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THIS APPENDIX PROVIDES PROOFS FOR TECHNICAL LEMMAS IN THE ABOVE PAPER.

Let C signify a generic constant whose exact value may vary from case to case. Let

D = { (xit, f1t, f2t) : i = 1, · · · , n, t = 1, · · · , T}. Let ED (.) and VarD (.) denote the condi-
tional expectation and conditional variance given D, respectively.

A Lemmas used in the proofs for section 4

In this appendix, we prove several lemmas that are used in the proof of the main results in

Section 4. Note that T−1p0imhpi = T−1p0ipi − T−1p0ih (h
0h)−1 pih. Recall Qipp = E (pitp

0
it) ,

Qiph = E (pith
0
t) , Qhh = E (hth

0
t) , and Qi = Qipp −QiphQ

−1
hhQ

0
iph. For notational simplicity,

we have suppressed the dependence of Qi, Qipp, and Qiph on K,T, or n. The following lemma

studies the properties of p0ipi, p
0
ih, and p0imhpi.

Lemma A.1 Suppose Assumptions 1-2 and 3(iv) hold, then
(i) E||T−1p0ipi −Qipp||2 = O(K2/T );

(ii) E||T−1p0ih−Qiph||2 = O(K/T );

(iii) ||T−1p0imhpi −Qi|| = Op(K/
√
T );

(iv) λmax (p0imhpi/T ) = λmax (Qi) +Op(K/
√
T ) = Op (1) ;

(v) λmin (p0imhpi/T ) ≥ λmin (Qi) /2 with probability approaching 1 (w.p.a.1).

Proof. (i) Let Qipp,jk denote the (j, k)th element of Qipp. Then

E
°°T−1p0ipi −Qipp

°°2
=

KX
j=1

KX
k=1

E

Ã
1

T

TX
t=1

pj(xit)pk(xit)−Qipp,jk

!2

=
1

T

KX
j=1

KX
k=1

E [pj(xi1)pk(xi1)−Qipp,jk]
2

1



+
2

T

KX
j=1

KX
k=1

T−1X
τ=1

(1− τ

T
)Cov (pj(xi1)pk(xi1), pj(xi,1+τ )pk(xi,1+τ ))

≡ Ai1 + 2Ai2.

Noting that E[pj(xit)pk(xit)] = Qipp,jk, by Assumption 3(iv) and the Cauchy-Schwarz in-

equality

Ai1 ≤ 1

T

KX
j=1

KX
k=1

E{[pj(xi1)pk(xi1)]2} ≤ 1

T
E

⎛⎝ KX
j=1

KX
k=1

©
E[pj(xi1)]

4
ª1/2 ©

E[pk(xi1)]
4
ª1/2⎞⎠

≤ CK2/T = O(K2/T ).

By Assumptions 1(i)-(ii) and 2(i)-(ii), {xit, t ≥ 1} is also α-mixing with mixing coefficients
αi (j) ≡ max {αi (j) , α0 (j)} . Then by Assumption 3(iv) and the Davydov inequality (e.g.,
Bosq, 1996, pp. 19-20) for α-mixing processes, we have

|Ai2| =
1

T

KX
j=1

KX
k=1

T−1X
τ=1

(1− τ

T
)Cov (pj(xi1)pk(xi1), pj(xi,1+τ )pk(xi,1+τ ))

≤ cη
T

KX
j=1

KX
k=1

T−1X
τ=1

¯̄̄
1− τ

T

¯̄̄
αi(τ)

η/(4+η)
n
E |pj(xi1)pk(xi1)|2+η/2

o4/(4+η)
≤ cη

T

KX
j=1

KX
k=1

T−1X
τ=1

αi(τ)
η/(4+η)

n
E |pj(xi1)|4+η E |pk(xi1)|4+η

o2/(4+η)
≤ CK2

T

∞X
τ=1

αi(τ)
η/(4+η) = O(K2/T ),

where cη = 2(4+2η)/(4+η)(4 + η)/η. Hence E
°°T−1p0ipi −Qipp

°°2 = O
¡
K2/T

¢
.

(ii) The proof is similar to the case of (i) and thus we only sketch it. Let Qiph,jk denote

the (j, k)th element of Qiph and ht,k denote the kth element of the (q1 + d+ 1)-vector ht. By

the remark after Assumption 2, ht has finite (4 + η)th moments. Then by Assumption 3(iv),

the Cauchy-Schwarz inequality, and the Davydov inequality

E
°°T−1p0ih−Qiph

°°2
=

KX
j=1

q1+d+1X
k=1

E

Ã
1

T

TX
t=1

pj(xit)ht,k −Qiph,jk

!2

=
1

T

KX
j=1

q1+d+1X
k=1

E [pj(xi1)ht,k −Qiph,jk]
2

+
2

T

KX
j=1

q1+d+1X
k=1

T−1X
τ=1

(1− τ

T
)Cov (pj(xi1)h1,k, pj(xi,1+τ )h1+τ,k)

= O (K/T ) +O (K/T ) = O (K/T ) .
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(iii) By repeated use of the triangle inequality and mh = IT − h (h0h)−1 h0, we have

||T−1p0imhpi −Qi|| =
°°°¡T−1p0ipi −Qipp

¢− ³T−1p0ih ¡h0h¢−1 h0pi −QiphQ
−1
hhQ

0
iph

´°°°
≤ °°T−1p0ipi −Qipp

°°+ °°°T−1p0ih ¡h0h¢−1 h0pi −QiphQ
−1
hhQ

0
iph

°°°
≤ °°T−1p0ipi −Qipp

°°+ °°°¡T−1p0ih−Qiph

¢ ¡
h0h
¢−1

h0pi
°°°

+
°°Qiph[(T

−1h0h)−1 −Q−1hh ]T
−1h0pi

°°+ °°QiphQ
−1
hh

¡
T−1h0pi −Q0iph

¢°°
≡ Ai3 +Ai4 +Ai5 +Ai6.

By (i) and Assumption 3(iv), E [Ai3] = O(K/
√
T ), so Ai3 = Op(K/

√
T ). Noting that

E
°°T−1p0ih°°2 = O(K),

Ai4 ≤
°°¡T−1p0ih−Qiph

¢°°°°°¡T−1h0h¢−1°°°°°T−1p0ih°°
= Op(

p
K/T )Op(1)Op(

√
K) = Op(K/

√
T ).

Similarly, using the fact that T−1h0h − Qhh = Op(T
−1/2) under Assumption 1 and that°°T−1p0ih°° = Op(

√
K), we can show that Ai5 = Op(K/

√
T ) and Ai6 = Op(K/

√
T ). It follows

that ||T−1p0imhpi −Qi|| = Op(K/
√
T ).

(iv) By (iii) and Assumption 3(iv),

λmax
¡
p0imhpi/T

¢
= max

kκk=1
©
κ0Qiκ + κ0

¡
p0imhpi/T −Qi

¢
κ
ª

≤ λmax (Qi) +
°°p0imhpi/T −Qi

°°
= λmax (Qi) +Op(K/

√
T ) = Op (1) .

(v) By (iii) and Assumption 3(iv),

λmin
¡
p0imhpi/T

¢
= min

kκk=1
©
κ0Qiκ + κ0

¡
p0imhpi/T −Qi

¢
κ
ª

≥ λmin (Qi)−
°°p0imhpi/T −Qi

°°
= λmin (Qi)−Op(K/

√
T ) ≥ λmin (Qi) /2 w.a.p.1.

Lemma A.2 Suppose Assumptions 3(i)-(iii) hold, then T−1E kgi − piagik2 = O(K−2λi/d).

Proof. For a square integrable function a : Xi → R, define the Hilbert norm kak2 ≡
{R a (x)2 fi (x) dx}1/2, where recall fi (x) is the density of xit. By Assumptions 3(i) and (iii),
for gi(.) ∈ Λλic (Xi, ωi) , there exists Π∞Kgi(

.) = α0gip
K (.) ∈ Λλic (Xi, ωi) such that for any

fixed ωi > ωi + λi we have°°gi(.)−Π∞Kp
K (.)

°°
∞,ωi

= sup
x∈Xi

¯̄̄£
gi(x)− α0gip

K (x)
¤
[1 + kxk2]−ωi/2

¯̄̄
≤ cK−λi/d.
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Then by Assumption 3(iii) with ωi = ωi + λi + �i for a small number �i > 0,

T−1E kgi − piagik2

= T−1
TX
t=1

E
£
gi (xit)− α0gip

K (xit)
¤2
=

Z £
gi(x)− α0gip

K (x)
¤2
fi (x) dx

=

Z ½£
gi(x)− α0gip

K (x)
¤ h
1 + kxk2

i−ωi/2¾2
fi (x)

h
1 + kxk2

iωi
dx

≤
³°°gi(.)−Π∞Kp

K (.)
°°
∞,ωi

´2 Z h
1 + kxk2

iωi
fi (x) dx ≤ CK−2λi/d.

Lemma A.3 Suppose Assumptions 1(i), (v), (vi), and (viii) hold, then nE [vv0] ≤ CIT and

nE [εε0] ≤ CIT for some C <∞, where v = (v1, v2, · · · , vT )0 and ε = (ε1, ε2, · · · , εT )0.

