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Abstract

This paper proposes a test for the slope homogeneity in large dimensional panel data models with
interactive fixed effects based on a measure of goodness-of-fit (R?). We first obtain, for each cross-
sectional unit, the R? from the time series regression of residuals on the constant and observable
regressors and then construct the test statistic R? as an equally weighted average of the cross-
sectional R?’s. R? is close to 0 under the null hypothesis of homogenous slopes and deviates away
from 0 otherwise. We show that after being appropriately centered and scaled, R? is asymptotically
normally distributed under the null and a sequence of Pitman local alternatives. To improve the
finite sample performance of the test, we also propose a bootstrap procedure to obtain the bootstrap
p-values and justify its validity. Monte Carlo simulations suggest that the test has correct size and
satisfactory power, and is superior to a recent test proposed by Pesaran and Yamagata (2008) that
neglects cross-sectional dependence in panel data models. We apply our tests to study the OECD

economic growth model and the Fama-French three factor model for asset returns.
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1 Introduction

Recently large dimensional panel data models with interactive fixed effects have attracted huge attention
in econometrics. Pesaran (2006) proposed a number of estimators [referred to as common correlated
effects (CCE) estimators] for heterogeneous panels and derived their asymptotic normal distributions
under fairly general conditions. Bai (2009a) studied identification, consistency, and the limiting distri-
bution of the principal component analysis (PCA) estimators and demonstrated that they are VNT
consistent, where N and T refer to the individual and time series dimensions, respectively. Kapetanios
and Pesaran (2007) proposed a factor-augmented estimator by augmenting a linear panel data model
with estimated common factors to account for cross sectional dependence and studied its finite sample
properties via Monte Carlo simulations. Greenaway-McGrevy, Han and Sul (2010) formally established
the asymptotic distribution of this estimator and provided specific conditions under which the estimated
factors can be used in place of the latent factors in the regression. Moon and Weidner (2010b) con-
sidered dynamic linear panel regression models with interactive fixed effects, and found that there are
two sources of asymptotic biases for the Gaussian quasi maximum likelihood estimator (QMLE): one
is due to correlation or heteroscedasticity of the idiosyncratic error term and the other is the presence
of predetermined regressor. In addition, Moon and Weidner (2010a) discussed the validity of QMLE
method for panel data models when the number of factors as interactive fixed effects is unknown and has
to be chosen according to certain information criteria. Pesaran and Tosetti (2011) considered estimation
of panel data models with a multifactor error structure and spatial error correlations and found that
Pesaran’s CCE procedure continues to yield consistent and asymptotically normal estimates of the slope
coefficients.

Panel data models with interactive fixed effects are useful modelling paradigm. In macroeconomics,
incorporating interactive effects can account for the heterogenous impact of unobservable common
shocks, while the regressors can be such input as labor and capital. In finance, combination of un-
observed factors and observed covariates can explain the excess returns of assets. In microeconomics,
panel data models with interactive fixed effects can incorporate unmeasured skills or unobservable char-
acteristics to study the individual wage rate. Nevertheless, in most empirical studies it is commonly
assumed that the coefficients of the observed regressors are homogeneous. In fact, most of the literature
reviewed above is developed for homogeneous panel data models with interactive fixed effects. The only
exceptions are Pesaran (2006), Kapetanios and Pesaran (2007) and Pesaran and Tosetti (2011) that
are applicable to heterogeneous panels but typically require certain rank conditions to satisfy in order
to estimate individual slopes. Su and Jin (2010) extended Pesaran (2006) to nonparametric regression
with a multi-factor error structure.

Slope homogeneity assumption greatly simplifies the estimation and inference process and the pro-
posed estimator can be efficient if there is no heterogeneity in individual slopes. Nevertheless, if the
slope homogeneity assumption is not true, estimates based on panel data models with homogeneous
slopes can be inconsistent and lead to misleading statistical inference, see, for example, Hsiao (2003,
Chapter 6) and Baltagi, Bresson and Pirotte (2008). So it is necessary and prudent to test for slope

homogeneity before imposing it.



There are many studies on testing for slope homogeneity in the panel data literature, see Pesaran,
Smith and Im (1996), Phillips and Sul (2003), Pesaran and Yamagata (2008, PY hereafter), Blomquist
(2010), Lin (2010), Jin and Su (2011), among others. Pesaran, Smith and Im (1996) proposed a
Hausman-type test by comparing the standard fixed effects estimator with the mean group estimator.
Phillips and Sul (2003) also proposed a Hausman-type test for slope homogeneity for AR(1) panel data
models in the presence of cross-sectional dependence. Recently, PY developed a standardized version of
Swamy’s test for the slope homogeneity in large panel data model with fixed effects and unconditional
heteroscedasticity, and Blomquist (2010) proposed a bootstrap version of PY’s Swamy test that is
claimed to be robust to general forms of cross-sectional dependence and serial correlation. Lin (2010)
proposed a test for slope homogeneity in a linear panel data models with fixed effects and conditional
heteroscedasticity. Jin and Su (2011) proposed a nonparametric test for poolability in nonparametric
regression models with a multi-factor error structure. Nevertheless, to the best of our knowledge, there
is no available test of slope homogeneity for large dimensional panel data models with interactive fixed
effects.

In this paper we consider a test of slope homogeneity in large dimensional panel data models with
interactive fixed effects based on a measure of goodness-of-fit (R22). Under the null hypothesis of homoge-
nous slopes, the residuals from Bai’s (2009a) PCA estimation should not contain any useful information
about the observable regressors. This motivates us to construct a residual-based test. We first estimate
a restricted model by imposing slope homogeneity and adopting Bai’s estimation procedure. Then we
obtain the cross-sectional R?’s by running the time series regression of residuals on the constant and ob-
servable regressors for each cross-sectional unit. Our test statistic R? is constructed as a simple average
of these cross-sectional R?’s. Under the null, R? should be close to 0 and deviates away from 0 other-
wise. We show that after being appropriately standardized, R? is asymptotically normally distributed
under the null hypothesis and a sequence of Pitman local alternatives. We also propose a bootstrap
method to obtain the bootstrap p-values to improve the finite sample performance of our test and justify
its asymptotic validity. In the Monte Carlo experiments, we show that the test has correct size and
satisfactory power. We also compare it with a recent test proposed by PY that neglects cross-sectional
dependence in panel data models and Blomquist’s (2010) bootstrap version of PY’s test. Simulations
suggest that the latter test, with or without bootstrapping, has huge size distortions in the presence of
cross-sectional dependence. We apply our test to the OECD economic growth data and reject the null
of homogeneous slopes. We also apply our test to the Fama-French three factor model to assess how
well these three factors can approximate the latent factors in that model.

To sum up, our R?-based test has several advantages. First, the intuition as detailed above is clear.
Like many other goodness-of-fit types of tests in the literature, it is a consistent test and has power in

1/2 rate which is also obtained

detecting local alternatives converging to the null at the usual N—1/47—
by PY. Second, unlike PY’s test that requires estimation under both the null and alternative, we only
require estimation of the panel data models under the null hypothesis. This is extremely important
because Bai’s (2009a) PCA estimation is only applicable to homogeneous large dimensional panels with
interactive fixed effects. The estimation of the model under the alternative would require us to assume

certain rank conditions that are not needed here in order to apply Pesaran’s (2006) CCE procedure.



Third, the local asymptotic behavior of our test statistic is tractable. In order to analyze the asymptotic
local power property of our test, we need to extend Bai’s (2009a) asymptotic distribution theory from
the case of homogenous slopes to the case where local deviations from the null are allowed [see eq.
(3.2) below]. As demonstrated in the appendix, this extension is nontrivial. The local deviations
affect the asymptotic behavior of the estimator of the dominant component, i.e., 8 in eq. (3.2), in the
heterogenous slope parameters and the asymptotic mean of our test statistic in a fairly complicated
but tractable manner. Fourth, due to the measurement-unit-free and self-normalizing nature of R?,
our non-normalized test statistic has transparent asymptotic bias and variance formulae, which can be
easily estimated.

The remainder of the paper is organized as follows. In Section 2, we introduce the hypotheses and
the test statistic. In Section 3 we derive the asymptotic distributions of our test statistic under both
the null and a sequence of local Pitman alternatives, and propose a bootstrap procedure to obtain the
p-values for our test. We also remark on the other potential applications and extensions of our test. In
Section 4, we conduct Monte Carlo experiments to evaluate the finite sample performance of our test
and apply it to the OECD economic growth data and the Fama-French three factor model and data.
Section 5 concludes. All proofs are relegated to the Appendix.

To proceed, we adopt the following notation. For an m x n matrix A, we use ||A|| to denote its
Frobenius norm, i.e. [tr(A’A)]'/2. Let P4 = A(A’A)"'A’ and M4 = I,,, — A(A’A)~' A’ where = means
“is defined as”. When A is a symmetric matrix, we use Apax(A) and Apin(A) respectively to denote its
maximum and minimum eigenvalues and A > 0 to denote that A is positive definite. Let ir and I,
denote a T x 1 vector of ones and an m X m identity matrix, respectively. Let L = %iTi'T. We use p.s.d.
to abbreviate positive semidefinite. Moreover, the operator L, denotes convergence in probability, and
4, convergence in distribution. We use (V,T') — oo to denote the joint convergence of N and T' when

N and T pass to the infinity simultaneously.

2 Basic Framework

In this section, we first specify the null and alternative hypotheses, then introduce the estimation of the
restricted model under the null, and finally propose a test statistic based on the average of goodness-of-fit

measures.

2.1 The model and hypotheses
Consider the heterogeneous panel data model with interactive fixed effects
Yi = BiXu + NFy+eu, i=1,.,N, t =1,....T, (2.1)

where X;; is a K x 1 vector of strictly exogenous regressors, /3, is a K x 1 vector of unknown slope
coeflicients, A; is a r x 1 vector of factor loadings, and F; is a r x 1 vector of common factors,
is idiosyncratic error, and (;, A;, F} and €;; are unobserved. Here {\;} and {F;} may be potentially
correlated with {X;;}. For simplicity, we will assume that e;; satisfy certain martingale difference

condition along time dimension ¢ and are independent across the cross sectional dimension 1.



The null hypothesis of interest is
Ho: 8; = 3 for some § € RE Vi =1,...,N. (2.2)

The alternative hypothesis is
Hy: 8; # B, for some i # j. (2.3)

To construct a residual-based test for the above null hypothesis, we need to estimate the model
under the null hypothesis and obtain the residuals from the regression. Then for each cross sectional
unit ¢, we run the linear regression of the residuals on a constant and X, and calculate R?. Our test

statistic is constructed by averaging these cross sectional R?’s.

2.2 Estimation of the restricted model

To proceed, we introduce the following notation:

Y; = (Y, Yio, ..., Yir)', Xi = (Xir, Xio, -, Xi)', € = (601,645 - - - 8i1)
F=(F,F,....,Fr), and A = (A, \a, ..., Ax) .

Then under Hy we can write the model (2.1) in vector form as

For the restricted model in (2.4), Bai (2009a) studied the PCA estimators of the homogeneous slope
B, the factor loadings A, and the common factors F', which are given by the solutions of the following

set of nonlinear equations

N I N
B = (ZX;MpXi> > X MY, (2.5)
=1 =1
1 & . P
=) (Yi= XiB)(Yi = Xip)'| F = FVyr, (2.6)
NT ; NT
and .
N = Z[F'(i = X18),.... F'(Yy — XnB)], (2.7)

where V7 is a diagonal matrix that consists of the r largest eigenvalues of the bracketed matrix in
(2.6), arranged in decreasing order. To obtain the above results, we need to impose some identification
restrictions:

F'F/T = I, and A’A = diagonal.
Bai (2009a) suggested a robust iteration scheme to estimate (3, F, A). The procedure goes as follows:
1. Obtain an initial estimator (F', A) of (F, A).

2. Given F' and A, compute



3. Given 3, compute F' according to (2.6) (multiplied by v/T due to the restriction that F'F/T = I,

and calculate A using formula (2.7).
4. Repeat steps 2 and 3 until (B, a , A) satisfies certain convergence criterion.

After obtalmng (,5’ ﬁ’ A) we can estimate €; by & =Y; — Xi,@ — FS\Z under the null, where F=
= (A1,

(Fl, By, ... FT) Aa, ,S\N)’ and &; = (81,842, .. 7éiT)/. Then it is easy to verify that
g = Mp€i+MpXi(ﬁ—B) + MpFX + MpXi(8; — B) (2.8)
by noting that F'\; = Pi(Y; — X; B) according to (2.7).

2.3 A R?-based test for slope homogeneity
We consider the time series linear regression model
{-A:it :51+¢;X1t+7]“§, t= :I.,...,CZ—‘7 (29)

for each cross sectional unit ¢ = 1,..., N, where n,, is the error term. Under the null hypothesis of

homogeneous slopes, we expect ¢; = 0 for all 4, because
Eit = (B — B) Xit + N Fy — N Fy + et

where 8 — 8 £ 0 and /\;-Ft — 5\2-13} % 0 under Hy. Thus the goodness-of-fit measure R? for the above

regression should be close to 0. Under the alternative hypothesis,
i = (B; — B) Xie + N Fy — M Ey + e

In general, 5, — B does not converge to 0 in probability and hence R? should deviate from 0. This
enlightens us to propose a test based on an average of cross sectional R?.

Under the null, we first estimate the restricted panel data model with interactive fixed effects

Yz:Xl,B—‘y-F/\l—FEZ, Zzl,,N

Then we run the individual time series regression of &;; on Z/, = (1, X/,) fori =1,..., N, i.e.,

g = Zi'Yi + 1,
where v, = (85,85, Z; = (ir, X;), and 1, = (11,749, -, ;7). For each cross sectional unit i, we
calculate

T _
ESS; t;( il — &)’ _ &/(Pz, — L)&;
T T MG
(e~ E)2 oS

where ESS; = Zt (ZLA; — )2, TSS; = Zt (B —8)% =T ZZ;I &it, and My = Ir — L. We

define the average goodness-of-fit for all individual time series regressions as

RZ=

=759 = (2.10)

R%, = ZR2 (2.11)



which is used to test for slope homogeneity in the panel data model with interactive fixed effects. Clearly,
0< R?\,T < 1 by construction. It is close to 0 under Hy because {;:} contains no useful information
about {X;;} and deviates from 0 otherwise. We will show that after being appropriately centered
and scaled, R%, is asymptotically normally distributed under the null and a sequence of Pitman local

alternatives.

2.4 Alternative approaches

Alternatively, we can consider estimating the model (2.1) under the null and alternative hypotheses
respectively, and comparing the restricted and unrestricted estimators of 3, in the spirit of Hausman
test. Nevertheless, Bai’s (2009) iterative PCA method is not applicable to heterogenous panel data
models and we have to resort to Pesaran’s (2006) CCE method to obtain the unrestricted estimators of
B;, i =1,.., N. The latter method would require that certain rank conditions must be satisfied, which
are not needed in this paper.

