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Abstract

In this paper we propose a jackknife method to determine individual and time effects in linear
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serial correlation, we modify our jackknife criterion function and show that the modified jackknife
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1 Introduction

Individual effects and time effects are often used in panel data models to model unobserved individual
or time heterogeneity (see, e.g., Arellano (2003), Baltagi (2013), Hsiao (2014), and Wooldridge (2010)
for a review on panel data models). The goal of this paper is to provide practical methods to
determine whether to include individual effects, time effects, both, or neither in linear panel data

models. Specifically, we consider the following four models:

Model 1: Vit = B Tit + Ui,

Model 2: yit = B Tit + o + wit,
Model 3: Vit = B'xir + N + wig,
Model 4: vir = B'xis + o + N + ugg,

where ¢ = 1,..., N, t =1,....;T, x4 is a k X 1 vector of regressors that may include lagged dependent
variables, «; is an individual effect, A\; is a time effect, and wu;; is an idiosyncratic error term. We
will treat a;’s and A;’s as fixed parameters to be estimated despite the fact they can be either fixed
effects or random effects for our purpose. For clarity, we assume that x;; contains the constant term
in all models and impose restrictions on «; or/and \; in Models 2-4 to achieve identification for the

individual or time effects. Specifically, we assume that

N
Y a; = 0inModel 2, (1.1)
i=1

T
Z)\t = 0 in Model 3, and (1.2)
t=1

N T
Zai = 0and Z At = 0 in Model 4. (1.3)
i=1 t=1

The above identification restrictions greatly facilitate the asymptotic analysis in this paper and
make it straightforward to extend the methodology developed here to multi-dimensional panel data
models.!

There are two main motivations for model selection in the above panel setup. First, we usually
can achieve a small mean squared error (MSE) for the estimators of parameters of interest based on
the true model, as shown in our simulation results in Section 3 (see Tables 4A and 4C). Therefore it
is desirable to use the true model for point estimation and inference. In our simulations, we also show
that the MSEs based on the selected model are usually smaller than those based on a single fixed

model by ignoring the true underlying data generating process (DGP). Second, sometimes we may

!For our method discussed below, different identification restrictions, e.g., assuming ay = 0 in Model 2 and Ar =0

in Model 3, produce identical results.



be interested in knowing whether the individual/time effects are present, as these effects represent
the unobservable heterogeneity and may have economic meaning. For example, in the wage equation
where y;; is the hourly wage and z;; contains variables such as education and working experience,
among others, the individual effects may be thought of as individual’s unobservable ability. We may
be interested in knowing whether the “ability” variable enters the wage equation.

We propose a jackknife or leave-one-out cross-validation (CV) method to select the correct model.?
There are several advantages of our jackknife method in the context of determining fixed effects.
First, the new method is general and easy to implement. It does not require the choice of any tuning
parameter. In all information-criterion-based methods, there is an implicit tuning parameter (e.g., a
Bayesian information criterion (BIC) specifies the penalty term to be proportional to In (NT') /(NT),
which works as a tuning parameter). There, to show the consistency of model selection, we often
have the flexibility of choosing alternative tuning parameters. For the procedure based on hypothesis
testing as discussed below, we need to choose the sequence of testing and the nominal level, which
are difficulty to choose in practice. Second, we assume that the cross-section dimension (N) and
time dimension (7") pass to infinity simultaneously but allow the relative rate between N and T
to be arbitrary. For example, T' can be much slower than N such as 7' =< In(N). Although our
method requires a relatively large 1" for the asymptotic analysis, it can be applied to the case in
micro-econometrics where 7' is much smaller than N. Third, our CV method can be applied to
both static and dynamic panel models. We show that when serial correlation and cross-sectional
dependence in the error term are absent or weak, our CV method can choose the correct model with
probability approaching one (w.p.a.1).> Fourth, we propose a modified CV method that is robust to
strong serial correlation in the static panel models. We show that the modified CV can select the
correct model w.p.a.l. in the presence of strong serial correlation. Fifth, our jackknife method can
be easily extended to nonlinear panels and to multi-level panels where the determination of different
fixed effects is also imperative. Sixth, in our simulations, we show that our jackknife outperforms
other competing methods, such as AIC and BIC in the absence of serial correlation in the error
terms. In the presence of strong serial correlation, only our modified jackknife works well and other
methods, such as jackknife, AIC and BIC, all break down.

In the literature, there exist several tests for testing for the presence of fixed effects in two

2Throughout the paper, we use Jackknife and CV interchangeably. Jackknife is widely used in model selection and
model averaging (see, e.g., Allen (1974), Stone (1974), Geisser (1974), Wahba and Wold (1975), Li (1987), Andrews
(1991), Shao (1993), Burman, Chow and Nolan (1994), Racine (2000), Hansen and Racine (2012), and Lu and Su

(2015)).
3We only allow serial correlation in static panel models. For dynamic panel data models (e.g., panel AR(1) model),

the serial correlation in the error terms (e.g., AR(1) errors) will cause the error terms to be correlated with the lagged

dependent variables. We do not address the endogeneity issue in this paper.



dimensional panel data models. Most of the tests focus on short static panel models. Let o2
and O’%\ be the variances of a; and A, respectively. Under the normality assumption, Breusch and
Pagan (1980, BP hereafter) propose a Lagrange multiplier (LM) test for testing the null hypothesis:
Hop : 02 = 0and a%\ = 0. The BP test can also be applied to test the null hypotheses that Hos : 02 = 0
(assuming 02 = 0) and that Hos : 03 = 0 (assuming 02 = 0) (see, e.g., Baltagi, 2013 for a discussion).
Honda (1985) shows that BP test is actually robust to the non-normality and also modifies the test
to a one-sided test. Baltagi, Chang and Li (1992, BCL hereafter) modify the one-side test based
on the results of Gourieroux, Holly and Monfort (1982). BCL also propose conditional LM tests
for testing Hos : 02 = 0 (allowing 03 > 0) and Hps : 03 = 0 (allowing 02 > 0). Moulton and
Randolph (1989) consider the ANOVA F-test. All the tests discussed above assume that the error
terms {u;;,t = 1,...,T} are not serially correlated. Bera, Sosa-Escudero, and Yoon (2001) propose
an LM test that allows serial correlation in the error term. Recently, Wu and Li (2014) propose
Hausman-type tests for testing Hyy, Hos and Hps by comparing the variances of the error terms at
different robust levels. Wu and Zhu (2012) extend the Hausman-type tests to short dynamic panel
models.

Potentially, these tests can be used to determine the correct model. For example, we can test
Ho1, Hos, and Hos sequentially. However, there are several limitations of the approach based on the
hypothesis testing. First, to determine the correct model, three separate tests need to be implemented
sequentially. This involves the multiple testing issue and it is unclear how to choose an appropriate
nominal level. In addition, in finite samples, it could occur that Ho; is rejected, while neither Hoy
nor Hys is rejected, in which case it is difficult to decide the correct model. Second, the existing
tests are designed for short panels (i.e., T is fixed), and it is unclear how the tests behave when T
also goes to infinity. We consider large panels where N and T' go to infinity simultaneously and we
allow the relative rates of N and T to be arbitrary. Third, except Wu and Zhu (2012), most existing
tests do not apply to dynamic panel models, i.e., the regressors cannot contain any lagged dependent
variables.

Alternatively, we can consider certain information criteria (IC) such as AIC and BIC. However, to
the best of our knowledge, there is no theoretical analysis of AIC or BIC in the context of determining
fixed effects in panel data. When all four models are allowed, a careful analysis indicates that AIC
is always inconsistent and BIC is consistent in the special case where N and T pass to infinity at the
same rate. In Monte Carlo simulations we compare our jackknife method with AIC and BIC, and
find that our jackknife method generally outperforms this IC-based approach.

In this paper, we only focus on the consistency of model selection and do not address the issue

*There is a large literature on the multiple testing issue for controlling the family-wise error rate (FWER). See, e.g.,
Romano, Shaikh and Wolf (2010) for a review. However, to the best of our knowledge, there is no discussion on how

to address this issue in the context of determining fixed effects.



of post-selection inference. As is well known in the literature, usually post-selection inference is not
uniformly valid (see, e.g., Leeb and Potscher (2005)). This is a general and challenging question in
the model selection literature. Despite its importance, it is beyond the scope of this paper to provide
a thorough theory on uniform inference.

The rest of the paper is structured as follows. In Section 2, we propose the jackknife and the
modified jackknife method and study their asymptotic properties. Section 3 reports Monte Carlo
simulation results and compares our new methods with IC-based methods for both static and dynamic
panel data generating processes. In Section 4, we provide three empirical applications. In the first
application, we study the crime rates in North Carolina and find that Model 4 is the correct model.
The second application is about the determinants of saving rates across countries and our methods
select Model 2. In the third application, we investigate the relationship between guns and crime rates
in the U.S. and we determine that Model 4 is the correct model. Section 5 concludes. The proofs of
the main results and some additional results are relegated to the online supplement.

Notation. For an mxn real matrix A, we denote its transpose as A’ and its Frobenius norm as || A||
(= [tr(AA")]Y/2) where = means “is defined as”. Let Py = A(A’A)"" A’ and My = I,,, — P4, where
I, denotes an m x m identity matrix. When A = {a;;} is symmetric, we use Amax (4) and Amin (A4) to
denote its maximum and minimum eigenvalues, respectively. The operator P, denotes convergence

in probability. We use (NV,T) — oo to denote that N and T pass to infinity simultaneously.

2 Methodology and Asymptotic Theory

In this section, we first introduce the jackknife method to determine individual or time effects in
panel data models and then study the consistency of our jackknife estimator. To allow for strong
degree of serial correlation we also propose a modified jackknife criterion function and justify its

asymptotic validity.

2.1 Methodology

Let x; = (21,...,77) and X = (21, ...,:v’N)/. Define y;, u;, Y, and U analogously. To facilitate the

presentation, we define the following dummy matrices:

In Ip_
D, = A,[ 1 Qur, Dy =1ny® :,: 1 ; and Doy = (Do, Dy,
—IN-1 T

where ¢, is an a X 1 vector of ones for any integer a > 1. To unify the notation, we write

XW=Xx, X® = (X,D,), X® =(X,D)), and X®¥) = (X, Dy, D).



We use a:( ™)' to denote a typical row of X (™) guch that X (™) = (a:&T), .. x&?), .. x%), .. mg\%),) for

m = 1,2,3,4. Similarly, we use d/

a,it)

d) it and d, , ,; to denote a typical row of Dy, Dy, and Dqy,

respectively. Then we can rewrite Models 1-4 as follows:
Model 1: vir = Bz + wie = BV 2 4wy,
Model 21y = B'wis + &/ da it + ust = 5(2)/x§t) + i,
Model 3: yit = Bz + Nyt + uig = B (3) + Ui,
Model 4: yit = B'wit + &' dait + Ndyir + uip = 5(4 + Uit,
where & = (ala .. aN—l)/v A = ()‘17 ceey )\T—l)la ﬁ(l) = 67 ﬁ(2) = (/8,7@,)/7 /8(3) = (Blvél)la and
BW = (8", o/, N')'. Note that we have imposed the identification conditions in (1.1)-(1.3) for Models
2-4 in the above representation. In matrix notation, we can write these models simply as
Model 1: Y =X3+U=xWp0 1y,
Model 21 YV =XB+ Doa+U =X®p® 11,
Model 3: Y =XB+D)\+U=Xx0386) 4,
Model 4: Y = XB+ Do+ DA+ U = XWpW 4 U

Note that Model 1 is nested in Models 2-4, both Models 2 and 3 are nested in Model 4, and D/, D) = 0.

These observations greatly simplify the asymptotic analysis in this paper.
2.1.1 Jackknife without bias correction
The OLS estimator of 5™ based on all observations { (i, ,Et )) 1<i<N,1<t<T}isgiven by
. -1
B — <X<m>’X<m>) XY for m =1,2,3, 4. (2.1)
We also consider the leave-one-out estimator of ﬁ(m) with the (7,t)th observation deleted:
. -1
Bz(;n) = <X(m)'X(m) x(t )A;n)) <X(m)/Y — :cf;”)yit) form=1,2,3,4, (2.2)
H(m)
(m) — Bit (m)

where i = 1,...,N,t = 1,...,T. Define the out-of-sample predicted value of y;; as g;, T,

Our jackknife method is based on the following leave-one-out CV function

T N
_ L )2 _
V(m) = NT ;; (yzt Uyt ) form=1,2,3,4. (2.3)
Let
m = argmin CV (m). (2.4)
1<m<4

Under some regularity conditions, we will show that w.p.a.1, m is given by m when Model m is the

true model.



2.1.2 Jackknife with bias correction

It is well known that when z;; is only sequentially exogenous, [3 @ and B ) and their jackknife versions
are asymptotically biased because of the presence of the individual fixed effects in Models 2 and 4. It
is worthwhile to examine the jackknife method when we construct the out-of-sample predicted value
based on the bias-corrected versions of the parameter estimators in Models 2 and 4.

Let %bgm) denote the leading asymptotic bias of the least squares dummy variable (LSDV) es-
timator of 8 in Model m. It is well known that bgm) = 0 for Models 1 and 3 and bgm) is O (1) for
Models 2 and 4. Therefore, there is no need for bias correction in Models 1 and 3 and we focus on the
bias correction in Models 2 and 4. Let Bgm) denote an estimator of bgm) in Model m for m = 2,4. For
example, I;gm) can be obtained by the half-panel jackknife method of Dhaene and Jochmans (2015).
See Arellano and Hahn (2007) and Fernandez-Val and Weidner (2018) for a review. In the following
study, we consider two scenarios for the bias estimator: (1) l3§m> = Op (1) for m = 2,4, and (2)
Bgm) = Op (1) and \/W%(Bgm) - bgm)) = op (1) for m = 2,4. Note that Scenario (2) requires that
the full correction of the bias so that it does not contribute to the asymptotic distribution. This
typically puts some restrictions on the relative rates at which N and T pass to infinity.

To proceed, we first define the bias-corrected (BC) jackknife estimators in Models 2 and 4.

Model 2. By leaving out the (i, t)th observation, the leave-one-out estimator of 5 = (8, /)" is
5(2) @) . (2) 2) @2\ ! 2
By = (By 1’_§t) ) = (X(Z)/X(z) - xfgt)xfgt )I) (X@ry — T/z('t)yit),

~(2)

where we can also write &;;” as follows:

R - (2 A (2
sz(f) = (D/aDa —do ltda zt) - [DL(Y - Xﬁz(t,)l) - da,it(yz‘t - $;tﬁ£t,)1) .
The BC version of ﬂlt = (ﬁff)l', a( Y )/ is given by /th = (Bﬁf’){,ggf)’)’, where
%(2)
ﬁit,l = Bz‘t 1 _b(2)
o 2 %(2 n
Qz(‘tQ) = (D:mD —dq ztda zt) [D/ (Y - Xﬂit)l) dov,it (Yit — xétﬁgt)l)] = (2) —Ca th by )v

-1
where Co it = (Dh Do = duitdly ;1) [DoX = doyiily] . That is,

2(2)

5(2) Bit, »(2) Iy )1, 52 2(2)
Bi = U(tzi =0Bi — be) =0i — Bir - (2.5)
it a,it

o(2) (2) Bg)

Then the out-of-sample predictive value of y;; based on Model 2 is given by 7;;” = x;;



Model 4. Let v = (g’ Y )I. By leaving out the (7,t)th observation, the leave-1-out estimator of
/3(4) _ (/3/,1/)/ is
5(4) _ @y . 4 -1 4
B = (5it,1»1§f)/)/ = (X(4)/X( ) — 5E§t)$z(t )/) (X(4)/Y - xz(t)yit)a

where we can also write jz(f) = (ng‘ ),, AS? )/)’ as follows:

. »(4) »(4)
12? = (D;ADM\ dax ztdaA zt) ! [ ;A(Y - Xﬁit,l) - da)\,it(yit - xgtﬁit,l) :
The BC version of th = (5521)1, A(4)') is given by Bgf) = (Bgi){,i(f)')’, where

o (4 N 1A
5() _ ﬁ (4)

it,1 T )
v -1 > (4) 2 (4) N 1
lgf) = ( Da}\ da}\,itdf)c)\,it) |: ;A(Y - Xﬁit,l) - da/\,it(yit - z;tﬁit,l) 1 Ca/\ ZtT
where oy = <D;/\Da,\ . dw’itd'a%it)* D!\ X — doyisay] . That is,
ORI o R I\ 1o _ o 2@
Bi = L@ |7 Biv — =b1” =B — Bir - (2.6)
lit Ca)\,it

(4
Then the out-of-sample predictive value of y;; based on Model 4 is given by gjl(f ) = :L‘l(;l ),ﬁgt).

7(m)

In the above procedure, we correct Bf;" ) for the same bias estimator %bl for simplicity as all of

these NT jackknife estimates differ only in one observation. Based on the BC version Bf{”l) of ,BEZ?,
we obtain the updated estimators of the fixed effects in Model m = 2, 4.

For Models 1 and 3 with m = 1,3, we can define Bz(zn ) = Bz(zn ) and the corresponding out-
of-sample prediction of y;; is given by yjz(zn ) = xl(ln )lﬁft ). The “bias-corrected” jackknife (or CV)

objective function for Model m is then given by

bc 1 M
% :WZZ@zt—yzt ) . (2.7)

=1 t=1

Let

1 = argmin CV (m). (2.8)
1<m<4

Under some regularity conditions, we will show that w.p.a.l, 7 is given by m when Model m is the

true model.

Remark 1. In panel data models, when the regressors are not strictly exogenous, bias-correction
is typically needed for the estimation and inference of parameters in Models 2 and 4 unless N/T — 0

as (N,T) — oo. One paramount example is the dynamic panel models, although this can happen

4

1

)



with static panel models too. There is a large literature on the bias-correction for estimation and
inference in panel data models; see Arellano and Hahn (2007) and Fernandez-Val and Weidner (2018)
for a review. Here our purpose is to select the correct model consistently but not to conduct the
inference. We will show that the consistency of our jackknife method does not depend on whether
the parameter estimators are bias corrected (BC) or not. In fact, as it shall be clear momentarily,
the asymptotic validity of the non-BC version jackknife only requires both N and T pass to infinity
but does not restrict the relative rates at which they pass to infinity. In contrast, the BC version of

jackknife shall put some rate restrictions on N and 7.

Remark 2. Here we focus on the determination of whether the individual effects, time effects,
both, or neither should enter the model from the out-of-sample predictive power of these effects. Even
though we treat either effects as fixed parameters to be estimated and allow them to be correlated
with the regressors in x;;, they can be either fixed effects or random effects for subsequent estimation
and inference. So far, our jackknife method can only tell whether either the individual effects or time
effects are present or not, but cannot tell whether they are random or fixed effects.® Note that even
in a random effects model, we have the issue of which effects should be included in the model. For
example, in an experimental setting where the key regressor is randomized and random effect models
are adopted, we still need to consider whether we should include individual or time effects (or both)
for the efficiency consideration. Our method provides a practical solution. In a setting where it is
unclear whether we should use random or fixed effects, we may implement a two-step procedure. In
the first step, we apply our method to determine whether the individual or time effects should be
included in the model. In the second step, we apply the Hausman-Wu type test (see, e.g., Hausman

(1978) and Hausman and Taylor (1981)) to determine whether the effects are “random” or “fixed”.
2.2 Asymptotic theory under weak serial and cross-sectional correlations

In this section we first state some basic assumptions that underline our asymptotic analysis and then
study the asymptotic properties of m and .

2.2.1 Basic Assumptions

Let @;. = T ! Zg;l Wip, Uyp = N1 Zf\il uit, and @.. = (NT)~! Zfil Zthl ug. Let Z;., T.4, and T.. be
defined analogously. Define

A 1 A 1
Q = WX/X and ng = WX/MDEX for Dg = Da, D,\,and Da)\.

% As suggested by an anonymous referee, we may be able to construct two different CV criteria for the fixed effect
model and random effect model separately. In principle, the value of CV based on the true model (either random effect
or fixed effect) should be minimal, therefore we could distinguish whether the effects are “random” or “fixed”. We leave

the detailed analysis of this approach for future research.



Let C' denote a generic large positive constant whose value may vary across lines. To proceed, we

make the following set of assumptions.

Assumption A.1. (i) E(uy) = 0, maxi<;<ni<i<t E(u},) < C, and 17 SN ST W £l 72 > 0.

(ii) maxi<i<ni<i<r B llza||* < C.

(iii) @.. = Op ((NT)~Y?) and £ X'U = Op ((NT)~1/2).

(iv) There exist positive constants co and ¢g such that P <QQ < Amin (Q D§> < Amax <Q> < EQ>
— 1 for D¢ = Dy, Dy, and D).

(v) w5 SN ST wgey = op (1) and 7 SN ST uihs = op (1) when Model 2, 3, or 4 is true
and applicable.

Assumption A2 ) £, (1)° £ ot 0.
(i) X7, (@e)* £ a2, > 0.
(i) 4 iy 2ot = Op (T~ 4 (NT)71/2).
(iv) 4 527 4y = Op (N~L 4 (NT)~1/2) |

Assumption A.3. (i) If Model 2 is the true model, there exist positive constants ¢, x and cq x,

such that

1 _ 2
o S o= ol (XX) T X'Daa]” B > 0, and 29)
i=1 t=1
1 N T @) 1 2 p
/
NT o — Ty (X(3)/X(3)> X(3)/Dag} S cax, > 0. (2.10)
i=1 t=1

(ii) If Model 3 is the true model, there exist positive constants ¢y x and ¢y x,, such that

N T
%ZZ |:)\t—$;t (X/X)fl X/D)\A:|2 £>C)\,AX > 07 and (211)
i=1 t=1
1 & 2) -1 2,
~7 >N [At — (X(2)/X(2)> X(2)/D/\A] Lex, > 0. (2.12)
i=1 t=1

and both (2.10) and (2.12) hold.

Assumptions A.1(i)-(ii) impose weak moment conditions on {u;} and {x;}, which are frequently
assumed in the literature. The fourth-order moment conditions on {u;} and {z;} imply that

ﬁ Zf\;l Zthl HZL‘Z‘tuz‘tH2 = Op (1) and maxi<i<ni<i<T ||Zit]] = Op((NT)1/4) by Markov and Jensen

10



inequalities and the union bound. Assumption A.1(iii) is also weak and commonly imposed in panel
data models in the absence of endogeneity. In particular, we permit x;; to contain lagged depen-
dent variables so that dynamic panel data models are allowed. Assumption A.1(iv) specifies the
usual identification conditions for the OLS or fixed effects (FE) estimation of Models 1-4. For ex-
ample, the condition that )\min(Q D, ) 18 bounded below from 0 requires that z;; should not contain
any time-invariant regressor beyond a constant term; it is allowed to contain a constant term be-
cause we have imposed the identification constraint that le\il «; = 0. Similarly, the condition that
/\min(QDA) is bounded below from 0 requires that x;; should not contain any individual-invariant
regressor beyond a constant term; it is allowed to contain a constant term because we have imposed
the identification constraint that Zthl At = 0. On the surface, this condition rules out the inclusion
of any time-invariant regressor in Model 2, individual-invariant regressor in Model 3, and both types
of regressors in Model 4. If x;; contains such regressors, they should be removed from Models 2-4
correspondingly and then we can redefine xgn ) for m = 2,3,4 with such regressors removed. For
example, if x;; contains a time-invariant regressor other than the constant term, say, z;, then z; will
be omitted from Models 2 and 4 in the estimation procedure, but still kept in Models 1 and 3. The
omission of z; in Models 2 and 4 will not cause the endogenous problem, as its effect will be captured
by the individual effects in Models 2 and 4, which are allowed to be correlated with the other regres-
sors in x;. So the asymptotic analysis below will continue to hold. Assumption A.1(v) essentially
imposes conditions on the interactions between the idiosyncratic error terms and the individual and
time effects, whenever applicable, in Models 2-4. A sufficient condition for it to hold is that both
{uirei;} and {ui A} have zero mean and follow a version of weak law of large numbers. The zero
mean condition is commonly assumed in the panel data literature. Note that we allow the individual
effects a; and time effects A; to be random in the true model (if present) even if we treat them as
fixed parameters in the estimation procedure.

Assumption A.2(i) requires that {u;, ¢t > 1} be weakly serially dependent such that = N
Zstl E (ujtu;s) has a finite limit. For example, the latter condition is satisfied by the Davydov in-
equality if {w;, ¢ > 1} is strong mixing with finite (2 4+ 0) —th moment and mixing coefficients «; ()
such that a; (7) = 777 with minj<;<yy; > (2+ ) /9; see, e.g., Bosq (1998, pp.19-20) or the online
supplement of Su, Shi, and Phillips (2016). Similarly, Assumption A.2(ii) requires that {u;;,i > 1} be
weakly cross-sectionally dependent such that = SN Zjvzl ST | E (uiujt) has a finite limit. As-
sumption A.2(iii)-(iv) can be verified under both weak serial and cross-sectional correlations by the
Chebyshev inequality and it is easily met in the absence of both serial and cross-sectional correlations.
In the online supplement, we demonstrate that the primitive conditions to ensure Assumption A.2(iii)-
(iv) are: (i) maxj<ij<ny E H% DO DR A TIR ’ < C, (ii) maxj<t<r B H% >V Zjvzl xftujt‘r <C,

and (iil) 7 SN Z;VZI ST ST B (uirujs)| < C, where @f, = it — E (i) . Analogous condi-
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tions are frequently assumed in the panel data literature to control weak serial and cross-section
dependence; see, e.g., Bai and Ng (2002). It is worth mentioning that 631 = &2 if there is no
serial correlation among {u;,t > 1}, and 52, = &2 if there is no cross-sectional correlation among

{ujt,i > 1} . When serial correlation is present, 52, is generally different from &2; when cross-sectional

2
w

correlation is present, 6’32 is generally different from &

Assumption A.3 specifies conditions to ensure that the underfitted or misspecified models will
never be chosen asymptotically. The interpretations of the conditions in (2.9)-(2.13) are easy. For
example, when Model 2 is the true model, Models 1 and 3 are underfitted and misspecified, respec-
tively. In this case, (2.9) and (2.10) require that the individual effects «;, when stacked into an
NT x 1 vector, should not lie in the column space spanned by the regressor matrix X in Model 1
and X®) in Model 3, respectively. Similarly, when Model 4 is the true model, Models 1, 2, and 3
are all underfitted. In this case, (2.13) requires that «; + Ay, when stacked into an NT x 1 vector,
should not lie in the column space spanned by the regressor matrix X in Model 1, (2.12) requires
that the time effects \; should not lie in the column space spanned by X2 in Model 2, and (2.10)
requires that the individual effects o; should not lie in the column space spanned by X ®) in Model 3.
In short, Assumption A.3 rules out asymptotic multicollinearity between the individual/time effects
and the regressors.

It is worth mentioning that we allow for both cross-sectional and serial dependence of unknown
form in {(x,uit)} despite the fact that some of the results derived below need further constraints.
We do not need identical distributions or homoskedasticity along either the cross-section dimension
or the time dimension, neither do we need to assume mean or covariance stationarity along either
dimension. In this sense, we say our results below are applicable to a variety of linear panel data

models in practice.

2.2.2 Asymptotic consistency of the jackknife without bias correction

Theorem 2.1 below studies the asymptotic property of m based on the non-BC jackknife objective

function.

Theorem 2.1 Suppose that Assumptions A.1-A.3 hold. Suppose that max (531, 532) < 252, where

wu’

521,025, and 52 are defined in Assumptions 2(i), 2(i), and 1(i), respectively. Then
P (m =m | Model m is the true model) — 1 as (N,T) — oo form =1,...,4.

Remark 3. The proof of Theorem 2.1 is given in Appendix A of the online supplement. To
appreciate the above result, we outline the main idea that underlines our proof. When Model 1

is true, all the other models are overfitted, and we can show that P (CV (1) < CV (m)) — 1 for

12



m = 2, 3,4 by showing that

TV (2)-cv ()] L2 -2 > 0,
N[CV3)-CV (1) 52252, > o0,
(NAT)[CV () —CV (1) L ey > 0,
where ¢, = 2 (1 + ¢) 52— (62, + c62y) 1{c1 > 1}—(c62, +625) 1{c1 < 1}, c = limy 1)—oo (F A %),
c1 =limy 7)o %, and a Ab = min (a,b) . When Model 2 is true, Models 1, 3 and 4 are underfitted,
misspecified and overfitted, respectively, and we can show that P (CV (2) < CV (m)) — 1 for m =
1, 3,4 by showing that

cv)-cv2) Leax > 0,
cv) -cv©2) D ex, > 0,
N[CV @) —cV (2)] 525252, > 0.

When Model 3 is true, Models 1, 2 and 4 are underfitted, misspecified and overfitted, respectively,
and we can show that P (CV (3) < CV (m)) — 1 for m = 1, 2,4 by showing that

cv)y-cvi3)Leax > 0,
oV (2)-cv3) Leax, > 0
TICV (4)—CV (3)] 5252 -52, > 0.
When Model 4 is true, all other models are underfitted, and we can show that P (C'V (4) < CV (m)) —
1 for m = 1,2, 3 by showing that
CvV(1)-CV(4)
CV (2) - CV (4)
CV (3)-CV (4)

Cal, X > 07

CA\, Xqo > 0,

v v =

Ca, X, > 0.

As a result, CV (m) has the minimal value among {CV (I),l =1,...,4} asymptotically only when
Model m is the true model. Note that here CV (m) is a measure of out-of sample predictive power
and its dominant and first order terms are not related to the mean squared error (MSE) or bias of the
estimator of § at all. The MSE and bias (if exists) only make a second order contribution (namely,
Op((NT)™), Op(T24+(NT)™), Op(N“24+(NT) ") or Op(N2+T-2) in Models 1-4, respectively)
to CV (m). For example, suppose that the true model is the panel AR(1) without individual or time
effects: vy = Bo + B1¥it—1 + wir where uy’s are uncorrelated along both the individual and time

dimensions with Var(u;) = o2, then the estimators of 3; have leading bias 0, — 1+TB L 0 and —%
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in Models 14, respectively, and they share the same asymptotic variance

show that

1-6% o
~7- In addition, we can

CV (1) = o240p((NT)™),
CV(2) = o2+ 103 +0p (NT) ' +T777),

T
CV(3) = ai—i—%ai—i—Op((NT)_l—i—N_z),
1
— 2 2 -2 -2
CV(4) = U“+—min(N,T)(1+C)U“+OP(N +77%),

where terms like Op((NT)™1), Op(T~2+ (NT)™ '), Op(N~2 4+ (NT) ™) and Op(N—2 +T2) reflect
the effect of variance and bias (if exists) of the parameter estimators on C'V (m) for m = 1,2,3,4,

respectively.

Remark 4. Theorem 2.1 indicates that we can choose the correct model w.p.a.1 as (N,T") — oo.
In other words, our jackknife method can choose the correct model consistently as long as the serial
or cross-sectional correlation among the error terms is not strong enough to overtake the average
noise level as represented by 2. As remarked above, the additional condition max (631,532) <
262 would be automatically satisfied in the absence of both serial and cross-sectional correlation
among the idiosyncratic error terms. For simplicity, we can consider the special case where there
is no cross-sectional correlation among the error terms. In this case, 52, = 62 and the condition
max (62,,52,) < 262 becomes 52, < 252. Note that the above result does not have any restriction
on the degree of serial or cross-sectional correlation among {z;:} as long as Assumptions A.1(ii)-(v)
are satisfied. More importantly, we do not need any relative rate condition on how N and T pass
to infinity. In fact, our theory allows 7" = O (In N) such that our method may be applied to micro

panels when T is typically small in comparison with V.

Remark 5. To see when the above additional condition can be met in Theorem 2.1, consider the

2

case where {u;,t > 1} follows a covariance-stationary AR(1) process with mean zero and variance o,

for each i and is independently and identically distributed (i.i.d.) along the cross-section dimension.

