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THIS APPENDIX PROVIDES PROOFS FOR TECHNICAL LEMMAS IN THE ABOVE PAPER.

Let C signify a generic constant whose exact value may vary from case to case. Frequently we
will use two evident facts (see, e.g., Kelejian and Prucha, 1999; Lee, 2002):

Fact 1: If the row and column sums of the n x n matrices By, and Bs, are uniformly bounded
in absolute value, then the row and column sums of By, Bs, are also uniformly bounded in absolute
value.

Fact 2: If the row (resp. column) sums of By, are uniformly bounded in absolute value and Ba,
is a conformable matrix whose elements are uniformly O (0,), then so are the elements of By, Bay,
(resp. B2y Bin).

For example, the row and column sums of G, = W1, (In — p%Wln)fl are uniformly bounded
by Assumption 1 and Fact 1. Noting that the elements sy ;; of Sp are uniformly O(nflﬂggllzsfl),
so are elements of G'1,Sp) or Sp\G1, by Assumption 1 and Facts 1-2.

A  Proof of Lemma A.2

Recall that Spx = (Spa (Tn,1) 5 -3 Sha (Tn,n))’. Denote the (i, j)th element of Sy as sy 5. To study
the properties of sy ;j, we need to distinguish whether zf, ; = (acfl’jl, .- -acfl’jpc)’ is a boundary point
in the compact support X¢ of f (:L’C, xd) . Without loss of generality, we assume X = II%° | S, where
Ss = [z,,%s]. A point 7y, ; is said to be a boundary point in X if there exists s € {1,2,--+,p.} such
that z7, ;.

we say that x

C .
n,js

is not a boundary point. In the following, when z

=z, +bshs or z = Ts — csh for some finite positive numbers bs and c,. Otherwise,

c -
n,J

C

n,j 18 a boundary point, we
,

assume that it is a pure “lower” boundary point such that we can write a7, ; = 2 + b © h,, where

z=(z, -z, ) and b= (b1, --bp,)". Other cases of boundary points can be analogously analyzed.

Pec
Define
!
Ay (2) = K0 () ¢ (z) Kp1
o) @K1 @ (x) @ kb2



where Ky = f 2, q (us) du, kpy = [ buﬂp 19 (us) du, and kpo = [~ buu’Hp‘ 14 (us) du. Note
that when b = oo, Il = Il = II, where II is defined in Section 3.3.
Lemma A.2 (a) Z?Zl Shrij = 1 and 2?21 ShAij (acf” — xf”) = 0p,x1 for each i

(b) Auir (2n3) = f (2n,5) A (0;) +0(1) for each j;

(c) the row and column sums of Swx = (sprsj) are uniformly bounded in absolute value for
sufficiently large n,
where A = A if Zn,; 15 not a boundary point, and A=Ay if zy, ; =2 +b® h. For other cases of
boundary points, A can be similarly defined.

Proof. To show (a), write
-1 .
Sh (zn,i)l = e/1 (An,hA (xn,i)/ An,h/\ (xn,z)) An,hA (xn,i)l Zn,h (xn,i)l dlag (khA ($n,z))
= (Sarils -5 Shin) - (A.1)

Noting that (Anvh)\ (ac,”)' A p (a:n,i))71 Appx (:Enl)/ A, by (2n,i) = Iy 41, the results then follow
from the definitions of A,, px, Zy , and kpy. For (b), we have

= F F
1 , ng,11 nj,12
Apiy (Tnj) =n E Zh,ijTh,ij Khaij =
Frj21 Fnj2e

=1
with
n n
Fnjii = nt Z Kh)\,ijZT(ll’Z)‘a Frjiz=n""' Z Kh/\,ijzy(:,z(xfm -y, ;) /h,
=1 =1
Fnj,?l = _1ZKh)\ iJ nz ( Lni _:C?z,j)/h)7 and
_ c /
Fnj,22 = 1ZKh)\ZJ nz ( nz_ ng)/h) (( nz_xn,j)/h) .

We first focus on the case where ¢ . is not a boundary point. By Assumptions 3-4,

J

o [H, o (T -
gl
i=1 =
= ')A [th (Pt )] {1 =) + O (M) (e # 5}
i=1
= / Hq(ut)gon (xfb7j+h®u,:cﬁ7j) In (z%7j+h®u,xi7j) du+o(1)+ O (||A]])
RPc —
= @(xn,j)f(xn,j)"i'o(l)v
and
- -zt
Frjiz = n! 7(112( [Hht Q< ’]t) (=i )+ O (1A
=1

/ “n (zfu +hou, 95%,]‘) ' Hq (ue) fn (iEfL] +ho u,zfl,j) du+ o (1)
RPc

t=1
= O(IRl*) +o(1) = o(1).



