C() > 07

some ¢ > 0. If ¢, = 1, we can take p = exp (—2¢) and apply the theorem to obtain the claim in (i). Other
values of ¢, do not alter the conclusion.

(i) Merlevede et al. (2011, Theorem 1) prove a result that is more general than that in (ii) under the
condition « (1) < exp (—¢y771) for some c¢1, v; > 0. If ¢, = 1 and 7, = 1, we can take p = exp (—2c¢;)

and apply the theorem to obtain the claim in (ii). Other values of ¢, do not alter the conclusion. m

Lemma A.3 Suppose Assumptions A1 and A2 hold. Let vy = Tdp. Then
. r—1 _
(Z) Sup1§s<r§T+1 Hmax (r_is t=s xtwé) S Cax + op (1) )
r—s>vr

SR 1 r—1 /
(i) 06, <y Homin (75 Sohot 204) = €0 +0p (1).
r—s>vr

Proof. (i) By Weyl inequality, the fact that |p,,.. (4)] < ||A] for any symmetric matrix A, and
Assumption A2,

r—1 r—1 r—1
1 1
Hmax (7‘_8 tz_:gxt:C:ﬁ) < Hmax (T_S ;E (xt‘rl/‘,)> + r—s tZ:; [xt‘rl/‘, —-FE (.’Et.’E;)] ‘
r—1
< Cu P — E(zx))]]] -
< Cprt p— ; [z} (z47})) |

It suffices to prove the theorem by showing that max

1
I <ser<ri ||7os res [T — E(%’CD]H =op(1).

r—s>vr
We first consider the case where Assumption Al(ii.a) holds so that vy > ¢, TV, Let 5y = T (29,
Let ¢4, be an arbitrary p x 1 unit vector such that ||cs,|| = 1 for s = 1,2. Let {; = ¢}, [z} — E (w427)] t2p,
Crp = thy ey — B (2424 14)] 12p and Cyp = 1y, [#:2}1; — E (x2,14)] t2p, where 1; = 1{||act|\2 <nr} and

1; = 1 — 1;. Note that ¢, = (y; + (5 By Boole inequality and Lemma A.2(i),

r—1 1
1
P 1<533£T+1 ,—'I" S ;Clt Z C’(logT)3 S T2 1<SE?ET+1 P ( ;Clt Z C\/'I" — S(]OgT)3>
r—s>vr - S =
2(r —s) (log T)®
< T? sup exp|-— CoC* (r —s) (log ) i
v (r = 5) + 4. + 2C+/r = 5(log T)*ny [log (V7 —)]
r—8=2vVT
< CoC?vp(log T)®

< exp|— +2logT
( v3Cur + 403 + 1C\for(log T)*ny [log vr)”

— OasT — oo.
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By Assumption Al(ii.a), Boole and Markov inequalities, and the dominated convergence theorem,

Pl sw =3l = clionty? | < P (o ol = )
1<s<r<T+1 2 1<t<T
r—s>vrp

T
< T max P (||:ct||2 > nT) < = max E [thn‘*q 1 {HthQ > ”TH —0as T — oc.
nqg 1<t<T

1<t<T

. . . . 1
Noting that 11, and 19, are arbitrary unit vectors, we infer that max, _ _ .., LS, [, — B (wa})] H
r—s>vr

=0Op (v;l/Q(log T)3) =op (1). Then (i) follows.
Now we consider the case where Assumption Al(ii.b) holds where vy > ¢, (log T)(Q'H)/ 7. By Boole

inequality and Lemma A.2(ii), for any sufficiently large C

T r—1
1
P sup (| >C\logT | <T*> sup P > Cy/(r—s)logT
1<s<r<T+1 [V T8 ; 1<s<r<T+1 =2
r—s>vr r—s>vr
— ) log 71/ 20+ — loeT
< T? sup (T+1)exp | — (C'(r = 5)logT] + exp <——(T s)log )
1<s<r<T+1 CH Cb
r—s>vr
Curlog T)Y/2(+7)] CorloeT
< exp (—( T 208 C’) +4logT | + exp <——UTCOg + 2log T)
1 2

— 0OasT — oo,

as (v log 7)Y/ PO o 1og T by construction. It follows that max

1<s<r<T+1 ||r—s t=s

r—s>uvr

LY (it — B (o))

- Op (u;l/z(logT)lﬂ) =op(1).

(ii) The proof of (ii) is analogous and thus omitted. m

Lemma A.4 Suppose Assumptions A1(i) and A2 hold. Let vy = Tor.
(i) If Assumption Al(ii.a) holds, then SUP, iy ‘\/% Z:;Sl xtut‘ =Op ((logT)?) ;

r—s>vr

(ii) If Assumption A1(ii.b) holds, then SUD, ’m DOV, xtut’ =0p ((logT)l/Q) )

r—s>vrp
Proof. (i) In this case, vy > ¢, TY9. Let np = T/(29) and t1p be as defined in the proof of Lemma
A3(i). Let ¢ = iy, [mous — E (zug)], 10 = 4y, (20wl — B (20u,14)] and oy = 04, [wiu 1y — B (z0u,14)]

where now 1; = 1 {||z4u;|| < 1y} and 1, = 1—1,. Note that ¢; = ¢14+6o;. Arguments like those used in the

> C(log T)3>

proof of Lemma A.3(i) show that for any sufficiently large C, P (maX1<S<T<T+1 ’\/% Z:;Sl it
Tr—s>vur

— 0asT — oo for I =1,2. Then (i) follows.

(ii) In this case, v > ¢, (log T)(2+7)/7 and arguments like those used the proof of Lemma A.3(i) show

that for any sufficiently large C, P max, o . opi ‘m Zt s St| > C(logT)1/2> — 0as T — oc.

r—s>vr

Then (ii) holds. m
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Remark. If in addition, {x;u;} is an m.d.s. with respect to F; in Lemma A .4(ii), then for any vy — oo

and C > 0 we can apply Theorem 1.1 in Liu and Watbled (2009) to obtain

P max Gt| > Cy/logT < 7?2 max  exp (—C?Csy/r — slog T
1<s<r<T+1 | VT — S Z ! s 1<s<r<T+1 P ( 3 8 )
r—s>vr r—s>vr
< exp (—Cngw/vT log T + 210gT) —0asT — oo,

where Cj3 is a constant that does not depend on T

B Proof of Theorem 3.1

(i) Our proof strategy follows closely from that of Proposition 3 in Harchaoui and Lévy-Leduc (2010).
Define
Ar; = {‘T] - T;)] > T6T} and Cr = { max }Tl - TP’ < Imi,,/z} . (B.1)

1<I<mO

Since P (maxlgjgmo T; — T]Q‘ > TdT) < Z?:O1P(AT,3‘) and m" < oo, it suffices to show that (il)
Z;ﬁ:ol P(Ar ;N Cp) — 0 and (i2) 27;1 P (Ar; NC%) — 0, where Cf. denotes the complement of Crp.

We first prove (il) by showing that Z;nzol P (A;j N CT) — 0 and Z;nzol P (Aij N CT) — 0, where
AL ={T) - T; > Tér} and Ar; = {T; - T} > Tdr}. Without loss of generality (Wlog) we prove that
Z;-n:ol P (A; ;N CT) — 0 as the other case follows analogously. By the definition of Cr, we have

T, <T; <TY, forallje{l,.,m"}. (B.2)

By (2.2) and Lemma A.1, we have = Z?:Tj zxl (B, —B°) + = Z;F:Tj Tyl = %eTj and || = ZLTJQ T,
. 0 .
(B, = B,) + % Zr:TJ{J zrur|| < %7

éTj ||. By the triangle inequality and the fact that

||6Tj|| =1, we have
-1 TU 1 -1 TO 1
-1 —1
A > ra T, ﬂ B +— g Tply || = E T,T ajﬂ—a —|—— g Tty
r—TJ r= TJ r= TJ r= TJ
TO 1 TO 1 T° 1
.y

2> E :xT J+1 § LrZ O‘J-&-l j+1 - § Lyl
r= TJ r= TJ r= TJ

= RT,jl — RT’jQ — RT,]‘g7 say, (B3)

where the equality follows from the fact that 3, = d;.1 and 8% = of for r € [Tj,TJQ — 1] by (B.2).
Define the event RT’j ()\) = {)\ > %RT,]’I} U {RT’jQ > %RT,]’I} U {RT’j3 > %RT,jl}- It is easy to show
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that P (Rr; (A)) = 1. It follows that
1 1
P(af,ncr) < P (A;j NCrN {)\ > gRT,ﬂD +P (A;j nCrN {RT,]»2 > gRT,ﬂD

1
+P (A;’j NCrnN {RT,JB > gRT,j1}>
= ACj1 + ACjs + AC3, say.