Let p € (—1,1) denote the AR(1) coefficient. Then by straightforward calculations,

T N 1 T 9 -1 T 962 T-1 T
_\2 _
S E@) = FYB()+ > 3 Bluw) =i+ YT 3
i=1 t=1 t=1 s=t+1 t=1 s=t+1
9252 T-1 1 pT—t+1 9
— a%(l—i—% P lf ) _>012L<1+—1_p>—531,
—1 P P

In this case, 52 = 02 and 52, < 252 provided p < % Similarly, if {u;,7 > 1} has mean zero and

variance o2 for each 4,t such that Corr(u;, u;) = p%i for all i, j, ¢ for some p € (—1,1) and for some

14



economic or geographic distance measure d;; between units ¢ and j, then

N <& 2
TZE(@L‘)Q:UZ 1+ Z pli
t=1 1<i<j<N

and 62, < 262 provided limy_ oo % D i< <j<N phii < %.G We can also consider a stationary m-

dependent process for {u;,t > 1} with mean zero and variance o2 for each i (assuming i.i.d. in the

cross-section dimension). In this case, we can show that

2T — 1) “
5’31 = Tlggo U?L + T 2; Cov (uﬂ, ’LLZ"jJrl) =|14+2 2:1 Corr (uil, ui7j+1) O'i.
J= J=

So the condition 62, < 2572 is satisfied if > ity Corr(un, i j1) < 1. Again, this means that we cannot
have too large time-series correlation. Note that this condition is always satisfied for an invertible

MA(1) process: uj = ejr + 0e;y—1 where || < 1 and {e;,t > 1} is a white noise with mean 0 and

2

variance oz,

as in this case,

_ . T—-1 20
031:7"15130(1+Tl+02>02<202

where o2 = (1+ 6%)02.

The above calculations indicate that the serial or cross-sectional correlation among the error
terms cannot be moderately large in order for our jackknife method to work. In the next subsection,
we consider the relaxation of such conditions. Since there is typically no natural ordering among the
individual units, we focus on the relaxation on the serial dependence along the time dimension and
propose a modified jackknife criterion function to handle strong or moderately large degree of serial

correlation.

2.2.3 Asymptotic consistency of the jackknife with bias correction

Theorem 2.2 below studies the asymptotic property of 7n based on the BC jackknife objective function.

Theorem 2.2 Suppose the conditions in Theorem 2.1 hold. Suppose that one of the following set
of conditions holds: (1) BY”) = Op (1) for m = 2,4 and N/T? = o(1), or (2) Bgm) = Op (1),
\/NT%(ZA)gm) — bgm)) =op (1) form = 2,4, and N/T? = O (1). Then

P (= m | Model m is the true model) — 1 as (N,T) — oo form =1, ..., 4.

50f course, we can consider general form of cross-sectional dependence based on certain geographic or economic
distance measure. For example, we can follow the lead of Conley (1999), Kelejian and Prucha (2007), Kim and Sun
(2013), Lee and Robinson (2016) and Su and Qu (2017) and specify the cross-section correlation between u;; and wj;
as the diminishing function of the economic distance between units ¢ and j : Corr(us,uje) = ¢(di;), where g is a
decreasing function. For example, Chen et al. (2012, p.75) specify the cross-section correlation between u;: and uj: to

be p”*j‘ for 1 <4,57 < N. In this case, the last condition requires p < %
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Remark 6. The proof of Theorem 2.2 is given in the online Appendix. Remark 3 after Theorem
2.1 continues to hold with CV (m) replaced by C'V? (m) under the additional conditions stated in
the above theorem. Because of the presence of the BC terms in the definitions of BS ) and BE? ),
special attention must be paid to assess the influence of these terms. Theorem 2.2 suggests that if
we only require the estimated bias %i)&m) be of the same order as the leading bias term %b§m) in
Model m = 2,4, the consistency of the BC jackknife or CV method would require N/T? = o(1),
as is typically assumed in the literature on bias correction in panel data models. On the other
hand, if we also require that after bias correction, the bias term does not contribute to the first
order asymptotic distribution of the bias-corrected LSDV estimators in Models 2 and 4, Theorem
2.2 suggests that we can relax the above relative rate condition on (N,T) to N/T3 = O (1) and
continue to ensure the consistency of the BC jackknife method. In our simulations (Sections 3.3 and
3.4) and an empirical application (Section 4.2), we implement both CV methods for dynamic models.
Our simulations suggest that bias correction may or may not help with the model selection, which
depends on the true model. Given that no method dominates the other, in practice, to determine
the correct model, we can try both CV methods (with and without bias-correction) as a simple way
to conduct robustness checks. Of course, if the regressors are not strictly exogenous, we generally
need to implement the bias-correction for estimation and inference after the model selection.

Remark 7. A close examination of the proof of Theorem 2.2 suggests some meaningful findings.
First, the bias correction always plays a second order role in the model selection procedure. When
a model is underfitted, the model specification bias that is of exact order O (1) would dominate the
bias correction that is of exact order O (Tﬁl) in Models 2 or 4. When a model is overfitted, the
contributions of the bias correction are reflected through the terms R; through Rg in the proof.
Let CVi,y, and C’Vlf’ﬁl denote CV (m) and CV* (m), respectively, when Model [ is the true model.

Specifically, we have demonstrated the following results:

1. When Model 1 is true so that Models 2-4 are all overfitted: The contribution of the bias correc-
tion to T[C’Vf’é - C'Vlbfl] is given by T [Ry + 2Ry] = Op(T~1 + (NT)™Y/?) (see equation (A.19)
in Appendix A), which is asymptotically negligible in comparison with plimy 7T [CVi 2 —
CVi1] = 262 — 52, > 0. Similarly, the contribution of the bias correction to (N A T) [CVf’fl -
CVlbcl] is given by (N AT)[Rs + 2R4] = Op(T~1) (see equation (A.24) in Appendix A), which
is asymptotically negligible in comparison with plimy 7—eo(IN AT)[CViga — CVi1] = ¢; > 0.

Recall that no bias correction is needed for Model 3.

2. When Model 2 is true so that only Model 4 is overfitted: The contribution of the bias correction
to N[CVy§ — CVy5] is given by

N [R5+ 2Rg) = NOp (T"'(N"'+T71) = op (1)
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if Bgm) = Op (1) for m = 2,4 and N/T? = 0(1), and given by
N [Rs + 2Rg) = Nop ((NT)*1 + N*1/2T*3/2> = op (1)

if 5™ = 0p (1), LBy =™y = op or m = 2,4, an = . [See equations
it 5™ = 0p (1), VNTL(B™ — (™ 1) f 2,4, and N/T3 = O (1). [S
(A.31) and (A.32) in Appendix A.] In either case, the contribution is asymptotically negligible

in comparison with plimy 7. N[CVa 4 — CVa o] = 262 — 6’32 > 0.

3. When Model 3 is true so that only Model 4 is overfitted: The contribution of the bias correction
to T[CVYG — CVP5] is given by T[Ry+2Rg] = Op (N~'+T7'), which is asymptotically

negligible in comparison with plimy 70T [CV34 — CV3 3] = 262 — 52, > 0.

Second, the above discussions also indicate that the additional conditions stated in Theorem 2.2 are
only required to show that Model 2 can be correctly chosen w.p.a.l1 when it is the true model. In
other words, these additional conditions will ensure that the overfitted model (Model 4) will not be

selected in large samples when Model 2 is true.

2.3 A modified jackknife criterion function

In this subsection, we consider the panel data model with serially correlated errors and propose a
modified version of the jackknife criterion function. Note that if a generic ARMA process is invertible,
it can be written as an AR(o0) process and well approximated by an AR(p) process for sufficiently
large p. For this reason, we assume that the error process {u;;,t > 1} can be approximated by an

AR(p) process:

0 P 0
Uit = E pjlit—j + €it = E pjlit—j | + E pjlit—j + €it
j=1 j=1 Jj=p+1

= plugy_y + o, (2.14)

where ¢ = 1,...,. N, t =p+1,..,7T, p= (pl,...,pp), is a vector of unknown parameters, w;, ; =
(Wi t—1y ey Wit—p)'s Vit = Vitp + €it, €;¢ is an innovation term, and vjr, = Z;’;pﬂ pjuit—j signifies the
approximation error. If {u;;,t > 1} is an autoregressive process of order p or less, then v;, = 0 and
Vit = Cit-
L L (m) (M) (m) . . .
et =yp—pF "z, form=1,2,34. We propose to estimate the AR(p) coefficients based

on the residuals from Model 4 (the largest model), i.e., we run the following regression

(4 (4 (4 (4 N (4 .
uz(t) = Pluz(,t)—l + P2“z(7t)—2 +..t pp“z(‘,t)—p + vir = plﬂfg,t)—l + Vit (2.15)

where i = 1,., N, t = p+ 1., T, ) | = (a1, aly ), and 6 = (05 — wie) + p'(w;_y —
@ﬁll) + vi. Let p= (ﬁl,ﬁQ,...ﬁp)/ denote the OLS estimator of p in the above regression. Let
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Yir1 = (Yit—1, - Yit—p) and yz(T)l (yfT)l, . ,yfT)p) We modify the CV criterion function as

) 1 T N ) o o V12
vt = =g, 2, L (e ) - (- PU2)] o
Let
m = argmin CV* (m). (2.17)
1<m<4

Ideally, when Model m is correctly specified, (y;; — p’ Yoo )~ (g)gn ) P ggT_)l) will approximate the
true innovation term v;. As long as there is no serial correlation among {v;;} or the serial correlation
is weak, m is given by m w.p.a.l. when Model m is the true model.

Let

¢(L):1_p1L_IO2L2_”'_IOpr>

W= e @l

fort =p+1,...,7T and m = 1,2, 3, 4. Note that i:gtl) =& (L) ziy = &y Let v, = Tp*1 ZtT:pH v for

i=1,..N,and v, = N1 Zf\il vit fort =p+1,..., N, where Tj, = T—p. Let w; ; 1 = (Wig—1, .-, Uit—p)’
N T

and I'p = ﬁ >ic Zt:p—H ui,tflﬂ;,tfl‘

To state the next result, we add the following set of assumptions.

where L is the lag operator. Similarly, ®(1) = 1 —p; —py — - — p,. Let 7

Assumption A.4. (i) 272, p;jz) # 0 for any complex number z with |z < 1, P ;| < oo,
p*/? (N"'4+T71) =0(1), and Amin(Tp) is bounded away from zero in probability as (N,T) — oc.

P
i) B (Uzt) =0, maX1<z<Np+1<t<TE( zt) < C, and NT Z =1 Zt —p+1 vi = a5 > 0.

(
(iii) NTp Zz 1 Zt-p—l—l Civit = Op ((NT) 1/2) for ¢;; = 1 and Z;;, and H NT, Zz 1 Zt—p+1 Uiy Vit
Op (( NT/p )~1/2) .

(iv) 3 Sits impyr vieai = op (1) and 3= 330, S50 0ae[® (L) Ad] = op (1) when Model 2,
3, or 4 is true and applicable.

Assumption A.5. (i) % Zivl (v;. )2 P 52, > 0.
(if) Tﬂp 2t=p1 (04)" = Tog > 0.
(iii) £ SN, @0 = Op (T~' + (NT)~1/?).
. T o - _
(iv) Tlp Y t—pr1 3401 =Op (N L (NT)~1/2) .
Assumption A.6. (i) If Model 2 is the true model, there exist positive constants cz’ v and c; X,

such that

N T
Z 3 [ — &, (X’X)*IX'Dagrﬂc;,X > 0, and  (2.18)
i=1 t=p+1

N 2
1 -1
NT, Z [ Z(;")/ (X(:s)rx(?:)) X(3)1Dag] 50(’;% > 0. (2.19)
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(ii) If Model 3 is the true model, there exist positive constants c3 yx and c} y_ such that

1 Y& o/ / —1 2p *
> [@(L)At—xit (X'X) XDAA} Ly > 0,and  (220)

NTp i=1 t=p+1
1 ML @ 1 o) 2,
N At (2) x(2) 2)r «
NTp;t_Zp:I {cb(L)At iy <X X ) X DAA} ~dx, > 0. (2.21)

1

2
(@ (1) i+ @ (L) ) — &y (X'X) " X' (Dacr + DAA)} Leoax>0 (222

M=
[M]=

and both (2.19) and (2.21) hold.

Assumption A.4(i) rules out unit root or explosive processes for {u;;,t > 1}. Assumption A.4(ii)-
(iv) parallels Assumption A.1(i), (iii) and (v). Assumption A.5(i)-(iv) parallels Assumption A.2(i)-
(iv). Assumption A.6(i)-(iii) is analogous to Assumption A.3(i)-(iii). In the online supplement
(Section C.2), we verify Assumptions A.4 and A.5 under a set of sufficient primitive conditions on
{(@it, eit, iy M)}

Theorem 2.3 Suppose that Assumptions A.1-A.2 and A.4-A.6 hold. Suppose that max(62,,52%,) <
262. Then

P (m =m | Model m is the true model) — 1 as (N,T) — oo form =1,...,4.

Remark 8. Theorem 2.3 indicates that the modified jackknife criterion function helps us to
select the correct model w.p.a.1 as (N,T) — oo under the weak side condition max(52;,52%,) < 252.
Where there is no serial correlation among {u;,t > 1} such that ® (1) = ® (L) = 1 and uir = vjy,
then 62, = 62, = 62 = &2 and G2, = 72,. This implies that the result in Theorem 2.3 coincides with
that in Theorem 2.1 in this case. If there is no serial or cross-sectional correlation among {v;;}, then
52, = 62, = 52 and max(c2,,52%,) < 262 is automatically satisfied. More generally, if {u;,t > 1} is
an AR(oco) process, in the online supplement, we show that when p — oo under certain rate condition,
the approximation error v (= Z;’;p 1 pjui,t_j) is asymptotically negligible so that 62, = 52, = &2
is always satisfied.

Remark 9. In the above analysis, we run the pooled AR(p) regression for ﬂgf ). A close exami-

nation of the proof of Theorem 2.3 indicates that only the consistency of the pooled OLS estimator
p is used. Alternatively, one can allow heterogeneity in both the order of autoregression and its

coefficients. In this case, we use p; and p;, ¢ = 1, ..., N, to denote the order and individual coefficients
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in the autoregressive models and run the AR(p;) regression for {ﬁgf‘ ),t > 1} to estimate p; by p, for

i=1,...,N. Then we can modify the jackknife criterion function to be

. Ieh 1 ) A orom) ]2
CV* (m) = Zl T, Z+1 [(yt - szi,t_1> - (ym) - ”Zﬂi,t—lﬂ ‘
1= =Pi

Accordingly, we can modify Assumptions A.4-A.6 and establish a result similar to that in Theorem

2.3.

Remark 10. Alternatively, we can rewrite the original model by including p lagged y;; and p
lagged x;; (excluding the constant) as additional (pk) regressors via the standard Cochrane-Orcutt
procedure. Take Model 4 as an example. Let Z;; be the x;; excluding the constant term, i.e.,

zit = (1,2},)". Correspondingly, let 5 = (51,5,)’. Then, Model 4
/ of o7 \/
Vit = B + o + N Fug = (81, 8)(1,25)" + o + A+ uge
can be rewritten as

o/, of . of

= (L=p1— o= pp) Br+ B &t + pr¥ig—1 + o+ Pplip—p — (plﬂ Tig1+ o+ pp xi,t_p)
+ (1 — P — e — pp) a; + ()\t — P1 A= — - — pp)\t,p) + vt

= B/fit + @i + A + it

Yit

o

/ ~
where Z;; = <1,£;t, Yit—1y s Yit—ps Thy1y oo l‘;tfp> , B is the new vector of regression coeffi-
cients, &; = (1 —pPp — e — pp) o; and A\ = (/\t — 1A= — e — pp)\t,p) . With the new regressor T

replacing x;;, we can continue to apply the jackknife criterion function C'V (m) as in Section 2.1.

Remark 11. As mentioned above, we regard our AR(p) model as an approximation for the error
process {uj,t > 1} that does not need to follow the AR(p) process exactly. Note that our original
jackknife method in Section 2.1 works in the presence of weak serial correlation. Hence, here it is
sufficient to reduce and control the serial correlation among {u;;,t > 1} . Despite this fact, we need to
choose the value of p. In practice there are several approaches. First, we may use a “rule of thumb”
and let p increase with T, e.g., p = |T"/*|, where |T/4] is the nearest integer less than or equal
to T4, Alternatively, we can follow Lee, Okui, and Shintani (2018) by setting pmax = |T/*] and
consider a general-to-specific testing procedure based on t-statistic until we reject the null. Third,
we may apply the information criteria, such as AIC and BIC, to the residuals obtained from Model
4 (az(f)) to determine p. For the implementation, see, e.g., Stock and Watson (2012, Section 14.5).
In general, BIC gives a consistent estimator of p, and AIC tends to choose a relatively large p. See

Section D in the online supplement for more details.

Remark 12. As a referee points out, the standard jackknife (cross-validation) method is orig-

inally designed for i.i.d. observations. For dependent time series data, various modifications have
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been proposed in the literature. For example, Burman, Chow and Nolan (1994) consider a h-block
cross-validation function by removing the fth observation and the h observations on its either side to
estimate the regression parameter, which simplifies to the usual leave-one-out cross-validation func-
tion when h = 0. Racine (2000) finds that the h-block cross-validation is not consistent in general and
proposes to combine Shao’s (1993) solution of v-blocking on independent data with Burman, Chow
and Nolan’s (1994) h-blocking on dependent data to yield a hv-block cross-validation for improved
model-selection. Note that the h-block cross-validation requires the selection of one tuning parame-
ter (h) while the hv-block cross-validation requires the choices of two tuning parameters (h and v).
The minimum sample size (7" in our notation) in Racine’s (2000) simulations is 100 in order for his
method to work reasonably well. But we usually do not have so many time series observations in the
panel setup. If T"is only 5, 10, or at most 50 as in our simulations, we do not know how these alter-
native methods work and whether it is possible to justify their consistency in determining whether
to include the individual or time effects into a panel data model. At the minimum, our modified
jackknife method offers an easy-to-implement alternative solution to handle serial correlation in the

error terms that only demands the choice of a single tuning parameter (p) in practice.

3 Monte Carlo Simulations

In this section, we conduct Monte Carlo simulations to examine the finite sample performance of our
jackknife method and compare it with various information criteria (IC). We consider the following
three different cases: (7) static panel models with possibly serially correlated errors, (i) dynamic panel

models without exogenous regressors and (ii7) dynamic panel models with exogenous regressors.

3.1 Implementation

As a comparison, we consider the commonly used information criterion (IC): AIC and BIC, though
to the best of our knowledge, there is no theoretical analysis of AIC and BIC in the context of
determining fixed effects. Here the number of parameters involved depends on N and 1" and goes to
infinity, thus the standard theory of AIC and BIC is not directly applicable.

For Model m, m = 1,2, 3,4, define the in-sample residual as aﬁ;”’ = Yit — B(m)/xl(;n). Then AIC
and BIC for Model m are defined respectively as

2 (m)
AIC(m) = In ((6(m)> ) + QJ@—T,

2 (m)
BIC(m) = In ((&W) ) + %,

2 2
where (6(m)> = %7 SN, (ﬁiﬁ) and k(™ is the dimension of a:izn) in the mth model.
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Specifically, kW =k, k@ =k + N -1, k® =k +7T —1 and k® = k+ N + T — 2. We also consider
the modified BIC as

BIC, (m) = In <(&(m))2> N log (log %T)) k(m)‘

We choose the model by minimizing the above three ICs.”

For static panel models, we consider CV (defined in (2.3)) and CV* (defined in (2.16)). To
take into account the possible serial correlation, we also apply CV to the augmented regression with
additional p lagged y;; and p lagged z;; (excluding the constant), as discussed in Remark 10 above.
We denote it as CV**. For CV* and CV**, we need to choose the number of lags p. As discussed in
Remark 11, there are several data-driven methods. Here we adopt the testing procedure to determine
p with the maximum value of p being | T/*], where |T'/*| is the nearest integer less than or equal to
T4, Other methods, such as “rule of thumb”, AIC and BIC, give similar results. For dynamic panel
models, we do not consider CV* and CV**, as serial correlation can cause the endogenous problem
and in general is not allowed in dynamic panel models. As discussed in Section 2.2 above, we also
implement CV with bias-correction for dynamic models, which we denote as CV-BC. We use the half
panel jackknife method (Dhaene and Jochmans (2015)) to conduct bias-correction.

For all the simulations, we consider different combinations of N and T': (N,T') = (10,5), (50,5),
(10,10), (50,10), (10,50) and (50, 50) . The number of replications is 1000.

3.2 Static panel models
We consider the following static fixed-effect data generating processes (DGPs):

DGP 1.1: yis = 1 4 x4 + ust DGP 1.2: y;s = 14 x5 + o + ust
DGP 1.3: Yit = 1+ Tit + )\t + Ut DGP 1.4: Yit = 1+ T + o + )\t -+ Ut ’

where z; = 1 + o + M+ & and «;, Ay and §;; are mutually independent N (0,1) random variables.
The error term wu;; is generated as

Uit = PUit—1 + Vit,

where v;; is a N (0,1) random variable, and p takes different values: 0, %, and %.8 The additional
simulation results for p = % and % are reported in Tables E1 and E2 in Section E of the online
supplement, respectively. Here the true models corresponding to DGPs 1.1-1.4 are Models 1-4,

respectively.

"Following the standard analysis on the consistency of IC, we can show the following results: (1) BIC and BIC,
are consistent in selecting the individual or time effects under the restrictive condition that N and T pass to infinity
at the same rate; (2) the AIC is never consistent; and (3) neither BIC nor BIC} is consistent in general when N and

T pass to infinity at different rates.
8Here the error terms are homoskedastic. We have also considered the DGPs with heteroskedasticy and find that

performances are similar. The details are available upon request.
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Tables 1A, 1B, and 1C present the simulation results for p = 0, %, and %, respectively. When
p = 0, i.e., there is no serial correlation in the error term, our CV performs best. For example,
when N = 10 and T = 10, our CV can choose the correct model with a probability close to 95%.
When T is small (7' =5) and N is large (N = 50), the correct rate of our CV is above 90%. Even
when both 7" and N are small (T"= 5, N = 10), our CV can achieve a reasonable correct rate above
70%. The performance of AIC is also good and comparable to that of CV. CV* and CV**, which
are robust to possible serial correlation, perform slightly worse than CV when T is relatively large
(T =10 or T'= 50). The performance of BIC is poor. For example, when the true model is Model
4 and (N,T) = (10,50), BIC can only choose the correct model with a probability of 4%. BICs
outperforms BIC, but still underperforms CV and AIC.

p = % is an interesting case, as p = % is the cut-off point for CV to work. In the dis-

2

2 = 252, thus the key condition

cussion following Theorem 2.1, we show that when p = %, 1

max (62,,52,) < 262 is violated. In our proof, we show that in this case, when the true model is

Model 1, T'[CV (2) — CV (1)] ., 0 and when the true model is Model 3, T[CV(4)—CV (3)] 0.
This suggests that CV cannot distinguish Model 1 and Model 2 when the true model is Model 1 and
cannot distinguish Model 3 and Model 4 when the true model is Model 3. Our simulations confirm
the theoretical analysis. For example, when the true model is Model 1 and (N,T) = (50, 50), CV
selects Model 1 and Model 2 with probabilities of 56% and 44%, respectively. In this case, CV, AIC,
BIC and BIC; all break down. However, both CV* and CV**, which explicitly take serial correla-
tion into account, perform well in large samples, as suggested by our theory. For example, when
(N,T) = (50,50), both CV* and CV** can select the correct model with a probability close to 100%.
For this DGP, CV* slightly outperforms CV** as a whole. However, in general, for CV* and CV**
to work well, a relatively large 1" is required.

When the serial correlation is high, such as p = %, the performances of CV, AIC, BIC and
BICs are all poor. In general, CV* and CV** perform well when the sample is large. For this
DGP, CV* outperforms CV** in general. For example, when (N,T) = (50,50), CV* can choose
the correct model with a probability close to 100%. However, when the true model is Model 4 and
(N,T) = (50,50), CV** can only choose the correct model with a probability of 45%. Also, when T’
or N is small, CV* and CV** can perform poorly. This suggests that when serial correlation is high,
a large sample is required.

To examine the effect of model misspecification, in Table 4A, we compare the mean squared errors
(MSEs) of the estimators of the slope coefficient (8 = 1) using the four different models and the model
selected by our CV when p = 0.° It is clear that for this DGP, the correct model achieves the smallest
MSE. For example, when the true model is Model 1 and (N, T) = (10, 10) , the MSE based on Model

9The results for p = % and % are avaiable upon request.
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4 is about 3.5 times as large as that based on Model 1. When T is relatively large, the MSEs based
on our selected models are almost the same as those based on the true models. When T is small,
our model selection can also achieve MSE reduction, compared with say, the largest model, Model
4. Table 4B reports the performance of post-selection inference by presenting the empirical coverage
and length of the 95% confidence intervals (CI). We find that for this DGP, the empirical coverage
and length based on our selected model are similar to those based on the true models, especially
when T is relatively large.

In sum, for static panel models, when there is no serial correlation or serial correlation is low, CV,
CV*, CV** and AIC all work well. In the absence of serial correlation, CV is the best performer. When
serial correlation is high, only CV* and CV** work in large samples and CV* generally outperforms
CV**. Also it is noted that a relatively large T is required for CV* and CV** to work well in the

presence of high correlation.

3.3 Dynamic panel models without exogenous regressors

We consider the following dynamic panel DGPs:

DGP 2.1: yit = 1+ Byis—1 + wit DGP 2.2: y = 14 By;1—1 + oy + ust
DGP 2.3: yit = 1+ Byis—1+ M +uy DGP 2.4: yy = 1+ Byip—1 + o + A+ uit 7

where «;, Ay and u;; are mutually independent N (0, 1) random variables and § = %. The additional
simulation results for § = % and % are reported in Tables E3 and E4 in Section E of the online
supplement, respectively.

Tables 2 reports the simulations results for § = %. For most cases, our CV and CV-BC can select
the correct method with a high probability and dominate other methods. Despite its inconsistency,
AIC performs slightly worse than CV and CV-BC. For example, when the true model is Model 1,
(N,T) = (10, 10), CV, CV-BC and AIC choose the correct model with probabilities of 71%, 85% and
63%, respectively. Between CV and CV-BC, it is unclear which one is dominant. In general, when
the true model is Model 1 or Model 3, CV-BC outperforms CV. Nevertheless, when the true model
is Model 2 or Model 4, CV outperforms CV-BC. The performance of BIC is poor in many cases. For
example, when the true model is Model 2 and (N, T') = (50, 10) , BIC selects the correct model with
zero probability. The performance of BICs is better than that of BIC, but still worse than those of
CV and AIC in general.

Table 4C shows the MSEs of estimators of 8 based on the four models and the selected model by
CV when g = %. We consider both the non-bias corrected estimator and bias corrected estimator. For
the bias correction, we adopt the half panel jackknife method as proposed in Dhaene and Jochmans

(2015). For both types of estimators, the estimator based on the true model has the smallest MSE.
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For example, when true model is Model 1 and (N, T) = (10, 10) , the MSEs of the non-bias corrected
estimator based on Model 4 is about 10 times as large as that based on Model 1, and the MSE of
the bias corrected estimator based on Model 4 is about 5 times as large as that based on Model 1.
The MSEs based on our selected models are close to those based on the true models when T is large.
When T is small, in general, our model selection can also achieve a smaller MSE than a single fixed
model. Table 4D shows that the empirical coverage and length of the 95% CI based on our selected

model are comparable to those based on the true models, especially when T is large.

3.4 Dynamic panel models with exogenous regressors

We consider the following dynamic panel DGPs with 5 exogenous regressors:

5
DGP 3.1: yy = 1+ Byis—1 + Z 0.2z ; + wit,
=
5

DGP 3.2: y;; =1+ Bym,l + ZO.Qxit’j + o + Ui,
j=1

5
DGP 3.3: yir = 1+ Byhhl + ZO-Qiﬁit,j + At + ugt,
j=1

5
DGP 3.4: yyy =1+ Byis—1+ Z 0.2z + o + A + i,
j=1
where zj 1 = 14+ o + N+ &y, and X4t 2, Tir 3, Tira, Tits, 0, A, Ui and &;; are mutually independent
N (0,1) random variables, and § = %. The additional simulation results for § = % and % are reported
in Tables E5 and E6 in Section E of the online supplement, respectively.

Table 3 represents the frequency of the model selected for 5 = %. The simulation results are
similar to those in the dynamic models without exogenous regressors. In general, our CV and CV-
BC perform best, followed by AIC. CV, CV-BC and AIC all can select the correct model with a
high probability, especially when the sample size is large. For example, when (N,T) = (50,50),
the correct probabilities are all close to 100%. Again, between CV and CV-BC, there is no clearly
dominant one. BIC performs poorly when the true model is Model 2 or Model 4. BICs outperforms
BIC, but still underperforms CV, CV-BC and AIC.

4 Empirical Applications

In this section we consider three empirical applications that illustrate the usefulness of our method

in selecting individual or time effects in panel data models.
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4.1 Application I: Crime rates in North Carolina

Cornwell and Trumbull (1994) study the crime rates using the panel data on 90 counties in North
Carolina over the period 1981 — 1987. The vector of explanatory variables x;; includes: (1) the
probability of arrest, measured by the ratio of arrests to offences, (2) the probability of conviction
given arrest, measured by the ratio of convictions to arrests, (3) the probability of a prison sentence
given a conviction, measured by the proportion of total convictions resulting in prison sentences, (4)
the average prison sentence in days, (5) the number of police per capita, (6) the population density,
measured by the county population divided by the county land area, (7) the percentage of young
male, measured by the proportion of the county’s population that is male and between the ages of
15 and 24, and (8 — 16) the average weekly wage in the county in the following nine industries: (i)
construction, (i7) transportation, utilities and communication, (i7) wholesale and retail trade, (iv)
finance, insurance and real estate, (v) services, (vi) manufacturing, (vii) federal government, (viii)
state government and (ix) local government. All the variables are in logarithm. Hence we have a
static panel with N =90, T'= 7 and k = 17 (including the constant). The same dataset is also used
in Baltagi (2006) and Wu and Li (2014).

Table 5A presents the values of AIC, BIC, BIC,, CV, CV* and CV**, where the number of lags p
used in CV* and CV** is 1. All these methods determine that Model 4 (i.e., including both individual
and time fixed effects) is the correct model. For the value of p, both AIC and BIC choose p = 0,
while the testing procedure determines p = 1.

Table 5B reports the estimates and 95% Cls for the coefficient on the probability of arrest.!’ For
the estimator without bias-correction, we consider both the non-clustered and clustered standard
errors (SEs) where the clustered SEs are robust to the serial correlation in the error terms. Based
on the selected Model 4, the point estimate is around -0.355 and the coefficient is significant at the

5% level. With bias-correction, the estimate is similar, -0.330.

4.2 Application II: Cross-country saving rates

Su, Shi, and Phillips (2016) use a dynamic panel data model to study the determinants of savings
rates. Following Edwards (1996), they let y;; be the ratio of savings to GDP for country ¢ in year ¢,
and let z;; include (i) its CPI-based inflation rate, (i¢) its real interest rate, (ii7) its per capita GDP
growth rate and (iv) its lagged saving rate, i.e., y;;—1. Their dataset includes 56 countries over the
period of 1995 — 2010. Hence, we have a dynamic panel data model with N =56, T =15, and k =5
(including the constant).

Table 6A shows the values of AIC, BIC, BICsy, CV and CV-BC. AIC, BIC,, and CV all select
Model 2, while BIC and CV-BC selects Model 1. We conclude that Model 2 (i.e., including individual

10T he results for other coefficients are available upon request.
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fixed effects only) is likely to be the correct model for the following reasons. First, Model 1 is rarely
used in empirical research. Second, the performance of BIC is poor in the simulations. Third, the
values of CV are less than or equal to the values of CV-BC. If we combine all values of CV and
CV-BC, Model 2 will be chosen.

