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THIS APPENDIX PROVIDES PROOFS FOR TECHNICAL LEMMAS IN THE ABOVE PAPER.

Let C signify a generic constant whose exact value may vary from case to case. Let
D ={(xit, f1t, for) :i=1,--- ,n,t =1,--- T} Let Ep (") and Varp (*) denote the condi-

tional expectation and conditional variance given D, respectively.

A Lemmas used in the proofs for section 4

In this appendix, we prove several lemmas that are used in the proof of the main results in
Section 4. Note that T 'pimpp; = T 'pip; — T~1 ’-h(h’h)flpzh Recall Qipp = E (pitdly),

Qiph = E (pithy) , Qny = E (hihy) , and Qi = Qipp — leth szh For notational simplicity,
we have suppressed the dependence of Q;, Qipp, and Q;pn, on K, T, or n. The following lemma

studies the properties of pip;, pih, and pimyp;.

Lemma A.1 Suppose Assumptions 1-2 and 3(iv) hold, then
(1) BT~ pipi — Qippl|* = O(K?/T);
(i) BT~ 'pih — Qipn|* = (K/T)'
(i) [T~ pimnpi — Qil| = Op(K/VT);
(1) Amax (Pymnpi/T) = Amax (Qi) + Op(K/VT) = 0y (1);
(v) Amin (Pmnpi /T) > Amin (Qi) /2 with probability approaching 1 (w.p.a.1).

Proof. (i) Let Qipp ji denote the (j, k)th element of Qjpp. Then
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Noting that E[p;(zi)pr(zit)] = Qippjk, by Assumption 3(iv) and the Cauchy-Schwarz in-
equality
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TZZE{[p] zi)pr(za)*} < E ZZ{ELPJ zi1)] 1/2 {Epp(a }1/2

Jj=1k=1 j=1 k=1
< CK?/T =O(K?/T).

By Assumptions 1(i)-(ii) and 2(i)-(ii), {zs,t > 1} is also a-mixing with mixing coefficients
@; (j) = max{a; (j),a0(4)}. Then by Assumption 3(iv) and the Davydov inequality (e.g.,
Bosq, 1996, pp. 19-20) for a-mixing processes, we have
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< )/ ) = O(K?/T),

where ¢, = 2(4+20/(440) (4 4 p)) /n. Hence E | T~ plpi — QiPPH2 =0 (K*/T).

(ii) The proof is similar to the case of (i) and thus we only sketch it. Let Qpn jr denote
the (j, k)th element of @, and hy i, denote the kth element of the (g1 + d + 1)-vector hy. By
the remark after Assumption 2, h; has finite (4 + n)th moments. Then by Assumption 3(iv),
the Cauchy-Schwarz inequality, and the Davydov inequality
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(iii) By repeated use of the triangle inequality and mj, = Iy — h (W h)_1 I, we have
_ _ _ -1 _
T~ pmnps — Qill = “jﬂlpﬁ%—-qu)“(T 'pih (I'h) h&”_'Q@thgQ%h>H
172 = Qupol| + [T 01 ()™ Wi — Qupn @ Q|
1
< 17 pls = Qu |+ | (T ih — Qugn) (W)™

Qi (T WA = Qual T Wil + || Qign Qi (T Wi = Qi) |
= Aiz+ Aia+ Ais + Ajs.
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By (i) and Assumption 3(iv), E[Ai] = O(K/VT), so Aiz = O,(K/VT). Noting that
E | T-'n||" = 0(9),
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(T 9k = Qupn) ||| (1) || |7t
= O,(VE/T)0,(1)0,(VE) = O,(K/VT).

Similarly, using the fact that T h'h — Qun = Op(T~/?) under Assumption 1 and that
| T~1pin|| = 0,(VK), we can show that A;5 = O,(K/V/T) and A;s = O,(K/V/T). Tt follows
that |[T~plmups — Qull = Op(K/VT).

(iv) By (iii) and Assumption 3(iv),

Amax (Dimnpi/T) = ”gﬁaﬂ%Qﬂ¢+}f( Pimapi/T — Qi) »}
< )\max ’L) + Hpgmhpi/T - QZH

= Amax (Qi) + Op(K/VT) = 0, (1).
(v) By (iii) and Assumption 3(iv),

Amin (Pimnpi/T) :|ﬁﬁ{/@%+M@WWWT Qi) »}
Z )\mln 7, szmhpz /T Qz ’ ’

= Amin (Qi) — Op(K/VT) > Amin (Qi) /2 w.a.p.1.
|
Lemma A.2 Suppose Assumptions 3(i)-(iii) hold, then T~ E ||g; — piag,||* = O(K~2}/4),

Proof For a square integrable function a : &; — R, define the Hilbert norm ||all, =
{[al( ) dz}'/2, where recall f; (z) is the density of z;. By Assumptions 3(i) and (iii),
for g,() € Aé (X, wi), there exists xgi(") = o/gl,pK (") € A (X;,w;) such that for any
fixed ; > w; + \; we have

19() = Moorp™ ()|, = sUP ‘[gi(iﬂ) —a ™ (@)] [1+ ||2]*] /2] < KN4

00,W;
T zeX;



Then by Assumption 3(iii) with W; = w; + \; + ¢; for a small number ¢; > 0,
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Lemma A.3 Suppose Assumptions 1(i), (v), (vi), and (viii) hold, then nE [vv'] < Clr and
nE [gg'] < Clp for some C < oo, where T = (v1,V2,-- ,vr) and € = (1,82, ,27)".

Proof. We only prove the first part since the other case is similar. Without loss of
generality, we assume d = 1 here. Then by Assumption 1(v), E(wv,) = n= 23" ;| E(vitvis)
for t,s =1,2,---,T. By Assumptions 1(i), (vi), and (viii) and the Davydov inequality, with
=4+,

d -1 . 2%~ 2/%7 1 1 2/~ Y12/
Zn Z |E(virvis)| < Zn Za {E |va|™}
= i=1
2272/ 3 n_ B
< T s (Bl S () = <
=1 7=0
Let C' > ¢y. Let a = (a1,as,- - ,ar) be an arbitrary T-vector. Then
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That is, CIy — nFE [o0'] is positive semidefinite (p.s.d.) for some finite number C. ®

Lemma A.4 Suppose Assumptions 1(iii), (i) and (vii), 2(i)-(ii), and 3(iv) hold, then
E HT‘lp;mhsiHQ =O(K/T).



