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1 Introduction

In classical econometrics literature, in both applied and theory, econometric models are often studied

in a linear parametric regression form with its coefficients (derivatives or marginal changes) assumed to

be constant over time or across cross section units. In practice this may not be true, e.g., it may be

hard to believe that the marginal propensity to save or to consume would be the same for a younger as

for an older group of individuals in a given cross section data set, or that the elasticity of wages with

respect to schooling or the returns to schooling would be the same for individuals with less experience

compared to those with more experience. In the case of nonlinear parametric regression models, the

coefficients have been taken as constant but derivatives do vary depending on the specification of models,

e.g., the translog production function has constant coefficients, and the elasticities (derivatives) based

on this function vary linearly with inputs. Realizing the fact that some or all of the coefficients in a

regression may be varying, the traditional econometrics literature has tried to consider various forms

of the parametric specifications of the varying coefficients. See, e.g., the papers of Hildreth and Houck

(1968), Swamy (1970), Singh and Ullah (1974), and Granger and Teräsvirta (1999), and the books by

Swamy (1971), Raj and Ullah (1981), and Granger and Teräsvirta (1993). However, it is now well

known that the specifications of the constant or parametric varying coefficient models may often be

misspecified, and therefore this may lead to inconsistent estimation and testing procedures and hence

misleading empirical analysis and policy evaluations.

In view of the above issues, in recent years, the nonparametric varying/functional coefficient models

have been considered by various authors, including Cleveland, Grosse, and Shyu (1992), Chen and Tsay

(1993), Hastie and Tibshirani (1993), Fan and Zhang (1999), and Cai, Fan, and Yao (2000), among oth-

ers. The coefficients in these models have an unknown function of the observed variables which vary with

the data, and the estimation of such models have been carried out by using nonparametric procedures;

see Pagan and Ullah (1999) and Racine and Li (2007) for details on such procedures. An additional

advantage of the functional coefficient model is that it also considers the unknown functional form of

the interacting variables which in empirical parametric models is often misspecified to be linear. Most

of the above works on functional coefficient models are focused on models with exogenous regressors.

Recently Das (2005), Cai, Das, Xiong, and Wu (2006, CDXW hereafter), Lewbel (2007), Cai and Li

(2008), Tran and Tsionas (2010), and Su (2011) among others, have considered the semiparametric mod-

els with endogenous variables and they suggest a nonparametric/semiparametric generalized method of

moments (GMM) instrumental variable (IV) approach to estimate them. In particular, CDXW (2006),

Cai and Li (2008), and Tran and Tsionas (2010) focus on functional coefficient models with endogenous

regressors.

CDXW (2006) propose a two-stage local linear estimation procedure to estimate the functional

coefficient models, which unfortunately requires one to first estimate a high-dimension nonparametric

model and then to estimate the functional coefficients using the first-stage nonparametric estimates

as generated regressors. In contrast, Cai and Li (2008) suggest a one-step local linear GMM estimator

which corresponds to our local linear GMM estimator with an identity weight matrix. Tran and Tsionas

(2010) provide a local constant two-step GMM estimator with a specified weighting matrix that can

be chosen to minimize the asymptotic variances in the class of GMM estimators. However, the local

constant estimation procedure, as is now well known, is less desirable than the local linear estimation
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procedure, especially at the boundaries. In addition, all of these papers consider varying coefficients

with continuous variables only. On the other hand, Su, Chen, and Ullah (2009, SCU hereafter) consider

both continuous and categorical variables in functional coefficient regression models and show that the

consideration for the categorical variables is extremely important for empirical analysis, and it improves

on the specifications of the traditional linear parametric dummy-variable models. But they do no

consider the endogeneity issue which prevails in economics.