Table 6B presents the estimation and inference results for the coefficient on the per capita GDP

1" Given the dynamic specification, we report both the non-bias corrected and bias-

growth rate.
corrected results. The bias-correction is based on the half panel jackknife method as proposed in
Dhaene and Jochmans (2015). Based on the selected Model 2, the bias-corrected estimate is 0.178

with the 95% CI of [0.074, 0.281].

4.3 Application III: Guns and crime in the U.S.

In the paper “Shooting down the ‘More Guns less Crime’ hypothesis”, Ayres and Donohue (2003)
consider how the “shall-issue” law affects the crime rates in the U.S., where the “shall-issue” law
refers to whether local authorities can issue a concealed weapon permit if the applicants meet certain
determinate criteria. So, here y;; is the logarithms of the violent crime rate for state ¢ in year t,
which are measured by incidents per 100,000 members of the population. The key regressor in x;
is the “shall-issue” variable, which is 1 if the state has a shall-carry law in effect in that year and
0 otherwise. Other controls in z;; include (i) the incarceration rate in the state in the previous
year, which is measured by sentenced prisoners per 100,000 residents, (i) the population density
per square mile of land area, divided by 1000, (7i¢) the real per capita personal income in the state,
in thousands of dollars, (iv) the state population, in millions of people, (v) the percentage of state
population that is male with an age between 10 and 29, (vi) the percentage of state population that
is white with an age between 10 to 64 and (vii) the percentage of state population that is black with
an age between 10 and 64. The dataset contains 50 US states and the District of Columbia (N = 51)
over the period of 1977 — 1999 (1" = 23). The dataset is also discussed in the textbook by Stock and
Watson (2012).

We consider a static panel model, where the dimension of z;; is kK = 9 (including constant). Table
7A shows the results for the model selection. All the information criteria and CV methods select
Model 4 (i.e., including both individual and time fixed effects). For the value of p, both AIC and
BIC determine p = 1, while the testing procedure determines p = 2. Considering this, we report the
values of CV* and CV** with p =1 and p = 2.

In this application, the coefficient on the “shall issue” is often the parameter of interest. Table
7B reports the estimation and inference results. We find that the effect of the “shall issue” is not

significant at the 5% level based on the selected Model 4. When we do not implement bias-correction,

' The results for other coefficients are available upon request.
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the estimate is -0.028 with the 95% CI of [-0.106, 0.050] using the clustered SEs. When we implement
bias-correction, the estimate is 0.015 with the 95% CI of [-0.027, 0.056]. In this application, whether
to include individual fixed effects makes a difference. If we do not include individual effects, the
effects of the “shall issue” are in general negative and significant at the 5% level. However, after

including individual fixed effects, the significance is gone.

5 Conclusion

In this paper, we propose a jackknife method to determine fixed effects in panel data models based on
the leave-one-out cross validation (CV) criterion function. We show that when the serial correlation
and cross-sectional dependence in the error terms are weak, our new method can consistently select
the correct model. We also modify the CV criterion function to take into account the strong serial
correlation in the error term. Our simulations suggest that our new method outperforms the methods
based on the information criteria such as AIC and BIC. We provide three empirical applications on
(7) the crime rates in North Carolina, (i¢) the determinants of saving rates across countries, and (#i7)
the relationship between guns and crime rates in the U.S.

Several extensions are possible. First, our method can be extended to multidimensional panel
data models where there are many ways of incorporating fixed effects (see, e.g., Balazsi, Matyas, and
Wansbeek (2017) for a review and Lu et al. (2019) for some ongoing work). Therefore, it is even
more imperative to select an appropriate specification of fixed effects in multidimensional panels.
Second, given the fact that there is no natural ordering along the cross-section dimension in general,
it is not easy to extend our jackknife method as in Section 2.3 to allow for strong or moderate degree
of cross-section dependence in the standard two-way or one-way panel. If cross-section dependence
is a concern, one can follow Bai (2009) and consider the determination of individual effects, time

effects, and interactive fixed effects (IFEs) in the following model
Yit = Ty + @i + A + i fi + i,

where f; is an R x 1 vector of factors and v, is an R x 1 vector of factor loadings. The above
equation models the cross-section dependence explicitly. Conceptually, we can apply the jackknife
idea to the above models to select the number of factors and to determine the presence of «; and/or
At simultaneously. The major difficulty lies in the fact that after deleting one observation, the panel
data becomes unbalanced, which is not easy to deal with due to the presence of unobservable factors
(see, e.g., Bai, Liao and Yang (2015)). When the regressors also share the factor structure as in
Pesaran (2006), we conjecture that we can augment Models 1-4 by the cross-sectional means of the

dependent and independent variables and then apply our jackknife method. Alternatively, we could
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model cross-sectional dependence using certain metric of economic distance, as in Conley (1999). We

shall explore these topics in our future research.
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Table 1A: Frequency of the model selected: static panels, p =0

True M Model 1 Model 2 Model 3 Model 4
Selected M M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
(N, T)
(10,5) .80 .06 .11 .03 .04 .74 .02 .20 .05 .01 .82 .13 .06 .05 .04 .86
(50,5) .90 0 .10 O 0 .84 0 .16 0L 0 99 O 0 0 0 1
AIC (10,10) .90 .06 .04 .01 .01 .91 0 .08 01 0 .90 .09 0 .01 .01 .98
(50,10) .96 0 .04 O 93 0 .07 0 1 0 0 1
(10,50) .97 .03 0 1 0 0 .95 .05 0 1
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,5) .99 0 .01 © 49 .46 .04 .01 23 0 170 14 .02 .06 .18
(50,5) 1 0 0 0 51 0 49 O 03 0 97 0 b2 0 48 O
BIC (10,10) 1 0 0 0 14 .86 0 0 20 0 .80 O 714 .03 .01 .22
(50,10) 1 0 0 0 41 .39 .20 0 0 0 1 0 b4 0 41 .05
(10,50) 1 0 0 0 0 1 0 35 .28 .37 0 40 .56 .04
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,5) .44 20 .17 .20 0 .59 .01 .41 .02 .02 .56 .40 0 .04 .01 .95
(50,5) .85 .01 .14 .01 0 .76 0 .24 0 0 .98 .02 0 0 0 1
BIC, (10,10) .65 .13 .16 .06 0o .74 0 .26 0 0 76 .24 0 0 0 1
(50,10) .93 0 .07 0 0 .90 o0 .11 0 0 1 0 0 0 0 1
(10,50) .94 .06 0 0 0 1 0 0 0 0 .90 .10 0 0 0 1
(50,50) 1 0 0 0 1 0 0 0 1 0 0 0 0 1
(10,5) .87 .03 .10 O .08 .80 .03 .08 .07 .01 .90 .03 15 .07 .08 .70
(50,5) .90 0 .10 O 0 .90 .01 .09 01 0 1 0 0 0 02 .98
Ccv  (10,10) .93 .04 .03 O .01 .96 0 .03 01 0 .95 .04 .01 .02 .01 .96
(50,10) .96 0 .04 O 97 0 .04 0 0 1 0 1
(10,50) .97 .03 0 1 0 .98 .02 1
(50,50) 1 0 0 1 0 0 1 0 1
(10,5) .68 .20 .09 .03 .04 .83 .03 .11 .07 .03 .72 19 10 .10 .05 .76
(50,5) .79 .12 .08 .01 0 .89 0 .11 0 0 .87 .12 0 .01 0 1
cv* (10,10) .85 .11 .04 .01 01 95 0 .04 .01 0 .88 .10 .01 .02 .01 .96
(50,10) .94 .01 .05 O 0 .95 0 .05 0 0 .99 .01 0 0 0 1
(10,50) .96 .04 0 0 0 1 0 0 .96 .04 1
(50,50) 1 0 0 1 0 0 1 0 1
(10,5) .81 .08 .10 .02 .16 .69 .07 .08 11 .02 .80 .08 15 .09 .19 .58
(50,5) .89 0 .11 0 15 .51 .28 .06 01 0 99 0 .02 .01 .49 .49
cv*™ (10,10) .89 .07 .03 0 01 .95 0 .04 01 0 .91 .08 .01 .02 .02 .94
(50,10) .96 0 .04 O 0 .95 0 .05 0 0 1 0 0 0 0 1
(10,50) .97 .03 0 1 0 0 .96 .04 1
(50,50) 1 0 0 1 0 0 1 0 1
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Table 1B: Frequency of the model selected: static panels, p =1/3

True M Model 1 Model 2 Model 3 Model 4
Selected M M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
(N,T)
(10,5) .41 .42 .05 .13 .01 .78 .01 .20 .03 .03 .38 .56 .02 .05 .01 .92
(50,5) .41 .46 .03 .10 0o .83 0 .17 0 0 .41 .59 0 0 0 1
AIC (10,10) .47 .44 .03 .06 01 .89 0 .11 01 0 44 .55 0 .01 .01 .98
(50,10) .45 .49 .02 .04 91 0 .09 0 0 .44 .56 0 1
(10,50) .57 .43 0 1 0 0 .48 .52 0 1
(50,50) .53 47 0 0 0 1 0 0 0 0 .49 .51 0 0 0 1
(10,5) .95 .04 .01 O 31 .66 .02 .01 27 .01 .67 .05 b5 .05 .04 .36
(50,5) 1 0 0 0 b5 .02 43 0 04 0 97 O b7 0 43 0
BIC (10,10) .99 .01 © 0 10 .90 0O 0 27 .01 .70 .01 .61 .06 .01 .32
(50,10) 1 0 0 28 .65 .07 O 0 0 1 0 49 0 .29 .22
(10,50) 1 0 0 0 1 0 0 38 45 .17 0 37 61 0 .02
(50,50) 1 0 0 0 0 0 0 0 1 0 0 0 1
(10,5) .14 .45 .05 .36 0 58 0 42 .01 .02 .16 .81 0o .03 0 .97
(50,5) .15 .63 .02 .20 0 .76 0 .24 0 0 .15 .85 0 0 0 1
BIC, (10,10) .24 .52 .05 .20 0 74 0 .25 0 0 .25 .75 0 0 0 1
(50,10) .28 .62 .02 .09 0 .89 0 12 0 0 .28 .72 0 0 0 1
(10,50) .47 52 .01 0 0 .99 o0 .01 0 0 .41 .59 0 0 0 1
(50,50) .60 .40 O 0 1 0 0 0 0 .56 .44 0 0 0 1
(10,5) .55 .36 .05 .04 .03 .87 .01 .09 .05 .03 .57 .35 .07 .08 .04 .82
(50,5) .64 .29 .05 .03 0 90 0 .11 01 0 .68 .31 0 0 0 1
Cv  (10,10) .54 42 .02 .02 01 94 0 .05 .01 .01 .57 41 0 .02 .01 .97
(50,10) .55 .41 .02 .02 0 95 0 .05 0 0 .58 42 0 1
(10,50) .58 .42 0 .58 .43 0 1
(50,50) .56 .44 0 .56 .44 0 1
(10,5) .50 .40 .05 .05 .03 .86 .01 .10 .04 04 .52 40 .06 .07 .03 .83
(50,5) .58 .34 .04 .04 0 .89 o0 .11 01 0 .62 .37 0 0 0 1
cv*  (10,10) .64 .31 .04 .02 02 93 0 .06 .01 .01 .67 .31 .01 .02 .02 .95
(50,10) .85 .10 .04 .01 0 .95 0 .05 0 0 .90 .10 0 0 0 1
(10,50) .93 .07 0 93 .07 1
(50,50) 1 0 1 0 1 0 1
(10,5) .57 .34 .05 .04 .08 .80 .02 .09 .05 .04 .58 .33 .07 .08 .09 .76
(50,5) .67 .26 .05 .03 .02 .85 .03 .10 01 0 7228 0 .01 .06 .93
cv*™ (10,10) .67 .28 .04 .02 18 .74 .03 .04 .01 .01 .71 .28 .01 .02 .30 .67
(50,10) .92 .03 .05 O .09 .75 .13 .03 0 0 .97 .03 0 0 .34 .66
(10,50) .95 .05 0 0 0 1 0 0 0 0 .95 .05 1
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 1
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Table 1C: Frequency of the model selected: static panels, p = 3/4

True M Model 1 Model 2 Model 3 Model 4
Selected M M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
(NT)
(10,5) .02 .77 0 .21 .01 .78 0 .21 0 .05 .02 .93 0 05 0 .94
(50,5) 0O 80 0 .20 0 .80 0 .20 0 0 0 1 0 0 0 1
AIC (10,10) .01 .84 0 .14 0 .85 0 .15 0 .03 .01 .96 0 .03 0 97
(50,100 0 .87 0 .13 0 .87 0 .13 0 0 0 1 0 0 0 1
(10,50) .02 .95 0 .03 0 .97 0 .03 0 .01 .01 .98 0 .01 0 .99
(50,50) 0 .98 0 .02 0 .98 0 .02 0 0 0 1 0 0 0 1
(10,5) .20 .77 0 .03 .05 .91 0 .04 11 .16 .10 .63 13 .18 .01 .68
(50,5) .52 48 0 .01 .06 .93 .01 .01 .06 .01 .44 .50 10 .02 .03 .86
BIC (10,10) .24 .75 0 .01 .04 95 0 .01 .19 36 .08 .38 19 .38 .01 .42
(50,10) .47 .53 0 01 .99 0 02 0 42 .56 .06 .01 O .94
(10,50) .47 .53 0 0 1 0 25 760 0 23 770 0
(50,50) .77 .23 0 0 1 0 0 0 .74 .26 0 0 0 1
(10,5) .01 61 0 .38 0 .62 0 .38 0o .02 .01 97 0 .02 0 .98
(50,5) o 75 0 .25 0 .75 0 .25 0 0 0 1 0 0 0 1
BIC; (10,10) 74 00 .26 0o .74 0 .26 0 .01 .01 .98 0 .01 0 .99
(50,10) 0 .84 0 .16 0 .84 0 .16 0 0 0 1 0 0 0 1
(10,50) .01 .94 0 .05 0 .95 0 .05 0 .01 .01 .99 0 .01 0 1
(50,50) 0 .98 0 .02 0 .98 0 .02 0 0 0 1 0 0 0 1
(10,5) .04 .85 0 .11 .01 .88 0 .11 .01 .08 .04 .87 .01 .08 .01 .91
(50,5) o 8 0 .13 0 .87 0 .13 0 0 0 1 0 0 0 1
Ccv  (10,10) .02 .90 .01 .08 0 .92 0 .08 .01 .06 .03 .91 0 06 0 .94
(50,10) 0 .91 0 .09 0 .91 0 .09 0 0 0 1 0 0 0 1
(10,50) .02 .96 0 .02 0 .98 0 .02 0 .02 .03 .95 0 .02 0 .98
(50,50) 0 .98 0 .02 0 .98 0 .02 0 0 0 1 0 0 0 1
(10,5) .08 .79 .01 .12 .02 .85 .01 .12 .01 .07 .09 .83 .01 .07 .03 .89
(50,5) 0o 87 0 .12 0 .88 0 .12 0 0 0 1 0 0 0 1
cv*  (10,10) .30 .63 .02 .05 .04 90 0 .07 .01 0 .32 .68 0 .01 .05 .94
(50,10) .15 .79 .01 .05 0 .94 0 .06 0 0 .17 .83 0 0 0 1
(10,50) .70 .30 0 0 01 99 0 0 .68 .32 0 1
(50,50) .95 .05 O 0 0 1 0 0 .95 .05 0 0 1
(10,5) .25 .62 .04 .10 21 .65 .04 .11 .03 .06 .26 .65 .03 .06 .24 .67
(50,5) .54 34 .07 .05 43 .39 .12 .06 0 0 .62 .38 0 0 .57 .42
Ccv*™ (10,10) .66 .29 .03 .02 53 .41 .04 .02 01 0 .73 .26 01l 0 .64 .36
(50,10) .87 .09 .04 O .65 .23 .11 .01 0 0 .91 .09 0 0 .82 .19
(10,50) .91 .09 0 0 33 .67 0 92 .08 0 .54 .46
(50,50) 1 0 0 0 .18 .82 0 1 0 0 .55 .45
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Table 2: Frequency of the model selected: dynamic panels without exogenous regressors, 8 = 3/4

True M Model 1 Model 2 Model 3 Model 4
Selected M M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
(NT)
(10,5) .37 .45 .04 .15 .09 .70 .01 .20 .03 .03 .34 .60 .01 .05 .08 .87
(50,5) .44 .44 .05 .07 .01 .84 0 .15 0 0 .45 54 0 0 .01 .99
AlIC (10,10) .63 .30 .03 .03 .05 .87 0 .08 01 0 .61 .39 0 0 .05 .95
(50,10) .83 .12 .03 .02 93 0 .08 0 .85 .16 0 0 1
(10,50) .92 .08 0 0 1 0 0 0 .89 .12 0 0 1
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,5) .97 .03 O 0 87 .12 0 0 20 .01 .76 .04 A5 .02 71 .12
(50,5) 1 0 0 0 1 0 0 0 03 0 .98 0 02 0 98 0
BIC (10,10) 1 0 0 0 95 .05 0 0 12 0 .87 .01 .09 .01 .85 .05
(50,10) 1 0 0 0 1 0 0 0 0 0 1 0 0 1 0
(10,50) 1 0 0 0 08 .92 0 0 09 0 .91 .03 .05 .08 .84
(50,50) 1 0 0 0 91 .10 O 0 0 0 1 0 0 .90 .10
(10,5) .09 .52 .03 .36 .60 0 .40 0 .02 .10 .88 0 .03 97
(50,5) .13 .65 .02 .20 7700 .23 0 0 .14 .86 0 0 1
BIC:o (10,10) .33 45 .05 .17 01 75 0 24 0 0 .35 .65 0 0 .01 .99
(50,10) .66 .26 .04 .04 90 0 .10 0 0 .68 .33 0 0 1
(10,50) .89 .11 0 0 0 1 0 0 0 0 .84 .17 0 0 0 1
(50,50) 1 0 0 0 0 1 0 0 0 1
(10,5) .54 .36 .05 .05 .20 .69 .03 .08 .05 .03 .58 .34 .02 .07 .29 .63
(50,5) .70 .21 .07 .02 .09 .83 .01 .07 0 0 78 .21 0 0 .12 .88
CV (10,10) .71 .26 .02 .01 .08 .88 .04 01 0 .76 .23 0 .01 .14 .85
(50,10) .89 .07 .03 .01 .01 .95 .04 0 .92 .08 0 .01 .99
(10,50) .93 .07 0 .93 .07 0 1
(50,50) 1 0 0 1 0 0 0 1
(10,5) .74 .16 .07 .02 b1 .38 .06 .05 .06 .01 .77 .16 .04 .04 .58 .35
(50,5) .90 .02 .08 O .66 .24 .08 .02 0 0 .98 .02 0 0 .76 .24
CvV-BC (10,10) .85 .12 .03 .01 39 .58 .01 .02 .01 0 .89 .10 .01 0 .46 .53
(50,10) .95 .01 .04 0 34 .60 .02 .04 0 0 .99 .01 0 0 .39 .61
(10,50) .95 .05 0 .96 .04 0 1
(50,50) 1 0 1 0 1 0 0 1
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Table 3: Frequency of the model selected: dynamic panels with exogenous regressors, 8 = 3/4

True M Model 1 Model 2 Model 3 Model 4
Selected M M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
(NT)
(10,5) .37 .38 .06 .20 14 .56 .04 .26 .04 .04 .35 .57 .02 .06 .14 .78
(50,5) .59 .25 .06 .10 10 .64 02 24 0 0 .61 .39 0 0o .11 .89
AlIC (10,10) .64 .27 .03 .06 13 .76 .01 .10 0 0 .61 .38 .01 .01 .14 .84
(50,10) .88 .07 .03 .02 .04 .85 0 .11 0 0 .89 .11 0 0 .05 .95
(10,50) .93 .08 0 1 0 0 .88 .12 1
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,5) .95 .04 .01 0 .86 .11 .01 .01 27 .01 .66 .06 35 .02 53 .11
(50,5) 1 0 0 0 1 0 0 0 03 0 .97 0 04 0 96 0
BIC (10,10) 1 0 0 0 96 .04 O 0 260 0 .74 0 48 .01 .49 .03
(50,10) 1 0 0 0 1 0 0 0 0 1 0 01 0 9 0
(10,50) 1 0 0 0 38 .62 0 0 44 24 .32 0 98 .01 O .01
(50,50) 1 0 0 0 1 0 0 0 0 0 1 0 0 0 1 0
(10,5) .11 .41 .05 .45 .02 .48 .01 .49 .01 .03 .13 .83 0 .04 .03 .93
(50,5) .23 .47 .04 .27 .01 .64 0 .35 0 0 .24 .76 0 0 .01 .99
BIC: (10,10) .36 .39 .07 .18 .02 .69 .02 .27 0 0 37 .63 0 0 .04 .96
(50,10) .75 .16 .05 .04 .01 .83 0 .16 0 0 .78 .22 0 0 .01 .99
(10,50) .89 .11 0 0 0 1 0 0 0 0 .84 .17 0 0 0 1
(50,50) 1 0 0 0 1 0 0 0 1
(10,5) .65 .23 .07 .05 41 .45 .06 .07 .09 .04 .66 .21 10 .07 44 .39
(50,5) .82 .08 .08 .02 .36 .48 .07 .09 0 0 .89 .10 0 0 .47 .53
CV (10,10) .78 .19 .02 .01 24 .71 .01 .03 .01 .01 .81 .17 .03 .01 .37 .59
(50,10) .93 .03 .03 O .08 .85 .01 .06 0 0 96 .04 0 0o .13 .87
(10,50) .93 .07 0 0 0 1 0 0 0 0 .93 .07 1
(50,50) 1 0 0 0 1 0 1
(10,5) .84 .05 .10 .02 413 .11 .03 12 .01 .82 .05 A5 .02 .73 .09
(50,5) .91 0 .08 O 78 .05 .14 .02 01 0 .99 .01 0 0 .92 .07
CV-BC (10,10) .89 .07 .03 0 b7 .39 .03 .02 01 0 92 07 .04 .01 .61 .34
(50,10) .96 0 .03 0 b6 .33 .08 .04 0 0 1 0 0 0 .68 .33
(10,50) .96 .04 0 0 .96 .04 1
(50,50) 1 0 0 1 0 1 0 1
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Table 4A: MSEsx1000: static panels, p =0

Adopted Model M1 M2 M3 M4 Selected by CV
True Model

N=10 T=5 8.03 14.56 11.41 29.77 9.83

N=50 T=5 1.45 2.82 2.05 5.23 1.61

M1 N=10 T=10 3.79 6.32 5.83 13.16 4.16
N=50 T=10 0.71 1.23 1.02 2.31 0.73

N=10 T=50 0.68 1.03 0.99 2.16 0.69

N=50 T=50 0.14 0.21 0.21 0.41 0.14

N=10 T=5 165.85 14.56 300.24 29.77 36.35

N=50 T=5 148.68 2.82 262.69 5.23 5.11

M2 N=10 T=10 145.62 6.32 295.26 13.16 6.99
N=50 T=10 130.7 1.23 259.24 2.31 1.31

N=10 T=50 128.66 1.03 287.75 2.16 1.03

N=50 T=50 117.76 0.21 258.94 0.41 0.21

N=10 T=5 94.25 250.15 11.41 29.77 14.62

N=50 T=5 82.01 223.07 2.05 5.23 2.05

M3 N=10 T=10 102.06 245.89 5.83 13.16 6.66
N=50 T=10 94.97 235.31 1.02 2.31 1.02

N=10 T=50 109.93 249.80 0.99 2.16 1.01

N=50 T=50 107.42 246.93 0.21 0.41 0.21

N=10 T=5 427.81 250.15 300.24  29.77 103.77

N=50 T=5 404.04 223.07 262.69 5.23 9.38

M4 N=10 T=10 440.18 245.89 295.26 13.16 17.93
N=50 T=10 422.87 235.31 259.24 2.31 2.31

N=10 T=50 448.25 249.80 287.75 2.16 2.16

N=50 T=50 441.74 246.93 258.94 0.41 0.41
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Table 4B: Coverages and length of 95% Cls: static panels, p =0

Coverages Length
Adopted Model M1 M2 M3 M4 CV M1 M2 M3 M4 CV
True Model

N=10 T=5 0.93 0.90 092 0.88 0.91 0.32 0.39 0.37 0.54 0.32

N=50 T=5 0.96 091 094 091 0.94 0.15 0.18 0.17 0.25 0.15

M1 N=10 T=10 0.93 092 092 090 0.92 0.23 0.28 0.26 0.38 0.23
N=50 T=10 0.96 093 095 094 0.96 0.10 0.13 0.12 0.17 0.10

N=10 T=50 0.94 095 094 094 0.94 0.10 0.12 0.12 0.17 0.10

N=50 T=50 0.95 0.95 0.95 0.95 0.95 0.05 0.06 0.05 0.08 0.05

N=10 T=5 0.13 0.90 0.07 0.88 0.81 040 0.39 045 0.54 0.40

N=50 T=5 0.00 0.91 0.00 0.91 0.89 0.19 0.18 0.21 0.25 0.19

M2 N=10 T=10 0.05 0.92 0.02 0.90 0.91 0.29 0.28 0.32 0.38 0.28
N=50 T=10 0.00 0.93 0.00 094 0.93 0.13 0.13 0.15 0.17 0.13

N=10 T=50 0.00 0.95 0.00 0.94 0.95 0.13 0.12 0.14 0.17 0.12

N=50 T=50 0.00 0.95 0.00 0.95 0.95 0.06 0.06 0.07 0.08 0.06

N=10 T=5 0.34 0.17 0.92 0.88 0.89 0.38 046 0.37 0.54 0.37

N=50 T=5 0.11 0.04 0.94 091 0.94 0.18 0.21 0.17 0.25 0.17

M3 N=10 T=10 0.09 0.03 0.92 0.90 0.91 0.28 0.33 0.26 0.38 0.27
N=50 T=10 0.01 0.00 0.95 0.94 0.95 0.13 0.15 0.12 0.17 0.12

N=10 T=50 0.00 0.00 0.94 0.94 0.94 0.13 0.15 0.12 0.17 0.12

N=50 T=50 0.00 0.00 0.95 0.95 0.95 0.06 0.07 0.05 0.08 0.05

N=10 T=5 0.01 0.17 0.07 0.88 0.66 041 046 045 0.54 0.49

N=50 T=5 0.00 0.04 0.00 0.91 0.89 0.19 0.21 0.21 0.25 0.24

M4 N=10 T=10 0.00 0.03 0.02 0.90 0.88 0.29 033 0.32 0.38 0.38
N=50 T=10 0.00 0.00 0.00 0.94 0.94 0.13 0.15 0.15 0.17 0.17

N=10 T=50 0.00 0.00 0.00 0.94 0.94 0.13 0.15 0.14 0.17 0.17

N=50 T=50 0.00 0.00 0.00 0.95 0.95 0.06 0.07 0.07 0.08 0.08
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Table 4C: MSEsx1000: dynamic panels without exogenous regressors, 8 = 3/4

Non-bias correction

Bias correction

Adopted M M1 M2 M3 M4 CV M1 M2 M3 M4 CV
True M
N=10 T=5 11.78 208.92 11.13 214.24 124.20 12.47 88.12 11.64 98.40 55.41
N=50 T=5 1.90 174.56 1.87 17477 51.53 1.96 19.85 1.93 19.96 8.95
M1 N=10 T=10 5.55 57.34 5.40 58.74  30.10 5.41 25.20 5.52  28.49 13.30
N=50 T=10 0.95 45.78 0.94 45.91 6.53 0.94 4.69 0.95 4.80 1.71
N=10 T=50 0.84 2.48 0.92 2.64 1.25 0.85 1.51 0.94 1.69 0.95
N=50 T=50 0.17 1.61 0.17 1.62 0.17 0.17 0.32 0.17 0.32 0.17
N=10 T=5  47.88 208.92 49.05 214.24 200.23 47.28 88.12 48.72 98.40 84.22
N=50 T=5 47.65 174.56 47.88 174.77 167.70 47.51 19.85 47.80 19.96 23.21
M2 N=10 T=10 46.82 57.34 48.10 58.74  60.86 46.54 25.20 47.92 28.49 24.83
N=50 T=10 47.76 45.78 48.00 45.91  46.19 47.71 4.69 47.98 4.80 4.97
N=10 T=50 46.77 2.48 48.04 2.64 2.48 46.86 1.51 48.11 1.69 1.51
N=50 T=50 47.74 1.61 47.98 1.62 1.61 47.75 0.32 47.99 0.32 0.32
N=10 T=5 38.70 261.27 11.13 214.24 116.90 62.42 201.05 11.64 98.40 55.80
N=50 T=5 23.14 235.57 1.87 174.77 49.00 40.55 142.49 1.93 19.96 8.60
M3 N=10 T=10 20.31 79.86 5.40 58.74  28.02 24.37  56.13 5.52 28.49 13.06
N=50 T=10 13.41 72.01 0.94 45.91 6.38 17.73  39.64 0.95 4.80 1.72
N=10 T=50 3.16 5.09 0.92 2.64 1.34 3.85 4.59 0.94 1.69 1.05
N=50 T=50 2.41 4.35 0.17 1.62 0.17 3.02 3.56 0.17 0.32 0.17
N=10 T=5 37.69 261.27 49.05 214.24 192.47 35.79 201.05 48.72 98.40 89.18
N=50 T=5 38.03 235.57 47.88 174.77 165.80 36.60 142.49 47.80 19.96 23.82
M4 N=10 T=10 36.30 79.86 48.10 58.74 63.45 36.09 56.13 47.92 28.49 28.45
N=50 T=10 37.51 72.01 48.00 45.91 46.21 37.25 39.64 4798 4.80 5.10
N=10 T=50 36.75 5.09 48.04 2.64 2.64 37.13 4.59 48.11 1.69 1.69
N=50 T=50 37.62 4.35 4798 1.62 1.62 37.87 3.56 4799 0.32 0.32
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Table 4D: Coverages and length of 95% CIs (bias-corrected): dynamic panels without exogenous regressors, 5 = 3/4

Coverages Length

Adopted Model M1 M2 M3 M4 CV M1 M2 M3 M4 CV

True Model

N=10 T=5 0.91 0.70 0.91 0.66 0.75 0.37 062 036 0.62 0.45
N=50 T=5 0.94 0.67 0.93 0.66  0.83 0.16 0.28 0.16 0.28 0.19
M1 N=10 T=10 0.93 0.72 0.91 0.70  0.84 0.26 036 026 0.36 0.29
N=50 T=10 0.94 0.77 0.94 0.76  0.91 0.12 0.16 0.12 0.16 0.12
N=10 T=50 0.95 0.88 0.94 0.88 0.94 0.12 0.12 0.12 0.12 0.12
N=50 T=50 0.96 0.88 0.96 0.89  0.96 0.05 0.06 0.05 0.06 0.05

N=10 T=5 0.01 0.70 0.01 0.66  0.50 0.14 0.62 0.13 0.62 0.49
N=50 T=5 0.00 0.67 0.00 0.66  0.59 0.06 0.28 0.06 0.28 0.26
M2 N=10 T=10 0.00 0.72 0.00 0.70  0.68 0.10 0.36 0.09 0.36 0.34
N=50 T=10 0.00 0.77 0.00 0.76  0.76 0.04 0.16 0.04 0.16 0.16
N=10 T=50 0.00 0.88 0.00 0.88  0.88 0.04 0.12 0.04 0.12 0.12
N=50 T=50 0.00 0.88 0.00 0.89  0.88 0.02 0.06 0.02 0.06 0.06

N=10 T=5 0.57 0.50 0.91 066 0.77 0.42 0.62 0.36 0.63 0.44
N=50 T=5 0.36 0.29 0.93 0.67 0.83 0.19 0.28 0.16 0.28 0.19
M3 N=10 T=10 0.64 0.49 0.91 070 0.84 029 0.36 0.26 0.36 0.28
N=50 T=10 0.30 0.27 0.94 076 0.91 0.13 0.16 0.12 0.16 0.12
N=10 T=50 0.68 0.66 0.94 088 0.93 0.12 0.12 0.12 0.12 0.12
N=50 T=50 0.36 0.36 0.96 089 0.96 0.05 0.06 0.05 0.06 0.05

N=10 T=5 0.12 0.50 0.01 0.66 0.42 0.18 0.62 0.13 0.63 0.45
N=50 T=5 0.01 0.29 0.00 0.67 0.57 0.08 0.28 0.06 0.28 0.25
M4 N=10 T=10 0.03 0.49 0.00 0.70 0.63 0.13 036 0.09 0.36 0.32
N=50 T=10 0.00 0.27 0.00 0.76 0.76 0.06 0.16 0.04 0.16 0.16
N=10 T=50 0.00 0.66 0.00 0.88 0.88 0.06 0.12 0.04 0.12 0.12
N=50 T=50 0.00 0.36 0.00 0.89 0.89 0.03 0.06 0.02 0.06 0.06

Table 5A: Application I: Crime rates in North Carolina (N=90, T=7, k=17)

A: Model selection

Ccv* cv**
Model AIC BIC BIC, cv p=1) (p=1)
Model 1 -2.121 -2.001 -2.125 0.124 0.094 0.028
Model 2 -3.773 -3.025 -3.796 0.025 0.023 0.026
Model 3 -2.124 -1.962 -2.129 0.124 0.094 0.027
Model 4 -3.823 -3.032 -3.847 0.024 0.022 0.025
Selected M4 M4 M4 M4 M4 M4

Table 5B: Application I: Crime rates in North Carolina (N=90, T=7, k=17)

B: Inference for the coefficient on the “probability of arrest”

Non-bias correction Bias correction
Model Estimates 95% CI* 95% CI? Estimates 95% CI*
Model 1 -0.530 [-0.655, -0.406] [-0.785, -0.276] -0.525 [-0.653, -0.398]
Model 2 -0.385 [-0.473, -0.297] [-0.500, -0.270] -0.393 [-0.487, -0.300]
Model 3 -0.521 [-0.646, -0.396] [-0.778, -0.264] -0.512 [-0.638, -0.387]
Model 4 -0.355 [-0.441, -0.269] [-0.470, -0.240] -0.330 [-0.423, -0.237]
Selected -0.355 [-0.441, -0.269] [-0.470, -0.240] -0.330 [-0.423, -0.237]

Notes: CI' and CI? stand for the CIs based on the non-clustered and clustered standard errors, respectively.
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Table 6A: Application II: Cross-country saving rates (N=>56, T=15, k=5)
A: Model selection

Model AIC BIC BIC, CvV CV-BC
Model 1 2.547 2.576 2.547 12.844 12.844
Model 2 2.505 2.843 2.498 12.459 13.201
Model 3 2.555 2.663 2.553 12.953 12.953
Model 4 2.512 2.929 2.504 12.584 13.340
Selected M2 M1 M2 M2 M1

Table 6B: Application II: Cross-country saving rates (N=56, T=15, k=5)
B: Inference for the coefficient on the “GDP growth”

Non-bias correction Bias correction
Model Estimates 95% CI! Estimates 95% CI*
Model 1 0.190 [0.108, 0.273] 0.192 [0.107, 0.277]
Model 2 0.188 [0.088, 0.288] 0.178 [0.074, 0.281]
Model 3 0.160 [0.072, 0.248] 0.163 [0.073, 0.253]
Model 4 0.149 [0.039, 0.258] 0.146 [0.031, 0.262]
Selected 0.188 [0.088, 0.288] 0.178 [0.074, 0.281]

Notes: CI' stands for the ClIs based on the non-clustered standard errors.