Similarly, we can show that F ;21 = 0(1), and F ,j20 = ko1 f (@nj) (¢ (2n,;) @ I,,) + 0(1). Conse-
¢ (xn,;) 0

quently, n~'Zj, ;diag(knx,;) Zn,; = [ (Zn.;)
g ! ’ ’ 0 R21¥ ($7z,j) ® I,

+0(1) when 7, ; is not

a boundary point.
If @, ; 1s a boundary point, we only need to change the upper or lower limit of integration in the

above proof. For example, if z7, ; =z +b® h, then

oo Pe
Frjin = / HCI(Ut)SO(fol,j+h®U,xg,j)f($fL,j"‘h@Uaxi,j) du+o(1)+ O (Al
—b 1
= ‘p(xn,j)f(mn,j)/fb,o+0(1)~

This proves (b).
Let ) (A (z)'A (3:))_1 A (z) = (a1 (z),az (x)"), where ¢, and d) are 1x ¢; and 1 x g1 p. vectors,
respectively. By (b) and (A.1),

Shaij =n " {ffl (Tn,i) [al (n,) 27(11; + az (zn,) (Z,(ng ® ((zh,; — w%,i)/h))} + 0(1)} Khpxij-

By Assumptions 3-4 and similar arguments to the proof of (b), we have as n — oo,

n n
> Isnasisl Y @)
=1 i=1

“+o0 (1) 7171 Z Kh)\,ij
i=1

IN

ar (o) 280) + az (@a) (24 © (@5 5 =25 )/0)) | Knns

Pc Pec

= /Hq (ue) (@1cz1 + Goczy |Jul|) du+o0(1) / Hq (u) f (zni) du+o0(1)
t=1 t=1

< €1l + €1G2Cg +0(1),

where for some large no, @ = SUP1<;<p n>n, |7 (xn,0)|| for I = 1,2, ¢y = SUP1 << pn>ng HzT(leH,
and the integration is taken over RP¢ or a subset of RP¢ depending on whether z7, ; is a boundary
point, and ¢, = [, I17°,q (u) ||u[| du. This implies that Y. | |sp,i;| is bounded uniformly in j for
sufficiently large n. Similarly, one can show that Z?Zl |sha,ij| is bounded uniformly in ¢ when n is

sufficiently large. This proves (c). ®

B Proof of Lemma C.1

Lemma C.1 Let A,, be a real nonstochastic n X n matriz whose row and column sums are uniformly
bounded in absolute value: supi<j<n,n>1 Z?Zl lam,ij| < ca and supi<i<nn>1 2?21 lan,ij| < cq for
some co < 00. Let ¥, =n~tU! A, U, and 9, = n= U} A, U,. Then

(a) E[9,] =0 (1), Var(d,) = O(nt) =0(1), and ¥, — E[9,] = O, (n"1/?);

(b) n=20, AU, = 02U, AUy — 0268, (U, Granen] + 0p (1), where 6,, = B, — p2,
Cin =Gy (An+ AL) and Gign = Gy (In — 10Wan)



Proof. (a) Let B, = (1/2) (I, =2 W3,) " (An + A,) (I, =72 Wa,) . Then 9, = n~ e}, Bye,.
By the assumption on A, Assumption 6 and Fact 1, the row and column sums of B,, are uniformly
bounded in absolute value. By the Cauchy-Schwarz inequality, E |[¥,| = n~! Sy Z;;l | B,HJ|
XElenien;| <n Y0, Z;”:l ]ij] On,ion,; < 0°C, where 3, ;; denotes the (i, ) element of B,,.
Similarly,

Var (19”) = 2n_2t1" (BnZanZ _2 Z IBn i1 - 4 ]

< 2nleg+ Tflc%ﬁ1 = O(nil)

where 7, = sup;cicp, 1 [Ben; — 30 ;] ¢3 is a common bound for the row and column sums of
the absolute elements of B, and B,X,B,%, and of their respective elements. By the Chebyshev
inequality,
Oy — B, = Op(n1/?). (B.1)
(b) Note that U, = Yy, = (X,,) = p,Win Yy = Up — Dy — 6, Y ,, where D,, = m (X,,) —m (X,,).
So

D=y = —n"18,,Y,, (Ay +AL) Uy 17162 Y AT, — 0Dl (A, + AL T,
+n" 6, Dl (Ap + ALY, +n DA, D,
= —1Ap3 + Tn4 - Tn5 + Tn6 + Tn7~ (B2)
We will show that T3 is a dominant term in the above expression and Ty,; = o, (n~'/2) for j =
4.5.6,8.
First, recall Gy, = G}, (A, + A,) and G2, = G1, (In - 'nggn)_l . Then by the assumption
on A,, Assumptions 1 and 6 and Fact 1, the row and column sums of Gy, and G2, are uniformly

bounded in absolute value. Write
T3 = n_léan; (Ap + AN Uy, = 6pnn'm (X,,) Granen + 1 U, Granen)
= 6pn (Tn3a + Tn3b) .

