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THIS APPENDIX PROVIDES PROOFS FOR TECHNICAL LEMMAS IN THE ABOVE PAPER.

Let C signify a generic constant whose exact value may vary from case to case. Frequently we

will use two evident facts (see, e.g., Kelejian and Prucha, 1999; Lee, 2002):

Fact 1: If the row and column sums of the n× n matrices B1n and B2n are uniformly bounded

in absolute value, then the row and column sums of B1nB2n are also uniformly bounded in absolute

value.

Fact 2: If the row (resp. column) sums of B1n are uniformly bounded in absolute value and B2n

is a conformable matrix whose elements are uniformly O (on) , then so are the elements of B1nB2n
(resp. B2nB1n).

For example, the row and column sums of G1n = W1n

¡
In − ρ0nW1n

¢−1
are uniformly bounded

by Assumption 1 and Fact 1. Noting that the elements shλ,ij of Shλ are uniformly O(n−1Π
pc
s=1
eh−1s ),

so are elements of G1nShλ or ShλG1n by Assumption 1 and Facts 1-2.

A Proof of Lemma A.2

Recall that Shλ = (shλ (xn,1) , ..., shλ (xn,n))0. Denote the (i, j)th element of Shλ as shλ,ij . To study
the properties of shλ,ij , we need to distinguish whether xcn,j ≡ (xcn,j1, · · ·xcn,jpc)0 is a boundary point
in the compact support X c of f

¡
xc, xd

¢
.Without loss of generality, we assume X c = Πpcs=1Ss, where

Ss ≡ [xs, xs]. A point xcn,j is said to be a boundary point in X c if there exists s ∈ {1, 2, · · · , pc} such
that xcn,js = xs + bshs or xcn,js = xs − cshs for some finite positive numbers bs and cs. Otherwise,

we say that xcn,j is not a boundary point. In the following, when xcn,j is a boundary point, we

assume that it is a pure “lower” boundary point such that we can write xcn,j = x + b ¯ hs, where

x = (x1, · · ·xpc)0 and b = (b1, · · · bpc)0. Other cases of boundary points can be analogously analyzed.
Define

Ab (x) =

Ã
κb,0ϕ (x) ϕ (x)κ0b,1

ϕ (x)⊗ κb,1 ϕ (x)⊗ κb,2

!
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where κb,0 =
R∞
−bΠ

pc
s=1q (us) du, κb,1 =

R∞
−b uΠ

pc
s=1q (us) du, and κb,2 =

R∞
−b uu

0Πpcs=1q (us) du. Note
that when b =∞, Πb = Π∞ = Π, where Π is defined in Section 3.3.
Lemma A.2 (a)

Pn
j=1 shλ,ij = 1 and

Pn
j=1 shλ,ij

¡
xcn,j − xcn,i

¢
= 0pc×1 for each i;

(b) An,hλ (xn,j) = f (xn,j)A (xn,j) + o (1) for each j;

(c) the row and column sums of Shλ = (shλ,ij) are uniformly bounded in absolute value for

sufficiently large n,

where A = A if xn,j is not a boundary point, and A = Ab if xcn,j = x + b ¯ h. For other cases of

boundary points, A can be similarly defined.

Proof. To show (a), write

shλ (xn,i)
0 ≡ e01

¡
An,hλ (xn,i)

0An,hλ (xn,i)
¢−1

An,hλ (xn,i)
0 Zn,h (xn,i)

0 diag (khλ (xn,i))

= (shλ,i1, ..., shλ,in) . (A.1)

Noting that
¡
An,hλ (xn,i)

0
An,hλ (xn,i)

¢−1
An,hλ (xn,i)

0
An,hλ (xn,i) = Ipc+1, the results then follow

from the definitions of An,hλ, Zn,h and khλ. For (b), we have

An,hλ (xn,j) = n−1
nX
i=1

zh,ijτ
0
h,ijKhλ,ij =

Ã
znj,11 znj,12

znj,21 znj,22

!
with

znj,11 = n−1
nX
i=1

Khλ,ijz
(1)
n,i , znj,12 = n−1

nX
i=1

Khλ,ijz
(1)
n,i(x

c
n,i − xcn,j)

0/h,

znj,21 = n−1
nX
i=1

Khλ,ijz
(1)
n,i ⊗ ((xcn,i − xcn,j)/h), and

znj,22 = n−1
nX
i=1

Khλ,ijz
(1)
n,i ⊗ ((xcn,i − xcn,j)/h)

¡
(xcn,i − xcn,j)/h

¢0
.

We first focus on the case where xcn,j is not a boundary point. By Assumptions 3-4,

znj,11 = n−1
nX
i=1

z
(1)
n,i

"
pcY
t=1

h−1t q

µ
xcn,it − xcn,jt

ht

¶#" p1Y
s=1

λ
|−→x d

n,is−−→x d
n,js|

s

#"
p2Y
s=1

λ
1−1(xdn,is=xdn,js)
s+p1

#

= n−1
nX
i=1

z
(1)
n,i

"
pcY
t=1

h−1t q

µ
xcn,it − xcn,jt

ht

¶#©
1(xdn,i = xdn,j) +O (kλk)1(xdn,i 6= xdn,j)

ª
=

Z
Rpc

pcY
t=1

q (ut)ϕn
¡
xcn,j + h¯ u, xdn,j

¢
fn
¡
xcn,j + h¯ u, xdn,j

¢
du+ o (1) +O (kλk)

= ϕ (xn,j) f (xn,j) + o (1) ,

and

znj,12 = n−1
nX
i=1

z
(1)
n,i

¡
xcn,i − xcn,j

¢0
h

"
pcY
t=1

h−1t q

µ
xcn,it − xcn,jt

ht

¶#
1(xdn,i = xdn,j) +O (kλk)

=

Z
Rpc

ϕn
¡
xcn,j + h¯ u, xdn,j

¢
u0

pcY
t=1

q (ut) fn
¡
xcn,j + h¯ u, xdn,j

¢
du+ o (1)

= O(khk2) + o (1) = o (1) .
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Similarly, we can show that znj,21 = o (1) , and znj,22 = κ21f (xn,j) (ϕ (xn,j)⊗ Ipc) + o (1) . Conse-

quently, n−1Z0h,jdiag(khλ,.j)Zh,j = f (xn,j)

Ã
ϕ (xn,j) 0

0 κ21ϕ (xn,j)⊗ Ipc

!
+o (1) when xcn,j is not

a boundary point.