Table 7TA: Application III: Guns and crime in the U.S. (N=51, T=23, k=9)

A: Model selection
cv* (OAVA cv” cv**

Model AIC BIC BIC, Ccv p=1) (p=1) (p=2) (p=2)
Model 1 -1.6911 -1.6522 -1.6914 0.1860 0.0165 0.0073 0.0177 0.0071
Model 2 -3.6072 -3.3523 -3.6094 0.0274 0.0080 0.0072 0.0077 0.0069
Model 3 -1.7198 -1.5859 -1.7210 0.1816 0.0140 0.0061 0.0155 0.0062
Model 4  -3.8653 -3.5154 -3.8684 0.0211 0.0063 0.0059 0.0062 0.0058
Selected M4 M4 M4 M4 M4 M4 M4 M4

Table 7B: Application III: Guns and crime in the U.S. (N=51, T=23, k=9)

B: Inference for the coefficient of the “shall issue”

Non-bias correction Bias correction
Model Estimates 95% CI' 95% CI Estimates 95% CI'
Model 1 -0.368 [-0.436, -0.301] [-0.589, -0.148] -0.364 [-0.442, -0.287]
Model 2 -0.046 [-0.084, -0.008] [-0.127, 0.035] -0.022 [-0.066, 0.022]
Model 3 -0.288 [-0.359, -0.217] [-0.526, -0.050] -0.282 [-0.359, -0.204]
Model 4 -0.028 [-0.065, 0.009] [-0.106, 0.050] 0.015 [-0.027, 0.056]
Selected -0.028 [-0.065, 0.009] [-0.106, 0.050] 0.015 [-0.027, 0.056]

Notes: CI' and CI? stand for the CIs based on the non-clustered and clustered standard errors, respectively.
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This supplement is composed of five parts. Appendix A contains the proofs of the main results in
the paper. Appendix B contains the proofs of the technical lemmas used in Appendix A. Section C
provides some primitive conditions to verify Assumptions A.2(iii)-(iv) and A.4-A.5 in the paper. Ap-
pendix D discusses how to choose p in our modified jackknife and contains some additional simulation

results. Appendix E contains additional simulation results for the DGPs in the main text.

A  Proofs of the main results

Let 67 = N~' +T~1. To prove Theorem 2.1, we need the following six lemmas whose proofs can

be found in Appendix B below.

Lemma A.1 Let Xp = (X,D) and Mp = Inp — D(D’D)_1 D'. If both D'D and X'MpX are

nonsingular, then

o 1 X3 —~X5X'D(D'D)"*
(XDXD) = r—1 1y * 7\ —1 r—1 1y * I 7 —1
—(D'D) D'XX, (D'D)""+ (D'D) DXXDXD(DD)

where X% = (X'MpX)™"

Lemma A.2 Let Xp = (X, D) and D = (D1, Da) where DiDy = 0. If DDy, D4Ds, and X'MpX

are all nonsingular, then

1 X3 — X3 B — X} By
(XpXp) =| —BX} (DiD1)"+ B X};B B\ X% B>
—ByX?, ByX3 By (DyDo) ™" + BLX% By

where X3 = (X'MpX)™" and By = X'Dy (D}yDg) ™" for £ =1,2.

Lemma A.3 Suppose that Assumption A. J(iz'i) holds. Then
(Z) NlTU/ ( ID )_1 =N Z lu —’ITL = N Z’L 1uz - P((NT)il)v
(it) 57U Dy (D Dy~ TZt 1 — = T t L @3 — Op((NT)™1),

(iii) NlTUlDoc/\ (DaADow\) DU =5 Zi:l +7 Zt UG- 2u2 =N Zz LT+ T Zt 1u
Op((NT)™1).



Lemma A.4 Suppose that Assumptions A.1(iii) and A.2(iii)-(iv) holds. Then
(i) ®rX' Do (DL Do) DLU NZZ | Ti . — T, = Op(T~ 1+(NT) 1/2),
(i) X' Dy (D4 Dy) ™' D}, U =i lxt.ut. — Z.0. = Op(N~' + (NT)~1/?),
(ii1) 5z X' Doy (D! yDap) ™ Di\U = £ 5Nzt + 2 S50 #1226 = Op(Sn7).

Lemma A.5 Let " = 2™ (X X)) ™ X and Jpnr = = SN, S ()2 = 207 x )
X (X(m)’X(m))71 XM for m =1,2,3,4. Suppose that Assumptions A.1(iii)-(iv) and A.2(ii)-(iv)
hold. Then

(i) Jinr = OP((NT)_l)

(1) Jant = N v s @+ Op((NT)~ 1+T72)>

() Juvt = Y1 + Opl(NT)™ + N 3)

(iv) Janr = % Zz L U AT Zt VB3+0p (0%7) , Jant—JanT = % 3 @3+0p (N2 + (NT)71),
and Jynt — Jant = % SN @2 + Op (T72 + (NT)7Y).

Lemma A.6 Let h" = 2™ (Xt X7 20" for 0 — 1,2,3,4 and B; = X' Dy (D}Dy) ™" for
{=a, A\, and o). Let max; ; = maxj<;<n,1<t<T - Suppose that Assumption A.1(i), (i) and (iv) holds.
Then
(i) maxzthiﬂ Op((NT)™'/?),
(i) hzt =T 1N Ly (g — Bada,it),XBa (it — Bada,it) and max; ¢ hl(f) = Op(T '+ (NT)_l/Q),
(iii) hiy) = N_lT L4 (i — Badyi) X, (€ — Bady i) and max; h) = Op(N~'+(NT)~1/2),
(iv) hit =T 1N LA N- 1——1—(3% Oé,\cloé,\ﬂ-t)')(}*)(M (it — Baxdax,it) and max; 4 hgf) =0p(dnT),
(v) ﬁ Zz‘:l Zt:l (w3t — Bada,lt) Ba (wit — Bada,it) uzzt = OP((NT)_l)v
(vi) 5 Yoy Soimy (@it — Badaa)' X, (wir — Badait) uf, = Op((NT)™Y),
(vii) 37 Siey iy (it — Bardanat) X, (@it — Baxdanit) uf = Op((NT)7L).

Proof of Theorem 2.1. Recall that 37 = (XX (m))~1x(mry and 35" = (x0m)rx(m _
az(zn)a:(t )/) L xmry m(m)yn) By the updated formula for OLS estimation (e.g., Greene (2008,
p.964)), we have for m = 1,2, 3,4,

By — B
— (X(m)/X( m) _xg”)xgt )’)fl(X(m)Y _xz(zn)yit) _B(m)
1 m m m)\— m m Him
=[xy x m)y-1 W(X(m)lx(m))f (t )x(t )'(X( yxm)y=1] (x( )’Y—%('t )yit)—ﬁ( )
Tt

-1 m m m m m
= W(X(m)lx(m))fl%(t )yit+m(x( V) G (x ) x (my =L x m)ry (A1)

it 1ot

where hgn) = xgn)’ (X(m)’X(m))_1 a:z(;n) Below, we will use C'Vj, to denote the C'V (m) when the
true model is given by Model | where [,m =1,2,3,4. Let ¢jr.p, = (1 — hgn))_1 and Citim = Cit,1Cit,m-

By Lemma A.6, for [,m =1,2,3,4 we have

max hz(tm) = Op (dmnT), max cit;m — 1] = Op (dmnT) and max Citim — 1| = Op (OiNT + OmNT) 5
(A.2)



Where 51NT = (NT)_1/2, 62NT = Tﬁ1 + (NT)_1/2, 53NT = Nil + (NT)_1/2, and 54NT = 5NT-

Case 1: Model 1 is the true model. In this case, Models 2-4 are all overfitted and we will
show that P (CVi1 < CVi,,) — 1 for m = 2,3,4. When Model 1 is true, we have

yit = B'wir + uip = B™'2{™ 4 uyy and 3™ glm) (X O x om)y =1Ly oy = B

where the true values correspond to the coefficients of the dummies d, ;+ and dy;; for o; and ); in
ﬁ(m), m = 2,3,4, are all zero. This, in conjunction with (A.1), implies that for m = 1,2, 3,4,

2 (B — ™)
= ™ - )
m 1 m m 1 m m m m m
s (X X O gy (X ()~ ) () )
1 hz‘t - hzt
hy” (m) 13(m)
= - B (A.3)
m 1t m) it U >
1- hz(t ) z(t )
and
Yit — z)fi,”) = Uit — xz(;n)/ (Bgn) - ﬁ(m)> = Cit,m (uit - wﬁfn)'Bz(fm)> : (A-4)

It follows that C'Vy ,, = NT Zz_l Zt 1 (it —yzt ) NT Zz_l Zt 1 Cit, 2 (i — xz(;n)lBém))Q. We first
study C'V12 — CVi 1. We make the following decomposition:

N T
1 2 2
CVip—CViqp = NT Z Z [012122 <uit — xgtg)/B(UQ)> — szt,l <uit — xz(tl)/B[(]l)> }
1
NT

i=1 t=1
S 1 v 2 »(2))? (1) (1) 2
/ /
— FE X @a- )+ g Y [ (o BY) - (o BY) ]
i=1 t=1 =1 t=1
9 N
/ 1
—WZZ[C?wuzt%t BU)_Cztlultxzt Bl(])}
=1 t=1

= A+ Ay — 2A3, say.

1 2 2 1
For Aj, we have Ay = ﬁ va1 ZtT 1 z2t 12(2 - h( ) h( ))h( ) z2t - L f\; Zthl szt,12(2 - hz(t) -

hl(f))hl(tl) uf, = A1,1 — Ay 2. For Aq 1, we make the following decomposmon

N T
Aip = NT ZZh(Q) ; %ZZ (Citaz — hiu3, - NlTZZC?t?m 4+ hDnP,

=1 t=1 =1 t=1 =1 t=1
= A+ A2 —As.



By Lemma A.6(ii) and (v) we can readily show that

N T
2 _1 .
A = ~NT Z Z [ it ( doit + (%t — Bada,it) Xp, (zit — Bada,) | ug
— iiizueriNi(m—Bd»)’X* (x-—Bd')u2
N NT it NT : 1t alla,it Dq, 1t ala,it it
=1 t=1 =1 t=1
T

1 2 al
= T ZZ u? + Op((NT)™H).

This result, in conjunction with (A.2) and the dominated convergence theorem (DCT), implies that
A1712 =op (Tﬁl) and A1713 = op (Tﬁl) . For ALQ, we have by (AQ)

-1 2
Arg < m%xczt 1212 — hzt - T E E iy (X'X) T waugy
=1 t=1

— N T
1 2 L _
< ﬁmaxcn 122 =Ry =R [)\min <WX X)] NT > |lziel|* w; = Op (NT)™1).
i=1 t=1

It follows that A1 = 2T_IL f\il Zthl u?t +op (T‘l) . For Ay we write

Ay = NTZZ<” U) "‘%ZZ(C?m_l) (*’BE), )2—%22%71( W' )2

=1 t=1 =1 t=1 =1 t=1
= Ayq+ Agg — A3, say.

By Lemma A.5(ii), A21 = & LSV @2 + Op((NT)™! + T—2), where the first term is Op(T ). This
result, in conjunction with (A.2) and the DCT, 1mphes that A2 2 =o0p(T™!). By Lemmas A.5(i) and
A6(i), Ag3 =Op ((NT)™1) . It follows that Ap = 4 LSV @2 + op(T1). For Az, we have

A = NT Z Z“thzt B + 57 NT ZZ cho = 1) vy B

i=1 t=1 i=1 t=1
1 N E 1 1
!
Z Z wivry By TNT > (=) wipzly By
i=1 t=1 i=1 t=1

= A3,1 + A3 o — A3z + Ass, say.

By Lemma A.5(i) and (ii), A31 = & ZZ (U2 4+ Op((NT)™ 4+ T72) and Az3 = Op((NT)™!). In
addition,

-1

|A372| < rr;%x ‘szt,2 — 1| (NTX(Q)/X(2)> th Uzt

1 1
R WS

i=1 t=1

= Op (T4 (NT)™2) 0p (1 OR((NT)2)0p (1) = o0p(T ), and

1)((1)U T
Ea EpRIE

i=1 t=1

—1
xzt U'Lt

1
A 2 1)y (1
|Az | < n%%x ‘Cz‘t,l 1{ (N— x (17 x ( ))

= 0p ((NT)72) Op (1) Op((NT)*)0p (1) = 0p(T 7).
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So A3 = % Zfil u? + op(T~1). Combining the above results, we have

N

T

T[CVip—CVig] = NTg g Ng w2 +op (1) 5 252 — 52, (A.5)
i=1 t=1 i=1

where the convergence holds by Assumptions A.1(i) and A.2(i). Similarly, by using Lemma A.5(iii)

and Lemma A.6(i) and (iii), we can show that

N[CVi3 — CVig] —2—22%

i=1 t=1

HIZ

T
S @ +op (1) D262 — 52, (A.6)
t=1

where the convergence holds by Assumptions A.1(i) and A.2(ii).

Note that
1 o 4 (4)) 2 1) 5(1)\ 2
CVia—CVig = NT Z Z [%%,4 <uit — fL’Et) B[(J)> — szt,l <’LLit — iL‘l(t) B[(])> }
i=1 t=1
I v 1 o (@) (4 (1) (1)) 2
= ﬁ Z Z (clzt,4 - clzt,l) uzzt + W Z Z |:szt74 (mlt BU ) - C?tvl (xlt BU ) :|
i=1t=1 i=1 t=1
2 4)1 (4 1)1 (1
“NT Z [c?tAuith(-t),B((J) — c?t’luita:z(.t)'B((])}

=1 t=1
= Ay + As — 24, say.

As in the analysis of A;, we can apply Lemma A.5(iv) and Lemma A.6(i), (iv) and (vii) to show that
2 SN 0
Ay = NT Z Z(h’it — hy Jui +op(N~H+T7)
N T
2 N—-1 T-1 . o
= —=> Y [— + — + (@it — Baxdanit) XD, (it — Boz/\doz)\,it):| ug, +op(N"'+T7)

S +op(NTHH T,
t=1

A - Lii(m)/B@)) Yop(N1 41771 = i i (N7t 171
P ONT & U OP NG o |

I
b
—"_H
b
=
&Mz

—_

and Ag = 7 SN ST wiwl?' B vop (NL4 T ) = LN @24 AT @2 qop (NTL4T7Y).
It follows that

(NAT)[CVig—CViy]
N T 1 N T

(T4 N7 ZZ —NZ* Z top(1) Bey, (AT
=1 t=1 =1 t=1

where ¢o = 2(1+¢) 02— (02; + co2y) 1{c1 > 1}—(co2; 4+ 525) 1{c1 < 1}, ¢ = lim(n 1)00 (End),
c1 = limn71)—00 %, and the convergence holds by Assumptions A.1(i) and A.2(i)-(ii). Combining
(A.5)-(A.7) yields P (CVi,1 < CViyy) — 1 for m = 2,3,4 provided max (52,,52,) < 202

= (NAT)
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Case 2: Model 2 is the true model. In this case, Models 1, 3 and 4 are underfitted,
misspecified and overfitted, respectively, and we will show that P (C'Va2 < CVa,y,) — 1form =1, 3, 4.
Let uq it = o + uir and Uy = (Ua,11, s U, 1T s Ya,N1s -, Ua,NT) - Note that U, = Dy + U where
a = (aq,...,any_1)". Following the steps to obtain (A.4), we can show that

(1)

Yit — @,(tl) = Uq,it — zt <th - 5 & > = Cit,1 (Ua,it - J:;tB[(}(j) . (A.8)

where BYY = (XM X0m)™H XM, for m = 1,2,3,4. Then CVay = 55 50 S8 (uayic —
a:;tB(Ula))2+ﬁ SN Zthl(c%t’I —1)(uq,it— mztBI(])) = A7+ Ag. It is easy to show that by Assumptions
A1 and A.3(i)

N T
) - _ 2
A7 = NT i=1 t=1 (O‘i — (X,X) ' X'Doa + ue — iy (X/X) 1 XlU)
1 N T / v\ 1 D 1 g E 2
_ NTj :: :(O[Z_$zt (X X) X aa) T uzt+0P —>CQX+O'
i=1 t=1 i=1t=1

This result, in conjunction with (A.2) and the DCT, implies that Ag = op (1). In addition, we can
follow the analysis in Case 1 and readily show that CVao = w7 Zfil Zthl u? + op (1) £> 2. Tt
follows that

CVay — CVas B cox > 0. (A.9)

To study C'Va 3, we observe that

. (3)
Yit — y,(t) = Uq, it — J:zt <ﬁzt

- 8% > = Cit,3 (Ua,it - :Bl(f)/B[(]?’D ; (A.10)

N T 3) (3 3) 5(3)\? _
and CVa3 = ﬁ D1 Dol (uavit - %(t ),Ba) + NT Zz 1 Zt 1 ( Cit,3 1) (Ua,it - xz(t)/B((JD =
Ag + Ajp. By Assumptions A.1(i), A.1(iii) and A.3(i), Lemmas A.4-A.5, and (A.2), we can readily
show that

N T 2
_ B (x Gy x @) ! x Gy (3 1p(3)
Ag = ﬁ;tz_;(%_xt <X X ) XYW Doa + ujy — x5, By
L T . 1
= WZZ (041' — ) <X(3)'X(3)> XD aa> ZZumeOp L Cax, + 02,
i=1 t=1 =1 t=1
and A9 = op (1) . It follows that
CVas — CVag 5 cox, > 0. (A.11)
To study C'Va 4, noting that
. ~(4
Yit — yi(f) = Uit — xz(f), (ﬁﬁt) - 5(4)) = Cit .4 (Uit - ng)’Bl(le ) (A.12)



we have

N T
CVay — CVop = % SN [c?tA <uit O B<U4)>2 _ &, <uit e B(U2)>2}
i=1 t=1
1 N T 9 2 2 1 N ) (@) (4) 2 9 @)1 (2) 2
- NT Z Z (Cita — Cit) uiz + NT Z Z [Cz‘tA (%& By > — Cit,2 <$¢t By ) }
i=11=1 i=1 t=1
N
_% Z Z {szt AWt Ty BU) — Cip oUit T,y /Bl(f)}
=1 t=1

= Ay + Ag — 2A13, say.

Following the analysis of C'V; 4 — CV; ;1 in Case 1 and applying Lemma A.5(ii) and (iv), Lemma A.6
and (A.2), we can readily show that

N T
An = % > (hz(;l) - hz(tg)) ugy +op(N71)

i=1 t=1

2 S~ T —1
= ~NT > Z[W + (@it — Baadanit) Xb,, (@it — Bardan,it)
1

=1 t=1
— (it — Badait) Xp, (@it — Bada,it)|u +op(N71)
9 N T
= 71—Zzu?t+0P(N b,
NT =1 t=1
1 (4) p(4) @) p(2))2 L 1
A = 572 3| (@ BY) — (BY) | +or(NTh = 3 3o +op (), and
i=1 t=1 t=1
1 oo (4)7 p(4) 2)/ 5(2) 1 ¢
o ) / o / -1\ _ — —2 -1
Az = ﬁ;; {ultxit By” —wigxy;” By } +op(N™7) = T;u.t‘f‘oP(N )-
It follows that
2 N T N r P
. _ = 2 v —2 ~2 =2
N[CVay — CVao) NT;;U” Tg;u,t+0p(l)—>2ou Tog, (A.13)

where the convergence holds by Assumptions A.1(i) and A.2(ii).
By (A.9), (A.11), and (A.13), we have P (CV22 < CVa,,) — 1 as (N,T) — oo for m = 1,3,4
provided &2, < 252.

Case 3: Model 3 is the true model. This case parallels Case 2 and we can analogously show
that
P
CVz1—CVzg—anx > 0,
CVza —CV33 i enx., > 0,

T[CVsy— CVis) 5262 — 52, > 0,

ul

provided 62, < 262. Then P (CV33 < CV3,,) — 1 for m = 1,2,4.
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Case 4: Model 4 is the true model. In this case, Models 1-3 are underfitted and we
will show that P (CViq < CVyy,) — 1 for m = 1,2,3. Let w0 = A\ + Wit, Uarit = o4 + A + i,
Un = (Ur 11, coos UNAT ooy UANTs s UANT) > A0 Ugh = (U 115 oy UM 1T -5 UaA, N1 -5 UaA, NT) - NOte
that Uay = Daa + DaA + U, where A = (Ag,..., A\r_1)". Let B‘U”j) = (X(m)’X(m))_lX(m)’U,\ and
B(Ufi = (X(m)’X(m))_1 X'\ for m = 1,2, 3,4. Following the steps to obtain (A.4), now we can
show that

Yit — yl(tl) = Uait — w;t(ﬁgtl) —BW) = ey (ua)\,it - w;tB((]la)J - (A.14)

As in Case 2, we can show that by Assumptions A.1 and A.3(iii),

1 & 2 r 1) 12
CVy1 = ~NT Z Z Cit1 |:ua)\,it - a:itBUaJ

i=1 t=1
1 N L 1 9 1 N T
= 0D [ de aly (XX) T X (Daa ot D] i 0D+ 0p (1)
i=1t=l i=1 t=1
L carny + 32
Similarly, we have by Assumptions A.1 and A.3(iii)
CVis = ZZC {uAt_xﬂ)/ ()]
) N L it,2 % it
1 N T 1 1
— o3 [ () ) s S5 () 0
=1 t=1 =1 t=1
1 N T . 9
/
CViz = 577 D 2 Clog [ttt — B |
i=1 t=1
1 XL n 2 N T
= =7 SN [az — a2 (X(s)rx(?»)) G/ p a] +—=3"3N "l +op(1) > cax, + 52,
i=1 t=1 I
1 - 4y (4)]? 1 L& P
CVig = NT Z ZC“A {uit — :E‘Z(t),B[(])} + NT Z Zu?t +op(l) = 5’3.
i=1t=1 i=1 t=1

Then P (CVyy < CViy) — 1as (N,T) - oo form=1,2,3. B

Proof of Theorem 2.2. As before, we will use CVZ% to denote C'V? (m) when the true model is
given by Model [.
Case 1: Model 1 is the true model. We will show that P (CVlb,Cl < CVlbfn) — 1form = 2,3,4.

Since B,fl”) = Bz(t and y(m) = @Z(Zn) for m = 1,3, we have by (A.4)

Yit — @l(zn) = Yit — @f:n) = Cit;m <uzt - xl(:n)/B((J )> for m =1,3. (A.15)

By (2.5) and (A.3)-(A.4), we have
m)! /% m m)l /7 m m _’(
VB -8 = V(B — ) — 2l By
™) 1 ) () =(m
_ it i + — J:z(t )/Bl(] )_xl(t )/Bz('t )’
1—h; 1—hy




and

(m)

Yit — ?jz(tm) = Uit — $§Zn)l <B§:‘,n) - 5(m)> = Cit,m (uzt — ﬂvz(trn)lBl(]m)) + x,g;n)'ﬁit form=24. (A.16)

It follows that

2
N7 Zz 1 Zt 1 ztm (u%t (m) B((]m)> form=1,3

Al

C'Vlbvfn = (m)t () (m)y 20 2 .
W Zi:l Zt:1 (Cit,m(uzt —x; By )+ xy B ) for m = 2,4.

We first study C’VII’E - C'Vlbfi. We make the following decomposition:

N T
1
CV{’E — CVlbj = N7 Z Z [(Cz‘t,z(uit - SU,(,?)/B((J )+ (z)lﬁzt ) - szt,l <uzt - xﬁt) (1)> ]

=1 t=1

= (CVip2—CViq)

N T N T
1 @rz@\% 2 @)1 5(2)\ (2322
+W Z_Zl ; (-Tz‘t Bit ) + NT ZZ ;Cmg (uit — ;. By ) x; B
= (CVLQ — CVLl) + R1 4+ 2R3, say. (A.17)
where by (A.5) we have
T[CVig—CVia] = NTZZuZt——Zu +op(1) 5252 — 52, (A.18)

i=1 t=1

To study Ry and Ry, let hq it = d, it (D Da)_1 doit- Noting that (D.,D )_1 =T (In_ 1—%1,]\[ 1v_1)
by (B.1), ha,it = T*Id;’it(IN_l - Jifle_ll,/Nil)da it = NT By the updated formula for OLS estima-

tion,

Ca,z’t = (D;D aztda zt) ! [D/ozX —dq itl’;t]
— (DDt ;h (DDa) ™ daiedl s (DaDa) ™| [DLX — dosrty]
_ - -1 1 -1
= (D;Da) D’aX + ]-_—hazt (DﬁlDa) do, nda it (D;Da) D;X — 1_—}M (D;Da) da7ita:;t,
and
! o ! / =1 ha it ! / —1 ha,z‘t /
da,itCa,it - da St (DozDOé) DaX + #da it (DozDOé) DozX - ﬁxit
- - Tbayat
1 hai
- o it (DDe) ' DLX — —— ];;it .
Then

. oy 2
[x;tb?) + dla,it(a,itb?)}

S
I
<

3
-
M=

s
Il
—_
o+~
Il

1

[Vec(xitw;t)]lvec(lag )b( y ) +o0p(T72) = Op(T72).

Il
3-
M=

[M]=

@
Il
MR
-
Il
—_



For Ry, we have Ry = %Rgi)?), where

T
Z Cit,2 (uzt - xlt) B(U2)> (x;t + d:x,itCa,it)

1 N T

(2) / !

Cit 2UitThy — N E E Czt2xlt B ﬁg E Cit 2Witde, itC o it
i=1 t=1

=1 t=1

Mz 1M =
HMH i

2|H 2|H
~

1t

g Cit 213175 5B ,itCa,it

=1 t=1
= Ro1 — Rog + Ra3z — Roa.

.
Il

By the triangle inequality and (A.2),

NTZZU”QU” +max|clt2—1| ZZHuﬁxth

=1 t=1 i=1 t=1
= Op((NT)™M?)+ Op(T"" + (NT)"'/?) = Op(T ™" + (NT)~'/?).

[Ra1]] <

By (A.2) and Lemma A.5(ii)

[Roz|| = '

[

N 1/2
= Op (% Zﬂf + Op ((NT)_1 + T2)> Op(1) = Op(T*1/2),

To improve the probability bound for Rso, we make the following decomposition

ft22 = NTZZH@) i ZZ City — 1) nzt 2 = Roo1 + Roap.

i=1 t=1 zltl

My || = Op(T~' + (NT)71/2)
-Op(T~Y2) = Op (T73/2+ N=Y/2T1) by (A.2) and the rough above bound for ||Ras||. Let so

denote a k x (k+ N — 1) selection matrix such that x;; = SQLUZ(t) Then

It is easy to show that Rgso < max;y|cito — 1| NT Zl 1 Zt 1‘

—1
@ x (@) @y — Lo x@r 1/2
Rhyy = NTZZWMC (X X) Xy NTSQX U= N —X'U = Op((NT)~1/?).

It follows that Res = Op (T*3/2 + (NT)*I/Q) . For Ry3, we can apply (A.2) and show that

_ Rai
= d’ D\D,) ' DX — —% g

= NT Zzuztda it )71 D:XX + Op(T‘l(T—l + (NT)—1/2) _ OP(T_l + (NT)_1/2)7
i=1 t=1

10



where the last equality follows from Lemma A.4(i). Next, Ros = & > in A il g ) B( ) dyy itCoait

T2 S S (cite — D z(t) BQ)d' titCa,it = 241 + Raa 2. Note that

iz = { S ()’ }/{ L3 }1/2

i=1 t=1 =1 t=1
= Op(T™' + (NT)"/*)Op(T~/)0p (1) = Op(TVX(T~' + (NT)'/).

| Raa2||

IN

In addition, using (A.2) we can readily show that

N
_ 1 @) [ v(2) v(2) @) , 1y haa
Ruy = w7 § Y al; (X X ) XU | — hmdw( ' D,) ' DLX el

N T B
= LZZU’X“’ (XOX®) " aQd (DDa) ™ DX +0p(T ™+ (NT) 1)

where
-1
Byt — ' x®@ (x@ x® b
Roa NTUX <X X ) X@'pp X
_ ('x,0'D,) X, ~X}, Ba X'Pp, X
NT ~B,X%, (DyDo)"" + BLX5B, D\ X

1
= 7 {U'XX), X'Pp, X —U'Pp, XX}, X'Pp,X +U'Pp, X}

= Rog11 — R2a12 + Rog13,

where we recall that X% = (X’MpX)~" and By, = X'D, (D, Ds)”". By Lemma A.4(i), we can
readily show that

1
Ros11 = <WU/ ) (NTXE )NTX Pp,X =Op((NT)~ 1/2)7
Rosn2 = <WU/PD°“ > (NTXB )NTX Pp X = Op(T_ +(NT)_1/2),
Roa1s = NTU Pp,X = Op(T~ "+ (NT)~1/?).