Note that F [T,34] = 0, and

Var (Thae) = n *m(X,) Gi2n3n G12n *QZZm Tpi) M (T i) T i
=1 j=1
n n
< C*n7? ZZ |5 5] = O (”71) ;
i=1j=1
— . .o < — —/ —
where o, ;; is the (,j)th element of ¥, = G12,%5,G)5,, and the row and column sums of X,

are uniformly bounded in absolute value. It follows from the Chebyshev inequality that T,3, =
O,(n~1/2). Analogously to the proof of (B.1), we can show that T3, = n ™ E[U},G12n8,]+0, (n71/2),
where n ' E[U},G1anen] = n ' Ele, Gaoianen] = 71 Y0 02 Goron = O (1), and G212n,4j 15 the
(,7)th element of Ga12, = (I — 72W2’n)_1 Ghay,. Hence

Tz = 0" 0, E[U! Granen] + op(n1/2). (B.3)



Second, let r =241, /2 and s > 1 such that 1/r + 1/s = 1, where 7, is a small positive number
defined in Assumption 2. By the assumption on A,,, Assumption 1 and Facts 1-2, the row and column
sums and each element of A,, = Wi A, Wi, are uniformly bounded in absolute value by cg, say, each
element @y, i; of A, is also uniformly bounded by ¢z, and Y.7_; [@nij|° < & " Y7 [@ns] < &

By (3.1) and the definitions of Y, and G1,,, Y, = G1,(m(X,,) +U,) = G1,m(X,,) + G12,6,, where
G12n = Gln ( n nWQn) !

Ty = n'62,(Gram(Xy,) + Gizaen) A (Grom(X,) + Granen)
= 0, {n 'm(X,) G}, AGrom(X,,) + 0" 'm(X,) G, AnGranen
+ntel Glon AnGram(X,,) +n el Gl AnGlronen
= 02 (Thar + Tz + Traz + Taa).
Note that the row and column sums of G, A, G1n, G, AnGr2n, G2, AnG1y and Gy, ApnGiay are

all uniformly bounded in absolute value by Assumptions 1, 6, the assumption on A,,, and Fact 1. Let

Cga to denote the common bound. Clearly, T,,41 = O(1). Let Cp1 = G, A, G112, with typical element
Cn1,i5- Noting that E[T,0] = 0 and Var(Thaz) = n 2 3300, 30 S50y m (i) Cat,igm (Tn,k) Cot kjon

<Cn2Y 0", ?:1 lent,ijl D pey lent k| = ( 71) it follows from the Chebyshev inequality that
Tha2 = Op(n —1/2). Similarly, Tpu3 = Op(n ~1/2). Now, let Cpo = G5, AnGi2n With typical element
Cn2,ij- 1t is easy to show that E[Ty4) = n~? S Cn2 402, = 0(1), and Var(T,44) = O (1) and

hence T,44 = Op(1). Consequently,

Tha = Op(n™1) = 0,(n"/?). (B.4)

Third, write m(z) — m(z) = [s;5 (2) (M (X,) + Up) + si5 (@) Win Yo (0l — 5,)] —m(z) =
dn1 () + dp2 () + dps (z), where

dnl (.’E) = ZS}U\ Tn,iy L nz _.fc)lm(x) (:E;,i_wc)l (:C;iz,z :.'Ed)
+ Z six (@n,is @) [ (20) — m (2)] 1 (a5, ; # 2)
i=1
dn2 (:E) = Spix\z ( )/ Un, and
dp3 (x) = —0pnSix (m)/?n

By assumption and the proof of Theorem 3.2, dp (z) = O(||h|% + [|Al]) = o(n"*/4) uniformly in z.
Let dnj,i = dn]‘ (i[,’n’l) and Dn]‘ = (dnj,la dnj,?a e nj n) fOI‘ ] = ]. 2 3 Then

Dyo = S:5Un, Dpz = —0,,8:5Y 5, and D,, = ZDM. (B.5)

Let Xn = A, + A) (I -9 Wgn) . Then by the assumption on A,,, Assumption 6 and Fact 1,
—

the row and column sums of A,, are uniformly bounded in absolute value. We can rewrite

3
Tus =0 Dy (A + AL) Up =Y 0 Dl A = ZTM,,C

k=1 k=1



Noting that D, is nonrandom, we have FE[T,5] = 0 and Var(Ty,s) = n 2D, annZ;D’
=n?y ", Z; 1 dn1,idn1 0 1) < n_} maxi<i<n d%l RO D Z] 1 [0 il = o(n™%?), where
Un” is the (7, 7)th element of Zn = A, Z .A So Ths1 = op(n *3/4) by the Chebyshev inequal-
ity. Now, Tp50 = n_) D!y Anen =n 15’ Snsn =n"tY", ZJ L Eni€n,j S n,ij, where S, ; is the
(,7)th element of S, = (I, nVVzn) S'~~.A By Assumptlon 6, Lemma A.2, the property of .A
discussed above, and Fact 1, the rows and Columnb of S » are uniformly summable in absolute value
for sufficiently large n. Noting that s;5 . = O(n_lﬂé’;lﬁgl) uniformly in (7, 7), then the elements
_ ~

Sh .ij of S, are also uniformly O(n~'I1%< h; ') by Fact 2. Hence E [Ty50] =n~ 1 >0 | Ufm?mi =
O(n~T% ;') = o(n~1/2), and

n n n n
2 —2 — —
E [TnsZ] = n °FE E E § E €n,i€n.,j 8 n,ij€n,k€n,l S n,kl
i=1 j=1 k=1 I=1
n n
_ -2 2 2 —>2 —2
= n ZZE[EME%J’ nw+ sn”SnJ3+ ,Jz ZE n,ii
i=1 j=1

= O(n~I%,h;%) + O(n 3T | h?) = o(n™).