If xcn,j is a boundary point, we only need to change the upper or lower limit of integration in the

above proof. For example, if xcn,j = x+ b¯ h, then

znj,11 =

Z ∞
−b

pcY
t=1

q (ut)ϕ
¡
xcn,j + h¯ u, xdn,j

¢
f
¡
xcn,j + h¯ u, xdn,j

¢
du+ o (1) +O (kλk)

= ϕ (xn,j) f (xn,j)κb,0 + o (1) .

This proves (b).

Let e01
¡
A (x)

0
A (x)

¢−1
A (x)

0
= (a1 (x)

0
, a2 (x)

0
), where a01 and a

0
2 are 1×q1 and 1×q1pc vectors,

respectively. By (b) and (A.1),

shλ,ij = n−1
n
f−1 (xn,i)

h
a1 (xn,i)

0
z
(1)
n,j + a2 (xn,i)

0 ³
z
(1)
n,j ⊗ ((xcn,j − xcn,i)/h)

´i
+ o (1)

o
Khλ,ij .

By Assumptions 3-4 and similar arguments to the proof of (b), we have as n→∞,

nX
i=1

|shλ,ij | ≤ n−1
nX
i=1

f−1 (xn,i)
¯̄̄
a1 (xn,i)

0 z(1)n,j + a2 (xn,i)
0 ³z(1)n,j ⊗ ((xcn,j − xcn,i)/h)

´¯̄̄
Khλ,ij

+o (1)n−1
nX
i=1

Khλ,ij

=

Z pcY
t=1

q (ut) (a1cz1 + a2cz1 kuk) du+ o (1)

Z pcY
t=1

q (ut) f (xn,i) du+ o (1)

≤ cz1a1 + cz1a2cq + o (1) ,

where for some large n0, al = sup1≤i≤n,n≥n0 kπl (xn,i)k for l = 1, 2, cz1 = sup1≤i≤n,n≥n0 ||z(1)n,j ||,
and the integration is taken over Rpc or a subset of Rpc depending on whether xcn,i is a boundary
point, and cq =

R
Rpc Π

pc
t=1q (ut) kuk du. This implies that

Pn
i=1 |shλ,ij | is bounded uniformly in j for

sufficiently large n. Similarly, one can show that
Pn

j=1 |shλ,ij | is bounded uniformly in i when n is

sufficiently large. This proves (c).

B Proof of Lemma C.1

Lemma C.1 Let An be a real nonstochastic n×n matrix whose row and column sums are uniformly

bounded in absolute value: sup1≤j≤n,n≥1
Pn

i=1 |αn,ij | ≤ cα and sup1≤i≤n,n≥1
Pn

j=1 |αn,ij | ≤ cα for

some cα <∞. Let ϑn = n−1U 0nAnUn and eϑn = n−1 eU 0nAn
eUn. Then

(a) E[ϑn] = O (1) , Var(ϑn) = O(n−1) = o (1) , and ϑn −E[ϑn] = Op

¡
n−1/2

¢
;

(b) n−1/2 eU 0nAn
eUn = n−1/2U 0nAnUn − n−1/2δρnE[U 0nG12nεn] + op (1) , where δρn ≡ eρn − ρ0n,

G1n ≡ G01n (An +A0n) and G12n ≡ G1n
¡
In − γ0nW2n

¢−1
.
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Proof. (a) Let Bn = (1/2)
¡
In − γ0nW

0
2n

¢−1
(An +A0n)

¡
In − γ0nW2n

¢−1
. Then ϑn = n−1ε0nBnεn.

By the assumption on An, Assumption 6 and Fact 1, the row and column sums of Bn are uniformly
bounded in absolute value. By the Cauchy-Schwarz inequality, E |ϑn| = n−1

Pn
i=1

Pn
j=1

¯̄
βn,ij

¯̄
×E |εn,iεn,j | ≤ n−1

Pn
i=1

Pn
j=1

¯̄
βn,ij

¯̄
σn,iσn,j ≤ σ2C, where βn,ij denotes the (i, j) element of Bn.

Similarly,

Var (ϑn) = 2n−2tr (BnΣnBnΣn) + n−2
nX
i=1

β2n,ii
£
Eε4n,i − 3σ4n,i

¤
≤ 2n−1cβ + n−1c2βμ4 = O(n−1)

where μ4 ≡ sup1≤i≤n,n≥1
£
Eε4n,i − 3σ4n,i

¤
, cβ is a common bound for the row and column sums of

the absolute elements of Bn and BnΣnBnΣn and of their respective elements. By the Chebyshev
inequality,

ϑn −Eϑn = Op(n
−1/2). (B.1)

(b) Note that eUn = Yn− em (Xn)−eρnW1nYn = Un−Dn−δρnY n, where Dn ≡ em (Xn)−m (Xn) .

So

eϑn − ϑn = −n−1δρnY 0
n (An +A0n)Un + n−1δ2ρnY

0
nAnY n − n−1D0

n (An +A0n)Un
+n−1δρnD0

n (An +A0n)Y n + n−1D0
nAnDn

≡ −Tn3 + Tn4 − Tn5 + Tn6 + Tn7. (B.2)

We will show that Tn3 is a dominant term in the above expression and Tnj = op
¡
n−1/2

¢
for j =

4, 5, 6, 8.

First, recall G1n = G01n (An +A0n) and G12n = G1n
¡
In − γ0nW2n

¢−1
. Then by the assumption

on An, Assumptions 1 and 6 and Fact 1, the row and column sums of G1n and G12n are uniformly

bounded in absolute value. Write

Tn3 = n−1δρnY
0
n (An +A0n)Un = δρn[n

−1m (Xn)
0G12nεn + n−1U 0nG12nεn]

≡ δρn (Tn3a + Tn3b) .