PY (2008) propose a test of slope homogeneity for large panel data models with fixed effects. Specif-
ically, they consider testing the null that 5, = (3 for all ¢ in the following conventional fixed effects panel
data model:

Yie=o; +B8:Xit +eig, i=1,..,N, t=1,...,T. (2.12)

To construct their test statistic, one needs to run both restricted and unrestricted regressions. Let

B, = (X!MyX:)~ ' X!MyY;,
. N Ry
Brp = ZileiMoXi ZileiMoYi,
P N ~—2 / ! N ~—2 /
Pwre = Zi:l 0 py XiMoX; Zi:l 0, py XiMoYi,

where &7 py = (T — )Y = X!Bpg) Mo(Y; — X!Bpg). PY’s standardized Swamy test statistic is

. N(T+1) ( N7ISPY _ K
APY = TEK _)1 ( = , (2.13)
where N
. A P XIMoX; (s -
SPY = Z (/Bi - /BWFE) ~2—O (5i - BWFE) : (2.14)
i=1 0i.ry

PY (2008) prove that Af(}; 4N (0,1) under certain regularity conditions.

Here, we can also apply PY’s (2008) method to test ¢, = ¢ = 0 for all 7 in (2.9). In this case, we
only need to obtain the unrestricted estimate of ¢; by qASZ = (X{MOXZ-)*1 X[Myé; because the analogue
of either Bpp or By pp is given by 0. Let 62 = (T — 1)~ '&,My&;. Then we can consider the following

analogue of STY :

N
S= Z ([ﬁl - O)I XZ/LQOXZ (¢z - 0) = Zé;MOXi (X]MoX;) ™" X[ Mo;/572.

EN|



In view of the fact that MyX; (X{MoXi)_l X!My = Pz, — L,! it is interesting to see that

N .

&/(Py, — L)& 1Y
S=(T-1 Ziv 4 P N(T-1)=Y R2=N(T-1)R%.
( ); e, ( )N; ; ( ) Ry

That is, PY’s non-standardized Swamy test statistic S is proportional to our average R>-test statistic
R3%;. Unfortunately, PY’s standardization method in (2.13) does not work in our setup due to the slow

convergence rates of the estimators of the factors and factor loadings.

3 Asymptotic Distributions

In this section we first present a set of assumptions that are necessary for asymptotic analyses, and then
study the asymptotic distributions of R?VT under the null hypothesis and a sequence of Pitman local

alternatives. We also propose a bootstrap procedure to obtain the bootstrap p-values for our test.

3.1 Assumptions

Let F = {F : F'F/T = I,.}. Let F; (&;) denote the o-field generated by {g;,...,€;1}. Let M denote a

generic positive constant whose value may change across lines. We make the following assumptions.

Assumption Al. (i) E||X;||* < M and I;nf}_D(F) > 0, where
€

N
D(F) = 517 S XIMpX; — o |50 S0 X{ My Xy (3.1)

and a;p = Nj(AA/N) =1\

(i) E||F||* < M and T7! Zthl F,F 25 %5 > 0 for some r x 7 matrix Xp as T — oc.

(i) E||N\i]]* < M and AA/N 25 5 > 0 for some r x 7 matrix ¥ as N — oo.

(iv) Let Z; = (Zin, ..., Zir)' where Zy = (1, X1,) . T2/ Z; X5 ¥ 5. > 0 for some (K + 1) x (K + 1)
matrix Xz, as T — 00. miny<;<n Amin (Xz,) > ¢ for some ¢, > 0.

(v) Let i = || Xaal 2 = Bl Xatl 2. & S0ty 3701 B (sirsje) < M oand 43,2, S0 E (irsis) < M.

(vi) Let ¢; = ||Mi]|> — E||A\i]|?. There exists an even number ¥ > 2 such that E||¢;||” < M, and
T Siis i ig<n B (CinCignoGiy ) < M.

Assumption A2. (i) g; is independent of Xj,, \;, and F for all ¢, ¢, j and s. E(e},) < M.

(ii) €4, i = 1, ..., N, are mutually independent of each other.

Assumption A3. (i) For each 4, {€;s, 7 (€;)} is a martingale difference sequence (m.d.s.) such that
E[eit] Fi—1(gi)] = 0 as.

ivip  iLX;
Xlir XX
Intuitively, noting that MoX; (X;MoXl-) -1 X!Mp and L are projection matrices associated with the space spanned by the

IThis can be proven by noticing that Z;Z] = < > and using the inverse formula for partitioned matrix.

column vectors of MoX; and ir, respectively, Pz, is a projection matrix associated with the space spanned by the column
vectors of Z;, or equivalently [i7, MoX;,], we must have MyX; (X;MoXi)71 X!My + L =Pz, as (MoX;)"ir =0.



(i) E [e%|Fi—1 (es)] = o7 a.s. such that ¢, < minj<;<y 07 < maxi<;<y 07 < G, for some ¢,,Cr €
(0,00) .

(iii) Let §; =}, —0}. E |€it|ﬁ < M and W sz\; Doi<titon o<t B (fitlgit2-~-fitﬁ) < M, where
9 is given in Al(vi).

Assumption A4. (i) As (N,T) — oo, N/T? — 0, T/N3/? — 0.

(ii) As (N,T) — oo, NY/2+2/9 /1 . 0.

A1(i), A1(ii)-(iii), and A2(i) are identical to Assumptions A, B, and D in Bai (2009a), respectively.
They are required for identification and consistent estimation of the parameters in the model. As Moon
and Meidner (2010b) show, we can relax A2(i) to allow lagged dependent variables as regressors, but
the proof strategy will be totally different from that in Bai (2009a). A1(iv)-(vi) are new and needed to
establish the asymptotic distribution of our test statistic. A1(iv) implies that the minimum eigenvalue of
T=1Z!Z; is also uniformly bounded below from 0 with probability approaching 1 as (N,T) — oco. Al(v)
and (vi) impose restrictions on the dependence among {X;:} and {);}. In addition, Al(vi) strengthens
the moment conditions of A; in A1(iii).

A2(ii) rules out cross sectional dependence between &;’s and A3(i) rules out serial dependence among
{eit,t > 1} . It is worth mentioning that either assumption can be relaxed and neither one causes much
further technical difficulty in establishing the asymptotic normal distribution of our test statistic under
the null provided the other one is assumed. Nevertheless, given the complicated form of the dominant
term in our test statistic, it seems extremely difficult to relax both assumptions simultaneously unless
one wants to impose that certain version of central limit theorem (CLT) holds for a complicated U-
statistic as in Bai (2009a).? In this paper, we impose both assumptions for the simplicity of estimating
the asymptotic variance of our test statistic. See Remark 2 after Theorem 3.1.°

A3(ii) imposes conditional homoskedasticity along the time dimension but not along the cross sec-
tional dimension. It can be relaxed at the cost of further complication in the derivation of our distrib-
utional theory. A3(iii) imposes some moment conditions that are needed to verify the martingale CLT
and to prove the consistency of the estimates for the asymptotic bias and variance for our test statistic.

A4 imposes some conditions on the rate at which N and T pass to the infinity, and the interaction of
(N, T) with 9. A4(i) is also assumed in previous literature on panel data models with interactive fixed
effects [e.g., Bai (2009a), Theorem 4]. A4(ii) is new and will be needed to establish the consistency of
the estimate of the asymptotic variance of our test statistic. Under A4(ii), N/T? — 0 in A4(i) becomes

redundant.

2Without using either A2(ii) or A3(i), Bai (2009a) assumes instead that a high level CLT holds for some U-statistic
under some moment conditions. Nevertheless, the U-statistic that drives the asymptotic normal distribution of our test
statistic is much more complicated than that studied by Bai (2009a). Moreover, even though we can assume ad hoc that
some CLT holds for our U-statistic, we find that it seems impossible to estimate the asymptotic variance consistently

under the null without either A2(ii) or A3(i).
3 Assumptions A2(i)-(ii) are also implied by Assumptions 1-3 in Pesaran (2006).



3.2 Asymptotic null distribution

Let h; s denote the (¢, s)th element of H; = Mp(Pz, — L)Mp. Define

1 5‘2h'tt
B = 1t
M N ;t:l T-'TSS;’
9 N
Ve = 52 > B
i=1 1<t#s<T
JNT = \/NTR?VTfBNT.

The following theorem states the asymptotic null distribution of the infeasible statistic Jy7.
Theorem 3.1 Suppose Assumptions A1-A4 hold. Then under Hy,

Int —5 N(0, Vo)
where Vo = lim(n 7)o VNT-

Remark 1. The proof of the above theorem is tedious and relegated to the appendix. The key step
in the proof is to show that under Hy, Jyr = Rin7,1 + op(1), where

N
1 2
RinT1 = —\/N E o; E €it€isNi ts-
i=1

1<s#£t<T

With this, we can apply the martingale central limit theorem (CLT) to show that Rin71 N (0, Vo)
under Assumptions Al-A4. * Note that Vi would be observed if the factor F were observable. In this
sense, we can say that Jy7 is almost asymptotically pivotal. This is one of the advantages to base a

test on the measure of goodness-of-fit.

Remark 2. As mentioned above, either Assumption A2(ii) or A3(i) can be relaxed. If we relax
A2(ii) to allow for cross sectional dependence among &;, we can modify the proof of (B.1) in Appendix
B and show that Rin7,1 continues to satisfy the martingale CLT under some auxiliary conditions.

Specifically, we can replace A2(ii) by the following assumption:

Assumption A5. Let €.+ = (e14,...,ent)". Let Fn ¢ (€5, €5) and Fy ¢ (€) denote the o-field generated
by {(€it,€5t) 5 (€it—1,€5.6—1) s -y (€i1,€51)} and {e4,e4-1,...,€.1}, respectively.

(i) For all (¢,7), Eleit| Fn,t—1 (€i,€5)] =0 a.s.

(ii) For all (2,4, k,1), Eleicje| Fni—1 (€)] = wij a.s. and Elejejicpcis| Fn -1 (€)] = Kijrr a.s. More-

over 1 1

— E wiil <M, — g Kiikl| < M, and max ki < M.

N - | Zj| = » N2 Z | ljk}l‘ = ) 1<, <N 5] X
1<i,j<N 1<i,g,k, <N

4Note that h; ¢s depends on F' and X;. Without Assumptions A2-A3, we cannot establish this asymptotic normality
result.
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Then under Assumptions Al, A2(i), A3-A5, we can show that Rin7 1 4, N(0,V4), where V] =

lim(y 7)o VinT, and
-1

N T
Vint = %ZZZZU?U;QW?J’M,I‘/S%,“-

i=1j=1t=2 s=1
Obviously Viyr = Vyr under Assumption A2(ii).
Similarly, if A3(i) is relaxed to allow for some sort of weak dependence among {e;,t > 1} for
each ¢, then under A2(ii), we can apply the CLT for independent heterogenous processes to derive the
asymptotic null distribution of our test statistic. In this case, we can replace A3(i) by the following high

level assumption:

Assumption A6. Let ¢; s = €465 — F (e51845) and a? =F (z—:ft) . Uf is uniformly bounded and uni-

_ A1V -8
formly bounded below from 0. Qnr = N"'> ;" 0; letl#ng Zlgtﬁémgp Zlgts#eST Zl§t77ét8§T
E (S t1t2Si,t5t4Si,tsteSistrts) MititoNitats PitstsPitrts = Op (1) .

Noting that each element of h; s is Op(T~1), A6 can be satisfied by assuming some strong mix-
ing conditions on the process {c;, ¢ > 1} and it ensures that the Lindeberg condition holds. Under
Assumptions Al, A2, A3(iii), A4 and A6, we can show that Riny7r1 — Bant -, N(0,V3), where
Bony = N71/2 Zli (T—1TSS;) ! Y i<szt<t B (€it€is) hiys is the bias term to be corrected, Vo =

Hm(N,T)*»oo VvQNTv and

N
—4
Vont = N § § § g; Cov (Eitgisvgirgiq) hi,tshi,rq~

1<s#t<T 1<r#q<T

Under Assumptions A3(i)-(ii), straightforward calculations show that Va7 = Vr and Bayr = 0.

To implement the test, we need to estimate the asymptotic variance Vi y7 in the presence of cross
sectional dependence, and the asymptotic variance Vo7 and the asymptotic bias Boyr in the presence
of serial dependence. Unfortunately, the estimation of such objects seems to be a daunting task which

5 For this reason, we restrict our attention to the case where the

is beyond the scope of this paper.
idiosyncratic error terms ¢;; exhibit neither cross sectional dependence nor serial dependence. Then we
only need consistent estimates of both By and V7 defined above.

We propose to estimate By by

BNT—LNZ

=11

M’ﬂ
ﬂ\

Il
-

and Vyr by

R 9 X
VNT:NZ Zts Ztr H2

i=1 1<t,s<T

5In a related framework, Kim (2010) considers the estimation of the asymptotic variance-covariance (VC) of the
coefficient estimators in linear panel data models that is robust to both spatial and serial dependence. Nevertheless, the

structure of his VC matrix is much simpler than that of our asymptotic variance here.
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where h; 1, is the (£, s)th element of H; = Mg (Pyz, — L)M . Then we can define a feasible test statistic:
jNT = (\/NTR?VT — BNT) / VNT-

The following corollary establishes the consistency of Byt and Vg and the asymptotic distribution of

Jn7 under Hy.

Corollary 3.2 Suppose Assumptions Al-A4 hold. Then under Hy, Byt = Byt + op (1), Vnr =
Vnr +op (1), and JINT -, N(0,1).

Remark 3. Corollary 3.2 implies that the test statistic Jyr is asymptotically pivotal. We can
compare Jy7 with the one-sided critical value z,, i.e., the upper ath percentile from the standard

normal distribution, and reject the null when Jy7 > 2, at the asymptotic o significance level.

Remark 4. We obtain the above distributional results despite the fact that the unobserved factors
and factor loadings can only be estimated at slower rates (N~'/2 for the former and T-'/2 for the
latter) than that at which the homogeneous slope parameter 8 can be estimated under the null. The
slow convergence rates of these factor and factor loadings estimates do not have adverse asymptotic
effects on the estimation of the bias term By, the variance term V7, and the asymptotic distribution
of Jyr. Nevertheless, they can play an important role in finite samples. For this reason, we will also

propose a bootstrap procedure to obtain the bootstrap p-values for the Jy7 test.

3.3 Asymptotic local power property

To examine the asymptotic local power property of our test, we consider the following sequence of

Pitman local alternatives:
Hy nr: B; =B+ NVAT7125, for i =1,2,..., N, (3.2)

where the §;’s are K x 1 vectors of fixed constants such that ||d;|| < M for all ¢ and d; # J; for some
pair i # j. Let

!

1 1 1
0 = plim —Y 0;%3X;6 — X;D(F) '— W Xk0p — = Y @i Xk p H;
’ <N,T>HooNT; { T ;; N kg
1 1
X {del — Xz N— kXZ: Xk(sk ﬁ ; CLika(Sk} ) (33)

where D(F)~1 NT k L I X410y, can be viewed as a weighted average of dj’s, and < ~ Zk 1 @ik X0 is
a weighted average of X3dx, and Il; = MpX; — & Zk:l a;ixMpXy. Clearly, ©¢g = 0 under the null and

is no less than 0 otherwise. See the discussion in Remark 6 below.

In the appendix we show that we can extend the asymptotic analysis of Bai’s (2009a) PCA estimator
to allow for non-homogeneous slopes, but the extension works only when we consider local deviations

from the null hypothesis of homogenous slopes. In particular, we demonstrate that under Hy nr in (3.2),

12



B — B =0p(N-Y4T~1/2) and the convergence rates of the estimates of F; and \; (after certain matrix
rotation) are the same as those under Hy. With this and some tedious calculations, we can establish the

local power property of our test.