We first bound zg?f | ACj1. Noting that [|AB| = [tr(BB'A’A)Y/2 > pi (A’ A)Y? || B||, we have

0
< 1
yp (A;j N {)\ > gRT,ﬂD

mO
Y ACH <
j=1 j=1
o ! 37\
= >y P Zx (@ —ad)| < —; TV —T; > Tor
j=1 T Tgo - Tj

0

< iP (1 < 8M (Juindr); TY = T; = Tér) —0,

j=1
0_
where c17; = figin <T°1T- ZTiTI - ) > ¢,./2 > 0 w.p.a.l by Lemma A.3(ii) and A\/(Jmind7) — 0 by
h j r= Fi
Assumption A3(iii). Next, we bound »77" ACJQ Observe that
-1 1 ) -1
ACjp, = P A;JQC’TQ er ozj_s_lfozﬁ_l) Zg T Z T, j_s_lfoz?)

~7 erJ

R 1
P(4g;nCar {cm IS T 1}

IN

-1 -
where Gir; = Umax Tolf r]’f x :E/r) < 2¢;; w.p.a.l by Lemma A.3(i). Note that 8, = &1

for ¢ € [T7}, (TJQ + ]_H) /2 1] as Tj < T} given AT and Tjyq > (T +T+1) /2 conditional on the
event Cr. Using Lemma A.1(ii) with ¢t = (TQ + 717, 1) /2 and t = T} and following the steps to obtain

T +T) T)+T) -
(B.3), we have A > || £ ZT(, T—E F)/2t zrx) (G — Y ) || — ||+ 25 T—E F)/2t x| . It follows that
_ TO+T
conditional on Cr, H&j+1 - O‘?HH < (car,;) ! [f/\T —TO Z£ TJS Fa)/2- 1xrur } , where cop; =
min J

Hmin (W ZgTTT)TJH)/%l xﬂn}) > Cye/2 w.p.a.l by Lemma A.3(ii). Consequently, we have

P ({”djﬂ —af, | > Efﬁjcw,j o) —af, || /3} N CT>

=1
0
m
20T
< ZP(I >ClchlT]CQT,] HOé 2+1”/6>
J:1 mln
m? (TP +1701)/2-1
+ZP T0 70 Z Tplp|| 2 El_jz,jclT,jCQij ||a2 o a?‘HH /6
j=1 Jj+1 J r:TJQ
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The first term converges to zero because AT'/(IminJmin) — 0 under Assumptions A3(i) and (iii). The

. 0 0419 2-1
second term is bounded from above by 2311 P ( W%TJ Z£_JT0 D)/ 2| > megimein/gfi) -0
PR =45

by analogous arguments as used in the proof of Lemma A.4 and the fact that 1;1/2 (log mo)c""/2 = 0 (Jmin)

under Assumptions A3(i)-(ii). It follows that 27:01 ACjy — 0. Noting that c17; > ¢,,/2 > 0 w.p.a.l

T9—1
1 J
T, o, ’

and Assumption A2(ii), we have

mo 77l0 1
AC.;s < P AL, > Z

and = Op{[Té7/(log T)*]~/2} = 0p (Jmin) When T - Tj > Tér by Lemma A.4

mO -1 -1
+ 1 1 1 ’ 0 0

= e (ap |t S e 2 5 e 5wl o o)

- TO — Ty T0 — Ty “=

J= J r=T, J r=T,

mo 1 -1
< ZP A;)] N 0+ Z Tplp|| = §ClT,ijin — 0.

° T -T A

Jj=1 J J r=T)}

Here, the last convergence is obtained by strengthening the results in Lemma A.4 through the squeezing
of logm®(< logT) into the exponent when applying the exponential inequality in Lemma A.3. So we

have shown that Z;":Ol P (A; ;N C’T> — 0.

Now we prove (i2). We prove this by showing that Z;nzol P (A; ;0N C%) — 0and Z;nzol P (Ai ;N C’%)
— 0. Wlog we prove that Z;n:ol p (A}' ;N C’%) — 0. Define

DE,E) = {Elj € {17...7m0} ,Tj < TJQA} NCY,
pim = {we{1,...,m0},T;’,l<Tj<TJOH}mC;, and
pf) = {Fje{t.m} 1 = 10, fncs.

mO c m° ! m° m m® r
Then 7%, P (AF, N C5 ) = S22, P(AF, 0 DY) + X575, P(AF, 0 DEM) + 5070, P(AF, 0 DY),
We first consider Z;nzol P(A; ;0N D}m)). Observe that
P (Af,n D)

- m - 1 m
= P (4,0 1~ T 2 L) D) 4P (A1, 0 By - TP < 3T D)

2

N = N

7 m - 1 m
< P (A;j N{Tj41 — T > = Lyin} N DY, )) +P (A;j AT, — Tja > 5 lmin} 0 DY )) ;

where the inequality follows as 0 < Cf-jj+1 — TJQ < Iiin/2 implies that TJOJr1 — Tjﬂ = (TJQ+1 — TJO) —

(j;jjJrl — TJQ) > Imin — Imin/2 = Iiin/2. Further noticing that {A;j N {TJQ_H - Tj+1 > Imin/2} N Dgwm)} C
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ure g_+11 ({Tlg —Tre > Inin/2Y N {Thy1 — T > Iin/2} N Dgpm)> , we have

mo mo
Sop(af, 0Dy < ST P(Af 0 T - TP > Luw/2} 0 DY)
j=1 =1

+> NP ({T,S —Tp > Toin/2} N {Thsr — T0 > Lnin/2} N D(Tm)) .(B.4)
=1 k=j+1

To bound the first term on the right-hand side of (B.4), we apply Lemma A.l1 with ¢ = Tj and

. T > A 5 T A .
= T} to obtain %ZT:TJ' - (yr — xL0,) = %QTJ-/H‘QT}H and HZT:T]{] 2 (y- — 2.B,)|| < 5. This,

. . . . /\T 1 T9-1 R 0 T9-1
in conjunction with (2.2), implies that T > 7, fZTJ:Tj zrx) (G —ad) + erziy Tptly || >
. 01
ar,j ||aj+1 - a?H — T;)I—Tj r]:Tj z, Uy || . It follows that
AT -1
41 = of|| < erp To 7 T Z Lrtel ) - (B.5)
g J r= TJ

Similarly, applying Lemma A.1 with ¢ = j;jjJrl andt = TQ yields = Zf o 2o (yp—2lB,) = %

. .

and 4 |70 o4 (4 — 2158,)
Tiy1—1 -

1 ZT:;Q Ty (yr - x;«ﬂr>

Tj+1—TQ

Hmin (T+1 ™ 277}101 TrT )>cm/2wpa1byLemmaA3() So

2y /107,

AT
[, —TO 2
Tj41-T;

, which, in conjunction with and (2.2), implies that

. 1
> cary H%‘H —a9+1|| — T+1—T0 ZTJJC;O Ty Uy ||, where cgp; =

oo — ol < et | 72T 5 36)
Qjp1 — || < Crj | = 5 + || = 5 T |- B.6
Tjy1 — Tj Tj-l—l TJ r=T70
Define the event
T T
Er; = {Ha?+1 - a?” <A (—Ac_l 4t )
§ - 0 17,5 o 37,7
17 - 15 Tj+1 —Tj

-1 . Ti1—1
+Cl_'1]:,j Z LUy +C3T,] W Z TprUp . (B?)

j r=Tj J+l T 4y r:TJ(.J
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By the triangle inequality, (B.5) and (B.6) imply that Ep ; occurs with probability one. It follows that

P (45, 0{T =T > Ly /2} 0 DY)
j=1
m()
— P (ETJ- N AJTFJ N {Tjﬂ - T]Q > Imin/Z} N D(Tm)>
j=1
mO
< P (ETJ n {T;? — T > TaT} n {T}+1 —T0 > Imin/Q})
j=1
o AT
-1 —1 —1
< P (Nt + ety > o — ol /3)
]:1 min
m0 1 -1
71 il
+>» P ( it T Z Tpllp|| > Hagﬂ—a?H/S ﬂ{TJQ—Tj>T5T}
= A
mO 1 Tj+1—1
j=1 AR

The first term in (B.8) converges to zero because A\/(Jmind7) = 0 (1) and AT/ (IminJmin) = 0 (1) by As-
1 T9-1
TJ!)*T]' T:Tj

sumptions A3(i) and (iii). The second and third terms in (B.8) converge to zero because Tyl

1 Tj1—-1
~ TrU
Tjt1 _T]() ZT:T]@ =T

= Op{[Imin/(log T)¢]7*/2} = 0p (Jmin) by Lemma A.4 and Assumptions A3(i)-(ii), and by strengthen-