Note that E [Tn3a] = 0, and

Var (Tn3a) = n−2m (Xn)
0G12nΣnG

0
12nm (Xn) = n−2

nX
i=1

nX
j=1

m (xn,i)m (xn,j)
←−σ n,ij

≤ C2n−2
nX
i=1

nX
j=1

|←−σ n,ij | = O
¡
n−1

¢
,

where ←−σ n,ij is the (i, j)th element of
←−
Σn ≡ G12nΣnG

0
12n, and the row and column sums of

←−
Σn

are uniformly bounded in absolute value. It follows from the Chebyshev inequality that Tn3a =

Op(n
−1/2).Analogously to the proof of (B.1), we can show that Tn3b = n−1E[U 0nG12nεn]+Op

¡
n−1/2

¢
,

where n−1E[U 0nG12nεn] = n−1E[ε0nG212nεn] = n−1
Pn

i=1 σ
2
n,ig212n,ii = O (1) , and g212n,ij is the

(i, j)th element of G212n ≡
¡
In − γ0nW

0
2n

¢−1
G12n. Hence

Tn3 = n−1δρnE[U 0nG12nεn] + op(n
−1/2). (B.3)
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Second, let r = 2+ η1/2 and s > 1 such that 1/r+ 1/s = 1, where η1 is a small positive number

defined in Assumption 2. By the assumption on An, Assumption 1 and Facts 1-2, the row and column

sums and each element of An ≡W 0
1nAnW1n are uniformly bounded in absolute value by cα, say, each

element αn,ij of An is also uniformly bounded by cα, and
Pn

j=1 |αn,ij |s ≤ cs−1α

Pn
j=1 |αn,ij | ≤ csα.

By (3.1) and the definitions of Y n and G1n, Y n = G1n(m(Xn)+Un) = G1nm(Xn)+G12nεn, where

G12n ≡ G1n
¡
In − γ0nW2n

¢−1
.

Tn4 = n−1δ2ρn(G1nm(Xn) +G12nεn)
0An(G1nm(Xn) +G12nεn)

= δ2ρn{n−1m(Xn)
0G01nAnG1nm(Xn) + n−1m(Xn)

0G01nAnG12nεn

+n−1ε0nG
0
12nAnG1nm(Xn) + n−1ε0nG

0
12nAnG12nεn}

≡ δ2ρn(Tn41 + Tn42 + Tn43 + Tn44).

Note that the row and column sums of G01nAnG1n, G
0
1nAnG12n, G

0
12nAnG1n and G012nAnG12n are

all uniformly bounded in absolute value by Assumptions 1, 6, the assumption on An, and Fact 1. Let

cgα to denote the common bound. Clearly, Tn41 = O(1). Let Cn1 ≡ G01nAnG12n with typical element

cn1,ij .Noting thatE[Tn42] = 0 and Var(Tn42) = n−2
Pn

i=1

Pn
j=1

Pn
k=1m (xn,i) cn1,ijm (xn,k) cn1,kjσ

2
n,j

≤ Cn−2
Pn

i=1

Pn
j=1 |cn1,ij |

Pn
k=1 |cn1,kj | = O

¡
n−1

¢
,it follows from the Chebyshev inequality that

Tn42 = Op(n
−1/2). Similarly, Tn43 = Op(n

−1/2). Now, let Cn2 ≡ G012nAnG12n with typical element

cn2,ij . It is easy to show that E[Tn44] = n−1
Pn

i=1 cn2,iiσ
2
n,i = O (1) , and Var(Tn44) = O (1) and

hence Tn44 = Op(1). Consequently,

Tn4 = Op(n
−1) = op(n

−1/2). (B.4)

Third, write em (x) − m (x) = [shλ (x)
0
(m (Xn) + Un) + shλ (x)

0
W1nYn(ρ

0
n − eρn)] −m (x) =

dn1 (x) + dn2 (x) + dn3 (x) , where

dn1 (x) ≡ 1

2

nX
i=1

shλ (xn,i, x)
¡
xcn,i − xc

¢0 ..
m (x)

¡
xcn,i − xc

¢
1
¡
xdn,i = xd

¢
+

nX
i=1

shλ (xn,i, x) [m (xn,i)−m (x)]1
¡
xdn,i 6= xd

¢
,

dn2 (x) ≡ shλ (x)
0 Un, and

dn3 (x) ≡ −δρneshλ (x)0 Y n.

By assumption and the proof of Theorem 3.2, dn1 (x) = O(||eh||2 + ||eλ||) = o(n−1/4) uniformly in x.

Let dnj,i = dnj (xn,i) and Dnj = (dnj,1, dnj,2, · · · , dnj,n)0 for j = 1, 2, 3. Then

Dn2 = ShλUn, Dn3 = −δρnShλY n, and Dn =
3X

j=1

Dnj . (B.5)

Let
−→An = (An +A0n)

¡
In − γ0nW2n

¢−1
. Then by the assumption on An, Assumption 6 and Fact 1,

the row and column sums of
−→An are uniformly bounded in absolute value. We can rewrite

Tn5 = n−1Dn (An +A0n)Un =
3X

k=1

n−1D0
nk

−→Anεn ≡
3X

k=1

Tn5k.
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Noting that Dn1 is nonrandom, we have E [Tn51] = 0 and Var(Tn51) = n−2D0
n1

−→AnΣn
−→A 0

nD
0
n1

= n−2
Pn

i=1

Pn
j=1 dn1,idn1,j

−→σ n,ij ≤ n−1max1≤i≤n d2n1,in
−1Pn

i=1

Pn
j=1 |−→σ n,ij | = o(n−3/2), where

−→σ n,ij is the (i, j)th element of
−→
Σn ≡ −→AnΣn

−→A 0
n. So Tn51 = op(n

−3/4) by the Chebyshev inequal-
ity. Now, Tn52 = n−1D0

n2

−→Anεn = n−1ε0n
−→
S nεn = n−1

Pn
i=1

Pn
j=1 εn,iεn,j

−→s n,ij , where −→s n,ij is the
(i, j)th element of

−→
S n ≡

¡
In − γ0nW

0
2n

¢−1
S0
hλ

−→An. By Assumption 6, Lemma A.2, the property of
−→An

discussed above, and Fact 1, the rows and columns of
−→
S n are uniformly summable in absolute value

for sufficiently large n. Noting that shλ,ij = O(n−1Πpcs=1eh−1s ) uniformly in (i, j) , then the elements
−→s n,ij of −→S n are also uniformly O(n−1Π

pc
s=1
eh−1s ) by Fact 2. Hence E [Tn52] = n−1

Pn
i=1 σ

2
n,i
−→s n,ii =

O(n−1Πpcs=1eh−1s ) = o(n−1/2), and

E [Tn52]
2
= n−2E

⎡⎣ nX
i=1

nX
j=1

nX
k=1

nX
l=1

εn,iεn,j
−→s n,ijεn,kεn,l−→s n,kl

⎤⎦
= n−2

nX
i=1

nX
j=1

E
£
ε2n,iε

2
n,j

¤
(−→s 2n,ij +−→s n,ii−→s n,jj +−→s 2n,ji) + n−2

nX
i=1

E
£
ε4n,i

¤−→s 2n,ii
= O(n−2Πpcs=1eh−2s ) +O(n−3Πpcs=1eh−2s ) = o(n−1).