Theorem 3.3 Suppose Assumptions A1-A4 hold. Then the local power of our test satisfies

P (jNT > ZQ|H1,NT) —1—-® (Za — @0/\/ %)
where ® (+) is the cumulative distribution function (CDF) of the standard normal distribution.

Remark 5. Theorem 3.3 implies that our test has nontrivial asymptotic power against the sequence
of local alternatives that deviate from the null at the rate N~1/4T-1/2 provided ©¢ > 0, and the
asymptotic local power increases with the magnitude of Og. In this case, as either N or T increases, the
power of our test will increase but it is expected to increase faster as T' — oo than as N — oo. The rate
N—YAT=1/2 is the same as that obtained by PY (2008), indicating that the estimation of factors and

factor loadings does not affect the rate at which our test can detect the local alternatives.

Remark 6. The requirement ©y > 0 imposes some restrictions on the degree of slope heterogeneity
under the local alternatives, and on the interaction between the heterogeneity parameters J;, the ob-
served regressors X;, and the unobserved factors F. In terms of degree of slope heterogeneity, it requires
that 8, and ; differ from each other for a “large” number of pairs (7, j) with i # j. In particular, it
rules out the case where only a finite fixed number of slope parameters are distinct from a finite number
of others (e.g., only §; is different from a finite number of others), or the case where the cardinality
of the set {84, Ba, ..., Bn} is diverging to infinity as N — oo but at a rate slower than N. In terms of
interaction between §;, X;, and F, the expression of Qg in (3.3) is too complicated to analyze. Clearly,
the complicated form of Oy arises mainly due to the presence of the unobservable factors (or factor
loadings). If F were observable, as in Bai (2009a), the second term in the expression of D (F') in (3.1)
and the terms associated with a;; in (3.3) and the definition of II; would drop. In this case, ©g reduces
to the probability limit of

N !/

N N
1 o - 1
—E . X;0; — X;D E X, MrX X;0; — X;D E X, MrX
NT P 0, { 167/ ? F NT ! kE k(sk} { 15 F NT ~ kAR kék} 3

where D = NT Z X/MpX; and X;8; — D;l NIT k 1 X1 MpX,0), denotes the residual from the £,

projection of X; 5 on the space spanned by the columns of MrX;. In the special case where F' is absent

in the panel data model, then Og further reduces to the probability limit of

N
1 }: —2 ¢l v
— g, 6zXz<PZz —L)XZ(SZ
NT pt

Noting that Pz, — L > 0 as it is a projection matrix, now it becomes transparent that the requirement

that the probability limit of the above object is strictly positive does not seem stringent at all.

Remark 7. Under the global alternative H;, we cannot study the asymptotic properties of Bai’s

(2009a) PCA estimator because the latter imposes homogeneity on the slope parameters. For this
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reason, we cannot study the consistency of our test against global alternatives. Even so, we conjecture
that the Jyr test statistic diverges to infinity for fixed alternatives at the rate N/2T as (N,T) — o0
provided Oy > 0 in (3.3) where ¢; is now redefined as 3, — f.

3.4 A bootstrap version of the test

As mentioned above, because of the slow convergence rates of the factors and factor loadings estimates,
the asymptotic normal null distribution of our test statistic may not approximate its finite sample
distribution well in practice. Therefore it is worthwhile to propose a bootstrap procedure to improve
the finite sample performance of our test. Below we propose a fixed-regressor bootstrap method to

obtain the bootstrap p-values for out test. The procedure goes as follows:

1. Estimate the restricted model in (2.4) and obtain the residuals &; = Y;; — BIXZ-t — 5\213}, where B,
j\i and Ft are obtained by Bai’s (2009a) PCA method. Calculate the test statistic Jn7 based on
{éit, X’Lt}

2. For 4 = 1, ..., N, obtain the bootstrap error ¢}, randomly from {éil — 8, 8ia—&iy. .. BiT — gi} .
Generate the bootstrap analogue Y of Y;; by holding (X, Ft) as fixed: V}} = B/Xit + /A\;Ft +el
fori=1,2,...,Nandt=1,2,...,T.

3. Given the bootstrap resample {Y;;, X;;}, run the restricted model estimation and obtain the
bootstrap residuals &}, = Y5 — B*/Xit — S\Z/Ft*, where B*, 5: and Ft* are obtained by Bai’s (2009a)
PCA method. Calculate the test statistic J3 based on {&};, X }.

4. Repeat steps 2 and 3 for B times and index the bootstrap test statistics as {j;rT,l}lB:r The
bootstrap p-value is calculated by p* = B~! Zli1 1{jj§,T7l > Jnt}, where 1{-} is the usual

indicator function.

Remark 8. It is straightforward to implement the above bootstrap procedure. Note that we impose
the null hypothesis of homogeneous slopes in Step 2. In the proof of Theorem 3.4 below, we also verify
that Assumptions A2 and A3 are satisfied in the bootstrap world. This is important and will greatly
facilitate the proof of the bootstrap’s validity.®

Remark 9. Even though the asymptotic analysis in Bai (2009a) does not allow predetermined
regressor in the model, simulations there indicate that the slope estimators continue to work well with
the inclusion of a lagged dependent variable as a regressor. In fact, Moon and Weidner (2010b) allow
for lagged dependent variables and demonstrate that in this case the QMLE estimator of the slope
coefficient continues to be \/ﬁ -consistent under some conditions despite some difference in the bias
formula. Below we also consider a dynamic panel data model in our simulations, where Yj; is generated
according to: Yy = pY;;—1+ 5 Xit+ N, Fi+e;1. Despite the presence of Y; ;1 on the right hand side of the

6Kapetanios (2008) considers various resampling scheme for panel data models to account for either cross-sectional

dependence or serial dependence. Neither of them is needed here under our assumptions on the idiosyncratic error terms.
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last equation, it is well known that we can treat it, like X, as a fixed regressor in the bootstrap world.

In this case, we generate the bootstrap analogue of Yj; as follows: Y} = pY; 1 + B/Xit + X:Ft + €5y

The following theorem states the main result in this subsection.

Theorem 3.4 Suppose that Assumptions A1-A4 hold. Then Jip 4, N (0,1) conditionally on the
observed sample Wyt = {(X1,Y1), ..., (Xn,YN)}-

The above theorem shows that the bootstrap provides an asymptotic valid approximation to the
limit null distribution of Jy7. This holds as long as we generate the bootstrap data by imposing the
null hypothesis. If the null hypothesis does not hold in the observed sample, then we expect Jy7 to
explode at the rate N'/4T/2 which delivers the consistency of the bootstrap-based test jj{,T.

3.5 Discussions and extensions

The focus of this paper is to design a test for the slope homogeneity in large dimensional panel data
models with interactive fixed effects. It turns out that our test statistic Jyr can be used for other

testing purposes after minor modifications.

3.5.1 Test of model (2.1) against a pure factor model

First, we can test the specification of the model (2.1) against a pure factor model. Specifically, we can
test the null hypothesis
Hf : B; =0y foralli=1,..., N,

against the alternative hypothesis
Hj : 8, # 01 for some i =1,..., N,

where Ox 1 is a K x 1 vector of zeros. Under HIj, 3, is a constant that does not vary across ¢ and it is
identically equal to 0, implying that the regressor X;; has no explanatory power for Y;;. Under Hj, we
may have either heterogeneous slopes or homogeneous non-zero slopes.

There are various locations where such a test is applicable. Here we focus on a potential application
to the asset returns in finance. With the advance of the capital asset pricing model (CAPM) and the
arbitrary pricing theory (APT), factor models have become one of the most important tools in modern

finance. The traditional factor model specifies the excess returns of asset ¢ at time ¢ as
Rip = NiFy + 1y

where ); is a 7 x 1 vector of factor loadings and F; is a r x 1 vector of latent factors, and n;; is the usual
idiosyncratic error term. Even though the development of the asset pricing theory can proceed without
a complete specification of how many and what factors are required, empirical testing does not have
this luxury. For this reason, some authors [e.g., Lehmann and Modest (1988), Connor and Korajzcyk
(1998)] use estimated factors to test the asset pricing theory despite the drawback that the statistically

estimated factors do not have immediate economic interpretation. A more popular approach is to rely
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on economic intuition and theory as a guideline to come up with a list of observed variables/factors G;
to serve as proxies of the unobservable factors F;. The most eminent example is the three observable
risk factors discussed in Fama and French (1993, FF hereafter): the market excess return, small minus
big factor, and high minus low factor. Then an appealing question is whether these observable factors
are, in fact, the underlying latent factors. In their seminal paper Bai and Ng (2006) considered statistics
to determine if the observed and latent factors are exactly the same and applied their tests to assess how
well the FF factors and several business cycle indicators can approximate the latent factors in portfolio
and stock returns.

Here we offer an alternative approach by considering the following model
Rz’t = BéGt + )\éFt + it (34)

where G; denotes a K x 1 vector of observable factors and plays the role of X;; in (2.1). Clearly, we
cannot estimate the above model by using either Bai’s (2009a) PCA method or Pesaran’s (2006) CCE
method. Nevertheless, as Bai (2009b) demonstrates, the above model is identified under the null

Ho: 8, =B foralli=1,. N (3.5)

provided %G'MFG > 0 where G = (G4, Ga, ...,Gr)’, i.e., there is no multicollinearity between G and
F = (F\,Fs, ..., Fr). Let Gy denote the kth element of Gy, k =1, ..., K. If there exists a r x 1 vector
ay, such that Gy, = o) Fy for all ¢, we can say that Gy is an exact factor. If the kth column of G lies
in the space spanned by the column vectors of F, which is the case when G is an exact factor, then
we cannot estimate the restricted model under Hgy;. This motivates us to consider the following null
instead

Hoo : 8; = 0kxq for alli =1,...,N. (3.6)

Intuitively speaking, Hys says that given the r latent factors in F}, the K observable risk factors in Gy
are redundant in explaining the asset returns in (3.4). In the case when we reject Hyq, it means that
the r latent factors in F; cannot span the space of the K observable factors. Various reasons can cause
the latter to occur. One reason is that the K observable factors are all relevant but » < K. If this
is the case, we should observe the change from rejecting Hps to failing to reject Hyo as we increase r.
Another reason is that the observable factors in G; are bad proxies for the latent factors. This suggests

the importance of testing Hyo against its alternative
Hys: B; # Ok for somei=1,..., N.

Note that we allow heterogenous factor loadings for the observable factors under Hys.

Our Jyr test can be used to test Hyso against Hyo with minor modifications. Under Hysy, we have a
pure factor model so that both the latent factors F; and the factor loadings A; can be estimated, say,
by Ft and 5\2»7 respectively, via the PCA method. Let &; = R;s — /A\;Ft Then we can base our Jyr test
on the averaging of the cross sectional R?’s by running the time series least squares linear regression of
gi on (1, Gy). Tt is easy to see that the asymptotic distribution theory in the above analysis continues

to hold in this case.
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3.5.2 Test of the linear functional form in (2.1)

We can also test the correct specification of the functional form in (2.1) by considering a nonparametric

heterogeneous panel data model with interactive fixed effects
Yie =mi (Xa) + NFy +ei, i=1,..,N, t=1,...,T, (3.7)
where m; (), i = 1, ..., N, are unknown but smooth functions. The null hypothesis is
H(()l) :my (z) = Bl for alli =1,...,N.

Under Hél) and certain rank conditions, we can estimate the heterogeneous linear panel in (2.1) by
Pesaran’s (2006) CCE method, obtain the residuals and run the time series regression of these resid-
uals on X;; nonparametrically to construct a test statistic similar to ours based on the nonparametric
goodness-of-fit measure.

Alternatively, we can consider Bai’s canonical model
Yie = B'Xa+ NFi+ei, i=1,.,N, t=1,...,T, (3.8)

and test whether the above linear model is correctly specified. The model under the alternative is
obtained by replacing 3’ X;; in the above model by m(X;), where m (-) is an unknown but smooth func-
tion. In this case, we can obtain the residuals &;; from the model (3.8) and run the panel nonparametric
regression of &;; on X;; to obtain the nonparametric measure of goodness-of-fit and propose a test based

on such a measure. We leave the details for the future research.

4 Monte Carlo Simulations and Applications

In this section, we first conduct a small set of Monte Carlo simulations to evaluate the finite sample
performance of our test and then apply the test to the OECD real GDP growth data and asset returns
data.

4.1 Simulations
4.1.1 Data generating processes (DGP)

Following Bai (2009a), we use the following two DGPs for level study.
DGP 1:
Yvit :Xit,lﬂl +Xit,252+)\IiFt+5it; 1= 1a2a"'7N7t: 1,27"',T>

where (81, 65) = (1,3), Ai = (Ai1, Ai2)’, F' = (Fi1, Fi2)’, and the regressors are generated according to

X1 = mt+aXF+JdN+ 0 F+ Mit, 15
Xz't,g = Uyt CQA;Ft + L/>\i + L/Ft + Nit,2

with ' = (1,1). Clearly, the regressors are correlated with A; and F;. The variables \;;, Fy;, and 7, ;
are all independently and identically distributed (i.i.d.) N(0,4), and mutually independent of each
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other, and the regression errors ¢;; are i.i.d. N(0,1) and independent of \;;, Fy;, and n; ;. We set

P =py=c1=cz=1
DGP 2:

Y:it :pYYi,tfl"_Xit,lﬁl +Xit,252+>\2Ft+€ita i:1,27"',N7 t= 1a2a"'7Ta

where (p, 51, 8,) = (0.75,1,3), Yi o ~ N(0,1), Xi1.1, Xir 2, \i, F} and ;4 are generated as in DGP 1.

To evaluate the power performance of our test, we consider the following two DGPs.
DGP 3:
Y;t = Xit,lﬂ@l + Xit72ﬁi,2 + )\iFt + git;i = ]., 2, ey ]\/v7 t= 1, 2, ce ,T,

where 3, ; are i.i.d. N(1,0.2%), B; 5 are i.id. N(3,0.2%) and independent of 3; ;. The generation of
other variables in this DGP is the same as in DGP 1.
DGP 4:

Yie = piYis—1+ Xie1Big + Xit2Bio + NiFy +e,i=1,2,...,N, t =1,2,.... T,

where 3, 1, B; 2, Xit1, Xit2, Ai, Ft, and €;; are generated as in DGP 3, and p; are i.i.d. U(0.70,0.75)

and independent of all other parameters or variables on the right hand side of the above the equation.

4.1.2 Test results

We consider two tests of slope homogeneity. The first one is our Jy7 test. The second one is the PY’s
test. We are interested in seeing how PY’s test statistic A d’; in (2.13) behaves in the panel data models
with interactive fixed effects. For comparison purpose, we also consider Blomquist’s (2010) bootstrap

version of APY  which is claimed to be robust to general forms of both cross-sectional dependence and

adj ’
serial correlation. His bootstrap procedure works as follows:

1. Estimate model (2.12) by OLS applied to each i and obtain the residuals &;;. For each 4, calculate

the Bartlett-kernel-based estimator of the autocorrelation-consistent variance, say,

T .
w?_%z TZ<1__> Zgztgzt 3

t=j7+1

where k; is the bandwidth.