In addition, in the estimation context, the advantage of using the traditional constant coefficient

models rest on their validity. Nevertheless, to the best of our knowledge, there is no nonparametric

hypothesis testing procedure available for this when endogeneity is present, although there are some

tests (e.g., Fan, Zhang, and Zhang (2001) and Hong and Lee (2009)) in the absence of endogeneity. In

view of the above deficiencies in the existing literature we first focus on further improvement in the

estimation area, and then provide a consistent test for the constancy of functional coefficient models. If

we fail to reject the null of constancy, then we can continue to rely on the traditional constant coefficient

models. Otherwise we may have to consider the functional coefficients with unknown form.

In this paper, we develop local linear GMM estimation of functional coefficient IV models with a

general weight matrix. A varying coefficient model is considered in which some or all the regressors are

endogenous and their coefficients are varying with respect to continuous and/or categorical variables.

An optimal nonparametric GMM estimator is proposed where the weight matrix is obtained by minimiz-

ing the asymptotic variance of the GMM estimator. The consistency and asymptotic normality of the

nonparametric GMM estimators are established. Then we develop a new test statistic for testing the hy-

pothesis that the functional coefficients are constant. It is argued that the test based on the Lagrangian

multiplier (LM) principle needs restricted estimation and may suffer from the curse of dimensionality,

and similarly the test using the likelihood ratio (LR) method also requires both unrestricted and in-

volved restricted estimation. For these reasons a simpler Wald type of test is proposed which is based on

the unrestricted estimation. The consistency, asymptotic null distribution, and asymptotic local power

of the proposed test are established. It is well known that nonparametric tests based on the critical

values of their asymptotic normal distributions may perform poorly in finite samples. In view of this, we

also provide a bootstrap procedure to approximate the asymptotic null distribution of our test statistic.

To assess the finite sample properties of the proposed local linear GMM estimator and the new test

statistic, we conduct a small set of simulations. The results show that our local linear GMM estimator

may not perform as well as the estimator of SCU in the absence of endogeneity, but when endogeneity

is present, our estimator dominates the SCU’s estimator in both mean squared error (MSE) and mean

absolute deviation (MAD). Also, the simulations show that our test performs well in finite samples.

Another important objective of this paper is to employ our proposed nonparametric GMM estimator

to study the empirical relationship between earnings and education using the 1985 Australian Longi-

tudinal Survey. Labor economists have long studied two major problems arising when estimating the

wage equation: endogeneity of education and heterogeneity of returns to education, see Card (2001) for

detailed stimulating discussions. Our nonparametric estimator is able to deal with both problems in a

flexible way. Specifically, in contrast to other existing estimators, our estimator allows the returns to

education to depend on both continuous (experience) and discrete (marital status, union membership,

etc.) characteristics of individuals while controlling for endogeneity of education. Further, we use our

proposed new nonparametric test to check for constancy of functional coefficients in the wage equation.
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Our findings are unambiguous: the returns to education do depend on both, experience and the categor-

ical variables we use, in a non-linear manner. Additionally, we find that the returns to education tend

to be overestimated for all of the observed work experience when the categorical explanatory variables

are not accounted for in functional coefficients as in CDXW (2006) and Cai and Xiong (2010). These

results are also important since our proposed tests show the absence of the constancy of the return to

education, which is often assumed in most of the parametric empirical studies in labor economics.

The paper is structured as follows. In Section 2 we introduce our functional coefficient IV model

and propose a local linear GMM procedure to estimate the functional coefficients and their first order

derivatives. The asymptotic properties of these estimators are studied in Section 3. We propose a

specification test for our model in Section 4. We conduct a small set of Monte Carlo studies to check the

relative performance of the proposed estimator and test in Section 5. Section 6 provides empirical data

analysis. Final remarks are contained in Section 7. All technical details are relegated to the Appendix.

For natural numbers a and b, we use Ia to denote an a × a identity matrix, and 0a×b an a × b

matrix of zeros. Let ⊗ and ¯ denote the Kronecker and Hadamard products, respectively. If c and d

are vectors of the same dimension, c/d denotes the vector of elementwise divisions. For a matrix M,

M0 means the transpose of M, and kMk =
q
tr
¡
MM0¢. We use 1 {·} to denote the usual indicator

function which takes value 1 if the condition inside the curly bracket holds and 0 otherwise, and C to

signify a generic constant whose exact value may vary from case to case. We use d→ and P→ to denote

convergence in distribution and probability, respectively.