Then R24,1 = OP(T_l—i- (NT)_I/Q), Roy = OP(T_l +(NT)_1/2) and Ry = T_IOP(T_1 +(NT)_1/2).
Then

T [R1 + 2Ry] = Op(T~ 4+ (NT)~Y/?). (A.19)
Combining (A.17)-(A.19) yields
T N P
T [Cvﬁg } ~ Z Z - Y@ +op(1) D250 - 5% (A.20)
i=1 t=1 =1

Next, by the proof of Theorem 2.1,

N[OV - CViS| = N[CVig - CVia] 5 262 — o2, (A.21)

11



Note that

N T
c c 1 (2
C’V_1b,4 - C'V1b,1 = NT ZZ [(Cit,4(uit - w'gf)/Bl(])) + 'Ez?)/ﬁzt ) - szt,l <uzt - xgt) (1)> ]
i=1 t=1

= (CV1 4- CVl 1)

ZZ( )+ zczm(uzt—%g B a5

i=1 t=1 i=1 t=1
(CVlA — CV171) + R3 + 2Ry, (A.22)

where by (A.7)

(NAT)[CVig—CVi4]

9 N T 1 N 1 T P
= (NAT) (TN 5D > i — 5 W — 5 ) uh| +op(1) Do (A23)
=1 t=1 i=1 t=1

To study Rs and Ry, let hoy it = d’o[)\’iit (D;,\Dax)_l daxit- Noting that (D’o[/\DOé,\)_1 =diag(T ' (In_1—

SiN-1ty_1), N M Iroy — Feroatp_y)),

1 _ 1
harit = T 'y (Ino1 — NLN—MQv_l)da,it + N7y (Ir—1 — TLT—M'T_l)dA,it
_ N1, T-1 N4T-2
~ NT NT ~  NT

By the updated formula for OLS estimators,

Conit = (DhaDax = danitdonie) " [DnX — daxittly]
= |(DlaDar) "+ ﬁm(ﬂ 3Dax) " daniedin it (DinDan) " | [DanX — doniny]
= (DiaDar)” D’AX+m(D’ADa,\) Y daniediy it (DiaDar) ™' Dip X
_#m (DrDor) ™" daniny,

and dix)\,itCa/\,it = md/amt (DgaDar) ™ ‘D] X — 1 Cf? “—a7,. Then R3 = NT3 Zz 1275 [z ztb(4)
iy Carnithi 12 = i 0N SO [vec(wial,)] vee (BB ) op(T2) = Op(T2). For R, we have
R _ 1R4b(4)

N T
_ 1
Ry = += D cita (uit — :Bgf)'B((jl)> (@i + doitCanit)

i=1 t=1

N T N T
_ L N @)
=~ NT : Cit, 4Uit Ty NT < Cit, 4T

i=1 t=1 =1 t=1

d B
Cit,aWit Qo ) tha)\ it NT Cit 4$zt a\ tha)\ it
i=1 t=1 =1 t=1

= Ry — Rao+ R4 — Rua.

12



As in the analysis of Rg; and Raa, we can apply (A.2) and Lemma A.5(iv) to obtain

Rl < |73 vt gl 117 323 s

i=1 t=1 i=1 t=1
= Op((NT)™Y2) 4+ Op(T™* + (NT)"Y/?) = Op(T~* + N7Y),

and

[Ral| =

N T 1/2
= Or (i w2+ Zui+op(<NT>1+T2>> Op (1) = Op(T™/2 + N71/2),

=1 t=1

IA
5
w
D
=
—N—

To improve the probability bound for R4s, we make the following decomposition:

a2 = NTZZn ’t+NT2ZZCZt4_1)n§t) zt—R421+R422

i=1 t=1 i=1 t=1

nialy|| = Op (T71 + N~1) Op(T /2
+N~Y2) = Op (T73/2 + N=3/2) by (A.2) and the above rough bound for ||Rs||. Let s4 denote a
k x (k+ N + T — 2) selection matrix such that z; = 34a:§t) Then

It is easy to show that Ryp o < max;; |cira — 1] < ~T ZZ 1 Zt 1 ’

1 1
E E (@ x(4) O — Wy - X' = 1/2
42 1= PTT L L 54.’]71/t .’]7 (X X ) X NT54X O (( ) )

Then Ryp = Op(T~3/2 + N=3/2 4 (NT)"Y/2) = Op(N~' 4+ T~1). For Ry3, we can apply (A.2) and
show that

haA,it /

Ry3 = !,
1- ho&\,it

anat [1 = hana it (DhDen) ™ Do X =

| N7

NT 22
| N7

NT ZZ witdoy it (DaaDanr) "D, X +O0p(N"V 4T

= OP( + )+OP(N + T~ ) OP<N71+T71)7

where the last line follows from Lemma A.4(iii). Note that Ry = NT Zz ) itT’ L@ E;l)/ BW : s G

+ﬁ Zf\il 25:1(01'15,4 _ 1)x§;1)/351)d;>\71‘£a>\,it = Ry4,1 + Rya2. For the second term, we have

(| Raa 2]l

IN

1/2 | N 1/2
maX\cm 1!{“@22(%) } {ﬁzzudémtﬁm,ﬂf}

i=1 t=1 =1 t=1
= Op(N"' 4+ T HOp(N"V2 + T~Y)0p (1) = Op(N~3/2 + T-3/2),

13



For the first term, we can apply (A.2) to obtain that

N T
1 (4) 4 D\ 1 7h At
Ry = == i (XWx@) x@y T i Gt (DanDax) D’AX—l_ah;Mtw;t
t=1 ’ 7

T J—
_ %ZZU’ (xrx®) X0 (D D) DX + Op (N T)
= Ry1+Op (N‘1 + T—l) :

where Ryq1 = ﬁU' (X(4)’X(4)) ! X@'p, (D&Da)_l D!, X. Following the analysis of Ra4 1 and using
Lemmas A.2 and A.4(iii), we can show that R4471 =0Op (N*1 + Tfl) . Then R4y = Op (N*1 + T*I)
and Ry =T 10p (N_l + T_l) . It follows that

(NAT)[R3+2Ry)=(NAT)Op (T (N1 +T71))=0p (T7). (A.24)
Combining (A.22)-(A.24) yields

(N AT) [V - cvig]
9 1 N T P
(T*1+N*1)ﬁzzu§t—ﬁz 3,—f2a2t +op (1) > . (A25)

Combining (A.20), (A.21) and (A.25) yields P(CVlb"i < CVlb";n) — 1 for m = 2,3,4 provided
max (57, 05,) < 257,

= (NAT)

Case 2: Model 2 is the true model. We will show that P (CVQbfz < CVQb,f;’n) — 1form =1, 3,4.
Noting that BE:) = BS), we have CV2 i =CVa1 L Ca,x +72 by the proof of Theorem 2.1. In addition,
we can readily show CV22 = w7 Sy Y (it — yz(t )? = w7 POARD I cha(uit — E?),Bl(?) +

(2)/th )? = SV ST W 4op (1) T 2. Tt follows that

oV - ovgs Locax > 0. (A.26)

For C’Vg’g, observing that B@(f) = BS)), we have C’VQbf,, = CVa3 L Ca. X, + &2 by the proof of Theorem
2.1. It follows that
OV — Vs D cax, > 0. (A.27)

To study CVP5 4> note that

(m)

Yit — gjgn) = Uj — :BET)/ (Bf,’[”) — B(m)> = Cit,m <ult — xl(ln)/B(m)> + :Bgt )lﬁlt form =24, (A.28)
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where the last T'— 1 elements of 6(4) are all zeros when Model 2 is the true model. Then
CVys — OV

N
1 4 2 __\(2 2
- W Z Z { |:C7,t 4\(Uit — xE?)IB( )) + $§t) Bgt)i| - |:C7,t 2(u7,t - $§752)IB£])) + xg?)lﬁzt)} }

=1 t=1
N
— (OVaa— e+ 5 S [ (oE) - (o) ]
i=1 t=1
Z Z [Czt 4 <uzt — o)) Br@) 2B~ cus (uz’t - wgf)/33)> xz(f),/égf)]
=1 t=1
= (CV2,4 — CVa2) + R5 + 2R, (A.29)

where by (A.13) we have

9 N T
N [CVay — CVap] = N_Z::;u

To study Rs and Rg, recall that hoyi = da/\ " (D(’”\DO»\)_1 darit = N+T 2 and da/\thaMt =
mdm7it (D! \Day) ' D\ X — it o .. Then we can show that

’ﬂIZ

T
Z L 252 — 52, (A.30)

T ot

() - (28]

2(4 2(4)\ 2 3 2
[(x;tbg ) + d:)z)\,itga)\,itbg )> - (@ﬁtbg : + dla itCa ztb( )> ]

R; =

3~
M=
M=~

S
Il
A

t

Il
—

I
3-
M=
W

s
Il
—_
o~
Il
—

I
Z‘H
M=

M=

I
—

T3 [Vec(:citx;t)]lvec <b( )6(4)/ b(2)b( Y ) +T20p(NP+T7Y) = 0p(T7?),

=11

which is op(N 1) provided N/T? = o (1). Under the additional condition that\/_ (b(m - bgm)) =
op (1) for m = 2,4, noting that ng) = b( ) when Model 2 is the true model, we have %(5&4) — 3&2)) =
L1 =6y = (6 —b{P)] = 0p((NT)™H?). This implies that Rs = Op ( B _ plB Ry
op((NT)™L + 771 (NT)~Y/?), which is op (N~!) under the weaker condition N/7% = O (1).

By the definition of Bff) in (2.5) and that of Bﬁf) in (2.6), we have

T
(4 (2
R = > [c,t s = 2 BN — ot — 2 Bl B |

t=1

— Rob ) THOp(N"L + T — Op(T~! + (NT) V2] = T-10p(N~* +T71),

|~
M=

%

Il
O‘> =

T
where Ry = w0 37 canalun — ol BE) (@l + dy Conit) = Op (NP +T71) and Ry =

31 0 S cina (i — 23" B + diyjyCae) = Op (T71 + (NT)71/2) . Note Rg = op (N7Y)
under the weaker condition N/T? = o (1) . To obtain a better control on the probability bound for Rg

N~ =

15



under the additional condition thatv N ( - b(m)) = op (1) for m = 2,4, we make the following

expansmn.
1 .
Re (R4 — Ry) b + R (3" = 8) = ZRaub? + Reo,

where Rg1 = R4 R2 and Rgo = RQT(b(4) 69)) =0p (T_l + (NT)_1/2) op ((NT)_1/2) =op (N_l)
if N/T3 = O (1). Using (A.2), we can readily show that

N
Re1 = Z Z Uit — ) ( Ty + da)\ tha)\ it) — i Z Z Uit — xzt ) (xét + d/a,itCa,it)
T NT

i=1 t=1 =1 t=1
+op<(N* + T*l) )+ Op((T™" + (NT) /%)%

= Z Z < Lt Ef)/B(Um) wgt + % Z Z Uit (d/oz)\,itCa)\,it - d:l,itCoe,it)

=1 t=1 i=1 t=1
1 4 9
B T Z Z <$’Et )/B )\ tha)\ it ( )/ tha zt) + OP(N + 1 )
i=1 t=1

= —Re11+ Rer2— Re13+Op(N"2+T72).

Using the definitions of the selection matrices s4 and sg defined above, we have Rf; ; = ﬁ Zf\i 1 Zthl
(5422 BY — 500D e BP) = L (64 XU — 5, XD'U) = L (X'U = X'U) = 0. For Reya,
we apply the fact that da/\ i#Carit = #wdﬁl)\ it (D;ADM)_I D X — 1h2A N $zt and d, u&(a it =
mda 4 (D.Dy) ' DX — ‘“t —17, and (A.2) to obtain that

N T
1
Re12 = NT Z Z Uit (d/a)\,itCa/\,it - d/a,itCa,it)

i=1 t=1
= Rorz+O0p(N"' +T792) + Op(T™" + (NT)™*)?) = Rarz + Op (N2 + T72),

where Rg12 = 57 Yoiey Y op—y Witldly s (DhyDar) ™ Dl /\X da it (DLDs) ™" DI, X]. By Lemma A.4(i)
and (iii) and Assumptions A.1(iii) and A.2(iv), Re12 = 7 Zt:l 047, — 0. = Op(N~' 4+ (NT)~/2).
Then Rg12 = Op(N~' + (NT)~/2). For Re 3, we have

N T

1 — _ _

Re1,3 = NT ZZ <xz(;l)/Bg1)d:1)\,itCa)\,it 5152) B( : ’a,itCa,it> = Rg13+O0p (N> +T7?),
i=1 t=1

where R = i S SBY a dy i (Dl Dan) ™ Din X =B ¢('d, ; (D,,Da) ™" D, X]. Note
that Rg13 = mpU’[X@ (X1 >/X< NTX@ P, - X@ (X XY XA P, X = Rep g1 — Revsa

16



By Lemma A.1,

RGI ,32
- Luvx.p,
X5, ~ X3, X'Dy (DyDa)~" X'Pp, X
—(DLDo) ' DLX X}, (DLDa) ' [In-1+ DLX X} X'Do (D)yDo) '] DLX

= ﬁU’ (XXp X' — Pp, XX} X'+ XXp X'Pp, + Pp, +Pp XX} X'Pp.) Pp, X

" 1 -
= W {U'Pp, X +2U'X X}, X'Pp, X} = =U'Pp, X + Op((NT)™'/?),

where we use the fact that (gzU'X) (NTX}, ) (57X Pp.X) = Op((NT)~%/?). Similarly, by
Lemma A.2

R61,31 = WU, (X DQ,D/\)
Xikja)\ _XBCO\B& _XBO&\BA X,
x| —BLX}y  (DLDo)”' + ByXp, Ba B, X} By D, | Pp,,X
~B\X}_ B X}, Ba (DA\D)) ™" + B\X}, B D),

_ WU’ {XX5,, X'+ Do ((DhDa) ™" + BuXb,, Ba) D+ Da ((DAD) ™' + BiXG, By ) Di
—2D,BL X}, X' —2D\B\Xp_ X' +2D\ByXp_ BaDly} Pp, X
1 *
= WU/ {XXBM\X/PDDM + PDa + PDaXXZJDC)\X/PDa + PD>\ + PDAXXDM\X/PDA
—2Pp, XX}, X'Pp,, —2Pp, XX}, X'Pp,, +2Pp, XX}, X'Pp,} X
1
= —U'Pp,X NT) ™2 4 N1
where we use the notation defined in Lemma A.2 with Dy and D5 replaced by D, and D), respectively.
It follows that Re13 = Op((NT)™Y? + N—1) and Re13 = Op((NT)™'? + N—1). Consequently, we
have shown that Rg; = Op((NT)"Y/24+N~1) and Rg = % Re1b\") + Reg = T-10p((NT) Y24 N-1) =
op (N71) provided that N/T3 = 0(1). In sum, under Scenario (1): b( ™ - = Op (1) for m = 2,4 and
N/T? = 0(1), we have

N [R5 +2Rg) = NOp (T"HN"'+T71) = op (1); (A.31)

and under Scenario (2): l;gm) =0p (1), \/NT%(IA)gm)—bgm)) =op (1) form = 2,4, and N/T3 = O (1),
we have
N [R5 + 2Rg] = Nop ((NT)’I + N’1/2T*3/2> = op(1). (A.32)

Combining (A.29)-(A.32) yields that

9 N T
N |CVy5—C }_N—ZZ“
i=1 t=1

HIZ

T
Z L 252 — 52, (A.33)



By (A.26), (A.27), and (A.33), we have P (CV35 < CVy%,) — 1 as (N,T) — oo for m = 1,3,4
provided &2, < 252.

Case 3: Model 3 is the true model. Noting that C’Vg}bfq1 = CV3,y, for m =1, 3, we have

CVS — OVY5 = CVa1 — CVaz 5 ey x >0, (A.34)

Next we want to show that
oVl —ovds Loy x, > 0. (A.35)

Let uy it(= At + uir) and B((Ji) be defined as in the proof of Theorem 2.1. Note that

N
c 1 —(2) 2
vl = L3S st — B + 275

=1 t=1

1 N T 9 N T @)
2)/ 2 2) 3
= Va2t > ( T3y ‘B ) NT it (i — ) 3513 Juit By

i=1 t=1 i=1 t=1

where CV3 9 = ﬁ Zf\il Zthl[Cim(uy,it — a:z(-t?)lBgA))P Lt cxx, + 2 by the proof of Theorem 2.1. It

is easy to show that the last two terms in the last display are O p( ~2) and Op(T~1), respectively. In
addition, C’V3 ¢ =CVs3= w7 SN ST Jeis(uis — xgt) B(?’))] 2. Consequently, (A.35) follows.
Now, we show that

T [cvgﬁz - cvgjg} L 252 — 52, >0, (A.36)
provided 52, < 252. Note that
vac _ vac
1 y (4) @y*@)2 1 2 3 »(3)]2

= NT 7,21; [Czt4 uit — Ty By )+ Ty Bt ] “NT ;;Cz’w [uit -z By ]

g N T @
= (CVsa—CVas) + o ZZ { B } NT > cia [Uz’t - OCEZL)IB[(JAL)} x5 B

i=1 t=1 i=1 t=1

= (CV3y —CV33)+ R7+ 2Ry,

where T[C'V3 4—CV3 3] Eil 252 —52, by the proof of Theorem 2.1. Apparently, Ry = 15 21—1 Zt (xh+
d’OMJt(a}\’it)l}g‘l)]Q = Op (T?) . For Rs, we can apply (A.2) to show that

T
1 4)1 (4 ~(4 12 -4 _ _ _
Ry = <3 SN civaluin — 28 Bt + diy iCara) B = fRsb§ ' rlop (N7 T
i—1 t=1

where Rg = ﬁ ZZ]\L 1 Zthl[Uz‘t ( y B(4)]( +d. itCanit)- By straightforward calculations, we can
show that Rg = Op (N_1 + T~ ) . Then

T[R7+2Rs] =Op (N +T71). (A.37)

Consequently, (A.36) follows. Combining (A.34), (A.35), and (A.36), we conclude that P (C’V?)b‘é < C’Vé’%) —

1 form =1,2,4.
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Case 4: Model 4 is the true model. We will show that P (CV/§ < CV/5, ) — 1form =1,2,3.
Let uy ity Uanit, s Ux, Uan, BI(JT) and Bg:i be as defined in the proof of Theorem 2.1. Noting that no

bias correction is needed for Models 1 and 3, we have by the proof of Theorem 2.1,
OV = CViy & carx + 62 and CV§ = CVis 5 co x, + 52

Next, we study CVfE. Note that
1 e 2) p(2) 3271?
2)/ (2

CVis = w722 [Cim(um — 2" BE)) + 2 B }

N T N T
1 S2)\2 2 (2)
= CVip+ 5 Z Z <xz(t2),/8£t)) t N7 cit2(Ux it — %2) B((]A)) (Q)Iﬁzt

i=1 t=1 i=1 t=1

where CVyo = NT ZZ 1 Zt 1 Zt2 [u,\ it — x(2)IB£]A)} Lt cxx, + 2 by the proof of Theorem 2.1.
It is straightforward to show that the second and third terms in the last display are Op(T~2) and
Op(T™1), respectively. Then we have Cfoé L e x, + 2. For CV4I’7§1, we have

T ()72
C‘/élb,i = % Zz_; ; |:Czt4 Uit — 4)/Bl(])) + Z'E?)/Bz(:l)}
b 1 L& 2 L (A 5(4)y (4)z(4)
= S _T Z Z ( ) + NT Z ZcitA(Uit — Ty BU )xit Bit s

i=1 t=1 i=1 t=1

where CV4 S = w7 Zfil ST [eirauit —xl(f)/Bl(;l))]Q L 52 by the proof of Theorem 2.1. Tt is straight-
forward to show that the second and third terms in the last display are Op(T~2) and Op(T71),
respectively. It follows that C’Vﬁi L 2. Consequently, we must have P (C’V <V, fn) — 1 as
(N, T) - o0 form=1,2,3. &

To prove Theorem 2.3, we introduce some notation and three new lemmas. The proofs of these

lemmas can be found in the online supplement. Let #; = (@ipt1,...,%71), U = (&), ..., 0) ,
N . . - " . 4 (4
2 = (Ui W) and Z = (2, ...,2") , where uzt—ugt) = (u z(t)" ‘7u§,t)—p+1)/ fort=p,....,T —1.

Let w; = (Uipt1,-muir), U= (u),...,uy), z = (i di;p ) and Z = (z),...,z)y)", where

ipy e
il ¢ = (it -y i g—pr1)" and dhyy = iy — U — Ug + .. for t =p,...., T — 1. Let §ix = yir — Yi. — Yt + Y.,

where ¥;., 9.+, and ¥.. are defined analogously to u;.,u.t, and w... Let 571('15 m) _ a:(;n ) _ gg?zlp where
gi@l = (mi@l, . Et )p) form=1,2,3,4.

Lemma A.7 Suppose Assumptions A.1, A.2 and A.4 hold. Then |p — p|| = Op(pdnT).

Lemma A.8 Let K\,nT = ﬁ Zf\il ZtT:p_H vlt:iz(ln) (X(m)’X(m))i1 X form =1,2,3,4. Sup-
pose that Assumptions A.1, A.2(iii)-(iv), A.4(iii), and A.5(%ii)-(iv) hold. Then

(i) Kinr = Op (NT)™1),

(i) Kanr = Rt 3001 S0 viettie + Op((NT) ™+ T72),

(iti) Kant = § Yoiet Simpir v ®(L)ie + Op((NT) ™ + N72),
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a(1) _ _ _
(iv) K4NT - N<T S S Vit + 3 S0y S va (L) + Op(N72+ T72), Kanr —
Koyt = NTp SV Zt:pﬂ 0 ®(L)a44+O0p((NT) ' +N~2), and Kynr—Ksnr = %LT{Z PO ZtT:pH V.
+Op((NT) ' +T72).

Lemma A.9 Let LNt = 5 St Yiepi (5;1(;”)' (x(my x (m)) = X(m)/U>2 for m — 12,54
Suppose that Assumptions A.1, A.2(iii)-(iv), A.4(iii), and A.5(iii)-(iv) hold. Then

(i) Lint = Op ((NT)*l)

(ii) Loyt = (2(1)* & i @7 + Op (NT) ™' +172),

(iti) Lant = 75 S—pir [B(L)10 ] + OP((NTV1 +N72),

(iv) Lant = (®(1) %55, @ + £ 50,1 [@(L)ag? + Op(T™2 + N72), Lant — Lont =
75 Yimpir [R(L)@4*+O0p (NT) ™' + N72) , and Lanr—Lant = [2(V)P 5 2L, a3 +0p (NT) ' +T72).

Proof of Theorem 2.3. Noting that (y; — i)’guil) - (gg”) — 9™ ) = (yy — p’gmil) (yl(zn)

Zi,t—1
PI) (- p) (@), —y,, ), we have

1 N T o )
* = . ~ ~(m at ~(m
cv (m) - NTp ;t_p—ﬂ [(yzt - Pgi,t_l) - (yz't - pgg’t_)l)}
1 N T - )
~ NT, > > {(yzt P 1) = Wy — p’ggftn)l)}
P = t=p+1
TN > (EETzl Bl y@t*l)(ggﬁl ~ 4,1 (P—p)
p i=1 t=p+1
N T
2(p— p) . A -
+% Z Z (gz(,t—)l Y ) | Wie = plgi,t—l) - (ny”) - P,Qz(ﬂ:_)ﬁ]
p i=1 t=p+1

= CV;* (m) + CVy (m) + 20V (m).

As in the proof of Theorem 2.1, we will use CV}’, and CV", ( ) to denote CV* (m) and CV;* (m)
when the true model is Model I. Note that C'V}’, = ijl C’ 1m (7)) -

Case 1: Model 1 is the true model. In this case, Models 2-4 are all overfitted models and
we will show that P (CVy*; < CVy, ) — 1 for m = 2,3,4. When Model 1 is the true model, we have
by (A.4)

(it — P’yijt_l) - (yz(t " p,yz(T)l) = Ci m[uzt - xz;n)l Z P;iCit—j,m [u; t—j fL'E ¢ )JB(Um)]

= citmlvie — 25 B + Z pisitmiluii— — o5 By (A 38)
j=1

where ¢t = (1 — hgn))_l, and ¢ m j = Citm — Cit—jm for m=1,2,3,4 and j = 1, ..., p. By Lemma
A.6, we have
max |%it,m.j| = Op (Omnt) for m=1,2,3,4and j =1,...,p. (A.39)
2y
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Note that

T P

N T N
% o(m m 1 m m
Cvy, (1) = Z S & v — 2B + NT > Z > byt jluii—y — 25y B
i=1 P =1

t=p+1 t=p Jj=1

NT Z Z Zﬂgcztm%t mglvie — 25 BY ui -y xz(t);Bl(]m)]
i=1 t=p+1 j=1

1
= Ovl,m (Ll +Cvl,m (1a2)+20V1*:m (1a3)7 say

We first study CVy'y (1) — CVyy (1). Following the study of C'Vi 2 — CVi;1 in the proof of Theorem
2.1, we can readily apply Lemmas A.8(i)-(ii) and A.9(i)-(ii), Assumptions A.4(ii) and A.5(i) to show
that

. . 2 e oo, P2, 20(D) o e
T, [0V, (1,1) — OV (L, 1)] = NT,,Z > vi+ ~ Zui,—TZ > it + op (1)
i=1 t=p+1 i=1 i=1 t=p+1
N T N N
_ 2 s | LO(1)— o 2T,2(1)
— NTp;t_Xp;rlvzt—l— ~ ;ul i ; u;. +op (1)

where we use the fact that v;. = Tip ZtT:erl v = Tip ZtT:pH (uit - g;tflp) = ®(1)u;. + Op (Tfl) .
Similarly, using (A.39) and following the analysis of C'V; 2—C'Vi 1, we can readily show that T),[CV}", (1, 2)
—CV, (1,2)] = op (1) and T[CV, (1,3) — CVi (1, 3)] = op (1) . It follows that T}, [CV*, (1) — OV, (1)]
L9252 — 52,

By (A.4) and (A.38),

-y, ) (@—p)

N T
* (p B p) ~(m ~(m
C’Vl,m (2) = NTp Z Z (gz(,t—)l o yi,t—l)(g§7t21

J1=1j2=1
~ N T
CV* (3) _ (p_p)’ZZ(A(m) . )(_ / ) (() l(m))
Lm 2= UNT, Yirlr = Yig) (Wit =PY; ) = Wi — P Yy
P =1 t=p+1
p
- Z(pjl Pi) {D1m (2,51) + D1m (3,51)}
Ji=1
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where

N T
. 1
Dim (1, 41,72) = NT Z Z Cit—j1,mCi,t—jo,m Wi t—jy —a:%l}lB((}”)][u t—ja _xET);2B(Um)]7
P =1 t=p+1
1 N T
Dl,m (2>j1) - ﬁ Z Ci,t—j1,mCit, m[uzt —Jj1 $£T)]1B(Um)] Vit — i‘gn),B((]m) s
Pi=1 =p+1
N P
Dl,m (Sajl) = NT Z P;Cit—j1,m*it,m,j [uzt —Jj1 gt )le(m)HUZt —j xgt)lngjm)]
i=1t=p+1 j=1

As in the analysis of CVj 9 — CVi 1, we can readily show that Dia(1,71,J2) — D11 (1,J1,72) =
Op (T_l) and Dy, (¢, j1) = Op ((NT)_l) for ¢ = 2,3 uniformly in j1, jo = 1,...,p. Then by Lemma
A7

T, [CVi'y (2) = OV (2)] = pllp—pl?Op (1) = Op(p®6%1) = op (1), and
T, [CVy (3) = CVI (3)] Vpllp— Pl Op (1) = Op(p*?5n1) = 0p (1).

In sum, we have

P T T, & T, &
T, [CViy - CVY] = _ZZUZ&__Z)ZT)? +—pZ[77@—‘1>(1) " +op(1)
NTp i=1 t=p+1 N =1 N =1
L 252 — 52, (A.40)

Similarly, by using Lemma A.8(i) and (iii), Lemma A.9(i) and (iii), Assumptions A.4(ii) and A.5(ii)
we can show that

9 N T N T N T
* * - — — 12
T, [CVis - OVih] = | w5 Z > vh - = i+ T > (o4 — ®(L)aa]’ +op (1)
P =1 t=p+1 P t=p+1 Pi=p+1
L 952 — 52, (A.41)

where we use the fact that v, = % Zf\il Vi = % Zf\il ® (L) ujy = ® (L) @4 By using Lemma A.8(iv)
and Lemma A.9(i) and (iv),

(N ATp) [CVig = CV14]

T
= (NAT)S (' + N1 NTZZ% NZ 2—— o2 3 +op (1)
i=1 t=p+1 t=p+1
Loa(14¢)02 — (62 + co2) 1{c1 > 1} — (c62) +6%) 1{e1 < 1}, (A.42)

where ¢ = lim(y 7)o (Tﬂp A %) and ¢ = lim(y 7)o T Combining (A.40)-(A.42) yields P(CVy
< COVf,,) — 1 for m = 2,3, 4 provided max( 2. v2) < 252,

Case 2: Model 2 is the true model. In this case, Model 1 is underfitted, Model 3 is misspecified,
and Model 4 is overfitted; and we will show that P (CV2":2 < CV;:m) — 1 for m = 1,3,4. Let uq,it
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and U, be as defined in the proof of Theorem 2.1. Following the steps to obtain (A.8), we can show
that

(1 N 1
(y’it - yz(t )) - p/(giytfl - y,flt),]_) = Cit71[u067it ZtB Z pjcl t—j,1 ’LLa Jat—j x;,tij[(]O?]
= cin[P(1)oy + vig — xztB( 1+ ij}fzt Ljlteii—5 — iy JB(I)] (A.43)

where B((}Z) = ()('(’”)’)((’”))71 XM, for m =1,2,3,4. Then

N T )
CVyy = NLTP ;tzzp:l szt,l {‘P(l)ai + vit — j;itB[(}j}
1 ML P , " 2
NT Z Z Z %t 1 [Uait—j — iy i By
Pi=1t=p+1 | j=1
g N T p o | N
_Tp ; ; le Cita #it, 1,51 P(1) e + vip — 2y By |[Uaie—5 — s By ]

t=p+1
= D2’1 (1) D2’1 (2 + 2D271 (3) , say.