2. Compute the A‘(‘l’d]

the residuals in the fixed effects regression for the restricted model of (2.12) under 3, = 8. That
is, &y = Yy _B/FEXZt &, where & =T 1 Zt 1 (Vi — 5FEth) Format &;; in a T'x N matrix &.

test statistic as in (2.13) by replacing &?JDY with &?. At the same time, obtain

3. In order to obtain a pseudo panel of errors €*, we apply the stationary bootstrap to €. For
t=1,2,...,T let &; = (814,82, .- -,én¢), and let By = (E.4,E.441, - ,§4t+l71)/ be the block of [
consecutive estimated errors starting at date ¢. Sample a sequence of block lengths (say, I1,ls,...)
randomly from a geometric distribution with mean / and a sequence of i.i.d. random integers (say,

I, I5,...) from a discrete uniform distribution on {1,2,...,7}. Thus the first I; rows of e* are

18



generated as By,;, and the next [y rows of €* is given by By,;,. The procedure goes on until T'

rows of €* have been obtained. 7

4. Generate the bootstrap analog of Y;; by holding X;; as fixed: Y} = B/FEXit +&; + ¢}y for i =
1,2,...,N and t = 1,2,...,T, where €}, is the (¢,i)th element in the matrix e*.

5. Given the bootstrap resample {Y;, X;:}, compute the bootstrap analogue Ajj;j of A;’dj as in step
2.

6. Repeat steps 3-5 for B times and index the bootstrap statistics as {A:;M}lB: ;- Calculate The

bootstrap p-value as p* = B~! Zf;l 1{A il > A;’dj}.

We consider N, T' = 25, 50, 100. For each combination of N and T, we consider 1000 simulations for
the non-bootstrap version of the test. For the bootstrap version of the test, we use 500 replications for
each scenario and B = 400 bootstrap resamples for each replication.

Table 1 reports the finite sample rejection frequency of our test and PY’s test when the nominal
levels are 5% and 10%. We first focus on the non-bootstrap version of the two tests. Table 1 indicates
that the levels of both tests are highly distorted, and the distortion tends to increase as IV increases
for fixed T. For the PY test, the distortion also increases as T increases. For our test, nevertheless,
when T is large, the size distortion becomes mild. Now we investigate the bootstrap version of the two
tests. It is clear from Table 1 that the use of Blomquist’s (2010) bootstrap does not help improve the
level behavior of the PY’s test at all,® and we should not apply the PY test if one doubts the presence
of interactive fixed effects. In contrast, the proposed bootstrap can annihilate the oversize issue of the
non-bootstrap version of our test.

Table 2 reports the finite sample power performance of our test. We summarize some important
findings from Table 2. First, the non-bootstrap version of our test tends to have higher finite sample
rejection frequency than the bootstrap version. This is due to the over-sized issue of the former test.
Second, for large T, the bootstrap version of our test tends to catch up with the non-bootstrap version
of our test in terms of rejection frequency. Third, the finite sample power behavior of the bootstrap
version of our test is quite satisfactory in both DGPs 3 and 4. As either N or T increases, the power of
our test increases quickly, and it increases faster as T' doubles for fixed N than as N doubles for fixed
T.

4.2 Two applications
4.2.1 An application to the OECD economic growth data

In this subsection we apply our test to the OECD economic growth data which were analyzed in Zhang,

Su and Phillips (2011) for different modelling strategy. The data set consists of four economic variables

TWe choose k; = [¢1TY/3] and [ = |coT1/3] in the simulations for different choices of ¢; and ca, where |A] denotes
the integer part of A. We find that the results are qualitatively similar for ¢1,c2 = 1, 1.5, and 2. To conserve space, we

only report the results for (c1,c2) = (1,1) in Table 2 below.
80ur simulation result is quite different from Blomquist’s (2010). Note that the latter did not demonstrate the

asymptotic validity of their bootstrap procedure and his simulation did not allow the correlation between X;; and the

non-spherical errors which may present either cross-sectional or serial dependence.
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Table 1: Finite sample rejection frequency under the null

Non-bootstrap Bootstrap

Our test PY’s test Our test PY’s test

DGP T N 5% 10% 5% 10% 5% 10% 5% 10%

1 25 25 165 245 68.7 779 5.0 10.2 49.8 69.0
50 185 289 91.9 954 5.0 9.0 65.4 79.8

100 30.3 419 99.3 99.6 74 10.8 83.4 93.2

50 25 8.9 145 98.1 99.2 46 94 91.8 95.2

50 106 16.8 100 100 6.4 11.4 98.6 99.4

100 11.5 18.8 100 100 4.0 7.2 100 100
100 25 78 134 100 100 5.6 10.6 100 100
50 74  13.6 100 100 3.8 10.6 100 100
100 7.0 143 100 100 4.0 9.0 100 100

2 25 25 191  30.0 592.9 64.9 3.8 10.8 31.0 48.8
50 269 413 78.7 87.9 6.2 10.0 38.8 59.4

100 455 58.2 95.8 98.1 6.6 13.8 51.8 76.0

50 25 113 177 944  96.5 6.0 12.0 79.6 89.4

50 139 211 99.5 99.9 8.0 12.0 94.2 97.8

100 16.6 26.1 100 100 5.2 10.6 99.8 100

100 25 8.4 136 99.9 100 74 13.0 99.8 100

50 6.7 126 100 100 3.6 84 100 100

100 89 159 100 100 6.0 10.4 100 100

Note: PY refers to Pesaran and Yamagata. The bootstrap version of PY’s test was studied in
Blomquist’s (2010).

Table 2: Finite sample rejection frequency under the alternative

Non-bootstrap Bootstrap
DGP 3 DGP 4 DGP 3 DGP 4
T N 5% 10% 5%  10% 5%  10% 5%  10%
25 25  40.7 534 54.1 66.6 21.8 32.8 31.0 42.0
50  64.3 76.3 80.4 88.0 33.6  46.6 53.2  66.2
100 87.5 92.3 97.7 98.5 54.2  67.6 78.0 87.0
50 25  60.0 69.2 78.6 85.8 49.2  63.0 69.8 80.6
50 86.0 914 96.8 98.6 76.4 86.4 92.8 96.8
100 98.5 99.7 100 100 95.2  98.2 99.0 99.6
100 25 894 935 98.6 99.0 86.0 928 97.6 98.6
50  99.1 99.5 99.9 999 98.6  99.0 100 100
100 100 100 100 100 100 100 100 100
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for N = 16 OECD countries, which are Gross domestic product (GDP), Capital stock (K), Labor input
(L), and Human capital (H). The first three are seasonally adjusted quarterly data from 1975Q4 to
2010Q3 (T = 140), while we use linear interpolation to obtain the quarterly observations for Human
capital as there are only 5-year census data available.
We consider the following two economic growth models:
Model 1:
AInGDPy = B; 1 Aln K + 3, ;AIn Ly + 8, 3AIn Hy + N Fy + g4,

Model 2:
AImGDP; = p;AInGDPy—1 + B; 1AIn Ky + 3, 5AIn Ly + 8; 3AIn Hy + NoFy + e,

where F} is a r x 1 vector that represents common shocks such as technological shocks and financial crises,
A; represents the heterogeneous impact of common shocks on country 4, and AlnZ;; =InZ;; —In Z;;_4
for Z=GDP, K, L and H. 3, 1, 3; » and 3, 3 are coefficients of growth rate of K, L, and H respectively.
In Model 2, p, represents the impact of previous quarter GDP growth rate on the current one in country
i. We are interested in testing for homogeneous coefficients for the 16 OECD countries.

We consider » = 1, 2,...,8 to capture the interactive fixed effects in the growth model.” Table 3
reports the test statistics and the bootstrap p-values for our test of slope homogeneity. From the table,
we see that the bootstrap p-values for all numbers of factors under investigation are uniformly much
smaller than 0.01. So we can reject the null hypothesis of homogeneous slopes at the 1% level for both
models. The results imply that the slope homogeneity assumption may not be plausible at all despite

the fact it is commonly assumed in the literature.

Table 3: Test statistics and bootstrap p-values for the application to the OECD real GDP growth rate
data

Model \ 7 1 2 3 4 5 6 7 8

Model 1 25.01 9.22 7.42 8.16 7.74 6.21 5.62 5.05
(0.0000)  (0.0000)  (0.0000)  (0.0000)  (0.0000)  (0.0002)  (0.0000)  (0.0005)

Model 2 34.55 21.32 17.33 15.54 14.33 12.38 12.59 10.57
(0.0000)  (0.0000)  (0.0000)  (0.0000)  (0.0000)  (0.0000)  (0.0000)  (0.0000)

Note: The numbers in braces are bootstrap p-values where the bootstrap number B is 10000.

4.2.2 An application to asset returns

In this application, we test the ability of the FF factors in explaining the excess asset returns in the
financial market. FF (1993) proposed three observable risk factors to reflect the excess returns of asset,
which are R,,; — Ry (the excess return of market portfolio), SM B, (small market capitalization minus

big) and HML; (high book-to-market ratio minus low). Various empirical studies suggest that these

9 Alternatively, one can use the information criteria proposed by Bai and Ng (2002) to determine the number r of
factors. But it is well known that their criteria tend to fail when the cross sectional unit NN is small, which is the case
here.
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three factors are good proxies for the latent factors in accounting for the excess asset returns. Bai and
Ng (2006) developed several tests that can serve as guides as to which observable variables are close
to the latent factors in asset returns and concluded that the FF factors can approximate the factors
in portfolios and individual stock returns much better than any single macroeconomic variable even
though no decisive conclusion is reached.

Here we aim to test the effect of the FF factors on the excess returns of asset when the unobserved

factors are added in the model. We consider the following model
Rit _th = Bi,l(Rmt _th)+51)ZSMBt +Bi)3HMLt+)\;Ft+€it7 'L == ]., 27 ey N, t = 1, 2, PN 7T7 (4.1)

where R;; is the return of asset ¢ at time ¢, Ry is the risk-free return rate at time ¢, F; is a r x 1 vector
of unobservable factor returns and \; represents the factor loadings. As explained in Section 3.5.1, we

are interested in testing the null hypothesis

Ho : (851, 5,2, Bis) = (0,0,0). (4.2)

If the FF factors are the dominant factors in explaining the excess returns, we expect to reject the null
as long as r < 2 because the FF factors cannot be spanned by the column vectors of F = (Fy, ..., FT)/
in this case. As r increases, however, we should observe the change from rejecting Hy to failing to reject
Hp. On the other hand, if we continuously reject Hy for sufficiently large r, it means that the FF factors
do not lie on the space spanned by the (estimated) large number of latent factors, and they cannot be
the dominant factors despite the fact that they have certain power in explaining the excess returns.
We collect monthly data on the excess returns for 100 portfolios and the three FF factors for the
period from 1973m1 to 2008m12 from Professor Kenneth French’s web site. A total of 97 portfolios are
available for two subsamples. To remove the outliers of the return data, we truncate the data using
95% percentile of original data as upper bound and 5% as lower bound. Like Bai and Ng (2006), we
standardize the data on the observable factors before the implementation of the test. To minimize the
risk of structural change, we consider testing (4.2) for the model (4.1) for four subsamples listed in Table
4, the first three of which are studied in Bai and Ng (2006). We consider the number of unobserved
factors r = 1,2,...,10 in the model and construct the test statistic as detailed at the end of Section
3.5.1. Table 4 reports the test statistics and the corresponding bootstrap p-values. Two features are
noteworthy. First, for both the 1988-1996 and 1997-2008 subsamples, our tests suggest that we always
reject the null in (4.2) at the 1% nominal level. This questions the use of the three FF factors to
approximate the latent factors for these two subsamples. Secondly, for the 1973-1987 subsample we do
observe the phenomenon of change of rejection conclusions: for small values of r (< 4), we reject the
null at the 1% nominal level, which means the three FF factors do not lie in the space spanned by the
first four estimated latent factors; but as long as r > 5, we fail to reject the null at the 10% nominal
level so that the three FF factors do lie in the space spanned by the first six or more estimated factors.
In sum, we conclude that the FF factors surely have certain explanatory power in explaining the excess

returns, and they do so very well for some subsamples, but may not do so well for other subsamples.
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Table 4: Test statistics and bootstrap p-values for the application to asset return data

Subsample \ 7 1 2 3 4 5 6 7 8 9 10
1983 — 1996 195.80 124.01 40.98 15.47 11.98 10.12 528 4.57 3.20 2.76
(T=168, N=100) (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.040) (0.085)

1973 — 1987 167.29 110.69 8.22 822 241 217 164 1.78 1.79 043
(T=180, N=97) (0.000)  (0.000) (0.000) (0.000) (0.049) (0.110) (0.174) (0.170) (0.194) (0.605)

1988 — 1996 132.99 82.63 38.74 16.93 14.60 14.34 8.66 8.44 6.90 7.00
(T=108, N=100) (0.000)  (0.000) (0.003) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

1997 — 2008 207.72 120.50 37.53 16.04 15.10 14.73 7.71 557 6.05 4.66
(T=144, N=97) (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.001) (0.000) (0.003)

Note: The numbers in braces are bootstrap p-values where the bootstrap number B is 1000.

5 Concluding Remarks

In this paper we propose a R2-based test for slope heterogeneity in large dimensional panel data models
with interactive fixed effects. We first estimate the restricted model to obtain the residuals and run the
linear regression of the residuals on a constant and the observable regressors for each cross sectional
unit to obtain N measures of R?. We construct our test statistic by averaging these individual R?’s, and
demonstrate that after being appropriately normalized, it is asymptotically normally distributed under
the null hypothesis of homogeneous slopes. We show that our test has power to detect Pitman local
alternatives at the rate of T—1/2N~1/4 and propose a bootstrap procedure to obtain the bootstrap p-
values. Simulations demonstrate that the bootstrap version of our test behaves reasonably well in finite
samples. The application to the OECD economic growth data indicates that the commonly imposed
slope homogeneity assumption is rather fragile. The application to the FF three factor model suggests
some other potential applications of our test.

When the null hypothesis of homogeneous slopes is rejected, we may consider applying Pesaran’s
(2006) CCE method to obtain consistent estimates of both individual slopes and their cross-sectional
average under certain rank conditions. If some prior information is available, one can divide the cross
sectional units into several groups, test the slope homogeneity within each group, and estimate the
homogenous slopes with each individual group in the case of failure of rejection. Alternatively, a panel

structure model in the spirit of Sun (2005) may be considered.
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APPENDIX

In this appendix we first prove some technical lemmas and then prove the main results in Section 3.