It follows from the Chebyshev inequality that Tn52 = op(n
−1/2). Now, let eSn = S0

hλ

−→An. Then by

Lemma A.2, the property of
−→An discussed above and Facts 1-2, the row and column sums of eSn are

also uniformly bounded in absolute value for sufficiently large n, and the elements esn,ij of eSn are
uniformly O(n−1Πpcs=1eh−1s ). Write

Tn53 = −n−1δρnY 0
nS

0
hλ

−→Anεn = −n−1δρnY 0
n
eSnεn

= −δρn[n−1m (Xn)
0
G01neSnεn − n−1ε0n eG1neSnεn] ≡ −δρn (Tn53,a + Tn53,b) ,

where eG1n ≡ ¡In − γ0nW
0
2n

¢−1
G01n. Analogously to the proof of Tn3a, one can show that Tn53,a =

op(1). Analogously to the proof of Tn3b, we can show that Tn53,b = E [Tn53,b] +Op(n
−1/2), where

E [Tn53,b] = n−1
nX
i=1

nX
j=1

nX
k=1

E
£
εn,ig1n,ij

−→s n,jkεn,k
¤
= n−1

nX
i=1

nX
j=1

σ2n,ieg1n,ijesn,ji
≤ n−1max

i,j
|esn,ji|σ2 nX

i=1

nX
j=1

|eg1n,ij | = O(n−1Πpcs=1eh−1s ) = o(1).

Hence, Tn53 = op
¡
n−1/2

¢
and

Tn5 = op(n
−1/2). (B.6)

Fourth, write Tn6 = n−1δρnD0
nG

0
1nUn + n−1δρnD0

nG
0
1nm (Xn) ≡ δρn(Tn61 + Tn62). Analogously

to the proof of Tn5, we can show that Tn61 = op
¡
n−1/2

¢
. Noting that δρn = Op(n

−1/2), it re-
mains to show that Tn62 = op (1) , we write Tn62 =

P3
j=1 n

−1D0
njG

0
1nm (Xn) ≡

P3
j=1 Tn62,j .

It is straightforward to show that Tn62,1 = o(n−1/4). Write Tn62,2 = n−1ε0nHnm (Xn) , where

Hn =
¡
In − γ0nW

0
2n

¢−1
S0
hλ
G
0
1n. Noting the row and column sums of Hn are uniformly bounded for

sufficiently large n, it is easy to show that E[Tn62,2] = 0, Var(Tn62,2) = O(n−1) and hence Tn62,2 =
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Op(n
−1/2) = op (1) . Similarly, write Tn62,3 = −δρnn−1Y 0

nS
0
hλ
G
0
1nm (Xn) = −δρn (Tn62,3a + Tn62,3b) ,

where Tn62,3a ≡ n−1m (Xn)
0G01nG

0
1nm (Xn) and Tn62,3b ≡ n−1U 0nG1nG

0
1nm (Xn) . It is easy to show

that Tn62,3a = O (1) , Tn62,3b = Op(n
−1/2), and hence Tn62,3 = Op(n

−1/2) = op (1) . Consequently,

Tn6 = op(n
−1/2). (B.7)

Fifth, write Tn7 = n−1D0
nAnDn =

P3
k=1

P3
l=1 Tn7,kl, where Tn7,kl = n−1D0

nkAnDnl for k, l =

1, 2, 3. Clearly, Tn7,11 ≤ C supi d
2
n1,i = o(n−1/2).Write Tn7,12 = n−1D0

n1AnShλUn. Then E[Tn7,12] =

0, Var(Tn7,12) = o(n−3/2), and hence Tn7,12 = op(n
−3/4). Similarly, one can show that Tn7,13 =

−δρnn−1D0
n1AnShλY n = op(n

−3/4), Tn7,22 = n−1U 0nS
0
hλ
AnShλUn = Op(n

−1Πpcs=1eh−1s ) = op(n
−1/2),

Tn7,23 = −δρnn−1U 0nS0hλAnShλY n = Op(n
−1), Tn7,33 = δ2ρnn

−1Y
0
nS

0
hλ
AnShλY n = Op(n

−1). By
symmetric arguments, Tn7,21 = op(n

−3/4), Tn7,31 = op(n
−3/4), and Tn7,32 = Op(n

−1). Hence

Tn7 = op(n
−1/2). (B.8)

Combining (B.2)-(B.4) and (B.6)-(B.8) yields eϑn−ϑn = −n−1δρnE[U 0nG12nεn]+op(n
−1/2). This

concludes the proof.

C Proof of Lemmas D.1 and D.2

Lemma D.1 Let σ2n = (σ2n,1, · · · , σ2n,n)0, ε2n = (ε2n,1, · · · , ε2n,n)0, and eε2n = (eε2n,1, · · · ,eε2n,n)0. Let
Λn = n−1

¡
σ2n
¢0
Anσ

2
n, Λn = n−1(ε2n)

0Anε
2
n, and eΛn = n−1(eε2n)0Aneε2n, where An are n × n real

symmetric and nonstochastic matrices. Suppose that the diagonal elements of An are zero and that

the row and column sums are uniformly bounded in absolute value by ca. Then

(a) E[Λn] = Λn = O (1) , Var(Λn) = o (1) , and hence Λn − Λn = op (1);

(b) eΛn − Λn = op (1) .

Proof. The proof of part (a) is straightforward and is thus omitted (or see Lemma C.3 of Kelejian
and Prucha (2010)). To prove (b), write

eΛn − Λn = n−1
nX
i=1

nX
j=1

an,ij

heε2n,ieε2n,j − ε2n,iε
2
n,j

i
= n−1

nX
i=1

nX
j=1

an,ij

heε2n,i − ε2n,i

i
ε2n,j + n−1

nX
i=1

nX
j=1

an,ijε
2
n,i

heε2n,j − ε2n,j

i
+n−1

nX
i=1

nX
j=1

an,ij

heε2n,i − ε2n,i

i heε2n,j − ε2n,j

i
≡ ∆1n +∆2n +∆3n.

