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Abstract

We provide straightforward new nonparametric methods for testing conditional independence
using local polynomial quantile regression, allowing weakly dependent data. Inspired by Hausman’s
(1978) specification testing ideas, our methods essentially compare two collections of estimators that
converge to the same limits under correct specification (conditional independence) and that diverge
under the alternative. To establish the properties of our estimators, we generalize the existing
nonparametric quantile literature not only by allowing for dependent heterogeneous data but also
by establishing a weak consistency rate for the local Bahadur representation that is uniform in both
the conditioning variables and the quantile index. We also show that, despite our nonparametric
approach, our tests can detect local alternatives to conditional independence that decay to zero at
the parametric rate. Our approach gives the first nonparametric tests for time-series conditional
independence that can detect local alternatives at the parametric rate. Monte Carlo simulations
suggest that our tests perform well in finite samples. Our tests have a variety of uses in applications,

such as testing conditional exogeneity or Granger non-causality.
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1 Introduction

Hausman’s (1978) seminal paper on specification testing opened the way to a broad array of methods
for assessing the validity of econometric models and their resulting insights. The fundamental idea of
comparing two estimators, both consistent under correct specification, but divergent under misspecifica-
tion applies not only to detecting incorrect parametric functional form for conditional means, variances,
or other aspects of the conditional distribution of a variable of interest, but also to detecting failures

of exogeneity — the stochastic orthogonality condition between observable and unobservable drivers of
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the dependent variable of interest ensuring that structural features of interest can be recovered from
observable data.

Although functional form misspecification can be considerably mitigated using nonparametric meth-
ods, exogeneity in one form or another remains a crucial assumption; its failure results in estimators
being largely uninformative about structural objects of interest (see, e.g., White and Chalak, 2012).
There remains a clear need to develop convenient nonparametric methods for exogeneity specification
testing; Hausman’s (1978) approach provides a valuable foundation on which to construct such tests.

Over the years since Hausman’s paper appeared, various alternatives to strict exogeneity (observ-
able causes (X) independent of unobservable causes (U)) useful for identifying economic structure of
interest have emerged. One important alternative is that introduced by Barnow, Cain, and Goldberger

)

(1980), termed “selection on observables,” namely that observable causes are independent of unobserv-
able causes, conditional on some further observables, say W. We write this conditional independence as
X L U | W, following Dawid (1979). This condition plays a key role in the identification and estimation
of treatment effects (White and Lu, 2011; White and Chalak, 2012). Similar conditions play a key role
in recovering structural features in many other contexts, as catalogued by Chalak and White (2011).

Because U is unobservable and, in the general case, not estimable, indirect methods for testing
X L U | W have been developed, based on the fact that, under additional plausible assumptions,
X L U | W implies certain conditional independence relations among observables, e.g., X L S | W,
where S is observable (White and Chalak, 2010). Conditional independence also plays a key role in
other important contexts. For example, tests of Granger non-causality in distribution (Granger, 1969;
Granger and Newbold, 1986) are tests of conditional independence among observables. And, as White
and Lu (2011) show, such tests can be used to test structural non-causality under appropriate conditions.

Accordingly, our main goal and contribution here is to provide straightforward and powerful new
nonparametric methods for testing conditional independence. Hausman’s (1978) ideas provide the basic
foundation for our approach; however, as is now often the case, our methods compare two collections of
estimators that converge to the same limits under correct specification (conditional independence) and
that diverge under the alternative.

We construct our tests using local polynomial quantile regression, allowing weakly dependent data.
This yields specification testing methods suitable for either cross-section or time-series data. In pursuing
our main goal in this way, we make a number of further related contributions. Specifically, we generalize
the existing nonparametric quantile literature not only by allowing for dependent heterogeneous data
but also by establishing a weak consistency rate for the local Bahadur representation that is uniform in
both the conditioning variables and the quantile index. We also show that, despite our nonparametric
approach, our tests can detect local alternatives to conditional independence that decay to zero at the
parametric rate, in contrast to the tests of Huang (2010) and of Su and White (2007, 2008, 2011).
Although other tests can also detect local alternatives at the parametric rate (Linton and Gonzalo,
1997; Delgado and Gonzdlez-Manteiga, 2001; Song, 2009; Huang and White, 2010), those tests are
for independent identically distributed (IID) data and do not necessarily extend easily to the time-
series case. Our tests are thus the first for time series conditional independence that can detect local
alternatives at the parametric rate.

The rest of the paper is organized as follows. In Section 2 we describe quantile regression and

its relation to conditional independence. Section 3 introduces the local polynomial quantile regression



estimator and studies its uniform local Bahadur representation. We apply this representation result to
testing conditional independence in Section 4, where we also conduct some Monte Carlo simulations to
evaluate the finite sample performance of our tests. Section 5 provides a summary and conclusion. All

proofs are provided the appendix.

2 Quantile Regression and Conditional Independence

Let {(Y;, X¢)} denote a time series of random vectors, with Y; a scalar for simplicity. Let my(7, z) define
the 7th conditional quantile function of Y; given X, = 2 € RY, that is, the 7th conditional regression
quantile. Specifically,

my(r,z) = inf{y : F} (y|z) > 7},

where F} (-|z) denotes the conditional cumulative distribution function (CDF) of Y; given X; = z. Let
p.(2) = z(1 — 1(z < 0)) be the “check” function, with 1 (*) being the usual indicator function. It is well

known that the 7th conditional quantile m;(7, z) solves the minimization problem

my(T,x) = aTgEHQliHE [p- (Y2 — q(X¢) | Xe = 2)], (2.1)
q
where Q is a given space of measurable functions defined on R?. As is common, we assume that the
solution to this minimization problem is unique.

Often, the distribution of {(X¢,Y;)} is assumed to be stationary, so the conditional quantile function
my(7,2) is not time-varying; in this case, we write m;(7,2) = m(r,z) for all ¢ > 1. Here, we do not
assume stationarity; however, under conditional stationarity of Y; given X;, we again have m; = m.

Koenker and Bassett (1978) pioneered quantile regression, treating the linear parametric case where
Q ={q:q(x)=p"z, R} and T denotes the transpose operator. Subsequently, nonparametric
quantile regression has been studied by Bhattacharya and Gangopadhyay (1990), Chaudhuri (1991),
White (1992), Fan, Hu, and Truong (1994), He and Shao (1996), Welsh (1996), Yu and Jones (1998),
Hong (2000), and Lu, Hui, and Zhao (2001), among others. Here, we apply local polynomial methods,
as described in the next section.

Our main focus of interest is the conditional independence of Y; and Z; given X, Y; L Z; | X;. Let
m(7,z) and m(7,z, z) define the Tth conditional quantile functions of Y; given X; = x and (X, Z;) =
(z, z), respectively. Then Y; L Z; | X; if and only if the following null hypothesis holds:

Hy : Prm(7r, X, Zy) = m(r, X)) =1 for all 7 € (0,1). (2.2)

An important special case is that of Granger non-causality (Granger, 1969). Let X;_1 = (X—1,-- -,
Xt_pm)T and Vi1 = (Yi_q, - ,Yt_py)T7 and let m (7,);—1) and m (7,X;—1,Ys—1) denote the 7th
conditional quantiles of Y; given V1 and (X;—1,Y:—1), respectively. Finite-order Granger non-causality
in distribution is the condition that ¥; L AX;_1 | V-1 (for additional related concepts, see White and
Lu, 2010). Then Y; L X;—1 | V¢—1 if and only if

HS :Prim(r,X_1,Yi-1) =m(7,Yi_1)] = 1 for all 7 € (0,1).

Recently, Jeong and Hirdle (2008) proposed a test of a version of this hypothesis with fixed 7 by
extending the work of Zheng (1998) from the IID case to the time-series case.



An important feature of Hy is that it involves all quantiles 7 € (0,1) and all values in the joint
support of the conditioning variables. This generally requires the convergence of the quantile estimators

underlying the test to be uniform in both 7 and the conditioning variables.

3 Local Polynomial Quantile Regression and Uniform Bahadur

Representation

3.1 The local polynomial quantile regression estimator

When the distribution of Y; given X, is stationary, and if m (7, z) is a sufficiently smooth function of z,

for any z in a neighborhood of x, we have

m(r,z) = m(r,z)+ Z %D‘jlm(T,x) (T —2) +o(|F—z|?)
1<lil<p
= Y Bi(nah) (@ —2)/h)? +o(|F —z|"), say.

0<|jI<p

Here, we use the notation of Masry (1996): Letting ji, ..., ja be non-negative integers, j = (ji, .-, ja),
l7l = Z?:l ji,xd = Hlexfi, ZO§|j|§p =>1 0 251:0 Z?d:oa Dblm (r,2) = %, Bj (T, h)
Jji+...+ja=k

= %Dmm (7,x), where j! = I j;!, and h = h (n) is a bandwidth parameter that scales the distance
between T and x.

With observations {(Y;, X¢)};_,, we estimate the quantile regression function by local polynomial
quantile regression. For this, let 8 denote the vector formed by stacking the vectors 3 in lexicographic
order. Define

,@(T,m;h)Eargrr;sinQn(T,x;,@)En_lsz Y: — Z Bj((Xt—x)/h)j K ((x —X:)/h), (3.1)

0<|j[<p

where K is a nonnegative kernel function on R?. The conditional quantile m(7,z) and its derivatives

up to pth order are then estimated respectively by
in(r,x) = Bo (r,a; 1) and D¥lm (r,z) = (!/h9)B; (r,23h), 0 < || <p.

In particular, a local linear approach obtains when p = 1. See Fan, Hu, and Truong (1994) and Yu and
Jones (1998), among many others.

To proceed, we introduce some notation. Let N; = (I+d — 1)!/(I!(d — 1)!) be the number of distinct
d-tuples j with |j| = I. This denotes the number of distinct I-th order partial derivatives of m(7, x) with
respect to z. Arrange the N; d-tuples as a sequence in a lexicographical order (with highest priority to
last position), so that ¢,(1) = (0,0, ...,1) is the first element in the sequence and ¢;(N;) = (1,0, ...,0)
is the last element, and let qﬁl_l denote the mapping inverse to ¢;. Let N = Y_7_| N;. For each j with
0 < |j| <2p, let pij = [ 27 K (x)dx, and define the N x N dimensional matrix H and N x 1 matrix B



Hoo Honp .. Hop Hop+1
Hyp Hy; ... Hy, Hy pt1

H=| . . R I T R (3.2)
Hp,O Hp,l Hp,p Hp,p-l-l

where H; ; are N; x N; dimensional matrices whose (I, s) elements are Heps 1)+, (s)-

3.2 Assumptions

A Bahadur representation is an approximation of the sample quantiles by the empirical distribution
function (Bahadur, 1966). Local Bahadur representations of conditional quantiles have been previously
considered in a number of papers, including He and Shao (1996), Honda (2000), Lu, Hui, and Zhao
(2001). In particular, Honda (2000) establishes a Bahadur representation that is uniform in the condi-
tioning variables. More recently, Kong, Linton, and Xia (2010) establish a strong uniform consistency
rate for the Bahadur representation of local polynomial M-regression estimates; there, too, the uniform
rate is obtained only in the conditioning variables. In this section, we provide conditions sufficient to
obtain a local Bahadur representation for B (1, 2;h), uniform in both 7 and the conditioning variables.

For given n, let {(Ynt, Xnt) € R X Rd}jzl be a sequence of time-series random vectors. The triangular-
array notation {(Yy¢, Xt)},_, facilitates the study of asymptotic local power properties of many testing
problems, including ours. Nevertheless, to avoid complicated notation we will suppress reference to the
n subscript in what follows; in particular, we write Y; = Y,,;, X; = X,,;. For example, we will denote
the conditional CDF of Y,,; given X,,; as F} (| X;), instead of F; (-| X ) -

Next, let 7 C (0,1) and for (7,u) € T x R, define

Y, (u)=7—-1(u<0).

For simplicity, we let the supports of the X;’s and Y;’s be time-invariant. For simplicity, we also suppose
that the conditional support of Y; given X; coincides with Y;’s unconditional support. These restrictions
can be straightforwardly relaxed, but with a considerable proliferation of notation. We thus let X denote
the common support of the X;’s and ) denote the common support of the Y;’s. We let ||-|| denote the
Euclidean norm. Although n is implicit for Y; and X; in what follows, the stated conditions hold for

n=1,2,---  and the referenced bounding constants or functions do not depend on n.

Assumption Al. {(Y;, X;)} is a strong mixing process with mixing coefficients « (s) such that
Yo, sta ()" < € < oo for some 1 > 0 with 5/ (4 +n) < 1/2.

S

Assumption A2. (i) X; is continuously distributed, with probability density function (PDF) f; (+)
bounded with bounded first order derivatives on X for each ¢ = 1,2,---. (ii) The conditional CDF
Fy (| X¢) of Y; given X; has Lebesgue density f; (-|X¢) such that sup,. p,(,\x,)e7 ft (y[X:) < C1 < o0
for all ¢, and for all y1,y2 € V, |fe (y11Xe) — fi (y2| Xe)| < Co (Xy) |y1 — yo| a.s. for all ¢, where Cs (+) is
a continuous function. (iii) The joint PDF fi (-,-) of (X, X;) is bounded for all t,s =1,2,--- .

Assumption A3. For all (7,z) € T x X, the conditional quantile function defined by m; (7,z) =
inf {y € Y : F, (y|z) > 7} satisfies: (i) my (7,2) = m (7, z) + n~Y2c(r,z,t/n) where ¢ (7, z,t/n) is uni-
formly bounded for all (7,2) € T x X and ¢t < n; (ii) m (7, ) is bounded uniformly in (7,z) € T x X.



It is Lipschitz continuous in (7,z) and for each 7 € 7 has all partial derivatives with respect to z
up to order p + 1; (iii) The (p + 1)th order partial derivatives with respect to , i.e., D¥m (7, ) with
|k| = p+ 1, are uniformly bounded in (7,2) € 7 x X and are Hélder continuous in (7, z) with exponent
Yo > 0: |DEm (1,2) — D*m (7,%) | < Cs(J7 — 7|7 + ||z — Z||7°) for some constant C3 < oo, and for all
7,7 €T and z, T € X and all k such that |k| =p+ 1.

Assumption A4. lim, ..on 'Y 1 fi (m(7,z)|z) fi (x) > 0 uniformly in (7,2) € T x X.

Assumption A5. The kernel function K (-) is a product kernel of & (+) , which is a symmetric density
function with compact support A = [—cg, ¢k] . Supeea |k (a)] <€ < o0, and |k (a) — k(a)| < ¢2la —a|
for all a, a € R and some ¢ < oo. The functions Hj(z) = 29 K(x) for all j with 0 < || < 2p + 1 are
Lipschitz continuous. H defined in (3.2) is positive definite.

Assumption A6. As n — oo, (i) h — 0, nh2¢/(logn)’> — oo, nhdT2Pt) — ¢ € [0,00),
hi/? /(k,loglogn) — 0, and h(P*1) /K, — 0 for some non-increasing positive sequence r,. (ii) Let
h =n"Y and k,, = n~°* where¢; > 0, ¢, > 0 and 46, +d/s1—1 < 0. There exists v € (x, (1—d/s1)/2)

such that 16/n > [6/2 +d + 2v +3d/(2¢1) + (2N + 1)s,]/(1 — 2v — d/s1) — 1.

Assumption Al restricts the process {(Y;, X:)} to be strong mixing with mixing rates decaying
sufficiently fast. It does not require stationarity. Assumption A2 imposes smoothness conditions on
the functions f; (), fi (+|X¢), and fis (-, ) . Assumptions A3-A4 enable us to establish the uniform local
Bahadur representation for our local polynomial estimates. In particular, A3 allows us to establish a
uniform Bahadur representation for asymptotically stationary process. Assumptions A5 and A6 specify
typical conditions on the kernel and bandwidth used in local polynomial regression. In particular,

Assumption A6 implies that nh?k2 — oo as n — oo.

3.3 Uniform local Bahadur representation

We now show that with the above assumptions, the local polynomial quantile estimator B (1,x;h) has a
Bahadur representation uniform in both 7 and x. For this, we introduce some additional notation. Let
1 ((Xy —x)/h) be an N x 1 vector that contains the regressors ((X; — x)/h)? in the local polynomial
quantile regression (see (3.1)) in the lexicographical order. For example, if p = 1, then p ((X; — x)/h) =
(1,(X; —2)T/n)T. Let p,, = u((Xy — x)/h) . Define

Hn (T,SL') = LU - Xt /h) ft( (T, Xt) |Xt) ﬂta:p‘g;;v and

HM:

Ip (T,2) =

(x — X1) /h) piye ), (Yt —Bo (Tafﬂ;h)Tﬂtm) :

Theorem 3.1 Suppose Assumptions A1-A6 hold. Then
nhd (,CA'} (r,z;h) — B (71, x; h)) = H, (r,2)" " Jn (7,3) + 0p (kn) uniformly in (7,3) €T x X.
In particular,
nhd (i (1,2) —m(1,2)) = el Hy (1,2) " Jo (7, 2) + 0p (kn) uniformly in (7,2) € T x X,

where e; = (1,0, ..., O)T is an N -vector.