It follows from the Chebyshev inequality that Ty52 = 0,(n~'/2). Now, let S, = S%X./_él)n. Then by
Lemma A.2, the property of ./_4)” discussed above and Facts 1-2, the row and column sums of S,, are
also uniformly bounded in absolute value for sufficiently large n, and the elements s, ;; of §n are
uniformly O(n='T17  h71). Write
—1 17 -1s 7V &
Tuss = —n" 0, YnShA.Anen =-—n" "0,mY,Snen
= 0 'm(X,)

/ -1/~ Q —
1nsn€n —-n EnGlnSnEn] == _6pn (Tn53,a + Tn53,b) )

where éln = (In - ngén)_l G',,- Analogously to the proof of T,3,, one can show that T3, =
0p(1). Analogously to the proof of T35, we can show that Ty53 = E [Ths3] + Op(n~1/2), where

n o n n
E [Tn53,b] = _1 Z Z Z E En i91n,ij S n,jkEn, k =n -1 Z Z Un zgln zjsn,]z
1=1 j=1 k=1 =1 j=1
< max|s’ﬂjl|0 ZZLgln il = _1H€C:1}~7’s_1) =o(1).
i=1 j=1
Hence, Ty,53 = 0, (n~/?) and
Ts = 0,(n~1/?). (B.6)

Fourth, write Ty, = n‘léanilalann + n—laan;E’ln (X0) = 6pn(Tne1 + The2). Analogously
to the proof of T,5, we can show that 61 = op (n*1/2) Noting that 6,, = O, n=1/?), it re-
mains to show that Tn62 = Op (1), we write Tn62 = 23:1 nilD;leln ( ) = Z] 1Tn627.7
It is straightforward to show that T,21 = o(n=1/*). Write Theo2 = n el H,m(X,), where
H, = (I, — OWQ'n)_1 S'~~a/ Noting the row and column sums of H,, are uniformly bounded for

A\/

sufficiently large n, it is easy to show that E[Ty62,2] = 0, Var(The2,2) = O(n~1) and hence T2 =



Op(nfl/Q) = 0, (1) . Similarly, write Ty62,3 = félmn’lYnS%XGinm (Xn) = =0pn (The2,3a + The2,30) »
where Theo.30 =1 'm (X,,) G}, @Ilnm (X,) and Tye2.30 =N 1U,’LG1n5/mm (X,,) . It is easy to show

that The2,30 = O (1), Thez,30 = Op(n —1/2) and hence The2,3 = Op(n_l/Q) = 0, (1) . Consequently,
The = Op(n71/2)' (B7)

Fifth, write 7,7 = n DL, A, Dy, = S0 S0 Tz pa, where Tpr iy = n= D, A, D,y for k1 =

2,3. Clearly, Tyy7,11 < C'sup; d2, ; = o(n™/2). Write Tyy7,12 = 1~ ' D}y A S;5Un. Then E[T7,12] =
0, Var(T,7.12) = o(n~3/?), and hence Ty712 = 0,(n~3/*). Similarly, one can show that T3 =
~8pnn Dy AnSi3 Y = 0p(n731), Tz 00 = n7 US55 AnSjsUn = Op(n IS 1Y) = 0p(n1/2),

Tn7,23 = _6Pnn_1UrleIE;{A S Y Op(?’L ), Tn7 33 = (5 n_IYnSﬁX‘AnSEX?n = Op(n_l). By

symmetric arguments, 75,7 21 = op(n 3/4), Thr.31 = 0p(n 3/4), and 1,732 = Op(n’l). Hence
T = 0p(n~1/?). (B.8)

Combining (B.2)-(B.4) and (B.6)-(B.8) yields ¥,, — 9, = —n"18,, E[U! Granen] +0,(n~1/2). This

concludes the proof. m

C Proof of Lemmas D.1 and D.2

Lemma D.1 Let 02 = (072171,--- o) €5 = (€21, ,er,), and g = (Eil,---

n,n n rn,n ? nn) Let

A, =nt (U%)IAnU%, A, = n1(e2) A2, and An = n71(~2)’An€ , where A,, are n X n real
symmetric and nonstochastic matrices. Suppose that the diagonal elements of A, are zero and that
the row and column sums are uniformly bounded in absolute value by c,. Then

(a) E[A,] = A, =0(1), Var(A,) = 0(1), and hence A, — A,, = 0, (1);

(b) Ay — K, =0, (1).