We will only prove ∆1n = op(1), since the proof of ∆2n = op(1) is identical and that of ∆3n = op(1)

is analogous.
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By (B.5) and the definition of eεn, eεn = (In−eγnW2n)
¡
Un −Dn − δρnY n

¢
= −(In−eγnW2n)Dn1+

(In − eγnW2n)(In − Shλ)Un − δρn(In − eγnW2n)(In − Shλ)Y n. Hence,

eεn − εn

= eεn − (In − γ0nW2n)Un

= −(In − eγnW2n)Dn1 − (C3n + δγnC4n)εn − δρn(In − eγnW2n)(In − Shλ)Y n

≡ −η1n − η2n − η3n, (C.1)

where δγn ≡ eγn − γ0n,

C3n ≡ (In − γ0nW2n)Shλ(In − γ0nW2n)
−1, and C4n ≡W2n(In − Shλ)(In − γ0nW2n)

−1. (C.2)

By Assumption 6, the property of Shλ, and Facts 1-2, the elements c3n,ij of C3n are uniformly

O(n−1Πpcs=1eh−1s ), and the row and column sums of C3n and C4n are uniformly bounded in absolute

value (say by cc) for sufficiently large n.

Let ηkn,i denote the ith element of ηkn for k = 1, 2, 3. Then

∆1n = n−1
nX
i=1

nX
j=1

an,ijε
2
n,j{η21n,i + η22n,i + η23n,i − 2η1n,iεn,i − 2η2n,iεn,i − 2η3n,iεn,i

+2η1n,iη2n,i + 2η1n,iη3n,i + 2η2n,iη3n,i} ≡
9X

k=1

∆1nk, (C.3)

where, for example, ∆1n1 ≡ n−1
Pn

i=1

Pn
j=1 an,ijε

2
n,jη

2
1n,i. ∆1n = op (1) provided ∆1nk = op (1) for

k = 1, · · · , 9.
First, recall that dn1,i = dn1 (xn,i) denotes the ith element of Dn1 (see the definitions preceding

(B.5)). Noting that supi |dn1,i| = o(n−1/4), it is easy to show that supi |η1n,i| = op(n
−1/4) by

Assumption 6, Fact 2 and Theorem 4.1. Thus

|∆1n1| ≤ sup
i
η21n,i max

1≤j≤n

nX
i=1

|an,ij |n−1
nX
j=1

ε2n,j = op(n
−1/2)O (1)Op (1) = op (1) . (C.4)

Second, by the triangle and Cauchy-Schwarz inequalities,

|∆1n2| ≤ 2n−1
nX
i=1

nX
j=1

|an,ij |ε2n,j
Ã

nX
k=1

c3n,ikεn,k

!2
+ 2δ2γnn

−1
nX
i=1

nX
j=1

|an,ij |ε2n,j
Ã

nX
k=1

c4n,ikεn,k

!2
≡ 2(∆1n2,a + δ2γn∆1n2,b).

Observe that E |∆1n2,a| = n−1
Pn

i=1

Pn
j=1 |an,ij |

Pn
k=1 c

2
3n,ikE

h
ε2n,jε

2
n,k

i
≤ μ4 supl n

−1Pn
i=1 |c3n,il|

×Pn
j=1 |an,ij |

Pn
k=1 |c3n,ik| = O(n−1), where supiE

£
ε4n,i

¤ ≤ μ4. It follows from the Markov inequal-

ity that ∆1n2,a = Op(n
−1). Similarly, ∆1n2,b = Op(n

−1). Hence

∆1n2 = Op(n
−1) +Op(n

−2) = op (1) . (C.5)
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Third, noting that Y n = G1nm(Xn) + G12nεn with G12n ≡ G1n
¡
In − γ0nW2n

¢−1
, we rewrite

η3n = δρnC5nm(Xn) + δρnC6nεn − δρnδγnC7nm(Xn) − δρnδγnC8nεn ≡
P4

l=1 η3nl, where C5n ≡
(In−γ0nW2n)(In−Shλ)G1n, C6n ≡ (In−γ0nW2n)(In−Shλ)G12n, C7n ≡W2n(In−Shλ)G1n, and C8n ≡
W2n(In − Shλ)G12n. Clearly, the row and column sums of Ckn, k = 5, 6, 7, 8, are uniformly bounded

in absolute value (say also by cc) for sufficiently large n. Observe that |∆1n3| ≤ 4
P4

l=1 n
−1Pn

i=1Pn
j=1 |an,ij | ε2n,jη23nl,i ≡ 4

P4
l=1∆1n3l, where ∆1n3l = n−1

Pn
i=1

Pn
j=1 |an,ij | ε2n,jη23nl,i and η3nl,i is

the ith element of η3nl. Clearly,

∆1n31 = δ2ρnn
−1

nX
i=1

nX
j=1

|an,ij | ε2n,j
Ã

nX
k=1

c5n,ikm(xn,k)

!2
≤ c2cc

2
mcaδ

2
ρn
n−1

nX
j=1

ε2n,j = Op(n
−1),

where cm ≡supx∈Xm(x), supi
Pn

k=1 |c5n,ik| ≤ cc. Next, let ∆1n32 ≡ n−1
Pn

i=1

Pn
j=1 |an,ij | ε2n,j

(
Pn

k=1 c6n,ikεn,k)
2
. Noting that E|∆1n32| = n−1

Pn
i=1

Pn
j=1 |an,ij |

Pn
k=1 c

2
6n,ikE

h
ε2n,jε

2
n,k

i
= O (1) ,

it follows from the Markov inequality that∆1n32 = δ2ρn∆1n32 = Op(n
−1). Similarly,∆1n3k = Op(n

−2)
for k = 3, 4. Hence

∆1n3 = Op

¡
n−1

¢
= op (1) . (C.6)