= Op{[T67/(log T)%]~/?} = 0p (Jmin) by Lemma A.4 and Assumption A3(ii),

ing the results in Lemma A.4 through the squeezing of logm®(< logT') into the exponent. Similarly, we

can show that the second term in (B.4) converges to zero.
0
Now we consider > 7", P(A; ;N Dg)). Observe that

7”0
P (A}_,j ﬂDg)) <P (D?) < Z2j*1P (max{l e {1, ...,mo} Ty < Tlo—1} :j) ,
j=1
and the event max{l e{l,..m}: T, < Tl(ll} = j implies that T} < T) , and Tiy1 > TP for all [ = j,
~ . mo_ ~ A~
w..,mY, and {max{l € {1, ...,mo} T <TP |} = ]} C URL; 1 ({TIS — Tk > Inin/2} N {Trr — TO > Imin/2}) _
It follows that

f:P (A;j N D¥)> < md mil 9i—1 milp ({T,g — Ty > Imin/2} N {T,M —TP > Imin/Q})
j=1 j=1 k=j
+mP2m1p (Tfjlo T > Inin /2) . (B.9)

Consider the last term on the right-hand side of (B.9). Applying j = m? in (B.7) suggests that the event
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Er 0 occurs with probability one. It follows that

mP2m’=1p (Tf,’lo N . /2)

= m02m0_1P (ET,mO N {Too - Tmo Z Imin/z})

o LT
< mf2mlp ()‘5 Cirmo t T T Carmo = ||O‘(r)n°+1 _O‘gnOH/S)
1 T°0—1
0
+mO2"™ P | g o | Z 2oty || > |[ebo sy — @bl /3, To — T = Linin/2
0, —To
m r= T 0
o_ _
271 (i | 3 vt 2 e — el 13
r= TO
— 0,

by similar arguments to those used in the study of (B.8) and the fact that m°2™’~! = O (T'logT) and
log (T'logT) < log (T1+€/ 2) can be squeezed into the exponent when applying the exponential inequality
in Lemma A.3. Now, we consider the first term on the right-hand side of (B.9). Using (B.7) with
j = k, similar arguments like those used in the study of (B.8), and the fact that log((mo)2 om’—1) =
O(log (T'+</2)) yields

md mil i P ({10 = Tic = Luin/2} 0 {Ties1 = T2 > Lin/2} )
k=j

j=1

ml—1
< mPom’-1 Z P(ET,k N {Tlg — Ty > Imin/Q} N {Tk+1 — TP > Imin/2}>
k=1
m®—1
20T
A MR (U e e R 1)
o m®—1 1 TP-1
+mlom —1 P et | —— x| > ||« —ayll /3 ﬂ{T T > Inin 2}
S # (it 7y 32 ) = oo~ /3 00 {72 2 )
- = Tk
. mP—1 1 Trr1—1
w2 S P\ Qe s D ] 2 ol el /3 00 (T T 2 Fan/2)
k=1 Loy = T r=T
— 0.

It follows that 377" P(A;j N D(Z)) — 0. Analogously, we can show that >7" P(A}] n DY )) 0.

We now prove (ii). By the result in part (i) and Assumption A3(i),

j] = Op (To7) =
0p (Imin) uniformly in j = 1,...,m° Tt follows that either (T}, + 77)/2 < T; < T or T} < T; <
(T) + T}, 1)/2 holds for each j. Fix I € {1,...,m°}, wlog we assume that (T, +T)/2 < Ty < T? and

consider two subcases: (iil) (T + T}, ,)/2 < Tip1 < TP, and (ii2) TP, < Ti41. In subcase (iil), using
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Lemma A.1(i) with ¢ = T} and Tj;; and (2.2) yields

1 « . 1 I ) | Tt )
Az |7 Zmr (yrfxﬁﬁr) —7 Z T, (yrf:viﬂr) =7 Z z, (yr x;ﬁr)
r=T, r=T41 r=T,
1 -1 Tror—1
- T Z [zray (of = dut) +2ruy] + T Z [zr), (aly) — Qi) + Tpuy)
r=T, r=T}
1 Tipq—1 ) 01
z |7 Z [z (adlyr — Gur) + @y ] || — T Z [z, (o) — @usr) + Ty
r=T¢ =T

Ty — TP A B
% {CTJ Q1 — || = Op((I241) 1/2)} Op (( Tl)/T>

—TO ZTHI_l x,«x’) > ¢,/2 w.p.a.l by Lemma A.3(ii) and the result in part (i).

where cr; = ppin ( r—T9

Tys1
It follows that ||dl+1 O‘Z+1H =Op[A+61)T/I? [ (IIOH) 1/2]. In subcase (ii2), using Lemma A.1(i)

with ¢ = 7} and Tl+1, (2.2), and the triangle inequality yields

1 Tip1—1 )
A > f 21; Ty (yr - x:nﬂr)
r=T
] TP—1 1 TP, —1
= |7 A [ajrx;, (a? — lerl) + xrur] + T Z [.’L‘T.’L‘ (alﬂ - al+1) + xrur}
r=T; T:Tlo
1 Tr1—1
+ T [xrx (041-4-2 541+1) + xrur]
r:TZO_H
1 Tl0+1_1 1 Tlofl
> T Z [z, (alﬂ dutr) + moup] || — T Z [z, (a? — Q1) + Truy
r:Tlo r=T}
Z 1 (0fhy — dugr) + zruy]
=79,
1° _ .
> {erillan —ab | - 0p((12) )} - 0p (0 = T/T) = O ((Tiss = T0)/T)

0
where cr ;) = fpin <Iz°_1+1 Zf:%lo Trk > > Cpp/2wW.pa.l. It follows that ||&i1 — of || = Op[(A + 67) T/IP,,
+ (11

I+1
part (ii) holds for all j = 2,...,m" + 1.

To show (ii) holds for j = 1, we apply Lemma A.1 with ¢t = Ty and t = 1 and the triangle inequality
} if 7y < T9, and

) 1/2]. The same conclusion holds when TP < T; < (T? + TP.1)/2. This implies that the result in

I

to obtain A\ > H% Tlllxr( zﬁ) —{CTM |a1 HfH— Tlllxrur

A > ng {ET @ — ol - ﬁ Zg}} @rur| || — af]| — ) T11 ZTI 11xruTH if Ty > TV, where ér,14 =
Honin (1—11 Zfl 11 Tpl, ) and €7.1p = fyin (% Zf;;l :rrzr). One can readily show that T% Zfl 11 Tplly =
T% f 1_1 TpUp — T% Zi; Tply = Op[(I(l))fl/2 +47] if T < T and T% ZZH 11 TplUy = T% Zfl 1 TpUy+
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T% fl T%) Tpu, = Op[(I?)fl/2 + 67] if Ty > TP by using Ty/T = T°/T + Op (67). In addition,

I—lng;Tjo |zvul| = Op (T5r/19). Tt follows that |[a — o] = Op[(A + 67)T/1¢ + (1?)~"/?]. This

completes the proof of part (ii). W

C Proof of Theorem 3.2

Given Theorem 3.1, it suffices to show that P [{D(’f’m,’frgo) > T5T} N {Mmax > 10 > mo}] — 0 as

T — 0. Define

Fogq = {Wie{1,. Tk‘ > Tor and Ty < 70},
Frgs = {vz eql,.., - Tk‘ > Top and T} > Tk}, and
Fors = {az e {1,...,m—1}, )Tl . T,?‘ > Tér, )Tm - T,?‘ > Top and T} < T < TZH}.

Observe that

P HD (Tm,T,?LD> > TJT} N {Mimax > 100 > mo}}

Mmax Mmax

70
< m_%;ﬂ ( (Tm,T >>T6T)m%;+1kzlP(Vl€{l m}, Tk‘>T6T)

= > Z (Fokd) + P (Foz) + P (Fooks)] -

m=m0+1 k=1

We first bound S, SV P (F, 1) Note that P (Fpji) = P(Fpps N {Tm > T0}) +

m=mO+1

P(Fy 1 N{T;, <TP_,}). Using Lemma A.1 with t = T}, and t = T in the case where T? > T, > T?_,

yields
1] < A
! 17
R N 0] DA PR PRV B
0_
implying that A > H STk Tl 2@ (Gma1 — 1) + 7 ZT" Al zrx, (o), — o) — + ZfiTl o,y || - This
further implies that the event
T -1 -1
T 1 < 1 &
Gr = Oy — || < c4T mk — + = :vTaU (am+1 a%H) + || = LUy
H H T]S - Tm T]S - Tm T; T]S - Tm T;

-1
r=Tm,

0
A.3(ii). Tt follows that Y ™, Zk VP(Fon N T > T2, }) = Sommesy S0 P(Gr N FgiN

occurs with probability one, where carmi = fimin (ﬁ > T, ) > ¢,./2 w.p.a.l by Lemma
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(T, > T2 }) < FL (1) + Fy (2) 4 Fy (3), where