Proof. We only prove the first part since the other case is similar. Without loss of
generality, we assume d = 1 here. Then by Assumption 1(v), E(vtv0s) = n−2

Pn
i=1E(vitvis)

for t, s = 1, 2, · · · , T. By Assumptions 1(i), (vi), and (viii) and the Davydov inequality, with
γ = 4 + η,

TX
s=1

n−1
nX
i=1

|E(vitvis)| ≤ 22−2/γγ
γ − 2

TX
s=1

n−1
nX
i=1

αi (|t− s|)1−2/γ {E |vi1|γ}2/γ

≤ 22−2/γγ
γ − 2 max

1≤j≤n
{E |vj1|γ}2/γ n−1

nX
i=1

∞X
τ=0

αi (τ)
1−2/γ ≡ cγ <∞.

Let C ≥ cγ . Let a = (a1, a2, · · · , aT )0 be an arbitrary T -vector. Then

a0
¡
CIT − nE

£
vv0
¤¢
a = C

TX
t=1

a2t −
TX
t=1

TX
s=1

atasn
−1

nX
i=1

E(vitvis)

≥ C
TX
t=1

a2t −
1

2

TX
t=1

TX
s=1

¡
a2t + a2s

¢
n−1

nX
i=1

|E(vitvis)|

= C
TX
t=1

a2t −
TX
t=1

a2t

TX
s=1

n−1
nX
i=1

|E(vitvis)|

≥ C
TX
t=1

a2t − cγ

TX
t=1

a2t ≥ 0.

That is, CIT − nE [vv0] is positive semidefinite (p.s.d.) for some finite number C.

Lemma A.4 Suppose Assumptions 1(iii), (iv) and (vii), 2(i)-(ii), and 3(iv) hold, then
E
°°T−1p0imhεi

°°2 = O(K/T ).
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Proof. First, by Assumptions 1(iii)-(iv) and 2(i)-(ii), εi is independent of xit, t =

1, 2, · · ·T, and thus of pi. Combined with the fact that tr(AB) ≤ λmax (A)tr(B) for p.s.d.

matrix B and symmetric matrix A and Assumptions 1(vii) and 3(iv), this implies

E
£
ε0ipip

0
iεi
¤
= E[tr(pip0iED(εiε

0
i))] = E[tr(pip0iΨi,T )]

≤ λmax (Ψi,T )E kpik2 = O (KT ) .

Noting that λmax (mh) = 1, we have

E
°°T−1p0imhεi

°°2 = T−2E
£
tr
¡
ε0imhpip

0
imhεi

¢¤
= T−2E

£
tr
¡
mhpip

0
imhεiε

0
i

¢¤
≤ T−2E

£
tr
¡
pip

0
imhεiε

0
i

¢¤
= T−2E

£
tr
¡
mhεiε

0
ipip

0
i

¢¤
≤ T−2E

£
tr
¡
εiε

0
ipip

0
i

¢¤
= T−2E

£
ε0ipip

0
iεi
¤
= O (K/T ) .

Recall ht ≡ (f 01t, x0t, yt)0. Let zt ≡ (f 01t, f 02t)0. Then by (2.4) in the text, we have

ht = Γ
0zt + v∗t , (A.1)

where

Γ
(q1+q2)×(q1+d+1)

=

⎛⎜⎝ Iq1 Γ1
q1×d

γ1
q1×1

0
q2×q1

Γ2
q2×d

γ2
q2×1

⎞⎟⎠ , v∗0t
1×(q1+d+1)×1

=

µ
00
1×q1

v0t
1×d

gt + εt
1×1

¶
. (A.2)

Let z ≡ (z1, z2, · · · , zT )0, and v∗ ≡ (v∗1, v∗2, · · · , v∗T )0. We can rewrite (A.1) in matrix form

h = zΓ+ v∗. (A.3)

The following two lemmas study the approximation error due to the replacement of zΓ by h.

Lemma A.5 Suppose Assumptions 1, 2(i)-(ii) and 3(iv) hold, then
(i) E

°°T−1p0ih− T−1p0izΓ
°° = O(

p
K/n);

(ii) E
°°T−1f 02h− T−1f 02zΓ

°° = O(1/
√
n);

(iii) E
°°T−1 (h0h− Γ0z0zΓ)°° = O(1/

√
n).

If in addition Assumption 2(iii) holds, then

(iv) mbf2 = 0 w.p.a.1 as n→∞, where b ≡ zΓ and mb ≡ IT − b (b0b)−1 b0;
(v)

°°T−1(p0imhf2 − p0imbf2)γ2i
°° = Op(

p
K/n);

(vi)
°°T−1 (p0imhεi − p0imbεi)

°° = Op(
p
K/nT ).

Proof. (i) By (A.3),
T−1p0ih = T−1p0izΓ+ T−1p0iv

∗. (A.4)

Recall v = (v1, v2, · · · , vT )0 and ε = (ε1, ε2, · · · , εT )0. Let g ≡ (g1, g2, · · · , gT )0. Noting that
v∗t = (00, v0t, gt + εt)

0, we prove the claim in (i) by showing that

E
°°T−1p0iζ°°2 = Op(K/n2 +K/(nT )) for ζ = v, ε, and E

°°T−1p0ig°° = Op(
p
K/n). (A.5)
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By Assumptions 1(iii)-(v) and 2(i)-(ii), we have

E
°°T−1p0iv°°2

= T−2E
£
tr
¡
v0pip0iv

¢¤
= T−2Etr

Ã
TX
t=1

TX
s=1

vtp
0
itpisv

0
s

!

= (nT )−2Etr

⎛⎝ TX
t=1

TX
s=1

nX
j=1

nX
k=1

vjtp
0
itpisv

0
ks

⎞⎠ = (nT )−2 tr

⎛⎝ TX
t=1

TX
s=1

nX
j=1

E
¡
vjtp

0
itpisv

0
js

¢⎞⎠
= (nT )−2 tr

Ã
TX
t=1

TX
s=1

E
¡
vitp

0
itpisv

0
is

¢!
+ (nT )−2 tr

⎛⎝ TX
t=1

TX
s=1

nX
j 6=i

E
¡
vjtp

0
itpisv

0
js

¢⎞⎠
≡ Bi1 +Bi2.

Under Assumptions 1(i)-(ii) and 2(i)-(ii), {(xit, vjt), t ≥ 1} is also strong mixing. So we

can apply the Cauchy-Schwarz and Davydov inequalities to show that Bi1 = O(K/n2) and

Bi2 = O(K/(nT )) under Assumptions 1(vi) and 3(iv). Hence E
°°T−1p0iv°°2 = O(K/n2 +

K/(nT )). By the same arguments, E
°°T−1p0iε°°2 = O(K/n2+K/(nT )). Now, E

°°T−1p0ig°° ≤
{T−1E kgk2}1/2 {T−1E kpik2}1/2 = O

¡
n−1/2

¢
O
¡
K1/2

¢
= O(

p
K/n). This proves (i).

(ii) By (A.3),
°°T−1f 02h− T−1f 02zΓ

°° ≤ T−1 kf 02vk + T−1 kf 02εk + T−1 kf 02gk . Noting that
T−2E

°°f 02ζ°°2 = T−2E[tr(f 02E(ζζ
0
)f2)] ≤ Cn−1T−2E[tr(f 02f2)] = O

¡
n−1T−1

¢
for ζ = v and

ε by the independence between (v0t, εt)0 and f2t and Lemma A.3, we have T−1E kf 02vk +
T−1E kf 02εk= O(1/

√
nT ). T−1E kf 02gk ≤ {T−1E kf2k2}1/2 {T−1E kgk2}1/2 = O (1)O (1/

√
n) =

O (1/
√
n) . It follows that E

°°T−1f 02h− T−1f 02zΓ
°° = O(1/

√
n).

(iii) By (A.3),

T−1
¡
h0h− Γ0z0zΓ¢ = T−1 (zΓ+ v∗)0 (zΓ+ v∗)− T−1Γ0z0zΓ

= T−1v∗0v∗ + T−1Γ0z0v∗ + T−1v∗0zΓ. (A.6)

Noting that v∗t = (00, v0t, gt + εt)
0, it is straightforward to show that T−1E kv∗0v∗k = O(n−1)

and T−1E kΓ0z0v∗k = O(n−1/2). Consequently, E
°°T−1 (h0h− Γ0z0zΓ)°° = O(n−1/2).

(iv) First, note that rank(Γ) = q1+rank(Γ
∗
2). By Assumption 2(iii), the almost sure con-

vergence of Γ
∗
2 ≡ (Γ2, γ2) to Γ2 ≡ (Γ2, γ2) as n → ∞ where Γ2 ≡ E (Γ2i) and γ2 ≡ E (γ2i),

and Theorem 7.2.2 of Wang, Wei, and Qiao (2004), we have rank(Γ
∗
2) = q2 w.p.a.1 as n→∞.

Hence rank(Γ) = q1+q2 ≤ q1+d+1 w.p.a.1. LetA andB bem1×m2 andm2×m3 matrices, re-

spectively. Then (AB)− = B−A− = B0(BB0)−1(A0A)−1A0 provided rank(A) =rank(B) = m2

(e.g., Bernstein (2005, Fact 6.4.8)). It follows that

mb = IT − b
¡
b0b
¢−1

b0 = IT − zΓ
¡
Γ0z0zΓ

¢−1
Γ0z0

= IT − zΓ
¡
z0zΓ

¢−
z0 = IT − z

¡
z0z
¢−

z0 ≡ mz.

