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THIS APPENDIX PROVIDES PROOFS FOR TECHNICAL LEMMAS IN THE ABOVE PAPER.

A Proof of Lemma A.1 in the paper

In this supplement, we prove Lemma A.1l that is used in the proof of the results in Section 3. For
notational simplicity, we suppress the dependence ¢,;, X,;, and their associated distributions on the
sample size n. For example, we will write ; for £,,;. All results proved below hold for the triangular

array processes.

Lemma A.1 Suppose Assumptions A1-A2 and A5-A6 hold. Let Sy, (z) = n‘lD,foszXq@D,;l,
Syn (2) = E[Syn ()], v, =n"V2h7P/4 and 65 = Ay, (Xni) g5 + A (Xnj) €5 Then
(i) Rpy =207 01250 oo eig [ KiwX) Dyt (S (2) = S5 ()] Dyt X g jo Kjede = 0, (1),

q,iT qn qn
(i) Rpz = 207 WPy, 500 i Si [, Kia Xl 10Dy St (@) Dy X g oK juda = 0, (1),

(iti) Ryy = 20 WP, 30 o i i S, KiaXg 0Dy [t (2) = St (2)] Dy Xy ju K jad = 0, (1)
(iv) Rpa = 207200 Y icperei{ [y KinX( oDy Syl (1) Dy X o K jeda}? = Qg + 0, (1)

q,ix

To prove the above lemma, we need some technical lemmas. The following lemma is due to Sun and
Chiang (1997, Lemma 2.1).

Lemma A.2 Let {;,i > 1} be an l-dimensional strong mixing process with mixing coefficient o (-).
Let F;
(415 eeeyim) such that 1 < i1 < ig < -+ < 4, < m, let ¥ be a Borel measurable function such that
maz{ [ |9 (v, - - om) | T dE, . iy (o1, v) dF e (Vi s om) s [ 9 (v, cop) | T dF,
(v1,- yUm)} < My, for somen > 0. Then | [F(v1, -+ ,0m)dF; i (01, - 0m) — [F(v1,++ ,0m)
AF iy 1, 07) AFy e i (g1 ) | S AM T a0 — )04

denote the distribution function of (fil,...,fim). For any integer m > 1 and integers

1seeetm?

To state the next lemma, we need some additional notation. Let

U, = ( " )1 3 9 (Ess &)

m 1<iy<ig<...<im<n



be an mth order U-statistic where ¥ is symmetric inits arguments. Let dg = [--- [0 (&y, ..., &) I, dF (;),
and V¢ (&, .., &) = [+ [9(&y, &) T 1 dF (&) for ¢ =1, ...,m. Let RV (&) = 91 (§;) — Yo, and

RO (&, ) =0 (Eq, s & ZZh(J) ( i ZJ) — g forc=2,....m
1 (c.5)

where the sum Z(C)j) is taken over all subsets 1 <41 < iy < --- <1i; < cof {1,2,...,¢}. Let H%C) =
1

" di<ii<. <iv<n h(®) (&,,--&.) - Then by Theorem 1 in Lee (1990), we have the following

c
Hoeffding decomposition

Z/In:190+z< " )Hﬁﬁ. (A1)
c=1 ¢

Let C signify a generic constant whose exact value may vary from case to case.

Lemma A.3 Let {£;} and ¥ be as in Lemma A.2. Suppose that {&,;} is strictly stationary with distrib-
ution function F (-) and ¥ is symmetric in its arguments.
(i) If there is m > 0 such that

1<i1<...<im<n

MQn = max {/ |19 (Ula o 7’UM)‘4+W Hm 1dF (vi) max E \19 (61’1’ "'vgim)|4+n} <C< 00,

( )(2+f7)/[3(4+f7)] -0 (s’l

and for some 7 € (0,7n), a(s ) , then we have

2 .
E [Hgf)} =0 (nfd) for3 <c<m.

(ii) If a ()" T = O (s727¢) for some € >0 and n > 0. Then we have

n

m — €
Rn =Uy, — 9 —mH,(zl) =U, — 9y — Ez [’(91 (fz) —190] = Op (TL 1+ /2871>

=1

oy 1/ (24m)
where Sn = SUP1<i, <in<...<im<n {E ’79 (§i17'~~7§im)’ ] .