Mmax mo
(1) = Z ZP (CZ%,WkA(S;l 2 Hag—l—l - agH /3)
m=mO+4+1 k=1
Mmax  m° 1 TP -1
Fi(2) = Z ZP CZ%,mk — Z 2@ (Qmg1 — a%H) > Hoz%H — 042” /3, TP — Ty, > T
m=m0+4+1 k=1 Tk - Tm r=T,,
Mmax ™M’ 1 T,?—l
Fr3) = Z ZP CZ%,mk —_— Z Tply|| > ||a2+1 — a%“ /3, TY — Ty, > Tér
m=mO+1 k=1 Tk - Tm T‘:Tm

Arguments like those used in the study of (B.8) show that Fj (1) and F5(1) converge to 0. For
Fi(2), we apply Lemma A.1 with ¢t = T and t = T} 1 and then the triangle inequality to ob-

tain H% Zf:T,? T (Yr — Thépyr)|| < 5 and + Zf To,, 2 (yy — &b 1 B,)|| < 2. This implies that
T, -1 R e R _
Az % ri-;“l,? Ty, (O‘m+1 *O‘(liﬂ) TZrHTl,g Tyup|| and thus Ho‘mﬂ O‘k+1|| < Cp k[ﬁ
TP —1 T, —1
T£+1_T0HZT’€J’}1’8 :ET'U/TH] where C5Tk = Mmin T£+1_T Zrk}llg $T$;4> Z me/z Wpa]- by Lemma
A.3(ii). Tt follows that
Mmax TI?_]'
_ 1 .
F(2) = Z ZP 64117mk T Z 2@ (Qmg1 — O‘(Ii—s-l) > Hozg_H 7042}’/3, ) —T), > Tér
m=m0+41 k=1 r=Tm
Mmax
< Z ZP (C4kaC2ka Ham-i-l a%+1” > Ha2+1 _O‘(IiH /3>
m=mO+4+1 k=1
Mmax
< 35 S p (el 2 craczboe o ol o)
m=mO+1 k=1
Mmax Tk+1 1
1
+ Z ZP 057{k 0 — 170 Z Trlr >C4TkC2kaHak+1 O‘kH/6 (C.1)
m=mO+1k=1 k+ P=TY
— 0

0
where Carmk = Hmax (ﬁ Zfi;jl xrav'r) < 2¢4, w.p.a.l by Lemma A.3(i), the first term in (C.1)

converges to zero because AT/ (IinJmin) = 0(1) by Assumptions A3(i) and (iii), and the second term con-
verges to zero by the application of Lemma A.2. So we have shown that Zﬁm";;o_H Zk 1 P(Fr i 1O{T >
TP ,}) — 0. Analogously, we can show that Y/ Zk \ P(Fo ot 0{T < TP }) — 0. Tt follows that

m=mO+1
m 7”0 . . m
Y om0t Daper P (Fink,1) — 0 as T — oo. Similarly, we can show that ) ™, Zk 1P (Frk2) —0
as T — oo.

Now we bound ) "me, Zk L P (Fk,3). Observe that P(F,, 3) = P(Fg)ks) + P(Fg),c 3) +

P(FTS’),C 3)+P(F<4> 5) where F! >k3 = Fopa NI < Ty < Tiyr < T2}, Fffk 5= Fnrsn{T? , <1
< TP, T > TP 1} F'r(ngk 3= FmksN (T <T) 1, TP, < Ty < 17,1}, and an)k 3= Fpn k30N {T; <
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T Ty, < Ti41}. For F k 5 we apply Lemma A.1 first with ¢ = 7 and ¢ = 7} to obtain

T,S 1 -1

1
Z T, T Oél+1 — ozk) R — Tty (C.2)
r= Tl = Tl
and then with t = T,S and t = Cf‘l+1 to obtain
Trp1—1 Tl+1*
A> T Z zrx) (Guy1 — ) Z Tty || - (C.3)
r=T7 r=T}
. . . A A TP-1
Then by triangle inequality ||, — o || < ||du1 — ol ||+]|dir1 — alyq ]| < c6T &l (Hﬁ ZTiTl T

AT -1 AT 1 Tip1—1 _ 1 -1\ >
+T,27TAZ> RESTY (THrT,? + Tra 19 Zr:Tg Tyuy ) where coT ki = Hiin O Zr:Tl TrTy | 2 Cpp/2

w.p.a.l and ¢rrp = fmin (#_TIS ST $7«x;> > /2 w.p.a.l by Lemma A.3(ii). It follows that

rkal.)
P Z;nzol (Fs)k 3) is bounded from above by

Mmax

Z ZP ()‘5 ' (Cg%,kl +C;T1,kl> 2 Hangl - 042” /3)

m=mO+1 k=1

Mmax Tk_1
1 A
+ Z ZP Cﬁ%kl Ti Z TyrUp > }|ak+1 _akH /3 Tk T‘l Z T(ST
m=mO%+1 k=1 k =T
Mmax 1 Tl+171 A
S S () S N SRR T S
m=m0+4+1 k=1 +1 k r:T}?

which converges to zero by arguments analogous to those used in the study of (B.8). For F,’ (2 ) k3 We apply

Lemma A.1 first with ¢t = T and ¢ = T} to obtain (C.2) and then with t = T2 and t = T?,, to obtain

] TP, -1 1 TP, -1
0

A > T E T,T (al+1 ozkﬂ) —7 E Trtly ]| . (C4)

r:T,? r:T,?

. : : 0 _ .0 A0 A0 ~1 1 Ty
Then by the triangle inequality ”O‘kﬂ akH < Hal+1 ozkH—&—HaHl akﬂ” < Cor ki (HTU T ZT:T, TrlUy
AT AT Ty, -1 Tyya—1 /

+T0 Al> + CSTk ( —T7 T,ngTO pI o Trlr where g7k = fimin T,Qﬂka >0 70 Irdy z

Crp/2 W.p.a.1 by Lemma A.3(ii). It follows that Y 7"=>%, Zk 1 ( e k 3) is bounded from above by

e LT
Z ZP<)\5 166%kl+ — —Cypp 2 ||O‘k+1_akn/3)

m=m0+41 k=1

Mmax m° 1 Tk—l
+ Z ZP CG_%JCZ —0 Z LUy > Hak_i'_l OékH /3 Tk T‘l Z T(;T
m=mO%+1k=1 Tk =T
Mmax  m° 1 Tk+1 1
+ Z ZP CS%k ﬁ Z TpUp|| > Hak+1 — OékH /3 R
m=mO9+41 k=1 k+1 r=T?
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which converges to zero by arguments analogous to those used in the study of (B.8). For F( ) k.3 We apply

Lemma A.1 first with ¢t = T,S_l and t = T,S to obtain

1 TP -1 1 21

A > T Z T, T (al_H — ozk) - = Z Trtr|| (C.5)

r= Tk 1 r= Tk 1
and then with ¢t = 7Y and t = TI_H to obtain
Tip1—1 1 Tiy1—1
0

A> T ZTO zrx, Qg1 — o) — T ZTO Tyt || - (C.6)

r=T} r=T}

0
1 Ty —1
0 0 E TrU
T—Ty_, r=T_, 7T
AT — AT Tyy1-1 _ 1 P—-1 /
—1—7)—1—0 ( + = T, u, | where c = i | mo—0— T,T,. | >
TO—T7_, 107kl \ Fypy 7 Tz+1 —TP ZT:T;? rUr 9T,k = Mmin TO—TP_, Zr:Tlg_l rZy | 2

/2 w.p.a.l and cior g = ,umm (T e Zzﬂ“jiofl :rr:r’) > ¢../2 w.p.a.l by Lemma A.3(ii). It follows
+1—

Then by triangle inequality Hak—H — akH < ||oq+1 - OzkH—&-HalH — O‘k+1|| < chk (‘

that Y-, ) Zk 1 ( g k 3) is bounded from above by

Mmax

T
Z ZP< _CQTk+>‘5 ClOTkl>”ak+1_ak”/3)

m=mO%+1 k=1

Mmax mO Tk—l
—1 0 0
+ Z ZP Cor e o710, TO Z zpup|| > |lajyy — oyl /3
m=mO%41k=1 k=1, T)_,
Mmax  m° Tiy1—1
+ P |y Tyl >Ho¢0 —aOH/S Tip1 — TP >T6
10Tkl rUr|| 2 || 041 gl /3 Li+1 g =>Tor |,
m=mO%+1 k=1

which converges to zero by arguments analogous to those used in the study of (B.8). For F}f )k 3 We apply
Lemma A.1 first with ¢ = T, and ¢t = T} to obtain (C.5) and then with ¢t = T} and ¢t = Ty,
to obtain (C.4). Then by the triangle inequality Hozzﬂ foz(,iH < H&H_l foch + Hé‘l+1 foz(,iHH <