It is easy to show that by Assumptions A.1, A.4(ii)-(iv), and A.6(i)
1 1 21 R P
Dy (1 :N—Z [ a; — &y (X'X)~ X’Dag} t==>_ Y vitop(l) > chx+00

In addition, Day(2) = op (1) for £ = 2,3. Thus OV = ¢}, x + 2. Following the analysis in Case 1
and noting that

(2 N 2)r (2
(yit - yz(t )) - P/(QLFI - ggill) = Cit,2 |:uzt i| ijcz t—3,2 |:uz t—j — Et)IJB( )i|
= Cit2 [Uit - SEE,?)/B((?)} + ij%itg,j [Ui,tfj - %(2,5)1131(]2)} )
j=1

we can readily show that C'Vy') = ﬁ SN ZtT:pH vZ +op (1) il 2. It follows that
* * P *
CVQ’l — CVQ,Q — Ca,X > 0. (A44)

To study CV5'3, noting that

(3 N
(it — yz(t)) - Pl@it 1 yz(i) )
= cit3[Uait — B(S) ijc,t —jaltait—j xﬁ)ﬁlB(g]
= cua®(D)ai + vy — 2 BY +ZPJ%“5 3.5 [Uait—j gcz(?t)ijBl(fga)]’ (A45)
7=1
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we can follow the analysis of C'Vy'; and show that by Assumptions A.4(ii)-(iv) and A.6(i)

N T
* 1 [ ~(3 N 2
C‘/Q,S = Z Z (yzt - yz(t)) - P/(QZ —1 _53;),1)}
NT, - _ , ,
=1 t=p+1
Ly | .3 (3)]?
— VT, Z Z _<I>(1)ozZ + vy — Iy BUOJ +op (1)
i=1 t=p+1
Loy @ (x@x®) " xOp al 1w LS Y
_ G 3) vy (3 3) 2
- FEX X [p0a—al (xOX9)  XOD| 430 S hror)
i=1t=p+1 * =1 t=p+1
E) CZ,XA + 0’1217
It follows that
OViy — CVsy 5y, > 0. (A.46)
To study CV5'4, noting that
(4 . 4 4
(i —9) = Py, — 3 ) = cinaluie — 2 ijcm jalui—y — i B
= Citalvit — :ng)'B((f)] + ij%it,4,j (Ui — iﬁgi)ijB((;l)]» (A.47)
j=1
we have
CV2*4 - CVz*z
2 2
_ Ly y [ 24 (v~ 52 B0) — e (v - ¢g§>'3g>) ]
i=1 t=p+1
, 2
4 4 21 (2
Z Z ij%it,4,j[ui,t—j - 375721335')] ij%n 2,7 uzt —j z(t) jB((])]
=1 t=p+1 j=1
4)1 (4 4 4
NT Z Z ij |:C7,t 4%1154,] Vit — ( )Bé'))(ui,t—j - $§7t)iJB((]))
=1 t=p+1 j=1
—Cit,27%1,2,5 (Vit — ig)/ (U))(u t—j — xﬁ)/jB[(]?))} =Dy4(1)+ D24 (2)+2D24(3), say.
For Dy 4 (1), we make further decomposition:
1 L& 1 L& (4) (1)) ? 2) 5(2)\ 2
Doy (1) = = Z (szt74 —C%t,z) vi2t + —Z Z C%t,4 ('i'it By, ) _szt,Z <50@'t By )
NT, 4 NT, “
i=1 t:p i=1t=p+1
4 L (2) (2
Z Vit [ Cit, 4th B( : z2t2 ( )/BZ(J)}
i=1 t=p+1

Do 4 (1, 1)+ Do 4 (1,2) — 2D 4 (1, 3) , S&
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Following the analysis of C'Vy*y — C'Vy*; in Case 1 and that of C'V34 — CV3; in the proof of Theorem
2.1, and applying Lemmas A.8(ii) and (iv) and A.9, (A.2) and (A.39), we can readily show that

N T
2
Doys(1,1) = N 1—— 2 Nt
2,4( ) ) NTpiz_;t:zp;rlvzt—FOp( ),
N T T
1 () (4 L(2) (2 _ 1 _ _
D2s(12) = o= > 3 B — @B +op (V) = - 3 [@(L)af* +op (V7).
P =1 t=p+1 P t:P+1
N T
1 L4 p(4) L) p(2) -
D2’4(1,3) = N—T,p;t;lvit[l‘it BU — Ty BU ]+0P N ;t;—l’l}ztfb ut—i-Op (N )

It follows that N-Da.q (1) = = Y2y Doip i1 V=70 Y1 V3T Dot 04 — D(L)Ee)*+op (1).
Similarly, we can show that Dy 4 (¢) = op (N _1) for ¢ = 2, 3. Consequently, we have by Assumptions
A.4(ii) and A.5(ii)

N T
* * 2 — —
N [CV5,—CVsy] = NT, Z ST k- —p Z w2 +op (1) 5 252 — 52, (A.48)
=1 t=p+1 t=p+1

By (A.44), (A.46), and (A.48), we have P (CVyy < CVs, ) — 1 as (N,T) — oo for m = 1,3,4
provided G2, < 252.

Case 3: Model 3 is the true model. This case parallels Case 2 and we can follow the analysis
in Case 2 and show that P (CV}:’:3 < CVg*m) — 1 for m =1, 2,4. The details are omitted for brevity.

Case 4: Model 4 is the true model. In this case, Models 1-3 are underfitted and we will
show that P (C'V4*:4 < C'V‘f:m) — 1 for m = 1,2,3. Let uy ;t, uan,it, Ux, and Uyy be as defined in the
proof of Theorem 2.1. Following the steps to obtain (A.38), now we can show that

(1 .
(yir — 3y)) — Py, — 98

1 (1) / (1)
= cit,1[Uanit — xitBUM] - E P;jCit—jt [Uarit—j — %’,tijUM]

= cita[P(1)oy + (L) + vyt — vztBU NEa Z ;%15 [Uanit—j — z;,tijl(]l:A]a (A.49)
7=1

where B[(}:i = (X(m)’X(m))_1 XM,y for m = 1,2,3,4. As in Case 2, we can show that by

Assumptions A.4(ii)-(iv) and A.6(iii),

-1

v

CViv = w7 ;t_;l[ Dai + ®(L)A; — iy (X'X)

X' (Dq a+DAA}

+op (1) 5 chy x + 2.
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Similarly, we have

N T 12
1 . -1
CVia = N 33 (@@ - &Y (X(2)’X(2)) X@7 Dy § : § "2+ op (1
i=1t=p+1 " - i=1 t=p+1

P« —2
— C\x, T 0y

1 N T 1 12 1 N T
CVis = == > ®(1)a; — 2 <X<3>/X<3>> XD o —Z Z o2+ op (1
NT, i=1t=p+1 L - NTy =
* —2

and CViy = 7= S S7 01 02 + 0p (1) 5 62 Then P (CVy < CVy,,) — 1 as (N,T) — oo for
m=1,2,3 N

B Proofs of the Technical Lemmas

. X'X X'D
Proof of Lemma A.1. Noting that X)) Xp = , the lemma follows from the
D'X DD

standard inversion formula for a 2 x 2 partitioned matrix. See, e.g., Bernstein (2005, p.45). B

Proof of Lemma A.2. By Lemma A.1,

(X, xp) ! = X3 —~X5X'D(D'D)""
—(D'D)'D’'XX% (D'D) '+ (D'D)' D'XX5X'D(D'D)”!
DiDy)"!
Noting that D}Dy = 0, we have (D'D)™' = (D1Dy) . | and X'D(D'D)" =
(DyD2)~
X'(Dy (D\Dy)"", Dy (DyD3)™ ") = (By, By) . Combining the above results yields the desired result.

|
Proof of Lemma A.3. (i) Noting that D! D, =T (IN_1 + LN_1L§V_1) , we have

_1 - 1
(DoDa)™ =T (In-1 — N N-1ev-1); (B.1)
and
/ -1 -1 I 1 / /
Do (DyDo) "D, = T . Qur | | IN-1— UN-LN -1 << INo1 —iN—a >®LT>
—iN—1
In_1— Lfun_qt,
_ 7! Nt 1N/N BRI I (( IN-1 —in1 >®LIT)
TNIN-1
B INCi— Finoidy g —in— '
- 1 N-1 ® (urer/T) -

“NiN-1

A
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By straightforward but tedious algebra we can show that

_ 1 1
U’Da (D/aDa) 1 D/aU = —NT2Q9\771 |:<IN1 - NLNlL;V1> X (LTL/T):| Un_q
—1 2 N-1 / /
_NT2 N—N 1 [LN 1® (LT[/T)] UN — ——7—UpnlTlPUN

| V-1 | Nl 2 1
S a?.—(NZa?) Zuz -y

The result then follows from Assumption A.1(iii).
(ii) The proof is analogous to that of (i) and thus omitted. The main difference is that one now
applies

1 / 1
Ir—1 — jur—1tp_y —Fir-1
T

N*T—-1 T

Dy (DyDy) "' Dy = (inty/N) @

(ifi) Noting that Dy (D),Dar) " D'y = Do (D4Da) " Dy + Dy (DyDy) ™" D} by the fact
D! Dy =0, we have

1 _1 1 1
WU/D (D/ /\Da)\) D/ WU = —=UD, (D/ Da) D/aU + WU/DA (D/)\DA) DS\U

where the second equality follows from the results in (i)-(ii) and the last equality follows by Assump-
tion A.1(iii). W

Proof of Lemma A.4. (i) Following the proof of Lemma A.3(i), we have

1 -1
77X Da (DiDa) ™ DLU
- = Ty 1 INfl—ibN—ILEV 1) @ (erdr) | uy l—lm’N 1 [Uver @ (erdp) ] un—y
NT |7V~ N - UN-1 7 N1 [N Uy-
1 / / N 1
_NﬁNfl [LN—l ® (LTLT)} un + urtpun
| V-1 N- N—l
1 & 1 &
R ity — T = NZ@ ;. — Op((NT)™2) = Op(T™ + (NT)~V/2),
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where we use the fact that % Zfil Z;U;. = Op (Tﬁl) and @. = Op ((NT)*1/2) by Assumptions
A.2(iii) and A.1(iii).

(ii) The proof is analogous to that of (i) and thus omitted.

(iii) Noting that Dy (D’,yDax) " D'\ = Dq (D!, Dy) " Dl + Dj (DS\D,\)fl D, the results follow
from (i)-(ii). W

Proof of Lemma A.5. (i) Jint < H (R X'X) H I NTX’UH Op (57) by Assumption A.1(iii)-

(iv).
(ii) By Lemma A.1 with D = D,,, we have

1 X7 — X7, Bg X'U
It = wpUXUDY S :
~BLX%. (DhDo) ™ + BLX}Ba DLU
- (U’XX — U'DyBLXp,, ~U' XX}, Ba+U'Do (DyDo) ™" + U'DoBL X} B) XU
NT Dq Do Dq, a o aPa> Dy P D, U

«

- 7 (U’XXD X'U = 2U' Do Bl X, X'U + U'Dy (DLD) ™ DLU + U’DaBgX,gaBaD;U)

= Jont1 — 2JanT2 + JonT3 + JonT 4, say,

where B, = X'Dq (D/,Ds)"". As in (i), we can show that Jon71 = Op((NT)™') by Assump-
tion A.1(iii)-(iv). By Lemma A.4(i) and Assumptions A.1(iii)-(iv) and A.2(iii) and using X7, =
(X'Mp,X)™"

JonT1 = WU/D B, X} X'U
-1
_ WU’DQ (DLDa) "' DX (—X’MDQX> —_XU

— Op (T’l + (NT)*/?) Op ((NT) 1/2) Op (NT)"' +T7?), and

J2NT74 = WU/D B, XBaBaD:)éU

-1
1 1 -1
- WU’ o (D4Da)” DLX (NTXMDQX> WXD (D.,Do)” DLU

| N ! -1 /4
= (ﬁ ' 1:@'.17,1-. — :f:ﬂ) (NTX MDQX> (ﬁ Zli‘zﬁz - fﬁ)
= 1=
_ - _ 2

By Lemma A.3(i),
1 . 1Y 1Y
_ / D/ D - Dl — — =2 __ -1 )
JoNT3 = NTU o (D, Dy) U N ; — =N Z: NT)™)
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It follows that Jonr = % Zfil u? + Op(T~2+ (NT)™ ).
(iii) The proof is analogous to that of (ii) and thus omitted.
(iv) By Lemma A.2

e ( (ayr <4>)*1 (ayr
It = =UX@ (XWX xX@y
1
- W(U,X,U/DQ,UID)\)
X5, ~X5_ Ba —X5, By XU
x| —BuXx3,  (DLDa) '+ BLX} Ba BLX}%_ By DLU
—By X5, B\X}, Ba (D4Dy) " + By X}, By DU
1 " -1 "
= {U/XXDMX’U +U'D, ((D;Da) + B;XDMBQ) DU

+U'Dy ((DADA) ™+ BiXD,, Br) DAU = 2U'DaBL X5, X'U
—2U'D\B\X}, , X'U +2U'D\B\ X}, , Bo.D, U}
= Janta + JanT2 + JanT3 — 2JanT4 — 2JanT 5 + 2JanT 6, SAY,
where D, = (Dy, D)) and By = X'D, (DéDg)_l for £ = a, A. By Assumption A.1(iii)-(iv),

2

1 M1 -
Janra < (WX'MDMX> WX,U = Op((NT)™).
By Lemmas A.3(i) and A.4(i) and Assumption A.1(iii),
1 -1 1 N
Jintz = 575U Da (DyDa) ™ DoU + 55U DaBo XD, BaDoU

1

NT NT

1 1 1
= —U'D,(D.,D,)  D,U+ WU’DQB; < T

—1
X’MDMX) L B.oLU
1 N_2 9 —1 —1/2 -1 —-1/2
S EO T +0p (T4 4+ (NT)V2) Op (1) Op (T4 + (NT)71/?)
i=1

N
= % > al+0p (T +(NT)).
=1

By Lemmas A.3(ii) and A.4(ii) and Assumption A.1(iii),

—1 1

1
Jants = —-=U'Dy (D\Dy) NT

1 !
NT DS\U + WU/DABS\ ( X’MDM\X> —B)\DS\U

NT
1 &, 2> . 12 1 —1/2
= (=Y @ -@ | +0p (N 4+ (NT)"V/2) 0p (1) Op (N~' + (NT)
(T; p( ) P P( )

T
1
= = > @+ 0p (N2+(NT) ).
t=1
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In addition, by Lemma A.4(i)-(ii) and Assumption A.1(iii)-(iv), we have

-1
1
J4NT74 - WUD B, (ﬁX MD X) WXU
= Op(T™" + (NT)"Y?)0p (1) Op((NT)™/%) = Op(T~2 + (NT) 1),
-1
1
JaNTs = NTU D,B) <NTX Mp,, X> WX U

= Op(N"'+(NT)™/%)0p (1) Op((NT)™"/?) = Op(N* + (NT) ™),

NT
= Op(N' 4+ (NT)V)0p (1) Op(T™ + (NT)"Y2) = Op(N2 +T72).

1 -
JanTe = NTUD)\B)\ <—X’MDQ)\X> NTB D,U

It follows that J4NT =¥ Zl L U5, 2 4 T Zt 1ut 4+ Op (N 247 ) In addition, we can show that
JanT — JoNT = T Zt:l ,t—i-Op(N 2 (NT) ) and Jyn7 — JsnT = ~ Zz 1 i +OP(N 2+T )
|
-1

Proof of Lemma A.6. (i) max;, h( ) — max; ¢ T, (X’X)f1 Tit < {)\min <(NT)71 X’X)] (NT)f1 max; ¢
| zi||> = Op((NT)"Y/?) by Assumption A.1(ii) and (iv).

(ii) Let d!
Then

1

W = (X<2)/X<2))‘ )

denote a typical row of D, such that D, = (da11, -, da1Ts s da,N1s ---» da,NT)'-

a,it

-1

 d) X'X  X'D, Tit
Lits a,it ’ ’

DaX DaDa da,it

= ( Lits d,a ’Lt) sz)a _A)l(BaBa o
—B&Xz)a (D!,Dy) " + B&Xf)a B, do it
—1

= dfl it (D’ Da) do it + x;tX}k)a Tip — d/a,itBIaX]*Ja Tit — xth]*)a Bada it + d'a’itB(;X}k)a Badait
1 "

= d:x it ( Da) da,it + (-’If'it - Bada,it)/XDa (-'L'z't - Bada,it) . (B-Q)

Fori < N—1, d,  contains 1 in one place and zeros elsewhere, implying that d'w-t (I N—1 — %L N,lL’N_l)
xdaﬁ:l—% = % forany i < N —1andt=1,...,7. When ¢ = N, we have

-1
fort=1,...,T.

1 1
! / / !/
o,Nt <IN1 — N NN da,Nt = ty_1 | IN-1 — VNN | IN-1 =

These observations, in conjunction with (B.1), imply that

-1

1 N-1
it (DiDa) ™ dait =T d 4 (INl - NLN1L5“> Aot =T for all 4,t. (B.3)

Next, notice that

max (it — Badait) X} (zit — Badait) < €1nTmax (zit — Badait)' (zit — Badait)

1
it ’ o ’ - it NT

< epNTmMaX ——

= it NT {sztH +daztB;Badoz,it}v
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where €17 = [)\min (ﬁXIMDaX)]il

Markov inequality,

= Op (1) by Assumption A.1(iv). By Assumption A.1(ii) and

—=Op((NT)/?) = Op((NT)"'7?).

2
max — llzi]|© =

NT NT

For NTd’ B/, Bdq it, we have

a,it
max Nng‘ it BoBada.it
1 - _ . .
— H%E%Xﬁtr{dgn( LDa) " [(DLDa) " DX X' Dy (DaDa) 2] (DoDa) ™ daie |

-1

1 _ _
< m%x da it (D;Da) da,z‘tﬁtr ((D&Da) 1/2 D/aXX’Da (DIaDa) 1/2)

o 71N ]. 1 / / —1 /
= Tl (XX Do (D,Ds) Da>
S N—-11 _

S T lTﬁtr (X X) OP (T 1) 5

where the last inequality follows from the fact that D, (D!, D,) D/, is a projection matrix with
maximum eigenvalue 1. It follows that hg? ) — T_l% + (2 — Boé(i0471~,5)'X1‘7CY (it — Bada,it) and
max;, h?) = Op((NT)" V2 + T-1),

(iii) Let d’)\ﬁ denote a typical row of Dy such that Dy = (dx11,...,dx17, -, A N1 - dANT) -

Following the analysis in (ii), we can show that

—1 %
W) = d) i (DADA) ™ die + (wie — Badait) Xb, (@it — Brdaie) (B.4)
and . _
d/a,it <IT1 - TLTIL/T1> doit = —— for all 1,t. (B.5)
Noting that
_ 1
Di\D)\ =N (IT71 + LTflLlel) and (Di\D)\) ! == Nfl <IT1 - TLTlL/T1> 5 (BG)
we have _
-1 o —_
Nt (DADA) ™ doie = N 1T' (B.7)

In addition, following the arguments as used in the analysis of (z;; — Bada,it)'XBa (it — Badait)
and (B.6), we have

max (zit — Badaat)' XD, (wi — Badait) < €anr max ﬁ <H$zt|| + d\ ZtBﬁ\BAd)\,it> = Op((NT) 2+ N7Y),

where €an7 = [Amin (ﬁX’MDAX)]fl = Op (1) by Assumption A.1(iv). It follows that hl(?) =
N7IZL 4 (24 — Badai)' Xp, (23 — Badaie) and maxi hY) = Op((NT)™/2 + N71).

(iv) Let d,aA,z‘t denote a typical row of Dy such that Doy = (dax 115 -, dar 17 - dar, N 15 s dar,NT)' -
Following the analysis in (ii), we can show that

Y = doy i (DhaDar) ™ danit + (zis — Baadarit) Xp,., (it — Bardarit) (B.8)
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Noting that Dyy = (Da, D)) and D!, Dy = 0, we have

-1 (DiDa) ™
(D,\DA)

Then
o = iy (D'D ) dane + dy g (DADY) ot

N T —
= TN

ICMA,it (‘D,CMADC“A)

1
for all 4,t. (B.9)

In addition, following the arguments as used in the analysis of (z; — Badayit)'Xf)Q (it — Badait)
and (B.9), we can show that
N 2
max (zit — Baadan,it) X, (@it — Baxdarit) < e€snr max —— {HﬂEitH2 + d'a,\ﬁB&ABa,\da,\,it}
= OP((NT) V2N 4T ) =0p(N T+ T7Y,

where esy7 = [)\mm (NITX’MDMX)]f1 = Op (1) by Assumption A.1(iv). It follows that hl(f) =
TN 4 NI 4 (ay — Baadaa) X, (2it — Baxdair) and maxi hly) = Op(N=1 +T71).
(V) Note that

N T

_1 *

NT Z Z Lit — Bada,it),XDa (zit — Bada,it) u?t
=1 t=1

2€1N / _ 2eiNT
= {NTZZmltxltu1t+ NT szaztB B daztult} = "NT (11 + 115), say.

=1 t=1 i=1 t=1

Note that II; = Op(1) by Assumption A.1(i)-(ii) and Markov and Jensen inequalities. For Iy,
observing that X’D,, (D&Da)_l da,it = Tj. — T.., we have by Assumption A.1(i)-(ii)

N T
1
I S 55303 doie (DaDa) ™ DoXX'Da(DoDa) ™ daut
i=1 t=1
| NoT
= T @ —a) @ -l
i=1 t=1
) N 1/2 1 N T 1/2
I 1 sl _
< {NZH% z.|| } {NTZZUZt} =0p(1)
i=1 =1 t=1
because we can readily show that %Zﬁl |1Zi. — z.||* < %Zi]\il |z )" + 8]|z." = Op (1) un-
der Assumption A.1(ii). It follows that ﬁZf\;l Zle (x4t —Boédayi,g)'Xf)CY (it — Badait) u, =

Op((NT)™)
(vi) The proof of (vi) is analogous to that of (v). The major difference is now we need to apply
the fact that X’ Dy (DyDy) ™" dygs = T — Z...
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(vii) Note that

N ZZ Zit — Baxdax zt) XD oh (xzt akdak,it) uz2t

i=1 t=1
2¢ 1 NI 2¢
3NT _ 2€3NT
< N7 {ﬁ > D wiwaul + de it aABakdakyitu?f/} = =7 (L +113), say.
i=1 t=1 i=1 t=1
We know that I1; = Op(1). For I3, observing that X' D,y (D’Oé/\Da,\)fl danit = Tj. + Ty — 2T.., we
have by Assumption A.1(i)-(ii)
TR , ,
I, < += S diit (DayDar) ™ Doy X X' Doy (DipyDan) ™ dairti
=1 t=1
| T
= WZZ T; + T4 — 2. ) (fz +.§:.t—2£..)u?t
=1 t=1
3

M’ﬂ

(Nzal? + J2d]> + 4 2. 7) wh = Op (1).

zltl

Consequently, + le\il Zthl (zit — Baadanit) Xp,., (@it — Baxdanit) uf =Op((NT)™1).1m
Proof of Lemma A.7. Let [|A||, denotes the spectral norm of A. Note that

p-p = (22) 20
_ [(Z'Z)_l - (z’z)l] 20+ (zz)" (20 -2'U) + |(22) " Z'U - p| .(B.10)

It suffices to show that (i) ﬁ

= Oplpie). (i) || P22

p sp = OP(l)v (111)
ﬁ HZ’I]' — Z/UH = Op(p"?6n7), and (iv) H(Z’Z)f1 Z'U — pH = Op(p"/?6n7). To see this, note
that the last term in (B.10) is bounded the desired probability order by (iv). The second term in
(B.10) is bounded above by
Z'7)""
=27,

1 S BT
- )\min _Z/Z _‘ ! -
P (57,22)| 5,

1

1 ma
< . !
< [Amm(rp)+H T ] NTP\
= 0p (1) Op(p"%sn1) = Op(p*?oN7),

where the second inequality follows from the eigenvalue stability inequality, and the last line follows

2" (w0 20)

IN

Z'7-T,

from the fact that Amin (I',) is bounded away from zero in probability. For the first term in (B.10),

1 o~,x\ 1 1 -1 1
: H(m 2) ~(5572) | spdl

= Op(pdnT)Op(1+ p'/2557) = Op(pdnT),

we have

H [(Z’Z)l _ (z/z)‘l] 20

}
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where we use the fact that by (i)-(iii),

-1 1 -1
—z’ —=+2'Z
(w572) - (v572)

sp

= Op(1)Op(ponT),

and that NLTP |Z'U|| = Op(1) under Assumption A.4. Next, we show (i)-(iv) in turn.

To show (i), we reparametrize Model 4 as
Yir = T3y 55 + af + M\ + wi,

where z}, and 8" correspond to z;; and [ after one removes the constant term, and « incorporates
the intercept term now. Let &}, =z}, — ) — &% + &, where z}, z7, and Z' are defined analogously
to @, i, and ... Let §j; = (i1, ..., r) and Y = (41, ...,9j5) . Define #;, X, ii; and U analogously.
After eliminating the individual and time effects o] and A\; from the above regression through the
within and time-demeaned transformation, we can obtain the two-way within estimator of 8* given

. N
by B = (X 'X > X'Y. Then aﬁf ) can be equivalently represented as

uzt = Yit — ﬁ .’L' it — = Ui — (ﬁ B ) Lit (Bll)

Under Assumptions A.1(iii)-(iv) and A.2(iii)-(iv), we can readily show that 3 — 8* = Op(dn7).
Recall that di; ; = (g, ..., Uig—pt1)’ Let ﬁlt = (f/Ll\Lt, ...Ei,t_pﬂ)’. Then

1 1 Nz -
72222 = g 3 (fdi - i)
p i=1 t=p+1
L N R . L NoT
= NT, Z Z <Hzt - Hzt) <Mzt - H@t> TNT E E (ﬂzt - Mzt) il
=1 t:pﬂ P =1 t=p+1
Z —1t (—zt u; t)
i=1 t=p+1
= 9+ 2+193, say.
Noting that ﬁ” — ;= _Zt(ﬁ — B*) where &}, = (£}, ...,47;_,.1)", we have
L NoT
[91] < ) - N_sz > i) = Op(pdir)
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For 92, we have

N T 2
2
2 = ;t
920" = s |2 2 &
i=1 t=p+1
T N T
.. . ok .. .o
= QZ Z Z Z {ﬁ _5*)22,&11,1&1(5 _5*)/2:1/t1£2<t}
i=1 t=p+1lii=1t1=p

= (ﬁ —5*>’®2< 3" - >,

_ 1 N T N T p ‘
where Oy = VTP Dot Dtmptl Diy—1 Dty —pt1 g gl ¢ E5 27, . Observe that under Assumption

A1(1)-(ii)

—

p—1lp—1 N

T N T
ZZZ Z Z Z E (g —jis, 4,375 25 1) = O (p%).

2
p j=0 1=0 i=1 t=p+1i1=1¢t1=p+1

E| 02, < Etr (02) =

It follows that [|©2f|, = Op (p?) and |9 < ) ||@2H1/2 Op (pdnT) . Similarly, |[93]] =
[92]] = Op(p5NT) [When ;; is strictly exogenous, we can show that Etr(©2) = O (p?dn7) and then
95| = [|92]] < 1821117 = Op (p52 ) = op(p'/25xr).] Then (i) follows.

To show (ii), we note that —Z Z= —NT SN Zt—p+1 gl g, where @y p g = (i1, -, Uig—p)'-
Noting that i;; = w; — U;. — Uy + .. for each (i,t), the (j,1) th element of N_sz Z is given by

1 ;] N
- Z,Z ) — - a" 7‘..‘ _
NT, 2], NT, ;t;lul’t st
T 1 T
= N2 > (Wi =) (g — ) = o D (g — ) (g — )
P i=1t=pt+1 P t=pt+1
N T
= T Z Z Ui i—jtig—1 + [Baljy = [Bilj; + [Bal),
=1 t=p+1
here [Ba];; = — iy S0imy Yotopit Yit—ili — Wiy doit St + & Tt @~ 7 e
where | Ba]; NTy 2ui=1 2at=pt1 Wist—j Ui = N7 2ui=1 2t=pt1 Wi-Uit—1 + ¥ 2i= 1 Ty 2ot=p+1

Uepejl g + T%, ZZ:erl U y—jli.+ Tip ZZ:erl ..y —(4.)?, [By];,; denotes the (j,)th element of By
for £ = 1,2, and By’s are implicitly defined. It is easy to show that ||Ba|| = Op (péx,lf) . Consequently,
we have

l7m2z71| |3

Z Z Ui 1%1& 1= Ip|| < 1B2[ = Op (p(SNT) =op(1).

i=1 t=p+1
The analysis of (iii) is similar to that in (i) and thus omitted.
Lastly, we show (iv) Let vy = @y — p'. ;1 where &4 1 = (.41,...,% 4—p)'. Noting that i, =
Ui — Uj. — W.p + U.. and U1 = Ujp—1 — Wi — U. 4—1 + U.., we have
it =Pl = (uie = Puyy) — (1)U — (G — Py 1) +@ ()7
= Vit — (I)(l)ﬂz —'l_).t—i-‘I)(l)ﬁ
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Then

-1
N T N T
Z/Z —1 Z/U _ e -/ .
( ) —-—p = Ujp 1511 Ui Wit — P
i=1 t=p+1 i=1 t=p+1
-1
N T N T
. 1Y . — — —
= E E Uy p Ui g q E E iy y—q [vie — P(1) ;. — V4 + (1) ]
=1 t=p+1 =1 t=p+1
-1
N T N T
. o/ .
= Z Z Ujp—1W5 01 Z Z U; ¢ 1 Vit
i=1 t=p+1 i=1 t=p+1
-1
N T N T

N2 2 Bl |2 D gt
P

where the third equality follows from the fact that Zf\il ;4 = 0 for each t. Noting that ZtT:1 i =0
for each i, we can readily apply Assumptions A.1(i), (iii) and A.2(iii)-(iv) and show that Hﬁ Zfi 1 Zr‘tr:p 1

il 1ti]| = Op (pl/QT_l) . For example, the first element of - Zf\il ZtT:p_H i 1. 18
| NI
R ) RIS > (z - zuw ) %
=1 t=p+1 1=1 \t=1
N p—1 1
= p Z Zuzsuz - ﬁ ZuzTﬁz =0Op (Tﬁl) .
i=1 s=1 1=1

.. 1 N T .
Similarly, we can show that H T, D1 Dtepi1 g 1vit

- Hﬁ sz\;l Z?:p+1 Ui 1 Vit +O0p (p1/25NT)
=Op (pl/QéNT) under Assumptions A.1(iii), A.4(iii), and A.5(i)-(ii). Then we have H (Z'2)*Z'U — pH
= Op(p1/25NT)..

Proof of Lemma A.8. (i) Noting that :E( ) = Tit — x;p 1 p=P(L)xit = Tix where z;, 1 =
(Tig—1, ey Tit—p), we can readily apply Assumptions A.1(iv)-(v) and A.4(iii) to show that

N -1
Kint = T thp;rlvztﬁc;t <NTX X) ﬁX U
_ < 1/2) »(1)Op ((NT)*W) — 0p (NT)™Y) .

’ o ’
(i) Note that 5553) = wth) - Ez(?t)flp = ((xzt Lit— 1P) (dait — Qla,z‘t—lp)/> = <fﬁ§ta dla,it) where
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doit—1 = (dait—15 -+, dait—p)- By Lemma A.1 with D = D,,, we have

Koyt =

Z Z vty (X x@) " x@y

i=1 t=p+1
X* - X7 B, X'U
N Z Z Uzt( Lits azt) /Da* , ,1Da , % ,
i=1 t=p+1 _BaXDa (DaDOé) +BaXDBa DaU

Z Z v,t{thD X'U — d}, 3y BLXp, X'U — &, X5, BaD4U +diy 1, (DLD,) ™" DU
i=1 t=p+1

o B XD, BaDLU |

NT

Kont1 — Kont2 — KonT 3 + KonTa + KonT5, Say.

As in (i), we can show that Kon71 = Op((NT)™') by Assumption A.1(iv)-(v). Observing that

d/

a,it

NTZZU”CZ P = 37
(

(Do Do

)t xDL X = (z;. — z..)' for each (,t), we have

‘ -

EMz 17

Zait— lp) (D D) 1D:1X

=

i=1 t=p+1

A

T
Z zt azt d
P =p+
1) d (. =\ _ -1 -1/2
> i (@i —2.) =0p(T™ + (NT)"V/?).
N p+1

by Assumptions A.4(iii) and A.5(iii). It follows that

1 M ! 1 i -
Konra < > wad, B, H(WX Mp, X

N T

1
— X'
e

= Op(T~ '+ (NT) Y0p (1) Op((NT) V%) = Op(T 2 + (NT)7Y).