Proof. First, by Assumptions 1(iii)-(iv) and 2(i)-(ii), &; is independent of zj, t =
1,2,---T, and thus of p;. Combined with the fact that tr(AB) < Apax (A)tr(B) for p.s.d.
matrix B and symmetric matrix A and Assumptions 1(vii) and 3(iv), this implies

E [eipipies] = Eltr(pipiEp(eic;))] = Eltr(pip; Vi)
< )\max (\Ili,T) E ||pZH2 =0 (KT) :

Noting that Apax (mp) = 1, we have

_ 2 _ _
E HT 1p§mh£i“ = T7%E [tr (sémhpip;mhsi)] = T7%E [tr (mhpip;mheisg)]
< T2E [tr (pip'imhsis'i)] =T7%E [tr (mheisgpip;)]
< T2E[tr (sigipipi)] = T °E [ejpiviei] = O (K/T).
[ ]
Recall hy = (f1;,7},7,) . Let 2z = (f14, f5;)'. Then by (2.4) in the text, we have
hy = F,Zt + EI, (Al)
where
Ith F1 71
1—‘ — q1_><d q1><1 , 6:’ — ( O, 62 ?t +gt ) . (A2)
(a1+g2)x (@1 +d+1) 0 I'y Yo 1% (q1+d+1)x1 Ixa1 14 1x1
92Xq1  goxd g2 x1
Let z = (21, 22,- -+ , 27)’, and % = (v}, 73, -+ ,U)". We can rewrite (A.1) in matrix form

h=2+7" (A.3)
The following two lemmas study the approximation error due to the replacement of zI" by h.

Lemma A.5 Suppose Assumptions 1, 2(i)-(ii) and 3(iv) hold, then

(i) E|| T~ pih — T~1pial|| = \/K_/n)'

(it) B || T~ f5h — T~ f320|| = O(1/y/n);

(iti) E || T~ (Wh —T"2'2D)|| = O(1/y/n).

If in addition Assumption 2(iii) holds, then

(iv) myfo =0 w.p.a.1 as n — oo, where b=z’ and mp = Ip — b (H'b) 1 V/;

(W) |7~ (i f2 — pimw f2)vai ]| = Op(V/K /1)

(vi) HT (pimpe; — plmpe; H = p(\/K/nT).

Proof. (i) By (A.3),

T phh = T Ypl2T + T plw*. (A.4)

Recall © = (v1,09,- -+ ,0p) and € = (81,82, ,27)". Let § = (91,79, - ,gr)’- Noting that

= (0/,7},G; + &), we prove the claim in (i) by showing that

E HT_lp;ZHZ = Op(K/n* + K/(nT)) for ¢ =7,%, and E HT pig|| = Op(VK/n). (A.5)

ot



By Assumptions 1(iii)-(v) and 2(i)-(ii), we have
By’

= T72E [tr (@'pipD)| =T *Etr (Z > TeplypisT, )
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T T T
= (nT) *tr (Z > E (Uitp;tpisvgs)> + (D)2t (| DD B (0lpists)
t=1s

=1 s—1 =1 j#i
= Bj1 + Bjs.

Under Assumptions 1(i)-(ii) and 2(i)-(ii), {(xi,vj¢),t > 1} is also strong mixing. So we
can apply the Cauchy-Schwarz and Davydov inequalities to show that B;; = O(K/n?) and
Biy = O(K/(nT)) under Assumptions 1(vi) and 3(iv). Hence E||T~ 1pﬁH = O(K/n? +
K/(nT)). By the same arguments, F HTﬁlp;EHZ = O(K/n*+ K/(nT)). Now, E|| T 'pig|| <
[T B g1 {T1E [pi]P}/2 = O (n=1/2) O (KV2) = O(y/KJn). This proves (i)

(i) By (A.3), |77 fsh =T fo20|| < TH (| f53]) + T (| £52] + T || £33 - Noting that
T2E || 15C)|° = T2E[(f4ERCC) f2)] < Cn'T2E[te(ff2)] = O (n~'T~1) for ¢ = T and
Z by the independence between (v},g;)" and fo; and Lemma A.3, we have T71E | fiv +
T1E | #§2] = O VAT). T- B |53l < (T~ B £ 22 {7 B g2/ = 0 (1) O (1)
O (1/y/n) . It follows that E ||T~! fsh — T f32T|| = O(1/y/n).

(iii) By (A.3),

(WA =T'22T) = T7' (D +3) (2 +7%) — T 'T'220
= T + T + TVl (A.6)
Noting that v} = (0',7},9, + &)/, it is stralghtforward to show that 77 1F ||_*’_*H =0(nt)
and T7LE |I"2'0*|| = O(n~'/2). Consequently, E'||T~1 (h'h —I"2'2T)|| = O(n=%/2).

(iv) First, note that rank(I') = g;+rank(T5). By Assumption 2(iii), the almost sure con-
vergence of Ty = (T, 7,) to Tz = (I',7y,) as n — oo where I'y = E (I'y;) and 7o = E (7o),
and Theorem 7.2.2 of Wang, Wei, and Qiao (2004), we have rank(T'y) = g2 w.p.a.1 as n — oc.
Hence rank(T') = ¢1+¢2 < ¢1+d+1 w.p.a.1. Let A and B be mj Xxmgy and mg xms matrices, re-
spectively. Then (AB)” = B~ A~ = B/(BB')"}(A’A)~' A’ provided rank(A) =rank(B) = my
(e.g., Bernstein (2005, Fact 6.4.8)). It follows that

my, = Ir—b (b’b)f1 b =1Ir — 2T (F'z'zl“)fl '

= Ip—2T (Z20) 2/ =1Ip — 2 (d2) 2 =m..

Consequently, my fo = m, fo = 0 a.s. because fo C z.



(v) Let by = I'"z;. Noting that h = b+ 7* and h'h — b'b = 777" + b/'v* + b, we have
(pimanfo — pimy fa) 72 /T

= 2 LTy (0n) T @ T b (00) 0 o

1 _ 1 _
= fpiﬁ* (h,h) 1 b,fQ’YQZ‘ + fp;b (h,h/) ! E*If2’}/2i

+%pgw* (W'h) " T forya; — %pgb (W'R) ™" (R = VD) (D) "V forya

1

T piv* (h’h)il V faye; — pib (h/h) o (b/b)il b/fﬂ%}

o i (W)™ 0 oy — i (W'R) V00 (40) 1V oy |

I
=

T
1 — _ _
= (T (WR) T favas — pib (WR) T (W) fa
= Bisg+ Bisa + Bis, say. (A7)
First,
L, 1\ 1 = .
By = Tpib (W'h) " T"my farye; = 0 w.p.a.l by (iv). (A.8)

Next, write Biz = Lp/@* (W'h) " T foyy; — 2pib (Wh) ™ 75 (0) "V foyy; = Bisa — Bis.-
Noting that |7~ 'p[v*|| = Op(\/K/n) and ('b) " b/ fo =Ty where Ty = (Ogy x> L2, 72) , we

have
AN i .
| Bisal| < [)\min <T>} ﬁp;v T f2ya;
Wr\1 ' 1 1
< . - Baip e il | I it 04 .
> |:)\m1n < T >:| szv ‘TU f2'721
@)

= Op(l) p(\/ K/n)Op(\/l/_n) = Op(\/?/n),

and similarly
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VU Lo Yo

R'R\1 !
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= O0p(1)0,(VK)Oy(1/n) = O,(VE /n).