Proof. The proof of part (a) is straightforward and is thus omitted (or see Lemma C.3 of Kelejian
and Prucha (2010)). To prove (b), write

A y 7122 ~2 ~2 2 2
An 7An = An,ij [ nz n sn,ien,j:|

=1 j=1
n on

_ 71 E E 2 2 -1 E :E : 2 =2 2
= an ,ig |: 'VL i En,i:| En,j +n an,ijgn,i I:En,] - En,]:|

i= 1] 1 i=1 j=1

1§ § : 2 ~2 2

An,ij [ nz - n,i] [En,j 7En,j}
=1 j=1

= A177, + A2n + AEIun~

We will only prove Ay,, = 0,(1), since the proof of Ay, = 0,(1) is identical and that of Ag,, = 0,(1)

is analogous.



By (B.5) and the definition of €,,, €,, = (I, —=7,,Wan) (Un - D,, — 5/)"?”) = —(In—%,Wan)Dpn1+
(In — 3, Wan) (I — S55)Un — 8, (I, — 7 Wan) (I, — S75)Y n. Hence,
En —En
= En— (In =7 Wan)Uy
= —(In =¥, Wan)Dn1 — (Csn + 040 Can)en — 05 (In = 3, Wan) (I — S55)Y
“Min = N2n = M3ns (C.1)

where 6., =7,, — 72,
Csn = (In — YO Wan)S55(In — Y0 Wan) ™!, and Cuay = Wan (I — S55) (In — 70 W) ™' (C.2)

By Assumption 6, the property of S;x, and Facts 1-2, the elements c3,;; of C3, are uniformly

A
O(n~ %< h 1), and the row and column sums of Cs,, and Cy, are uniformly bounded in absolute
value (say by c¢.) for sufficiently large n.

Let 7y, ; denote the ith element of 7y, for k = 1,2,3. Then

Ay, = nt Z Zan,ijgi,j{n%n,i + nin,i + ngn,i = 2M1p,iEnyi — 2Man,i€nyi — 2Ny, iEn.i
i=1j=1
20150 im0 + 2010 N30 T 2o iM3ni} = Z A1k, (C.3)
k=1

where, for example, Ay,; =n~ 131" Z;”:l i€ iMin.i- A1n = 0p (1) provided A,y = o, (1) for
k=1,---,9.

First, recall that d,,1; = dn1 (Tn,;) denotes the ith element of D,,; (see the definitions preceding
(B.5)). Noting that sup; |dy1,:| = o(n™/%), it is easy to show that sup; [y, ;| = o,(n™1/*) by
Assumption 6, Fact 2 and Theorem 4.1. Thus

[Avp| < supi, ; m max. Z |an,ij| n” Z ni =0p(n"2)0 (1) 0, (1) = 0, (1). (C.4)
) j=1

Second, by the triangle and Cauchy-Schwarz inequalities,

2
|A1n2‘ S 1ZZ|an Z]lgnj (ZCSn ik€n k) +25,27 -1 ZZ|an zg|5nj (Z Can,ikEn k>

i=1 j=1 i=1 j=1
= (A1n27a+5wA1n2,b)-

Observe that £ |A1n2 tl| =n"! 21 1 Z; 1 |a’ﬂ 2]| Zk 1 CBn 1kE [ n,5%n k} < Tiy SUp; n~! Z?:l ‘C3n,il|
X Zj:l |an,ij| Zk:l lesn,ik] = O(n~ b, where sup; £ [ nz] < 7iy. It follows from the Markov inequal-

ity that Aqp2., = Op(n™1). Similarly, Ajp2p = Op(n~1). Hence

Atnz = Op(n™1) + 0,(n™2) = 0, (1). (C.5)



Third, noting that Y, = G1,m(X,) + Gi2nen with Gia, = Gip (In — 7%W2n)_1, we rewrite

w =0, Csam(X,) + 8, Conen — 06, 8, Cram(X,) — 8, 6, Csnen = S1_) Ngns> Where Cs,, =

(In =1 Wan)(In=S55)G1ns Con = (In=73 Wen) (In=855) G120, Crn = Wan(In—=8;5)Gin, and Csy =

Waon (I, — S5,5)G12n- Clearly, the row and column sums of Cyp,, k = 5,6, 7,8, are uniformly bounded

in absolute value (say also by c.) for sufficiently large n. Observe that |Aq,3| < 42?:1 ntyY

S an i €2 3 = 40—y Arnar, where Ay = n7t S S Jan il €2 mB,, and na, is
the ith element of 7,,;. Clearly,

n

2
Arpgr =05 n! Z Z lan,ij| €5 ; (Z Com, ik (T b ) <clchcadl n Y en i =0p(n7Y),
=1 j=1 j=1
where ¢, =supgeam(x), supi Y,y csn,ix] < oo Next, let Apyze = 7' 30 Y0 Jan i€l
2 . -« _

(ZZ:1 Con,iken,k) - Noting that E|A1,32) =n ! Z?:1 Z?:l |an, ] 22:1 an,ikE [Ei,jgi,k} =0(1),
it follows from the Markov inequality that Ay,3s = 5,%"&”32 = Op(n™1). Similarly, A1,3, = Op(n™2)
for k = 3,4. Hence