_ 0, 1
CQ%k ( ’\go ) +08%7kl (T;? ’\TT 70 —TO ZT’“}% z,u, |. It follows that
Soma Zm P(F . k 3) is bounded from above by

k+1 k
m=mO+1

0
1 T, —1
TO—T0_, ZT:T,Q | Tt

-1

Mmax

T
Z ZP( - (Cg_:ﬁ,kJFCs_:%,kz) ZHO‘%HO‘%HB)

m=m0+4+1 k=1

-1

Mmax k

+ > ZP Cork || Fr—Fr— Z et || > [lagy — o] /3
m=mO+1 k=1 r— T(J .
Mumax 1 TP -1

+ Z ZP CSlel 70 __ 70 Ly U 2|’O‘2+1_O‘2H/3
m=mO0+1 k=1 k+1 k T:Tlg

which converges to zero by arguments analogous to those used in the study of (B.8). Consequently,

P DT, T8) > Tor } 0 {max = 10> m®}| - 0 as T — oc. W
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D Proof of Theorem 3.3

To avoid confusion of notation, let 1, Tn=(T1, ..., Tis), and &un(Tr) = (61(T) s .., dungr (T7)))' be the
hypothesized GFL estimates of the number of breaks, the set of break points, and the set of regression
coefficient estimates, respectively. Let df be the corresponding set of post-Lasso OLS estimates. Let
Qrx () and Qp1 (;+) be as defined in (2.5) and 3.1, respectively. Let &z, = (&) 7, ;-1 7,) =
argming,, Qr,1 (0tm; Tn) denote the post-Lasso OLS estimate of v, = (af, ..., a;nﬂ)/ for the given set

of break dates specified in 7,,,. We want to show that for any m < m® we have P(QTA(&m('j'm);’j'm)
> Qra(Gmo(Tno); Trno)) — 1. Noting that under Assumption A3(iv)

T 190 (@0 (1) 90) = @ (e (Tr) )

= £ o ol TR Y ) o o PRI
T min 7= =T 4 J=1 =T 4
h 0
A o () =6 () | = X s (o) s (7o)
minYmin | 555 =1
> ImmTJQ [QT,I (dfﬁl;fm) - Q71 (dmo (Tmo) ;Tm0>:| +op (1)

it suffices to show that for some ¢ > 0

A

P (O<71r?<fm0 inf ﬁ [Qm (&7, Tm) — Qra (amo (Tmo> ;fmo)] >c+op (1)) —~1, (D.1)

where 7,,, = (T1, ..., T;n) with 1 < T3 < ... < T, < T denotes an arbitrary m-dimensional set of potential
break dates. We prove (D.1) by showing that (i) 1 [QTl (dmo (’j'mo) ;’j'mo) - 6%} = op (1),

and (ii) P (inf0<m<mo infr, % Q71 (67, Tm) — 6%] > c+op (1)) — 1 as T — oo, where 6% =

1
T2m+2t Tol(yt_o‘gxt) TZt -
We first show (i). We make the following decomposition: Q7 1 (amo (j—mo) ;’j’mo) —52. = Z;ﬂ:of 1 % L1

(

T . 72
Iinin ‘]nnn

[(yt — d;act)z —u?] = Z;n 1+1 Q1,15, say. To study Q1,15, we consider four subcases:
and Tj < 79, (i2) Tj_1 < T?_; and T; > T9, (i3) Tj_1 > TP, and Tj < T9, and (i4)

T; > T7. In subcase (il), we have

q>
|\/
N
o
o
=
Q.

-1 TP -1 -1

1
Qry; = T Z [(yt—d;iﬂt)Q—uﬂ-i-?

t=T7_, t=Tj1 r=T;

= Qr1; (1) + Q11 (2) — Q7,15 (3), say.

—_
—
&

I

Q
<

8
&~
~—

I

£
I

|
Nl =
[ —
—~
g

|

R
<

8
N

|
£
_

1

T 1/2 T)—
By the fact that = Zt#Tf,l ziuy = Op([(log I3) I7] '~ /T) = Op [((10g Imin)“® JT)"/?] and - Zt 79 T
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= Op (1) uniformly in j, we have

1 -1 1 TO-1
Qra (1) = —2(&; — ’ Z Ty + ( ) T Z zxy (& — a?)
t =T7_, t=Tp_,

— &y — 05(;” Op [((log Imin)c5/T)1/2] b — 04?”2 Op (1) uniformly in j.

. / T9-1 R ’ -1 R
For Q7,15 (2) , we have Qr,1, (2) = -2 (ocj - 04?) % ZtiTj—l $tut+(aj — a?) % Zt;f’j,l TeTy (ozj - a?) =

—2Q7,15(2,1) + Q1,15 (2,2), say. By Theorem 3.1(i) and Markov inequality, w.p.a.1 we have that uni-

formly in j,
1 01
Qra 1) < Jay=all 7 X lerul <orflag - ol X ol = br oy~ 2] 0 (1),
t=Tj1 t=T9—Té7
7-1
N T ™ b D &; — 0|2 0p (1)

t= TJO —Tér

It follows that Qr.1; (2) = ér(||&; — o A — a?HQ)Op (1) uniformly in j. Similarly, we can show
that QTU( ) = 5T ”dj—w

Op(1 )QT 1; in subcase (il), where QT =T~ 12(log T)/2 + 67 Ha] — a3

(v — chH2 Op (1) uniformly in j. Consequently, we have Qr1; =

i —ofl”

. Analogously,
we can show that this result also holds in subcases (i2)-(i4). By Theorem 3.1(ii) and Assumptions A3(iii)-
(iv), &; — ¥ = Op(I2/?) and T=/2(log Iyin)*/2 + 67 = O[T~1/2(log Inin)*/?]. It follows that

7 min

m +1
+1 _
. J2 Z Qrj = I(mﬂ )[(mgfmi )5 2T 20 (I + Op (I (mm)} =op(l) (D2

under Assumption A3(iv). It follows that ﬁr: [QTJ (dmo (’fmo> ;’f'mo) — 5%} =op(1).

We now show (ii). For brevity we assume that m® = 1 and Ty < T below as the other cases can be
studied analogously. In this case, m = 0 and 7y is empty. Then &, reduces to the OLS estimate of y;
on z; using all T observations and we have &7, = dors = (% Zthl xw%)il % 23:1 x+y:. Using (2.2)
with my = 1 yields
A 1T,_1T101 1\ 1 & ) 1 &
dors = (T ; actxt> T Z zixhal + (T ; actxt> T tZTO Tl + (T ;xtmt> T ;xtut

= ap+0p (Tﬁl/Q) , say.

w IV A~ T 701
where ap = Tl gcglelxxO‘l TQ QQxxO‘Q Op (1)7 Qzz = % Zt:l ItZEé, Qrzz = ﬁ Ztél ItZEé, and
Qoue = I—lg Zf:T? z¢xy. Note that Quyy Q1uz, and Qag, are all asymptotically nonsingular by Lemma
A3, Let d) = o — Y. Then o — af = —ZQ 1Qoz2d), and o — af = T Q 1Q122d}. Using this we
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can readily show that

T
1
Qra(am) -0 = =3 [( —dbpsar)’ —uf]
t=1
1 -1 1 -1
= (af —dors)’ T Z zy (o — dors) +2 () — aors)’ Z Ty
t=1 t=1
T T
1 1
+ (o — @OLS)I T Z zxy (o — dors) +2 (o — é‘OLS)/ T Z Tyuy
t=T7 t=T}

e +0p (1772 (1772 4 [ &]))) = ex + Op (12),

where the leading term is given by

9 19
cr = = ( 1 ?)/lex (O&%*Oé(l]) +_2 (O‘TfaQ) QQmac( 7 70(8)

T
IOIO 07 0 1 0/ —1 —1 0
= d QQ:{‘QCQxx lexQ QQ:racd dl lemQxx QQx:erx lexdl

> cIminJmm/T for some ¢ > 0.

It follows that L [QTI (&7, Tm) — UZT} zct

T 7. Op (T7'/?) = ¢+ op (1) by Assumption

2
mmem

A3(iv). This completeb the proof of (ii) for the case m" = 1. Analogous but more tedious arguments

show that (ii) also holds for the general case where m° > 2. B

E Proof of Theorem 3.4

Denote Q = [0, Amax] , @ bounded interval in RT. We divide ) into three subsets g, Q_ and Q. as follows
QoZ{)\EQ:m)\ZmO}, Q,:{/\EQ:mA<mO}, andQ+:{)\€Q:m>\>mo}.