/
p'b
|| Bisw|l ;
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It follows that

I1Bis|l = Op(VE /n). (A.9)

Now, write

Biz = % {pﬁ* (W'h) ™Y foyay — pib (W'R) 6T (B'b) ™ b,f272i}
1, e s 1, - -
= v = b ()T T} () T L+ i { (W) = (00) 7 oy
+%P§b { (vb) " - (h/h)_l} BT (0') 7 fayas
= Biga + Bisp + Biac, say. (A.10)



By (iii) and the fact that ||T'p/v*|| = Op(v/K/n),

k2| [CONCON

p;ﬁ* v f?f}/Qz

T

| Bis|
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= Op(VE/n)Op(v/1/n)0p(1) = Op(v/K/n?),

and similarly || Bjsc|| = Op(\/K/n?). Combining (A.7)-(A.11) yields

(i fo — pimw fa) 7v2i/ T

— Lt ()7 v+ O ET

1 —=al
= Tp;mbv T g + Op(v/ K /n?)

1 —x%
= ?Pémbv T5'v9; 4+ Op(v/ K /n?)

(A.11)

(A.12)

where I'¢ = E(T3) and the last equality follows from the triangle inequality, the fact that Ty —
I'y = Op(y/1/n), and the fact that [T pimyv*|| = Op(y/K/n). Consequently ||T~(pimy, f2

—pimsf2)vaill < (|77 pimaT* || TS yaill +0p(V/K/n2) = Op(v/K/n).

(vi) By the triangle inequality,

1
T Hpgmh& - pémbé‘z‘”

= L o ) i )
< %H(p;b— i) (68) |+ = [hl(v8) "t — (W) b
+l pih (h’h)_1 (Ve — h'ei]
< T (b= P || (1) | ([T e
HIT il [ (T7100) = (T R R) | ([T e
HIT Rl (TR R) T IT (Ve — Be) ||
= Op(\/ K/n)Op (1) Op(v 1/T) + Op(‘/E)Op(V 1/”)Op(v 1/T) + Op(‘/E)Op(l)Op(l/ vnT)
= Op( V K/TZT),
where we have used the fact that HT 1b/€lH = O0p(+/1/T) and HTfl (We; — b’ei)H2 = HT*IE*’EJE

=Tt EH + |79 EH + |7 15@“ = O,( 1/(nT)) n
Let h=diag([|h1|,--- , [|hr[]) and pi=diag(|lpall,-- -, lpir[l) -

Lemma A.6 Suppose Assumptions 1, 2(i)-(ii), and 3(iv) hold, then

(i) E||T7! (h = 2T)|| = O(\/1/nT), E |T~*h(h — 2T)|| = O(\/1/nT), and E||T~'p;(h—

zD)|| = O(v/K/nT);
(ZZ) HTﬁl(mhfz — mbe)H = p(\/l/nT HT 1h mhf2 — mbf2)H =
|7~ pi (mufa — mpfo)|| = Op(y/K/nT).

Op(\/1/nT), and



Proof. (i) The proof is similar to but simpler than that of Lemma A.5(i).
(ii) The proof is analogous to that of Lemma A.5(v). m

The next lemma is used in the proof of Theorem 4.2.

Lemma A.7 Let x € &, be given and HpK (x)H > ¢ for some constant ¢ > 0. Suppose
Assumptions 1, 2, 3(iv), and 4 hold. Ty = Apmrp™ (z) (Dimapi)~ pimpe; 4, N (0,1).

Proof. Let % (z) = p&X (z)/ HpK (m)” . Then T},p = T~ Y2pK (z) (Pimppi/T) ™ pimpe;/
VT Viur/ [p¥ («)]]°. Define
= T-12pK (2)' Q; pime;

Tinr = , and
\/T 1K (2) Qi plmn ¥, rmppiQ; PX (2)
_ " 1/2 ™ (2)' Q7 phmwe
" \/T 19K (2) Q; pimy¥; rmppiQ; PX (v )'
By Assumption 1(vii) and Lemma A.1,
T Vinr/ ||p™ (96)H2 = Tp" (x) (pimnp:)” i Vi rmnp; (pimapi)~ ™ ()
> Amin (Wir) P™ (@) (pmnpi/T)” D" (2)

v

Amin (¥5,7) [Amax (Pgmhpi/T)]_l >C >0 w.p.a.l

The proof is complete if we can show that

Tinr — Tiny = 0p (1), (A.13)
Tinr — Thyp = 0, (1), and (A.14)
Trr 4N 0,1). (A.15)
First, we prove (A.13) by showing that ¢1;,,7 = TV;nr/ ||p™ ( H z) Q; pimp ¥,

thz‘Q;ﬁK () = 0p(1) and (oinp = T-1pk (z)' [(Pémhpz/T) —Qi]Pimhﬁz = o0p(1),
given the fact that T Vj,r/ HpK (x)H2 = O, (1). By the triangle inequality, Assumptions
1(vii) and 3(iv), and Lemma A.1,

Crimrl < B @) [(hmnpi /)™ = Q7 | plma¥irmp: (pimips) " B (=)
[T (@) Q7w Wi | (Birmnpi/T) ™ = Q5 | B (@)
|| (pimapi/ )™ = Q7 | phmaWirmnp: (Whmaps)~ |

+ HT_lQi_pgmh‘I’zmihpi [(pgmhpi/T)i - Qf} H

Amax (¥i,r) || (Pimnpi/T)
+Amax (Vi) HQZ (pimnpi/T) [(pémhpi/T)_ - Q;} H

O (1) Op(K/VT) + O (1) i ()]~ Ammax (fmnpi/T) H (Pimnpi/T) " — Q7
= O,(K/VT)+0(1)0(1) 0, (1) Op(K/VT) = 0, (1).

IN

IN

IN




By Lemmas A.1 and A.4 and Assumption 4(ii)

IN

T2 H (pimnps/T) — QF
TH20,(K/VT)O0,(\/K/T) = Op(\/K3/T) = 0, (1).

1Coin| ‘TﬁlpgthiH

Thus (A.13) holds.

Similarly, we prove (A.14) by showing that (};,7 = 77195 () Q; (plms Vi rmnp; — pimy
Wormsps) QP (2) = 0y (1) and Gy = T25% () Q; 3 (1, — mp) &5 = 0 (1) . The first
part is analogous to the proof that (y;,7 = 0p (1) and Lemma A.5(v). For the second part,
we apply Lemma A.5(vi) to obtain

Cinr = T 'er (B% () Q1 P} (mn — my) €56 (mn — my) Q5 PN ()
< Phnin (Q0)] 2T (1] (m, — ) €5 (my, — my) p})
= T Drowin (Q0)] 2|7 (i, — ) &3> = O, (K /) = 0, (1).