Consequently, mbf2 = mzf2 = 0 a.s. because f2 ⊂ z.
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(v) Let bt ≡ Γ0zt. Noting that h = b+ v∗ and h0h− b0b = v∗0v∗ + b0v∗ + v∗0b, we have¡
p0imhf2 − p0imbf2

¢
γ2i/T

=
1

T
p0i
n
(b+ v∗)

¡
h0h
¢−1

(b0 + v∗0)− b
¡
b0b
¢−1

b0
o
f2γ2i

=
1

T
p0iv

∗ ¡h0h¢−1 b0f2γ2i + 1

T
p0ib
¡
h0h
¢−1

v∗0f2γ2i

+
1

T
p0iv

∗ ¡h0h¢−1 v∗0f2γ2i − 1

T
p0ib
¡
h0h
¢−1 ¡

hh0 − b0b
¢ ¡
b0b
¢−1

b0f2γ2i

=
1

T

n
p0iv

∗ ¡h0h¢−1 b0f2γ2i − p0ib
¡
h0h
¢−1

b0v∗
¡
b0b
¢−1

b0f2γ2i
o

+
1

T

n
p0ib
¡
h0h
¢−1

v∗0f2γ2i − p0ib
¡
h0h
¢−1

v∗0b
¡
b0b
¢−1

b0f2γ2i
o

+
1

T

n
p0iv

∗ ¡h0h¢−1 v∗0f2γ2i − p0ib
¡
h0h
¢−1

v∗0v∗
¡
b0b
¢−1

b0f2γ2i
o

≡ Bi3 +Bi4 +Bi5, say. (A.7)

First,

Bi4 =
1

T
p0ib
¡
h0h
¢−1

v∗0mbf2γ2i = 0 w.p.a.1 by (iv). (A.8)

Next, write Bi5 =
1
T p

0
iv
∗ (h0h)−1 v∗0f2γ2i − 1

T p
0
ib (h

0h)−1 v∗0v∗ (b0b)−1 b0f2γ2i ≡ Bi5a − Bi5b.

Noting that
°°T−1p0iv∗°° = Op(

p
K/n) and (b0b)−1 b0f2 = Γ

a0
2 where Γ

a
2 =

¡
0q2×q1 ,Γ2, γ2

¢
, we

have

kBi5ak ≤
∙
λmin

µ
h0h
T

¶¸−1 °°°° 1T 2 p0iv∗v∗0f2γ2i
°°°°

≤
∙
λmin

µ
h0h
T

¶¸−1 °°°° 1T p0iv
∗
°°°°°°°° 1T v∗0f2γ2i

°°°°
= Op(1)Op(

p
K/n)Op(

p
1/n) = Op(

√
K/n),

and similarly

kBi5bk ≤
∙
λmin

µ
h0h
T

¶¸−1 °°°°p0ibT
°°°°
°°°°°v∗0v∗Γ

a0
2 γ2i

T

°°°°°
= Op(1)Op(

√
K)Op(1/n) = Op(

√
K/n).

It follows that

kBi5k = Op(
√
K/n). (A.9)

Now, write

Bi3 =
1

T

n
p0iv

∗ ¡h0h¢−1 b0f2γ2i − p0ib
¡
h0h
¢−1

b0v∗
¡
b0b
¢−1

b0f2γ2i
o

=
1

T

n
p0iv

∗ − p0ib
¡
b0b
¢−1

b0v∗
o¡

b0b
¢−1

b0f2γ2i +
1

T
p0iv

∗
n¡

h0h
¢−1 − ¡b0b¢−1o b0f2γ2i

+
1

T
p0ib
n¡

b0b
¢−1 − ¡h0h¢−1o b0v∗ ¡b0b¢−1 b0f2γ2i

≡ Bi3a +Bi3b +Bi3c, say. (A.10)
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By (iii) and the fact that
°°T−1p0iv∗°° = Op(

p
K/n),

kBi3bk ≤
°°°°p0iv∗T

°°°°
°°°°°
µ
h0h
T

¶−1
−
µ
b0b
T

¶−1°°°°°
°°°°b0f2γ2iT

°°°°
= Op(

p
K/n)Op(

p
1/n)Op(1) = Op(

p
K/n2), (A.11)

and similarly kBi3ck = Op(
p
K/n2). Combining (A.7)-(A.11) yields¡
p0imhf2 − p0imbf2

¢
γ2i/T

=
1

T
p0imbv

∗ ¡b0b¢−1 b0f2γ2i +Op(
p
K/n2)

=
1

T
p0imbv

∗Γa02 γ2i +Op(
p
K/n2)

=
1

T
p0imbv

∗Γa02 γ2i +Op(
p
K/n2) (A.12)

where Γa2 = E(Γ
a
2) and the last equality follows from the triangle inequality, the fact that Γ

a
2−

Γa2 = Op(
p
1/n), and the fact that

°°T−1p0imbv
∗°° = Op(

p
K/n). Consequently ||T−1(p0imhf2

−p0imbf2)γ2i|| ≤
°°T−1p0imbv

∗°° kΓa02 γ2ik +Op(
p
K/n2) = Op(

p
K/n).

(vi) By the triangle inequality,

1

T

°°p0imhεi − p0imbεi
°°

=
1

T

°°°p0ib ¡b0b¢−1 b0εi − p0ih
¡
h0h
¢−1

h0εi
°°°

≤ 1

T

°°°¡p0ib− p0ih
¢ ¡
b0b
¢−1

b0εi
°°°+ 1

T

°°°p0ih[¡b0b¢−1 − ¡h0h¢−1]b0εi°°°
+
1

T

°°°p0ih ¡h0h¢−1 £b0εi − h0εi
¤°°°

≤ ||T−1 ¡p0ib− p0ih
¢ || || ¡T−1b0b¢−1 || ||T−1b0εi||

+||T−1p0ih|| ||
¡
T−1b0b

¢−1 − ¡T−1h0h¢−1 || ||T−1b0εi||
+||T−1p0ih|| ||

¡
T−1h0h

¢−1 || ||T−1 ¡b0εi − h0εi
¢ ||

= Op(
p
K/n)Op (1)Op(

p
1/T ) +Op(

√
K)Op(

p
1/n)Op(

p
1/T ) +Op(

√
K)Op(1)Op(1/

√
nT )

= Op(
p
K/nT ),

where we have used the fact that
°°T−1b0εi°° = Op(

p
1/T ) and

°°T−1 (h0εi − b0εi)
°°2 = °°T−1v∗0εi°°2

=
°°T−1v0εi°°2 + °°T−1g0εi°°2 + °°T−1ε0εi°°2 = Op(1/(nT )).

Let h≡diag(kh1k , · · · , khTk) and pi≡diag(kpi1k , · · · , kpiTk) .

Lemma A.6 Suppose Assumptions 1, 2(i)-(ii), and 3(iv) hold, then
(i) E

°°T−1 (h− zΓ)
°° = O(

p
1/nT ), E

°°T−1h(h− zΓ)
°° = O(

p
1/nT ), and E||T−1pi(h−

zΓ)|| = O(
p
K/nT );

(ii)
°°T−1(mhf2 −mbf2)

°° = Op(
p
1/nT ),

°°T−1h(mhf2 −mbf2)
°° = Op(

p
1/nT ), and

||T−1pi (mhf2 −mbf2)|| = Op(
p
K/nT ).
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Proof. (i) The proof is similar to but simpler than that of Lemma A.5(i).
(ii) The proof is analogous to that of Lemma A.5(v).

The next lemma is used in the proof of Theorem 4.2.

Lemma A.7 Let x ∈ Xi be given and
°°pK (x)°° > c for some constant c > 0. Suppose

Assumptions 1, 2, 3(iv), and 4 hold. TinT ≡ AinTp
K (x)0 (p0imhpi)

− p0imhεi
d→ N (0, 1) .

Proof. Let pK (x) = pK (x) /
°°pK (x)°° . Then TinT = T−1/2pK (x)0 (p0imhpi/T )

− p0imhεi/q
T VinT/ kpK (x)k2. Define

T inT ≡ T−1/2pK (x)0Q−i p
0
imhεiq

T−1pK (x)0Q−i p
0
imhΨi,TmhpiQ

−
i p

K (x)
, and

T ∗inT ≡ T−1/2pK (x)0Q−i p
0
imbεiq

T−1pK (x)0Q−i p
0
imbΨi,TmbpiQ

−
i p

K (x)
.

By Assumption 1(vii) and Lemma A.1,

T VinT/
°°pK (x)°°2 = TpK (x)0

¡
p0imhpi

¢−
p0imhΨi,Tmhpi

¡
p0imhpi

¢−
pK (x)

≥ λmin (Ψi,T ) p
K (x)0

¡
p0imhpi/T

¢−
pK (x)

≥ λmin (Ψi,T )
£
λmax

¡
p0imhpi/T

¢¤−1 ≥ C > 0 w.p.a.1.