2 Functional Coefficient Estimation with Mixed Data and Es-

timated Covariate

In this section we first introduce a functional coefficient IV model where the coefficient function may

depend on both continuous and discrete exogenous regressors and the endogenous regressors enter the

model only linearly. Then we propose local linear estimates for the functional coefficients.

2.1 Functional coefficient representation

We consider the following functional coefficient IV model(
Yi = g

¡
Uc
i ,U

d
i

¢0
Xi + εi =

Pd
j=1 gj

¡
Uc
i ,U

d
i

¢
Xi,j + εi

E (εi|Zi,Ui) = 0 almost surely (a.s.)
(2.1)

where for i = 1, · · · , n, Yi is an observed scalar random variable, g = (g1, · · · , gd)0, {gj}dj=1 are the
unknown structural functions of interest, Xi,1 = 1, Xi = (Xi,1, · · · ,Xi,d)

0 is a d × 1 vector consisting
of d − 1 endogenous regressors, Ui = (Uc0

i , U
d0
i )

0, Uc
i and U

d
i denote a pc × 1 vector of continuous

exogenous regressors and a pd×1 vector of discrete exogenous regressors, respectively, and Zi is a qz×1
vector of instrumental variables. Let p = pc + pd.

In the absence of Ud
i , (2.1) reduces to the model of CDXW (2006). If none of the variables in Xi

is endogenous, the model becomes that of SCU (2009). As the latter authors demonstrate through

the estimation of earnings function, it is important to allow the variables in the functional coefficients
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to include both continuous and discrete variables, where the discrete variables may represent race,

profession, or region, etc. In practice, it may be also important to allow some of the continuous variables

in the functional coefficient to be unobservable, which complicates the asymptotic analysis. When some

variables in Uc
i are not observed and estimated from the data, we conjecture that the theory developed

in this paper continue to hold as long as the estimates of these regressors converge to their truth at

sufficiently fast rate. For simplicity, we focus on the case where Yi,Xi,Zi,Ui, are all observed.

2.2 Local linear GMM estimation

The orthogonality condition

E (εi|Zi,Ui) = 0 a.s. (2.2)

suggests that we can estimate the unknown functional coefficients via the principle of nonparametric gen-

eralized method of moments (NPGMM), which is similar to the GMM of Hansen (1982) for parametric

models. Let Vi = (Z
0
i,Ui)

0
. (2.2) indicates that for any k × 1 vector function Q (Vi), we have

E [Q (Vi) εi|Vi] = E

⎡⎣Q (Vi)

⎧⎨⎩Yi −
dX

j=1

gj
¡
Uc
i ,U

d
i

¢
Xi,j

⎫⎬⎭ |Ui

⎤⎦ = 0 (2.3)

by the law of iterated expectations. Following Cai and Li (2008), we propose an estimation procedure to

combine the orthogonality conditions in (2.3) with the idea of local linear fitting in the nonparametrics

literature to estimate the unknown functional coefficients.

Like Racine and Li (2004), we use Ud
i,t to denote the tth component of U

d
i . U

c
i,t is similarly defined.

Analogously, we let udt and uct to denote the tth component of ud and uc, respectively, i.e., ud =¡
ud1, · · · , udpd