Now we prove (A.15). Let o2, = T719% (2)' Q; plimp ¥, rmppiQ; DX (2), and ¢, 7 =
K () Q; pimy. Then T =T~ 1/ 2 Zt | CinT,t€it/TinT, Where ¢ denotes the tth element
of ¢ipr. Let ¢4 denote a T x 1 vector with 1 in the ¢th place and 0 elsewhere. Then c¢;,7; =
X (z)' Q; pimpir. By construction, Ep (T},) = 0 and Ep (T ;;LZT) = 1. We now prove the
lemma under different conditions specified in Assumption 4(i).
Case 1: {g;, Fit} is a martingale difference sequence (MDS). By White (2001, Theorem
5.24), we prove that conditional on D, T7 4N (0,1) by showing that: (i) For every € > 0,
UmZTT ! > =1 Ep [sznT,tgz‘Qt l(czZnT,thzt > TEJ'LZnT)] = 0; (ii) 71 D=1 czznT,thZt_azZnT =0, (1).

First, by Assumptions 1(vii) and 3(iv),

ooy = T7'P% (2) Q7 pimy W rpimypiQ; P (2)
> ( ) ( )/Qi (pl-mbpi/T)Q-p ( )
> Amin (W4,7) [Amax (@))% Amin (pymwpi/T) > C > 0 for large (n,T),

where we have used the fact that |7~ (pjmyp; — pimupi)|| = 0p (1) and Lemma A.1(v). By
the Cauchy-Schwarz and Chebyshev’s inequalities, Assumptions 1-2 and 3(iv), and repeated
use of the fact that tr(AB) < Apax (A)tr(B) for symmetric A and p.s.d. B,

T
52 -1 2 24(2 2 —2
Oinrl E :ED [CmT,tffitl (CinT,tEit > Teo mT)]

t=1
< Z{ED VPP (el > Tea? D)V < ZED et]
= T_Z2nT e 'mTt it mTt it inT = TQEE;LTLT e znTt it

10



E (et r _ L _ _ .
—( ) Ztl" (ﬁK (z)' Q7 pimpLetympp; Q; e (z) p& (z)" QF pimptrtymppiQ; i (z))

- T%5} p
F 54 Ao Q) -4 T
< ( zl)T[Q mm( { ] tr (p;mbbtbémbpipémbbtbémbpi)
80’ nT p
E (%) Mmin (Q5) —4 T
< ( zl)T[2 Iiil( i) Ztr (Lgpip;LtL;pip;Lt)
E0nT —1
E () P (Q0)™* &
- = “)w > _lpull* = O (K*/T) = o(1). (A.16)
€0inT —

This completes the proof of (i).
Now, let ¢jpr = T 1 Zr‘le CiQnT,thzt — E?nT. Then Ep (Sinr) = 0 and

1 T T
2 _ 2 2 2
Ep (gz‘nT) - T2 E VarD mT t‘gzt ﬁ E E COVD mT t€its CinT sezs)
t=1 t=1 s=1,s%t
Var f r L
= E cmTt E cznthznT SCOV ( Eitr € zs) . (A17)
t=1 s=1,s#t

As in the proof of (A.16), the first term of (A.17) is bounded above by % Zle Ipac||* =
O (K?/T) = o(1). By the Davydov inequality, the second term of (A.17) is bounded above
by

T T C, T
Z znTt Z 77/ 4t {E ’5 |4+77}4/ 4+ T_ Z mTt - K2/T) =0 (1)
t=1 s=1,s7t t=1

Consequently, ¢;,7 = 771 23:1 cfnT’tsft —52 1 = 0, (1) by the conditional Chebyshev inequal-
ity.

Case 2: ¢-mixing with ¢ (j) = O (j717¢) for some € > 0. By White (2001, Theorem
5.20), it suffices to show that for large (n,T): (i) Ep[c%nﬂte?t] is stochastically bounded for
all ¢; (ii) E?nT EVarD(T_I/ 2 Zthl CinTt€it) > ¢ for some ¢ > 0. (ii) follows from the bound
of 52 1 in Case 1 where we need not use the MDS property of {e;, Fi} . For (i), noting that
pimptetimpp; < piply, by Assumption 3(iv) we have

E el = oiE[B" (2) Q; pimpiymypiQ; ™ ()]
< ottr {p" (2) Q; E [pupy] Q; D" (2)}
< g; >\max (Qipp) [ min (Qz)] -2 <C<o

where 02 = E(e%).

Case 3: a-mixing with Apax (E (piplpitp};)) < C < oo. For a scalar random variable ,
2+n/2 447,

let [[c]|, = {E |§|p}1/p Note that 3 72, o () @/2-2 =372« (])Tl < 0o by Assumption 1.

11



By White (2001, Theorem 5.20), it suffices to show that for large (n,T): (i) HcmT’taitHsz/Q <
C < oo for all ¢; (ii) 72, =Varp (T*I/2 Z;f:l CinT,tEit> > ¢ for some ¢ > 0. The proof of
(ii) is identical to that of (ii) in Case 1. So we only prove (i). Noting that E |e;|>T"/? =

E |8i1]2+"/ 2 < 0o and g is independent of ¢;,74, (i) holds provided ||cinT |y g2 S C<x

for all ¢t and large (n,T). By the Liapounov’s inequality, repeated use of the facts that
Amax (Mp) < 1 and tr(AB) < Apax (A)tr(B) for symmetric A and p.s.d. B, and Assumption
3(iv),

(||cmT,t||2+n/2>4 < (”CmT,tH4)4

E {tr (Q; pimpteymepiQy Qp pimpteeympiQ; ) }

= [min (Q)] 2 tr {E (pjutipiviuiipi) Q7 Q7 }

< [Amin (Qi)]_4 Amax {E (pitp;tpitp;t)} < C* < oo for all t.

IN

That is, |’CinT,t|’2+n/2 < C < oo. This completes the proof. m

Now, recall ¢; = my, (y; — g;) and ¢€;; denotes the tth element of e;. Write
€ —ei = mp (Yi — 8i) — & = mp (8 — 8i) +mnfoye + (Mmnei —€i) . (A.18)
The following lemma is used in the proof of Theorem 4.3.

Lemma A.8 Suppose Assumptions 1-4 hold, then
(i) T & — &> = 0, (K/T + K=/ 4 K/n) ;
(it) T71 b (@ — &) = T S Ml ® (Bar — €it)® = Op (K(K/T + K=/ + K /n)) ;
(i) T~ ||pi (& — &) | = T~ 5 Ipiel® (Eir — €i0)® = Op (K2(K/T + K~2X/4 + K /n)).