Clearly, Q, Q2_ and Q4 denote the three subsets of 2 in which the correct-, under- and over-number of
breaks are selected by the GFL, respectively. Recall aﬁm = (o“/ljmA s e &;ﬁx-l-l,TmA )’ denotes the set of
post-Lasso OLS estimates of the regression coefficients based on the break dates in Ty, = 5, (A) =
(Ty (\), ..., Ty (\)), where we make the dependence of various estimates on A explicit when necessary.
Let Er%ﬁA = QTJ(&TM;’JA'MA). Let A denote an element in € that also satisfies the conditions on
A in Assumptions A3(iii)-(iv). For any A} € o, we have o, = m® and ‘TJ (/\?p) — TJO‘ < Top for
j =1,..,m° by Theorem 3.1 as X also satisfies Assumptions A3(iii)-(iv). By the proof of Theorem
3.3, &%’0 = 62 + (log Iin) /2T =120 p(I, 1/ 1/2) where 52 = LS u? L 02 = limpo LS E (uf)
under Assumption Al. Then by Assumption A4(ii) and Slutsky lemma, IC ()\0 ) log( ) + pppm?®
log(62700) +op(1) il log (03). We consider the case of under- and over-fitted models separately.

Case 1: Under-fitted model. In this case, 7y < m” and by the proof of Theorem 3.3

———— inf
ImmJ A€

min

T i [&Qfm - &Q%O] RAEN ,\ierbf, [QT,I (df ; mA) Q1 (&mo (Tmo) ;fmo)} > ctop (1)

min
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for some ¢ > 0. It follows that

p (Aie%f IC(\) > IC (AOT)> -

Case 2: Qwver-fitted model.

2 2
ERNLE

)+pr(m)\_ )} >0>

T
- P<Imm<]2 log(T /UTO)+OP(1)>O)—>1.

min

P < Lmnj;ﬂ [1og (a

min

(E.1)

Let A € Q. By the fact that log(1+x) = 2 + O (2?) for # in the

neighborhood of 0, and Lemma E.1,

o' [IC () = 1C (A7)]

Noting that 7' (6% — 65
’IYL)\

Assumption A4(ii), we have

7 ,) = Op(1) by Lemma E.1, &gmo

67" log (6%m /(}QTmO) + 67" prp (1 —m°)
~1
= (6%_7“0) ot (&%M &27 ) + 67 prp (i — mo) +op(1).

= 0% +op (1), and 6;'pp — oo by

(mf IC(\) > IC (A‘}))

AEQ

> P ((03)1

— lasT — oo.

min

mO<m<mmax Tm:D(Tm,T:LO

inf o7 (6. - 0%
)ST‘sT m0

Combining (E.1) with (E.2) yields P (infyecq_uq, IC (A) > IC ()\%)) — 1 as T" — oo. This implies that

the minimizer X of IC (\) cannot belong to either Q_ or Q. Consequently, we have P(A € Q) = P =
mo) — lasT — oo. B
Lemma E.1 max,,o<m<m... SUPT, c1, 07 |07 — &Qfmo‘ = Op (1), where Ty, = {Zp, = (T1, ..., Tin) :

1<T) <

Proof. Noting that |65

Theorem 3.1(1), it suffices to bhOW that MAX,1,0 < <y S

Let m € {m?,

Q1,1 (am; Ty,) denote the post-Lasso estimate of oy, = (o, ...

- mmax} . Given 7,

< T <T, D (T, T2) < Tor}.

< 6% — 52+ |&2 - 52T| and D(Tmo,TéJLO) < Tér w.p.a.l by
- 55| =

Op(1).
=(Ty,....Tn) € ’Jl‘m, let &7, = (O‘l,Tm,7 ...,&;,H_LTM)/ = argming,,

,Qmi1). Let 65 = Q11 (&7,,; 7). Note

that we do not impose the condition that ming<j<m(Tj41 — Tj) > Imin — 00. It is possible to have

T

existence. We can treat 7,, and ’];2
tively. Let ZTpymo = (T1,Ts, ...,

non-descending order: 1 < T} < Th <

.2 _9
oo, = 774+ Op(
m

0< UTO — 6%

m—+ m0

— T < p for some j, in which case the solution {&; 7, .j=1,...,

T—1), we have

=54 — 6> +0p (T

m+ 1} is not unique despite its

(TY, ..., T°

mo) as two sets with m and m©® break dates, respec-

Tynmo) denote the union of 7, and 7.2, with elements ordered in

> 62 and

m«H'nO

- < Tppymo < T. In view of the fact that &270

< (m+m®+1)Jp+0p (T7), (E.3)
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where

Jr = sup 71!
1<s<r<T+1,(s,r—1) does not contain any break points

r—1
: 2
1nf§ (yr — )" —ul|.
[e3

t=s

Let Xg = (25, oo, Zp1)'y Yor = (Ysy oo, Yr—1)’, and Uy, = (usg, ..., up—1)’. By standard least squares regres-
sion results, if the time interval (s, 7—1) does not contain any break points, then ’infa 22;3 (yr — o/gvt)2 — u?
=U! Px. U, where Px, = X, (X!, X,)" X/ and A" denotes the Moore-Penrose generalized inverse

of A. Let vy = Té7. Then

Jr < sup T U, Px, U,

1<s<r<T+1
—177/ —177/ —
= sup TU,, Px, Us + sup T U, Px, Usr = Jr1 + Jra, say.
1<s<r<T+1,r—s>vr 1<s<r<T, r—s<vr

For Jri, by Lemmas A.3 and A.4 and Assumption A3(ii) we have that w.p.a.l

—177/ / =1
Jm = sup T UL Xer (X5 Xsr)  XopUse
1<s<r<T+H1,r—s>vr
1 ! 1 ?
< 771 3 —X' X 5 X' U
— Sup :u'max sr<*sT sup sr ST
1<s<r<T+1,r—s>vr r—=s 1<s<r<T+1,r—s>vr r—s

= T7'0p (1) Op((logT)™) = 0p(67).

For Jrs, noting that p.,.. (Px..) = 1, we have by analogous arguments as used in the proof of Lemma

A.4 and Assumption A3(ii)

r—1 s+vpr—1 s+vr—1
Jra < sup T Zuf <T ' sup E [uf — E(u})]+T"  sup E E (u})
1<s<r<T, r—s<vrp t—s 1<s<T—vp t—s 1<s<T—vp —s

IN

T-'0p ( vT(logT)c‘;> +T70 (vr) = Op (T tor) = Op (67).

It follows that Jpr = Op (d7). This, in conjunction with (E.3), implies that —Op (07) < &27 o o2 <
Op (Tﬁl) , which holds for all m and 7,,, = (T, ..., T),) . It follows that uniformly in m and 7,, we have

07 (6%, —o7) 2 67'(6%, , —3%) = —Op(1). (E4)
Next, we want to show
max sup 67 (6%, —67) <Op(1). (E.5)

mO+1<m<mmax Tm€Tm

Since 7, = (T1, ..., Tin) € Ty, for each T]O € 79 there exists T} € T, such that |Tj‘ - TJQ| < Tér. This,
in conjunction with Assumption A3(i), also ensures that T; <Tjforj=0,1,.., m?, where by default

Iy =land Ty, , =T+1. Let Tro = (Tl*,...,T*O) . Note that

m

~2 —2 A~ LTk —~2 2
67, — 01 < Q11 (aT;‘Lomi0> —orp = Q1,15,
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_ T _1
_1 , At 2 2 o : x 0 .
where Qr1; = % t;Tﬁl[(yt — &1, x4)? — uj]. In addition, ming << o |Tj —Tj ‘ < Tép, ming<j<mo

] P Tjo’ = Iinin, and the fact that Tdp = o (Inin) ensure that T =T = I9+O(Tor) = I 40 (Inin)
for j = 1,..,m% + 1. As a result, dﬂ'vT;,o is uniquely defined in large samples and given by &jjwto =
(X/T;ngj* Xre_ 17 )_1X’T;71Tj* Yr_ 7y It is straightforward to show that é; 7+ —ad = O0p [(I9) 712 4 67

and

i |57, — af||" = mOOp (L2 + 55) = mOOR(Il) for s = 1,2 (E.6)

min min

To study Qr,1;, we consider four subcases: (il) T?*_1 < TPy and TF < T7, (i2) T;, < T}, and