Proof. Yoshihara (1976, Lemma 3) proves (i) for S-mixing processes and Denker and Keller (1983,
Proposition 2) prove (ii) for S-mixing processes. Their results extend to the a-mixing processes by

applying Lemma A.2 in place of Lemma 1 in Yoshihara (1976). =

Proof of Lemma A.1
(i) Let Dy, (2) =[Sy, (x) — Sg,t ()] [Sqn (2) = Sgn ()] S5 (x) and vy, = n=Y/2h=P/2\/logn. If the
kernel function K (-) is compactly supported, we can verify that under Assumptions A1, A2(iv), and A4-
6, the conditions in Corollary 2(ii) of Masry (1996) are all satisfied and conclude that sup,cx, |[Sqn (7)
Sqn () || = Op (V) . In the case where K (-) is not compactly supported, we can apply Theorem 2 of

Hansen (2008) to obtain sup,cy |[Sqn (2) — Sqn (2) || = Op(vy,) under Assumptions A2(iv) and A5. It



follows that ||D,, (z)| = O,(v2). Now write

hP/2 o _ _ B
R, = - €i€ / szX; =Dy, 1Sqn1 (x) [Sqn () — Sqn (m)] qnl () D, 1Xq7szjmd:E
1<z<3<n
2hP/? 1 p-lg-1 & a—1 -1
= EiE; KZIXq Dy S () [Sqn (2) = Sqn ()] S5 () Dy ' Xy o Kjoda
1<z<3<n
2hp/2 / -1
+ €45 Kqu ixD Dn (z) Dy "Xy jo Kjpdx
1<z<]<n
= Rnpi1 + Rpia-

We first decompose R,,11 as follows

2hP/2 o _
Ry = 2 Ze’bsj/ K, X(/I ix Sqn ( ) k($) Sqnl (SC) Dh 1Xq1ijj~’Cdx
1<i<j<n k=1

2hP/? A _ _
= = Z Z 616]/ Kiz Xy i hlSqnl (z) sk (x) qnl (z) D; ' Xy ju Kjpda

1<i<j<n k#i,j

2hP/2 o -
+2 iy | KXy DS () 50 0) + 5 (0] St 0) Dy X K
1<z<]<n
= Ratia + Bniw, say, (A2)

where sy, (2) = — Ko Dy, ' Xq k2 Xy o Dy '+ E(Kia Dy ' Xg k2 X) g D 1) Let 07 (€5,€5,6y,) = RGTmp/(440)

Ei€; fx Kz X! ..D, Sqn () sk (x) St (2) D; ' X, ju K jzdx. Define the symmetric version of 9° as I €5

q,iT

&) = [0° (6,65, 6x) +9° (€, 6. &5) +9°(&5,€4,€,)]/3- Then we have

Ghl1/2—=@B+n)/(4+n)lp n—1) (n = 2) L~ C-mp/2(4+n)]
Roiia = p) Z 9 (giagjagk;) = ( ) ( ) Un1

n n
1<i<j<k<n

where U, = m21§i<j<k§nﬁ(éi7£j7€k)' For this 9, we have 99 = 0, 91 (£4) = 0, and
P2 (€1,&5) = 0, using the notation defined before Lemma A.3. This implies that U, is a third order
degenerate U-statistic with H =0 for ¢ = 1,2 and HP = U1 by using the notation defined before

Lemma A.3 again. In view of

M2n = max{/ |19 ’U1,’U2,Ud)| e H 1dF (vl>7 max E |79 (£i155i2,§i3)|4+n} § C < oo

1<i1<i2<i3<n

by construction, we apply Lemma A.3(i) to obtain U,,1 = O, (n73/2) . It follows that
Rpi1a = nh~C—mp/REI 0 (n—?»/?) -0, (n—1/2h—(2—n)p/[2(4+7])]) . (A.3)

Analogously to the determination of the probability order of U,,2 below by using Lemma A.3(ii), we can

readily show that
R = hP/?0, (n71+e/2 h*(1+n)p/(2+n)) =0, (n*1+6/2h[1/27(1+n)/(2+n)]p> . (A.4)
Consequently,