Proof. (i) By Theorem 4.1 and the Chebyshev inequality, 77" ||lg; — &|* = O,(K/T+
K~2\/d 4 K/n). By Lemmas A.5(iv) and A.6(ii), T~ |lmpfa||* = O,(1/n). Similar to the
proof of Lemma A.4, we can show that T-1||h (W’h) " Wei||2 = O, (1/T +1/n). By (A.18),
the triangle and Cauchy-Schwarz inequalities and the fact that Apax (mp) = 1,

T e —eill* < 377" |lm (g — 8)|° + 37" [mn foyal|” + 3T [[mne; — i
2
< 3T g — &l + 37 mafoail* + 377 || (Wh) e,
= Op(K/T + K=" 4 K/n) + 0, (1/n) + 0, (1/T + 1/n)
= O (K/T + K™%/ K/n). (A.19)
(ii) By (A.18) and the triangle and Cauchy-Schwarz inequalities,
T~ (e — &)
< 377 {[hmy, (gi — 8)|I° + 37 [y, foyoil|* + 377 [ (mnei — 3)]|*
= 37117+ 3791 + 3737. (AZO)
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Let my, s denote the (t,s) element of my,. Then

T T
Sl = S0t a2y
s=1 s=1

T
|| @) TS Il el = 1+ el (A.21)
s=1

W (W0/T) ™ bl

IN

where 1 (*) is the usual indicator function and

anr = || (Wh/T) " H||T" 1ZHh I = (A.22)
Similarly,
_ Z‘pw< (s=1)—hl (h’h)*lhs) ‘
< Il 4Ty |1 (W'0/T) " B,
s=1
L T
< llpall + || (/7)Y {Tl > Hp@-sh;H} el
s=1
= |lpitll + cor [|Re][ , (A.23)
where
ar = || (Wh/T) " ||T" 12 |pishl|| = (A.24)

Noting that uniformly in s, g; (zis) — gi (wis) = (Qg, — og,) pis + (0, pis — gi (is)) =
(Qg, — ;) pis + Op (Kf)‘i/d) , it follows from Theorem 4.1(i) and the triangle and Cauchy-

Schwarz inequalities that

T T 2
rip = T Z 1B |? th,ts (9i (zis) — gi (961‘5))]
t=1 Ls=1
T r T 2
TS kel | 3 Irnasl {Op (B7) + (@, — ag»'pis}]
t=1 Ls=1

T T 2
Op <K—2/\i/d) T—l Z HhtH2 [Z ‘mh,ts‘
t=1 s=1
T 2
+2 g, — ag, P S T half? |]
t=1

= 0, <K’2Ai/d) 0, (1) + O, (K/T F R K/n) 0, (K)

IN

IA

= 0, <K(K/T + K2/ K/n)) , (A.25)

13



where the next to last equality follows because by (A.21) and (A.23) and the Markov inequal-

ity, one can show

T T
TS [z\mh,ts|
t=1 s=1 J
T T
TS bl [Z pistmns
t=1 s=1 J

Next, by Lemmas A.5(iv) and A.6(ii)

12

T
T |1hel® [+ aar [ hel]* = Op (1), and

T
T el [lpiell + azr 7] = Op (K) .
t=1

Tor = T ' hmpfoyyl® = T|| T h (myfo — mbf2)H2 ya:ll?
= 0p(T)0,(1/(nT)) Op (1) = Oy (1/n). (A.26)

Now,

1 -1

rar = T |h(mpei — &)l = 1zzllhtll hi (h'h)

- T‘liHhtHQ{h T-'h'h) 1( 1211515)}2

2
IZnhtu A Y s
s=1

- ,,(1/T+ 1/n). (A.27)

Weieih (R'h) ™ hy

IN

Combining (A.20), (A.25), (A.26), and (A.27) yields
T (@ - <) = 0, (K(K/T KN/ K/n)) . (A.28)

(iii) The proof is analogous to that of (ii) and is thus omitted. m

B Lemmas used in the proofs for section 5

Here we prove several lemmas that are used in the proof of Theorems 5.1-5.3.

Lemma B.1 Suppose the conditions in Lemma A.1 and Assumption 5 hold, then
(i) [|(nT) " P'MyP — Q|| = 0p(K~/?);
(1) Amax (P'MpP/(nT)) = Amax (@,,) + 0p(K~Y2) = 0, (1);
(i1i) Amin (P'MpP/(nT)) > Amin (@) /2 w.p.a.1.

Proof. We first prove (i). Noting that M}, is block diagonal, we have

n

> (T plmap; — Qi)

i=1
n 6
n”Y T pmap - Qill = A,
i=1 5=3

14
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where Ay =n~! S Ais and Ajs, s = 3,4,5,6, are defined in the proof of Lemma A.1(iii).
For Az, by the proof of Lemma A.1(i) and Assumption 5(iv),

[Ag =n 1ZE 13 < IE&X EHT pépi—QippHZO(K/\/T>.
=1

For A4, we have

= |t = Qun) () i
=1

<Jiin

where Ay =n~13" | H (T 1p;h — Qipn) H }|T*1p;hH . By the Cauchy-Schwarz inequality, the
proof of Lemma A.1(ii), Assumptions 1(vi) and 5(iv),

n 1/2
B[] < o S {EB(@ pih - Qu) | BT pin]}
=1

IN

- o(\/K_/T)O(\/E):o(K/\/T).

It follows that Ay = O,(K/v/T) by the Markov inequality and the fact that || (7~1h/ h)_l || =
Op (1) . Next, A5 < |[(T~*h'h)~ — Q,:,H’ maxi <i<n ||Qiph || As, where A5 = n=1 30 || T~ 1pih|| -
E [25] < maxi<i<n F HT’lpth = O(VK), implying that A5 = O,(VK). So A5 = O,(T~/?)
O(VEK)O,(VK) = O,(K//T). Similarly, we can show that Ag = O,(K/V/T). It follows that
nES T plmap; — Qil|l = Op(K/VT) = 0,(K~Y/2) provided K3/T — 0 as T — oc.
Thus we have proved (i) for the case where T' — oc.

172 12
{HMXEHT h—QWM]} {nmeHT m\}

If T is fixed, we follow the proof of Lemma A.1(iii) and prove (i) by showing that

= op(K_l/2 and -1 Z T h — Qiph) = op(K_1/2).

n
Y (T 'pipi — Qipp)
=1

7

The first part is ensured by Assumption 5(iii). For the second part, we have

nY (T — Qi)

i=1

n

7)1 [pib— E (pjp)] + (nT)IZ[(péh—péb)—E(péh—p’ib)}H
=1

=1
n
7)1 [pib — E (pjd) 7)1 o - *)]H
i=1 i=1

The first term on the right hand side of the last expression is 0,(K~'/2) by Assumption

<

5(iii). The expectation of the second term is no bigger than 2n= 1Y " F ‘T lpiv*} So
[n=t Z?:l(T_lp;h —Qipn)|| = op(K_l/Q) if we can show max;<;<p F ‘T_lpﬁ*} =o(K~ 1/2).
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This follows from the proof of Lemma A.5(i), Assumptions 1(vi) and 5(iv), and the fact that
K?/n=o0(1). It follows that |[n=t 320 (T71pih — Qipn) || = 0p(K~1/2).
The proof of (ii) and (iii) is analogous to that of Lemmas A.1(iv)-(v), now using (i)

instead. m

Lemma B.2 Suppose Assumptions 3(i)-(iii) hold with g; (-) replaced by g (*) , then (nT) ™ E||g
_Pag||2 =0 (K_2/\/d) where g = (gllﬂ T 7g;1)/> gi = (g (le) y g (:L‘iT)),a and A = minlgign )\1

Proof. The proof is analogous to that of Lemma A.2 and thus is omitted. m

Lemma B.3 Suppose Assumptions 1(iii), (i) and (vii), 2(i)-(ii), and 3(iv) hold, then E||(NT)™*
P'Mpe||? = O(K/(nT)).