The proof is complete if we can show that

TinT − T inT = op (1) , (A.13)

T inT − T ∗inT = op (1) , and (A.14)

T ∗inT
d→ N (0, 1) . (A.15)

First, we prove (A.13) by showing that ζ1inT ≡ TVinT/
°°pK (x)°°2−T−1pK (x)0Q−i p0imhΨi,T

mhpiQ
−
i p

K (x) = op (1) and ζ2inT ≡ T−1/2pK (x)0
h
(p0imhpi/T )

− −Q−i
i
p0imhεi = op (1) ,

given the fact that T VinT/
°°pK (x)°°2 = Op (1) . By the triangle inequality, Assumptions

1(vii) and 3(iv), and Lemma A.1,

|ζ1inT | ≤
¯̄̄
pK (x)0

h¡
p0imhpi/T

¢− −Q−i
i
p0imhΨi,Tmhpi

¡
p0imhpi

¢−
pK (x)

¯̄̄
+
¯̄̄
T−1pK (x)0Q−i p

0
imhΨi,Tmhpi

h¡
p0imhpi/T

¢− −Q−i
i
pK (x)

¯̄̄
≤

°°°h¡p0imhpi/T
¢− −Q−i

i
p0imhΨi,Tmhpi

¡
p0imhpi

¢−°°°
+
°°°T−1Q−i p0imhΨi,Tmhpi

h¡
p0imhpi/T

¢− −Q−i
i°°°

≤ λmax (Ψi,T )
°°°¡p0imhpi/T

¢− −Q−i
°°°

+λmax (Ψi,T )
°°°Q−i ¡p0imhpi/T

¢ h¡
p0imhpi/T

¢− −Q−i
i°°°

≤ O (1)Op(K/
√
T ) +O (1) [λmin (Qi)]

−1 λmax
¡
p0imhpi/T

¢ °°°¡p0imhpi/T
¢− −Q−i

°°°
= Op(K/

√
T ) +O (1)O (1)Op (1)Op(K/

√
T ) = op (1) .
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By Lemmas A.1 and A.4 and Assumption 4(ii)

|ζ2inT | ≤ T 1/2
°°°¡p0imhpi/T

¢− −Q−i
°°°°°T−1p0imhεi

°°
= T 1/2Op(K/

√
T )Op(

p
K/T ) = Op(

p
K3/T ) = op (1) .

Thus (A.13) holds.

Similarly, we prove (A.14) by showing that ζ∗1inT ≡ T−1pK (x)0Q−i (p
0
imhΨi,Tmhpi− p0imb

Ψi,Tmbpi)Q
−
i p

K (x) = op (1) and ζ∗2inT ≡ T−1/2pK (x)0Q−i p
0
i (mh −mb) εi = op (1) . The first

part is analogous to the proof that ζ1inT = op (1) and Lemma A.5(v). For the second part,

we apply Lemma A.5(vi) to obtain

|ζ∗2inT |2 = T−1tr
¡
pK (x)0Q−i p

0
i (mh −mb) εiε

0
i (mh −mb) p

0
iQ
−
i p

K (x)
¢

≤ [λmin (Qi)]
−2 T−1tr

¡
p0i (mh −mb) εiε

0
i (mh −mb) p

0
i

¢
= T [λmin (Qi)]

−2 °°T−1p0i (mh −mb) εi
°°2 = Op (K/n)) = op (1) .

Now we prove (A.15). Let σ2inT = T−1pK (x)0Q−i p
0
imbΨi,TmbpiQ

−
i p

K (x) , and c0inT =

pK (x)0Q−i p
0
imb. Then T ∗inT = T−1/2

PT
t=1 cinT,tεit/σinT , where cinT,t denotes the tth element

of cinT . Let ιt denote a T × 1 vector with 1 in the tth place and 0 elsewhere. Then cinT,t =

pK (x)0Q−i p
0
imbιt. By construction, ED (T ∗inT ) = 0 and ED

¡
T ∗2inT

¢
= 1. We now prove the

lemma under different conditions specified in Assumption 4(i).

Case 1: {εit,Fit} is a martingale difference sequence (MDS). By White (2001, Theorem
5.24), we prove that conditional on D, T ∗inT d→ N (0, 1) by showing that: (i) For every ε > 0,

σ−2inTT
−1PT

t=1ED[c
2
inT,tε

2
it 1(c

2
inT,tε

2
it > Tεσ2inT )]

p→ 0; (ii) T−1
PT

t=1 c
2
inT,tε

2
it−σ2inT = op (1) .

First, by Assumptions 1(vii) and 3(iv),

σ2inT = T−1pK (x)0Q−i p
0
imbΨi,Tp

0
imbpiQ

−
i p

K (x)

≥ λmin (Ψi,T ) p
K (x)0Q−i

¡
p0imbpi/T

¢
Q−i p

K (x)

≥ λmin (Ψi,T ) [λmax (Qi)]
−2 λmin

¡
p0imbpi/T

¢
> C > 0 for large (n, T ) ,

where we have used the fact that
°°T−1 (p0imbpi − p0imhpi)

°° = op (1) and Lemma A.1(v). By

the Cauchy-Schwarz and Chebyshev’s inequalities, Assumptions 1-2 and 3(iv), and repeated

use of the fact that tr(AB) ≤ λmax (A)tr(B) for symmetric A and p.s.d. B,

σ−2inTT
−1

TX
t=1

ED
£
c2inT,tε

2
it1
¡
c2inT,tε

2
it > Tεσ2inT

¢¤
≤ 1

Tσ2inT

TX
t=1

©
ED

£
c4inT,tε

4
it

¤ª1/2 ©
P
¡
c2inT,tε

2
it > Tεσ2inT |D

¢ª1/2 ≤ 1

T 2εσ4inT

TX
t=1

ED
£
c4inT,tε

4
it

¤

10



≤ E
¡
ε4i1
¢

T 2εσ4inT

TX
t=1

tr
¡
pK (x)0Q−i p

0
imbιtι

0
tmbpiQ

−
i p

K (x) pK (x)0Q−i p
0
imbιtι

0
tmbpiQ

−
i p

K (x)
¢

≤ E
¡
ε4i1
¢
[λmin (Qi)]

−4

T 2εσ4inT

TX
t=1

tr
¡
p0imbιtι

0
tmbpip

0
imbιtι

0
tmbpi

¢
≤ E

¡
ε4i1
¢
[λmin (Qi)]

−4

T 2εσ4inT

TX
t=1

tr
¡
ι0tpip

0
iιtι

0
tpip

0
iιt
¢

=
E
¡
ε4i1
¢
[λmin (Qi)]

−4

T 2εσ4inT

TX
t=1

kpitk4 = O
¡
K2/T

¢
= o (1) . (A.16)

This completes the proof of (i).

Now, let ςinT = T−1
PT

t=1 c
2
inT,tε

2
it − σ2inT . Then ED (ς inT ) = 0 and

ED
¡
ς2inT

¢
=

1

T 2

TX
t=1

VarD
¡
c2inT,tε

2
it

¢
+
1

T 2

TX
t=1

TX
s=1,s6=t

CovD
¡
c2inT,tε

2
it, c

2
inT,sε

2
is

¢
=

Var
¡
ε2i1
¢

T 2

TX
t=1

c4inT,t +
1

T 2

TX
t=1

TX
s=1,s6=t

c2inT,tc
2
inT,sCov

¡
ε2it, ε

2
is

¢
. (A.17)

As in the proof of (A.16), the first term of (A.17) is bounded above by C
T 2
PT

t=1 kpitk4 =
O
¡
K2/T

¢
= o (1) . By the Davydov inequality, the second term of (A.17) is bounded above

by

1

T 2

TX
t=1

c4inT,t

TX
s=1,s6=t

αi (|t− s|)η/(4+η) {E |εi1|4+η}4/(4+η) ≤ C

T 2

TX
t=1

c4inT,t = O
¡
K2/T

¢
= o (1) .

Consequently, ςinT = T−1
PT

t=1 c
2
inT,tε

2
it−σ2inT = op (1) by the conditional Chebyshev inequal-

ity.

Case 2: φ-mixing with φ (j) = O
¡
j−1−�

¢
for some � > 0. By White (2001, Theorem

5.20), it suffices to show that for large (n, T ): (i) ED[c2inT,tε
2
it] is stochastically bounded for

all t; (ii) σ2inT ≡VarD(T−1/2
PT

t=1 cinT,tεit) > c for some c > 0. (ii) follows from the bound

of σ2inT in Case 1 where we need not use the MDS property of {εit,Fit} . For (i), noting that
p0imbιtι

0
tmbpi ≤ pitp

0
it, by Assumption 3(iv) we have

E
£
c2inT,tε

2
it

¤
= σ2iE

£
pK (x)0Q−i p

0
imbιtι

0
tmbpiQ

−
i p

K (x)
¤

≤ σ2i tr
©
pK (x)0Q−i E

£
pitp

0
it

¤
Q−i p

K (x)
ª

≤ σ2iλmax (Qipp) [λmin (Qi)]
−2 ≤ C <∞

where σ2i = E(ε2i1).

Case 3: α-mixing with λmax (E (pitp
0
itpitp

0
it)) ≤ C < ∞. For a scalar random variable ς,

let kςkp ≡ {E |ς|p}1/p . Note that
P∞

j=1 α (j)
2+η/2

(2+η/2)−2 =
P∞

j=1 α (j)
4+η

η <∞ by Assumption 1.
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By White (2001, Theorem 5.20), it suffices to show that for large (n, T ): (i) kcinT,tεitk2+η/2 ≤
C < ∞ for all t; (ii) σ2inT ≡VarD

³
T−1/2

PT
t=1 cinT,tεit

´
> c for some c > 0. The proof of

(ii) is identical to that of (ii) in Case 1. So we only prove (i). Noting that E |εit|2+η/2 =
E |εi1|2+η/2 < ∞ and εit is independent of cinT,t, (i) holds provided kcinT,tk2+η/2 ≤ C < ∞
for all t and large (n, T ) . By the Liapounov’s inequality, repeated use of the facts that

λmax (mb) ≤ 1 and tr(AB) ≤ λmax (A)tr(B) for symmetric A and p.s.d. B, and Assumption

3(iv), ³
kcinT,tk2+η/2

´4 ≤ ¡kcinT,tk4¢4
≤ E

©
tr
¡
Q−i p

0
imbιtι

0
tmbpiQ

−
i Q

−
i p

0
imbιtι

0
tmbpiQ

−
i

¢ª
= [λmin (Qi)]

−2 tr
©
E
¡
p0iιtι

0
tpip

0
iιtι

0
tpi
¢
Q−i Q

−
i

ª
≤ [λmin (Qi)]

−4 λmax
©
E
¡
pitp

0
itpitp

0
it

¢ª ≤ C4 <∞ for all t.