A1n3 = Op (nil) = 0Op (1) . (CG)

Fourth, by the assumption on A,,, Assumption 2, and the triangle and Holder inequalities,

n n
—1 2
|Agpg| < Qm?x|771n,i’ n E €n,j E ‘an,ij| |en,i
=1 i=1
" " 3/4 n 1/4
1/4 4/3 -1 4
< 2n m;ax|n1m|n E €nj (E lan, i n Eni
=1 i=1 i=1
_ 174 ~1/4y0)
= n'"op(n”77)0p(1)0 (1) p(1) =0, (1). (C.7)
. . _ —1 n 2 n —1 n 2
Fifth, write Ay,5 = 207" 1" Zj:1 an,ij€; iEn,i Y ke C3n,ikEnk—20mn Y 1y ZFl n,ij€n jEnyi
> heq CanikEnk = —2(A1ns1 4+ 0ynA1ps2). Noting that the diagonal elements a,, ;; of A,, are zero,
we have
n n n n
—1 2 2 —1 3
Azt = n g g An,ij€n,j€n,iC3n,ii +n g g An,ijC3n,ij€n,jEn,i
i=1 j=1 i=1 j#i
n n n
-1 . o2 .
+n an, ij C3n,zk5n7j5n,k5n,z
i=1j#i kA
= Ainsie + Ainsip + Ainsier say.
; - -1\ n _ —117P ~7 —17Pe 7,—1

Since E |Atnsi,a| < figsup; [ezn,ii| n ™! 32000 2000 [an,i] = O(n M I Al ), Arnste = Op(n T2 A

by the Markov inequality. By the triangle and Hélder inequalities, E \A1n517b\ <n 3T Z; i
3/4 1/4 _ _ _
e iscsn i | {E [e2 ]V H{E [0 3" < n~'gcace = O(n~), and hence Apsiy = Op(n~h),



Note that E[A1p51,c] =0 and

n n n n n n
-2 2 2
Var(A1n51,c) = n E E An ij E E E Qn i’ ! E C3n,ikc3n,i’k’E[5n7j5n,k€n,i5n7j/€n,k’5n,i’]

i=1 j#i ki i/ =1 j'#i! k' #5 il

n n n n
-2 § § : § E 2 2 2 2
= n a"vi]- anﬂ'jlc&lyikc&%ikE [gn,jgn,kgn,isn,j’]

i=1 j#i k#ji ' i
n n n n
-2 2 2 2 2
+n g Ean,ijg E an,kjlcsn,ikcsn,kiE[ﬁn,jgn,k%ﬁn,j/]
i=LiFi kAig Ak
= Apsier + Ainsien,

where [Avps1e1| < T~ supy 307 [canikl 25—y [an,ii| 2ok—y esninl 25—y [an,ir| = O(n™?), and
similarly, [Aips1,c2] = O(n™2). Then A1 = O, (nil) by the Chebyshev inequality. Hence
Aips1 = Op(n_lﬂf;;llzs_l). Similarly, we can show that Ay,52 = O, (1) . It follows that

Arns = Op(n TP B 1) + Op(n=Y?) = 0,(1). (C.8)

Sixth, write Ay, = —2 Z?Zl ntyY Z?:1 an,ijgi,jniinl,igmi = -2 Z?:l A1pgj. Analogously
to the proof of A1,5, we can show that Aq,g1 = Op(n_l/z), Aipga = Op(n_l/z), Atnez = Op(n™1),
and Ajpes = Op(n~1). Hence

Atng = Op(n~ %) = 0,(1). (C.9)

Last, by the proof of Ay, (k= 1,2,3) and the Cauchy-Schwarz inequality, we have
Aqpg =0, (1), for k=7,8,9. (C.10)

Combining (C.3)-(C.10) yields Ay, =0, (1). ®

Lemma D.2 Let ¢,, and d,, be n x 1 vectors whose elements are uniformly bounded in absolute value
by c. Let ﬁm Fy, Qin, and oy, be as defined in the proof of Theorem 5.1. Recall ¥, =diag(c?)
and %, :dmg(Ei), where 0% and Ei are as defined in Lemma D.1. Then
(a) n=tc,S,d, = O (1), and n~ c, (S, — £p)dy, = Op(n~/2) = 0, (1);
(b)) n"*E!2,F, =0 (1), and n_lﬁéinﬁg —n Y, F, =o0,(1);
(¢) Qpp — g, = 0, (1) for k=1,2.
Proof. (a) The first part is obvious. For the second part, define 7, = n='c/,X,d,, T, =

n e, T,d,, Tn = nte,Snd,, where 3, =diag(e2). By the triangle inequality,
|Trn — Tu| < |Tn —Tu| + |Tn — Tal -

First, B [Ty, — o] =n"1! Z?Zl cpidy B (52” — afm) = 0and Var(T,, — 7,) = n "2 Z?Zl cfl,id%)i\/ar(eii)