NT,
P =1 t=p+1

Similarly, we can show that

Kontg3

Kontps

KonTa

N Z Z Vil H( X'Mp, X )

1 p D’UH
i=1 t=p+1

= Op <<NT>—1/2>OP (1) Op(T ™ + (NT) %) = Op(T72 + (NT) ™),

—1
< Z Z vitd ;4 Bl ‘( X'Mp, X ) ‘—B D’UH
i=1 t=p+1
= Op(T '+ (NT)"Y0p (1) Op(T~' + (NT)V?) = Op(T~% + (NT) 1), and
1 N T ‘I)( N T
= vpd', ,, (D/,Ds) " DU = — ..
VT, 2y 2 e (PP mm?? |
N T
®(1 _
- %Z Z vitti. + Op((NT) 1).
P i=1t=p+1
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It follows that Koyt = ypets Sory Sy valls + Op((NT) ™+ T72).

(iii) The proof is analogous to that of (ii). The major difference is that we need to use the

. (3 3 3 ! .
expression xz(t) = xz(t) - Qz(,t)qp = <($zt Lt 1P) (dA,it - d/\,it—lp)/> = < Lt d)\ zt) with dy ;1 =
(dxit—1, .-, dxit—p) and the fact that d’)\ﬂ.t (D\Dx)~ DS\X = (2., —z..)" for each (i,t) to obtain

¢ (drit — dy g 1p) (DiDa) ™' DLX

M’ﬂ

N
Y i - 3
zltp+1 i=1

N
7,22

g
_|_

2‘ ~
|I
¥ M E
H
FF
|
8l
—
|
b\
—~
|81
T
o
|
Kl
=~
S—

where ., | = (Z.4—1, ..., T-t—p). The dominant term then becomes

N T . L
>N wady, (DADN)” DU =

N
i=1 t=p+1 i=1
N

1
NT,

Un(I) Yu.t + Op((NT)™ 1+N_2),

”Mﬂ ”M'ﬂ

1
NT,
where @ 1 = (Ut—1, ..., Us—p)'

(iv) The proof is a combination of (ii)-(iii) as in that of Lemma A.5. B

Proof of Lemma A.9. (i) Noting that avvz(tl ) = Tit —Z; 1P = Tit, we can readily apply Assumptions
A.1(iv)-(v) and A.4(i) to show that

N T
LlNT = U/ (XX lN_g_Z 'thzt 1X’U
2 1 N
< —X’ H— — :L‘uga,‘t =0Op ((NT)_I).
€ w0 [fr 2 3w
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Loyt

where (;

NTp i=1 t=p+1
I -Xp, B 1 d 2) o (2)r
(U'X,U'Dy) Da D — D
—B, X}, (D&Da)_l + Bo X} Ba NT, ;t:pZH o
y XD, — X7, Ba X'U
~B\X}  (DLDo)"' + B,X5B, DU
R o) o
1052 NT zt Ly C
i=1 t=p+1 2
Cl NT Z Z th‘,'U’Lt 1+C2NT Z Z da tha ZtC2+2<1NT Z Z xltda ’Lt<2
P =1 t=p+1 i=1 t=p+1 i=1 t=p+1

Loyt + LanT2 + 2LonT 3, Say,

= X} X'U — X} BaDLU and ¢y = —BLX}5 X'U + (D4Do) "' DLU + BL X} BaDLU. Tt

is easy to show that Loyr1 = Op((NT)™! + T=2) by Assumptions A.1(iv)-(v) and Lemma A.4(i).
For LonT2, we have Loyt 2 = LanT21 + LanT22 + LanT,23 — 2LonT 24 — 2LoNT 25 + 2L2NT 26, Where

Lot = U'XX}p B N Z Z doitdhy s Bo X1 X'U

1= 1t—p+1
. ! =1
Lont2e = U'Dy (D, NT Z Z doitdp i (DoDa) " DRU
i= 1t—p+1
Lontps = U'DoBuX}, Ba Z Z doitd 4 Bo X3 Ba DU
i= lt—p+1
-1
Lontos = U'XX}p, Ba T Z Z doitdl ;4 (DiDo) ™ DLU
1= 1t—p+1
Lontos = U'XX), B Z Z doitdy i1 Bo X5 Ba DU
=1 t=p+1
and
Lont26 = U'Dy (D), Dy T Z Z doitdy 4 Bo X3, BaDLU.
=1 t=p+1
Noting that d’, ;B itBa = v’a’it (D.D,) ' D\ X = &(1) (z;. — £..), we have

N
Z A (1)2% S (@ —7.) (3 —7.) = Op (1).

i=1 t=p+1 i=1
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This result, in conjunction with Assumption A.1(iv)-(v) and Lemma A.5(i), implies that

N ~1]|2 2
< j g - — -1
LonT21 < aitle, it B (NTX MDaX> NTXU Op((NT)™),
i=1 t=p+1
1 ~1]|2 2
< / oyt - / _ -2 -
Lont2z < T Z Z doidly 1Bl (NTX MDaX> HNTB DLU|l =Op(T2+ (NT)
i=1 t=p+1
Noting that d!, ;, (D4 Ds) " DLU = ®(1) (@ — @..), we have
11 1 1 N
_ 2 _ — \2
L2NT,22 = U D _D/ th2+1 da tha Zt Da) .D/O[U = @(1) N Zl (uz - 'LL)
] =p 1=

N
= @(1)2% > @l +O0p((NT) ™).
=1

Analogously, we can show that Loyt 2; = Op( T2+ (NT)fl) for j =4,5,6 and Lont3 = Op(T 2+
(NT)™"). Tt follows that Loyt = ®(1)24 SN, @2 + Op (NT)~' +T72)

(iii) The proof is analogous to that of (ii) with the major difference as outlined in the proof of
Lemma A.8(iii).

(iv) The proof is a combination of (ii) and (iii) as in that of Lemma A.5(iv) and thus omitted. W

C Verification of Some Assumptions

In this section, we verify Assumptions A.2(iii)-(iv) and A.4-A.5 based on some primitive conditions.

C.1 Verification of the rate conditions in Assumption A.2(iii)-(iv)

In this subsection, we verify the rate conditions in Assumption A.2(iii)-(iv). Recall that we use C to

denote a generic positive constant whose value can change across lines. Let z}, = x; — E(x;). To

verify the rate conditions in Assumption A.2(iii)-(iv), we add the following assumptions.

Assumption A.2* (i) maxj<j<y F H% Zthl ZST:1 Ui ’ < C;
2

(ii) maxi<i<r E H% POARD D S'J?tuth <

(i) o 07y Dt Dot Yogen 1B (winus)| < C.

The conditions of the above type are frequently assumed in the panel data literature to control

weak serial and cross-section dependence; see, e.g., Bai and Ng (2002). Below we first show that As-
sumption A.2* in conjunction with Assumption A.1(i)-(ii), is sufficient for Assumptions A.2(iii)-(iv),
and then give more primitive conditions to ensure Assumption A.2*(i). Similar primitive conditions
can ensure Assumption A.2*(ii) by relying upon some mixing conditions in random field to handle

weak cross-sectional dependence.
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First, we verify Assumption A.2(iii): = SN it = Op(T~14+(NT)~Y/?). Let T = 7. — E(z;.).
Then

N
%; i NZE Uz“— ;l‘ uz—Al+A27 say.

For Ay, we have A; = 5= ZZ 1 Zt 1 E(Z;.) uir. Note that E(A;) =0 and

N N T T
BIAIP = famm 30303 O Elae) () E ()
i=1 j=1 t=1 s=1
C N N T T
S NI ZZZZ |E (uirujs)| = O((NT) ™),
=1 j=1 t=1 s=1

where the last equality follows from Assumption A.2*(iii). Then Ay = Op((NT )71/ %) by Chebyshev
inequality. For Ag, we apply the Jensen inequality and Assumption A.2*(i) to obtain

| X T T 2 A 2 c
L [||A2H2} =L (N Y = 73 ZZthuw> ZE (EZZOUZ}WS) < 73
=1 =1

It follows that A2 = Op (T *1) by Chebyshev inequality. In sum, we have shown % Zf\;l Tl =
Op(T~1 + (NT)™¥/2).

Next, we verify Assumption A.2(iv): S Tl = Op(N~! +(NT)_1/2) Let % = 2., — E(T4).
Then

T 1 T T

Z TEE(@) Z t = Az + Ay, say.
t=1 — =1

1

NT

For As, we have A3 = ZZ 1 E(%.4) ui. Note that E (A3) = 0 and

N N T T

2
B(1460°) < Faps 20 D0 D0 DB @) E (@) E ()
=1 j=1 t=1 s=1
N N T T
< N2T2 ZZZE|E uirujs)| = O((NT)™') by Assumption A.2*(iii).
i=1 j=1 t=1 s=1

Hence Az = Op ((N T )_1/ 2) by Chebyshev inequality. For A4, we have by Jensen inequality and
Assumption A.2*(ii)
2

T, NN L L NN .
ZWZZ$2}U]¢ STZE mzzx;‘tuﬁ Sm
t=1

t=1 i=1 j=1 i=1 j=1

M=

E | Ad?] = B

It follows that Ay = Op (N _1) by Chebyshev inequality. In sum, we have that %Zthl Tl =
Op(N~! + (NT)~Y/?).

Now, we provide a set of sufficient primitive conditions for Assumption A.2*(i).
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1+9) 1+6)

Assumption A.2* (i.a) max;; E sz‘t||4( < C and max;; & |uit\4( < oo for some § > 0;
(i.b) For each i = 1,..., N, {(x4,u;t), t > 1} is a strong stationary strong mixing process with

mixing coefficients «; () such that max; 327, 72q; (7)6/ (149) < ¢ for some C < oc.

Assumption A.2*(i.a) strengthens the moment conditions in Assumption A.1(i)-(ii) slightly for the
application of Davydov inequality. Assumption A.2*(i.b) requires that {(x;,u), t > 1} be strong
mixing. This condition is a standard condition assumed for dynamic panels when the individual
effect is assumed to be fixed. For example, for a dynamic panel autoregressive process of order one
(PAR(1)), it is strong mixing with the mixing coefficient «; (7) decaying to zero at a rate proportional
to |p|” as long as the autoregressive coefficient p is strictly less than 1 in absolute value. In this
case, Assumption A.2*(i.b) is automatically satisfied for all p € (—1,1). If the individual effect is
random, then we can replace the strong mixing condition by the corresponding conditional mixing
condition: {(x;,u), t > 1} is conditionally strong mixing with mixing coefficients «; (-) given the
individual effect. See Prakasa Rao (2009) for the definition of conditional strong mixing, and Hahn
and Kuersteiner (2011) and Su and Chen (2013) for the applications of conditional strong mixing in
dynamic panels.

We now show that Assumption A.2*(i.a)-(i.b) is sufficient for Assumption A.2*(i). By Cauchy-

Schwarz inequality,

1 T T
T D Tirtis

t=1 s=1

2 2

1
+2m?xE T Z TiplUis
1<t#s<T

2

max F <2max F
(2

7

T
>
= L Wit
T 1t

t=1

It is easy to see that under Assumption A1(i)-(ii), the first term on the right hand side of the above

equation is bounded from the above by

T
2 * 2 * 2
max — t_ZIE lxiuie]|” < QH%’E%XE |xhui]|” < C.
For the second term, by straightforward moment calculations for second-order degenerate U-statitics
2
(see, e.g., Lemma A.2(ii) in Gao (2007, p.194)), we have 2max; F < C under

1 * o
T Zlgt;ﬁng LjpUis

2
Assumption A.2*(i.a)-(i.b). Consequently, max; E H% ST ST || < C for some C < oo,

C.2 Verification of Assumptions A.4 and A.5

In this subsection, we verify the conditions in Assumption A.4(ii)-(iv) and A.5(i)-(iv) under some
primitive conditions when {u;,t > 1} is a generic stationary and invertible ARMA process. For
simplicity, we focus on the case where u;’s are independent along the cross-section dimension.

The invertibility of the ARMA process implies that we can write {u;;,t > 1} as an AR(o0) process
and approximate it by an AR(p) process for sufficiently large p :

o0 P o0
Uit = § pjUit—j + €it = E pPitit—j | + § pjUit—j + €t
J=1 j=1 Jj=p+1

/
= pu'i’tf]_ + vita
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where p = (pl, ...,pp)l, Uipq = (Wit—1ys oo Uit—p), Vit = Vitp + €ty Vitp = oo iept1 PjWit—j signifies
the approximation error, and e; is the error term with mean zero and variance ‘712,@' Note that
vitp = 0 if {uy,t > 1} is an autoregressive process of order p or less. Let e; = (eus, ...,ent) and
zy = (T14y .., zn¢) . Let #; (0,51, ..., 5,_1) denote the ath order joint cumulant of (eio,eisl...,eisaﬂ)

where s1, ..., 841, and a are integers. Let @ (-) be defined as in Section 2.3.

Assumption A.4* (i) Zjolpjz' # 0 for any complex number z with [2| < 1, 372, lpj| < oo,
pA(NTL 4+ T7Y) =0 (1), and (NT)2 3% 11 || = 0 (1).

(ii) For each i, {e;,t > 1} is strictly stationary and ergodic such that E (e;|F;—1) = 0 where

2
i,e?

o0 .
Yo =00 ki (0,81, .0y 8a-1) < C for a = 2,3,4; {zit, €it, i} are independent
along the individual dimension; + Zf\; 102, — 5% as N — 0.

(iil) E (eiras) = 0, E (eitler—1, -2, -y Aty M—1,-..) = 0, E(a}) < C, and E(\}) < C.

Fi1 =0 (e1—1,€1—2, ..., T, Ty—1...) is the o-field generated by {e;—1,€—2, ..., zr, x¢—1...}, E (e%t) =0
and max; » o

§1=—00 "

Assumption A.4*(i) is similar to Assumption A.4(i) except that now we do not impose any con-
dition on Amin (I'y) but require (NT)Y/? >t lp;| = O(1). Following Lee, Okui and Shintani
(2018, LOS hereafter), we can easily show that the condition on Ayin (I'p) is satisfied under Assump-
tion A.4%(i)-(ii). The condition (NT)'/? PRy lpi| =
(NT)I/2 D iepi ‘p]’ = 0(1) in LOS because we do not consider bias correction in our setup. As-

O (1) is weaker than the requirement that

sumption A.4*(ii) imposes that e;;’s are independent along the individual dimension and a martingale
difference sequence (m.d.s.) along the time dimension. The independence assumption can be relaxed
to allow for certain weak form cross-sectional dependence at more lengthy arguments. The m.d.s.
sequence is also assumed in Gongalves and Kilian (2007) in the time series setup and it is weaker than
the i.i.d. requirement in Lewis and Reinsel (1985) and LOS. Note that Assumption A.4*(ii) implies
that {u,t > 1} is a stationary process for each i, and can be represented by an infinite order moving
average (MA(c0)) process, and the approximation error vir, = > 222 . pjuit—; is well behaved in

the sense of mean square errors. Assumption A.4*(iii) is used to verify A.4(iv).

First, we verify Assumption A.4(ii). Assumption A.4*(i)-(ii) ensures that {u;} has mean zero
and finite fourth moment and £ (vir) = 3772 1) p; B (uir—j) + E(eir) = 0. Let ¢, = 3722 1 il -
Then v, = 0 if ¢, = 0. Without loss of generality, we assume that ¢, > 0. Note that Assumption
A.4%(i) implies that ¢, = O(NT)~'/2) = o(1) and >t }pjrl < max;j>pt1 ’pj’3cp <cy=o0(1).
Then by Jensen inequality

4 4
e}
H%%XE(vﬁ:’p) = n;z%XE Z PjUit—j <cpmaxE Z ;] i 5]
’ ’ j=p+1 j=p+1
. 4 . 4
< gmax 3 ol  Blujy) <Cc Y o] = o(1).
©og=ptl j=p+1

It follows that max; ¢ F(v Zt) < 8max;; E(vf; ,) + 8 max;; E(ej;) < C < oo. In addition, by the law of
large numbers, we have N—Tp SN Zt:pﬂ 2 = &2 +op (1), where 52 = limy_.0 + SN 07, So in

ta o A2 — =2
this case, 75 = 7Z.
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Next, we verify Assumption A.4(iii) for (;; = & as the case for (;; = 1 is easier. Noting that

Tit = Tit — L; ;1 P, we have

T Z Z Titvip = T Z Z xztvzt,p T Z Z Tireit —b11+b1 ,2, Say.

=1 t=p+1 i=1 t=p+1 i=1 t=p+1

Note that

E bl

AN
ISE
N

B v < 577 S5 {Blad) (B )

i=1 t=p+1 i=1 t=p+1

IN
Q
I'MS
3
o

~0 ((NT) 1/2)

where we use the fact that

o 2
max B [[#* = 2max Bl + 2max E|z;, . pl|

)

IN

QmaxEqugH +2maXZijpjl (4 Tit—jy)

731311
2

o
2n%%xEHxit||2 1+ Z}pj} <C <o

AN

and that by Assumption A.4*(i),

2

th = max Z Z pipy E(uit—juie ) < C Z !pj} :O((NT)_l).

J=p+1j'=p+1 J=p+l1

maxE
2t

It follows that b;; = Op ((NT)_1/2) by Markov inequality. For b; 2, we have E (b12) = 0 and for

any nonrandom vector w € R¥ with ||w|| = 1,

N T
1
Var (w'bm) = NT )2w’ZVar Z Titeir | w= S W Z Z Z %tfésez‘tez‘s)w
p i=

t=p+1 i=1 t=p+1 s=p+1

= 2w Z Z xltxztezt w=O0(NT,)™).

i=1 t=p+1

Then by » = Op ((NT)~'/2) by Chebyshev inequality. Consequently, we have shown that i~ NT SN ST
Iuvir = Op ((N T)_l/ 2) . Analogously, we can verify the last condition in A.4(iii).

=p+1

Next, we verify Assumption A.4(iv). Note that

N Z Z VitQy =

i=1 t=p+1

T

N
1T Z Z Vit,p®i + NT Z Z ety = ba1 + ba 2.
P it

t=p i=1 t=p+1
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2
By Assumption A.4*(iii), we have E (by2) = 0 and Var(by) = m ZfLE (EtT:erl eitozi> =
0] (N_l) . S0 ba2 =op (1). ba1 = op (1) by Markov inequality and the fact that

E’bQI‘_NTZZE‘thpaZ’<NTZZ {E (« v2 )}1/2<CZ !pj}—o

1=1 t=p+1 i=1 t=p+1 j=p+1
Similarly, we have

T

N T
N S Y o AtzNLzz pl® (DN + o= D2 S eal® (1) M) = by + b
i=1 p

i=1 t=p+1 t=p =1 t=p+1

Following the analysis of by 1, we can readily show that b3 1 = op (1) by Markov inequality. For bs o,
we have E (b32) = 0 and

Var (bg,g) = N21T2 Z Z: Z FE (eiteilt[CD (L) >\t]2) =0 (T_l) .

So 5372 = op (1) .
Next, we verify that Assumption A.5(i) is satisfied with o2 ; = 52. Noting that 7;. = TL,, ZtT:p 1 (Vitp
_ _ T _ T
+eit) = Uj.p + €. with 0;. , = Tip > t—pi1 Vit and &. = Tip > i—pt1 Cit, we have

N

N N N
T . oL, 2L
Np Z L Z (Bip)” + Np e+ Tp Z Ui p€i- = 01,1 + a12 + @13, say.

i=1 1:1 =1 i=1

a1 = op (1) by Markov inequality and the fact that

N T 2 T
1
E(ai1) = —p E E Vitp | < == g E E( ) <TmaxE( ltp)
N i=1 TP t=p+1 N i=1 t=p+1

CVT D ||| =o).

Jj=p+1

By Assumption A.4*(ii), E (a12) = NLTP SN ZtT:pH E (%) = NlTp SN 01276 =52 +0o(1) and

IN

T N 1 I 2 ;N T 2
Var (a12) = F’;Var Z Tp Z €t = NTTP ZVar Z it =0 (N—l) .
i=1 t=p+1 =1 t=p+1

It follows that a2 = 72 + op(1). By the Cauchy-Schwarz inequality, a3 <2 (a1,1a172)1/2 =op(1).
Then 22 SN (5:)% = 62 + 0p(1).
Next we verify that Assumptlon A5(il) is sat1sﬁed with &2 vo = = &2, Noting that .4 = % ZN 1 (it p

teit) = Vip + €4 With 0.4 = & lel Vitp and €4 = lel e;t, we have

N . N _ N L, 2N o
T, (84) = T Z (W) + T Z &+ = E Vipls = g1 + az2 + a3, say.
P t=p+1 Pt=p+1 P t=p+1 P i—pt+1



az1 = op (1) by Markov inequality and the fact that

N 2 T
E(a) = = Z E( Zvit,p> gTiZ Y E(v <NmaxE( V%)

Pi=p+1 i=1 P =1 t=p+1
2

CIVN Y ] =o0).

J=p+1

IN

By Assumption A.4*(ii), E (az2) = NT SV ST —pi1 E (%) = NlTp SN 01276 =62+ 0(1) and

N 2
N _
Var (az2) = ﬁVar Z ( Ze“) NT2 Z Var (Z €it> =0 (T 1) .
t=p+1 t=p+1 i=1
It follows that ag o = 52+ o0p(1). By Cauchy-Schwarz inequality, as3 <2 (a271a2,2)1/2 =op(1). Then

T SN2 -
% > tepr1 (04)° =2 +op(1).
To verify Assumption A.5(iii), note that

1 N 1 T T 1 N T T
— * _
~ E TV = NT2 E E E E :L'n Vis + NT? E E E T;Vis = a31 + ag2, say.
i=1 i=1 t=1 s=1 i=1 t=1 s=1
For a3 1, we have
N T T N T T
az1 = NT2 E E E E(xit) Visp + —= NT2 E E E E (zit) eis = a3 11 + az12, say.
i=1 t=1 s=1 =1 t=1 s=1

Under Assumption A.4*(i)-(ii), we can readily show that a1z = Op ((NT)~Y/2) by Chebyshev

inequality. For a3 11, we have

N
Elasi| < NT2 ZZZ |E (i) || |1E (vis p)| < Cmax [E vapH]l/2 = O((NT)*I/Z)_

T T
=1 t=1 s=1

Then ag1 = Op ((NT)*l/z) . For a3 2, we have

N T T , NTT
32 2§ > D :c;-“tvi&p—kmg d ) afei = aga1 + ag 2, say.

i=1 t=1 s=1 =1 t=1 s=1

Following the verification of Assumption A.2(iii), we can readily show that ags2 = Op (T"'). For

a3 21, we have

T
Z z2s7p 1/2<C, Z ‘PJ‘ _ NT)_1/2).

1 j=p+1

N N
Ellaga | < NT2 DD D I E(@visy) |<Cmgxzz

T T T
i=1 t=1 s=1 i=1 t=1 s=
It follows that a3 2 = Op ((NT)_l/2 + T_l) and % Zf\il ;. 0;. = Op ((NT)_l/2 + T_l) .
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To verify Assumption A.5(iv), note that

Tixtvt NQT Z ZZE Tit) Ugt+N2T Z szztvyt—a41+a42a say.

t=p+1 =1 j=1 t=p+1 =1 j=1

For a4, we have

N N N N
as) = N2T Z ZZE Tit) Ujsp+N2T Z ZZE Tit) €jt = a411 + a4,12, Say.

t=p+1 i=1 j=1 t=p+1i=1 j=1
Following the analysis of a1, we can readily show that a4 12 = Op ((N T)*l/ 2) by Chebyshev in-
equality. For a4 11, we have

T N N
1
Bloaal < 57 30 30D IE @)l |E ()] < Cmax [E [0, ]]]/* = (VD) ~72)

P =p+1 i=1 j=1

Then as1 = Op ((NT)*1/2) . For a4 2, we have

Q42 = N2T Z Z letvjt,p NQT Z Z sztejt = 421 1+ Q422, Say.

pt—p—l—lz 15=1 t=p+1 =1 j=1

Following the verification of Assumption A.2(iv), we can readily show that a422 = Op (N *1) . For

a4,21, we have

T
Bzl < g > Y Bl <m0 30 (B8,
t=p+1i=1 j=1 P t=pt+1i=1 j=1
< © 3 |o = 0UNT) ),

j=p+1

It follows that as2 = Op ((NT)*l/2 + Tfl) and Tipi.tz_}.t =Op ((NT)*l/2 + N*I) .

D Choice of p in the Modified Jackknife

As discussed in Remark 11 in the main paper, there are several practical approaches to choose p in
the modified jackknife method.

First, we can use a “rule of thumb” and let p increase with T', e.g., p = LTl/ 4], where LTl/ 4 is
the nearest integer less than or equal to T4,

Second, we can follow Lee, Okui, and Shintani (2018) by setting pmax = |T'/4| and consider a
general-to-specific testing procedure based on t-statistic until we reject the null. Specifically, we first

run the following auxiliary regression using the pooled OLS

(4 4 -
( ) — Pluz( t) 1 +F’2UE t) 9t e Tt Opay U Et) pmax T Vit

and test p, = 0 using t-statistics. If it is rejected, we conclude that p = pmax. If we fail to reject

it, we eliminate the pmaxth lag and run the regression with pmax — 1 lags, and test p, ;= 0. We
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(4)

continue this procedure until we reject the null. Note that here 4,,"’s are estimated. To take this
into account, Wooldridge (2010, p. 311) argues that for the pooled OLS, we should use the fully
robust standard errors (robust to both heteroskedasticity and serial correlation, see equation (7.26)
in Wooldridge (2010, p. 171)). Another issue is that we need to choose the nominal level to decide
whether to reject. In our simulations below, we choose the conventional 5% level.

Third, we can apply the information criteria, such as AIC and BIC, to the residuals obtained
from Model 4 (@Ef)) to determine p. For the implementation, see, e.g., Stock and Watson (2012,
Section 14.5). In general, BIC gives a consistent estimator of p, and AIC tends to choose a relatively
large p.

We conduct simulations to examine the finite sample performance of four methods above, labelled
as rule of thumb, testing, AIC, and BIC, respectively. We consider three DGPs which are the same
as those in Section 3.2 except that now the errors follow AR(1), MA(1) and ARMA(1, 1) processes,

respectively. Specifically, u;; is generated respectively as

DGP D.1: Uit = O.5ui7t_1 + eit,
DGP D.2: Uit = €5t + 0.561‘7,5_1, and
DGP D.3: Uit = O.75ui,t71 + €t + 0.561"1/,1,

where e;; is an N (0, 1) random variable.

Tables D1-D3 present the simulations results for DGPs D.1-D.3, respectively. For DGPs D.1 and
D.2 with AR(1) and MA(1) errors respectively, both CV* and CV** work well. For the ARMA errors,
CV* works well when T is large and outperforms CV** in general. This suggests that CV** which
is based on the Cochrane-Orcutt procedure relies strongly on the AR(p) assumption more. Among
the four methods of selecting p, there is no dominant one. When the sample size is large and CV* is

used, all four methods can select the true model with a high probability.

E Additional Simulation Results

E.1 Static panel models

We consider the same DGPs as in Section 3.2 except that here p = ;11 or % The results for p = % and
p= % are reported Tables E1 and E2, respectively.

First, consider p = 4—11, i.e., there is weak serial correlation in the error term. When 7' is relatively
large (T = 10 or T' = 50), our CV* and CV** perform best overall, as suggested by our theory.
Between CV* and CV**, it is not apparent which one dominates. For example, when the true model
is Model 1, CV** outperforms CV*, but when the true model is Model 2, CV* outperforms CV**.
When T is small, CV** can perform poorly. CV also performs reasonably well, as our theory suggests
that CV can consistently select the correct model when the serial correlation is weak (p < % for this
DGP). When T is small (T' = 5), CV can even outperform CV* and CV**. The performance of AIC
is slightly worse than that of CV. Both BIC (e.g., when the true model is Model 3 or 4) and BICs
(e.g., when the true model is Model 3) perform poorly.
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Second, consider p = % The results are similar to those in the case of p = % reported in the main
text. In general, CV* and CV** perform well when the sample size is large. The performance of CV,
AIC, BIC and BICy are all poor.

E.2 Dynamic panel models without exogenous regressors

We consider the same DGPs as in Section 3.3 except that here § = i or % The results for § = % and
6= % are reported Tables E3 and E4, respectively. In general, the results are similar to the case of

B = % presented in the main text.