Theorem 3.1 generalizes the local Bahadur representation results in the literature. This uniform
result is useful for many statistical applications, where one usually requires k, to be 1 or h%/2. If
kn = 1, we can choose ¢, = 0 in Assumption A6(ii), and the last two conditions in Assumption A6(i)
are automatically satisfied. To construct a conditional quantile-based test that can detect deviations
from the null at the parametric rate, one typically needs x,, = h%?2. In this case, ¢, = d/(2¢1), and
the first condition in Assumption A6(ii) implies that nh3? — oco. The following corollary is handy for

deriving the asymptotic properties of our test statistic.

Corollary 3.2 Suppose Assumptions A1-A6 hold with k, and <, in Assumption A6 replaced by h%/?
and d/(251), respectively. Suppose nh?>P+t1) = o (1). Then, uniformly in (1,z) € T x X,

nhd (m (1,z) —m(t,z)) = el H (T,x)_ljn (r,z)[L4+op(1)] + OP(hd/Q),

where J,, (1,7) = n~1/2p=d/2 Yo K ((x— X4) /h) 0 (Yo —m (7, X)), H (T,2) = f(r,o)H, f(r,7)
=lim, .o f, (1,2), and f, (1,2) =n~! E?Zl fe(m(r,x)|x) fi ().

If we assume the process {(X¢, Y;)} is stationary, then the conditional and marginal PDF’s f; (m (1, z) |x)
and f; (z) can be written f (m (7, z) |z) and f (z), so that H (7,z) = f (m (7,z) |x) f (z) H. This result
is frequently used in the next section.

4 Testing Conditional Independence

4.1 Motivation and the test statistic

As discussed in Section 2, we wish to test
Hy : Prm(r, Xy, Z;) = m(7,Xy)] = 1 for all 7 € (0,1),

where X; and Z; are random vectors of dimension dx and dz, respectively. An obvious way to test this
hypothesis would be to compare estimators of m(7, X, Z;) and m(r, X;) for all 7 and all admissible
Wy = (XtT, ZtT)T. This approach clearly would give a form of Hausman test. As White (1994, ch.9)
shows, however, Hausman tests can also be formulated as m—tests, that is, tests of specific moment
restrictions that hold under correct specification and fail otherwise. Such m—tests are often especially
convenient, both for analysis and computation.

To formulate a corresponding m—test for Hy, let u = Y — m(7, X;) and e, = Y: — m(1, X3, Z4),
and recall that ¥, (u) =7 —1(u < 0). Then us; = & under Hy and Hy holds if and only if

Hj - E, (uer) |[We] =0 as. for all 7 € (0,1).

This hypothesis has the form of a conditional moment restriction, involving the generalized residuals
Y. (ugr) . Two challenges are apparent here. First, for each 7, there is an infinite number of unconditional
moment restrictions implied by E [¢ (u¢r) [Wi] = 0. Second, we must accommodate the fact that 7 can

take a continuum of values.



Results of Stinchcombe and White (1998, SW) allow us to convert conditional to unconditional
moment restrictions in a convenient way. Specifically, SW provide conditions under which

E, (ur)|We] = 0as. forall 7€ (0,1)
if and only if
E . (utr) o(We,y)] = 0 almost everywhere (a.e.) in (7,7) € (0,1) x T’ (4.1)

where T' € R is a properly chosen set with typical choices dr = dx +dz or dx +dz + 1, and ¢ is a
generically comprehensively revealing (GCR) or comprehensively revealing (CR) function. Examples of
GCR functions include

(1) p(We,7) = exp (iv" W) ,

(2) (Wi, ) = sin (v W) ,

(3) (Wi, v) = exp (VI W) ,
where i = v/—1. The following CR functions are frequently used in the literature:

(4) (Wi, v) =1 (W <), .

(5) p(Wi,y) =1 (BTWt < a) with v = (045T> )
where 1 (W; <) = Hf;‘frdzl (Wi <7;), and Wy, and v, are the ith elements of W; and - respectively.
See SW for primitive conditions for GCR or CR functions.

A remarkable property of GCR functions is that if ¢ is GCR, then deviations from the null hypothesis
can be detected by essentially any choice of v € I', where I' can be chosen as any small compact set
with non-empty interior. In contrast, for CR functions the set I' may have to be R?" in order to ensure
consistency of the associated test. Also, different choices of ¢ result in different local power properties.
There is no general way to choose the “optimal” ¢ to conduct a test because such a function ¢ will
depend on the underlying data generating process or the true alternative. For this reason, it is desirable
to establish a general theory that covers a large class of (G)CR functions ¢.

Given a sample {(Y;, W)}, , define the empirical process

ST(LI) (T7 PY) = n71/2 Z 1/)7' (ut‘r) @(Wta 7)
t=1

Since ¢, is not observable, in practice we replace it with 4., where u;, = Y; — m(7, Xy), and m(7, x)
denotes the p-th order local polynomial quantile regression estimate of m(7,x). A practical test of CI
can be based on the process

S (r,y) =02, (Tr) (W, ).
t=1

The limiting distribution of s (1,7) is different from that of s (1,7), a consequence of the “pa-
rameter estimation error” problem. As we explain shortly, this causes great difficulty in proposing a
bootstrap test statistic whose limiting distribution coincides with the limiting null distribution of the
test statistic. In addition, the indicator function in ¢ (-) is not a smooth function, which makes the
asymptotic analysis of .S’,(f) (7,7) intractable: even if we assume that the conditional quantile function
m (7, ) belongs to a certain smooth class of functions (e.g., Van der Vaart and Wellner (1996, p.154))
so that S (7,7) obeys a version of the Donsker theorem, it is hard (if even possible) to ensure that the



local polynomial quantile estimate m (7, ) also belongs to the same class. We therefore can not apply
empirical process theory to study 57(12) (1,7) directly. Instead, we propose to approximate the indicator

function by a smooth function G (-) and consider the stochastic process
Sn (7—7 7) = n_l/Q Z [T -G (_atT/An)] @(th 7)3
t=1

where G (+) is a function that behaves like a CDF with uniformly bounded derivatives up to third order
and A\, — 0 is a smoothing parameter.

The process Sy, (1,7) will be the main ingredient of our test statistic. Under some regularity con-
ditions, it converges to a mean-zero Gaussian process under the null and diverges for some value(s) of
(7,7) under the alternative. Consequently, we accommodate the continuum of values for 7 and ~ using
the Cramér-von Mises test statistics

CM, = / [[ 1S, () 2y (dr) Ty (dy) (4.2)

where 7 = [1,7] is a subset of (0,1), and ¥y (-) and U5 (-) are weighting functions satisfying some mild
conditions.

One can also consider the Kolmogorov-Smirnoff test statistic

KS, =supsup |S,(7,7)].
€T vel
But KS,, is much more computationally demanding than C'M,,, so we focus on the C'M,, statistic.

As we show next, despite the nonparametric quantile regression, our tests can detect local alternatives
that decay to zero at the parametric rates, in sharp contrast with the tests of Su and White (2007, 2008,
2011). More importantly, since our tests only involve dx—dimensional smoothing, it is less severely
subject to the “curse of dimensionality” problem than some of the earlier tests. In addition, our tests
allow for weakly dependent data, and they are asymptotically pivotal under the null hypothesis for
independent or martingale difference sequence (m.d.s.) data.

4.2 Asymptotic null distribution
We add the following assumptions.
Assumption B1. For all 7 € (0,1), E[¢ (Y; —m (7, W))|We] =0 as.
Assumption B2. {(Y;, W;)} is a strictly stationary strong mixing process with mixing coefficients

a (s) such that (i) 2°° s5a(s)"/(6+") < C < oo forsomen > 0withn/ (6 +n) < 1/2; (ii) ﬁ—l—lg—; <1

where 7 = 1 A (rv), and r and v are specified in Assumption B4 below.

Assumption B3. (i) The conditional CDF of Y; given W;, Fyyw (-[W:), and its Lebesgue density

function fy |y ([W;) have continuous derivatives up to gth order denoted respectively by Fa(/j)x (-|X:) and
fx(/j)w (IWy), s=1,---,q. fyyw (-|W) is Lipschitz continuous a.s., and F}(,q‘)w (-|W;) and f}(,q‘)w (-|Wy)

are bounded and uniformly continuous on R a.s. (ii) Let V; = (Y;, WT)T. The joint PDF f;, ... 4, (-) of
(Viy, -+, V4y,) exists and is bounded for all ¢1,--- ,¢12 € {1,2,--- ,n}.



Assumption B4. ¢ (-, ) is uniformly bounded by ¢, on the support of W; and I'. For some constants
r > 2 and v € (0, 1], either one of the following conditions holds: (i) ¢ (-,7) is Holder continuous with
respect to v in the sense that for some measurable function Cy, (-) with E(|Cy, (W) |") < oo,

o (W,y) — o (W,/)| < Co (W) [lv = ~II”

for all v,+" € T (ii) ¢ (-,7) is locally uniformly L,-continuous with respect to v in the sense that for

{E

for all v € T and all small positive § = o (1).

some constant C,, > 0,

1/r
sup |¢(Wt77)_¢(Wt,7/)|T]} < Cuo”

Yilly=y I8

Assumption B5. (i) sup,cp |G (u)| < ¢ for some g < 00, limy,——oo G (u) = 0, and lim, o, G (u) =
1. (ii) G (-) is three times differentiable with derivatives denoted by G*) (-) for s = 1,2,3; G (-) and
its first derivative G(!) (-) are uniformly bounded, and the integrals ffooo }G(s) (u)’du, s = 1,2,3,
are finite. (iii) g(-) = GM (-) is symmetric over its support. There exists an integer ¢ > 2 such
that [0 u®g(u)du = 84 for s = 0,1,---,¢— 1 and [°_u%g(u)du < oo, where §4 is Kronecker’s
delta. (iv) For some cg < oo and Ag < oo, either G®) (u) = 0 for |u| > Ag and for u,u’ € R,
|G®) (u) = G®) (v)| < cg Ju— |, or G (u) is differentiable with |G™ (u) | < c¢ and for some v, > 1
and |G® (u) | < cg |u| 770 for all |u| > Ag.

Assumption B6. As n — 00, A, — 0, n)\2? — 0, n2\2h79x/2 /logn — oo, and n® A% h4dx /(logn)*

— OQ.

Assumption Bl says that for each 7, m (7, W;) is the 7th conditional quantile function of Y; given
W;. Assumption B2 strengthens the mixing conditions in Assumption A2. The first condition of B2
is used to determine the sixth moment of a second-order U-statistic, whereas the second condition is
used together with Assumption B4 to prove the stochastic equicontinuity of a certain empirical process.
Assumption B3 imposes some smoothness conditions on the conditional CDF Fy |y (-|W;) and PDF
fyw (-|W¢) . The uniform boundedness of the joint PDF f;, ... ;,, (-) facilitates the determination of the
six moments of certain U-statistics. Assumptions B4(i) and (ii) parallel Conditions (3.1) and (3.2) in
Chen, Linton, and Van Keilegom (2003). It is easy to verify that the five examples after (4.1) satisfy
either condition (i) or (ii) in B4. In all but example (3), ¢ (-, ) is uniformly bounded no matter whether
we allow the support of W; to be compact or not. In the case where W, is compactly supported,
©(+,-) is also uniformly bounded in example (3). Assumption B5(i) is required because we use G to
approximate the indicator function. Nevertheless, G does not need to be bounded between 0 and 1,
nor does it need to be monotone. Assumptions B5(ii)-(iv) specify smoothness conditions on G. In
particular, Assumption B5(iii) requires that the first derivative function g behaves like a symmetric gth
order kernel and Assumption B5(iv) is used in studying the remainder term of a third order Taylor
expansion. If ¢ = 2, the CDF for the standard normal distribution meets all the conditions on Gj if
q = 4, one can use the integral of the fourth order Gaussian or Epanechnikov kernel as G. Assumption
B6 specifies conditions on the smoothing parameters A\, and h. Note that the last requirement in the
assumption implies that n=1/2h=9x/2/Togn = 0 (\,), i.e., nAZh9% /logn — co. We can set h = n~'/1
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and A, o n=/<2 so that Assumptions A6 and B6 are both satisfied. We then need

max 01 01 <G <2
41 — Tdx " 3¢y — 4dx 2 e

When the dimension dx of the conditioning variable X; is small and 7 is small enough in Assumption B2,
q = 2 will suffice. For example, if d =1, p=1, ¢ =2, h ac n~ /35 then one can choose 5 € (42/13,4);
ifd=2,p=3,q=2, hon "7, then one can choose ¢ € (42/13,4).

Let 7, (v, 7) = [o(We,7) —cob (X¢,7)]to; (et7) , where co = e HB and b (X¢, ) = Elp(Wi,7)|Xy]. The
following theorem shows that S, (-,-) converges weakly to a Kiefer process under the null hypothesis.

We let = denote weak convergence. Here and below, we use 7° to denote the complex conjugate of 7.

Theorem 4.1 Suppose the conditions of Corollary 3.2 hold. Suppose Assumptions B1-B6 hold. Then
under Hy

Sn ('7 ) = Soo ('7 ) )
where Soo () is a mean-zero Gaussian process with covariance kernel Y (1,7';7,7) = E[Se (T,7)
Soo (T, )] = By (v, )0 (Vs 7]+ 2220 E [ (0, 1) 0 (Vs 7)) +E [y (v, 1) 0 (v, )]

Remark 1. Theorem 4.1 indicates that the process {S, (1,7) : 7 € T,y € I',n > 1} converges to a
zero-mean Gaussian process under the null hypothesis of CI. By the continuous mapping theorem,

C’Mn:>/F/T|SOO (1) 2 Uy (dr) s (duw) ,

provided ¥; and ¥s are well behaved. The covariance kernel of the limiting process {S (7,7) : 7 € T,
~v € I'} depends on the (G)CR function ¢ (+,-) and the dependence structure in the data. There is thus
no way to tabulate the critical values for our test, so we will provide a method to obtain bootstrap
p-values. Note that the term cob (X¢,~y) in the definition of 7, (v, 7) reflects the cost paid for replacing
m (7, X;) with its local polynomial estimate. (We can show that ¢y = 1 for the local linear quantile
regression estimate and lies strictly between 0 and 1 for general local polynomial regression with p > 2.)
This term has to be taken into account when one proposes a bootstrap procedure to obtain the p-values.

Remark 2. Let §:—1 =0 (W, Y1, Wi—1, Vi o, Wio -+ ). If {4 (e¢r) , 8¢} is an m.d.s. for each T
(e.g., when {(Y;, W)} is an independent sequence), then

T (7—7 T/; s P}//) =F [771 (fYa T) 77? (717 T/)} .
In this special case, the limiting process {Ss (7,7) : 7 € 7, v € T'} is asymptotically pivotal. But this
still depends on the chosen (G)CR and kernel functions.
4.3 Consistency and asymptotic local power properties

Now we study the consistency and asymptotic local power properties of tests based on S, (,-). First,
we show that the tests are consistent.

Theorem 4.2 Suppose the conditions of Corollary 3.2 hold. Suppose Assumptions B1-B6 hold. Then
under Hy : Hy is false, for each (1,v) € T x T

nY28, (7,7) D B{f (m (1, W0) [Wa) ¢ (Wi, y) [m (r, W2) = m (7, X,)]}

11



Consequently, the (G)CR nature of the function ¢ implies that E{f (m (7, W) [W:) o (Wy, ) [m (7, We)
—m (7, Xt)]} # 0 in a set with positive measure, so the CM,, test statistic will diverge to co under the
alternative.

To study the local power properties of the tests based upon S, (-, ), we consider the quantile regres-

sion model (3.1) with the following class of local alternatives:
Hi, m (1, W) =m (1, Xy) +n~ Y26 (r, W), (4.3)

where § (+,-) is a non-constant measurable function. To facilitate our analysis, we add the following

assumption.

Assumption B7. (i) 6 (7, W) is uniformly bounded and uniformly continuous on 7 and the support
of Wi (i) =" 20y B {f (m (r, Wy) W) & (7, Wo) [0 (Wi ) — cob (Xe, )]} = A (7,7) +0 (1) uniformly
in (r,7) €T xT.

The above assumption is not minimal. The uniform boundedness and continuity of ¢ (7, W) greatly

simplify our proofs.