=0(n1). So T, — T, = Op(n~'/2) by the Chebyshev inequality. Noting that 2, = (I,, —7,,Wan)Un,

we can rewrite

T n e Bpen = n U ELU, — 2990 UL WS, B Uy + (1220 tU Wy B, Wa, Uy,

Fn = n ' EE, =n 'UEU, — 29,0 U, W}, EnUp, + 520" U, W, EpWonU,,
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where E,, =diag(c,, ®d,). Then by the triangle inequality
T —Tnl < [0 'ULELU, — 07 UL ELU,|
27,0 U W, EnUy — o0~ UL W3, EnUy|
AT O W, B Wan Uy = (10)” 072U, W, B Way Uy |
= Tin+2T2n + T3n-
By Lemma C.1, [n~U/E,U, — n 'U.E,U,| = O,(n~'/2). By Theorem 4.1, Lemma C.1 and the
triangle inequality,
Ton < [Yal |(n_1ﬁr/zW2/nEnfjn - n_lU;zwzlnEnUn” + Wn - 'Y?z| ’n_lU;zWénEnUn|
= 0,(1) Op(n_l/Q) + Op(n_l/Q)Op (1) = Op(n_l/Q)-
Similarly, we can show that 73, = O,(n"'/2). Thus |7, —7,| = O,(n~'/2). This completes the
proof of part (a).
(b) Let Z, = (B'QB)"\B'QZ, and Cy, = (I — Snr) (In — YWan) "' S (I —10Wh,) " (I —
;w)' By Assumption 5, the elements %, ; of Z, are uniformly bounded by cz, say. By Lemma

A.2 and Assumptions 2 and 6, the row and column sums of C,, are uniformly bounded in absolute

. e - —
value for sufficiently large n. Hence n™'F.%, F,, = n~'Z,C,Z, =n"' 3" | Z?:1 Zn,iZn,jCnij <

cZmax; Y7 |cn 5] = O (1) Now, write

n 'S Fy —n  F S, F,
= n N F, —F) (Sn —S0)Fy + 0 E (S — S0)(Fy — Fy) +n ' EU(S, — £,)F,
+n N (Fy — F) (Sn — 50)(Fy — Fy) + 0 Y(E, — F,)'SpFy +n 'E. S, (F, — F,)

7
+n Y (F, — F)Sn(F, — F,) = ijn, say.
=1

Let 7, = (B,Q,B,) 1B, and 7 = (B'QB)~1B’Q. Then by Assumption 5, 7, — 7 = o0, (1).
Since for sufficiently large n (say n > Ni), the row and column sums of Sy, are uniformly bounded
in absolute value, this implies that the row and column sums of (I, — Shﬂ,) (In — 'y%Wgn)_l are
uniformly bounded in absolute value for n > N; by Assumption 6 and Fact 1. Hence the elements of
e, =27, (In—Sny) (In — ’Y%WQn)il are uniformly bounded for n > N; by Assumption 5 and Fact 2.
Noting that F!, — F!, = (7, —7)'Zly (In — Shy) (In =19 Wan) " + 742, (I — Siy) [(In — 7, Wan) ™

— (I, - '72W2n)_1], we can write §y, = &1, o + &1, Where
Sina = nil(%n - ﬁ)/e%(in —Xn) Fa,

i~ ~ _ -1
fln,b = n 17T;zZ7/z (L — Shw) [(In — ¥, Wan) T (In - 'Y(V)LWQn)

1(E, = S0)F,.

By (a), n=te/, (S, — $n)F, = 0, (1) . It follows that E1n.a = 0p (1) 0p (1) = 0, (1) . We next show that

gln,b = Op (1) .
For later use in the proof of part (c), let

L, = 2(In - VZWQ/n)Akn (In - ’Y('Y)LWQ/TL) ) and ¢ = pinilUV/L(Wls:l)/LnUn’ s=1,2,---.
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Note that the row and column sums of p%(Wi')'L,, and Ly, = p3(I, — yoWs YWY L, (I, —
v Ws,,) are uniformly bounded in absolute value for each s, say by o, Where ¢; does not depend on
s. Lemma C.1(a) implies that ¢, = ¢, + Op(n~Y/2), with ¢*, = E [pin *UL (W) L,U,] . One
can readily show that sup; [¢%,| < 52,

In the following, we will frequently use the fact that if a sequence of random vectors b,, converges in
probability to b if and only if every subsequence {b,, : | € N} contains a further subsequence {by, 0
j € N} which converges almost surely to b. See Theorem 18.6 in Davidson (1994) (c.f. Theorem 2.24
in White (2001)). For notational simplicity, hereafter we will write {n;} as the subsequence of {n;}.

Let {n;} denote some subsequence. Then by the above analysis and the consistency of ¥,, and

Pn there exists a subsequence {n;} such that for w € S; with P (S;) =1,

— 0,

—>O7)

Vg (@) = Vo Py (@) = Py Ty — 7” — 0, and
lssn — <5, — 0, s=1,2,-- ,as nj — 0.