Fourth, by the assumption on An, Assumption 2, and the triangle and Hölder inequalities,

|∆1n4| ≤ 2max
i

¯̄
η1n,i

¯̄
n−1

nX
j=1

ε2n,j

nX
i=1

|an,ij | |εn,i|

≤ 2n1/4max
i

¯̄
η1n,i

¯̄
n−1

nX
j=1

ε2n,j

Ã
nX
i=1

|an,ij |4/3
!3/4Ã

n−1
nX
i=1

ε4n,i

!1/4
= n1/4op(n

−1/4)Op(1)O (1)Op(1) = op (1) . (C.7)

Fifth, write∆1n5 = −2n−1
Pn

i=1

Pn
j=1 an,ijε

2
n,jεn,i

Pn
k=1 c3n,ikεn,k−2δγnn−1

Pn
i=1

Pn
j=1 an,ijε

2
n,jεn,iPn

k=1 c4n,ikεn,k ≡ −2(∆1n51 + δγn∆1n52). Noting that the diagonal elements an,ii of An are zero,

we have

∆1n51 = n−1
nX
i=1

nX
j=1

an,ijε
2
n,jε

2
n,ic3n,ii + n−1

nX
i=1

nX
j 6=i

an,ijc3n,ijε
3
n,jεn,i

+n−1
nX
i=1

nX
j 6=i

an,ij

nX
k 6=j,i

c3n,ikε
2
n,jεn,kεn,i

≡ ∆1n51,a +∆1n51,b +∆1n51,c, say.

SinceE |∆1n51,a| ≤ μ4 supi |c3n,ii|n−1
Pn

i=1

Pn
j=1 |an,ij | = O(n−1Πpcs=1eh−1s ),∆1n51,a = Op(n

−1Πpcs=1eh−1s )

by the Markov inequality. By the triangle and Hölder inequalities, E |∆1n51,b| ≤ n−1
Pn

i=1

Pn
j 6=i

|an,ij ||c3n,ij |
©
E
£
ε4n,j

¤ª3/4 ©
E
£
ε4n,i

¤ª1/4 ≤ n−1μ4cacc = O(n−1), and hence ∆1n51,b = Op(n
−1).
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Note that E[∆1n51,c] = 0 and

Var(∆1n51,c) = n−2
nX
i=1

nX
j 6=i

an,ij

nX
k 6=j,i

nX
i0=1

nX
j0 6=i0

an,i0j0
nX

k0 6=j0,i0
c3n,ikc3n,i0k0E

£
ε2n,jεn,kεn,iε

2
n,j0εn,k0εn,i0

¤
= n−2

nX
i=1

nX
j 6=i

an,ij

nX
k 6=j,i

nX
j0 6=i

an,ij0c3n,ikc3n,ikE
£
ε2n,jε

2
n,kε

2
n,iε

2
n,j0
¤

+n−2
nX
i=1

nX
j 6=i

an,ij

nX
k 6=j,i

nX
j0 6=k

an,kj0c3n,ikc3n,kiE
£
ε2n,jε

2
n,kε

2
n,iε

2
n,j0
¤

≡ ∆1n51,c1 +∆1n51,c2,

where |∆1n51,c1| ≤ μ24n
−2 supk

Pn
i=1 |c3n,ik|

Pn
j=1 |an,ij|

Pn
k=1 |c3n,ik|

Pn
j0=1 |an,ij0 | = O(n−2), and

similarly, |∆1n51,c2| = O(n−2). Then ∆1n51,c = Op

¡
n−1

¢
by the Chebyshev inequality. Hence

∆1n51 = Op(n
−1Πpcs=1eh−1s ). Similarly, we can show that ∆1n52 = Op (1) . It follows that

∆1n5 = Op(n
−1Πpcs=1eh−1s ) +Op(n

−1/2) = op(1). (C.8)

Sixth, write ∆1n6 = −2
P4

l=1 n
−1Pn

i=1

Pn
j=1 an,ijε

2
n,jη3nl,iεn,i ≡ −2

P4
l=1∆1n6j . Analogously

to the proof of ∆1n5, we can show that ∆1n61 = Op(n
−1/2), ∆1n62 = Op(n

−1/2), ∆1n63 = Op(n
−1),

and ∆1n64 = Op(n
−1). Hence

∆1n6 = Op(n
−1/2) = op(1). (C.9)

Last, by the proof of ∆1nk (k = 1, 2, 3) and the Cauchy-Schwarz inequality, we have

∆1nk = op (1) , for k = 7, 8, 9. (C.10)

Combining (C.3)-(C.10) yields ∆1n = op (1) .

Lemma D.2 Let cn and dn be n×1 vectors whose elements are uniformly bounded in absolute value
by c. Let eFn, Fn, eαkn, and αkn be as defined in the proof of Theorem 5.1. Recall Σn =diag(σ2n)

and eΣn =diag(eε2n), where σ2n and eε2n are as defined in Lemma D.1. Then
(a) n−1c0nΣndn = O (1) , and n−1c0n(eΣn − Σn)dn = Op(n

−1/2) = op (1) ;

(b) n−1F 0nΣnFn = O (1) , and n−1 eF 0neΣn eF 0n − n−1F 0nΣnFn = op (1) ;

(c) eαkn −αkn = op (1) for k = 1, 2.

Proof. (a) The first part is obvious. For the second part, define τn = n−1c0nΣndn, τn =
n−1c0nΣndn, eτn = n−1c0neΣndn, where Σn =diag(ε2n). By the triangle inequality,

|eτn − τn| ≤ |eτn − τn|+ |τn − τn| .
First, E [τn − τn] = n−1

Pn
i=1 cn,idn,iE

¡
ε2n,i − σ2n,i

¢
= 0 and Var(τn − τn) = n−2

Pn
i=1 c

2
n,id

2
n,iVar

¡
ε2n,i

¢
= O(n−1). So τn−τn = Op(n

−1/2) by the Chebyshev inequality. Noting that eεn = (In−eγnW2n)eUn,
we can rewrite

τn = n−1ε0nEnεn = n−1U 0nEnUn − 2γ0nn−1U 0nW 0
2nEnUn + (γ

0
n)
2n−1U 0nW

0
2nEnW2nUn,eτn = n−1eε0nEneεn = n−1 eU 0nEn

eUn − 2eγnn−1 eU 0nW 0
2nEn

eUn + eγ2nn−1 eU 0nW 0
2nEnW2n

eUn,
10



where En =diag(cn ¯ dn) . Then by the triangle inequality

|eτn − τn| ≤ |n−1 eU 0nEn
eUn − n−1U 0nEnUn|

+2|eγnn−1 eU 0nW 0
2nEn

eUn − γ0nn
−1U 0nW

0
2nEnUn|

+|eγ2nn−1 eU 0nW 0
2nEnW2n

eUn − ¡γ0n¢2 n−1U 0nW 0
2nEnW2nUn|

≡ τ1n + 2τ2n + τ3n.