¢0
and uc =

¡
uc1, · · · , ucpc

¢0
. We assume that Ud

i,t can take ct ≥ 2 different values, i.e.,

Ud
i,t ∈ {0, 1, · · · , ct − 1} for t = 1, · · · , pd. Let u =

¡
uc,ud

¢ ∈ Rpc × Rpd . We use fU (u) = fU
¡
uc,ud

¢
to denote the joint density function of Uc

i and U
d
i and D =Πpdt=1 {0, 1, · · · , ct − 1} to denote the range

assumed by Ud
i . To define the kernel weight function, we focus on the case for which there is no natural

ordering in Ud
i . Define

l
¡
Ud
i,t, u

d
t , λt

¢
=

(
1 if Ud

i,t = udt ,

λt if Ud
i,t 6= udt ,

(2.4)

where λt is a bandwidth that lies on the interval [0, 1]. Clearly, when λt = 0, l
¡
Ud
i,t, u

d
t , 0
¢
becomes

an indicator function, and λt = 1, l
¡
Ud
i,t, u

d
t , 1
¢
becomes an uniform weight function. We define the

product kernel for the discrete random variables by

L
¡
Ud
i ,u

d,λ
¢
= Lλ

¡
Ud
i − ud

¢
=

pdY
t=1

l
¡
Ud
i,t, u

d
t , λt

¢
. (2.5)

For the continuous random variables, we use w (·) to denote a univariate kernel function and define
the product kernel function by Wh,iuc = Wh (U

c
i − uc) = Πpct=1h

−1
t w

¡¡
Uc
i,t − uct

¢
/ht
¢
, where h =

(h1, · · · , hpc) denotes the pc-vector of smoothing parameters. We then define the kernel weight function
Khλ,iu by

Khλ,iu =Wh,iucLλ,iud (2.6)

where Lλ,iud = L
¡
Ud
i ,u

d,λ
¢
.
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To estimate the unknown functional coefficients in model (2.1) via the local linear regression tech-

nique, we assume that
©
gj
¡
uc,ud

¢
, j = 1, · · · , dª are twice continuously differentiable. Denote by

.
gj
¡
uc,ud

¢
= ∂gj

¡
uc,ud

¢
/∂uc the pc × 1 vector of first order derivatives of gj with respect to its

continuous-valued argument uc. Denote by
..
gj
¡
uc,ud

¢
= ∂2gj

¡
uc,ud

¢
/ (∂uc∂uc) the pc × pc matrix

of second order derivatives of gj with respect to uc. We use gj,ss
¡
uc,ud

¢
to denote the sth diagonal

element of
..
gj
¡
uc,ud

¢
. For any given uc and Uc

i in a neighborhood of u
c, it follows from a first order

Taylor expansion that

gj
¡
Uc
i ,u

d
¢ ≈ gj

¡
uc,ud

¢
+

.
gj
¡
uc,ud

¢0
(Uc

i − uc) . (2.7)

Let v = (z,u) . We can approximate E
h
Q (Vi)

n
Yi −

Pd
j=1 gj

¡
Uc
i ,U

d
i

¢
Xi,j

o
|Ui = u

i
by its sample

analogue

1

n

nX
i=1

Q (Vi)

⎧⎨⎩Yi −
dX

j=1

h
gj
¡
uc,ud

¢
+

.
gj
¡
uc,ud

¢0
(Uc

i − uc)
i
Xi,j

⎫⎬⎭Khλ,iu

=
1

n
Qh (u)

0
Khλ (u) [Y − ξ (u)α] (2.8)

where Y = (Y1, · · · , Yn)0 , ξ (u) =
¡
ξ1,u, · · · , ξn,u

¢0
, ξi,u =

Ã
Xi

Xi ⊗ (Uc
i − uc)

!
and α = (g1, · · · ,

gd,
.
g
0
1, · · · ,

.
g
0
d)
0 are both d (pc + 1) × 1 vectors, Khλ (u) =diag(Khλ,1u, · · · ,Khλ,nu) , Qh (u)=(Qh,1u,

· · · ,Qh,nu)
0 and Qh,iu = Q (Vi) . To obtain estimates of gj and

.
gj , we can choose α to minimize the

following local linear GMM criterion function

1

n

£
Qh (u)

0
Khλ (u) (Y − ξ (u)α)

¤0
Ψn (u)

−1 £
Qh (u)