That is, kcinT,tk2+η/2 ≤ C <∞. This completes the proof.

Now, recall bei = mh (yi − bgi) and beit denotes the tth element of bei. Write
bei − εi = mh (yi − bgi)− εi = mh (gi − bgi) +mhf2γ2i + (mhεi − εi) . (A.18)

The following lemma is used in the proof of Theorem 4.3.

Lemma A.8 Suppose Assumptions 1-4 hold, then
(i) T−1 kbei − εik2 = Op

¡
K/T +K−2λi/d +K/n

¢
;

(ii) T−1 kh (bei − εi)k2 = T−1
PT

t=1 khtk2 (beit − εit)
2 = Op

¡
K(K/T +K−2λi/d +K/n)

¢
;

(iii) T−1 kpi (bei − εi)k2 = T−1
PT

t=1 kpitk2 (beit − εit)
2 = Op

¡
K2(K/T +K−2λi/d +K/n)

¢
.

Proof. (i) By Theorem 4.1 and the Chebyshev inequality, T−1 kgi − bgik2 = Op(K/T+

K−2λi/d + K/n). By Lemmas A.5(iv) and A.6(ii), T−1 kmhf2k2 = Op(1/n). Similar to the

proof of Lemma A.4, we can show that T−1||h (h0h)−1 h0εi||2 = Op (1/T + 1/n) . By (A.18),

the triangle and Cauchy-Schwarz inequalities and the fact that λmax (mh) = 1,

T−1 kbei − εik2 ≤ 3T−1 kmh (gi − bgi)k2 + 3T−1 kmhf2γ2ik2 + 3T−1 kmhεi − εik2

≤ 3T−1 kgi − bgik2 + 3T−1 kmhf2γ2ik2 + 3T−1
°°°h ¡h0h¢−1 h0εi°°°2

= Op(K/T +K−2λi/d +K/n) +Op (1/n) +Op (1/T + 1/n)

= Op(K/T +K−2λi/d +K/n). (A.19)

(ii) By (A.18) and the triangle and Cauchy-Schwarz inequalities,

T−1 kh (bei − εi)k2

≤ 3T−1 khmh (gi − bgi)k2 + 3T−1 khmhf2γ2ik2 + 3T−1 kh (mhεi − εi)k2

≡ 3τ1T + 3τ2T + 3τ3T . (A.20)
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Let mh,ts denote the (t, s) element of mh. Then

TX
s=1

|mh,ts| =
TX
s=1

¯̄̄
1 (s = t)− h0s

¡
h0h
¢−1

ht

¯̄̄
≤ 1 + T−1

TX
s=1

¯̄̄
h0s
¡
h0h/T

¢−1
ht

¯̄̄
≤ 1 +

°°°¡h0h/T¢−1°°°T−1 TX
s=1

khsk khtk = 1 + α1T khtk , (A.21)

where 1 (.) is the usual indicator function and

α1T ≡ ||
¡
h0h/T

¢−1 ||T−1 TX
s=1

khsk = Op (1) . (A.22)

Similarly,

TX
s=1

kpismh,tsk =
TX
s=1

°°°pis ³1 (s = t)− h0t
¡
h0h
¢−1

hs

´°°°
≤ kpitk+ T−1

TX
s=1

°°°h0t ¡h0h/T ¢−1 hsp0is°°°
≤ kpitk+

°°°¡h0h/T¢−1°°°(T−1 TX
s=1

°°pish0s°°
)
khtk

= kpitk+ α2T khtk , (A.23)

where

α2T = ||
¡
h0h/T

¢−1 ||T−1 TX
s=1

°°pish0s°° = Op(
√
K). (A.24)

Noting that uniformly in s, bgi (xis) − gi (xis) = (bαgi − αgi)
0 pis +

¡
α0gipis − gi (xis)

¢
=

(bαgi − αgi)
0 pis +Op

¡
K−λi/d¢ , it follows from Theorem 4.1(i) and the triangle and Cauchy-

Schwarz inequalities that

τ1T = T−1
TX
t=1

khtk2
"

TX
s=1

mh,ts (bgi (xis)− gi (xis))

#2

≤ T−1
TX
t=1

khtk2
"

TX
s=1

|mh,ts|
n
Op

³
K−λi/d

´
+ (bαgi − αgi)

0 pis
o#2

≤ Op

³
K−2λi/d

´⎧⎨⎩T−1
TX
t=1

khtk2
"

TX
s=1

|mh,ts|
#2⎫⎬⎭

+2 kbαgi − αgik2
⎧⎨⎩T−1

TX
t=1

khtk2
"

TX
s=1

kpismh,tsk
#2⎫⎬⎭

= Op

³
K−2λi/d

´
Op (1) +Op

³
K/T +K−2λi/d +K/n

´
Op (K)

= Op

³
K(K/T +K−2λi/d +K/n)

´
, (A.25)
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where the next to last equality follows because by (A.21) and (A.23) and the Markov inequal-

ity, one can show

T−1
TX
t=1

khtk2
"

TX
s=1

|mh,ts|
#2

= T−1
TX
t=1

khtk2 [1 + α1T khtk]2 = Op (1) , and

T−1
TX
t=1

khtk2
"

TX
s=1

kpismh,tsk
#2

= T−1
TX
t=1

khtk2 [kpitk+ α2T khtk]2 = Op (K) .

Next, by Lemmas A.5(iv) and A.6(ii)

τ2T = T−1 khmhf2γ2ik2 = T
°°T−1h (mhf2 −mbf2)

°°2 kγ2ik2
= Op (T )Op (1/ (nT ))Op (1) = Op (1/n) . (A.26)

Now,

τ3T = T−1 kh (mhεi − εi)k2 = T−1
TX
t=1

khtk2 h0t
¡
h0h
¢−1

h0εiε0ih
¡
h0h
¢−1

ht

= T−1
TX
t=1

khtk2
(
h0t
¡
T−1h0h

¢−1Ã
T−1

TX
s=1

hsεis

!)2

≤
°°°°°T−1

TX
t=1

khtk2 h0t
°°°°°°°°¡T−1h0h¢−1°°°

°°°°°T−1
TX
s=1

hsεis

°°°°°
2

= Op (1/T + 1/n) . (A.27)

Combining (A.20), (A.25), (A.26), and (A.27) yields

T−1 kh (bei − εi)k2 = Op

³
K(K/T +K−2λi/d +K/n)

´
. (A.28)

(iii) The proof is analogous to that of (ii) and is thus omitted.

B Lemmas used in the proofs for section 5

Here we prove several lemmas that are used in the proof of Theorems 5.1-5.3.

Lemma B.1 Suppose the conditions in Lemma A.1 and Assumption 5 hold, then
(i) ||(nT )−1P 0MhP −Qn|| = op(K

−1/2);
(ii) λmax (P 0MhP/(nT )) = λmax

¡
Qn

¢
+ op(K

−1/2) = Op (1) ;

(iii) λmin (P 0MhP/(nT )) ≥ λmin
¡
Qn

¢
/2 w.p.a.1.

Proof. We first prove (i). Noting that Mh is block diagonal, we have

||(nT )−1P 0MhP −Qn|| = n−1
°°°°°

nX
i=1

(T−1p0imhpi −Qi)

°°°°°
≤ n−1

nX
i=1

||T−1p0imhpi −Qi|| =
6X

s=3

As,

14



where As = n−1
Pn

i=1Ais and Ais, s = 3, 4, 5, 6, are defined in the proof of Lemma A.1(iii).

For A3, by the proof of Lemma A.1(i) and Assumption 5(iv),

E [A3] = n−1
nX
i=1

E [Ai3] ≤ max
1≤i≤n

E
°°T−1p0ipi −Qipp

°° = O
³
K/
√
T
´
.

For A4, we have

A4 = n−1
nX
i=1

°°°¡T−1p0ih−Qiph

¢ ¡
h0h
¢−1

h0pi
°°° ≤ °°°¡T−1h0h¢−1°°°A4

where A4 ≡ n−1
Pn

i=1

°°¡T−1p0ih−Qiph

¢°°°°T−1p0ih°° . By the Cauchy-Schwarz inequality, the
proof of Lemma A.1(ii), Assumptions 1(vi) and 5(iv),

E
£
A4
¤ ≤ n−1

nX
i=1

n
E
°°¡T−1p0ih−Qiph

¢°°2E °°T−1p0ih°°2o1/2
≤

½
max
1≤i≤n

E
°°¡T−1p0ih−Qiph

¢°°2¾1/2½max
1≤i≤n

E
°°T−1p0ih°°2¾1/2

= O
³p

K/T
´
O
³√

K
´
= O

³
K/
√
T
´
.

It follows that A4 = Op(K/
√
T ) by the Markov inequality and the fact that || ¡T−1h0h¢−1 || =

Op (1) .Next, A5 ≤
°°(T−1h0h)−1 −Q−1hh

°°max1≤i≤n kQiphkA5,whereA5 ≡ n−1
Pn

i=1

°°T−1p0ih°° .
E
£
A5
¤ ≤ max1≤i≤nE °°T−1p0ih°° = O(

√
K), implying that A5 = Op(

√
K). So A5 = Op(T

−1/2)
O(
√
K)Op(

√
K) = Op(K/

√
T ). Similarly, we can show that A6 = Op(K/

√
T ). It follows that

n−1
Pn

i=1 ||T−1 p0imhpi − Qi|| = Op(K/
√
T ) = op(K

−1/2) provided K3/T → 0 as T → ∞.