Proof. The proof is analogous to that of Lemma A.4 and thus is omitted. The main
difference is that we now require that Apax (V1) be O (1). The latter condition is satisfied
because ¥, is block diagonal by Assumption 1(v), and maxi<i<n Amax (¥i7) < Ty < 0o by
Assumption 5(iv). m

Lemma B.4 Let M, = I, @my. Suppose Assumptions 1, 2, and 3(iv) hold and Amax(E(Y27Y5))
= O (rn), then ||(P'MyFy — P'MyFy) v, /vVnT = Op(\/rnK/n + /KT /n).

Proof. By the proof of Lemma A.5(v),

1 T ||
ﬁ H (P/MhFQ - PleF?) 72“ - \/; ;Tl (p;mth - p;mbf2) Y2i

= || Bsq + B3y + B3sc + Bsq — Bspl|

where By = \/T/nY 1" | Big; for | = a,b,c, By = \/T/nY i~ Bis for | = a,b, and Bja,,
Bisp, Bise, Bisa, and B;s, are defined in the proof of Lemma A.5(v).
Define the block diagonal matrices V= I, ® 7* and ?2 =1, ®T'y. Then

) 2
—F
nT P

n
Z O S
=1
_ 2 1 . —
P’Mbv*?ﬂQH - —r (P/M,,V T2F (yo7b) ?gv*’MbP>
1 — — =
< n—Ttr(P’MbV*V*’MbP))\maX (B (7275)) Amax(T2T'h)

Ep || Bsal|®

1
:_E‘
nTD

_ %op (KT) O (r) O (1) = O, (rnK/n).

It follows that || Bs,|| = Op(y/7K/n). For Bs,, we have

T n
[ Bss| < 4/ EZ [ Aigpl <
i—1

-

3b
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where Bs, = /T/n Y 1 | T piw* || | T~V fav2i]| - Noting that | T-1h'h — T~ b|| = O, (1/v/n),
and E [Byy| < VT maxi << {E || T 1047 | *}/2{E | T fayai]|*}/2 = VaTO(/K]n)O (1) =
O(VKT), we have || Bp|| = Op(+/ KT /n). Similarly, we can show that || Bs.|| = Op(\/KT/n).

FOI' B5a7 we ha,ve
HB5aH < [)‘min (T—lh/h)]—l E&l

where Bs, = /T/n> 1, HT_Qpﬁ*E*’fgnyiH . Noting that

_ 1/2 1/2
B|[Bs| < VAT max {E|77p |} { BT v}

= VnTO(/K/n)O(1//n) = O(/KT/n),

we have Bsq = Op(\/KT'/n). By the same token, By, = O,(1/ KT /n). Consequently ||(P' M}, F
—P'MyFo)7,||/VnT = Op(\/rnK/n+ /KT/n). m

Lemma B.5 Suppose the conditions in Theorem 5.2 hold, then Tyr = A,rp™ (z) (P'M,P)~
P'Mye 5 N (0,1).

Proof. Recall A,r = Vn}l/z where V7 = p& (z)" (P'MyP)~ P' M, V,,7 My P (P' M, P)~ pX (2)
and W, = E (/). Let 55 (z) = p¥ (2) /|[p¥ (2)||. Then Ty = (nT)2 55 (2)' (P’ My P)~
P'Mye/+/nT Vir/ |IpE (2)||*. Define

_ (nT)"2 55 (2) Q' P' Mye

Thr = T 1 ,and
\/ (nT) "' (2)'Q, P'M,V,r M, PQ, P~ ()
. (nT) % () Q, P! Mie
nlT = .
1 _ ——1 ——1_
\/ (nT) 155 (2)' Q. P'MyV,r My PQ, DX ()

By Assumption 5(iv) and Lemma B.1,

nT Vir/ |[p% (2)||* = nTp" (@) (P'MyP)~ P' MU, M, P (P' M P)” pX ()
Z Amin (\IlnT) Z_jK (x)l (P/MhP/ (TLT)) - ﬁK (x)

> Amin (Un1) [)\max (P’MhP/ (nT))]_l >C >0w.p.a.l.

The proof is complete if we can show that Ty,p — Tpr = op (1), T.r — Trp = op(1), and
Trr 4N (0,1) . The proof of the first two parts are analogous to that of (A.13) and (A.14).
So we only prove the third part by showing that conditional on D, T LN (0,1).

Let A%y = ((nT) ' 9" (@) @, P'MyU,r MyPQ, ' BX (2))"1/2, & = (nT) 7/ Ay rp® (2)

Q, 1p;mb, and &,; = c,e;, where we have suppressed the dependence of ¢; on (n,T) for

notational simplicity. Then

. - . . n n
nT — (TZT) 12 AnTpK (x), Qn P/Mb€ = Z 6;57; = anz
=1 =1
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Clearly Ep (£,;) =0, 02, =Varp (§,,;) = ¢} Var(e;) ¢;, and

Yook = (D) AZPK (@) Q" S pimyVar () @, P ()

=1 =1

1 s ——1 =-1
= (n1) ' AZp" (2) Q, P'MyU,rMyP'Q, p* (2) =1.