A  Some Technical Lemmas

Let Py, = Py, — L, dn7 = min[V/N, VT, and vy, = N~V/4T~1/2, By Assumptions A1(i)-(iii) and the
Chebyshev inequality, || X;|| = Op(T%/?) for all i, (NT)"' SN | | X;i|]> = Op(1), and ||F|| = Op(T/?).
Note that ||EF|| = TY/2\/r. Let D ={X1,..., Xn, F,A}. We use Ep and Varp to denote the expectation

and variance conditional on D. In addition, we will frequently use the following decomposition:

Mg —M; = Ps— P
= T YF-FH)H'F +T YF - FH)(F - FH)
+T 'FH(F — FH) + T"'F[HH' — (T"'F'F)"'|F'
= aj+as+ a3+ ay, say. (A1)

Lemma A.1 Suppose Assumptions A1-A3 and A4 (i) hold. Then under Hj y1 we have

(i) T2\ F = FH|| = 0p (|5 — Bl]) + Op(63%) + Op (11,

(ii) T~tej(F — FH) = T~Y20p(||B = BI)) + Op(557) + Op(T~*yyy) for all i,

(iii) T-'F'(F — FH) = Op(||3 — Bl)) + Op(63%) + Op (vxz),

(iv) T ZIMu(F — FH™) = Op(|13 - Bl) + Op(033) — ZiMp % Sy Xididw (VA/N) ™ for
all i,

(0) T Mp(F — FH ) = Op(||B = BII) + Op(057) — 1 Mp S Sy Xudihe (VA/N) ™

(vi) HH’ (T='F'F)~' = 0p(||B = BII) + Or(557) + Or(Yxr);

(vii) ||Pe = P5||* = Op (113 — BII) + O (533) + Or (11,

(viit) NS, |[2-1el(F — P = T10p(13 ~ A7) + 0p(634) + Op(T " 4%p).

(i) N~V S5 T2 ZIMp(F = FH ) = Op([|3 = BII) + Op(037) + O (1x1)
where H = (NA/N)(F'E/T)Vy3 and Vyr is defined after (2.7).

Proof. (i) Substituting ¥; — X;3 = X;(8 — 3) + F; + €; +vn7X;0; into (2.6) yields

EVnp — F(NA/N) (F'F/T)

1 Y . . . 1 XN
— N X(B-PB-BX[F +==> Xi(B-BNF'F +— X:(8— B
NT.Z NT; Z
N
~7 D ilB =B XiF +—ZF/\5F

i=1

. 1 .
— § ENFF + § et L Ine § :X 8- B XE
=1 i=1
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7NTZX& (8- 5)XF+7NTZFA5XF +7NTZX5AFF

VNTZ OLXIE +7NTZX55F +7NTZX55'XF
= B1+B2+"'+B15, say. (AQ)

The first eight terms also appear under Hy and can be analyzed as in the proof of Proposition A.1 in
Bai (2009a). In particular, T=Y2||B;|| = Op(||3 — BH) for 1 =1,2,...,5, and T2 | B = Op((S;VlT)
for I = 6,7 and 8. For By, using HFH = +/T'r we have

“2 Byl < WNT HXH 18 = BINF1I6ill = Op (vxr I8 = BlI) = op (118 = BI)-

Similarly, T-1/2 || Byo|| = op(||3 — Bl|). For Bi1, we have

12|13, < ”NTZ'}' Il 15 ”}”f Op(var).

Similarly, T~'/2 || Bi2|| = Op(yxn7). For Bis, we have

N
1
—1/2 b ol _ —1/2
T | Bisll < w7 NT ;6161‘)(1' Vr=0p(N~2ynp)
because
;N 2 1 N N
WZ@J;X{ = Tt NN E(6,X/X;6;) E (g)ei)
i=1 i=1 j=1
1 E|IX:i6:]* , 1
= N2ZT o7 =0(N""). (A.3)

=1

Similarly, T=1/2 || B14|| = Op(N~2q 7). For Bys, we have

N 2
T-1/2 | Bis|| < ’YQNT | X |l

(V?VT)-

Following the same arguments as used in the proof of Proposition A.1 in Bai (2009a), we obtain

T-Y2|F - FH|| = Op(||8—B||)+T 2 (Bs + Br + Bs) Vb + Op(Yn7)
= 0p(||B - BIl) + Op(651) + Op (V7).

(ii) By (A.2), we have the following decomposition:
T e\ (F — FH) =T '€}, (By + By + -+ Bis) Vyi- (A.4)
The first eight terms can be analyzed as in the proof of Lemma A.4(i) in Bai (2009b) to obtain

T~ e} (By+ Ba+ -+ Bg) Vs = T~ Y20p(||8 - Bl]) + Op(65%).
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For the other terms in (A.4), by the proof of (i) we only need to prove that the dominant terms
T‘lschHV]\?% and T_lsﬁcBmV]\?% are Op(T‘l/Q'yNT). For T_lsﬁanV]\?:,lﬂ, we have

1

_ . e F
ek muviet| < SIS | o

vT VT

as one can readily show that % el F|| = Op (1) and = S5 N0} X! E = Op (1) . Similarly, [|T'¢,
xB12V]\7%\| = Op(T‘l/Q'yNT). Thus the result in (ii) follows.

||VJ\7%H = Op(T™yy7)

N
> ONGX(F
i=1

(iii) By (A.2), we have the decomposition
T F(F—FH)=T 'F' (B, + By + -+ Bis) Vs (A.5)
The first eight terms can be analyzed as in the proof of Lemma A.3(i) in Bai (2009b) to obtain
T7UF (Bu+ B+ + Bs) Vip = Op(|13 = Bl) + Op(937).

By the proof of the corresponding terms in (i), we can readily show that ' F' By V1 and T~ F' By V1
are op(||8—B||), and that =1 F' By, Vs and T~ F' B1oVyk are Op(y ). For T~ F B3Vt by (A.3)

we have
IF | 1 &
T F' B3Vt < = g8 X!
H 13 NTHf'VNT\/T NT; <%
Similarly, T='F'Bi3Vyt = Op(N~Y2yyp). Finally, | T F' BisVyp|| = T2 || F|| T2 || Bys | |V |
= Op (%) Thus the result in (iii) follows.

Vrl[Virll = 0p(N "2y x ).

(iv) The proof of (iv) is similar to that of (iii) by using the decomposition in (A.2) to write
T’lZ{MF(F — FHil) = 7T712{MF(B1 + By 4.+ B15)G; (AG)

where G = (F'F/T)"*(AA/N)~1. We can readily show that T 'ZIMp(B1 + Bo + -+ + Bg)G =
Op (|3 - Bl|) + Op(6x%). For the other terms in (A.6), we only study the two dominant terms that are
associated with B1; and Bis. By the repeated use of the fact that

61 (AB)] < A (A) tr (B) (A7)

for any conformable symmetric matrix A and p.s.d. matrix B and the fact that Apax (M F) =1 (see, e.g.,
Bernstein, 2005, p. 309), we can show that HT‘lZZ{MF(F—FH_l)H <T-YZ(F-FHY)|| <T7 Y%
||F — FH~||. Using this and (i) we can show that

T Z/MzB1,G = yyr [T‘lZ;MF (F - FH‘l)} G = Op(T~ 2y p).

N
1 .
NT § o0 X F
k=1

In addition, T~ Z/M;B12G = ZIMp%2 S| X6 M (A A/N) ™ = Op(ynr)-

The proof of (v) follows from the proof of (iv) by replacing Z; with irp. (vi) and (vii) can be proved
by following the proof of Lemmas A.7(i)-(ii) in Bai (2009b). The proofs of (viii) and (ix) follow closely

from those of (ii) and (iv), respectively. m
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N

Lemma A.2 Suppose Assumptions A1-A3 and A4(i) hold. Then under Hy y7 we have f — 3 =
D(F)~' 22z SN T X6 + op(yyr), where Tl = MpX; — & S0, aiMp Xy

Proof. By (2.5) and using Y; = X;8 4+ F\; + &; + yypX;0; under Hy y7, we have

N N N
1 - 1 1
=1 i=1 i=1

First, by (A.2) the first term on the right hand side of (A.8) can be decomposed as follows:
1 & 1 &
= Y XIMpFN, = —> X/Mu(F—-FH ")\
NT = NT =

N
1
i=1

= 1+ Cy+---+Cis, say,

where recall G = (F'F/T)"'(NA/N)~'. The first eight terms can be analyzed as in the proof of
Proposition A.2 of Bai (2009a). In particular Cy =op(||3— 8| for 1 =1,3,4,5,

111

Cy = T ZXM Xraix (ﬁ 5)
1=1 k=1
Co = OP(\IB—ﬁlD+0P(1/VNT)+0P(N’157v2T)+N’1/20P(5N‘§r)7
N N
1
07 = *N2TZZCLZ‘1€XZ{MF€]€, and

i=1 k=1
Cs = Anr+op(1/VNT)+op(B—B)+N"20p(057),
where Anr = — e Son g Soney O XIMeF (F'F/T)"Y(A’A/N)~'\;. Cy and Cjg are bounded in the
Euclidean norm by 0p(1)||B — B||. For C1, as in the proof of Lemma A.1(iv) we have

N N
Cyy = 7% 3 XM, (F - FH*) S° N XIEGA, = Op(T~ 2y,
i=1 j=1

For C2, we have

=S S (S2) T a= -

i=1 j=1

N N

= Op(YnT)-

i=1 k=1

Moreover, we can show that C13 and Cy4 are Op(N ™2y ;) and Cy5 is Op(y%4)- Thus, we obtain
N
1 - _
NT Y XIMpFX = Co+ Cr + Ant + 0p(||8 = BI]) + Cia + Op(Sxryne)- (A.9)
i=1

The last term in (A.8) is Op(ynr). Thus, combining (A.8) and (A.9) yields

N
(% Z XIMpX; + 0p(1)> (B-8) -

N
1 A
—TZX;MFsi+C7+ANT+OP(H6—ﬂII)
i=1
+C12 + Op(Onbyng) + 2L VNT ZXM X0,

27



Observing that yypAnr = op(1) and Yy (N 1T 2N X!Mze; + C7) = op(1), multiplying both
sides of the above equation by 'y]_\,lf yields

N
D)+ op (D5~ ) = 7 2

X/ Mg — NZaszkM ]Xa +op(1).

It can be shown that D(F) = D(F) + op(1) and

1 1
N—g XM —ZaszkM]Xéi_WZ

XMF—ZalkaMF] X5 +OP( )

Thus we have

L&
’YNT(/B B) = 71N_Z

k=1

N
1
X/Mp — ~ Z aikX,;MF] X;6; +op(1).

—1 2z I, X;0; + op(Ynr), where II; = MpX; — =5V agMpX), and
= 1 NT N k=1

That is, B 8 =D
N
N7 Lo . m

D(F) =

Lemma A.3 Suppose Assumptions A1-A3 and A4 (i) hold. Then under H; y1 we have
(Z) FlNT =N~ 1/22 10_26/(Mﬁ — MF)PZl(MF — J\fp)&'z = Op(l),
(ZZ) Tont = HN71/2 Zl 10; 2/\'€/MFPZ ) = OP( )
(iii) TanT = HN 1/22 .05 ;! Mp Py, H =Op(vVN +T),
(iv) Tant = HN 125N 572 Fleiel MpPy, || = Op(VN + 1),
(v) Dsyr = N2 N o Qs’MFPZ Mp(F — FH )\ = op(1),
(vi) Teny = N~1/2 ZJ L0722l MpPy, T\ FH(F — FH)'e; = op(1).

Proof. (i) Noting that I'; v < ¢; Ty where Tyyp = N™V2 SN | el (Mp— Mp) Py, (Mp—Mp)e;,
we prove (i) by showing that 'y y7 = op(1). Using (A.1), we can decompose I'; y7 as follows

Lint = — Z ei(ar +az +as + (I4)lpzi (a1 + az + a3 + as)e;

EH

= leT,l + le:nz + e+ leT,lOv

where
~ L ~ ~ ,
— ! ! J—

Dinrg = N > eia\ Pyarei, TinTe = Wii 3 elal Pz,aze;,
i=1 i=1
N N

= _ 1 e = _ 2

Dinr2 = i > eiahPga0e;, Tiner = Wi 3 elal Pz aqe;,
i=1 i=1
N N

= _ 1 e _ 2

Linrs = 75 > eiazPgase;, T'inrg = ivi 3 elah Py aze;,
= i=1
N N

= _ 1 = _ 2

vt = i ;:16 ay Py ase;, TinTo = W Z; ab Pz ase;,
N N

T — 2 ! D — 2 ! D

Iints = o > eial Py aze;, Tinrio0= TN > €ias Py ase;.

s
I
-
<.
Il
—
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We first consider T'y yr,1. Noting that Pz, = Pz, — L is a projection matrix, Amax(Pz,) = 1 and

Tivty = \/_Z( (F— FH)H'F'e ) Py TN(F — FH)H' F'e,

IA

f Z)\max (Pz)||IT"N(F — FH)H'F'e;||?

N
N 1
< ||[F-FH|?|H|?—= Fle|?
< | IIFILH]] T%/N;” |
= Op(max[T/N,1])Op(NY2T7Y) = 0p(1),

by Lemma A.1 (i), Assumption A4(i), and the fact that Zf\’:1 E||F'e;||* = O (NT) under Assumptions
A1(ii) and A2. For I'; y72, using Lemmas A.1(i) and (viii), Lemma A.2 and Assumption A4(i) we have

[T*l(ﬁ — FH)(F - FH)/EZ} Py T\ — FH)(F — FHY e,

-

it =

g 8-
I

Amax(Pz)||T~H(F — FH)(F — FH)'g;||?

-

IN

=1

VN||F — FH|]?

N

1 N

=3 |T-1<F—FH>’ei||2]
=1

= VNOp(max[T/N,1]))Op(max[N~2,T72]) = op(1).

IN

Similarly,

~ /I _ ~
[T—lFH(F - FH)’EZ} Py T~ FH(F — FH)e

M=

Nints =

-
Il
s

Amax(Pz,)||T*FH(F — FH)'e;||?

5= 3~
WE

Il
-

< VN||FH|! ZHT (F—FH)'; |2]

= VNOp(T)Op(max[N~2,T2]) = op(1).

For T'in7.4, using Lemma A.1 (vi) and A.2 and Assumption A4(i) we have

Pt = S ey ey {1 ey P,
Linta = \/N;{T 'F {HHI (T7'F'F) :|F/E:Z} Pz, {T 3 {HH’ (T~'F'F) }F’el}
< \/LNiAmaX(PZi) v [HH’—(T*F’F)‘I] rel
=1

IN

N2 <%|F|2> U)HH/ - (TlF’F)_lHQ] (% i IIF'eZ-|2>

= Nl/QOp(1)OP(N_1/2T_1)OP(1) = Op(l).
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By the above results and the Cauchy-Schwarz inequality, ['1 7, = op (1) for [ = 5,6, ..., 10. It follows
that leT = Op(l).

(i) Observe that Ep(N—1/2 Z 07 2\€eiMpPy,) = 0, where recall that Ep denotes expectation
conditional on D ={Xj,..., X, F,A}. By the repeated use of the fact in (A.7) and the fact that
Amax (Mp) = 1, we have

N N
Ep (T3yy) = %tr Zza;%;?,\;AjMFPZjPZiMFE(sie;)
i=1 j=1
1 N _
= <;a;2A;AiMFPZiMF> (K +1)c ZHA I>=0p(1).

Therefore oy = Op(1) by the conditional Chebyshev inequality.