Ru1 =0, (n*I/Qh*(%n)p/[Q(Hn)] + n*1+6/2h[1/2*(1+n)/(2+n)]p) =0, (1). (A.5)



Now we study R,12. Noting that tr(AB) =vec(A) vec(B) and vec(ABD) = (D’ ® A)vec(B) for any
conformable matrices A, B and D [e.g., Bernstein (2005), Propositions 7.1.1 and 7.1.9], we have

ohP/2
R,12 = / Z i€ tr [D () Dy, 1XquX(;wD;1] Kz K dx
Xn 1<i<j<n
1
2hp/2/ vec (D (x)/)lﬁ > eiggvee (D Xg o X iy Dy ") Ko Keda
X 1<i<j<n

(n — 1) hP/? / vec (D, (x)')/ v, (z)dz,

where ¢, (2) = 2y Yi<icj<n €igilIn, ® (D' X ) vee(Dy ' Xy,iz) KinKjz, and @ denotes the
Kronecker product. Let b € RY: such that Ib]] = 1. Then

n

2
Unp =V py (@) = e D0 9(608)) =do+ =D 01 (&) — Do + R
1<z<j<n i=1
where ¢ (gm fj) = [790 (gm fj)"_ﬁo (5]‘7 &)]/2, 190 (gia gj) = Eisjbl[INq(@(D}:qu,jz)]VeC(D}leq,im) Kiijz,
%o, %1, and R,, are as defined in Lemma A.3(ii). By straightforward calculations, g = 0, ¢; (§;) = 0, and
_ 1/(24n)
R, = O, (n—1+e/2h—(2+2n)p/(2+n)) where we use the fact that sup;<;.,<, [E ‘19 (fi,ﬁj) ’2—“7} g
O (h=2+2mp/(24n)) | 1t follows that Ups = O, (n~1F</2p=(2+20p/(240) In view of that D, (z) =

O, (v2), we have

Roio = nhp/QOp(ufl)Op (n71+e/2h7(2+27~7)17/(2+77)) =0, (n71+6/2h7[1/2+(2+2ﬁ)/(2+7})]p lnn) =0,(1).
(A.6)

(i) Let Upns = ﬁ Yicicien ¥ (£ &) where D (€,,€;) = ij [y, Kia Xy iy D 'S (@) Dyt X g o Kjod.
Then we can write Rp,3 = (n — 1) hp/Q'yn 3. Let Yo, ¥1, and R, be as defined in Lemma A.3(ii). Then
Jo = 0 and 0 (§;) = & Ej[An (X)) [y Kin X}, Dy, 'Syt () Dy Xy ju K jpda). Tt follows that

q,ix

9 n
Z/{n3 = E ;791 (éz) +R

By moment calculations and the Chebyshev inequality, we have —Zz 101(&) = O, (nil/ 2). By
Lemma A.3(ii), R, = O,(n~1+/2). Tt follows that

Ry = nh?/?3,0, (012 0= 1/2) = 0, (W14 n71/27%)) = 0, (1),

(iii) As in the proof of (i), write

Rn3 = 2n_1hp/2 gzj / KZ:EX(/] i n [St]_nl (:C) - Sq_nl ("L‘)} D;qu’ij]Id.'L‘
1<z<]<n
= anlhp/Q Sij / K; XC/I iz ;;1»?;”1 (1') [Sqn (1') - Sqn (1')] 7qin1 (:L‘) thlX%jaijwdz
1<7,<j<’ﬂ
+2n_1hp/2 Z gzj / Kza:X(lz T Dn (.’L') ‘DlleQJijzdx
1<i<j<n

Ry,31 + Ry32, say.