Theorem 4.3 Suppose the conditions of Corollary 3.2 hold. Suppose Assumptions B1-B7 hold. Then
under Hq,,

S (.7 ) = S (.’ ) + A (.7 )

Theorem 4.3 implies that the C'M,, test has non-trivial power in detecting n~"'/2-local alternatives

provided A (7,7) # 0 for (7,7) in a set of positive measure on 7 x T

4.4 A bootstrap version of the test

From the previous section, we see that the asymptotic null distributions of the C'M,, test statistics are
generally not asymptotically pivotal, so the critical values for these tests cannot be tabulated. In this
section, we propose a bootstrap version of our test, which is in the spirit of the block bootstrap (e.g.,
Biithlmann, 1994) but differs from the latter in several ways.

Let /5(X j,7) denote a local linear estimate of b (X, ) with kernel K (-) and bandwidth Ay, Let

n—L+1 i+L—1 =R
SprN =0 Y ¢G0S =G/ [ (W) — b (X,7)]
i=1 j=i

where L = L (n) denotes the block length and {(; ?:jLH is a sequence of random variables. The

requirements on L and (; are stated in the next assumption.
Assumption BS8. (i) {¢,}7=*"" are IID and independent of the process {(Yz, W)} . (i) E (¢,) = 0,
E (7)) =1/L, and E (¢) = O(1/L?). (iii) As n — o0, L — oo and L/n'/? — 0.

Like Inoue (2001), we will generate ¢, independently from N (0,1/L). Using S} (-,), we construct
the bootstrap version C'M; of the test statistic C'M,,. We repeat this procedure B times to obtain
the sequence {CMY*W- }le. We reject the null when, for example, p* = B! Zle 1 (CMn < CM;;J) is
smaller than the desired significance level. Let £ denote weak convergence in probability, as defined by
Giné and Zinn (1990).
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Theorem 4.4 Suppose the conditions of Corollary 3.2 hold. Suppose Assumptions B1-B8 hold. Then
under either Hy or Hy,y,

Remark 3. First, if {1, (¢1),3+} is an m.d.s., we do not need to mimic the dependence structure

in the data so we can take L = 1 and our bootstrap is essentially a wild bootstrap:
Sy (1) ="t Zc 7= G (=i /M)l @ (W),7).

and there is also no need to account for the parameter estimation error by recentering ¢ (W}, ) around
cob( ,7) - Second, if {9 (¢4r),8¢} is not an m.d.s., the limiting Gaussian process under the null
hypothe51s has the long-run covariance kernel defined in Theorem 4.1 and the wild bootstrap does not
work, because it ignores the dependence structure of the data. Third, the parameter estimation error
generally cannot be ignored in the bootstrap procedure. To see why, consider the following “naive”

bootstrap process

n—L+1 i+L-1

S (r,y) =n""/? Z ¢ Z [r = G (=Tjr /M) 0 (W), 7) -

One can decompose f ZHL 'r—-a@ (=ujr/An)] @ (Wj,7) into

i+L—1 i+L—1

Z ¥r (ejr) ¢ )+\ﬁ Z [1(gjr <0) = G (=gjr /M)l (Wi, 7)

1+L—1

+ 3 16 (e /Aa) = G (=l (W),

where the first term is our main object of interest, the second term represents the error due to the approx-
imation of the indicator function by the smooth function G (-) , and the third term reflects the parameter
estimation error due to the estimation of m (7, X;) by m (7, X;) (under the local alternative Hy,, the dif-
ference between m (7, X;) and m (7, W;) does not enter the asymptotics of S} (7,7)). Under weak condi-
tions, we can show that the second term is op (1) uniformly in (7,), and the third term is also op (1) uni-
formly in (7, ) provided LY/?v,, = o (1) where v,, = n~'/2h=4x/2,/log n+h?*" is the uniform probability
order of the estimation error, i.e., maxi<j<p Sup,cr |m (7, X;)—m (7, X;) | = Op (v,) . (In the decompo-
sition of Sy, (7,7), the above third term corresponds to ﬁ Y [G (=ejr /An) = G (=Ujr [ A0)]p (W),7),
which is Op (1) instead.) It follows that

E [S} (1,7) Sk (7',7") |D4]
n—L4+1 7,+L 1

= Z Z T — G (=T /) o (W) 7 — G (=g /A0)] 0° (W, )

n—L+1 z-l—L 1

- Z Z Ve (g57) @ Wi 7) rr (g577) 9 (W5,7) + op (1)

-+ Y (r,7';7,7) in probability,
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where ©,, = {(Y;, W;)}{—, . That is, conditional on D,,, S} (-,-) cannot converge to Se (+,-), as it does
not have the correct covariance kernel Y (-, ;-, ). Fourth, as an alternative one can replace our bootstrap
procedure by the block bootstrap of Bithlmann (1994):

n—L+1s;+L—1
Sp(roy) =07t Y0 N 1= G (= /M) |0 (Wi, ) — cob (X5,7)]
i=1  j=s;
where the s;’s are IID Uniform({1,2,---,n — L + 1}). We conjecture that such a block bootstrap

procedure is asymptotically equivalent to ours but the proof strategy will be quite different.

Remark 4. Theorem 4.4 shows that each bootstrapped process {5} (-,)} converges weakly to the
relevant Gaussian process, thus providing a valid asymptotic basis for approximating the limiting null
distribution of test statistics based on {5, (-,-)}. But we are only able to prove the above theorem

~1/2_rate (see Hy,). This is a phe-

under the sequence of local alternatives converging to 0 at the n
nomenon associated with many bootstrap versions of tests that aim not to re-estimate the model under

investigation and are thus computationally attractive.

4.5 Monte Carlo simulations

In this subsection we conduct some Monte Carlo experiments to evaluate the finite sample performance
of our tests. We consider four data generating processes (DGPs):
DGP 1.

Y, = BZ;+ Xi+eyy,

Zy = X;+0.25X2 ey,
where X; isIID U (—1,1), ey isIID N (0,1), ez is IID, computed as the sum of 48 independent random
variables, each uniformly distributed on [-0.25,0.25], {X;},{ey+}, and {ez:} are mutually independent,
and 8 = p/(24/1 — p?). It is easy to verify that p characterizes the conditional correlation coefficient of

Y; and Z; given X;.
DGP 2.

Y; X, ~n (0 1+ X7 pv/(1+X2) (0.5 +2X7)
Z, ! "\ oA+ X2 (05 + 2X2) 0.5+ 2X? ’

where X; = 0.5+ 0.5X;_1 + £x¢, and €x; is generated in the same way that ¢z; is generated in DGP

1. Note that p is also the conditional correlation coefficient of Y; and Z; given X;.
DGP 3.

Y, = 014+¢(Yio1)Yio1 + 621 + ey,

Zt = 0.5Zt_1 + V 1-— 0.525275,

where ey = 0.5ey4—1 + meyﬂ ey, and €z; are independently generated in the same way that
ez+ is generated in DGP 1, ¢ (-) is the standard normal PDF, and 8 = p/(24/1 — p?) with p denoting
the conditional correlation coefficient of Y; and Z;_; given Y;_;.
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DGP 4.

o= +exp(12— 05x3) T VUreEv
Jy¢ = 0.05+0.90y, 1 +0.05Y;>; +0.1X7,
Zi = 14 Xi+ 9z,
Oz = 0.05+0.707,1+ 0227 | +0.2X7,

where X; = 0.5X;_1 + /1 — 0.5%exy, cy; and e are both ¢ (3) /v/3 and have correlation given by p,
and ex; is generated as X; in DGP 1, independently of (ey¢,ez¢).

Clearly, DGP 1 generates IID data {(Y%, Z:, X:)} whereas the other DGPs generate time-series
dependent observations. {9, (¢r), §¢} forms an m.d.s. in both DGPs 1 and 2, but not in DGPs 3-4.
Note that our test is based on local polynomial quantile regressions, which typically require compactly
supported conditioning variables. This motivates the otherwise awkward way we generate €z; in DGP
1, ex: in DGP 2, and ey, and €z, in DGP 3. According to the central limit theorem, we can treat these
variables as being nearly standard normal random variables but with compact support [-12, 12]. In all
DGPs except DGP 3, we are interested in testing whether Y; and Z; are conditionally independent given
X:i. In DGP 3, we test whether Y; and Z;_; are independent conditional on Y;_1; i.e., the null hypothesis
in this case is that Z; does not Granger-cause Y; at the first-order distributional level. Obviously, in all
DGPs, the null hypotheses are satisfied if and only if the parameter p takes the value 0. The larger the
value of |p|, the stronger the conditional dependence between Y; and Z; (or Z;—; in DGP 3).

To construct the test statistics, we estimate the conditional quantile function m (7, z) using locally
linear quantile regression (p = 1). We choose the normalized Epanechnikov kernel (with variance 1):
K (u) = 3(1 — tu*)1 (Ju| < V/5) . Since there is no data-driven procedure to choose the bandwidth for
quantile regression, to estimate the 7th conditional quantile of Y; given X;, we choose a preliminary

bandwidth according to the rule of thumb recommended by Yu and Jones (1998):
hor = sxn™ /7 {r(1 = 7)[o (@71(7)] 2},

where sx is the standard deviation of X;, and ¢ and ® are the standard normal PDF and CDF,
respectively. Since undersmoothing is required for our test, we modify the above choice of bandwidth

to
hor = sxn_1/9 {7-(1 —7)[¢ (@-1(7))]—2}1/5 7

where 3 < 6 < 4. We study the behavior of our tests with different choices of A, in order to examine the
sensitivity of our test to the bandwidth sequence. Robinson (1991, p.448) and Lee (2003, p.16) propose
very similar devices. Note that these choices for hg, and the kernel function meet the requirements for
our test. Through a preliminary simulation study, we find our bootstrap-based test is not sensitive to
the choice of § when we take 6 € (3,4). So we fix § = 3.5 for our simulation results.

To construct the bootstrap tests, we need to estimate b (Xy,7v). Again, we apply the local linear esti-
mation method by regressing ¢ (W;,~) on X; to obtain the estimate E(Xt, v) . We choose the bandwidth
by the rule of thumb: hy = 2sxn~'/%. To construct the C'M,, test statistics, we consider five cases of the
(G)CR functions ¢ listed after eq. (4.1). We also need to choose the integrating functions ¥y (-) and
Uy () (see eq. (4.2)). We treat all quantiles 7 as equally important, so we choose ¥y (dr) = 1/ (7 — 1) if

7 € [1,7] and 0 otherwise. Following common practice in the parametric quantile regression literature,
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we set 7 = 0.1 and 7 = 0.9. The choice of U5 (-) depends on the nature of the (G)CR function ¢ and
the ease of implementation. To obtain the C'M,, test statistics, we need to compute the integral

L= / (W) (Wes 7)d s (7).

Even though numerical integration is possible, it is computationally costly, especially when the dimension
of 7 is high. To save time in computation, we choose ¥4 to ensure that I;; can be calculated analytically.
Let N (0,X) denote a multivariate normal distribution with mean zero and variance-covariance matrix
3. Corresponding to the five choices of the GCR (or CR) functions, we consider the following integrating
functions W () :

(1) When (Wy,7) = exp (iw? W;) , choose W5 to be the multivariate standard normal CDF. Then
I;s = exp(— ijf'dz (Wyi— Wi)?/2), and we denote the resulting test statistic as CMy,,. Here I is an
identity matrix and W;; denotes the ith element of W;.

(2) When (W;,7) = sin (y'W;), choose U5 to be the multivariate standard normal CDF. Then
Its = [exp(— Zfﬁfrdz (Wyi— Wi)?/2) — exp(— ijfrdz (Wi + Wei)? /2)]/2, and we denote the resulting
test statistic as C'Ma,,.

(3) When o(W,,7) = exp (y' W), we need to ensure that the values of 7 W, are not too large or
small in absolute value. (Note that exp (u) is close to linear if |u| is close to 0, close to 0 if w is too
small, and explodes quickly when w is too large. In such cases, the test will not be well behaved. See
Bierens (1990).) We thus follow Bierens’s (1990) advice and transform W; to make sure each element
Wy; of Wy lies between 0 and 1: Wy = 1/ (1 +exp (—Wy)), i = 1,--- ,dx + dz. Then we choose ¥y
~ N(0, ﬁ]). In this case, I;s = exp((dx + dz) Z?jfrdz (W + WSZ-)2 /2). We denote the resulting
test statistic as C'M3,,.

(4) When o(Wy,v) = 1(W; <+), we consider two choices for ¥y (-). First, we choose ¥5 to be
the multivariate standard normal CDF. Then I, = TI%X7%% [1 — ®(W,; V W,;)], and we denote the
resulting test statistic as CMy,. Second, we choose ¥y to be the empirical distribution of Wy; then
L, = % Yoy Hfjfdzl(Wti\/ Wi < Wy;), and we denote the resulting test statistic as C Mypy,.

T
(5) When o(Wy,v) =1 (BTWt < a) with v = (a,6T> , we follow Escanciano (2006) and set
Uy (dw) = F, 5 (da) df

where F,, g (-) denotes the empirical distribution function of { BTWt}j_l and df8 denotes the uniform
density on the unit sphere. Then I;s can be calculated analytically, but the exact formula is cumbersome.
See Appendix B in Escanciano (2006) for a simple algorithm to compute I;s.

We first focus on the finite sample performance of our tests under the null. Tables 1-4 report the
empirical rejection frequencies of the CM,, tests at the 5% nominal level for DGPs 1-4, respectively,
where p = 0. We use 1000 replications for each sample size n and 500 bootstrap resamples in each
replication. To examine the sensitivity of our tests to the choice of block size L and the smoothing
parameter \,, we set A, = 0, 0.001, and 0.01, and choose L = (cnl/‘lj for three choices of ¢: 1, 2, 4.
When ), = 0, we effectively replace the approximating function G (=4, /\,,) by the indicator function
1(Utr < 0). This allows us to examine whether the use of indicator function can be justified in practice
when one needs to estimate the conditional quantile function but is not sure whether the estimate

belongs to the same class of smooth functions as the original quantile function.
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Table 1: Finite sample rejection frequency under the null (DGP 1, nominal level: 0.05)

n Tests  A\=0, L=[cn'"] Ap=0.001, L = [en'/*] An=0.01, L = [en'/?]
c=1 c¢c=2 c=14 c=1 c¢c=2 c=4 c=1 ¢c=2 c¢c=14

100 CM, 0.128 0.099 0.063 0.062  0.045 0.019 0.061  0.045 0.020
CMy 0054 0.050 0.028 0.059 0.052  0.028 0.064 0.055  0.031

CMs 0290 0296 0.298 0.100  0.095  0.088 0.096 0.092  0.086

CM, 0273 0243 0210 0.080  0.077  0.038 0.086 0.072  0.048
CMy, 0359 0321  0.269 0.100  0.080  0.042 0.102  0.082  0.050

CMs 0589 0539 0.455 0.102  0.076  0.044 0.097 0.082  0.045

200 CM; 0094 0.083 0.058 0.056 0.048  0.024 0.055 0.046  0.029
CM, 0061 0.053 0.036 0.057 0.058  0.034 0.055 0.051  0.040

CMs 0177 0191 0.183 0.090 0.084  0.081 0.079  0.084  0.078
CM, 0173 0150 0.132 0.067 0.058  0.035 0.066 0.057  0.040
CMy, 0217 0203 0.171 0.079  0.063  0.045 0.080  0.064  0.042

CMs 0.326 0.315 0.253 0.099 0.076 0.060 0.095 0.076 0.050

Table 2: Finite sample rejection frequency under the null (DGP 2, nominal level: 0.05)

n  Tests  Ay=0, L =/[cn'"] An=0.001, L = [en'/?] An=0.01, L = [en'/?]
c=1 ¢c=2 c¢c=4 c=1 ¢=2 c=14 c=1 ¢c=2 c¢=4

100 CM; 0.145 0.119 0.065 0.071  0.050 0.017 0.066  0.045 0.018
CM, 0.062  0.050 0.033 0.055  0.045 0.026 0.054  0.045 0.028
CMs 0.285 0.282  0.299 0.064 0.067 0.060 0.062  0.063 0.064

CM4 0.332 0.316 0.264 0.082 0.069 0.040 0.073 0.065 0.032
CMy, 0487 0.443 0.366 0.089  0.067 0.032 0.078  0.070 0.030

CMs5 0.704 0.678 0.613 0.093 0.074 0.045 0.088  0.076 0.047

200 CM; 0.109 0.089 0.071 0.059  0.056 0.033 0.059  0.059 0.034
CM, 0.065 0.050 0.040 0.061  0.049 0.034 0.057  0.049 0.036

CMs; 0.223 0.224 0.232 0.066 0.065 0.058 0.068 0.064 0.063

CM, 0.243 0.221 0.186 0.076  0.065 0.045 0.070  0.062 0.044
CMy, 0344 0322 0.267 0.079  0.056 0.034 0.068  0.060 0.033