To check the Liapounov condition, let ¢;; denote the tth element in ¢;. Then

T T T
4 —
Eolen] = 2.2, 2.
t1=1ty=11t3=1
T
_ 4 2
= Z%E zt +3§ E cztl zt2 'Ltl ltg]
t=1

t275t1

3
+4 E E Cit, Citz ztl E%tQ + 6 E E E Cztlc%t2 Czt3 ztl Eity 51153]

to#ty tsF£taF£t]
+3 DY cincinCinacin B eincinntinsi]
taFtsFtaFl
= nin 3802 + 4853 + 6804 + Sniss (B.1)

Cit1 Cito Cit3 City E [gitl Eita€its €it4]
ta=1

where, for example, ;#2:#;#; denotes Ztl 1 Zt2 2ty Zt3 L1ttt Zt4 Lty tatts tatts-
4 3 2 1
Let my, o denote the (s,t) element of my. Then

T
_ " ——1
el = |(nT) ™2 Az (@)Y Tt S prsmine| < {AL}Y? {40} V2, (B2)
s=1

. ——1 _ - ——1
where A1 = Ap" (2) @, p" (@) and Asiy = (nT)™ iy Pl w@y Xy pirmo e By
the idempotence of M;, and Assumptions 1(v) and (vii),

A= A" @) Q00PN @) = AFe" @/, (PMP) (D)) QPN (@) 40y (1)
< AFPS (@) Q. (P MyWarMyP/ (nT)) Q' p" (%) /Amin (Yr) + 0, (1)

L/ Amin (W) + 0, (1) = Oy (1). (B.3)

Next by the symmetry of my; and arguments similar to (A.23),

A2it < (nT)_ [mln Qn [ZHmbtspst]
< ()™ Panin (@0)] 7 lpiell + B 10212
where
or = || (0'6/T) " ||IT™ 1ZHstb'H (B.4)
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(c.f. (A.24)). Hence Agy < a2 (||pic| + Bar Ibe]l)?, where by Assumption 5 and Lemma
B.1(iii),

_ — \1-1/2 _
an = (1) ™2 i (@,)] 7 = Op((nT) 1), (B.5)
Combining this result with (B.2) and (B.3) yields
cit < o (||pill + Bar [|02]]) - (B.6)

It follows from Assumption 3(iv), the remarks after Assumption 2, (B.5), and (B.4) that

n T n T n T
Sodch = an YD Ulpull+ aor ) < 8ah >N (llpall* + 835 ell)
=1 t=1 i=1 t=1 1=1 t=1
= O, (n?T7%) Op(nTK?) =0, (n'T7'K?). (B.7)
Similarly,
n T n T
> > ci=any > (lpull + Bor lloe)* = Op (n'T71) Op(nTK) = Oy (K) . (B.8)
i=1 t=1 =1 t=1
By (B.7),
n n T
4 _ —1p—17-2
‘ lgnzl < I£l?<X E( zl) — ;Cit - Op(n TK ) (Bg)
1= 1= =

By the Cauchy-Schwarz and Jensen inequalities and (B.7),

:T2i

n 2

T

% Z szt
t=1

3

’L:1 t=1 i=1 t=1

2 n T
4 _ 172
Z&w < poax B (e [Z ] < pax B (sh) TY ) = Op(n™' K. (B.10)
Similarly, we can show that
me'?, = Op(n'K?). (B.11)
i=1

- 2 1.2 (.2 2 1
Next, noting that ¢ ci,ci; < 5¢5, (¢, +¢3,) < 3(2¢}, + ¢, + cfy,), we have

fni4 = E E E cztl City CZt3 ztl ity 51t3]

t3Fta#£ty
1
= ZZ Z Z (2621751 + C;ltz + C§t3) ‘E [612t15it25%'t3] |
t3F#taFtL
1 1
- EZ Z Zcftl ‘E [8i2i1€75t2€it3] ‘ + 52 Z Zc?tz ‘E [E?tlgitZEit?r] |
taFtaFt tattotts

1 1
§§m'41 + §§m'42-
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For the first term in the last expression, we have

Eniar =2 Z Z Z C;ltl ‘E [512t151t25it3] ’ +ZZZZ C;ltl }E [5?1515#25%3”

1<t1<t2<t3<T 1<to<t1<t3<T
4 2 _
+2 Z Z Z City | B e EitaCits] | = 26nia1a + 26 niary + 2 niaic-
1<to<ts<t1<T

By the Davydov inequality,

n T-2

n
Zﬁnma = chnl Z Z }COV zt161t2>51t3)‘
i=1

=1 t1=1 to= t1+1t3 to+1

T=1

n T-2
SRS XS alm e (e}
i=1t1=1 to=t1+1t3=ta+1
n T 00
< {Zth} {Z )”/<4+’7)} O (T)Op(n ' T7TK?)0 (1) = Op(n~ ' K?).
1t=1

Similarly, one can show that Y 7" | &,u1, and > i &1 are of the same order as > 1" | & i4q
and hence Y71 €541 = Op(n~1K?). Analogous arguments show that > 1 &40 = Op(n 1K?).
It follows that

anw _1K2) (B12)

‘ e G 1002 2 (-2 2 1.4 4
To analyze &,;5, noting that |cit, ity CitsCity| < 7(ciy, + ciy,)(cit, + cii,) < 7(ciy, + Ciy

+c}y, + ¢, ), we have

Enis = E E g ECitlcz'tgcitgcmE[€it1€it2€it3€it4]

taFtsFtaFEty

1
ZZ YD D (City ity + chy +Ci,) 1B ity CitaCita it

taFts#taF£l

DD i |Elemcincienll, (B.13)

1<t <to<t3<ts<T

IN

12

where A ~ B denotes that A and B are of the same probability order. Let 1 < t; < to
<t3 <ty <T. Let d. denote the c-th largest difference among t;11 —t;, j = 1,2, 3. Define

é-l' (t17 T 7t4) = Eit1€itaEit3 ity -
For any 1 < j < 3, put Pé )( (4 )) =P (it ,€ity) € E(4)) , and
PJ(4) (E(]) X E(4—])> — P <(€’it17 e 7€’itj) c E(])) P <(€’L',tj+17 v 78it4) c E(4—])> ,

where EU) is a Borel set in R7 and P is the probability law associated with €;1,,- -+ ,€it,-
(Note we suppress the dependence of P on i.) By Assumption 1 and the Jensen inequality,
for any 0 < j < 3,

[le e ) ap® < Bl <y,
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By Lemma B.6 below with 7 = n/4,

cinay (t2 — 751)77/(4+77) iftg —t1 =dp
C1yQ (tg — tg)n/(4+n) ifty —tg=dy

[E (& (t1, s ta)]] < {

where ¢, = 4(7iy +77)4/ (441 Tf t3 — ty = d1, using Lemma B.6 three times yields

B (1, o ta)l] < |B(Eityzin) E(Eitgeing )| + canai (t — 1) 45
< By (ta — 1)ty — 13)" ) 4 cppo (85 — 1) B4

where co; = 4(Ta,y /2)4/ (4+m)
Therefore

o> B, )]

=1 1<t1<...<t4<T
to—t1=d1

n T-3 T-2

_ T-1 T
< cy Z Z Z Z Z C?tlai (t2 — tl)n/(4+n)

i=1t1=1 t2:t1+max]~23{t]~ftj,1} tg=to+1tg=t3z+1
n T-3 T-2

_n
Scgy Yy Y (=) (2 —t)

i=1t1=1 to=t1

n T 00
< ey {Z . } {Zﬂ'?aﬁ <T>} = 0y(n'T K0 (1) = Op(n T K?). (B.15)
T=1

i=1t1=1
Similarly,
n
Z Z C;ltl |E[§ (tlv"'at4)]|
1=1 1<t1 <. <t4<T
tg—tz=dy
n T-3 T-2 T T—1
ceSYa S Y Y aweae
=1 t1=1 to=t1+1t3=to+1 t4:t3+maxj§3{tjft]-,1}
n T-3 T
< OY N dh Y (-t alta—te)” T = 0, TR (B.16)
i=1t1=1 tg=t3+1
By (B.14),

> Y B et

i=1 1<t1 <...<t4 <T
tz—to=dy

n T-3 T-2 T-1 T
E E : 4 § : }: Z 4+
Cin Citl o (t3 _ t2)77/( n)
1=111=1 to=t1+1 tg=to+max{ta—t1,ta—t3} ta=tz+1
n T-3 T-2 T-1 T
2 E :E : 4 E : } : 2: 4+ 4+
+C27I Citl o (tg _ tl)n/( n) o (t4 _ t3)77/( n)
1=11t1=1 to=t1+1 tg=to+max{ta—t1,ta—tg} ta=tz+1
FEq + E5, say.