(iii) Noting that E(e;ejeje);) = wijlr where wi; = (T — 1)wj; + E(efies,) and wij = E (eueji) =

0?1{i = j}, we have by arguments analogous to those used in the study of T'an7,

2]\IFJDZ PZ MFE (EZE €j€ )

Ep (Tiny) = Z

N N
o 1 o
ZU;QO';QwijPZjPZi < NQ(;Q ZZwijtr (PZ]'PZ»L')

1 j=1i=1

Thus T'syr = Op(vV/N +1T).
(iv) Analogously to the proof of (iii), we can show that T'yy7 = Op(v/N +T).
(v) By the proof of Lemma A.1(i), we have
F—FH™' = —[By+By+---+Bi;5]G (A.10)

= TY20p(8 - B) + TY?0Op(yynr) — [Bs + Br + Bs) G
= G1+ Gy — G3, say,

where recall G = (F'EF/T)"*(A’A/N)~'. Thus we have T'syr = Tsnri + syt — Dsyrs, where
FSNT,l = N_1/2 sz\il J;2E;MFPZ1.MFG[>\1‘, = ]., 2, 3. For FSNT,la by (11) we have

Psyra1 = (\/_ Zo 2\ieiMp Py, MFG1>

IA

T'20p (|16 - Bl))

H 72 ZU—2A e'MpPy, Mp

Op(1 )OP(T1/2||5 — BI) = op(1).
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By the same token, Tsyro = Op(T"/?7y,7) = op(1). Now we decompose T'sn7.3 as follows

N

1 B _

Dsnrs = TN § 0; % Mp Py, Mp [Bs + Br + Bs| G\
=1

= I'snt31+Tsnrs2 +Tsnr 33, say.

Obviously, I'sy7,31 = 0 as MpF = 0. For I's y7 32, we have

N N
1 B _
Dsnrs: = 57 DY 0, eiMpPy, Mre;a;;.
i1 j=1
R 1 _
= R Zo’ 2g/]WFPZZ]\JFEEZCL“ + — N3/2 Z g;QEQMFPZiMFEjaij
1<iZj<N
= F5NT,321 + I'sn1,322, say.
By the repeated use of (A.7),
Ep [Tsnraan| = N3/2 ZU v [Ep (ei€;) Mp Pz, MF) ai;
K+1 1 K+1 , 1Ay
< mm Z)\ (NA/N)Y1N = ~a (A(NA/N)~IA)

— r(K+1)N /2

it follows that I's y7,301 = Op(N_l/Q) by the conditional Markov inequality. Noting that Ep (I'snr,322) =
0 and

1 L _ _
Ep (Tin7s0) = N3 Z Z 0; %0, 2Ep (€;Mp Py, Mpe e, Mp Py, Mpeyaijar)
1<iAj <N 1<kAI<N

1 _ _
= — Z CL2 o, tr [MFPZiMFED (€j€;) MFPZ,',MFED (Ez&';)]

3 5
1<i#j<N
1 _ _
+— Z a?j0;20j_2tr [MpPyz,MpEp (sje:;) MpPy, MpEp (g;€})]
1<i#j<N
1 _ _ _ 1 _ _
= — Y a}o; 0%t (MpPy, MpPyz,) + T > a}jtr (MpPy, MpPy,)
1<iAj<N 1<iAj<N
Coly (K +1) 2 K +1 2
= N3 > et N3 > @
1<i#j<N 1<i#j<N
Coc, ' +1) (K +1) 12 _
< ( N?? [ANA/N)TIN||” = 0p(NTY),

it follows that Tsnyr320 = Op(IN -1/ 2) by the conditional Chebyshev inequality. Hence Isnr32 =
OP(N_1/2) = Op(l). For F5NT,337 it can be shown that FSNT,33 = F5NT,33 + OP(].), where
N

Tsnr 33 = TZU EMFPZZMF ZEJEJFG/\
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Noting that

N N N

1 1
E’D WJZZ;E]E:;F = tr W;;FF/ED (EiE;&"jE‘/j)

N N
1 —
= 7 2 D i |F'F/T] = 0p(N 7Y,

i=1 j=1

by (ii) we have

Tsnrss = tr \/_Za €] iMp Pz Mp—rs Zejs FG

N N
1 —2_/ D 1 1
—_ZO’Z- eiMFPZ,iMF —ZEJEjF HG”
N i=1 NT j=1

= 0p(1)Op(N"Y2)0p (1) = 0p(1),
It follows that FSNT,33 = Op(l). Hence F5NT,3 = Op(].) and F5NT = Op(l).

(vi) By the same arguments as used in (v), it suffices to show that

N
1 _
Tenr1 = \/_N E U;QEI;MFPZiT_lFH (VA?%)/ (BG + B7 + Bg)lei = Op(l).

N _
Let Tonr,u = ; o7 %€l Mp Py, T-'FH (Vi) Bb,ei for | =1,2,3. For Tenr,11, by (iv) we have

N N 7]
1
Fenr 11 N3/2T220 tr |ejMpPz, FH (Vyr Z e\ F'e;
N :
/
= tr N3/2T2 Za 'e;eiMp Py, FH ( Z X,

1
Hfza FreseiM Pz, | <= IFIIEI Vi | Tg/QZF’ev’
= Op(VN+T)0p(1)Op(N2T71/%) = 0p(1).

By the same token, I'gnr,12 and Tgnr,13 are op(1). Therefore Tgnr1 = op(1) and Ty = op(1). =

Lemma A.4 Suppose Assumptions A1-A3 and A4 (i) hold. Then
(i) maxi<i<r N7V 00 | Zull* = Op(\/T/N + 1),
(ii) maxi<i<n T~ 324 (| Zal|* = Op(\/NJT + 1),
(iii) N—1 Zivzl Zle hi,. =Op (T™") for eacht,
(iv) N7V S0y by < (aant + asnr) [ Fo||* + op(T~Y2) uniformly in t,
(0) N2 3 oy oy 30y sl o = 0(1),
where ainy = cpezN~'T73 HF”2 Zi:l 25:1 HZzs” , aonT = CpezNTIT0 HF” Z (Z?:1 1 Zir[1?)?,
cz = {mini<i<n [Amin (T712/2:)]} 7 and cp = [Ain (T7'F'F) ] -
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Proof. (i) Let <;t = || Zit|*~E || Zie|*. Write N"V 5N 1 Zit|? = NP SN curt NTUSSN | B[ Za|
The second term is Op (1) by Assumption Al(i). By Assumption Al(v), for any € > 0 we have

T N 2
<1glta<xTN Zglt > ¢ T/N) < ZP <ZZ<R > e ) <e?(NT)! t:zl <;<t> =0(1)

It follows that maxy<;<p [N 7! Zf\il Sit| = Op(\/T/N) and max; <;<7 N~} Zf\le 1 Zi||> = Op(\/T/N)+
Op (1) = Op(\/T/N +1).

(11) The proof is analogous to that of (i) and thus omitted.

(iii) Note that H; = Mp (Pz, — L) Mp. Let mp,s and pz, +s denote the (¢, s)th element of My and
Py, respectively, i.e., mps = Lis—prys and pg, 1s = Z), (ZZ(Zi)_l Zis, where 135 = 1 {t = s}, Z;; denotes
the tth column of Z/, and pps = F} (F'F)f1 F,. Then h; s = ZT 1 Z 1 MPy (pZ“Tq T_l) ME,gs-
Observe that

LN g N T g N T [T T 2
N ZZ i,ts < N ZZ [ZZmF trPZ; rqMFqs| + NT2 ZZ [ZZmF’trmF7qS]
i=1 s=1 i=1 s=1 |r=1q=1 i=1 s=1 |Lr=1qg=1
= 2Juy + 2J0, say,
and
4N T T 2 4 N T [T T 2
Ju < N Z Z [ Z 1trpZ rq qs’ Z Z [Z Z 1trpZi,rqu,qs]
i=1 s=1 [r=1¢=1 z:l s=1 Lr=1g=1
2

4 N T T T 2
Z Z [Z ZpFatTpZi7quF,qs]

z:l s=1 [r=1g¢=1

N T
N Z Z [Z ZPF trpZ“rq qs

i=1 s=1 Lr=1qg=1

= 4Jy1 +4Jdue +4Jus + 4J44, say.

Noting that |F} (T-2F'F) "' Fy| < {F/ (T~ F'F) " BYY2{F (T-'F'F)" F,}}2 < cp | By|| | Fs]|,
by (A.7) and the Cauchy-Schwarz inequality we have

LN ) | X - / N
Ji1 = N;;(p%ts‘) :W;tr((T Z7Z;) ZitZit)<N_;|Zzt”
| N TT , N (X 2
Ji2 = ﬁ;;;pZ“tspZ“trF (T 1FF) FS<CFWZ{E_:|pZi,ts|HFs|}
< cFC%inzitn?{iinzm ||Fs||}2 ceeg P ZIIZ Y 171
NT =1 Ts:l NT3 s=1
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T
ST F/(F'F)'F. F/(F'F) F, Z,(Z]2)"" Zis Z},(Z/2;)""

N

L XT
Jus = NZZ

Ziq
=1 s=1r=1qg=1
E B S~y .
! ! -
< B LS S S IRIIENZ, (Z2) 7 24
i=1 r=1 q=1
ez | Bl se v ,
< EZ LS S S IR IEN1Z ] 12
i=1r=1qg=1
N T 2 2 o N T
i CZHFtH 1 chez [|1F7IF 2
= R AT DIz < FEEEELS Sz,
i=1 'r:l i=1 s=1
and similarly,
N rrrr 2
= sz[ZZFAF'F)‘IFJ;<Z;zi>‘1zin;<F'F>‘1Fs
1=1 s=1 [r=1q=1

IN

b 1P <= 1 & !
t 2
FJZVT2 ZZ”FSH (fZWTII IIZZ-TH)
1=1 s=1 r=1
o NT2 TT:l I r >~ N

i=1 i=1 \r=1

We can readily show by the Markov inequality that J;1; = Op (T1) for I = 1, 2, 3, 4, implying that
Jin = Op (T7') . By the same token, Jiz = Op (T'). Thus + Zivzl Zle h:.=Op (T71).
(iv) By (i)-(ii) and the proof of (iii), we have

max Juy = T'0p (VI/N +1) = 0p (NT) 2+ 771) = op (T7112),

1<t<T

5 N
crcy | F| € 12
1<rer Ji2 T2 12N \T Z e e\ N 2_; %l
Op (T7) Op(\/N/TJr 1)0P(\/T/N +1) = op(T71/?),

o ||Fi|?, and Jig < aanr |F|7

IN

Ji13

IA

Thus (iv) follows.
(v) By Markov inequality, we can show that aynr = Op (Tﬁl), and asyr = Op(T™1). It follows
that

| NN T o1 T N ¢—1 2 T )
2 _
Y S S, = 3 (RS €3 o e I8 onr)
i=1 j=1 t=2 s=1 r=1 =2 i=1 s—1 t—2
T
= (aanr +0ant)? Y NIE" +0p(1) = Op(T™") + 0p(1) = 0p(1).
t—2

Lemma A.5 Let& AQ =T8S;/T andvny = NYOT=1/2. Suppose Assumptions A1-A3 hold. Then under
Hy nr, maxi<i<n |0 —0?| =Op(uny + NY2T-1 + 71/2 + Oy N/ D),
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Proof. Noting that & = Mpe; + MpX;(8 — B) + MsFAi + Mz X;(5; — 8), we have

10
&7 = &;Mo&;/T = > TSSu/T, (A.11)
1=1
where
TSSM = €;MFMOMFEZ'7 TSSq/ﬁ = 2€2MﬁM0MFF>\i,
TS8Si = (8= B) X[MpMoMpXi(8 = B),  TSSir = 26{MpMoMpXi (B, — ),
TSSlg, = )\;F/Mlj—vMoMFFAZ, TSSlg = Q(ﬂ — ﬁ)/X;MFMoMFFA“
TSSia = (B; — B) X{MpMoMpXi(B; — B), TSSio =2(8 — B) X{MpMoMpXi(B8; — B),
TSS% = 2€2MﬁMOMﬁXz(B - ﬁ), TSS“O = 2)\2F/MﬁMOMﬁXZ(Bz - 6)
We prove the lemma by showing that
1SN | T'TSSin — 07| = Op(vnr + NPT~ + 651 + vwr), (A12)
_z_
and
10
> 2, 177 TS8| = Or(owr + SN0 (A.13)
First, we prove (A.12). Observe that
T71T55i1 — 0'12 = (T71€;M0€z' - 012) + T71€;PFM0PF€Z' - 2T71€;M0PF€1'. (A14)

For the first term in (A.14), write T~'eMoe; — 02 = T~} Zle(sit —g)—-o02=T""1 Zthl & — B2

i i)

where £;, = €%, — 0?. Then by Assumption A3(iii), for any € > 0 we have

T N T N
1 1 —9, —9
P (11<nla<>§v T tgl §it = 6UNT> < '5—1 P (T ;ﬂ §ir = GUNT> <e unp E._I:E
9 —9 N

- Gizz;NT Z Z E (&, EityEity)

1=11<t1,...,t9 <T

9

N

L
T Zfit
t=1

= O(NT2u3%) =0(). (A.15)

It follows that maxj<;<n |[T7! Zthl €2, — 07| = Op(vnr). Similarly, maxi<i<n |&;| = Op(viy) =
op(unt). It follows that

max |T_1EQM0€7; — O’f| = Op(’UNT). (A].G)

1<i<N
For the second term in (A.14), observe that T~ e, Pz MoPpe; < T '€, Ppe; as Amax (Mo) = 1. Further,
T~ e/ Pre; =T 'e,Pre;+T '€, (P — Pr) &;. First, maxi<;<n T~ '€, Pre; < cpmaxi<i<n T~ %€} FF'e;,
where cp = [Amin (T F'F)] - Writing T~ 2e/FF'e; =T 2 [e\FF'e; — E(e,FF'e;)|+T2E (¢,FF'e;),
as in (A.15) we can show that the first term is Op (Nl/QTfl) and the second term is O (T~') , both uni-
formly in 4. It follows that max;<;<y T 2€,FF'e; = Op (Nl/QT_l) , implying that max;<;<ny T~ '€, Pre; =
Op (NY2T~1). Now, by Lemmas A.1(vii) and A.2, maxi<;<n [T~ '€} (P — Pr)&;| < ||Ps — Ppl|
x max;<i<n (T~ |ei]|*) = Op (65 + Ynr). Consequently,

max T~ e, PpMoPpe; = Op(NY2T ™ + 63 + v yr)- (A.17)
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For the third term in (A.14), write T~ 'e[MyPpe; = T '€, Pze; — T~ 'e,LPpe;. The uniform bound
for the first term was obtained above, and we can show that the second term is also bounded by
Op(N'Y2T=1 4 5y + vnr)- Hence we have

max T [eiMoPpei| = Op(NV*T ™! + 83 + ). (A.18)

Combining (A.16)-(A.18) delivers (A.12).

Now, we prove (A.13). For T'SS;2, by Lemmas A.2 and A.4(i) we have

max 7717880 < |13~ B2 max (T |Xi]%) = Op(r)0p(VNIT + 1),

1<4<

For T'SS;3, by the repeated use of (A.7), Lemmas A.1(i) and A.2, and Assumption Al(vi), we have

!
-1 1 ~ ~
max {T7'TSS;} = max T\ (F - FH) Mg MoMp (F - FH) by

1 1<i<N

A

N / ~ R 2
max T~ (F - FH) (F - FH) AN <T HF - FHH max_ ||\
1<i<N 1<i<N

Op(33n + 73m)Op(NY?) = Op (535:NY7)

where we used the fact that maxi<;<y |[Ai||> = Op(NY/?) by Assumption Al(vi) and the Markov
inequality.
For T'SS;4, by (3.2) we can obtain

-1 < 1242 “1 v 2 — 2 .
max {T7'TSSu} < MPyyr max T |1Xil” = Op(vir)Op(VN/T +1)
By the Cauchy-Schwarz inequality, we have

max T [TSSis| = Op (v (N/T)V 4 1)), max T TS| = Op (03 NV C0),

1<i<N

121%5‘%\, T! |T'SSi7| = OP(’YNT((N/T)I/4 +1)), lgli?%vTil |T'SS;s| = OP(’YNT((N/T)U4 + 1)5&1[]\[1/(279)),

max T~ |TSSi| = Op (Vi (N/T)V? + 1)), lgligvT_l ITSSi10] = Op(Ynp(N/T)V* + 1)5 3y N/ D),

Noting that vy, ((N/T)/* 4+ 1) =0 (5JQ1T) , (A.13) follows. m

B Proof of the Results in Section 3

Proof of Theorem 3.1.
The proof is a special case of that of Theorem 3.2 and thus omitted. B

Proof of Corollary 3.2.