CMs 0.502 0.484 0.451 0.085 0.076 0.061 0.084 0.076 0.055

Table 3: Finite sample rejection frequency under the null (DGP 3, nominal level: 0.05)
T

n Tests  A\=0, L=[en'"] An=0.001, L = [en'/*] An=0.01, L = [en'/?]
c=1 ¢c=2 c=14 c=1 ¢=2 c=4 c=1 ¢c=2 c¢c=14

100 CM; 0.156  0.125  0.068 0.061  0.046 0.016 0.063  0.044 0.019
CM, 0.075 0.066  0.038 0.067  0.060 0.034 0.071  0.057 0.031

CMs 0457 0.469  0.466 0.094 0081  0.078 0.092 0.081  0.080

CM,; 0288 0270 0.228 0.062 0.047  0.024 0.063 0.049  0.019
CMy, 0277 0261 0224 0.055 0.045  0.018 0.060 0.048  0.021

CMs 0817 0795 0.721 0.103 0.085  0.054 0.096 0.080  0.050

200 CM, 0.089 0.084 0.064 0.052  0.048 0.028 0.0563  0.047 0.031
CMy 0053 0.049 0.037 0.050 0.054  0.031 0.045 0.048  0.035

CMs 0332 0338 0350 0.070  0.072  0.062 0.079  0.072  0.065

CMy 0212 0199 0.170 0.062 0.052  0.035 0.058 0.053  0.040
CMy, 0211 0200 0.171 0.059 0.050  0.036 0.057  0.047  0.038

CMs 0.623  0.598  0.545 0.071  0.072 0.049 0.067  0.068 0.044
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Table 4: Finite sample rejection frequency under the null (DGP 4, nominal level: 0.05)

n Tests  A=0, L=[cn'"] An=0.001, L = [en'/?] An=0.01, L = [en'/*]
c=1 ¢c=2 c=4 c=1 c¢c=2 c=4 c=1 ¢c=2 c¢c=4

100 CM, 0.162 0.122  0.054 0.081  0.050 0.012 0.079  0.053 0.013
CM, 0.067 0.044 0.028 0.0564  0.039 0.019 0.0564  0.038 0.022
CMs 0.274 0.273  0.295 0.082  0.076 0.056 0.078  0.074 0.054
CMy 0.241 0.217  0.190 0.064  0.050 0.029 0.068  0.052 0.027
CMy, 0258 0.243 0.207 0.062  0.056 0.026 0.062  0.051 0.028
CMs 0.784  0.755 0.682 0.090 0.078 0.030 0.093 0.072 0.038

200 CM, 0.217  0.180  0.096 0.088  0.069 0.057 0.082  0.700 0.050
CMs 0.052  0.049 0.030 0.046  0.044 0.033 0.049 0.045 0.034
CMs 0.249 0.250 0.249 0.084 0.071 0.063 0.078  0.076 0.064
CMy 0.226 0.216 0.192 0.074  0.058 0.040 0.076  0.060 0.041
CMy 0218 0214  0.190 0.073  0.058 0.042 0.072  0.056 0.036

CMs 0.622 0.594  0.550 0.081  0.070 0.057 0.084 0.073 0.055

We summarize some important findings from Tables 1-4. First, when A\, = 0, the sizes of our tests
are highly distorted, whereas for A\,, = 0.001 or 0.01, they are reasonably well behaved. This indicates
that the use of indicator function is questionable and thus we only focus on the case where \,, = 0.001
or 0.01. Second, our tests depend on the choice of block size L (or equivalently ¢ in the table): when
A = 0.001 or 0.01, the tests tend to be oversized for smaller values of block size (¢ = 1,2) and close
to the nominal levels or a little bit undersized when ¢ = 4. Third, there is some level variation due to
different choices of o, but this is not large: the levels of C'M3,, and C'Ms5,, tend to be inflated more often
than for the other tests. Fourth, as the sample size doubles, the levels of all tests improve.

Figures 1-4 display the powers of our tests at the 5% level for the block size L = [en'/*| (c = 2)
and smoothing parameter A, = 0.01. To compare the tests on an equal basis, we consider not only
the power of bootstrap-based tests but also the size-corrected power obtained by using critical values
simulated from 250 replications under the null hypothesis of conditional independence (p = 0) for the
four DGPs introduced above. In either case, we use 250 replications for each value of p € [—0.9,0.9];
the bootstrap tests are based on 500 bootstrap resamples in each replication. We summarize some of
the main findings: (a) As the degree of conditional dependence (|p|) increases, the powers of all tests
increase. (b) With or without size correction, the C' Ms,, test dominates the other tests in terms of power
for all DGPs examined here. (c) The C My, and CMs, tests tend to be dominated by other tests in
terms of size-corrected power. (d) The performance of the other tests tends to be DGP-dependent.

Overall, C M5, with L = [4n'/*] (c = 4) provide reliable level and power performance.

5 Summary and Conclusion

We provide straightforward new nonparametric methods for testing conditional independence using
local polynomial quantile regression, allowing weakly dependent data. Inspired by Hausman (1978),
our methods essentially compare two collections of estimators that converge to the same limits under

correct specification (conditional independence) and that diverge under the alternative.
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In addition, we generalize the existing nonparametric quantile literature not only by allowing for
dependent heterogeneous data but also by establishing a weak consistency rate for the local Bahadur
representation that is uniform in both the conditioning variables and the quantile index. We also
show that, despite our nonparametric approach, our tests can detect local alternatives to conditional
independence that decay to zero at the parametric rate. Our tests are the first for time-series conditional
independence that can detect local alternatives at the parametric rate. Monte Carlo simulations suggest
that our tests perform well in finite samples. Our tests have a variety of uses in applications, such as

testing for failure of conditional exogeneity or for Granger non-causality.
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A  Proof of the Main Results

Let p;, = w(X; —x)/h and K;;, = K ((x — X;)/h). Let E; denote expectation conditional on X;. We
use C to signify a generic constant whose exact value may vary from case to case and a’ to denote

the transpose of a unless otherwise stated. We write A, ~ B,, to signify that A, = B[l + op (1)] as
n — 0.
First we state a lemma that is used in the proof of Theorem 3.1.
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Lemma A.1 LetV, (7,2;A) be a vector function that satisfies (i) —ATV, (1, 2;A\A) > —ATV, (1,2; A)
forall A\ > 1 and (1,2) € T X X, (i) supr zyerxxsupjaj<s |Va (7,25 A) + Hp (7,2) A — A, (7,2) || =
op (kn), where A may depend on (7,x), 0 < M < 0o, inf(; ;ye7xx Amin (Hn (7,7)) >0 a.5. asn — oo,
and || Ay (1,2)|| = Op (1) YV (7,2) € T x X. Suppose that Ay satisfies supir pyerxx||Vn (T, 2 Anre) || =
op (kn). Then

(a) SUP(T,m)eTxX HAn‘r'c” = OP (1)7

(b) Apre = Hy (7,2) " Ay (7, 2) + 0p () uniformly in (t,2) € T x X.

This extends the pointwise result of Koenker and Zhao (1996, p.809) to a uniform result.

To prove Theorem 3.1, we need some additional notation. Let B3,, = B (7, z;h) denote the vector
that contains the true value of m (7,z) and its scaled partial derivatives with respect to . Let 8,,
denote the stack of the quantile regression coefficients 3;, 0 < |j| < p, in the lexicographical order (see

(3.1)), where the dependence of 3; on (7,z) is made explicitly, but we suppress the dependence of both
Bore and B, on h. Define

an = Vnht, Ay =a,(B(1,2;h) — Borw), and Ary = an(B (1,23 h) — Bora)-
It follows that .
~ . _ T
A, = arg Aglgﬂlw Z;pT (Yz — (,30737 + anlAm) uw> K. (A.1)

Let V’n (T’ .’£; A) = a;l Z?:l 'IZJT(Y;i(IBOTI + CL:LIA)T u’lm)y’zzKﬁm and Vﬂ (7_7 ‘T; A) = a;l Z?:l El [wT((lei
(Bore + an P AT 11, Kiz- The following lemmas constitute the main steps in the proof of Theorem
3.1.

Lemma A.2 Suppose Assumptions A1-A6 hold. Then ||V, (7,2;0)|| = Op(1) for each (t,2) € T x X.

Lemma A.3 Suppose Assumptions A1-A6 hold. Then
SUP,c7 SUPge x SUP|| A<M HVn (r,2;A) =V, (1,2;0) — Wn (r,2;A) =V, (1,23 O)} H =op (kn) -

Lemma A.4 Suppose Assumptions A1-A6 hold. Then
SUP,e7 SUPge x SUP|| A<M |V (7,25 A) = Vi (7,2;0) + Hy (1,2) A|| = 0p(Ka).

Lemma A.5 Suppose Assumptions A1-A6 hold. Then sup,cq sup,cy ||Va (7, z; ALl = op(kn).

Proof of Theorem 3.1 We prove the theorem by checking that the conditions of Lemma é.l hold
with A, (7,2) = V, (7,2;0), V, (1,2;A) = V,, (1,2, A), Hy (1,2) = Hy, (1,2), and Aprp = Arp. By
Assumption A4, H,, (7,x) is positive definite a.s. as n — oo for each (7,z) € (7,X). By Lemma A.2,

[|An(T,2)|| = Op (1) V(1,2) € T x X. By Lemma A.5, sup,c; sup,cx ||Vn(7,z,£m)|| = op(kn). By
Lemmas A.3-A 4,

sup sup sup |V, (7,2;A) =V, (7,2;0) + H, (1, 2) A| = op(£n),
TET z€X || A<M

so that condition (ii) in Lemma A.1 is satisfied. Noting that . (y) is a non-decreasing function of y,
the function

_ATVn (7-7 x; AA) = a"r_Ll Zwr(ynz - ﬂgTle(E - )‘aglAT:u'im) (_ATlu’zw) Ki

i=1

is also non-decreasing in A. This implies that condition (i) in Lemma A.1 holds. Consequently, we have
Vnhd(B(1,2) — Byry) = Hy (1,2) " Vi (7,25 0) 4 0p (k) uniformly in (7,2) € 7 x X. R
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Proof of Corollary 3.2 We prove the corollary by showing (i) sup(, ,)erxx [[Hn (1,7) — H (1, 2)|| =
Op(n~Y/2h=%/2\/logn+h¥0) = op (1), and (ii) J, (1,2) = J,, (1, 2) +0p (h¥?) . Then Vnhd(m (7,z) —
m (r,x)) = eTH (1,2) " T, (r,2) [L 4 op (1)] +op (h4/2) . The proof of (i) is similar to but simpler than
that of Corollary 2 in Masry (1996) because we only need convergence in probability, whereas Masry

proved almost sure convergence. For (ii), let

Ro(ro) = 2= 3 {106 € m (7. X0) = 1005 € By (roih)” )} i K
t=1

Then J,, (1,2) = Jp (7,2)+ Ry, (7,x) . We can write Ry, (7,%) as { R, (7,x) — E[Ry, (T, 2)|}+E[R, (7, x)].
The last term is O(vVnh?hP*1) uniformly in (7, ). Following the proof for W,,; in Lemma A.3, we can
show the first term is op(h%/2). Then J,, (1,2) = J,, (7, 2) +0p(h??) because O(Vnh@hP*!) = op (h¥/?)

by assumption. B

Proof of Lemma A.1 To save space, let A, = Ay (7,2) and sup, , = sup(; ;)erxx- Fix € >0,

o> 0.

P(sup inf [-ATVY,(r,z;A <0’M)
<TJP HAH:M[ ( )]

IN

Tz [[All=M @ [[Al=M

+P (sup inf —AT (A, — M, (1,7) A] < 20'M>
.z |All=M

= Aln + Agn, say.

P <sup inf —ATVY, (1,2;A) < oM, sup inf —AT[—H, (1,2) A+ Aprs] > 20M

)

(A.2)

Noting that sup, , infjaj=n —ATV, (7,2;A) < oM and sup, , infjaj=ar —AT [-Hp (7,2) A+ Apnre]

> 20 M implies that

sup [ sup {_AT [_H’n (T7 $) A + Anrw] - (_ATVIL (7-7 Z; A)) }]
T | |Al=M

= sup sup (—AT[-H, (1,2) A+ Aprs]) —inf inf (=AY, (1,2;A))
o | Al=M 7.0 | Al=M

> 20M — oM =oM,
we have
A, < P <sup sup ATV, (1,2;A) +Hy (1,2) A — Apre] > aM)
@ | Al=M
< P <sup sup ||V, (1,2 A) + Hy (7,2) A — Apre|| > 0) ,

T [|All=M
where the last line follows from the fact |ATB|| < ||A||||B]|. For Ay, noting that

AT [Apre — Hy (7,2) A
= AT Apro + ATH, (1,2) A > = |A|| [ Anrall + 1 [|A]? V (7,2) € T x X,

where ¢; = inf(; ;)e7xx Amin (Hn (7,2)) > 0 a.s. as n — oo, we have

sup \|Aiﬁl—fM {*AT [Anre — Hy (T,2) A]} > — M || Aprall + c1 M2
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It follows that

Ay, = P <sup HAiﬁl_fM {fAT [(Anre — Hy (T,2) A}} < 2ch>
< P(— || Anrell + a1 M < 20) = P (|| Anra|| > a1 M — 20). (A4)

This, together with (A.2) and (A.3), implies that

P(sup inf [-ATV, (r,z;A <0M>
(fr,alr) HAH:M[ ( )]

< P (Sup sup ||V, (7,25 A) + Hy, (1,2) A — Apre|| > 0) + P (|| Aprzl| = a1 M — 20).
o [|A=M

Given condition (ii) and the fact that ||A,,.| = Op (1), one can choose M > 0 and ng > 0 such that
for n > ng,

.z IAl=M

P (sup inf [-ATV, (1,2;A)] < 0M> <e. (A.5)

Next, consider the case ||A]| > M. Let A\* = |A|| /M and A* = A/\*. Then ||A*|| = M. By condition
(i), we have
—ANTV, (1,3;A) = ATV, (1,2, X AF) = =AY, (7,05 A7).

It follows that ||V, (7,z; A)|| > —A*TV, (1,2; A*) /M. This, together with (A.5), implies

P (sup inf ||V (1,2;4)| < U) <P (sup inf  —A*TV, (1,2;A%) < 0M> <e.
Tz [Al>2M Tz [|A*]|=M

Noting that sup, , [[Va (7,2; Apre)|l = 0p (kn), we have P (k' sup, , [V (7,2 Anra)|| > 0) < €
for large enough n, say n > n;. It follows that when n > ng V ny, we have

P (sup 1Al M)

IN

P (SUP”AnTz” > M, /{;1 sup ||V (7,25 Aprs) || < U) +P (/iglsup Vi (7,25 D) || > J)

IA

P (K;lsup inf ||V, (1,2;4)]| < 0) +e< 2
Tz [[A>M

That is, sup; s || Anrz|| = Op (1) . Then by condition (ii), we have
Vn (T,LL'; AnTa:) + Hn (7'7.’1}) An’ra? - An (T,ZL’) =op (Rn) uniformly in (Ta :C) €T x X.

It follows that H,, (7,2) Apre = Ay (7,2) +0p (k) uniformly in (7, 7) as sup - ez xa Vo (7,25 Anra) ||
= op (kn) . The result then follows. B

Proof of Lemma A.2 Let V(1,2) = —[V,, (1,2;0) — V,, (7, 2;0)]. Then by the Minkowski inequality,
Ve (7, 2;0)]| < ||V (7,2)| + an (1,x; O)H = Vi + Vap, where we suppress the dependence of Vi, and
Van on (7,z). Let R; (1,2) = m (1, X;) — By attin- Then

R (t,z)=(p+1) Z % (X; — .’I})k/ DFm (1,2 + 5 (X; —x)) (1 — s)P ds. (A.6)
[kl=p+1 " 0
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Following Masry (1996), we can show that R; (7,2) = Op (h?*') uniformly in (7,z) on the set {i :
| X; — z|| < Ch}. By the mean value expansion, Assumptions A2(ii), A3(i), A5 and A6 we have

V2 n

_IZ |: m’ T, X ‘X) l(/BOTTxMzm‘X’L)} MimKix

IN

Cor 2 |2 (7 X fm) + B, K| < ot (772 4 0090) 3 g K|

i=1 i=1

- Op (hd/Q n nl/zhd/2+p+1) —0p(1).