Further decompose R,31 as follows

QhP/ Ca _ _
Ry = Zg” / Kiw X} oDy 'Syt () 51, (2) St () Dy X g jo K juda

1<i<j<n k=1

2hp/2 1 p-lg-1 -1 -1
= Z Z Sig K Xq ix h Sqn ($) Sk (ZL‘) qn ($)Dh X‘IJLEKJ'?Cd‘T

1<i<j<n k=1,k#1,j

th/2 L _ 3
S o / KX)o D 5k (1) [5: (2) + 55 (2)] S (2) Dy X g K jod

1<i<j<n
= Rusie + Rasop, say, (A7)
where recall sy (z) = — Ko Dy Xg o X, ,mD*1 +E (kaD,leq,kzX(’l D ) Let 0° (¢,,¢;,6,) =
f KMX(’I iz S () sk (z )Sqnl () D, Xq jekjzdz. Define the symmetric version of 9% as 9 (fi, .fj, fk)

=10 (&, gj,fk) 4o (€ir€x€5) +9° (€55 €x,€2)]/3. Then we have hlt/2=(G0)/ Gy p3tmp/ ()

6hP/? —1)(n—2)hr/?
Rn31a = n27n Z ) (5175]75]{}) = (n )(n )

n
1<i<j<k<n

where U,y = W Zl§i<j<k§n19 (@,fj,fk). For this 9, we have 99 = 0, 91 (§;) = 0, and

Tn U,

0 (£.65) = B{EZE;C|: Xk/ KioX) (oD 'St () 55 (2) S, (2) Dy, quIK;mdx}

2B A0 (0 [ B XD S5 (@) 500 83 (0) D Xy K| |
Xn
using the notation defined before Lemma A.3. It follows that
Upa = 37‘[7(12) + HS’)

where H?) and H® are as defined in Lemma A.3 based on the kernel (51, £;,€1) - We can treat HP
as R, in Lemma A.3(ii) and show that HP = Op (TFHE/Q) For HY, we apply Lemma A.3(i) to

obtain
HE = pGtme/ () [h(3+n)p/(4+n)H5L3)]
=GR/, (n73/2) =0, (n*3/2h*(3+n)p/(4+n)> .
It follows that

Rusia = nh??y,0, (n_1+€/2 + n—3/2h—(3+n)p/(4+n)>

= 0, (n*1/2+6/2hp/4 + nflh[1/4*(3+77)/(4+n)]p> =0,(1).

Next, in view of that E|Rpns1| = O (h?/27,,), we have R,315 = O, (h/?y,,) = O, (n"Y/2hP/4) by the
Markov inequality. It follows that

Ruz1 =0, (n71/2+e/2hp/4 4 Lpl/a=G4n) /An)lp | 172 hp/4) —0,(1).
For R, 32, using analogous arguments to those the study of R,12, we can easily obtain
Rpz2 = nh?%y,0,(02)0, (n—1+6/2h—(2+277)p/(2+n))

120y (1D by ) — (1)



Consequently, R,3 = o, (1).
(iv) Using Sqn

2n"2h?
1<z;£j<n

Rn4 =

eies {/ Kix Xy ix Dy
5?53{/ K; X(’m

+2n " 2hP
1<i#j<n

KHX’

q,ix

+4n"2hP
1<z;ﬁ] <n

[/ K.X!.D;

= Rpa + Rpao + Rpus.

qn qn

We first study Rpai. Let 9 (;,€;) = 2hPeied( [,

9, define
Vo = 2hPEE; {g§g§ [ / Ki. X,
191 (fz) = 2hpEj {E?E? |:/ KmX(IJ 1T

Then we have the following Hoeffding decomposition

_1 S
Kz X! ;.D, Sqnl

q,ix

(z) = ;1 (z) + [Sfl (x) — S;nl (:E)] , we have

qn

2
15-1(z)D 1Xq,ijj$dx}

n S (@) — St ()] D,;lxq,ijjxdx}

qn

D; 'S} () Dhlxq,jIszdx}

w S (@) — S, ()] D,;lxq,ijjxdx}

(x) D;qu)ijjwde. For this

q,iT

2
Dy 'S5 () Dthq,ijjzdx} } :

2
Dy, 'S5 (@) Dthq,szjwdw] } :

Ry

1<i<j<n

= 190-’-27’1,712[791 (5 )

i=1

= o+ 2HD + =

By Lemma A.3(ii) and the fact that s, =
O, (n71%¢/2) = 0, (1) . In view of E| &

Var (Hgll)) =

IN

<

by the Davydov inequality and Assumption Al, H%l) =0, (n
proof of Theorem 3.1, 99 = Q, + 0(1) . It follows that R,41

Y. 9(6¢)

n—1 2

— Yol + n nn-—1) 1<§<n [9(&:€5) =01 (&) = 91 (&) + o]
H(2
SuplSi1<i2§n[E |19 (€i1’£i2) |2+;’]1/(2+ﬁ) =0 <1) ’ 53)
— O, and
*QZZCOV (W1 (&), 91 (&)
=1 j5=1
_ 2/(2+77)
e IS ) S 9 DR I
=1 j=1
N 2/(247) X2 - -
e (Bl @ S a0 =0 (07
7=0

-1/ 2) . By the variance calculation in the
=Q,+0,(1).