By Theorem 3.1 and the Slutsky lemma, it suffices to prove the first two parts of the corollary.
In fact, we prove a slightly stronger result, i.e., under H; y7 in (3.2), Bnr = Byr + op(1) and
Var = Var + op(1). This stronger result will be needed in the proof of Theorem 3.3 below.
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A2
P =

(i) We prove Byt = ByT + op(1) under H; n7. Recall &; —1T8S;. We can decompose

B N1 — BnT as follows:

) 1 N R 1 N T
BNT_BNT = —NZtT(HZ‘)—\/—NZ&;QZE?thi’H/

- thr(ﬁiHi)Jriiv:U;Qi(U?s?t it + ! XN: Er;z)XT:hute?t
VN VN VN t=1

=1 t=1 =1

= Byt + Byro + Byrs, say.

Noting that ﬁl —H;, = (MF _MF)PZi(MF —MF) +MFPZi(Mﬁ — MF) + (MF —]\4);:)1—:’22.]\4177 we have

. 1 X _
Byri = N §tr [(Mp — Mp)Pz, (Mg — Mp)] + \/_ Ztr [(Mp — Mp) Pz, Mp]

BNT,ll + QBNT,IZa say.

By Lemmas A.1(vii) and A.2, (A.7) and Assumption A4(i), we have By7.11 < ﬁ Zf\;l | My — MFH2
= Op(N'Y253%) = 0p(1). For Byr.12, using (A.1) we have

N
~ 1 _ ~ ~ ~ ~
By112 = _ﬁ th [(a1 + a2 + a3 + as) Pz,Mp| = —Bnr,121 — Bn7r122 — BN1123 — By7,124, say.
i=1
For BNT7121, we have
BNT,IQI Ztr[ 1MFF FH)Hsz]——Ztr[ 1MF(F FH)HF’ iTlT:|

= BNT,1211 + BNT,12127 say.

We further decompose B ~T,1211 as follows

Byrion = \/_ Ztr [ Mg (F — FH)H'F' Py, ] i [ (Mp — M) (F - FH)H’F’PZJ

%IH

= BNT,1211a + BNT,1211b-

By the repeated use of the matrix version of Cauchy-Schwarz inequality, Assumptions A1(iv) and A4(i),
Lemmas A.1(ix) and A.2,

(T ZiM (B~ FHYH'F'2;(Z2) |

|T§:
Y

< HT LZ!M A (F — FH) H HHFZ 77 1”
\/— 2 (ZiZ;)
T “1/2 N
_ : . =1l 1
<\ 1 { i v (122 S [rziasg )|

- \/%opwf)op(l)Op (NOR% + Nvr) = Op (NV2(65% +7wr)) = or (1).
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By the repeated use of the matrix version of Cauchy-Schwarz inequality, (A.7), Lemmas A.1(i) and (vii)
and Lemma A.2; and Assumption A4(i),

’ - Ztr { (Mp — Mp) (F — FH)H’F’PZJ

N
V% S {tr (H'F Pz, FH)}Y?
=1

_ _ N _
= Op (3x%) Op (Onk) \/ - IIFH|| = Op (N263% ) = or (1),

It follows that BNT,1211 = op(1). By the same token, BNT71212 = op(1). Thus BNT7121 =op(l).

IA

it v - ]

Analogously, we can show that BNT’lgl = op(1) for I = 2,3,4. Tt follows that BNTJQ = op(1) and
BNT,l = Op(l).
For BNT,z, noting that ED(BNT,z) =0, and by Assumption A2(v) and Lemma A.4(iii)

N N T T

Ep (BJQVT,Z) = N ZZ Z ZU_ZU (07 —€%) (07 = €35) ] hiithiss

i=1 j=1 t=1 s=1

Loy 2 M IS
- NZZU;%?’“E [(E?t — i) } =N Zzhin = op(1).

i=1 t=1 =1 t=1

It follows that BNT’Q =op(1).
By a geometric expansion, 1/67 — 1/0? = — (67 — 02) /ot + (67 — 012)2/(04&?). It follows that

T

9 N (a2
BNT,S — \/_ Z 7 Jz Z hl ftezt \/_1N ; (Uz Z hl ttelt

’L

= BNT,31 — BNT,327 say.

By Lemma A.5, we can readily show that BNT 32 = VNOp (UNT + NT-2 4+ nyT 4+ 0% TN1/79) =
op (1) . Using the decomposition of &7 in (A.11) and following the arguments analogous to those used in

the proof of Lemma A.5, we can show BNT’gl =op (1). Thus BNT73 =op (1), and Byt — Byt = op(1).

(ii) We prove Var = Var + op(1) under H; y7. Note that

N
~ 2 ~ ~ ~
VT — VN = N ;tr (HZ2 — Hf) Z th w = 2VNT1 + 2VNT 2, say.

zltl

We further decompose VNTJ as follows:

VNt = %ZN:W [I:Iz (I:Iz - Hz):| + % XN:U" [(ﬁz - Hz) Hz} = Vnra1 + Vraa, say.
i=1 i—1

Noting that

H,— H, = MFPZiMF' —MFPZ,‘,MF
(MF _MF)PZi(Mﬁv _MF)"I‘MFPZi(MI% —MF)+ (Mﬁ _MF)PZiMFa
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we have

Vnril = ( (Mp — Mp)Py,(Mp — M) ) +%itf (HiMFPZi(MF _ MF))
i=1

e
i v (Hi(My — Mr) Py, Mr)

= VNT711a + VNT,11b + VNt 116, S3Y.

By the repeated use of (A.7), the fact that Amax (MF) = Amax (Pz,) = 1, and Lemma A.1(vii) and A.2,

we have

N
1 _ _
= 2 tr (Po Mp(Mp — Mp)Py, (M — Mp)Mj)

=1

< = Ztr #(Mp — Mp)Pz, (My — Mp)) <

< HMF — Mr|* = Op (557 +7hr) = 0p (1).

Similarly, VNT 116 = Op(éNT +vn7) =op (1) and VNT,nc = Op(5x,1T +vn7) = op (1) . Tt follows that
VNT,H = op (1). By the same token VNTJQ = op (1) and hence we have VNT,1 = op(1). By Lemma
AA(il), Vvr2 = Op (T71) = 0p (1). Hence Vyr — Vyr = op (1). B

Proof of Theorem 3.3.
By (2.10) and (2.11), we have

g Py.&; 1 e2hi ut
It = \/_ZT ITSS; \/_NZZTiTSS

- 20*2 8;P7.8 — eiQig;| + Z 8Py, —eiQig;] (T7'TSS;) ™" — 077

JNT,1 + JNnT,2, say,

where Q; = diag(h; 11, hi22, ..., hi rr) . We prove the theorem by showing that: (i) Jnrz.1 4, N (B, V),
(i) Jyr.2 = op(1), (ili) Byr = By7 +0p(1), and (iv) Vyr = Vr +op(1). (iii) and (iv) are proved in
the proof of Corollary 3.2. So we complete the proof of the theorem by showing (i) and (ii) respectively
in Propositions B.1 and B.2 below.

Proposition B.1 Under the conditions of Theorem 3.3, Jnr1 4, N(Bq, Vo).
Proof. By (2.8), we have

INT1 = RanT + RonT + R3nt + Rant + 2RsNnT + 2RenT + 2R7NT + 2R3NT + 2RoNT + 2R10NT,
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where

X
) =
2 2
~ ~
Il Il

Rant =

Rint =

e
.

I
—

o8

©
I
—

1

=1l

—2 / D
0, (eiMyPz, Mpe;

—€jQigi)
0, 2(B = B) X[ MpPy, MpXi(5 - B),
T 2 05 NF MpPg MpFX,

\/_1ﬁ ;0;2(ﬁi_B)IX{MFPZiMFXi(/Bi-B)7

N _ .
Rsyr = \/—% Z%J;QEQMFPZiMpXi(ﬁ - f),
=

We prove the proposition by showing that

Ront + Rant + Rant + 2Rsnt + 2RonT + 2R1onT = ©0 + 0p(1),
RsNT = Op(l), S = 5, 6, 7.

N
Foxr = 5 5o
1 ZEl

Rone = 75 200
1 ZN:l

Revr =y X0
1 1N1
Tt = g 2o
1 1_1\1[

Rionr = 5 >

s
Il
_

Rinr 5 N(0,Vp),

(i) First, we prove (B.1). We decompose Riy7 as follows:

RinT

It suffices to show that Riny72 and Rinr,s are op(1), and Rin71 4, N(0,Vp).
By Lemma A.3(i), Rin7,2 = I'inr = op(1). For Rinr 3, using (A.1) we have

e

\/_Za ! MpPz,(Mp — Mp)e;

MFPZ Mg —

RinT1+ RinT2 + 2RiNnT 3.

Rint3

where, e.g., RinT,31 = N—1/2 >

RinT 31

IN

N
NN o [a;MFPZiT*(F - FH)H’F’ei]
=1

—RinT31

i=1

].\11 UZQEQMFPZialsZ-. By Lemmas A.3

N
N~Y24p [Z o; 2
i=1

N
N7'Y2N "0 2 FleieiMp Py,

=1

Op(VN +T)Op(T

Qi)ei +

ZO’ MA—MF)PZ (M MF)

N
N'*l/2 ZO’{QEQMFPZi (a1 + a9 + a3z + a4)€i

— RinT,32 — RinT,33 — RinT 34, 53y,

Fleie!MpPy T™(F — FH)H’]

26N+ nr)Op(1) = op(1).

2€/iMFPZi MFF)\Z',

7! HFfFHH IH]|

28— B X!M Py, MpFX;,
,Q(BB)XM PZM X(ﬁ ﬁ)

0 2N F' My Pz, MpX;(B; — B).

(iii) and A.1(i) and A.2, we have



By the Cauchy-Schwarz inequality, Lemmas A.1(i) and A.3(iii), we have

N
1 _ , ,
Rinrse = —= Y o0;°tr |eiMpPy, T~ (F — FH)(F — FH)'e;
el |
N
= tr|T"(F - FH)(F - FH)N"'?Y 0, %] MrPy,
=1

N

~ 2 _

< T—1HF—FHH HN—1/2§ o7 %€l MpPy,
=1

— Op (63 +7%r) O (VN +T) =0p (1).

By the Lemma A.3(iv), RinT,33 = I'ent = op(1). Analogously to the case of Riy7 31, using Lemmas
A.1(vi) and A.2 we can show Rin7 34 = op (1). It follows that Riy7r3 = op (1).
Now we prove Ry y7,1 % N(0, Vp). Noting that My Py, My = H; and Q; = diag(hi 11, hisz, - - - hirr)

we have
T

N
Rint1 = \/% 20;2 Z Eit€ishits = ZZNT,t;
=1

1<s<t<T t=2

Xn,F,A e.,...,e1} where recall ., = (e1¢, ...,en¢)’. By Assumptions A2(i) and A3(i), {Zn1t, FNTt}

is an m.d.s. because

where Zy7,; = 2N~1/2 Zf\;l o2 Z’;ll git€ishits. Let Fnr ¢ denote the o-field generated by { X7, Xo, ...,

N t—1
E (Znr4|Fnri-1) =2N"1? Z o; 2 Z €ishits E(git] Fnre—1) = 0.
=1 s=1

By the martingale CLT [e.g., Pollard (1984, p. 171)], it suffices to show that:

T T

4
2= Eryp, . | Zyral* =0p (1), and > Zr, — Vvr = op(1). (B.4)
t=2 t=2

where Er,., , denotes expectation conditional on Fnr—1. Using Assumptions A2 and A3(i)-(ii) we

have

T N N
2—16 267207207 2 hi sshi trhitoh E
= - 0,705 0,70, “hitshy e hi tghi twis€irekeCio B (Sitejiekicin)
=2 1
T N N
48 -2 -2
= QZZ Z Z g; Uj hi,tshi,trhj,tth,tvgisgirgqujv

t=2 i=1 j=1,j#i 1<r,s,q,v<t—1
T N
16 -8 4
+m g E g, hfi,tshi,trhi,tqhi,tv&:isgirsiqgivE (5“)
t=2 i=1 1<r,s,q,v<t—1
4821 4+ 1625, say.

Noting that Z > 0, it suffices to show Z = op (1) by showing that Ep (Z) =48Fp (Z1) + 16 Ep (23) =
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op (1) by the conditional Markov inequality. By straightforward calculations and Lemma A.4(v),

T N N
1 9 _
Ep (Zl) = ﬁ Z Z . Z Z g, QO'j th,tshi,trhj,tth,tvE (51'351'7") E (sjqejv)

N t—-1t-1

= %ZZ Zzhzts ]tr_ (1)7

t=2 i=1 j=1,j7#t s=1r=1

and
1 T N t—1 t—1 1 T N t—1
Ep(2;) = 33 Z Z Z Z J_4h$tshz2tr ( ?t) + N2 Z Z O—i_Sh;l,tsE (5:'1s) E (#t)
t=2 i=1 s=1r=1,r#s t=2 i=1 s=1
3 ,2M1/2 T N t—1 t—-1 74M T N t-—1
< QUT Z Z h’zg,tsh’z?,tr Q(TZVQ Z Z h?,ts = OP(l)’
t=2 i=1 s=1r=1,r#s t=2 i=1 s=1

where we used the fact that E (c},) < [E (¢5,)]'/2 < MY/2. 1t follows that Ep (Z) = op (1) and thus
Z =op (1) . Consequently the first part of (B.4) follows.
For the second part of (B.4), we have

T T N N t—1t-1
§ 2 -1 § : § : § : § : § : -2 -2
ED(ZNT,t) = 4N o, O'j hi,tshj,t'r‘E(gitEisgjtng)
t=2 t=2 i=1 j=1 s=1r=1
T N t-1 T N t-1
1 —472 1 2
= 4N~ E E E o; hiFE (ehel) =4AN~ E E hi s = VN,
t=2 i=1 s=1 t=2 i=1 s=1

where the second and third equalities follow from Assumptions A2(ii) and A3(i) and Assumption A3(ii),
respectively. In addition, we can show by straightforward moment calculations that ED(ZtT:2 ZZQ\,TJ/)2 =
V2, +op(1). Thus VarD(Z:tT:2 Z374) = op (1) and the second part of (B.4) follows.