Now let &, = [I(Yi < B tiz) — Fi (,Bnguim\Xi)] Wiz 1 Kiz, where i, ;. denotes the kth element of

the N-vector p,,, k =1,2,---,N. Let Vi (7,2) denote the kth element of the N-vector V (7, z). Then
Ei &) =0, Vi (r,2) = a,* Y0 &y and E[Vi (7,2)] = 0. By Assumption Al and the Davydov
inequality (e.g., Bosq, 1996, p.19), we have

Var (Vi (7,7)) = a"r_z2 ZE (f?k) + 2“7_12 Z Cov (gikafjk)

1<i<j<n
< oY BE) v 3 al-i)E
i=1 1<i<j<n
< w7 WY E (2, K2 +2c22 )" = 0(1),
i=1

where sup,,.; maxi<i<, E(h™¢ H“iw7kKi$|‘§+y,) < ¢g < 00 by the compactness of K (-) . Thus Vi, (1,2) =
Op (1) by the Chebyshev inequality. It follows that V (7,2) = Op (1). R
Proof of Lemma A.3 Let p;, ; denote the kth element of the N-vector p;,, kK =1,2,---, N. Let

Sut (723 8) = a5 " S (8w (723 A) = Eilisnie (723 A)]}

i=1

where Snik (T €T A) = (Y < (ﬁOTCE + a’ilA)T/u’ix) - 1(}/1 < ﬁnguzm)} :u’ix,kKifE' Note that Sy, (Ta €5 A)
is the kth element of —{V,, (1,2;A) =V, (1,2;0) — [V, (1,2;A) = V,, (7, 2;0)] }. It suffices to show that
foreach k =1,2,--- | N

EEEAR

sup sup sup |[Syi (7,2; A)| = op(kn)- (A.7)
zeX 7€T ||A|<M

By the Minkowski inequality, (A.7) will hold if

sup sup sup |S:§k (r,2;A) ’ = op(ky) and sup sup sup |S;Lk (1,2;A)| = op(kn), (A.8)
reXTET| A<M c€XTET| A<M
where ST, and S, are analogous to S, but with iz TePlaced by ,u;,’k = max (Mu,k:o) and fiz, , =
max (*Mm,ka 0) , respectively. We only show the first part of (A.8), as the other case is similar.

Let D = {A:||A < M|}. By selecting ng = O (dg," ) grid points, Ay, -+, A,,, we can cover D
by Dy = {A: [|]A — Al < dp,} where do, = kn/loglogn. Let di, = n 1/2/10glogn, and dy,, =
n_1/2/10g logn. By selecting n; = O (dln) grid points, 71,72, ,Tn, We cover the compact set 7 by
T, ={r:|t—71j] <din} for j =1,--- ,ni. Similarly, we select ny = O (h*dd;f) grid points 1, ..., Tn,
to cover the compact set X by X} = {x : ||z — || < d2nh}, l=1,...,n9
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Let ¢, (7,A) = (Bg,. + a7 *A)T ;. By the definition above (A.6), Ba, pitin = m (T, x) + R; (7, ).
Then by Assumptions A3 (ii)-(iii), we can quantify several objects that are used subsequently:

Eln = sup sup “pim (Ta A) — Pix (T*, A*)| < C(dln + thrlde + a:leOn),
|[7—7*|<din,||A=A*||<don 2EX ,{Kitx>0}

82'rL = sup sup ﬂgrxuzm - ﬁgT*IMZ$ S C(dln + hp+1d’]?’roL)7
|T—7*|<dip z€X {K;»>0}

ds, = sup sup |00 (T, A) — e (T,A)| < C (hdgn + R (hdgp, )70 + a;ldgn) )

(1,A)eT XD ||lz—a*||<hd2n,{Kiz>0}

For brevity, let

af (1,2, M) = L(Y; < 9, (7,8) + Midin) — Fipi, (7,A) + Midin| X)),
&%) (7-7 z, A) =1 (i/z < Pix (77 A)) - F (@i.’c (Tv A) |X1) )
? (T’ Z, )‘2) =1 (Y; < Bgfmﬂ’zx + /\282?1) - Fl (ﬁgrzﬂm + )‘282n|X1) )
/Bi (T,IIJ) =1 (Y; < ﬁng/””i:()) - F (IB’EZ;T.LIU’Z$|X1> :

Clearly, o? (1,2, A,0) = a; (7,2, A), and Y (1,2,0) = B, (7, z) . Let

W(r,z,A) =a,’ Zozi (1,2,A) ,u;ka, and W* (1,2) = a,,* Z,@i (1,2) ,u;ka.

i=1 i=1
Then ST, (1,2;A) = W (1,2,A) — W* (7,2) . Fix 2; € &;. Then

supsup sup ST, (r,2;A)

v€X r€T | A<M

<  max sup sup |W(r,z;,A)—W*"(7r,2;)|+ max sup sup sup |D(r,z,A)—D(r,z,A)]
1<I<n2 7e7 A<M 1<ISn2 gex; reT ||AI<M

= Wnl + Wn27

where D (7,2, A) = W (7,2, A) — W* (7, 2) . It suffices to show W,,, = op(k,) for a =1, 2.
Step 1. We show W,,; =op (1). Fix (1j, As)€ T; x D,. Then
Wi = 122{12 1;1}2(“ Tsél% 12[132);0 ASéIDPS [W (7,21, A) — W* (7, 2)]

< . — W* .
= BT, e A =W )

+ max max sup max sup |Ds (7,2, A) — D (75,21, As)|
1<l<nz 1<j<n1 r¢7; 1<5<no AeD,

= Wit + Whao. (A.9)

It suffices to show that W1, = op (1) for a = 1, 2.

Let € > 0. Let gni (Tvva) = [1 (}/Z < Pix (TvA)) -1 ()/1 < Bnguix)]ujw,kKi$7 and gnz (T,JI,A) =
& (1o, A)— E5[E,,,; (1,2, A)]. By Assumptions A1, A2(ii) and A5, one can readily show that there exist
some positive constants c¢, and cg, such that

a+pn 2

Z Enz (Ta Z, A)

1=a+1

|Enz (’T,IE,A)| < Ce¢, and F < C§2a;1pnhd
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forany a = 1,--- ,p, and 1 < p, < n/2. Let v € (¢, (1 — d/s1)/2). We can apply Lemma C.3 with
M, =ce, pn = 711/2_”1151/27 e* =n~1/2p4/2,, ¢ and o2 (pn) = c§2a;1pnhd to obtain

P(Wnll > Kne)

<

IN

. J— * .
ngnina 122(12 1;1}2};1 1£%§0P(|W(T”xl’As) W* (1, 21)| > Kne)

noNiNy mMax max max P( >n1/2hd/25ne>

n
e
n (15,7, A
1<I<ns 1<5<n; 1<s<ng _ 1§nz( VERZE) s)
1=

k2 hde?
noninaCoexp | — v —
Cice,an h? + 2Coce n~Vhekpe

/ ey 1/2+4v 3 —d/2
+nonin2Cs n*l/th/znnen h a(pn+1)

2
€
noninaCoexp | —
0m1n200 P( 01052n_1/2h_d/2/€n2+202651"_U“”1€>

+ngnyngO (n3/4+vh—3d/4l€;1/2> a(nl/Q—Uhd/2)

€2
noninaCoexp | —
0TTR0 p( Clcgznfl/Qh*d/Qnﬁz+202051n*“/$,716
+o <n3/4+vH;1/2danJ/le—n1d2—;Lih73d/4(nl/vahd/2)7B0>

Pn1 + Pn2,

where 8, = 1+ 16/n. Clearly, by Assumption A6 the first term p,; is o (1) provided v > ¢,. Noting
that do,, = kn/loglogn, di, = da, = n~'/?/loglogn, and h = n~/1, we have

Pn2 =

o

0 (n5/4+d/2+v+3d/<4<1>+<N+1/2><Kf<1/2fvfd/<2<1>>ﬁo (

n

o (n3/4+v'fﬁl/2d6nN d;1d55h73d/4(n1/27uhd/2)750)
o (n3/4+vK;Nfl/Qn(d+1)/2h73d/4(n1/27uhd/2)760 (log log n)N+d+1)

o n5/4+d/2+uf(1/27v),80h7(3d+260)/4H;N71/2 (log log n)N+d+1>

<n3/4+vn(d+1)/2n—(1/2—v)[30h—(3+260)d/4,€7—1N—1/2) (log log n>N+d+1)

log log n)N+d+1) .

Then p,2 = o (1) because 8, > [6/2+d+2v+3d/(2¢1)+ (2N +1)¢.]/(1—2v—d/¢1) and v < (1—d/s1)/2
by Assumption A6(iii). It follows that

W11 = op(Kn). (A.10)

Now consider W, 12. By the monotonicity of the indicator function and the nonnegativity of ,u;; KK
we have that for any (7,A) € 7; x Dy,

D(T,Z‘7A) - ID)(’T]',.’,E,AS)

= a;zl Z {[O‘l (7',1‘, A) -y (Tj7x7 AS)] - [ﬁz (T,LE) - Bz (ijx)]},uz—';,kKix

i=1

Y

a;1 Z { [O‘? (T]" €T, AS’ 1) - Q5 (T]" €T, AS)] - [ﬁ? (7-47‘7 L, _1) - /61' (ij x)] } M;rm’kKiw
=1

n

tap ' Y [F (0 (15, A0) + din| Xi) = Fi(py, (1, 8) [X3)] i, Kia

i=1
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n

i=1

Similarly,

D(r,2,A) - D(rj,2,A,)

712{ Tjax A57_ )_ai(7j7x,As)] - [6?(7—j7m71)_6 7—]7 ]}ka ix

+ay,! Z [Fs (@i (755 A) = down| Xi) — Fi(y, (1, A) |X0)] pif 1 K i

i=1
i=1
It follows that
max sup max sup |D(r,z,A)—D(r;,z,A)]

1<j<nq T€T; 1<s<ng AeD;

< max max
1<j<n1 1<s<no

n
ap, - Z [Oé? (Tja €L, Asa il) -y (Tj7$7 Aé)] ,U“q-;";;’kKix
i=1

+ max max |a,’ Z [5? (15,2, F1) = B, (Tjax)] M;;,kKifr

1<j<n1 1<s<no —
i—

+ max max |a’ Z (pw (15, A )+d1n|X) (%z (15,A5) — Eln|X¢)] u;';,ka

1<j<n1 1<s<no

— T —
+ 1%2};1 123‘;;0 ! Z 1607' aMiz + d27l|X ) i(IBOzj/’(‘iJ: - d2n‘Xl)]:ujg_c,kKlz

= Dn (513) + Dpo ( ) + Dn3 ( ) + Dpy (l‘) . (All)

Let o js (z) = [a? (15,2, Aq,£1) — a; (75, z, AS)] u;.; 4 Kiz. Then one can readily show that there
exist some positive constants c,, and c,, such that |a; s (2)] < co, and E[S07P0 o, (2)]2 <
Canty tpphd for any a = 1,--- ,p, and 1 < p,, < n/2. Following the proof for W,11, we can readily
show that

n

nt Y s (w)

P< max Dy (x;) > ane) < ngning max max max P(
i=1

1<i<ns 1<li<n2 1<j<n1 1<s<ng

> nlanmne> =o0(1).

Similarly, one can show that P (maxi<j<n, Dn2 (1) > kr€) = o(1). Next, by the mean value expansion
and Assumptions A2, A5, and A6,

max D,3(x;) < Cdy, max
1<i<ns 1<I<ns

CL Zlu‘zwl kKlTl

= Op (n1/2hd/2(d1n + AP0 4 a;ldon)) = op(kn)-

—0p <n1/2hd/231n)

Similarly maxi<j<n, Dna (1) = Op (nl/th/Qagn) = op(kn). These results, together with (A.11), imply
that
Wn12 = OP(KJn)- (Al?)
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Combining (A.9), (A.10) and (A.12) yields W,1 = op(kp).
Step 2. We show W2 = op (1). Write

D(r2,A) = D(re,8) = 'S {ai(r,2,8) = B, (1,20} (Koo — it 1 K,
i=1

+a;1 Z [ai (1,2, A) = i (T, 21, A)] M;;L,kKiwz

=1
+a,! Z 18, (1,21) = B (7, @) piy, 1 K i,
i=1
= Dpi(r,2,21,A) 4+ Dpo (7,2, 21, A) + Dps (7,2,27) , say.  (A.13)

It suffices to show that each of the three terms on the r.h.s. of (A.13) is op(#y,) uniformly.
First, we consider D, (7,z,z;, A) . Assumption A5 implies that for all ||z — z2| < 6 < ¢y,

|K(SU2) - K (.’171)| < oK™ (2131), (A14)

where K* () = C1(||z|| < 2dcg) for some constant C that depends on ¢; and ¢ in the assumption.
For any x € &), ||z —2[| /h < day,. Tt follows from (A.14) that |K;, — Kis,| < don K, with K7 =
K* ((.’I}l — Xl)/h) s and

XifI k Xif:c k Xi7$ k Xi7$ k Xi—w k
|< W >Ki( W l) Kiz,| < |< 3 ) |Kz'me|+< 3 )( W l> Kz,
< 2en)* don K7, + (20) M7 doy Ky 1 (K| > 0)
S Cd?n(Kz*g;, + Kiml)~

With this, we can show that for any € Aj such that ||z — 2| /h < don, ||pf;  Kiz — u;l wKin || <
Cdan (K}, + Kiz,). It follows that

max sup sup sup |Dpi (7,2, 2, A) |
I<ISn2 pex; €7 ||A|<M

n
< max sup sup sup a,' Z | (1,2, A) — B, (1,z)| u;’ka - u;;thm
i=1

Isisnz geXy €T ||A|<M

< ~1 + K .
S, sup 't 2 i Kie — p  Ki
< C max a,'dy » (K}, + Kia,) = Op (nh'ay, ' dyn) = 0p (k). (A.15)

1<i<n —
1=

Now we consider D5 (7, 2z, z;, A) defined in (A.13). Let A3 € R. Define

Dz (7,21, 8, X3) = a, ' Y [1(Y; < @i, (7, A) + Asdsn) — Fi (040, (7, A) + Asdan | Xi) 1, K,
=1

Note that maxi<i<n, Suprer SUpjaj<nr | Pn2 (7,21, A, A3) — Dpa (7,21, A, 0)] is exactly like the object
Wp11 defined in (A.9). Following the proof of the probability order of W11, we can also show that

P | max sup sup |Dp2(7,21,A,A3) — Daa (7, 21,A,0)| > kpe | =0(1) for each As. (A.16)
Issnz reT A<M
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Again, by the monotonicity of the indicator function and the CDF Fj;, we have

max sup sup sup |Dpa (7,22, A)]
I<ISnz pex; T€T | A<M

n
= max sup sup sup ;1 Z [ (1,2, A) — a; (1,27, A)] ”;;:z,ka

1<i<ns z€X; TET ||A||<M

IN

max sup sup |Dpa (7,21, A,1) — Dpa (1,21, A, 0)]
1sl<ne reT A<M

+ max sup sup |Dpa (7,21, A, —1) — Dpa (7,21, A, 0)]
I<ISne 7eT || A<M

+ max sup sup |a 12 (i, (7. 8) + s X0) = Filprg, (1, A) = B Xt 1 K| -

Islsne reT A<M

The first two terms are op (1) by (A.16). For the last term, a mean value expansion implies that it is
no bigger than

QClagnagl sup Z/“sz iz, = Op (nhddgna ) = op(kn)-

1<1<ns T

It follows that
max sup sup sup |Dpz2 (7,2,21,A)| = op(kn). (A.17)
I<ISn2 gex; 7€T ||A|I<M

Analogously, one can show that maxi<j<n, SUp,ex, Sup, e |Dn3 (7, 2,2;) | = op (1) . This, together with
(A.13), (A.16) and (A.17), implies that Wy,2 = op (1). B

Proof of Lemma A.4 Let H, (t,2)=n"'> 1" | fi (BgTa:Mix|Xi) iwhth Kip. Noting that m (7, X;) —
BEattiz = Op (RPT1) uniformly in (7,z) on the set {i : K;; > 0}, it is easy to show that uniformly in
(T> 37) ’ Fﬂ (7—7 :IZ) =n"th? Z?:l fz (m (T7 Xl) |X ):U‘wcp’zsz +O0p ( p+1) = H, (T> 37) + OP(HTL)' Then
by the Minkowski inequality, we have that

sup sup sup ||Vn (1,2;A) =V, (7,2;0) + Hy, (7, 7) AH
TET z€X ||A||<M

< supsup sup an (1,2;A) =V, (1,2;0) + H,, (1, 2) AH + op(Kn).
TeT zeX ||A||<M

By Assumptions A2, A5 and A6,

Sup sup sup an (r,2;A) =V, (1,2;0) + H,, (1, 2) AH
TeT zeX ||A||<M

. Z { ( Bore +ay )T:u’ilei> —Fi (6gTzuim|Xi>:| WinKia — Hy (7,2) A

= sup sup sup
TET z€X ||A|<M

= supsup sup
TeT zeX ||A||<M

n Z/ ﬁOm + sa, A)T:uia:|X’i) —fi (ﬁgrwﬂix‘Xi)} ds pighip Kin A

g sup  sup a Z ||C2 A :u’w::uzw/’(’sz'LzAH < CM2SHPCL 3 Z ||/’L’L$|| Klw
TEX || A<M | ex i=1
= Op (nh%a,®) = op(k,). A

Proof of Lemma A.5 By the proof of Lemma A2 in Ruppert and Carroll (1980) and Assumptions
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AB-AG,

n
~ 3 AT
sup sup [[Va (1,3 Bra)ll = sup sup 172 S, (% — B oo Ko
T€T zeX Te€T z€X i—1
n
_ ~T
< supsupn 12 Z 1(}/1 - BT:E/’I”LCE = O) ||:u’szl€E||
T€T zeX =1
< 2Nn~Y2 max sup ||p;, Kiz|| = op(k,). B
1<is<n gex

NOTATION. To prove the main results in Section 4, we apply some propositions in the next ap-
pendix. For notational simplicity, let m;, = m(r,W;), ;r = Y — myr, wir = Y; — m(7,X;), and
Uir = Y; — m(7,X;). Then by Corollary 3.2, it is standard to show that maxi<;<, Sup,cs |Wir — wir|
= 0p(n*1/2h;(dx/2\/log n). Clearly, ui; = e;» under Hy and u;r = €47 +n~ /25 (7, W;) under Hy,,. Let
iy = (Wi,y). We use F(-|W;), F(-|X;), f(-|W;), and f(-|X;) to denote Fyw (-|Ws), Fyx (:|Xi),
fyiw ([W;), and fy|x (-|X;), respectively. Recall that S¢ denotes the complex conjugate of S.