Thus we have proved (i) for the case where T →∞.

If T is fixed, we follow the proof of Lemma A.1(iii) and prove (i) by showing that°°°°°n−1
nX
i=1

¡
T−1p0ipi −Qipp

¢°°°°° = op(K
−1/2) and

°°°°°n−1
nX
i=1

¡
T−1p0ih−Qiph

¢°°°°° = op(K
−1/2).

The first part is ensured by Assumption 5(iii). For the second part, we have°°°°°n−1
nX
i=1

¡
T−1p0ih−Qiph

¢°°°°°
=

°°°°°(nT )−1
nX
i=1

£
p0ib−E

¡
p0ib
¢¤
+ (nT )−1

nX
i=1

£¡
p0ih− p0ib

¢−E(p0ih− p0ib)
¤°°°°°

≤
°°°°°(nT )−1

nX
i=1

£
p0ib−E

¡
p0ib
¢¤°°°°°+

°°°°°(nT )−1
nX
i=1

£
p0iv

∗ −E
¡
p0iv

∗¢¤°°°°°
The first term on the right hand side of the last expression is op(K−1/2) by Assumption
5(iii). The expectation of the second term is no bigger than 2n−1

Pn
i=1E

¯̄
T−1p0iv

∗¯̄ . So
||n−1Pn

i=1(T
−1p0ih −Qiph)|| = op(K

−1/2) if we can show max1≤i≤nE
¯̄
T−1p0iv

∗¯̄ = o(K−1/2).
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This follows from the proof of Lemma A.5(i), Assumptions 1(vi) and 5(iv), and the fact that

K2/n = o (1). It follows that ||n−1Pn
i=1

¡
T−1p0ih−Qiph

¢ || = op(K
−1/2).

The proof of (ii) and (iii) is analogous to that of Lemmas A.1(iv)-(v), now using (i)

instead.

Lemma B.2 Suppose Assumptions 3(i)-(iii) hold with gi (.) replaced by g (.) , then (nT )
−1E||g

−Pag||2 = O
¡
K−2λ/d¢ where g = (g01, · · · ,g0n)0, gi = (g (xi1) , · · · , g (xiT ))0, and λ = min1≤i≤n λi.

Proof. The proof is analogous to that of Lemma A.2 and thus is omitted.

Lemma B.3 Suppose Assumptions 1(iii),(iv) and (vii), 2(i)-(ii), and 3(iv) hold, then E||(NT )−1

P 0Mhε||2 = O(K/(nT )).

Proof. The proof is analogous to that of Lemma A.4 and thus is omitted. The main
difference is that we now require that λmax (ΨnT ) be O (1). The latter condition is satisfied

because ΨnT is block diagonal by Assumption 1(v), and max1≤i≤n λmax (Ψi,T ) ≤ cΨ <∞ by

Assumption 5(iv).

Lemma B.4 LetMb ≡ In⊗mb. Suppose Assumptions 1, 2, and 3(iv) hold and λmax(E(γ2γ
0
2))

= O (rn), then k(P 0MhF2 − P 0MbF2)γ2k /
√
nT = Op(

p
rnK/n+

p
KT/n).

Proof. By the proof of Lemma A.5(v),

1√
nT

°°¡P 0MhF2 − P 0MbF2
¢
γ2
°° =

r
T

n

°°°°°
nX
i=1

T−1
¡
p0imhf2 − p0imbf2

¢
γ2i

°°°°°
= kB3a +B3b +B3c +B5a −B5bk ,

where B3l =
p
T/n

Pn
i=1Bi3l for l = a, b, c, B5l =

p
T/n

Pn
i=1Bi5l for l = a, b, and Bi3a,

Bi3b, Bi3c, Bi5a, and Bi5b are defined in the proof of Lemma A.5(v).

Define the block diagonal matrices V
∗ ≡ In ⊗ v∗ and

−→
Γ 2 ≡ In ⊗ Γa02 . Then

ED kB3ak2 =
1

nT
ED

°°°°°
nX
i=1

p0imbv
∗Γa02 γ2i

°°°°°
2

=
1

nT
ED

°°°P 0MbV
∗−→
Γ 2γ2

°°°2 = 1

nT
tr
³
P 0MbV

∗−→
Γ 2E

¡
γ2γ

0
2

¢−→
Γ 02V

∗0
MbP

´
≤ 1

nT
tr(P 0MbV

∗
V
∗0
MbP )λmax

¡
E
¡
γ2γ

0
2

¢¢
λmax(

−→
Γ 2
−→
Γ 02)

=
1

nT
Op (KT )O (rn)O (1) = Op (rnK/n) .

It follows that kB3ak = Op(
p
rnK/n). For B3b, we have

kB3bk ≤
r

T

n

nX
i=1

kAi3bk ≤
°°°°°
µ
h0h
T

¶−1
−
µ
b0b
T

¶−1°°°°°B3b
16



whereB3b =
p
T/n

Pn
i=1

°°T−1p0iv∗°°°°T−1b0f2γ2i°° .Noting that °°T−1h0h− T−1b0b
°° = Op (1/

√
n) ,

andE
¯̄
B3b

¯̄ ≤√nT max1≤i≤n{E °°T−1p0iv∗°°2}1/2{E °°T−1b0f2γ2i°°2}1/2 = √nTO(pK/n)O (1) =

O(
√
KT ), we have kB3bk = Op(

p
KT/n). Similarly, we can show that kB3ck = Op(

p
KT/n).

For B5a, we have

kB5ak ≤
£
λmin

¡
T−1h0h

¢¤−1
B5a

where B5a =
p
T/n

Pn
i=1

°°T−2p0iv∗v∗0f2γ2i°° . Noting that
E
°°B5a°° ≤

√
nT max

1≤i≤n

n
E
°°T−1p0iv∗°°2o1/2 nE °°T−1v∗0f2γ2i°°2o1/2

=
√
nTO(

p
K/n)O(1/

√
n) = O(

p
KT/n),

we haveB5a = Op(
p
KT/n). By the same token, B5b = Op(

p
KT/n). Consequently ||(P 0MhF2

−P 0MbF2)γ2||/
√
nT = Op(

p
rnK/n+

p
KT/n).

Lemma B.5 Suppose the conditions in Theorem 5.2 hold, then TnT ≡ AnT p
K (x)0 (P 0MhP )

−

P 0Mhε
d→ N (0, 1) .

Proof. RecallAnT = V
−1/2
nT where VnT = pK (x)0 (P 0MhP )

− P 0MhΨnTMhP (P
0MhP )

− pK (x)
and ΨnT = E (εε0) . Let pK (x) = pK (x) /

°°pK (x)°° . Then TnT = (nT )
1/2 pK (x)0 (P 0MhP )

−

P 0Mhε/

q
nT VnT / kpK (x)k2. Define

TnT ≡ (nT )−1/2 pK (x)0Q−1n P 0Mhεq
(nT )−1 pK (x)0Q−1n P 0MhΨnTMhPQ

−1
n pK (x)

, and

T ∗nT ≡ (nT )−1/2 pK (x)0Q−1n P 0Mbεq
(nT )−1 pK (x)0Q−1n P 0MbΨnTMbPQ

−1
n pK (x)

.

By Assumption 5(iv) and Lemma B.1,

nT VnT/
°°pK (x)°°2 = nTpK (x)0

¡
P 0MhP

¢−
P 0MhΨnTMhP

¡
P 0MhP

¢−
pK (x)

≥ λmin (ΨnT ) p
K (x)0

¡
P 0MhP/ (nT )

¢−
pK (x)

≥ λmin (ΨnT )
£
λmax

¡
P 0MhP/ (nT )

¢¤−1 ≥ C > 0 w.p.a.1.

The proof is complete if we can show that TnT − TnT = op (1) , TnT − T ∗nT = op (1) , and

T ∗nT
d→ N (0, 1) . The proof of the first two parts are analogous to that of (A.13) and (A.14).

So we only prove the third part by showing that conditional on D, T ∗nT d→ N (0, 1) .

Let A∗nT = ((nT )
−1 pK (x)0Q−1n P 0MbΨnTMbPQ

−1
n pK (x))−1/2, c0i = (nT )

−1/2A∗nTp
K (x)0

Q
−1
n p0imb, and ξni = c0iεi, where we have suppressed the dependence of ci on (n, T ) for

notational simplicity. Then

T ∗nT = (nT )
−1/2A∗nTp

K (x)0Q−1n P 0Mbε =
nX
i=1

c0iεi =
nX
i=1

ξni.

17



Clearly ED (ξni) = 0, σ2ni ≡VarD (ξni) = c0iVar(εi) ci, and

nX
i=1

σ2ni = (nT )−1A∗2nTp
K (x)0Q−1n

nX
i=1

p0imbVar (εi)mbp
0
iQ
−1
n pK (x)

= (nT )−1A∗2nTp
K (x)0Q−1n P 0MbΨnTMbP

0Q−1n pK (x) = 1.