By Lemma C.1, |n−1 eU 0nEn
eUn − n−1U 0nEnUn| = Op(n

−1/2). By Theorem 4.1, Lemma C.1 and the

triangle inequality,

τ2n ≤ |eγn| |(n−1 eU 0nW 0
2nEn

eUn − n−1U 0nW
0
2nEnUn)|+

¯̄eγn − γ0n
¯̄ ¯̄
n−1U 0nW

0
2nEnUn

¯̄
= Op (1)Op(n

−1/2) +Op(n
−1/2)Op (1) = Op(n

−1/2).

Similarly, we can show that τ3n = Op(n
−1/2). Thus |eτn − τn| = Op(n

−1/2). This completes the
proof of part (a).

(b) Let Z
0
n ≡ (B0ΩB)−1B0ΩZn and Cn ≡ (In − Shγ)

¡
In − γ0nW2n

¢−1
Σn
¡
In − γ0nW

0
2n

¢−1
(In −

S0hγ). By Assumption 5, the elements zn,i of Zn are uniformly bounded by cz, say. By Lemma

A.2 and Assumptions 2 and 6, the row and column sums of Cn are uniformly bounded in absolute

value for sufficiently large n. Hence n−1F 0nΣnFn = n−1Z
0
nCnZn = n−1

Pn
i=1

Pn
j=1 zn,izn,jcn,ij ≤

c2zmaxi
Pn

j=1 |cn,ij| = O (1) . Now, write

n−1 eF 0neΣn eFn − n−1F 0nΣnFn

= n−1( eFn − Fn)
0(eΣn − Σn)Fn + n−1F 0n(eΣn − Σn)( eFn − Fn) + n−1F 0n(eΣn − Σn)Fn

+n−1( eFn − Fn)
0(eΣn − Σn)( eFn − Fn) + n−1( eFn − Fn)

0ΣnFn + n−1F 0nΣn( eFn − Fn)

+n−1( eFn − Fn)
0Σn( eFn − Fn) ≡

7X
j=1

ξjn, say.

Let eπ0n = (B0
nΩnBn)

−1B0
nΩn and π0 = (B0ΩB)−1B0Ω. Then by Assumption 5, eπ0n − π0 = op (1) .

Since for sufficiently large n (say n ≥ N1), the row and column sums of Shγ are uniformly bounded

in absolute value, this implies that the row and column sums of (In − Shγ)
¡
In − γ0nW2n

¢−1
are

uniformly bounded in absolute value for n ≥ N1 by Assumption 6 and Fact 1. Hence the elements of

e0n ≡ Z 0n (In − Shγ)
¡
In − γ0nW2n

¢−1
are uniformly bounded for n ≥ N1 by Assumption 5 and Fact 2.

Noting that eF 0n−F 0n = (eπn− π)0Z 0n (In − Shγ)
¡
In − γ0nW2n

¢−1
+ eπ0nZ0n (In − Shγ) [(In − eγnW2n)

−1

− ¡In − γ0nW2n

¢−1
], we can write ξ1n = ξ1n,a + ξ1n,b, where

ξ1n,a ≡ n−1(eπn − π)0e0n(eΣn − Σn)Fn,
ξ1n,b ≡ n−1eπ0nZ0n (In − Shγ) [(In − eγnW2n)

−1 − ¡In − γ0nW2n

¢−1
](eΣn − Σn)Fn.

By (a), n−1e0n(eΣn−Σn)Fn = op (1) . It follows that ξ1n,a = op (1) op (1) = op (1) .We next show that

ξ1n,b = op (1) .

For later use in the proof of part (c), let

Ln = 2(In − γ0nW
0
2n)Akn

¡
In − γ0nW

0
2n

¢
, and ςsn = ρs∗n

−1U 0n(W
s+1
1n )0LnUn, s = 1, 2, · · · .

11



Note that the row and column sums of ρs∗(W
s+1
1n )0Ln and Lsn ≡ ρs∗(In − γ0nW

0
2n)(W

s+1
1n )0Ln (In −

γ0nW2n) are uniformly bounded in absolute value for each s, say by cl, where cl does not depend on

s. Lemma C.1(a) implies that ςsn = ς∗sn + Op(n
−1/2), with ς∗sn ≡ E

£
ρs∗n−1U 0n(W

s+1
1n )0LnUn

¤
. One

can readily show that sups |ς∗sn| ≤ clσ
2.

In the following, we will frequently use the fact that if a sequence of random vectors bn converges in

probability to b if and only if every subsequence {bnl : l ∈ N} contains a further subsequence {bnl(j) :
j ∈ N} which converges almost surely to b. See Theorem 18.6 in Davidson (1994) (c.f. Theorem 2.24

in White (2001)). For notational simplicity, hereafter we will write {n0l} as the subsequence of {nl}.
Let {nl} denote some subsequence. Then by the above analysis and the consistency of eγn andeρn, there exists a subsequence {n0l} such that for ω ∈ S1 with P (S1) = 1,¯̄̄eγn0l (ω)− γ0n0l

¯̄̄
→ 0,

¯̄̄eρn0l (ω)− ρ0n0l

¯̄̄
→ 0,

°°°eπn0l − π
°°°→ 0, and

|ςsn − ς∗sn| → 0, s = 1, 2, · · · , as n0l →∞.