Proof of Theorem 4.1 The proof is a special case of that of Theorem 4.3, so we omit it. B

Proof of Theorem 4.2 Following the proof of Theorem 4.3 below, we can show that n~/28,, (1,7) =

nil/QSnS (7_37) +op (1)7

that

n=128, (7,7)

where Sp3 (7,7) = n~V2Y0 {G (—€ir/An) — G (—TUir [An)} @4y 1t follows

_ ; [G (=20 /A0) = G (=i JA)} 01 + 01 (1)

_ Z {G0) (<& /M) (e — 2ir)} 01y + 02 (1)

= Al ieﬂ) (~2ir/A0) [ (7. W2) = m (7, X0)] 1y
ATlpl Zj; GY (=eir /M) [m (1, X3) — @ (7, X;)] 04, + 0p (1)

_ i iaw (=i /Xa) [ (7, W3) =m0 (7, X0)] 01, + 0p (1)

= n! Z [ (mir [W3) [m (7, W;) —m (7, X;)] ¢, +op (1)

= Aj (7_77) +op (l)a

where A (7,7) = E{f (mi-|[W;) [m (1, W;) — m (7, Xi)] ¢, }. When ¢ is (G)CR, As (7,7) # 0 in a set
of positive Lebesgue measure. The test statistic thus diverges to oo under the alternative. B

Proof of Theorem 4.3 Decompose S, (7,7) =n~ V23" | [t — G (—tir /)] ¢, as follows:

Sn (T,7)

nT2N =1 (e <0)] @ 072D (e <0) = G(—gir /M) @4
i=1 i=1

n

U2 Z (G (=€ir/Mn) = G (=Uir /An)] 04y

i=1

Snl (T7 ’Y) + SnQ (T; ’7) + SnS (Tv 7) , say.
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By Propositions B.4 and B.7, we have that, uniformly in (7,7), Sne2 (7,7) = op (1), and that

Sps (1,7) = —con™/? Z b(Xi, Y)Y, (€ir) + A(T,7) +0p (1),
i=1

where ¢g = e]H™'B, B = [ (v) K (v)dv, and b(X;,7) = E o (W;,7)|X;]. It follows that S, (7,7)
=5, (1,7)+ A(1,7) +op (1), where

n

S (1,7) =072 [0y, — cob (Xi, )] ¥, (ir) -
i=1
It suffices to show that S, (-,-) = S (,+), where S (-,-) is defined in Theorem 4.1. Define the
pseudometric p,; on (7,T) :
T 1/r
pa(77) (7 A = {B In; (r.7) =, (7 7)1 H

where r > 2 and n; (7,7) = [ (Wi, ) — cob (X4, 7)] ¥, (€ir) . By Theorem 10.2 of Pollard (1990), this
follows if we have (i) total boundedness of a pseudometric space ((7,T'), p,), (ii) stochastic equiconti-
nuity of {S,, (r,7) : n > 1}, and (iii) finite dimensional (fidi) convergence.

Consider the class of functions

F1 = {f(‘r,’y) : (777) €T x F}v
where f( ) :[0,1] x W — R is defined by
fr ) WU W) = [ (Wi, ) = cob (Xi, 9] [7 = 1 (Ui < 7)),
and U; = F (Y;|W;). Let § < 1 and (7/,7’) be generic element in 7 x I'. Noting that

n: (1,7) —m; (7,7) = e (Wi,v) —cob(Xi,y)| [r =1 (U; <7) =7 + 1(U; < 7')]
+ [ (Wi, 7) — cob (Xi,v) — @ (Wi, v') + cob (X3, Y] [T — 1(U; < 77)]
= i1 (7—7 7—/7 ’7) =+ Ni2 (Tlv Y5 ’71) , Say,

by the repeated use of C,-inequality, the uniform boundedness of ¢ (+,-) and Assumption B4, we have

E sup n; (7,7) =0 (7,4
|7 =7/ | <81, [y = [|<82,1/63+63 <5
< 27'E sup a1 (o7 )"
|7 —7/1<81, Iy = | <82,4/83+63<5
+2T_1E sup |7722 (7—/7’77’7/”7‘
|7 =7/ | <81, Iy =/ | <82,4/85+03 <6
< CFE sup ‘7—_7'/|T+CE sup |1(Uz ST)—l(U; S7_/)|r
|T—7'|<61 |7 =7 <61
+CE sup oWy —eWiy)|"+CE  sup [b(X;,7) —b(Xi,7)]
="lI<32 lv=7"1<82
< O+ CP(|U; — 7] < 61) + C8Y + C8Y”
<08+ 08y + 208y < 2061 = 2067,

where 7 = min (1,7v). That is, F; is a class of uniformly bounded functions satisfying L,-continuity.
L,-continuity implies that the bracketing number satisfies

)

1)(1+dr)/v

€

N (e,fb H'||L7-(P)) <¢ (
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which in conjunction with Assumption B2(ii) implies that

L § Vo uap
€ 2+77N(€7]:1’H'||LT(P)) de < C | € 7017 o de < oo.
0

0

If follows that conditions (i)-(ii) are satisfied by Theorem 2.2 of Andrews and Pollard (1994). The
fidi convergence holds by the Cramér-Wold device and a central limit theorem for bounded random
variables under strong mixing conditions. See Corollary 5.1 in Hall and Heyde (1980, p. 132). We are
left to demonstrate that the sample covariance kernel converges to that of the limiting Gaussian process
Seo (+,+) . By the Davydov inequality,

n n 462 n n

B [Su(r 1S5 (7 7)) | = ZZE n; (o m)nf (T < 2 D a(li—jl) <4 ii
s=0

=1 j=1 i=1 j=1

It follows that E [?n (r,7)Ss (7, ’y’)} is absolutely convergent, and E [?n (r,7)Ss (7, ’y’)} — En (v,

S (Y, )]+ B [771 (v, )05 (0, T/)] +E [771+i (v, 7)m5 (, T')] . This completes the proof of the
theorem. Wl

Proof of Theorem 4.4 Let P* denote the probability conditional on the original sample ©,, =

{(Yi, W)}, . Let E* denote the expectation with respect to P*. Rewrite S} (7,7) = S T i (CiT),

=1
where
i+L—1

oG ) = 0V 3 G ) [0 = cob (X;,7)] (A.18)

and u;, =Y; —m (7, X;). Define the envelope function of s,,; as

i+L—1
50t () = Gl n ™2 supsup | D7 7 = G (< /M) |5 — cob (X;,7)] |- (A.19)
yel' TeT =i

Conditional on ®,,, the triangular array {s,; ((;;7,7)} is independent within rows, so we can apply
Theorem 10.6 of Pollard (1990) to show the weak convergence of S (-, ) to Se(*,” ). Recall that Pollard’s
theorem allows the function s,; (+;,-) to depend on both n and i.

Define the pseudo-metric

1/2
pu (1,757%,7) {ZE* [Is0i (Ci57,7') = sm-<<i;r,v>|2}} : (A.20)

By Theorem 10.6 of Pollard (1990), it suffices to verify the following five conditions:
(i) {sn:} is manageable in the sense of Definition 7.9 of Pollard (1990);

i) B [S5 (7,7) Si (,9)] = Y (r,757,7") for every (7,7), (7/,7') in T x T
iii) limy, oo Yory B* (52 (24)) is stochastically bounded;

iv) Y0 B (52, (2:) 1(Sni (21) > €)) 2 0 for each € > 0;
)p (T Ty, ) =plim,, 0 p,, (T, 7'57,7") is well defined and, for all deterministic sequences {7/, v/ }

(
(
(i
(v

and {7, 70} 3 0 (Trs T3 Vs V) — 0 then py, (Trs T Yoo V) —2 O

Step 1. We verify condition (i). In order for the triangular array of process {s,; (¢;;7,7)} to be
manageable with respect to the envelope 3,; (¢;), we need to find a deterministic function A (¢g) that
bounds the the covering number of @ ©® S,, = {@;8,: (¢;;7,7) : (7,7) € T x T', o; are nonnegative

finite constants for all i = 1,---n} with y/log A (¢p) integrable. Here, the covering number refers to the
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smallest number of closed balls with radius (eg/ 2)\/ S a2 5, (¢;)° whose unions cover a © S,,. Tt
follows that within each closed ball

n 2 n
* 2 € % |=
ZO&?E [$ni (Ci3T5Y) = Sni (G577 < ZO Za?E 501 (C;))? Veo € (0,1]. (A.21)
i=1

i=1

First, we study the term on the left hand side (Lh.s.) of (A.21). Let ¢, = ¢;, — cog(Xj,q/) and
Pjy = ¢j, — cob (X}, 7). By Propositions B.9-B.10 , we have that uniformly in (7,7),

i+L—1 i+L—1
L7V2 N [ = G (=5 /M)y = L7V Y7 4, (645) By +0p (1) (A.22)
Jj=i j=i

Note that the local alternative does not contribute to the above equation because L~1/2)\~ ZHL !

G (—ejr /) n~ Y25 (1, W; i) ®j, = Op(\/L/n) = op (1) by Proposition B.3(i) and the boundedness of
0 (+,-) and . It follows that

n
* 2
D AZE (5 (Cii 7o) = sni (G

i=1
e oA i+L—1 2
= =Y A | X -G Eu /A E = Y [+ G A By
i1 =i =i
2
1 n—L+1 1 i+L—1 i+L—1
- Z O‘ZZZ Z Pjatr (ejr) = Z Bjyrtr ()| +op (1)
i—1 =i
p o0
= ) &} [T(r,757,7) = 20 (1,73 7.7) + T (7', 79,7")]
i1
= Za (1,7"57,7"), say. (A.23)

Next, we study the term on the right hand side (r.h.s.) of (A.21). By Propositions B.9-B.10,

2

n i+L—1
S Q2B 5 (G = fZa spsup (L2 S [r - G (/M) By
i—1 yel r€T =i
2
i+L—1
< fzoz sup sup |L L7284, (6j0) By, +op (1) =0p (1),
~yel' e .
j=i

where the last equality follows because {L~1/2 ZHf Yo (¢jr) P~} is an empirical process indexed by

7,7) by the proof of Theorem 4.3. It follows that >+, a2E* |5,; (¢, 2=0p(1). This, together with
1_1 1 i

(A.21) and (A.23), implies that for any small e; > 0, there exists a large constant M7 = M (1) such
that the following holds

2
Z azp? (w1, 1) < %OMl for sufficiently large n (A.24)
i=1

on a set with probability 1 — €;.
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Now, partition the compact set 7 by finite points 7 = 79 < 71 < -+ < Tn1-1 < TN1 = T
such that |7, — 7;_1| = 1. By selecting grid points 7, -+, 79, We can cover the compact set I' by
Lo = Ay« lv—wll < 62} Let (1,7) € [rj—1,75] x T (j,k = 1,2,---). Note that |[¢; (eir) sy —
Q/JTJ (617'])901“/||2+n S C(;l and ||[501'y - @i'yk]w (627' )||2JH7 < 052 Denote Pn (T77) = Z?:l @71/17 (Ei‘r) .

Let 6 = \/5% + 53 < 1. Then by the Cauchy-Schwarz and Davydov inequalities, we have

T(rjmvey) = o~ Bl (77) ~ o0 (7390
2 e 2
< 20m 8|S 5 [0 ) — v ]| 2 0 B[S~ o ()
=1 i=1
< C 0(51 + 8y )+62/(2+7I)Z 1/ 2+4n) +62/(2+77 Za 1/(2‘“7) < 052/(2+77)7
s=1 s=1

where the exact values of C' vary across lines. This implies that
P* (75,7375 7) = T (1, 757,7) = 2T (75,73 70,7) + X (75,7557 1) < Cr6?/ 7

for large enough C;. Consequently, if we choose § = e, then 372, a2p? (7, m; 74, 7) < Cre2 320, a2,
so that (A.24) can be satisfied for sufficiently large n and M. It follows that the capacity bound is
0(67%) = O(e; %) and the integrability condition is satisfied.

Step 2. We verify condition (ii). Recall p,, = ¢, — cob( j>7) and @, = ¢, — cob(Xj,7).

By Propositions B.9-B.10, L~Y/2 Y50 [r — G (<0 /M) @5, = L™Y2 0 0 (650) By + 00 (1)
uniformly in (7,7). It follows that

n—L+1 H—L 1i+L—1

E*[Sh(r, )8R, )] = Z Z o =G (= A @y [T = G (=Tar [ An)] B,y
Ji=t  Je2=i
n—L+1 H»L 1:+L—1

- Z Z Z Ur 871"' SDﬂl“/w (€j27/)¢§2—y’+oP (1)

Jl 'L JQ_Z
= Sn +op (1) )
where we suppress the dependence of S, =5, (7,7,7,7) on (,7,7,7) . First,

n—L+1 1+L 1i+L—1

Z Z S B, (6jy0) s (0r) BjyaBayrd = T (1, 757,7).

J1=t  J2=t

To show Var(8S,,) = o () let &y = &5 (1, 75%,7) = L2 I ST B 0 (e4,00) ¥r (8ar) By By

and let &,,; (1,7) = ZHL L ¥, (€jr) P;-- Then by the Cauchy inequality,
1€0:lls = 11€ni (7:7) &ni (7,9 Mls < €0 (T3Pl 163 (7727 )16 -
By Lemma 3.1 of Andrews and Pollard (1994) with Q =16, ||£,,; (T, 'y)|| =E|+ ZHL Yip, (gjr) 4,116

= O (L78). Consequently, ElE5P =0 (L™®). Let Kun = Sup,<, sup, ., El&)® =0 (L78) and
K2n = SUP;<,, SUDP; 11 o B \521\4 = O (L™*). By Lemma A.1(b) of Inoue (2001) with § = 2 (see also
Lemma 9 of Bithlmann (1994)),

4 =0 (L4n_4L2 (”2"@11{12 + n@n)) =0 (n_QLQ) =o0(l).

n—L4+1

Z &
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Hence S, = Y (7,7';7,7") 4+ op (1) by the Chebyshev inequality.
Step 3. We verify condition (iii). This follows from the proof in Step 1 by taking a; = 1 Vi.

Step 4. We verify condition (iv). By the conditional Chebyshev inequality and Propositions B.9-
B.10,

I | Lo
P* (5, (¢;) >€¢) < — < supsup|— T—G(=uir /A
@) < i mp | 3 (1= G A B,
I 1 i+L—1 2 I
= — i 1N\ = =
sl 77 3 4 G| +on =00 ()
By the Cauchy-Schwarz inequality,
}jEQ%z 1 (50 () > ©))
2
i+L—1
= f§jE* CEsupsup | 7 [ = G (=t /M) B | 1(50i (G) > ©)
=1 ye—T1€T J=i
4 1/2
itL—1
< *Z ngggjgg > [P= G (/A By | P*(ni(C)>€) o = Op(V/L/n) = op (1).
Jj=t

The result follows.
Step 5. We verify condition (v). From the verification of condition (i), we know that p* (1,7/;7,v') =
plimp, .o o, (7,7'37,7') is well defined. If p (70, 70,;7,,,75) = 0, then p, (700, 70595, 73) < [0 (T 7015
P
T V) =P (Ts T3 Yoo Vo) |+ 0 (T 703 Vs 7) = 0. W

B Propositions

In this appendix, we prove some propositions used in the proof of Theorems 4.1-4.4 and that apply some
technical lemmas in the next appendix. Recall ¢, = ¢ (Wi, ), mi; = m(7,W;), ( )=GW (-, and

fie = p((Xi —x)/h). Let Kij = K ((Xi — X;) /h), p;; = p((Xi — Xj) /h), and 9 (=D () = G¥ ()
for s = 2,3. Here we use E; (-) to denote expectation conditional on W; = (XiT, Z:f) instead of Xj.