E.3 Dynamic panel models with exogenous regressors

We consider the same DGPs as in Section 3.4 except that here § = ;11 or % The results for g = i

and 8 = % are reported Tables E5 and EG6, respectively. Again, in general, the results are similar to

the case of 8 = % presented in the main text.
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Table D1: Frequency of the model selected with selected p (DGP D.1: u; = 0.5u;4—1 + €ir)

Selection
of lag p True M Model 1 Model 2 Model 3 Model 4
in CV* Selected M M1 M2 M3 M4 |M1 M2 M3 M4|M1 M2 M3 M4 | M1 M2 M3 M4
and CV** (N,T)
(10,10) [ .21 .68 .01 .10|.01 .87 O 21 0 .01 .18 81| O 02 0 .98
AIC (50,10)( .04 87 0 .09| 0 .91 0 .09| 0 0 .03 97| 0 0 0 1
(10,50) | .27 .72 0 0 0 1 0 0 0 0 .22 78| 0 0 0 1
(50,50) | .04 96 O 0 0 1 0 0 0 0 .03 97| 0 0 0 1
(10,10) | .89 .11 0 0 .09 .91 0 0 36 .04 49 10| .51 .12 .01 .36
BIC (50,10) 1 0 0 0 20 .78 02 O .01 0 1 0 43 0 16 .42
(10,50) | .98 .02 0 0 0 1 0 039 b8 .03 0|37 62 0 .01
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,10) [ .08 .67 .02 .23 | 0 74 0 2510 .01 .09 90| O .01 0 .99
BIC, (50,10) .01 .87 0 .12| 0 .88 0 .13| 0 0 .01 99| O 0 0 1
(10,50) [ .22 .77 0 .01 0 99 0 .01 0 0 A8 82| 0 0 0 1
(50,50) | .06 .94 0O 0 0 1 0 0 0 0 .04 96| O 0 0 1
(10,10) [ .25 .69 .01 .05|.01 .93 0 061.01 .02 .28 69| 0 .03 .01 .97
Cv (50,10)| .06 .88 0 .06 0 .94 0 .06| O 0 .06 94| 0 0 0 1
(10,50) | .28 .72 0 0 0 1 0 0 0 0 .29 71| 0 0 0 1
(50,50) | .04 96 O 0 0 1 0 0 0 0 .05 95| 0 0 0 1
(10,10) [ .58 .36 .03 .03 | .03 .91 0 .061.01 .01 .61 .37 |.01 .01 .03 .95
cv* (50,10)| .69 26 .03 01| 0 .95 0 05| 0 0 .74 27| 0 0 0 1
rule (1050)| .87 13 o o]0 1 0 0|0 o0 .87 13|/ 0 0 0 1
of (50,50) | .99 .01 © 0 0 1 0 0 0 0 .99 01| 0 0 0 1
thumb (10,10) [ .81 .14 .04 .01] .42 .51 .05 .02].01 .01 .84 .14].01 .01 .58 .40
{TWJ CvV* (50,10)| .95 .01 .05 O [.31 .44 23 02| 0 0 .99 01| 0 0 .69 .31
(10,50) | .93 .07 O 01].00 .99 0 0 0 0 .95 06| O 0 .09 .91
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,10) [ .25 .69 .01 .05|.01 .93 0 061.01 .02 .28 69| 0 .03 .01 .96
cv* (50,10)| .06 88 0 .06| 0 .94 0 .06 O 0 .06 94| 0 0 0 1
(10,50) | .90 .10 O 0 0 1 0 0 0 0 .90 .10 O 0 0 1
BIC (50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,10) [ .25 69 .01 .05].01 .93 O .06[.01 .02 .28 69| 0 .03 .01 .96
cv** (50,10)1.06 88 0 06| 0 .94 0 .06]| 0 0 .06 94| 0 0 0 1
(10,50) [ .95 .05 0O 0 0 1 0 0 0 0 95 05| 0 0 .02 .98
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,10) | .31 .63 .02 .05 .01 .92 0 061.01 .02 .34 .64 | .01 .02 .01 .96
cv* (50,10)| .06 88 0 .06| 0 .94 0 .06 O 0 .06 94| 0 0 0 1
(10,50) [ .91 .09 O 0 0 1 0 0 0 0 .90 10| O 0 0 1
AIC (50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,10) | .32 62 .02 .05].09 .84 .01 .06|.01 .02 .35 .63|.01 .02 .11 .87
cv* (50,10)| .06 .88 0 .06| 0 .93 0 .06]| O 0 .06 94| 0 0 .01 .99
(10,50) | .95 .05 0O 0 0 1 0 0 0 0 96 .04| O 0 .02 .98
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,10) | .56 .38 .03 03|03 .91 O .06|.001 O .58 40|.01 .01 03 .95
Ccv* (50,10) | .69 .26 .03 .01| 0 .95 0 .05]| 0 0 .74 27| 0 0 0 1
(10,50) | .90 10 0 0 0 1 0 0 0 0 .89 11| O 0 0 1
Testing (50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,10) [ .74 .21 .04 .02 ] .40 .52 .05 .03|.01 O ST 221 .01 .01 .55 .43
cv* (50,10) ] .95 .01 .05 O 381 44 23 02] 0 0 99 01| O 0 .69 .31
(10,50) | .94 .06 O 0 0 1 0 0 0 0 .95 05| 0 0o .03 .97
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
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Table D2: Frequency of the model selected with selected p (DGP D.2: u;y = e; + 0.5€;,4—1)

Selection
of lag p True M Model 1 Model 2 Model 3 Model 4
in CV* Selected M M1 M2 M3 M4 |M1 M2 M3 M4|M1I M2 M3 M4 | Ml M2 M3 M4
and CV** (N,T)

(10,10) | .65 .36 .04 .05|.01 .88 0 111.01 .01 .53 45|.01 .01 .01 .97

AIC (50,10) | .59 .35 .02 .04| O .92 0 091 0 0 58 42 0 0 0 1

(10,50) | .65 .35 0 0 0 1 0 0 0 0 .57 43] 0 0 0 1

(50,50) | .73 27 0 0 0 1 0 0 0 0 .70 30( O 0 0 1
(10,10) | .99 .01 0 0 16 .84 0 0 35 .01 .63 .01|.75 .05 .01 .19
BIC (50,10) 1 0 0 0 46 .44 11 O 0 0 1 0 [.64 O 29 .07

(10,50) 1 0 0 0 0 1 0 049 43 .08 0 |.47 53 O 0

(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1

(10,10) [ .29 47 06 .18 0 .74 0 26| O 0 .31 68 0 0 0 1

BIC; (50,10) | .41 49 .03 .07| 0 .88 0 12| 0 0 .42 58| 0 0 0 1

(10,50) | .67 43 0 0 0 99 0 .01 0 0 49 51 0 0 0 1

(50,50) | .78 22 0 0 0 1 0 0 0 0 .75 25( 0 0 0 1
(10,10) | .62 .33 .03 .02 |.01 .94 0 051.01 .01 .65 .33(.02 .03 .01 .94

Ccv  (50,10) | .68 .27 .03 .02| 0 .94 0 06| O 0 .72 28] 0 0 0 1

(10,50) | .66 .34 0 0 0 1 0 0 0 0 .66 34| 0 0 0 1

(50,50) | .75 25 O 0 0 1 0 0 0 0 .75 25( 0 0 0 1
(10,10) | .82 .12 .04 .01 |.04 .91 0 051.01 0O .86 .13 | .02 .01 .04 .93

cv* (50,10) | .94 .01 .05 O 0 94 0 06| 0 0 99 01 0 0 0 1

rule (10,50) | .86 .14 0 0 0 1 0 0 0 0 87 131 0 0 0 1

of (50,50) | .99 .01 0 0 0 1 0 0 0 0 .99 01 0 0 0 1
thumb (10,10) [ .91 .04 .05 0 | .46 .45 .07 .02].01 0 .95 .04(.02 .01 .67 .31
{TWJ CvV*™ (50,10)| .94 0 .06 0 [.33 .27 39 01| 0 0O 1 0|0 0 .8 .16

(10,50) | .91 .09 0 0 0 1 0 0 0 0 .91 .09( 0 0 0 1

(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,10) | .62 .33 .03 .02 |.01 .94 0 051.01 .01 .65 .33(.02 .03 .01 .94

cv* (50,10) | .68 27 .03 .02 O 94 0 061 0 0 72 281 0 0 0 1

(10,50) | .92 .08 0 0 0 1 0 0 0 0 .92 .08( O 0 0 1

BIC (50,50) | .86 .14 0 0 0 1 0 0 0 0 .86 .14 0 0 0 1
(10,10) | .62 .33 .03 .02].01 .94 0 .051.01 .01 .65 .33 (.02 .03 .01 .94

cv** (50,10) | .68 27 .03 02| 0 .94 0 .06]| O 0 .72 28] 0 0 0 1

(10,50) | .93 .07 O 0 0 1 0 0 0 0 93 07| O 0 0 1

(50,50)| .86 14 0 o]0 1 0 o]0 o0 .86 4|0 0 o0 1

(10,10) | .62 .33 .03 .02 |.01 .93 0 061.01 .01 .64 .34|.02 .02 .01 .95

cv* (50,10) | .68 27 .03 02| 0 .94 0 .06( O 0 .72 28] 0 0 0 1

(10,50)| .89 11 0 o]0 1 0 0|0 0 .9 .20/0 0 0 1

AIC (50,50) | .99 .01 0 0 0 1 0 0 0 0 .99 01( 0 0 0 1
(10,10) | .64 31 .04 .02].05 .88 .01 .05].01 .01 .67 .31].02 .02 .08 .88

cv** (50,10) | .68 27 .03 .02| 0 .94 0 .06]| O 0 72 28( O 0 0 1

(10,50) | .93 .07 O 0 0 1 0 0 0 0 .93 07| 0 0 0 1

(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,10) | .80 .15 .04 .01].04 .91 0 .05].01 O .84 .15].02 .01 .04 .93

cv* (50,10) | .94 .01 .05 O 0 94 0 06| 0 0 .99 .01( 0 0 0 1

(10,50) | .86 .14 0 0 0 1 0 0 0 0 .87 .13 O 0 0 1

Testing (50,50) | .99 .01 0 0 0 1 0 0 0 0 .99 01( 0 0 0 1
(10,10) | .86 .09 .05 .01 [ .43 .49 .06 .03].01 O 91 08(.02 .01 .61 .36
cv* (50,10)1 .94 0 .06 O |.33 .27 39 .01]| O 0 1 0 0 0 .84 .16

(10,50) | .91 .09 0 0 0 1 0 0 0 0 .91 .09( 0 0 0 1

(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
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Table D3: Frequency of the model selected with selected p (DGP D.3: u; = 0.75u;1—1 + eir + 0.5€5,4-1)

Selection
of lag p True M Model 1 Model 2 Model 3 Model 4
in CV* ~ Selected M| M1 M2 M3 M4 |MI M2 M3 M4|MI M2 M3 M4 |MI M2 M3 M4
and CV** (N,T)
(1010)| 0 83 0 16| 0 .84 0 16| 0 17 0 8|0 .17 0 .82
AIC (5010)| 0 .8 o0 14| 0 .87 0 14| 0 0 o 1|0 0 o0 1
(1050)| .01 95 0 04| 0 .97 0 04| 0 32 .01 67| 0 32 0 .68
(50,50)| o .97 o 03| 0 .97 0 030 0 o0 1|0 0 0 1
(10,10) | .14 85 0 01 |.06 .93 0 .01|.17 66 .01 .17 |.15 68 0 .17
BIC (50,10)|.16 .84 0 0 |.02 .98 0 0 |.05 .05 .10 .80|.08 .05 0 .87
(1050) | .37 63 0 0 |03 .97 0 0 |.27 73 0 0|26 .74 0 0
(50,50)| .52 48 o0 0|0 1 0 0].20 5 .18 .12|.27 56 0 .17
(1010)] 0 74 0 26| 0 .74 0 26| 0 07 0 93]0 07 0 .93
BIC, (50,10)| 0 84 0 17| 0 .84 0 a7/ 0 0 o0 1|0 0 0 1
(1050)| .01 93 0 06| 0 .94 0 07| 0 21 .00 78| 0 21 0 .79
(50,50)| o 98 o0 02| 0 .98 0 .02/0 0 0 1|0 0 0 1
(10,10) | .01 88 0 11| 0 .89 0 11| 0 =27 .01 72|01 27 0 .72
cv (50,100 0 90 o0 .a1|lo0 .90 o0 a1lo0o o o 1|0 0o 0 1
(1050) | .02 96 0 02| 0 .98 0 02| 0 42 .01 56| 0 43 0 .57
(50,50)| o 98 o .02/ 0 .98 0 .02/0 0 0 1|0 0 0 1
(10,10) | .37 56 03 05|.14 79 0l 06|.0L 0 .41 58| 0 .01 .14 .85
cv* (50,10 | .41 51 .03 05]/.00 .90 0 08| 0 0 .46 54| 0 0 .01 .99
rule (1050) | .47 52 0 0 [.02 .97 0 01| 0 0 .48 52|/ 0 0 .01 .99
of (50,50)| .63 37 0 0|0 .99 0 01| 0 0 .62 38/0 0 0 1
thumb (10,10) [ .76 .19 04 02|72 .22 04 02] 0 0 .81 .19] 0 0 79 .20
{TWJ CvV*™ (50,10)| .92 03 .05 0 [.87 .04 09 0|0 0 .97 03| 0 0 .97 .03
(10,50)| .82 18 0 0|49 .51 0 0|0 o0 .82 8|0 0 .64 .37
(50,50) | .96 04 0 0 |46 .54 0 0|0 0 .97 .03/ 0 0 .71 .29
(10,10) | .29 61 02 08|.10 .79 0l .10|.0l 0l .33 65| 0 .02 .10 .88
cv* (50,10) | .38 53 .03 .06|.00 .89 0 .09/ 0 0 .42 58| 0 0 .01 .99
(10,50) | .52 48 0 0 |.03 .96 0 .01| 0 0 .52 48| 0 0 .01 .99
BIC (5050)|.79 21 0 o]0 1 0o o]0 o .78 22/0 0 o0 1
(10,10) [ .62 .30 03 05| .59 .33 03 05| 0 0L .67 31| 0 .01 .66 .33
oV (50,10) | .73 21 .04 .03[.69 .21 .07 03| 0 o0 .77 23| 0 0 .77 .23
(1050)| .85 15 0 0 |.56 .44 0 0|0 0 .8 .15/ 0 0 .69 .31
(5050)| .97 03 0 0 |73 .27 0 0|0 0 .98 .02/ 0 0 .8 .16
(10,10) | .17 72 02 10|.05 .83 0l 11| 0 0 .21 79| 0 0 .06 .04
cv* (50,10)| .04 8 0 11| 0 .88 0 .12/ 0 0 .04 9|0 0 0 1
(1050) | .48 52 0 0 [.02 .97 0 01| 0 0 .49 51| 0 0 .01 .99
AIC (5050)| .63 37 0 0|0 .99 0 01| 0 0 .62 38/0 0 0 1
(10,10) | .56 .37 .03 04| .50 .43 03 04| 0 0 .64 36| 0 0 .60 .40
cv*™ (50,10) | .54 40 .04 03| .41 .49 07 03| 0 0 .59 41| 0 0 .53 .47
(1050) | .84 16 0 0 |53 .47 0 0|0 0 .84 16| 0 0 .67 .33
(50,50)| .96 04 0 0 |47 53 0 0|0 0 .97 .03/ 0 0 .71 .29
(10,10) | .37 56 .03 .05].14 .79 01 .06].01 0 .41 58| 0 .01 .14 .85
cv* (50,10 | .41 51 .03 .05]/.00 .90 0 .08| 0 0 .46 54| 0 0 .01 .99
(10,50) | .47 52 0 0 [.02 .97 0 01| 0 0 .48 52| 0 0 .01 .99
Testing (5050) | .63 37 0 0|0 .99 0 .01|]0 0 .62 380 0 0 1
(10,10) | .76 19 04 02| .72 .22 04 02| 0 0 .81 19| 0 0 79 .20
oV (50,10)| .92 03 .05 0 |87 .04 09 0|0 0 .97 03| 0 0 .97 .03
(10,50)| .82 18 0 0|49 .51 0 0|0 o0 .82 8|0 0 .64 .37
(50,50) | .96 04 0 0 |46 .54 0 0|0 0 .97 .03/ 0 0 .71 .29
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Table E1: Frequency of the model selected: static panels, p =1/4

True M Model 1 Model 2 Model 3 Model 4
Selected M M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
(N,T)
(10,5) .53 .31 .06 .10 .02 .78 .01 .20 .03 .02 .51 .43 .02 .05 .02 .91
(50,5) .69 .20 .06 .05 0o .82 0 .18 01 0 .73 .26 0 0 0 1
AIC (10,10) .61 .32 .03 .04 .01 .89 0 .10 .01 0 .58 .42 0 .01 .01 .98
(50,10) .76 .19 .03 .02 0 92 0 .09 0 0 77 .24 0 0 0 1
(10,50) .72 .28 0 0 0 0 0 0 0 .63 .37 0 0 0 1
(50,50) .86 .15 0 0 0 0 0 0 0o .83 .17 0 0 0 1
(10,5) .98 .02 .01 ©0 36 .61 .02 .01 25 .01 .72 .03 .61 .04 .05 .30
(50,5) 1 0 0 0 b3 .01 46 0 03 0 .97 0 b5 0 45 0
BIC (10,10) 1 0 0 0 A1 .89 0 0 24 0 .75 .01 .65 .05 .01 .29
(50,10) 1 0 0 0 31 .59 .10 0 0 0 1 0 b1 0 .33 .16
(10,50) 1 0 0 0 0 0 0 37039 24 0 38 .60 0 .02
(50,50) 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1
(10,5) .20 .40 .07 .33 0 .58 0 41 .01 .02 .23 .74 0 .03 0 .96
(50,5) .40 .41 .05 .14 0 .76 0 .24 0 0 .42 .58 0 0 0 1
BIC, (10,10) .34 .43 .08 .16 0 .74 0 .26 0 0 .37 .63 0 0 0 1
(50,10) .59 .33 .04 .04 0O .89 0 .11 0 0 .59 41 0 0 0 1
(10,50) .65 .35 0 0 0 0 .01 0 0 .54 .46 0 0 0 1
(50,50) .88 .12 0 0 0 0 0 0 0o .87 .13 0 0 0 1
(10,5) 67 .24 .06 .03 04 .86 .02 .09 .05 .02 .69 .24 .09 .06 .05 .80
(50,5) .84 .08 .06 .01 0 .90 0 .10 01 0 .90 .09 0 0 0 1
cv  (10,10) .69 .27 .03 .01 01 95 0 .04 .01 .01 .71 .27 0 .02 .01 .97
(50,10) .84 .13 .03 .01 0 95 0 .05 0 0o .87 .13 0 0 0 1
(10,50) .73 27 0 0 0 0 0 0 0 .72 .28 0 0 0
(50,50) .87 .13 0 0 0 0 0 0 0o .87 .13 0 0 0
(10,5) 59 32 .05 .04 03 .85 .02 .10 .05 .03 .61 .31 .08 .07 .04 .81
(50,5) .67 .26 .05 .03 0o .89 0 .11 0 0 .72 .28 0 0 0 1
cv* (10,10) .72 .23 .03 .01 01 .94 0 .05 .01 .01 .75 .23 .01 .02 .01 .96
(50,10) .89 .07 .04 0 0 95 0 .05 0 0 .93 .07 0 0 0
(10,50) .94 .06 0 0 0 0 0 0 0 .94 .06 0 0 0
(50,50) 1 0 0 0 0 0 0 0 0 1 0 0 0 0
(10,5) 67 .24 .06 .03 09 .79 .03 .09 .06 .03 .68 .23 10 .07 .10 .73
(50,5) .87 .06 .07 .01 06 .77 .08 .09 01 0 .93 .06 0 .01 .17 .82
cv** (10,10) .74 .22 .04 .01 10 .84 .02 .05 .01 0 .76 .22 .01 .02 .15 .82
(50,10) .90 .06 .04 O 03 .88 .06 .04 0 0 .94 .06 0 0 .16 .84
(10,50) .95 .05 0 0 0 0 0 0 0 .96 .04 0 0 0
(50,50) 1 0 0 0 0 0 0 0 0 1 0 0 0 0
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Table E2: Frequency of the model selected: static panels, p = 1/2

True M Model 1 Model 2 Model 3 Model 4
Selected M M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
(N,T)
(10,5) .18 .62 .02 .18 01 77 0 .22 .02 .03 .17 .78 .01 .05 .01 .94
(50,5) .02 .79 0 .19 0 .81 0 .19 0 0 .02 .98 0 0 0 1
AIC (10,10) .21 .68 .01 .10 01 .87 0 .12 0 .01 .18 81 0 .02 0 .98
(50,10) .04 .87 0 .09 0 91 0 .09 0 0 .03 .97 0 0 0 1
(10,50) .27 .72 0 0 0 0 0 0 0 .22 .78 0 0 0 1
(50,50) .04 .96 O 0 0 0 0 0 0 .03 .97 0 0 0 1
(10,5) .78 21 0 .01 21 .77 .01 .02 27 .04 47 22 42 .08 .03 .47
(50,5) 1 0 0 0 b5 .16 .30 0 05 0 95 0 62 0 .33 .05
BIC (10,10) .89 .11 0 0 09 91 0 0 36 .04 .49 .10 b1 12 .01 .36
(50,10) 1 0 0 0 20 .78 .02 0 01 0 1 0 43 0 .16 .42
(10,50) .98 .02 0 0 0 0 0 39 58 .03 0 37 .62 0 .01
(50,50) 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1
(10,5) .05 .55 .02 .39 0 .59 0 41 0 .02 .05 .93 o .02 0 .97
(50,5) 0o .75 0 .25 0o .75 0 .25 0 0 0 1 0 0 0 1
BIC, (10,10) .08 .67 .02 .23 0O 714 0 .25 0 .01 .09 .90 0o .01 0 .99
(50,10) .01 .87 0 .12 0O .88 0 .13 0 0 .01 .99 0 0 0
(10,50) .22 .77 0 .01 0 99 0 .01 0 0 .18 .82 0 0 0
(50,50) .06 .94 0 0 0 1 0 0 0 0 .04 .96 0 0 0
(10,5) .28 .63 .03 .07 02 .89 0 .09 .04 .06 .30 .61 .03 .08 .02 .87
(50,5) .07 .82 .01 .11 0O .88 0 .12 0 0 .08 .92 0 .01 o0 1
cv  (10,10) .25 .69 .01 .05 01 .93 0 .06 .01 .02 .28 .69 0o .03 .01 .97
(50,10) .06 .88 0 .06 0 .94 0 .06 0 0 .06 .94 0 0 0
(10,50) .28 .72 0 0 0 0 0 0 0 .29 71 0 0 0
(50,50) .04 .96 O 0 0 0 0 0 0 .05 .95 0 0 0
(10,5) .29 .62 .03 .07 02 .88 0 .10 .03 .05 .31 .61 .04 .07 .03 .86
(50,5) .10 .79 .01 .11 0O .88 0 .12 0 0 .11 .89 0 0 0 1
cv* (10,10) .56 .38 .03 .03 03 91 0 .06 01 0 .58 .40 .01 .01 .03 .95
(50,10) .69 .26 .03 .01 0 95 0 .05 0 0o .74 27 0 0 0
(10,50) .90 .10 0 0 0 0 0 0 0o .89 .11 0 0 0
(50,50) 1 0 0 0 0 0 0 0 0 1 0 0 0 0
(10,5) .34 .56 .04 .06 11 .77 .02 .09 .04 .05 .36 .55 .04 .07 .13 .76
(50,5) .17 .71 .02 .10 09 .76 .05 .10 0 0 .19 .80 0 0 .14 .86
cv** (10,10) .74 .21 .04 .02 40 .52 .05 .03 or o .77 .22 .01 .01 .55 .43
(50,10) .95 .01 .05 O 31 .44 .23 .02 0 0 .99 .01 0 0 .69 .31
(10,50) .94 .06 0 0 0 1 0 0 0 0 .95 .05 0 0o .03 .97
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
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Table E3: Frequency of the model selected: dynamic panels without exogenous regressors, 8 = 1/4

True M Model 1 Model 2 Model 3 Model 4
Selected M M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
(N,T)
(10,5) .66 .19 .08 .08 04 74 0 .21 .05 .01 .65 .29 0 .05 .04 .91
(50,5) .88 .03 .08 .01 0o .85 0 .15 0 0 .95 .04 0 0 0 1
AIC (10,10) .85 .10 .04 .02 .01 .91 0 .09 .01 0 .85 .15 0o .01 0 .99
(50,10) .96 0 .04 O 0O .93 0 .07 0 0 .99 .01 0 0 0 1
(10,50) .95 .05 O 0 0 1 0 0 0 0 .92 .08 0 0 0 1
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,5) .99 0 0 0 71 .27 .01 .01 21 0 .79 O 14 .04 .56 .27
(50,5) 1 0 0 0 1 0 0 0 03 0 .97 0 02 0 98 0
BIC (10,10) 1 0 0 0 41 .59 0 0 1 0 .89 O .07 .05 .31 .57
(50,10) 1 0 0 0 1 0 0 0 0 0 1 0 0 0 1 0
(10,50) 1 0 0 0 0 1 0 0 08 0 92 0 0o .08 0 .92
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,5) .28 .34 .10 .28 0 .60 0 .40 .01 .01 .36 .62 0o .02 0 .98
(50,5) 71 .15 .09 .05 o .78 0 .22 0 0o .79 .21 0 0 0 1
BIC, (10,10) .57 .22 .12 .09 0 .76 0 .24 0 0 .65 .34 0 0 0 1
(50,10) .92 .02 .06 O 0o .89 0 .11 0 0 .97 .03 0 0 0 1
(10,50) .93 .07 0 0 0 1 0 0 0 0 .89 .12 0 0 0 1
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,5) 79 .12 .08 .02 09 .80 .01 .10 .07 .01 .81 .12 .01 .07 .13 .79
(50,5) .91 .01 .08 O 0o .92 0 .08 01 0 .99 .01 0 0 .01 .99
(6AY (10,10) .89 .08 .03 .01 01 .95 0 .04 01 0 .91 .08 0 .01 .01 .98
(50,10) .96 0 .04 O 0 96 0 .04 0 0 1 0 0 0 0 1
(10,50) .96 .05 O 0 0 1 0 0 0 0 .96 .05 0 0 0
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
(10,5) 85 .06 .08 .01 24 .65 .03 .09 .07 .01 .87 .06 .02 .05 .30 .63
(50,5) .92 0 .08 O 12 .80 .02 .06 01 0 .99 0 0 0 .16 .84
CvV-BC (10,10) .92 .05 .03 .01 02 .94 0 .04 01 0 .94 .05 0 01 .02 .97
(50,10) .96 0 04 0 0 96 0 .04 0 0 1 0 0 0 0
(10,50) .96 .04 0 0 0 1 0 0 0 0 .96 .04 0 0 0
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
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Table E4: Frequency of the model selected: dynamic panels without exogenous regressors, 8 = 1/2

True M Model 1 Model 2 Model 3 Model 4
Selected M M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
(N,T)
(10,5) .56 .27 .06 .11 .06 .73 .01 .21 .04 .02 .54 .40 .01 .04 .06 .90
(50,5) .78 .12 .07 .03 o .85 0 .15 0 0 .84 .15 0 0 0 1
AIC (10,10) .80 .14 .04 .02 .01 .91 0 .09 .01 0 .78 .22 0 .01 .01 .99
(50,10) .94 .02 .04 O 0O .93 0 .07 0 0 .98 .02 0 0 0
(10,50) .95 .05 O 0 0 1 0 0 0 0 .92 .09 0 0 0
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
(10,5) .98 .01 0 0 .82 .17 .01 .01 21 0 .78 .02 15 .03 .65 .18
(50,5) 1 0 0 0 1 0 0 0 02 0 .98 0 02 0 98 0
BIC (10,10) 1 0 0 0 76 .24 0 0 12 0 .88 0 10 .02 64 .24
(50,10) 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0
(10,50) 1 0 0 0 0 1 0 0 09 0 92 0 0o .07 0 .93
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,5) .19 .42 .07 .32 0 .60 0 .40 .01 .02 .25 .73 0o .02 .01 .97
(50,5) 48 .35 .07 .10 o .77 0 .23 0 0 .B3 .47 0 0 0 1
BIC, (10,10) .51 .28 .09 .12 0 .76 0 .24 0 0 .B5 .45 0 0 0 1
(50,10) .88 .05 .06 .01 0 .90 0 .10 0 0 .94 .06 0 0 0 1
(10,50) .92 .08 0 0 0 1 0 0 0 0o .87 .13 0 0 0 1
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,5) 70 .20 .07 .04 13 .75 .02 .09 .06 .02 .73 .20 .01 .07 22 .70
(50,5) 88 .04 .08 0 03 .89 .01 .07 0 0 .97 .03 0 0 .05 .95
(64 (10,10) .84 .12 .03 .01 01 .95 0 .04 01 0 .88 .11 0 01 .03 .96
(50,10) .95 .01 .04 O 0 96 0 .04 0 0 .99 .01 0 0 0 1
(10,50) .95 .05 0 0 0 1 0 0 0 0 .95 .05 0 0 0
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
(10,5) .79 .12 .08 .02 39 .50 .05 .06 .06 .01 .83 .11 .03 .05 .46 .46
(50,5) .91 .01 .08 O 40 .50 .05 .05 01 0 .99 0 0 0 .47 .53
CvV-BC (10,10) .91 .06 .03 0 .09 .87 .01 .04 01 0 .93 .06 0 .01 .14 .85
(50,10) .96 0 04 0 0 96 0 .04 0 0 1 0 0 0 0
(10,50) .96 .04 0 0 0 1 0 0 0 0 .96 .04 0 0 0
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
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Table E5: Frequency of the model selected: dynamic panels with exogenous regressors, 8 = 1/4

True M Model 1 Model 2 Model 3 Model 4
Selected M M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
(N,T)
(10,5) .59 .18 .11 .13 .09 .62 .04 .26 .05 .02 .60 .33 .04 .05 .11 .80
(50,5) .87 .03 .09 .01 .01 .77 .02 .20 0 0 .96 .04 0 0 .05 .95
AIC (10,10) .81 .11 .05 .03 .01 .88 .01 .11 0 0 .80 .20 .01 .01 .02 .96
(50,10) .95 0 .04 O 0 91 0 .09 0 0 1 0 0 0 0
(10,50) .94 .06 O 0 0 1 0 0 0 0 .91 .09 0 0 0
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
(10,5) .99 .01 .01 0 78 .18 .03 .02 26 0 .72 .02 49 .02 36 .13
(50,5) 1 0 0 0 9 0 .04 O 03 0 .97 0 09 0 92 0
BIC (10,10) 1 0 0 0 68 .32 0 0 23 0 .77 0 71 .01 17 a1
(50,10) 1 0 0 0 0 0 0 0 0 1 0 02 0 98 0
(10,50) 1 0 0 0 0 1 0 0 38 28 .33 0 79 .18 0 .03
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,5) .26 .29 .10 .36 01 .49 .01 .48 .02 .02 .32 .65 0 .03 .02 .95
(50,5) .72 .11 .12 .06 o .71 0 .29 0 0o .81 .19 0 0 0 1
BIC, (10,10) .55 .21 .12 .13 o .71 0 .28 0 0 .62 .38 0 0 0 1
(50,10) .91 .01 .07 0 o .87 0 .13 0 0 .98 .02 0 0 0 1
(10,50) .92 .08 0 0 0 1 0 0 0 0o .87 .13 0 0 0 1
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
(10,5) 79 .10 .09 .02 31 .54 .07 .08 .10 .01 .79 .10 16 .07 .35 .43
(50,5) .92 0 .08 O 10 .73 .10 .08 01 0 99 0 0 0o .27 .73
(64 (10,10) .91 .06 .02 .01 03 .93 .01 .03 .01 .01 .92 .06 .03 .02 .09 .86
(50,10) .96 0 .04 O 0 96 0 .04 0 0 1 0 0 0 0 1
(10,50) .95 .05 0 0 0 1 0 0 0 0 .95 .05 0 0 0
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
(10,5) .87 .02 .10 .01 60 .22 .14 .04 A1 0 .87 .02 25 .02 .59 .15
(50,5) .92 0 08 0 30 .33 .31 .06 01 0 .99 0 .01 0 .66 .33
CV-BC (10,10) .95 .03 .03 0 .08 .88 .01 .03 .01 .01 .95 .03 .04 .02 .18 .76
(50,10) .96 0 04 0 0 96 0 .04 0 0 1 0 0 0 0
(10,50) .96 .04 0 0 0 1 0 0 0 0 .96 .04 0 0 0
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
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Table E6: Frequency of the model selected: dynamic panels with exogenous regressors. 8 =1/2

True M Model 1 Model 2 Model 3 Model 4
Selected M M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
(N.T)
(10.5) .50 .25 .09 .16 A1 .59 .04 .26 .05 .03 .50 .43 .03 .05 .13 .79
(50.5) .81 .08 .08 .03 .04 .71 .03 .22 0 0o .87 .12 0 0 .07 .92
AIC (10.10) .77 .14 .05 .04 .04 .85 .01 .11 0 0 .76 .24 .01 .01 .06 .93
(50.10) .95 .01 .04 O 0O 90 0 .10 0 0 .99 .01 0 0 0
(10.50) .94 .06 O 0 0 1 0 0 0 0 .90 .10 0 0 0
(50.50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
(10.5) .97 .02 .01 ©0 .83 .14 .02 .01 27 .01 .70 .03 42 .02 44 12
(50.5) 1 0 0 0 99 0 .01 O 03 0 .97 0 05 0 95 0
BIC (10.10) 1 0 0 0 87 13 0 0 24 0 .76 O .63 .01 .29 .07
(50.10) 1 0 0 0 1 0 0 0 0 0 1 0 01 0 99 o0
(10.50) 1 0 0 0 01 1 0 0 40 27 .33 0 92 06 0 .02
(50.50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 .01 .99
(10.5) .19 .34 .07 .40 02 .48 .01 .49 .01 .02 .23 .73 0 .03 .02 .94
(50.5) .56 .22 .09 .13 0O .68 0 .32 0 0 .62 .38 0 0 .01 .99
BIC, (10.10) .50 .26 .10 .14 0o .71 .01 .28 0 0 .55 .45 0 0 .01 .99
(50.10) .89 .03 .07 .01 0O .86 0 .14 0 0 .95 .05 0 0 0
(10.50) .91 .09 0 0 0 1 0 0 0 0 .87 .14 0 0 0
(50.50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
(10.5) 75 13 .08 .04 37 .48 .07 .08 10 .02 .75 .13 14 .07 40 .40
(50.5) .90 .01 .08 O 23 .58 .10 .09 01 0 .98 .01 0 0 .39 .61
(64 (10.10) .87 .10 .02 .01 08 .88 .01 .03 .01 .01 .88 .10 .03 .02 .18 .78
(50.10) .96 0 .04 O 0 .95 0 .04 0 0 1 0 0 0 .01 .99
(10.50) .95 .05 0 0 0 1 0 0 0 0 .95 .05 0 0 0
(50.50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
(10,5) .86 .03 .10 .01 68 .17 .12 .03 .11 .01 .86 .03 21 .02 .66 .11
(50,5) .92 0 08 0 b5 .15 .26 .04 01 0 .99 0 0 0 .83 .17
CV-BC (10,10) .94 .03 .03 0 .26 .68 .02 .04 .02 .01 .94 .04 .04 .02 .40 .54
(50,10) .96 0 04 0 04 .88 .02 .06 0 0 1 0 0 0o .11 .89
(10,50) .96 .04 0 0 0 1 0 0 0 0 .96 .04 0 0 0
(50,50) 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
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