Hence there exists N2ω such tat for all n0l ≥ N2ω,¯̄̄eγn0l (ω)¯̄̄ ≤ γ∗∗ < γ∗,
¯̄̄eρn0l (ω)¯̄̄ ≤ ρ∗∗ < ρ∗,°°°eπn0l (ω)°°° ≤ 2 ||π|| , and
¯̄̄
ςsn0l (ω)

¯̄̄
≤ 2clσ2,

where γ∗∗ = (supn
¯̄
γ0n
¯̄
+ γ∗)/2, and ρ∗∗ = (supn

¯̄
ρ0n
¯̄
+ ρ∗)/2. In the following, we assume that

ω ∈ S1 and n0l ≥ max (N1, N2ω) . Noting that |eγn0l (ω) | < γ∗, the row sums of eγn0l (ω)W2n0l are

less than 1 in absolute value and it follows from Corollary 5.6.16 of Horn and Johnson (1985) that

In0l−eγn0l (ω)W2n0l is invertible, that the row and column sums of (In0l−eγn0l (ω)W2n0l)
−1 are uniformly

bounded in absolute value, and that

(In0l − eγn0l (ω)W2n0l)
−1 − (In0l − γ0n0l

W2n0l)
−1 =

∞X
s=1

[eγsn0l (ω)− (γ0n0l)s]W s
2n0l

. (C.11)

Hence ξ1n0l,b (ω) =
P∞

s=1{[eγsn0l (ω)− (γ0n0l)s]/γs∗}κn0l,s (ω) , where κn0l,s (ω) = n0−1l γs∗eπ0n0l (ω)Z 0n0l (In0l −
Shγ)W

s
2n0l
(eΣn0l (ω) − Σn0l)Fn0l . Observing that |eγsn0l (ω) − (γ0n0l)s|/γs∗ ≤ 2(γ∗∗/γ∗)s and |κn0l,s (ω) | ≤

C for some constant by part (a), we have
¯̄̄
ξ1n0l,b (ω)

¯̄̄
≤ 2C

P∞
s=1(γ∗∗/γ∗)

s < ∞. Consequently,

ξ1n0l,b (ω) → 0 as n0l → ∞ by the dominated convergence theorem, implying ξ1n,b = op (1) . Hence

ξ1n = op (1) . Analogous arguments yield ξjn = op (1) for j = 2, 3, · · · , 7. Hence n−1 eF 0neΣn eFn −
n−1F 0nΣnFn = op (1) .

(c) Let eζn = 2(In − eρnW 0
1n)
−1W 0

1n(In − eγnW 0
2n)Akn (In − eγnW 0

2n) and ζn = 2(In − ρ0nW
0
1n)
−1

W 0
1n(In − γ0nW

0
2n)Akn

¡
In − γ0nW

0
2n

¢
. Then

−(eαkn −αkn) = n−1 eU 0neζn eUn − n−1U 0nζnUn

= n−1(eU 0nζn eUn − U 0nζnUn) + n−1U 0n(eζn − ζn)Un
+n−1U 0n(eζn − ζn)(eUn − Un) + n−1(eUn − Un)

0(eζn − ζn)Un
+n−1(eUn − Un)

0(eζn − ζn)(eUn − Un)

≡ χ1n + χ2n + χ3n + χ4n + χ5n.
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By Lemma C.1, χ1n = n−1δρnE[U 0G12nεn] + op(n
−1/2), where

G12n = G01n(ζn + ζ0n)
¡
In − γ0nW

0
2n

¢−1
.

By Assumptions 2 and 6 and Fact 1, the row and column sums of ζn and G12n are uniformly bounded

in absolute value. With this, one can readily show that χ1n = Op(n
−1/2) = op(1). It remains to

show that χjn = op(1) for j = 2, 3, 4, 5.

By the above subsequence arguments and Corollary 5.6.16 of Horn and Johnson (1985), In0l −eρn0l (ω)W1n0l is invertible, the row and column sums of (In0l −eρn0l (ω)W1n0l)
−1 are uniformly bounded

in absolute value, and

(In0l − eρn0l (ω)W1n0l)
−1 − (In0l − ρ0n0l

W1n0l)
−1 =

∞X
s=1

[eρsn0l (ω)− (ρ0n0l)s]W s
1n0l

. (C.12)

Let eLn = 2(In − eγnW 0
2n)Akn (In − eγnW 0

2n) . Then w.p.a.1, we can write

χ2n = n−1U 0n(In − ρ0nW
0
1n)
−1W 0

1n(eLn − Ln)Un

+n−1U 0n[(In − eρnW 0
1n)
−1 − (In − ρ0nW

0
1n)
−1]W 0

1n
eLnUn

≡ χ2n,a + χ2n,b, say.

Note that eLn − Ln = 2δ2ρnW
0
2nAknW

0
2n + 2δρnW

0
2nAkn(In − γ0nW

0
2n) + 2δρn(In − γ0nW

0
2n)AknW

0
2n,

where recall δρn = eρn − ρ0n = Op(n
−1/2). By Assumptions 2 and 5, Fact 1 and Lemma C.1(a), it is

straightforward to show that χ2n,a = Op(n
−1/2). In addition, we see that the elements of eLn0l (ω)−Ln0l

are uniformly O(n−1/2) and the row and column sums of Ln0l and
eLn0l (ω) are uniformly bounded in

absolute value. Now on a set of probability one, we have

χ2n0l,b = n−1
∞X
s=1

[eρsn0l − (ρ0n0l)s]U 0n0l(W s+1
1n0l

)0Ln0lUn0l + n−1
∞X
s=1

[eρsn0l − (ρ0n0l)s]U 0n0l(W s+1
1n0l

)0(eLn0l − Ln0l)Un0l .

Observing the second term in the above expression is of smaller order, it suffices to show that

the first term is o (1) for ω on a set of probability 1. Recall ςsn = ρs∗n−1U 0n(W
s+1
1n )0LnUn. Define

ηn0l (ω) = n−1
P∞

s=1{[eρsn0l(ω)−(ρ0n0l)s]/ρs∗}ςsn0l (ω) . Noting that |eρsn0l(ω)−(ρ0n0l)s|/ρs∗ ≤ 2(ρ∗∗/ρ∗)s and
|ςsn0l (ω) | ≤ 2clσ2, we have that for n0l ≥ max {N1, N2ω} and ω ∈ S1,

|ηn0l (ω) | ≤ 2n
−1
∞X
s=1

(ρ∗∗/ρ∗)
s
¯̄̄
ςsn0l (ω)

¯̄̄
≤ 4clσ2n−1

∞X
s=1

(ρ∗∗/ρ∗)
s <∞.

It follows from the dominated convergence theorem that ηn0l (ω)→ 0 as n0l →∞. Hence χ2n,b = op (1)

and χ2n = op (1) . Analogously, we can show that χjn = op (1) for j = 3, 4, 5. Hence eαkn − αkn =

op(1).
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