For R, 42, we have

2
Rz = 20 AP 5{ Kio X 30Dy [Sgt (%) = 85 ()] Dthq,jijxdw}
1<17éj<n
2
xEX 1<z;é]<n *n

Op(¥n)Op (1) = 0p(1).

By the Cauchy-Schwarz inequality, R,42 < 2(Rn41)1/2(Rn42)1/2 =20, (1) 0, (1) = 0,(1). Consequently,
Ry =Qp+0,(1). 1

B Extension from a nonrandom trimming set to a random one

In the paper we assume that the trimming set X, is nonrandom, which greatly facilitates the asymptotic
analysis. Here we remark that it is possible to allow X}, to be random and offer some intuitive arguments.

When X, is random, we assume that there exists a nonrandom set X, such that

(1) vol(X,\X,,) +vol(X,\X,,) = O, (n71/2),

(ii) X, — X as n — oo.
So the sets X, and X’ will play the role that the nonrandom sets X,, and X play in the main paper. Note
that condition (¢) is satisfied when we use the sample and population quantiles of { X+, t =1,...,n} to
construct the random set X, and the nonrandom set X,,, respectively.

In various places in the proof of the asymptotic results in the paper, we need to argue that under

certain conditions

/ B, (z)dx =0, (1) (B.1)
Xn

where B, () can be written as a U-statistic of second or higher order. See, e.g., claims (7)-(i#) in
Lemma A.1. Suppose Assumptions A1-A2 and A5-A6 in the text hold. Suppose in addition that for

some € > 0,

n~1/? / B, (z)* dz =0, (1), (B.2)

where
={z eRP: ||z — z*| < e for some 2* € A, } .

Then we argue below that (B.1) can be proved.

First, the arguments in the proof of Lemma A.1 can be used to justify that

To prove (B.1), (B.3) indicates that it suffices to show that

O = /n B, (z)dz — /n B, (z)dx =0, (1). (B.4)



Now, we decompose 1, as follows:

Un /Bn () [1(z e X,)—1(z € X,)]dx

/Bn(m)l(xeXn) l(zeX,) —1(zeX,)]ds

—l—/Bn (2)1(z € X\X,) [1(z € Xy) —1(z € X,)]|da

= Y1+ Va2, say. (B.5)

It is sufficient to show that ¥, = 0, (1) for s = 1,2. By the Cauchy-Schwarz inequality, (B.2), and
condition (7),

93, < /f Bn(x)de/i 1z e X,) —1(zeX,)|ds
Xn Xn

< {n_1/2 /Xn B, (z)* dw} {n1/2 [vol (X,\X,,) + vol (X, \X,,)] }
— 0,(1)0, (1) = 0, (1).

Condition (i) also implies that with probability tending to one, X,, C X for any fixed ¢ > 0. Fix € > 0.
Then with probability tending to one we have

%, = {/Bn ()1 (x € X\E) [L(z € X)) — 1 (¢ € )] dx}2
{n_l/Z/X x B, (z)? da?} {n1/2/X 1z e X,) —1(ze ) dm}

n~1/2 /76 B, (1‘)2 dz {n1/2 [VOI (Xn\/?n) + vol (XH\XH)} }

0y (1) 0, (1) = 0, (1)

IN

IN

As a result, one only needs to prove (B.2). Noting that X¢ is a nonrandom set, one can prove (B.2)
by following similar arguments as used in the proof of Lemma A.1(4)- (%) .
For Lemma A.1(iv), one can only show that it continues to hold when X, is random and the two

conditions stated at the beginning of this appendix hold.
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