IN
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By the analysis similar to that of the cases where to —t; = d; or t4 — t3 = d1, the first term
Ej in the last expression is O,(n~!T~1K?). For the second term, without loss of generality
(w.l.o.g.) we assume that to —t; = dy (which implies that ¢4 — t3 < d2 because t3 —to = dj).
It follows that

n T-3 T-2 T-1 T

3 3 D S T Ol

1=1t1=1 to=t1+1 t3=to+max{ts —t1,t4—t3} ta=t3+1

n T-3 T-2 T
< CQT) Z Z ci, Z tg _ tl T)/ 4+n) Z Z 77/(4+TI)
i=1t1=1 to=t1+1 tz3=1ty4=t3+1
T 2
< a, {TZZcft} {Z )’7/<4+77>} = 0,(n"'K?)0 (1) = 0p(n ' K?).
i=1 t=1 T=1
Hence .
Z Z 1t1 ‘E [fz (tlv 2 )” = Op(nilKQ)‘ (B17)
=1 1<t1<...<ta<T
t3—to=dy

Combining (B.13), (B.15), (B.16) and (B.17) yields
S s = Opln~ ). (B18)
i=1
Then by (B.1), (B.9), (B.10), (B.11), (B.12) and (B.18) we have
zn:ED [&0i] = Op(n ' K?) =0, (1). (B.19)
This verifies the Liapounov condition. Then by the Liapounov CLT, we have 1,1 4N (0,1).

Lemma B.6 Let {W;,t > 1} be an a-mizing process with mixing coefficients « (j) . For any
integer ¢ > 1 and integers (t1, ..., tq) such that 1 <ty <ty < --- <tg, let b be a Borel measur-

able function such that maz{ [ |b(wy, ..., wy)[" T dF (w1, ...;wq), [ |b (w1, ..., we) "7 dF D (wy,
..,wj)dF(z) (Wjst1, -y wq)} < M for somen >0 and M > 0, where F, FO) and F@ are the
distribution functions of (th, ey Wtq) , (th, e Wt].) and (Wi, s Wi, ), respectively. Then

| [ (w1, ey wq) AF (w1, oy wy) — [b(wr, ey wy) dEWD (w1, .coyw;) dF P (wjs, ..y wy) | < 4AMY/ A+
o (tjp — tj)ﬁ/(lJrﬁ) )

Proof. See Lemma 2.1 of Sun and Chiang (1997). m

C Proof of equation (4.5) in the text

Recall Vior = ¢ (plmnps) ™ pymy Var(e:) mup; (pmup:)~ 6" and Ay = Vig!*. Since Amin
(Var(g;)) > ¢1 > 0 for some ¢; by Assumption 1(vii), Var(e;) > c1lp. By Assumption
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3(iv) and Lemma A.1, (pimpp;/T)~ > cali for large (n,T"). Then by the assumption that
)\min(d)K'ch ) > co > 0 for some cg, we have

Amin (T‘Z’nT> = Amin (T¢K’ (pimapi)~ pyma Var (;) mapi (Pimnps) ¢K)
> C1A\min (¢K (pimnps/T) ¢K>
> 12\ min (¢K¢K) > creaco > 0 for large (n,T). (C.1)

Consider any a € R? with |lal| = 1. Let gix (-) = p () oy, and g7y (-) be the remainder
function from approximating g; by gix : g = gi—gik - Noting that ® (g;) = ® (gix)+P (9% ) »

we can write

d At [® (G) — ® (95)]
= Ainrd™ @y, — ag,) — d' Ainr® (g
= d Apro® (pimapi)~ pimne; + a A o™’ (pimapi) ~ Py fave;
+al Aonr ™' (Pimapi)” pimin(gi — picg,) + ' Ainr® (g]c)
EinT,l + Eng + EmT,s + E@'nTA- (C.2)

It suffices to show that Emm 4N (0,1) and Em;ns =o0p (1) for s =2,3,4.
We first show E’mgg 20 as (n,T) — oo. By the Cauchy-Schwarz inequality, Assumptions
1(vii), 3(iv) and 4(ii), Lemmas A.1(v) and A.5(iv)-(v),
‘EinT,z‘ = | Ay o™ (imunpi)” Pimn favail
A Kr (1 - K7 1/2 !l / - 1/2
< [a Aird™' (pimapi)~ ¢ AmTa] [sz'f smapi (Pymapi) Py, f 2’724
_ 3 o 1/2
< {a'AmbeK' (Pimnps)” pimn Vi rmups (Dimaps)~ ¢ Ainra/ )\min(‘l’i,T)]

_ 1/2
X [Vlzifémhpi (pimupi) p;mhfﬂgi}

< 1/ A (i)™ [anin (B /T)] ™ {|pmn forvai| VT }

— 0(1)0,(1) Op(y/ETTn) = 0y (1).
Similarly, by the Cauchy-Schwarz inequality, Assumptions 1(vii), 3(iv) and 4(ii), Lemmas
A.1(v) and A.2,

’EmT,?,’ = !alng¢K/ (p;mhpi)ip;mh(gi_piagi)‘
~ o~ 1/2

{a'AmT(ﬁK/ (pimapi) <Z5KAmTa}
[/ Ain(Ti,0)]'2 i = picrg, |
< 0(1)O,(NVTK™/¥) =0,(1).

1/2

IN

[(gi - piagi), (8i — piagi)}

IN

By Assumption D, [Einr4] = a/ At ® (9) < Amax(Aint) [ (95) || < Pamin(TVinr)]72CVT
lgixll, = Op (1) 0(1) = 0, (1) .
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To prove E’mT,l 4N (0,1), let Ef = gbKa/ HgbKaH and Ava,a = 2;%/5, where ‘ZnT,a =
a'f/mTa/ H(bKaHQ . Then it is equivalent to showing that ZmT,a&ff' (Pimppi)” pimpe; 4N (0,1).
The proof of Lemma A.7 continues to work when we replace p® (z) and A;,7 by Ef and

AinT a, respectively. This completes the proof. B
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