Proposition B.1 (i) E[G (=g /A )] —T7=0(AL);
(it) E[G (—€ir/An) — 1 (gir < 0)]* = O (M)
(ii8) Ny B [G) (=23 /An)] = E1f (mis| We)] + O (AL)

Proof. Under Assumptions B3(i) and B5(i)-(iii), using change of variables, integration by parts,
and a gth order Taylor expansion yields

EG (=eir/ ) W]
= ElG (= (Yi = mir) [An) [Wi] :/ G (= (y —mir) [An) dF (y|W;)

— 00
o0

[T PG =i A = [P e+ ol W) g (o) do

— 00 — 00
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q
)‘nq

_7-+/ Z ) (i Wi) v° X2 g (v) dv + T = T + FD (mr |[W;) + 7s,
where kg = [T vig(v)dv, T = (AL/(q — 1)) [T fo [F@ (myr 4 svl,|[W;) — Fi(q) (my|[Wi)]vig (v)
(1 —s)" " dsdv. By Assumption B3(i), the dominated convergence theorem, and the law of iterated
expectations, F |r,;| = o(Al), and E[G (—eir/\n)] =7+ )‘(’ZTQE [F@ (m;-|[W;)] + 0 (A). This proves
(i). For (ii), using Assumptions B1, B5(i) and (iii), we have G (0) = fi)oo g (v)dv =0.5, and

E[G (—€ir/ ) — 1 (cir < 0)]2
= E[G*(—gir/M)] + E[1(eir <0)] = 2E[G (—&ir/An) 1 (€ir < 0)]
E o0

[ cwm maraiwd] s -2 | [T G- G- A ar i)

—0o0

mir

0

= -F [/Oo F (mir + Ayo|W;) dG? (_”)] +T—2{G(O)T+E [/

—0o0 — 00

F (s + Av|Wi) g (=v) dv} }
- —T/_o;dGQ(—v)—I—T—ZT—l—O()\n) =0(\).
By Assumptions B3(i) and B5(ii)-(iii),
AE G0 (cer)] = B };1 |60 =) ) £ 1) dy}
o seener

+o(Xy)

. f(miT|Wi)+/ Zéfi(s)(miT|Wi))\flvsg(v)dv

q
)\qu

= B (mir|Wo)] + 225 [£9) (mir [ W3)] + 0 (A) = E [f (mir W) + O (A%

Proposition B.2 (i) sup, e 3= > 1oy B |GWY (—eir/Mn)| =0 (1
(i) suprer e X1y B[O (/)| = 0 (1):
(iii) sup e # i B }G(S) (_EiT/)‘n)‘ =0(1

Proof. By Assumptions A3(i), B3(i), and B5(ii)-(iii), we have, uniformly in 7,

A;IE G(l) (_EiT/ATL)

_ gl e m”>/xn>f<y|w>dy}

- [ [ e+ nal) g )]

= B /jo (f (mir|W5) +Z$f(s) (mir | W) )xflvs> lg (v)|dv| + o (%)
= E[f (mi-|Wy)] /jO lg ()| dv+ O (\,) =0(1).
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Similarly, uniformly in 7,

A 2E NG (—gir /An)

= B[t [0 = | 16l @]

g (v)‘ dv]

= F /°° <f (mi-|W5) + Z %f(s) (mir|W3) /\ZUS> sen (9(1) (v)) dg (v)

-0 s=1

— —)\T—LlE [/ f (mir + Apo|W5)

+o(XL)

= B[ )] [ o @) a0 00 = 00).

— 00

The proof of (iii) is similar and thus omitted. m

Proposition B.3 (i) sup,cr - > iy |GWY (—eir/An)| = Op (1) ;

(ii) prer iz iy [GP (—eir /M) = Op(1+ 071202 /logn);

(iii) sup ez — Sory |G®) (—eir/An)| = Op(1+ 012,52 /Togn).

Proof. We only show (i) since the other cases are similar. By Proposition B.2(i), it suffices to
show that sup, o, % St bni (1) = Op (1), where by, (1) = )\;1[|G(1) (—€ir/An) | — E|GDM (—g47 /A0) |].
Let b, (1) = 1377 b, (7). Noting that ||\, 'g (_5”/)\”)H2+n = O\, 1TM/CHM) e have by the
Davydov inequality that

Var (b, (1)) = % Zvar (bni (T Z E [bn; (T) bnj (7)]

1<z<_1<n
—1y—1 < n/(2+n)
< O(n )\n)+011£'?§xn|‘bnl H2+ Z;a(s)

= O(nIA A ) o (1),

It follows that b, (7) = op (1) for each 7. Following exactly the same argument as used in the proof
of the uniform consistency of kernel density estimators, we can show that sup, . |b, ()| = Op(n~1/2
A, /2 /logn). Tt follows that sup, . n~'A,tS20" |G (—eir/2n)| = O(1) + Op(n=12X-1/2/logn)
= Op (1) . n

Proposition B.4 V,,; (1,7) =n" 23" [1(g;r <0)—G (=€ir/An)]piy = op (1) uniformly in (7,7) €
T xT.

Proof. Let Vyi1(7,7) = n™ V23" {1(eir <0) = G(—cir/An) — T + Ei[G (—€ir /An)]} @5, and
Vii,2 (1,7) = n~1/2 Zz 1 {T - E; [ (_Ei‘r/)‘n)]} Py Then Vi, (777) = Va1 (77'7) + Vii,2 (T;’Y) . By
Proposition B.1(i) and the uniform boundedness of ¢, sup.,c_sup,cz Va2 (7,7)] = O (n'/2A1) =
op (1). We partition the compact set 7 by Ty points 7 = 79 < 71 < 73 < --- < T, = 7 such
that |7'j—7'j_1| = 51n = 1/loglogn. Let 'Tl = [To,Tl] and 7} = (Tj_l,Tj] fOI‘j = 2,"' , M. Let
T € (74,741). We cover the compact set I by T'y = {v : ||y — vill < 02,} for k = 1,--- 7, where
San = 1/(loglogn)?, dr is the dimension of y € T, and 7z = O(loglogn).

Note that
sup sup [Vp11 (7,7)]
ye— 1T
< |Dax max Vi (75,70 + B, D, sup sup Va1 (7,7) = Vira (75,7
= Vi + Voo,
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Fix € > 0. Let gi,jl = {1(51'7',- < 0) - G(—EiTj/An) —T; + Ei[G(_eiTj//\'rL)]}‘Pml~ Then |§i,jl| < 2cge,,
E (fi’jl) =0and F (f?’jl) < O\, by Propositions B.1(i)-(ii) where )\, = A, + A?. By the Davydov
inequality, one can show that there exists some positive constant c¢ such that & [Zfifil &, jl]Q < cepnn
for any s =1,--- ,p, and 1 < p, < n/2. We can apply Lemma C.3 with M,, = 2c,, p, = nt/2=v for

~1/2¢, and o2 (p,) = c§pnxn to obtain
> n_1/2e>

n
—1
Y &g
=1

€2 2
m1m2Cp ex — — + 77 O 7n1/2+va nl/zfv +1
111250 5P < Creeh, + 4c¢02nve> s \/ n=1/2c e ( )

2
> +o (n3/4+”(n1/2*”)760 (log log n)2>

€
= Pnl +pn27 (Bl)

some v >0, € =n

P(V,11>¢) < mniny max max P
(Vn ) < 1<1<m, 1<

IN

= Nin2ex — —
re p( 0105)\”—5-40@021%7“6

where 3, = 1+ 16/7. Clearly, the first term p,; is o (1) provided v > 0. ppp = o(n?/4+v=1/2=v)5
(loglogn)®) = o (1) provided B, > (3/4 4 v)/(1/2 —v) and v € (0,1/2).
Now consider the class of functions

Fo = {b(T,'y) : (T,’y) €T x —}

where b(, ) : R x R¥* 42 — R is defined by

Let G (—€ir/An) = G (—€ir /M) — EilG (—€ir/An) and <; (7,7) = G (—€ir /M) ;- Then

Si (7—7 ’V) —Sq (Tla ’71) = [é (_gi‘r/)‘n) - é(_gi‘r’/)‘n)] SDiA/ + é(_gi‘ﬂ/)‘n) [SDZ"/ - Spi'y’]
s (1,7,7) +si2 (7',7,7') , say.

Following the arguments in the proof of Theorem 4.3 and Proposition B.7 below, by the C,. inequality
and Assumptions A4, B4, and B5 we have

E sup l5i (7,7) — < (7', )"
|[7—7!|<81, v =7 [|<62,4/ 03 +3<6
1R sup i1 (7"7'/7'7)|r
[7—7"|<81, 7= |<62,4/ 05 +5<8
+2"'E sup lSi2 (7', 7,9
|7—7/|<81, |7y =" [| <62,/ 63 +63<6
CE sup |G(—¢cir/Mn) =G (—€ir/M)|+CE  sup | (Wi, ) — @ (Wi, ¥

|7—7"|<d1 Iy =~"11<82

IN

IN

IN

3
(Y ; .
CE Z)\;JG(J) (“"T”(T’W)> sup |m (7, W;) —m (7', W)[’
An [T—7"|<61

j=1
+CE { 3G (Yi +m(r, Wi))
n )\n

C6y + C83 + €Y < 206N = 20467,

sup  |m (1, W) —m (7, woﬁ} + 05y

[T—7"|<é1

IN
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where § < 1,7 = min (1,7v), and G (-) is defined in the proof of Proposition B.7. That is, 7, is a class
of uniformly bounded functions satisfying L,-continuity. The L,-continuity implies that the bracketing

number satisfies
1
N (6,.7:27 HHLT(P)) S 02 (6)

By Theorem 2.2 of Andrews and Pollard (1994), this, together with Assumption B2(ii) and the result
in the proof of Theorem 4.3, implies that {V,12 (7,7) : (7,77) € T x I'} is stochastically equicontinuous.
It follows that

(14dr)/v

Viia = \Y% Vin (15,79,) = op (1)
n12 13}%2121’215&352?' 1n (7,7) = Vin (75, 1)| = op (1)

This completes the proof of the proposition. =

Proposition B.5 Under Hin, Vi (1,7) = n= Y207 370 [1 (g5 <0) — 1 (uir < 0)] ¢4 i Kiz =
n= AN f (i [Wi) 8(T, W) i Kiw + op (1) uniformly in (1,7) € T x T for each z € X.

Proof. Let Vn?,l (T’ .73) = n_l/zh_dx En 1 {1 (617— < 0) -1 (uz‘r < O) -7+ Ei[]- (ui‘r < 0)]} @i’y:uinix’
and Voo (7,2) = n~V2p=dx 30 {7 — Ei[1 (uir < O)]}gomlume Then Voo (7,7) = Vipo1 (7,7) +
Vna,2 (1,7). By the proof of Theorem 3.1 (Lemma A.3 in particular), one can readily show that
V2,1 (7,7) = op (1) uniformly in (7,7) € TxT. Let A, (,7) = n " th™ 31" | f (mir|[W5) 6 (1, W3) 030y i
x K. By the Taylor expansion

sup  [[Vpo2 (7,7) — An (7,7)]]
(r,y)€ET xT

= sup —WWXZ (mir|Wi) = F (m (7, X;) W) @iy thi0 Kiz — D (7,7)

(r,y)eT xT

= sup lh dx Z z‘r|W (mZT‘W’L)] 4 (T’ W’L) SD’L"//'I”LCEK'LI

(7,7)€ET XT

IN

sup S/Qh dx ZC’ ’1' W)Q@W ”Mm”K”
(-r,’y)ETXF

< COn=32pmdx Z i | Kiw = 0p (1),

i=1

where m}, lies between m;, and m (7, X;). ®

Proposition B.6 Under Hy,, V3 (7,7) = n=/2)\ ! S GW (—gir /An) Wiz — €ir) iy = —con /2
X Z?:l b(Xla 7)1/}7' (Ei‘r) + A (7—7 7) + op (1) umformly Zn (7—7 7) .

Proof. Let gnir = A, 'G™M) (—&;-/\,). Using Proposition B.1(iii) and u;r = &;; + n~'/26 (1, W;)
yields

Vs (1.7) = 072> gnir (ir — wir) @iy + 072 gnicd (1, Wi) @y,
=1 =1

= f Z f mz‘r‘W (uz‘r uZT Sovy f Z Inir — gnz‘r|W )} (am' - ui‘r) Spi»y

1 n
E Z Gnir0 QOW +op (1)

Vn371 ( ) + Vs o (1,7) + Vs 3 (7,9) + op (1) uniformly in (7,7). (B.2)

42



By Corollary 3.2, we have

_ a1l _
Uir — Uir = —G{H (1, X3) hix Z (o (ujr) Mj,iKij [1+o0p (1)]+op(n 1/2)
j=1

= [~ (1) — a9 (D] [1 + 0p (1)] + 0p(n~/?),

where both OP( ) and op(n~/?) hold uniformly in i and 7, H (1,z) = f (m (1, 2) |z) f () H, ay; (1) =
eTH (7, X:) ™ A S0, (g5) 1y, Kig, and o (1) = T H (7, X3) 7 A S0 [1(ej- < 0) — 1(uy,
< 0)]p; ;K5 It follows that

VnS,l (7—7 7) ~ Z f m’LT|W ) @z’yalz T Z mz‘r‘W SDVYQQZ ( ) + op (1)

= —Vﬁi?,l (m)—W’ (T,7) +op (1) (B.3)

We first study Vg?)) 1 (7,7) . As before, partition 7 as before by nq points 7 =79 <71 < -+ < 7Tp, =T
and cover the compact set T' by 'y, = {7 : |7 — 74|l < d2n}, but we now require 7,41 —7, = hx/2/logn
and 02, = n~'/2/logn. Fix v, € Ty. Let T, = [r5,7441] for s =1,--- ,ny and let (7,7) € Ty x ;. Then
1)

T < max max
n3,1 ( ”Y)‘ T 1<i<ng 1<s<ny

1
T reT V’I(’L?))71 (TSﬂ’YZ)‘
Yy T

_y®
W sup max sup ‘Vngl ) = Vaga (T, 7)) - (B.4)

Let V; = (W, Y;)T and ¢ (1,7) = h= 9 f (mir | X;) o1 H (r, X;) " i Kij. Introducing @1, (V;, V)

=[5 (1,7) ¥, (57) + 55s (T,77) ¥, (€i7)], we can write V7(113),1 (1,7) as n=3/2 St Piry (V;, Vi) plus the
U-statistic

U (T 'Y Z (I'lr'y (2 ])

1<2<J<n

It is straightforward to show that n=3/23"" &, (Vi,V;) = Op(n~Y/2h=9x) = op (1) uniformly in
(1,7) . By the Hoeffding decomposition we have

Un () = 22 {0 (r,7) + U2 (r,) }, (8.5

where

U’Ell) (T?,Y) = n1/2 Z/(I)IT’Y [2) ] dP( )

n

U () = e O [P AV - [ @ 05V 0) - [ e (Vv ap ()]

1<i<j<n

and P (V;) denotes the distribution of V;. Noting that f@lm (Vi,V;)dP (Vi) = h=X E;[f (mir |[W5)
eTH (1, X;) " ;i Kij i 11, (€57), it is straightforward to show that
1 - _
U (r,7) = A Z/f(mlei)ﬁTH(ﬂXi) luj7¢Kij<Pi7dP(W)¢T (ej7)
- m/aZ//f G+, 2) X+ b, ) L H (7, X+ o) 7 () K (0)

o (X + h,2'),7) [ (X + ho, 2) dvdz’ . (gj7)
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1

s Z/f 7 (X5, N1, 2) (G, ) €D H (7, X)) Bow (X5, 2),7) 20, (e50)

€o

nzg/ F G 1 05) ™ @ (06, 2),7) 42/ (e5)

1

€o

= a1/2 Z b(X5,7) - (g57) (B.6)

n

where we use the fact that H (7, X;) = f(m (7, X;)|X;) f (X;)H and that m (7,W;) = m (7, X;) +
n~1/2§ (1, W;j). For @1, (V;,V;) define My15 (s =1,2,3,4) and My (s = 1,2,3) as in Lemma C.2. It

iy Vj
is easy to verify that

Muyi1 = Muyo =0 (h™™") | Myyg = Myig = O(h—dx (),
My = O(h™29%), Mg = O(R72%), and M,93 = O(h~34x),

4
which implies that E [Uﬁf) (Tsm)} = O (n~2(p~4dxn/(4+n) 4 p=2dx))  Fix e > 0. By Lemma C.2(i)
and the Markov inequality,

(2) ‘ > < ( 2) > /2 )
P (v, 0 oo 2 ) < v e (0 ) 2
< nlngO (n_ (h—4dxn/(4+n)+h—2dx))

= 0 (n_l(h_4dx’7/(4+”) + h™2dx)p=dx/2 og n) =o0(1).