To check the Liapounov condition, let cit denote the tth element in ci. Then

ED
£
ξ4ni
¤
=

TX
t1=1

TX
t2=1

TX
t3=1

TX
t4=1

cit1cit2cit3cit4E [εit1εit2εit3εit4 ]

=
TX
t=1

c4itE
£
ε4it
¤
+ 3
XX
t2 6=t1

c2it1c
2
it2E

£
ε2it1ε

2
it2

¤
+4
XX
t2 6=t1

c3it1cit2E
£
ε3it1εit2

¤
+ 6
XXX
t3 6=t2 6=t1

c2it1cit2cit3E
£
ε2it1εit2εit3

¤
+
XXXX

t4 6=t3 6=t2 6=t1
cit1cit2cit3cit4E [εit1εit2εit3εit4 ]

≡ ξni1 + 3ξni2 + 4ξni3 + 6ξni4 + ξni5, (B.1)

where, for example,
PPPP
t4 6=t3 6=t2 6=t1

denotes
PT

t1=1

PT
t2 6=t1

PT
t3 6=t1,t3 6=t2

PT
t4 6=t1,t4 6=t2,t4 6=t3 .

Let mb,st denote the (s, t) element of mb. Then

|cit| =
¯̄̄̄
¯(nT )−1/2A∗nTpK (x)0Q−1n

TX
s=1

pismb,st

¯̄̄̄
¯ ≤ {A1}1/2 {A2it}1/2 , (B.2)

where A1 ≡ A∗2nTp
K (x)0Q−1n pK (x) and A2it ≡ (nT )−1

PT
s=1 p

0
ismb,stQ

−1
n

PT
r=1 pirmb,rt. By

the idempotence of Mb and Assumptions 1(v) and (vii),

A1 = A∗2nT p
K (x)0Q−1n QnQ

−1
n pK (x) = A∗2nTp

K (x)0Q−1n
¡
P 0MbP/ (nT )

¢
Q
−1
n pK (x) + op (1)

≤ A∗2nT p
K (x)0Q−1n

¡
P 0MbΨnTMbP/ (nT )

¢
Q
−1
n pK (x) /λmin (ΨnT ) + op (1)

= 1/λmin (ΨnT ) + op (1) = Op (1) . (B.3)

Next by the symmetry of mb and arguments similar to (A.23),

A2it ≤ (nT )−1
£
λmin

¡
Qn

¢¤−1 " TX
s=1

kmb,tspisk
#2

≤ (nT )−1
£
λmin

¡
Qn

¢¤−1
[kpitk+ β2T kbtk]2 .

where

β2T = ||
¡
b0b/T

¢−1 ||T−1 TX
s=1

°°pisb0s°° = Op(
√
K) (B.4)
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(c.f. (A.24)). Hence A2it ≤ α2n (kpitk+ β2T kbtk)2 , where by Assumption 5 and Lemma
B.1(iii),

αn ≡ (nT )−1/2
£
λmin

¡
Qn

¢¤−1/2
= Op((nT )

−1/2). (B.5)

Combining this result with (B.2) and (B.3) yields

cit ≤ αn (kpitk+ β2T kbtk) . (B.6)

It follows from Assumption 3(iv), the remarks after Assumption 2, (B.5), and (B.4) that

nX
i=1

TX
t=1

c4it = α4n

nX
i=1

TX
t=1

(kpitk+ α2T kbtk)4 ≤ 8α4n
nX
i=1

TX
t=1

³
kpitk4 + β42T kbtk4

´
= Op

¡
n−2T−2

¢
Op(nTK

2) = Op

¡
n−1T−1K2

¢
. (B.7)

Similarly,

nX
i=1

TX
t=1

c2it = α2n

nX
i=1

TX
t=1

(kpitk+ β2T kbtk)2 = Op

¡
n−1T−1

¢
Op(nTK) = Op (K) . (B.8)

By (B.7),
nX
i=1

ξni1 ≤ max
1≤i≤n

E
¡
ε4i1
¢ nX
i=1

TX
t=1

c4it = Op(n
−1T−1K2). (B.9)

By the Cauchy-Schwarz and Jensen inequalities and (B.7),

nX
i=1

"
TX
t=1

c2it

#2
= T 2

nX
i=1

"
1

T

TX
t=1

c2it

#2
≤ T

nX
i=1

TX
t=1

c4it

nX
i=1

ξni2 ≤ max
1≤i≤n

E
¡
ε4i1
¢ nX
i=1

"
TX
t=1

c2it

#2
≤ max
1≤i≤n

E
¡
ε4i1
¢
T

nX
i=1

TX
t=1

c4it = Op(n
−1K2). (B.10)

Similarly, we can show that
nX
i=1

ξni3 = Op(n
−1K2). (B.11)

Next, noting that c2it1cit2cit3 ≤ 1
2c
2
it1

¡
c2it2 + c2it3

¢ ≤ 1
4(2c

4
it1
+ c4it2 + c4it3), we have

ξni4 =
XXX
t3 6=t2 6=t1

c2it1cit2cit3E
£
ε2it1εit2εit3

¤
≤ 1

4

XXX
t3 6=t2 6=t1

¡
2c4it1 + c4it2 + c4it3

¢ ¯̄
E
£
ε2it1εit2εit3

¤¯̄
=

1

2

XXX
t3 6=t2 6=t1

c4it1
¯̄
E
£
ε2it1εit2εit3

¤¯̄
+
1

2

XXX
t3 6=t2 6=t1

c4it2
¯̄
E
£
ε2it1εit2εit3

¤¯̄
≡ 1

2
ξni41 +

1

2
ξni42.
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For the first term in the last expression, we have

ξni41 = 2
XXX
1≤t1<t2<t3≤T

c4it1
¯̄
E
£
ε2it1εit2εit3

¤¯̄
+2
XXX

1≤t2<t1<t3≤T
c4it1

¯̄
E
£
ε2it1εit2εit3

¤¯̄
+2

XXX
1≤t2<t3<t1≤T

c4it1
¯̄
E
£
ε2it1εit2εit3

¤¯̄ ≡ 2ξni41a + 2ξni41b + 2ξni41c.
By the Davydov inequality,

nX
i=1

ξni41a =
nX
i=1

T−2X
t1=1

c4it1

T−1X
t2=t1+1

TX
t3=t2+1

¯̄
Cov(ε2it1εit2 , εit3)

¯̄
≤ C

nX
i=1

T−2X
t1=1

c4it1

T−1X
t2=t1+1

TX
t3=t2+1

αi (t3 − t2)
η/(4+η)

n
E |εi1|4+η

o4/(4+η)
≤ CT

(
nX
i=1

TX
t=1

c4it

)( ∞X
τ=1

α (τ)η/(4+η)
)
= O (T )Op(n

−1T−1K2)O (1) = Op(n
−1K2).

Similarly, one can show that
Pn

i=1 ξni41b and
Pn

i=1 ξni41c are of the same order as
Pn

i=1 ξni4a
and hence

Pn
i=1 ξni41 = Op(n

−1K2).Analogous arguments show that
Pn

i=1 ξni42 = Op(n
−1K2).

It follows that
nX
i=1

ξni4 = Op(n
−1K2). (B.12)

To analyze ξni5, noting that |cit1cit2cit3cit4 | ≤ 1
4(c

2
it1
+ c2it2)(c

2
it3
+ c2it4) ≤ 1

4(c
4
it1
+ c4it2

+c4it3 + c4it4), we have

ξni5 =
XXXX

t4 6=t3 6=t2 6=t1
cit1cit2cit3cit4E [εit1εit2εit3εit4 ]

≤ 1

4

XXXX
t4 6=t3 6=t2 6=t1

¡
c4it1 + c4it2 + c4it3 + c4it4

¢ |E [εit1εit2εit3εit4 ]|
'

XXXX
1≤t1<t2<t3<t4≤T

c4it1 |E [εit1εit2εit3εit4 ]| , (B.13)

where A ' B denotes that A and B are of the same probability order. Let 1 ≤ t1 < t2

< t3 < t4 ≤ T. Let dc denote the c-th largest difference among tj+1 − tj , j = 1, 2, 3. Define

ξi (t1, · · · , t4) = εit1εit2εit3εit4 .

For any 1 ≤ j ≤ 3, put P (4)0

¡
E(4)

¢
= P

¡
(εit1 , · · · , εit4) ∈ E(4)

¢
, and

P
(4)
j

³
E(j) ×E(4−j)

´
= P

³
(εit1 , · · · , εitj ) ∈ E(j)

´
P
³
(εi,tj+1, · · · , εit4) ∈ E(4−j)

´
,

where E(j) is a Borel set in Rj and P is the probability law associated with εit1 , · · · , εit4 .
(Note we suppress the dependence of P on i.) By Assumption 1 and the Jensen inequality,

for any 0 ≤ j ≤ 3, Z
|ξi (t1, · · · , t4)|1+η/4 dP (4)j ≤ E |εit|4+η ≤ μ4+η.
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By Lemma B.6 below with eη = η/4,

|E [ξi (t1, ..., t4)]| ≤
(

c1ηαi (t2 − t1)
η/(4+η) if t2 − t1 = d1

c1ηαi (t4 − t3)
η/(4+η) if t4 − t3 = d1

where c1η ≡ 4(μ4+η)4/(4+η). If t3 − t2 = d1, using Lemma B.6 three times yields

|E [ξi (t1, ..., t4)]| ≤ |E(εit1εit2)E(εit4εit3)|+ c1ηαi (t3 − t2)
η/(4+η)

≤ c22ηαi (t2 − t1)
η/(4+η) α (t4 − t3)