Hence there exists Na,, such tat for all ng > Noy,,

Vnf (W)’ < Ve <V [Py (W)’ < Pis < P

Tt (@) H

IN

27|, and

Samy (W) ’ < 2057,

] + p.)/2. In the following, we assume that

where 7, = (sup, [v5| +7.)/2, and p,, = (sup,
w € 51 and 7 > max (Ny, Na). Noting that |7,/ (w)| < 7,, the row sums of 7, (w) Wa,; are
less than 1 in absolute value and it follows from Corollary 5.6.16 of Horn and Johnson (1985) that
Ly =Yy (w) Way is invertible, that the row and column sums of (I; =¥,/ (w) Way )~1 are uniformly
bounded in absolute value, and that

oo

(Inj = Ay (@) Wan) ™ = (I — W%;Wm;)*l = ZWZ; (w) — (’Y%;)S}W;n;' (C.11)
s=1

Hence &y, 5 (w) = Y202 {[n; (@) = (70,)°1/73 520y (w) , where sy s (w) = my ™ 937, (w) Zyy (Tng —
Shy )W,y (S (w) — Xy ) Fiyy. Observing that |75, (w) — (v )°1/73 < 2(7au/72)° and |2ny,s (W) | <
C for some constant by part (a), we have ’{mi’b (w)’ < 20 Yo 1 (Yan/7s)® < oo. Consequently,
€inyp (W) — 0 as my — oo by the dominated convergence theorem, implying &, , = 0, (1). Hence
1, = 0p(1). Analogous arguments yield &;, = o, (1) for j = 2,3,---,7. Hence nLF/ S, F, —
n S, F, =o0,(1).

( ) Let Cn - 2( pnwln) 1W1ln([n - qnWQIn)Akn (In - ?nWQIn) and Cn = 2(I7l - p%W{n)71
Wln( n nW2n)Ak’ﬂ( n nWZIn) . Then

7(5%” - akn) = nilﬁrlLZnﬁ" - IU/ Cn

0 (UnGuUn = UnGalUn) +07 U3 (G = €,)Un
"Hl_lUr/z(En - Cn)(ﬁn —Un)+ n_l(ﬁn - Un)l(zn = ¢)Un
—"_nil(ij’ﬂ - Un)l(zn - Cn)(ﬁn - Un)
X1in + X2n + X3n + Xan + Xs5n -
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By Lemma C.1, x;,, = 10, E[U'G12n6n] + 0,(n~1/?), where
_ -1

By Assumptions 2 and 6 and Fact 1, the row and column sums of ¢,, and G'12,, are uniformly bounded
in absolute value. With this, one can readily show that x;, = O,(n"1/2) = 0,(1). It remains to
show that x;,, = 0,(1) for j = 2,3,4,5.

By the above subsequence arguments and Corollary 5.6.16 of Horn and Johnson (1985), I,, ;=
Py (W) Wiy is invertible, the row and column sums of (I, — p,,; (w) Wiy, )~1 are uniformly bounded
in absolute value, and

oo

(In; - ;57% (w) Wln{)il - (In; - P%; Wlng)il = Z[ﬁz; (w) - (p%;) ]Wlsn . (012)

s=1

Let Ly, = 2(In — 3, W4,) Akn (In — 7,,W},) . Then w.p.a.1, we can write

Xon = n_lUrIL(In - nglln)_lwlln(Zn - L,)Uy,
+n_1U’r/L[<In - 5nW11n)_1 - (I’ﬂ - p?LWIIn)_l]Wlan’ﬂUn
= X2n,a + X2n,b’ say.

Note that Ly, — Ly = 262, Why Aun Wy + 26y Why Atn (L — ASWh,) + 26 (I — YO Why) Ak Wy,
where recall §,, = p,, — p% = O,(n~/?). By Assumptions 2 and 5, Fact 1 and Lemma C.1(a), it is
straightforward to show that Xy, , = Op(n~'/2). In addition, we see that the elements of Eng (W)=Ly
are uniformly O(n~'/?) and the row and column sums of Ly; and in; (w) are uniformly bounded in
absolute value. Now on a set of probability one, we have

o0

_ . —1 ~S 0 \s / s+1\/ —1 s+1
s=1
Observing the second term in the above expression is of smaller order, it suffices to show that
the first term is o (1) for w on a set of probability 1. Recall ¢,, = pSn~*U. (W) L, U,. Define
My (W) =01 3202 {00 (w) = (P, )°]/ 2} ssny (w) - Noting that [5, (w) — (0,)°1/p% < 2(p./p.)* and
|Ssny (W) | < 26557, we have that for nj > max {Ny, Na,} and w € S,

o

Cong ()] < 4013 (/)" < o
s=1

o)
My (@) [ <2070 (pon/pn)?
s=1

It follows from the dominated convergence theorem that 7,,, (w) — 0 as nj — co. Hence Xy, 3, = 0p (1)
and X,, = 0 (1). Analogously, we can show that x;, = o, (1) for j = 3,4,5. Hence ax, — ax, =
op(1). m
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