Thus
(2) _
max max [UR (r5)| = op (1). (B.7)
Next, write
1
)VnB 1 ) — Vg?;),l (7-8771)‘
1 n n .
= iy 2 [Vr (6r) = vr, (652 )] D F (mar |X0) e H (0, X0) ™" Kooy
j=1 i=1
1 n . n
e O |[F (mirl X e H (7, X0) ™ = f (i [X0) €] H (r0s X7 | v (60 1Ky
i=1 j=1
n n
—1
n3/2hdx SN b, (g | min, | Xa) el H (74, X3) ™ K (‘P'm - @ivl)
=1 j5=1

= Van (7—7 Ts37s 7[) + Viao (T, Tsy s P)/l) + Viss (T, Ts37s P)/l) .

First, by the boundedness of ¢, the absolute value of V,,31 (7, 7s;7,;) is no bigger than

1 n
) g 22| min X
i=1

The second term in the last expression is Op (1) uniformly in j whereas the first term is op (1) uniformly
in 7 such that |7 — 7,| = o (n~'/2) by the stochastic equicontinuity of {n~'/2 iU (gjr) T ETY
(cf. the proof of Theorem 4.3). It follows that max;<j<n, SUp,cr, MaxXi<s<n, 31 (TyTs37,71) |

n

H (7, X3) ' 11y Kij
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= op(1). Similarly, by the fact that that H (7, X;) = f(m(r,X;)|X;) f(X;) H and m (r,W;) =
m (7, X;)+ n1/2§ (7, W;) under Hi,, we can readily show that maxi<;<p, SUPy e, MaX1<s<n, SUP T,
[Vis2 (7,75;9,7;) | = op (1) . By the boundedness of the conditional and marginal densities, we have

|Vn33 (T Tsy 7> ’Yl 1/2 Z Piy — @z'yl

1 <o
nth Z €1 HM],LKU
j=1

The second term is Op (1) uniformly in j whereas the first term is op (1) uniformly in 7 such that
v =l = o (n~1/?) . Hence maxi<icn, SUp,er, maxi<s<n, SUPrer, |Vazs (7,757, 7) | = 0p (1) These
results, together with (B.4) and the analysis of U, (7,7) (esp. (B.5)-(B.7)), imply that uniformly in
(7:7)

Viiga (7,7) Z (e5) +op (1), (B8)

Now we study Vn:),) 1 (7,7) defined in (B.3). By Proposition B.5, uniformly in (7,7)

I v _
VAL = e YO S W) iy el H (7, X0) ™ (s [ W) 6 (7, W) g Ky + o (1)
i=1 j=1
= WZZE’ [f (mir|W3) @61 H (Tin)ilﬂj,iKij} f(my-|W;) 6 (1, W;) +op (1)
i=1 j=1
c n
= D W) 6 (r W) b(X.) +op (1), (B.9)
j=1

where we have used the fact that f (m|W;) = f (m (1, X;) |X;) + Op(n~/2) under Hy,. Combining
(B.3), (B.8), and (B.9) yields

Vo (7, 1/226 5 (i) = 27 f (mye | W) 6 (7. W) b (X, 7) +0p (1), (B.10)
j=1

where op (1) holds uniformly in (7,7).

Analogously to the proof of Vsﬁ,) (7,7) but with the application of Lemma C.2(ii) in place of Lemma
C.2(i), we can show that

Sup sup [V 2 (7,7)| = Op (n™2(Ah8) =01/ 01H0) o p=2(x, p)=3)p=0x/210g ) = op (1) (B.11)
~yel' reT

Now, by Proposition B.1 and Assumption B6, uniformly in (7,~)
Vn33 T ’Y Zf m’LT|W )@17+0P( ) (B12)

Combining (B.2) and (B.10)-(B.12) yields the desired result. m

Proposition B.7 Under Hy,,, Vyy (7,7) = n~1/? S G (—gir /An)—G (=Wir [ An)] sy = —con /2 S
(X, Y)Y, (gir) + A (1,7) + op (1) uniformly in (7,7).
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Proof. By the Taylor expansion

I _ ~
Vi (T, 7) = \/HT Z G(l) (_Ei'r//\n) (ui'r - 5i‘r) (pz"y )\2 Z G(2 61’7—//\'@) (uiT - 51’7’)2 Piry

n =1

6\/»)\3 Z G(S) SiT/)‘n) (aw' - Ei‘r)3 Piry + R <T7 7)
n =1

= Vaar (7,79) + Vi (7,7) + Vaas (1,7) + Ry (7,7) (B.13)

where R,1 (1,7) = (1/6)”71/2)‘;3 Z?:l [G(B) (=Wir/An) — G® (_uiv'/)‘n)] (Wir — 52'7')3 Pir with ;- ly-
ing between u;, and ¢;;. By Proposition B.6, it suffices to show the last three terms in (B.13) are
uniformly op (1) .

By Proposition B.3(ii) and the boundedness of ¢,

Similarly, we have sup.cp sup, ez [Vaas (7,7)| = Op (n = h=34x/2(log n)?/?) Op (140127 7%/%(log n)'/?)
= op (1). Assumption B5 implies that for all |¢ —e*| < § < Ag, |G (e*) = G®) (g) | < 6§G* (&) .In fact,
one chooses G* (¢) = cq1(|e|] < 24¢) if G® (g) has compact support and is Lipschitz continuous, and
chooses G* (¢) = cgl(le] < 2A¢) + |e — Ag|™701(|e] > 2Ag). In each case, G* (¢) is bounded and
integrable and behaves like the kernel function K (). Let ¥, = maxi<i<p SUp,c7 |Uir — €| Then
¥, = Op(n~2h=9x/2/Togn +n~"?) = 0(\,) so that 9,,/\, < Ag with probability approaching one
(w.p.a. 1). It follows that w.p.a. 1 |G®) (- /An) — G (—gir/A0)| < 9\, G (—€4r /) and

n
sup sup | Vo (7, < Cn'? max sup |[U;r — eir|? su ’G(Q) —&ir /A
76113 TE’IZ)" iz ( ’Y)| - 1<i<n . p | ' ”' TE'IZ)' Qn)\i 1:21 ( 17’/ ﬂ)

= op(nfl/%*dx logn)Op (1 +n~Y2X-3/2\/logn) = op (1).

sup sup [ Ry (7,7)| < Cn!'/20p A% sup —— ZG* —¢ir/An) = Op (n—3/2A;3h—2dX<logn>2)=0p<1)
~yel €T TeT n>\n P

because sup,cr ﬁ S G* (—eir/An) = Op (1) following the proof of Proposition B.3(i). m

~

Proposition B.8 max;<j<nSup.er ‘b (Xj,v) —b(Xj, 'y)‘ = Op(nfl/th_dX/Z\/logn + RP ).

Proof. Masry (1996) proved that the almost sure uniform convergence result holds (uniformly in
X;) for general local polynomial estimates under strong mixing conditions. It is straightforward to
extend his result to allow the result also to hold uniformly in « by the standard chaining argument.
Note here we only need convergence in probability. See also Hansen (2008). m

. _ i+ L— ~ _ i+ L— _
Proposition B.9 L™2 510 r — G (—eir/A)|2iy = L7200 — L(eir < 0)]py, + 0p (1)
uniformly in (1,7) € T x I', where we recall that ¢, = ¢ (Wi, ) — cob (Xi,7) and B, = ¢ (Wi, ) —

cob (Xi,7) -

Proof. Write L=Y/2 Y M1 — @ (=€jr/An)]®jy as

i+L—1 +L—1
L7220 [r=1(gr 0)@y, + L72 )  [1(ejr <0) = G (€52 /M) B;,
oL ~V/? Z_ [r — G (—&ir /An)][b(Xj,7) — b(X5,7)]. (B.14)
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Tt suffices to show that the last two terms are op (1) uniformly in (7,v) € 7 x I'. The last term is no
bigger than
+L-1
L2y ‘b(XM) —b(X;,7)| = L"?0p(n~2h, X2\ /logn + h* 1) = op (1)
j=i

Now, write the second term in (B.14) as

i+L—1
L7200 {1(gjr <0) = 7= G (—€jr/An) + E; [G (—£j:/20)]} B,
H+LTV2 N {r = B [G (—gjr M)} By

The second term is Op (L'/2A) = op (1) uniformly in (7,v) by Proposition B.1(i). Partition (7 x I') as
in the proof of Proposition B.4. By the stochastic equicontinuity of L~/ 231571[1 (ejr <0) =755,
and L~1/2 Z;iffl {G (=¢jr/An) — Ej[G (—€j-/ n)]}P;, as proved in Theorem 4.3 and Proposition
B.4, we have

i+L—1
sup sup |L~/? Z {1(gjr <0) =7 =G (—€jr /M) + E; [G (—€jr [ M0)]} P
yel reT =i
itL—1

< max max |L7Y/? Z {1(gjr, €0) =7k — G (—€ir, /An) + Ei [G (—€jr, [ An)]} By, | + 0P (1)
j=i

1<i<ng 1<k<n;

Analogously to the proof of Proposition B.4, it is straightforward to show that the dominating term in
the last expression is op (1) by another application of Lemma C.3. m

Proposition B.10 L~!/2 z;if_l[G (—€ir /M) =G (= Uir [ An)]Ps, = op (1) uniformly in (7,v) € T xT.

Proof. The proof is analogous to that of Proposition B.7. The difference is that one now needs to
apply Proposition B.8 and the fact that L = o (nl/z) .

C Some Technical Lemmas

This appendix presents some technical lemmas that are used in proving the main results.

Lemma C.1 Let {V;,i > 1} be a v-dimensional strong mizing process with mizing coefficient o (-) . Let

F;, ..., denote the distribution function of (Vi,, ..., Vi, ). For any integer m > 1 and integers (i1, ..., m)
such that1 < iy <iz < -+ <y, let 0 be a Borel measurable function such that maz{ [ |0 (vy, - - - ,vm)\H"

dF;, ... i, (1, ) dEs 41, iy, (Ujg1s o 3 0m) [ 10 (01, - ,vm)|1+7~’ dF;, ... i, } < M, for some > 0.
Then | f0 (’Ul, cee ’UT’) dF¢17... Jim (U~1, c '~, Um) - f0 (’Ul, s ,Um) dFih... Jij (’Ul7 s ,’Uj) dFij+1,~~~ Jim (Uj-‘rlv
Com)| < 4M71L/(1+71)a (41 — ij)ﬂ/(1+n) )
Proof. See Lemma 2.1 of Sun and Chiang (1997). m

Let P(V;) denote the probability law of a random variable V;. Let 1 < iy,4a,...,4x < n be arbitrary
positive integers. For any j (1 < j < k), define a collection of probability measures 73]’-“ by
Pf Vi, Vi) = {Pf (Viys oy Vi) =T_ P(V,) : V is a subset of {V;,,..., Vi, },

U_ V., ={Vi,,.Vi}, and V, NV, =@ forall 1 <t # s gj}.
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In the following, we frequently suppress the arguments of Pf and 73]’-c when no confusion can arise. For
example, when k = 2, we use maxj <i, i, <n MaX<j<2 MaXp2ep? Jgso le(v, v, )|dP? to denote

max max{ {le (o)l dF i on,00), |so<v1,v2>|dfm(m)dm(vg)}.
1<iy,io<n R2v R2v

Let Un = 0723105 cipen @ (Viy, i), Where [ (vi,0)dFy, (v) = [ ¢ (v,v2) dF,, (v) = 0 for all i.

Let M(ilu to 77;8) = H?:l(b(vbjfnvizj) and N(ih"' 7Z12) = j:1¢(v12j—17012j)' Let I = {ih T 7i8}
and Iz = {i1,--- ,i12} . Define

My1s = max ma max |M (i1, ,ig) |1+’7/4dP9_S, s=1,2,3,4,
1<iog 1 <izp<n,1<k<4 1<g<9 s PIeepdTe J
ex'l(tly 9—s indices
in I; are distinct
M,ss = max max max M (iy,--- ,ig) dP>~%|, s =1,2,3,
1<ing_y <inp<n,1<k<41<j<5-s pi=sepd— J
exactly 5—s indices
in I; are distinct
Nyis = max max ma; |N (i1, ,%12) |H'"/6dP13 5, s=1,---,6,
1<ior—1<iop<n,1<k<61<5<13— sp13 567’13 s
exactl) 13—s indices
in Is are distinct
— . . 13—s _
N,os = max max max N (i1, ,i12) dP; ,s=1,---,5.
1<ing 1 <iop<n,1<Sk<6 1<j<T—s pT—ocpl—* J

(‘xu"rly 7—s indices
in Is are distinct

Lemma C.2 Using the notation defined above,

(i) if S5, 3 ()" 4T < oo for some n > 0, then E [U4] = o2 1n—3—SM§{§4+”) +3%,
n—S—SMn2S).

(i) if Yoo, s"a(s )"/(4+7’) < oo for some n > 0, then E [US] = O(ZS no SNS{SSH') + Z‘:’:l
n75 SNnQS).

Proof. Write
E [Ui] = nis Z Z Z Z ¢(Ui1’vi2)(rb(visavu)¢(vi5,vi6)¢(vi7avis) . (Cl)

1<y <ia<n 1<iz<is<n 1<is<ig<n 1<ir<ig<n

It is easy to show that the terms in the above summation constitute seven cases: for s = 1,2,--- 7,
in case (s) there are exactly 9 — s distinct indices among iy, ..., ig. We will use EU, ) to denote these

cases (s = 1,2,,---7). For case (1), following Yoshihara (1976), let i1, ...,ig be distinct integers with
1<i;<n.Let 1<k <...<kg <n be the permutation of ¢y, ...,4g in ascending order and let d. be
the c-th largest difference among ;1 — k;, j =1,..., 7. Define

H(kla makS) = ¢(vi1vvi2) ¢(vi37vi4) (ZS(Uisa'UiG) ¢(vi7vvis) .

For any 1 < j <7, put P(gg) (E(S)) =P ((viy, .., Vi) € E(g)) , and

P (E(j) x E<8*j>) —p ((%, ) € E(j)) P ((vim,.., Vi) € E<8*J’>) ,
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where £ is a Borel set in RV and v is the dimension of v;. Since [ H (i1, ..., 4s) de(8) =0forj=1,7,
we have, by Lemma C.1 with 77 = n/4,

n—"7 n—=6 n—>»5 n
4/(4+ n
S B (k. ks)]| < 4MppETT 3 Yo Y e (ke -k
1<ki<...<kg<n k1=1ko=ki+max;>z{kj—kj_1} ka=ka+1  ks=kr+1

ko—k1=d,

n—"7 n—6
<Ay NN (ke = ka)° T (ky — )
k1=1ko=ki+1

< 4n' Myt S e (),
j=1
and similarly S1<p <. che<n |[E[H (k1 ..., ks)]| < dnd M2 Sy j3a™7 (4). If for some j, (2 <

]i)g—k?7:d1
ja < 6, 1 <a< 4), kja-i-l* kja = da, then

> B [H (k1 ..y ks)]| < 4n* M7 3" Pad ()
1<ki<...<kg<n j=1
kju+1_kj(y :da(1§(¥§4)

It follows that EU, 1) < Zl§k1<.4.<k‘8§n |E[H (k1,..., ks)]| = O(n4Mﬁ{§4+n)).
For cases (2)-(4), by using Lemma C.1 repeatedly, we can show that

EUp ) = O(m*MYS), EUL ) = O M), and EU,4y = O(nM2H7).
For all other cases, we can calculate the expectations directly to obtain
EUy sy = O(n*Mpa1), EUye) = O(n®My2s), and EU, 7y = O(n* Myas3).

The result in (i) follows. The proof of (ii) is analogous and thus is omitted. m

Lemma C.3 Let {¢, € R%,t =1,2,...} be a strong mizing process, not necessarily stationary, with the
mizing coefficients a (t) satisfying Y ;o a (t) < co. Suppose that ¢, : R? — R is a measurable function
such that E [¢,, (&,)] = 0, and |sy (§,)] < M, for everyt = 1,2, ... Then for any €* > 0,

P < n-! Zgn (&)

" 2
where 1< py < n/2, 0% (pn) = suP1<j<ap, max {07, .05, 11}, 05, = B[S <n (§44)] 5 and Cis,
i =20,1,2,3, are constants that do not depend on n, €, M,,, and p,.

*2
npp€ M, n
<C - Csy =2 =a(p, + 1),
>€> - OGXP< C’10—2 (pn)+C2ann (pn+1)€*> ’ € pna(p + )

Proof. See Lemma 5.2 in Shen and Huang (1998). =
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