η/(4+η) + c1ηαi (t3 − t2)
η/(4+η)(B.14)

where c2η ≡ 4(μ2+η/2)4/(4+η).
Therefore
nX
i=1

X
1≤t1<...<t4≤T

t2−t1=d1

c4it1 |E [ξ (t1, ..., t4)]|

≤ c1η

nX
i=1

T−3X
t1=1

T−2X
t2=t1+maxj≥3{tj−tj−1}

T−1X
t3=t2+1

TX
t4=t3+1

c4it1αi (t2 − t1)
η/(4+η)

≤ c1η

nX
i=1

T−3X
t1=1

c4it1

T−2X
t2=t1

(t2 − t1)
2 α

η
4+η

i (t2 − t1)

≤ c1η

(
nX
i=1

TX
t1=1

c4it1

)( ∞X
τ=1

j2α
η

4+η (τ)

)
= Op(n

−1T−1K2)O (1) = Op(n
−1T−1K2). (B.15)

Similarly,
nX
i=1

X
1≤t1<...<t4≤T

t4−t3=d1

c4it1 |E [ξ (t1, ..., t4)]|

≤ C
nX
i=1

T−3X
t1=1

c4it1

T−2X
t2=t1+1

TX
t3=t2+1

T−1X
t4=t3+maxj≤3{tj−tj−1}

αi (t4 − t3)
η/(4+η)

≤ C
nX
i=1

T−3X
t1=1

c4it1

TX
t4=t3+1

(t4 − t3)
2α (t4 − t3)

η/(4+η) = Op(n
−1T−1K2). (B.16)

By (B.14),
nX
i=1

X
1≤t1<...<t4≤T

t3−t2=d1

c4it1 |E [ξ (t1, ..., t4)]|

≤ c1η

nX
i=1

T−3X
t1=1

c4it1

T−2X
t2=t1+1

T−1X
t3=t2+max{t2−t1,t4−t3}

TX
t4=t3+1

αi (t3 − t2)
η/(4+η)

+c22η

nX
i=1

T−3X
t1=1

c4it1

T−2X
t2=t1+1

T−1X
t3=t2+max{t2−t1,t4−t3}

TX
t4=t3+1

αi (t2 − t1)
η/(4+η) αi (t4 − t3)

η/(4+η)

≡ E1 +E2, say.
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By the analysis similar to that of the cases where t2 − t1 = d1 or t4 − t3 = d1, the first term

E1 in the last expression is Op(n
−1T−1K2). For the second term, without loss of generality

(w.l.o.g.) we assume that t2 − t1 = d2 (which implies that t4 − t3 ≤ d2 because t3 − t2 = d1).

It follows that

E2 = c22η

nX
i=1

T−3X
t1=1

c4it1

T−2X
t2=t1+1

T−1X
t3=t2+max{t2−t1,t4−t3}

TX
t4=t3+1

αi (t2 − t1)
η/(4+η) αi (t4 − t3)

η/(4+η)

≤ c22η

nX
i=1

T−3X
t1=1

c4it1

T−2X
t2=t1+1

α (t2 − t1)
η/(4+η)

T−1X
t3=1

TX
t4=t3+1

α (t4 − t3)
η/(4+η)

≤ c22η

(
T

nX
i=1

TX
t=1

c4it

)( ∞X
τ=1

α (τ)η/(4+η)
)2

= Op(n
−1K2)O (1) = Op(n

−1K2).

Hence
nX
i=1

X
1≤t1<...<t4≤T

t3−t2=d1

c4it1 |E [ξi (t1, ..., t4)]| = Op(n
−1K2). (B.17)

Combining (B.13), (B.15), (B.16) and (B.17) yields

nX
i=1

ξni5 = Op(n
−1K2). (B.18)

Then by (B.1), (B.9), (B.10), (B.11), (B.12) and (B.18) we have

nX
i=1

ED
£
ξ4ni
¤
= Op(n

−1K2) = op (1) . (B.19)

This verifies the Liapounov condition. Then by the Liapounov CLT, we have TnT
d→ N (0, 1) .

Lemma B.6 Let {Wt, t ≥ 1} be an α-mixing process with mixing coefficients α (j) . For any

integer q > 1 and integers (t1, ..., tq) such that 1 ≤ t1 < t2 < · · · < tq, let b be a Borel measur-

able function such that max{
R |b (w1, ..., wq)|1+η dF (w1, ..., wq) ,

R |b (w1, ..., wq)|1+η dF (1)(w1,
..., wj)dF

(2) (wj+1, ..., wq)} ≤M for some eη > 0 and M > 0, where F, F (1) and F (2) are the

distribution functions of
¡
Wt1 , ...,Wtq

¢
,
¡
Wt1 , ...,Wtj

¢
and (Wtj+1 , ...,Wtq), respectively. Then

| R b (w1, ..., wq) dF (w1, ..., wq) −
R
b (w1, ..., wq) dF

(1) (w1, ..., wj) dF
(2) (wj+1, ..., wq) | ≤ 4M1/(1+η)

×α (tj+1 − tj)
η/(1+η) .

Proof. See Lemma 2.1 of Sun and Chiang (1997).

C Proof of equation (4.5) in the text

Recall eVinT = φK0 (p0imhpi)
− p0imhVar(εi)mhpi (p

0
imhpi)

− φK and eAinT = eV −1/2inT . Since λmin
(Var (εi)) > c1 > 0 for some c1 by Assumption 1(vii), Var(εi) ≥ c1IT . By Assumption
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3(iv) and Lemma A.1, (p0imhpi/T )
− ≥ c2IK for large (n, T ) . Then by the assumption that

λmin(φ
K0φK) > c0 > 0 for some c0, we have

λmin

³
T eVinT´ = λmin

³
TφK0

¡
p0imhpi

¢−
p0imhVar (εi)mhpi

¡
p0imhpi

¢−
φK
´

≥ c1λmin

³
φK

¡
p0imhpi/T

¢−
φK
´

≥ c1c2λmin
¡
φKφK

¢ ≥ c1c2c0 > 0 for large (n, T ) . (C.1)

Consider any a ∈ Rd with kak = 1. Let giK (·) ≡ pK (·)0 αgi and griK (·) be the remainder
function from approximating gi by giK : griK = gi−giK . Noting that Φ (gi) = Φ (giK)+Φ (griK) ,
we can write

a0 eAinT [Φ (bgi)− Φ (gi)]
= a0 eAinTφ

K0 (bαgi − αgi)− a0 eAinTΦ (g
r
iK)

= a0 eAinTφ
K0 ¡p0imhpi

¢−
p0imhεi + a0 eAinTφ

K0 ¡p0imhpi
¢−

p0imhf2γ2i

+a0 eAinTφ
K0 ¡p0imhpi

¢−
p0imh(gi − piαgi) + a0 eAinTΦ (g

r
iK)

≡ eEinT,1 + eEinT,2 + eEinT,3 + eEinT,4. (C.2)

It suffices to show that eEinT,1
d→ N (0, 1) and eEinT,s = op (1) for s = 2, 3, 4.

We first show eEinT,2
p→ 0 as (n, T )→∞. By the Cauchy-Schwarz inequality, Assumptions

1(vii), 3(iv) and 4(ii), Lemmas A.1(v) and A.5(iv)-(v),¯̄̄ eEinT,2

¯̄̄
= |a0 eAinTφ

K0 ¡p0imhpi
¢−

p0imhf2γ2i|

≤
h
a0 eAinTφ

K0 ¡p0imhpi
¢−

φK eAinTa
i1/2 h

γ02if
0
2mhpi

¡
p0imhpi

¢−
p0imhf2γ2i

i1/2
≤

h
a0 eAinTφ

K0 ¡p0imhpi
¢−

p0imhΨi,Tmhpi
¡
p0imhpi

¢−
φK eAinTa/λmin(Ψi,T )

i1/2
×
h
γ02if

0
2mhpi

¡
p0imhpi

¢−
p0imhf2γ2i

i1/2
≤ [1/λmin(Ψi,T )]

1/2 £λmin ¡p0imhpi/T
¢¤−1/2 n°°p0imhf2γ2i

°° /√To
= O (1)Op (1)Op(

p
KT/n) = op (1) .

Similarly, by the Cauchy-Schwarz inequality, Assumptions 1(vii), 3(iv) and 4(ii), Lemmas

A.1(v) and A.2,¯̄̄ eEinT,3

¯̄̄
= |a0 eAinTφ

K0 ¡p0imhpi
¢−

p0imh(gi − piαgi)|

≤
h
a0 eAinTφ

K0 ¡p0imhpi
¢−

φK eAinTa
i1/2 £

(gi − piαgi)
0 (gi − piαgi)

¤1/2
≤ [1/λmin(Ψi,T )]

1/2 kgi − piαgik
≤ O (1)Op(

√
TK−λi/d) = op (1) .

By Assumption D, | eEinT,4| = a0 eAinTΦ (g
r
iK) ≤ λmax( eAinT ) kΦ (griK)k ≤ [λmin(T eVinT )]−1/2 eC√T

kgriKks = Op (1) o (1) = op (1) .
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To prove eEinT,1
d→ N (0, 1) , let φ

K
a ≡ φKa/

°°φKa°° and eAinT,a ≡ eV −1/2inT,a , where eVinT,a =
a0 eVinTa/°°φKa°°2 . Then it is equivalent to showing that eAinT,aφ

K0
a (p0imhpi)

− p0imhεi
d→ N (0, 1) .

The proof of Lemma A.7 continues to work when we replace pK (x) and AinT by φ
K
a andeAinT,a, respectively. This completes the proof. ¥
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