Ty >T7, (3) T;_, > T{, and T} < T}, and (14) y > T}, and T; > T}. In subcase (il), we have
= 90— -1
Qr1j = % ZtiT]ofl[(yt_aj,Tyjlomt) _ut]+T Zt:TJﬁl [(yt—ajvT;Oxt)Q—uf] _% r= T*[(yt jT* )% —
— — — . 1
uf] = Qr1; (1) + Qr1, (2) — Qr, 1j( ), say. By Theorem 3.2(ii) and the fact that X Zt T, Tilly =
Op [((log Imin)® /T)'/?] and 10 Zt TO zixy = Op (1) uniformly in j, we have
1
TP -1 791
_ . 1 "1 A 0
Qrai (1) = -2 (O‘LT;‘LO —a; ) Z Tyuy + (a] T ) T Z TyTy (OéjvT,,*lo - ozj)
t= TO 1 t:T]O—l
2
= dej,io - a?” Op (T—1/2(1og Imin)cs/2) + de,T;D — a? uniformly in j.
9 9 _ A 0y/1 T;(‘J—1*1 N 0y 1 T](')—171 (A
For Q.15 (2) , wehave Qr15 (2) = —=2(4y,7-, —a5) 7 20, 2 | wewet (1, —a5) 73 0L | @i (@7,
—049) = —2Qr1; (2,1) +Q1,1; (2,2), say. Noting that uniformly in j
1 ) -1
Qra;2.1) < dr|azs, —af|| 7= D lwwwl = o1 |aizs, —af||Op (1), and
T t:Tjof T
T0-1
_ . 0 2 1 < / ~ 0 2
Qra;(2,2) < or H%‘,T;D - %H Pomaxe | o5 > way| =6r H%‘,T;D - %H Op (1),
T t:TjofT T

_ 2
we have Q7,15 (2) p(01) <H&j’7*° — agH + Hé‘jﬂ'*o — agH > uniformly in j. Analogously, we can

_ 2 _
show that Q.1 (3) = Op (01) (H&jj*o — oz?H + H&jvT*o — oz?” > uniformly in j. It follows that Q7.1; =

0

2
Op (T*1/2(logImin)C<‘/2) Hézjj*o — ag‘ 1) Hézjj*o — H uniformly in j in subcase (il). The same

probability order holds in subcases (i2)-(i4). Then by (E.6) and Assumption A4(i), we have

mo-l-l

71 =

T E QT 1j
Jj=1

O (7% lo /267 )Z a5, — o]+ 0p (57 in ~ o]

= T7%(log Lin)/*05 ' m* Op (1)) + 67! m*Op(

min

:OP

—~

1),

mln)

~2 -9

and (E.5) follows. Combining (E.4) with (E.5) yields max,,041<m<mma. SUPT, eT,, 7 — 0| =

Op(l). m
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F Proof of Theorem 3.5

Despite the presence of the Lasso penalty term, the proof follows from the same idea as used in the
literature on break estimation; see, e.g., Bai (1995, Theorem 1), Bai (1997a, Proposition 3), and Su et al.
(2013, Theorem 4.4). The main difference is that these early papers focus on the case of a single break
whereas we allow the number of breaks (m°) to diverge to infinity. [Bai and Perron (1998) stated that
the limiting distribution in the (fixed) multiple break case is the same as the single break case, but did
not give a formal proof.] By Theorem 3.4, m® = 7, w.p.a.1 so that we can treat m® as if it were known

in large samples. We reformulate the GFL objective function as

1 m0+1 Tj—l m°
2
Sraler) = (g — wha)” + A [l — ]| (F.1)
j=1 t=Tj_; j=1

where a = (o, ay,...,al o) and r = (T1,..., Tjp0). Let &(r) = argming Sta(a, 7), 7 = (T4, ..s Tio)
= argmin, St (&(r),r), and & = & (7) = (&), &y, ..., &pp044) . Let 70 = (T7,...,T°,). To study the
asymptotic distributions of the Lasso estimators & and #, we can evaluate the global behavior of Sty («,

r) over the whole parameter space for a and r via reparametrization. Define
Vra (a) =T [Sra(a® + D sar (v) — Sra (@%0)] (F.2)

where 7 (v) = (r1 (V1) ;o0 Tmo (Vo)) With 7 (vy) = [T} + crjvi], ery = O(c?;?j), U = (U1, .oy Up0) €
Rmo, a = (da},db, ...,a:n0+1)/ isap (mo + 1) x 1 vector, and D,,0 is as defined in Section 3.3. Assume
that r; (v;) = 1if rj(v;) < 1 and 7; (v;) = T if r; (v;) > T. Apparently, the reparametrization in
(F.2) conforms with the anticipated rates of pointwise convergence for & and 7. Let & and © minimize
Vira (aw). Then & =D, { (& — a°) and [cr;0;] = T; — T? for j = 1,...,m°.

For notational simplicity, we focus on the case where v; < 0 Vj € {1,...,m°} as the other om’ _ 1

cases can be analyzed analogously. Noting that a(; 1 a(; = dOTJ-, we have

Vra(ap) = { {Ut _ (I]Q)fl/Qa;mt]Q B u?}

J=1 =17,
mo Tj-1 )

+ Z Z { [ut — (1) Va3 — dOT’J:Et] - uf}
Jj=1lt=r;(v

. 5(v3) 2

+ Z { |:Ut — (I%o+1)*1/2a;n0+1$tj| — U?}

t=T"Y

+TA m (a2 a0 — @020, 4 d |~ )

Jj=1

Vraa (a0) + Vrae (a,0) + Vra s (a) + Vg (a), say.
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We shall prove the weak convergence of V) (a,v) on the compact set S = {(a,v) : ||a|| < VmOK,
lv]l < vVmOK} Where K is fixed positive constant. By the triangle inequality and Assumption A6,
[Vraa(a)] < T)\Z] 1 || j+1 1/2aj+1 — (I]Q)_l/ZajH = O(m OT)\Imlln/Q) = 0(1) uniformly in a. It is

straightforward to show that uniformly in (a,v) € Sy,

m0 ) -1 T0-1
Vraa (aw) = —QZ IO Y2y Z Tely + Z IO ; Z zxia; + op (1),
t=T7_, t=T9_,
m0 -1 mO -1
Vrag (av) = —2 Z dOT’J— Z Teug + Zd%j Z actx;dOT,j +op(1).
Jj=1 t:LTJQJrCTUjJ j=1 t:LTJQ+chJ-J
In addition, Va3 (a) = —2(1%, ;) *%a) 0., Zt 7o, Tetly + (10 1) al oy ZtT:Tﬁlo T4Ty Aoy q. It fol-
lows that uniformly in (a, v) € Sp we have Vpy (a,v) = Vir (a) + Var (v) +op (1), where Vit (a) =
- - - = 0 -1 TP -1
_2a/Dm}’XIU—FaIDm})X/XDm})a’ and Vor (U> = Z;nzl [_2d8“l,j Zt: LT} +erv;] Lty +d8"l’j Zt: TP +ervy] xtm%d%j]'

Noting that V7 (a) converges weakly on a compact set to V% (a) = —2a’®1/2Z + a'Wa, where ® and ¥
are as defined in Section 3.3, and Z is a p (mo + 1) x 1 vector of independent standard normal variables.

By the continuous mapping theorem (CMT),
S5a=5D"'(&—a) % Sargmin 1_/1(70) (a) =N (0,ST'e¥ 9.
a

This proves part (i) in Theorem 3.5.
Let cr; = (CZ/T’j\I/jCZTJ‘)_l for 7 = 1,...,m" By the invariance principle for heterogenous mixing

. 0 T)—1
processes (e.g., White (2001, Theorem 7.18)), d7 ; ZtiLT;J+cT,jujJ T

Wi Zt [T0+CT]U]J CT]del’tut

0
71

T _ -1
o (— . 07 J 0 — ZCT.jY 4 U/
= ¢;1Wj1(—v). Because cr ; — oo, we have dr Zt:LTf+CT,jij xt:cth’j =

—cTJvJ 1,5 Zt [T} +er,jv;]
rixydy il lvj| by Assumptions Al and A5(ii). It follows that Var (v) = Zj:1[72q§j)1Wj,1 (—vj)
+ |v;]] when v; < 0 V5 € {1,...,m°}. For the case v; > 0 Vj € {1,...,m"}, the counter part of Var (v)
is Vo (v) = Z;-":l[—Qd%"j ZtL:jOT:gCT"jUjJ T +dy Zt@;}c“ vil zixydy ;], which converges weakly to
Z?i)l[—Q\/f_quj,Qng (vj) + &;vj]. The cases where elements of v have different signs can be derived
analogously by discussing the signs of (T — TJQ)’S as in the proof of Theorem 3.4. The independence
between W; 1 (-) and W, o (-) arises because by a simple application of Davydov’s inequality for strong

mixing processes (see, e.g., Hall and Heyde (1980, Corollary A.2)) and Assumptions Al and A6(i), for

any v; < 0, U; > 0, and small € > 0,

TJ071 LTJQ+CT,j’L_)‘7'J
E |d7., Z Ty Z usxldy ;| | < 8||dy j|| supE [||$tut”2+ } Zra )/ — 6 (1).
t:\_TJQ-i-cT,jij s:T]Q =1

By the same reason, W;; and W;; are independent for all j # 7 and [,k = 1,2. Consequently, we
have Var (v) = Z;n:ol —27Z; (vj), (AJT A )d%j(T TO) 5 argmax, Z; (r) by CMT, and Tj — Ty are
asymptotically independent of 7; — T? for all j # i. This completes the proof of part (ii). B
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G Proof of Theorem 3.6