(ii) Next, we prove (B.2). We first consider Royr. By Lemma A.2, we have the following

decomposition:
Ronr = 72b'XM 2Pz, M Xiby + — 72b’XM 7Pz, Mz X by

—277
o; bXMPZMXb2
/z

R2NT,1 + Ront2 + Rant 3, say.

where by = op(yynr) and be = D(F)_llN&% Zf\il 1. X;6;. Noting that Amax(Pz,) = 1 and Apax (MF) =
1 and using (A.7) repeatedly, we have

RonT1 < o7 20 XX by < ety X;
fZ o] \/—ZII I?

= op(TTIN"Y2)Op(NY2T) = 0p(1).
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Using Lemma A.1(vii), we can easily show that
1 _
RQNT73 = \/_N ;O’:QbIQX{MppleFleQ + Op(l) = Op(l)

Then Ront,s = op(1l) by the Cauchy-Schwarz inequality and we have

N
1 _
Ront = — Y 0. 20, X!MpPy MpX;bs + op(1). B.5
ONT \/NZ:ZQzFZaLFQP() (B.5)
For R3nr, we have
N ~ -1
Rsnr = \/__Z 07 2N(F — FH )Y MpPy, Ma(F — FH )\

N
— Z DN(F—FH YMpZ (T Z.2,) " ZIMa(F — FH )\

_ . . ~ -1
T\/_Z 2N(F— FH Y MpigipMa(F — FH )\

Rant1 — RanT,2, say.

Using Lemma A.1(iv) yields

N
R3NT,1 — Z 0_72)\/ / IZ@{Z’L‘)il Cl)\i + 3—1];\[ 20;2)\26/1 (T_IZZ{Z,L-)il Ci2)\i

20_2/\1(:12 1Z£Z¢)71 CiaAi

RSNT,M + Rant12 + Rant13, say,

where ¢; = Op(||B — B||) + Op(d5%) and cp = —Z{ M3 25:1 X6, A (MA/N)™". Using Lemma
A2, we can readily show that Rsnr11 = Op(TNl/ZéNZ}) = op(1). Using Lemma A.1(vii), we can show
that

N N ! N
1 _
RanT13 = ~7 ;10 2<N Z ka5k> MpPy M ( E ka5k>

! N
aika6k> Mp Pz, Mg (N Z szk6k> +op(1)

I
Z‘H
N

] =
S

-
=z~

M- 1

Then Rsnr,12 = op(1) by the Cauchy-Schwarz inequality and

N N ! N
1 _ 1 1
Ryt = ~NT E o2 (N E aika6k> MpPz, Mg (N E aika6k> +op(1).
i=1

k=1 k=1
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By the same token, we can obtain

!

N N N
1 _ 1 1
R3NT,2 = —NT E o, 2 (N E aika6k> MFLMF (N E aika(Sk> + Op(l).
i=1

k=1 k=1

It follows that

N N ! N
1 _ 1 _ 1
Rant = NT E o;? (N E aika5k> MpPgz, Mg (N g aika5k> +op(1). (B.6)
1=1 k=1 k=1

For RynT, by Lemma A.1(vii) we have

N
1 _ _
R4NT = W Z g; 252XZ,MFPZ1MFX161
i=1
N
1 B
= %7 > 0,726, X[Mp Pz, MpX;6; + op(1) = Op(1). (B.7)
i=1
For Rgn7, RonT and RignT, by the Cauchy-Schwarz inequality and analogous arguments as used above
we obtain
1 & 1 & ' _ 1 &
Rsnt = NT Z:: ( lﬁ kZ_IH;ngcsk) X!MpPz, Mp <N kz_laika%) +op(1), (B.)
N /
1 —2 1 /
Ront = —35m D0 D(F) N—ZH X0y | X!MpPy, MpX;6; +0p(1), and
i=1 k=1
(B.9)
li
-2
RionT = —ﬁ ZU (N ;aszk5k> X{MpPz,MpX;6; +op(1).
(B.10)

Combining (B.5)-(B.10) yields (B.2).
(iii) Now, we prove (B.3). For Rsnr, we have

1

N
R5NT—TZ o; %€ (Mp — Mp) Pz, M Xi(3 — ﬁ)+—Za 2l Mp Pz, MpXi(B — ).

\/_
The first term in absolute value is bounded by {FlNT}1/2 X {RQNT}1/2 = op(1) by the Cauchy-Schwarz
inequality, Lemma A.3(i), and (B.5). To show that the second term is op(1), it suffices to demonstrate
that Rsyry = N— 1/22 0y %elMpPy, Mz X; is op (’y]_vlT) by Lemma A.2. We further decompose
Rsnt,1 as follows

i=1

N

1
Rsnra = \/_Za 2e! MpPy, MpX; + \/_Za 2e!MpPz,(Mzs — Mp)X;
i=1 i=1

= Rsnt11+ Rsnt,12, say.
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Observe that E(Rsnr,11) = 0 and by the repeated use of (A.7),
NN ) )
E|Rsnrail® = v > 0,20 2E [tr (Mp Pz, MpX;XMp Pz, MrE (c:€}))]
i=1 j—1

N
= % > 0 °E [tr (X/Mp Pz, Mp Pz, MpX;)]
i=1
_1 N

< Z Eltr (X/X;)] = S ZEHXH o(T).

It follows that Rsnr,11 = O p(\/T )=op (’y]_vT) . By the Cauchy-Schwarz inequality and Lemmas A.1(vii)
and A.2,

-1
IRsnT 12l < %’
N 1/2 . N 1/2
< o |[Mg - My (ZHEQMFP% 2) (NZ||Xi||2>
i=1 i=1

= Op(T~V2 4+ N~V2H)0p(NY2)Op(TY?) = 0p (V) -

It follows that Rsnt,1 = op (vyr) and Rsnr = op (1).

For RgnT, we write

R@NT—\/_ZO'_2 e/(Mp — Mp) Py, MaF; —I—\/_Za 26/ Mp Py, My (F FH- >/\

By the Cauchy-Schwarz inequality, the first term in absolute value is bounded by {T'; y7} 125 {R3 NT}l/ 2

op(1) by Lemmas A.3(i) and (B.6). Denoting the second term as Rgnr,1, we decompose it as follows

N
1 _ .
Renta = TR § 07 2eiMp Py, (M — My) (F = PH™')

—TZJ 2! My Py, My (F FH- ))\
1=1

= Rent,11 — RenT,12, Say.

By Lemmas A.1(i) and (vii) and Lemma A.2,

|RenT 11l = l\/—ZU *NigjMpPy, (Mp — Mp) (F FH~ )]

IA

|Mp — M| ||F - FE

H TN 2 ZU—2A &' MpPy,
= OP(5NT)OP(T1/25NT) =op(1).

By Lemma A.3(v), Rsnr,12 = Isnr = op(1). It follows that Renr1 = op (1) and Rsnr = op (1).
Analogously to the analysis of Rsy7, we can show that Ryyr = op (1). This completes the proof of
(B.3). m
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Proposition B.2 Under the conditions of Theorem 8.3, Jyr.2 = op(1).

Proof. By a geometric expansion, 1/67 —1/0? = —(67 —02) /ot + (67 —02)?/(c}67). Tt follows that
N ~2 2 N ~2 2 2
1 ~ o; —0o; 1 _ (G’- — O't)
J = —— &P E; — e’ i€ L L — &P E; — el i€ ~t
via = Uy & EPas meQe) o g o P maQe) Hor

= —Jn721 + JINT22, say.

Using & = Mpe; + Mz X;(6 — B) + MpFX\ + Mz X;(8; — ), Lemmas A.1(vii) and A.2, and the

conditional Markov inequality, we can show that under (3.2),

N N
Nﬁlz (é‘;pzzéz *EgQi€i)2 = Nﬁlz (€;MFPZ¢MF€i *62Q161)2 +op (1)
1=1 =1

2
N

= 4N! Z Z Eitgishi,ts +op (1) =0p (1) . (Bll)

i=1 \1<t<s<T

Then by Lemma A.5, (B.11), and Assumption A4, we have

maxi<;<nN |CAT2 *0'2|2 1 N

i NN

JINT22 < " —Z’E;PZﬁi — Q€|
NNy <;<N 0,0, \/N i—1

R 2 N 1/2
\/NmaxlgiSN’J?*U?‘ 1 A , 2

- P N Z (EiPZisi - EiQisi)
MM <i<N 005 i=1

= VNOpkp 4+ NT72 4327 + 635NY)0p (1) = 0p(1).

10
For Jnr1,21, we have Jyr21 =D ,_; JNT,211, where

N
1 _
JNT’211 = — 20;4(é;PZ1éz — E;QiEixT_lTSSﬂ — 0'22), and
\/N i=1
1 N
INT2u = —= 20;4(égpziéi —€Qie;)(T'TSSy) for 1 =2,3,...10,
\/N 1=1

where T'SS;;, 1 = 1, ..., 10, are defined after (A.11). Following the same steps in the proof of Proposition
B.1 and the analysis for T'S.S;; in the proof of Lemma A.5, we can show that Jyr 21, = op(1) for all
l=1,..,10. m

Proof of Theorem 3.4.

Let P* denote the probability conditional on the original sample Wy = {(¥;, X;),i =1,..., N} and
E* and Var* denote the expectation and variance with respect to P*. Let Op- (-) and op~ () denote
the probability order under P*, for example, ayr = op~ (1) if for any € > 0, P* (lant| > €) = op (1).
Note that ay7 = op (1) implies that ayr = op« (1).

Observing that Y;; = BIXit + 5\213} + ¢}, the null hypothesis is maintained in the bootstrap world.

Given Wnr, €}, are independent across %, and are independent of X, /A\j7 and FS for all 4, ¢, j, s, because
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the latter objects are fixed in the bootstrap world. Let ef = (¢}, ...,e}p)’. Let F; (€]) denote the o-field
generated by {€f, .-, ef }. For each i, {ef, F; (ef)} is also an m.d.s. such that E* (¢},|Fi_1 () =
B (e) = TS0, (6 —B) = 0, and B*[(e)° |Foms ()] = E*[(e3)Y] = TV 5L, (5 —B)” = o
Under either Hy or Hy y7, Lemma A.5 indicates that Er? is uniformly bounded and bounded away from
0 with probability approaching 1 as (N,T') — oc. In addition, letting £}, = €}, — 67, we can verify that
E*|¢5,]” exists provided E|¢,,|” exists and T Zf\il Sictrtonty<t B (EinEiyEiry) = Op+ (1)
by the serial independence of {e%,,t > 1} and thus {¢},,¢ > 1}. Thus we have verified that Assumptions
A2(i)-(ii) and A3(i)-(iii) are satisfied in the bootstrap world.

Note that the bootstrap analogue of { X, \;, Ft} is { X, ;\i,ﬁt} which is known given Wyr. The
conditions on {X;;} alone in Assumptions Al(i), (iv) and (v) remain satisfied in the bootstrap world.
Under either Hy or Hy 7, using Lemmas A.1 and A.2 we can show that 71 Zil Ftﬁ’t’ =Xp+op(1),
N7TIAA = Sx +0p (1), 5572 Ciciriia g 6in-Ciy = Op (1), and D(F) = D(F) + op (1). This
indicates that the other conditions in Assumption Al are also met in the bootstrap world. Note that
Assumption A2(ii) is mainly needed to simplify the calculation of the asymptotic variance of Jyr in
the proof of Proposition B.1.

By the above discussions, we can verify that Lemmas A.1, A.3, and A.4 remain valid in the bootstrap
world by replacing {F, F', H, H;, e;, \;, 3, /3, o2, 8, yYnrts Op () and op (+) by {F,F* H* Hz*,sz,/\l,ﬁ7
B, 6%,0,0}, Op- (-) and op- (-), respectively, where F* = (F¥, ..., Fx), H* = (NA/N)(F'F* JT)Vy7',
Vi satisfies [y SO0, (V= XiB)) (V= XiB ) |F* = F*Viig, Y = (Vi ., Vi)', and HY = Mp(Pz,—
L)M . The results in Lemmas A.2 and A.5 now become B* —B=0p- (N*1/2T71/2) ,and maxi<;<ny |6;‘2
—6?| = Op+(unr + NY2T1 4 6L NYED) where 672 = T71TSSy = T S (&5, — &), &
Vi B Xy — A Fr and Z =71 0L &

Let Ry, i, Bips Viip, By, and Vi denote the bootstrap analogue of B3, Jnr, By, VT,
BNT, and Vyr, respectively. Then J%, = (VNTR3Z, — Biyr)//Vir and Jiyr = (VNTR3E — Bir)

/7\/ V. As in the proof of Theorem 3.3, we have

Jx _ 1 ié?— ZZ rtQh;ktt
NT — ~— == 7* 52
\/Nizl g; i=1t=1 Ui
N N
— LZ&; (A*/Pze —E*/Q Z */PZE‘: —€*IQ )( —2 _&;2)
VN “

=1 i=1

= Jyrat+ Nt say,
where Qf = diag(h} 1, hiag,- -, hipr), his is the (t,5) element of H;. We prove the theorem by
showing that: (i) J3.z.; — N(0, Vo) conditional on Wy, (ii) Ji, = op-(1), (iii) By = Bip+op-(1),
and (iv) Vg = Viig +op-(1).
We only outline the proof of (i) as the proofs of other parts are analogous to those in the proof of
Theorem 3.3. By (2.8), we have
Jnra = Rinr + Bonr + Rinr + 2Ry + 2Rgny + 2R N,

where R}y is the bootstrap analogue of Ryt forl = 1,2,3,5,6,8, e.g., Riyp = N~1/2 ZN V672 (er M.
Py, Mp.e;—e}'Qre;). Analogously to the proof of Proposition B.1, we can show that R}y, = op« (1) for
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l = 27 37 5a 65 87 and RTNT = Z?:Z ZK/'T,t+OP* (1) ) Where Z;/'T,t = 2N71/2 Zf\il 6—2_2 Zi;ll 5;'kt5;'ksh;,ts- Let
Fxr. denote the o-field generated by {Wnr, €%, ..., €’ } where recall €%} = (g7, ..., e5y)" Then {Z3r ,,
Fiors} s am muds. because B (Zip | Fir,y 1) = 2N 25N 672 52 et b B(e5 Firpy 1) = 0.
So we can continue to apply the martingale CLT in Pollard (1984, p. 171) by showing that

T T
* § : * 4 E * *
Z* = E]:KIT,t—l iZNT,t| = Op~* (]_) s and ZI\/gT,t - VNT = OP*(l). (B12)

t=2 t=2

where Exy . denotes expectation conditional on Fyq, ;. By direct calculations and the bootstrap

version of Lemma A .4,

48 T N N t—1t—1 4 T N t—1 t—1
t=2 i=1 j=1,j£i s=1 r=1 t=2 i=1 s=1 r=1,r#s
16 e ~—81 x4 4 4
+_2 Z Z g; h;tsE* (E;s) E* (E;t )
t=2 i=1 s=1

= op(1)

where we use the fact that E* (e5!) = T~' 1, (8s — Ei)4 =713 ek + op(1) uniformly in i and
672 < 20,2 with probability arbitrarily close to 1 as (N, T) — oo by Lemma A.5. Tt follows that Z* =
op+ (1). Now, Y1, E*(Z3p,) = AN7! S SN S 2 = Vi In addition, we can show by

1,ts

straightforward moment calculations that E*(3,_, Z3r4)? = Vi +op (1). Thus Var* (Y1, Zipy) =
op (1) and ZtT:Q ZX/QT,t — Vi =op<(1). R
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