We prove the theorem by showing that é; = shares the same asymptotic distribution as é7zo —and

the asymptotic distribution of ExToO is as given in the theorem. The latter can be verified easily

under our assumptions by a simple application of the central limit theorem for heterogenous strong

mixing processes; see, e.g., White (2001, Theorem 5.2). For notational simplicity, we shall suppress

the dependence of D,,0 and bmo on m® and write them as D and ﬁ, respectively. Noting that
D(az ,—a°) = (DT'X'XD~H)'D7'X/[(X~X)a + U] and D(é70, —a®) = (DT'X'’XD~) "' D7IX'U
by (3.3)-(3.4), we have

S[D(ag  —a’) = D(ép, —a’)] = SAT'B-AT'B)+SAT'C

m m

= SATYB-B)+S(A'—AHYB+SA'C,

where A = D™IX'XD~!, A= D 'X'XD~', B=D"'X'U, B=D"'X'U, and € = D7'X'(X - X)aP. We

prove the theorem by showing that (i) Syp = SA~Y(B—B) = op (1), (i) Sar = S(A'—AH)B = 0p (1),
and (iii) Ssr = SA~1C =o0p (1).
. 2
To proceed, we first show that: (a) Amin (A) > b) HA - AH =

Cor/2 and Apax (4) < 26, w.p.al, (

op (1/m%), and (c) Amin(A) > ¢,,/4 and Apax(4) < By Weyl inequality, Amin (4) >
Amin (B (A))=Amax (A — E(A)) > Ain (E (A)) — ||[A — E(A)|| . Assumption A2(i) ensures that Ayin (E (A))
> ¢, By Assumption A1 and Davydov inequality, we can readily verify that E [|A — E (4)||> = O (m° /I nin)
= 0(1). Thus ||[A — E(A)| = op (1) by Chebyshev inequality and the first part of (a) follows. Analo-

4¢,, w.p.a.l.

gously, we can prove the second part of (a). For (b), we have

A-A = DX -X)KD '+ D XX -X)D L+ DIX'X(D - DY)+ (D' - D HX'XD
= A1 +A2+A3+A4, say.
Write Ay as a partitioned matrix: A; = (A, Z])” 1 Where Ay ;;’s are p x p matrices. Note that
XX =diag(X/ Xy, ...,X;nOHXmoH) and X'X is a block tridiagonal matrix w.p.a.1:
TOANT -1 T9—1
tli\l & ZtlTl & 0 0 0
T 1 TINT>—1 -1
Shide, TEAle wBle 0 0
T 1 TINTz—1
. 0 ZfT“ Zti}\gi@ g - 0 0
X'X =
Trono/\Tm()*l 7,0 1
0 0 0 ZtToi\/j—'(]lé-t ZtTo
T 1
0 0 0 Zt 7010 zt:T,(,]lo \/Tmo gt

where &, = zz; and Zf:a § = 0if b > a and we use the fact that when P(T}_; < T; < TP,) — 1
because w.p.a.l ’TJ - T]O’ < Tép = 0(Imin) by Theorem 3.1(i) and Assumption A3(i). We can analyze
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Al,ij for 1,7 =1, ...,mo + 1. For example, if Tlo > Tl, then A1711 =0, A1721 =0, and

5-1 TP -1
_ _ _ _ 1 .
12172 12172
HAI 12” = I / / Z mtxt < T5TI / / T(ST Z th.’E;” = OP (TdTImm) N
t:T1 t=T1—T6é1
. A~ £ p_ O+ Tér—

and if TP < Ti, then Aj10 = 0, [[A1 ]| = I; 1H2tTlTé $t:ctH < Térl; 1% Z?l;g T 1H$tx£|| -
Op (TérI,} ), and analogously, [|A101] = ffl/QIA;l/Q HZ;FI Té z7,|| = Op (T671,,,) . By the same to-

ken, we can show that for those A, ;;’s that are nonzero, their Frobenius norm are uniformly bounded from
m mO
above by Op (TdrI,1). Consequently, [|4;]* = 31", hEbY <1 AP = Op(m O (TsrIl)?) =

op (l/m ) . For A3, we have

|4s]* = tr (DﬂX'XD*lD(ﬁ*1 —-D YD - Dil)DD’IX’XDfl)

0 1/2 0-1/2)? —1 —1p-1 -1
< max (52 =07) e (D7'X'XD ' D7D
F—1/2 0—-1/2 2
< D507 ey ()

= Op (T*631,2) Op (1) Op (m°) = Op (m° (TorILh)*) = or (1/m°)

o 12 0-1/2\% _ (1;—19)2 _ o
where we use the fact that I (I] —I; ) = +{ (1]1/2+(1§)1/2) Op (T 5Tlmm)

uniformly in j by
Theorem 3.1(i). Analogously, we can show that [|A,| = op (1/m°) for s = 2,4. Thus we have shown
that HA - AH2 = op (1/mP) . For part (c), we apply Weyl inequality to obtain w.p.a.l, Amin(A) >
Amin(A) — Amax (4 — fl) > Amin(4) — HA — AH > c.n/2 —op (1) > ¢, /4. Analogously, we can show the
second part of (c) holds.
To show (i), we first make the following decomposition Sy = SA™'D~1(X — X)'U + SA~1 (D!

WU = Sir,1 + Sir2. By Theorem 3.1(i) and Assumption A3(i), Tj —TJQ‘ < 67T = 0(Iin) -

This ensures that w.p.a.l Tj lies between T](l1 and T ]+1 for j =1,...,m". Let 5’1T71 = ﬁfl(X — X)/U.

Write Syt = (5’{11 1y eees giT1m0+1)/7 where Si7;’s are p x 1 vectors. 51T1 1= 0if TP > Ty and

S f [ TY+T6r—1
Siraa =L e it TP < T, D Yl e =

Op(TdTIl;ln/z)Op (1) = op ((m°)~1/2) . Analogously, we can show that HSIT,j,mOJrlH = op ((m°)~1/2) for
m +1 |

j=2,...,m% m®+1and HSlTlH |5’1T 1 j|| = op (1) . Consequently, we have

ISural® < 471 Suralf® = 0 (SA*A*S’) 8urall” < Pain()] 1812 Bl = 00 (1)

Noting that HD‘1X’UH2 = Op (m°) by Markov inequality and tr(SA A1) < Dmin(A)]21S)°

o1



Op (1), we have

IN

HS@AD‘%ﬁ—aDM2W74XUW

tr (SA7'D"N(D ~ D)(D ~ D)DTMATLS) [ D7 'xU’
~ 2 A 1oa B 2
< 1<ﬁ3§+r51((y2—[?”) tr(SA1 A7) [pxU|

= OP(T25T mm)Op( )Op (mo) = Op( (TéTImm) ) = Op(l),

~ ~ 2 7 _70)2
where we use the fact that I;l (11/2 — IJ(-)I/Q> < (17])2 = Op (T26TI uniformly in j by

J f ( 1/2+101/2) mm)
Theorem 3.1(i). Thus, we have Sir = op (1).

To show (ii), we apply the above results in (a)-(c) and the fact that ||B||* = Op (m°) to obtain

15272 HSA*(A—A)A-lB\f < \)sA-1<A—A>A-1\\2 IB)>

- tI(SA_%An—AL44Af101—fDSD|Mﬂ2

IN

Do (40172 P (A)] 4= a2 32
Op (1) Op (1) op (1/m®) O (1) Op (m°®) = op (1).

We now show (iii). We write C' = (4, ...,C

m0+1) where Cj’s are p x 1 vectors. For C1, we have

. 0 if 70 > Ty
Ci = o 1/2 1 o 0 e w.p.a.l,
=50 0 vy (0 —af) TP < Ty

where we use the fact that when 7} > T9, P(Ty < T9) — 1 because w.p.a.1 Ty —T? < Té7 = o(T9 — TY)
by Theorem 3.1(i) and Assumption A3(i). It follows that

1 TP 4+Tér—1
-12 1 2 1/2
H04]<JWT[ T 3 Hxﬂ|Ha2—c“H—-Op(T6TLmn).
t=T7
Analogously, we can show that ”C’moJrlH = OP(T(STI_l/Q) For the C’j with j = 2,....m% we can

min

discuss four subcases according to the signs of Tj,1 — T]O_1 and Tj — TjQ as in the proof of Theorem

3.4, and show that HéjH = Op(TéTImm/ ) uniformly in j for each subcase. Consequently, we have
[ty

~ 112
j=1 j = mOOp <T25

mm) =op (1) and

H&ﬂfgtdﬁﬁAAquHdrg{&WLQTﬂWWHdr:OPOﬂNDmﬂUZOPO)

This completes the proof of the theorem. W
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