0
Khλ (u) (Y − ξ (u)α)

¤
, (2.9)

whereΨn (u) is a symmetric k×k weight matrix that is positive definite for large n. Clearly, the solution
to the above minimization problem is given by

bαΨn (u) =
h
ξ (u)0Khλ (u)Qh (u)Ψn (u)

−1Qh (u)
0Khλ (u) ξ (u)

i−1
×ξ (u)0Khλ (u)Qh (u)Ψn (u)

−1Qh (u)
0Khλ (u)Y. (2.10)

Let ej,d(1+pc) denote the d (1 + pc) × 1 unit vector with 1 at the jth position and 0 elsewhere. Leteej,pc,d(1+pc) denote the pc × d (1 + pc) selection matrix such that eej,pc,d(1+pc)α = .
gj (u) . Then the local

linear GMM estimator of gj (u) and
.
gj (u) are respectively given by

bgj (u) = e0j,d(1+pc)bαΨn (u) and b.gj (u) = eej,pc,d(1+pc)bαΨn (u) for j = 1, · · · , d. (2.11)

We will study the asymptotic properties of bαΨn (u) in the next section.
Remark 1 (Choice of instruments) The choice of Q (Vi) is important in establishing our as-

ymptotic theory. Motivated by the idea of local linear fitting, a simple choice of Q (Vi) is

Qh,iu = Q (Vi) =

Ã
Zai

Zai ⊗ (Uc
i − uc) /h

!
, (2.12)

where Zai is a q × 1 vector of “global” instruments so that the dimension of Qh,iu is k × 1 with k =

q (pc + 1) . Note that we allow the “local” instrument Qh,iu to depend on both the continuous point
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of evaluation uc and the bandwidth parameter for the continuous regressor (Uc
i ) in the functional

coefficient. The global instrument may be chosen from the union of Zi and Ud
i such that certain

identification condition is satisfied. In particular, in order for the local linear GMM estimator bα to be

well defined, a necessary condition is q ≥ d, which ensures that the dimension ofQh,iu is not smaller than

the dimension of α. Note that the choice of Q (Vi) in (2.12) is computationally simple but it may not be

optimal in the sense of minimizing the asymptotic variance for the class of local linear GMM estimators

given the orthogonal condition in (2.2). It is not clear how to construct the optimal instruments by

extending the work of Newey (1990) and Ai and Chen (2003) to our framework. Therefore in this paper

we focus only on the simple case where Q (Vi) has the form given in (2.12).

Remark 2 (Local linear versus local constant GMM estimators) An alternative to the
local linear GMM estimator is the local constant GMM estimator, see, for example, Lewbel (2007) and

Tran and Tsionas (2010). In this case, the parameter of interest α contains only the set of functional

coefficients gj , j = 1, · · · , d, evaluated at u = ¡
uc0,ud0

¢0
, but not their first order derivatives with

respect to the continuous arguments, and a simple choice of Q (Vi) is

Qh,iu = Q (Vi) = Z
a
i , (2.13)

where Zai is defined as above. In this case, k = q and one also requires q ≥ d for the local identification

of the functional coefficients. In addition, our local linear GMM estimator in (2.10) reduces to that of

Cai and Li (2008) by setting Ψn(u) to be the identity matrix and choosing q = d global instruments.

The latter condition is necessary for the model to be locally just identified.

3 Asymptotic Properties of the Local Linear GMM Estimator

In this section, we first give a set of assumptions and then study the asymptotic properties of the local

linear GMM estimator.

3.1 Assumptions

To facilitate the presentation, define

Ω (u) = E (ZaiX
0
i|Ui = u) and Ω∗ (u) = E

£
ZaiZ

a0
i σ

2 (Zai ,Ui) |Ui = u
¤

where σ2 (za,u) = E
£
ε2i |Zai = za,Ui = u

¤
. Let fU (u) = fU

¡
uc,ud

¢
denote the joint density of Uc

i and

Ud
i and p

¡
ud
¢
be the marginal probability mass of Ud

i at u
d.

We now list the assumptions that will be used to establish the asymptotic distribution of our esti-

mator.

Assumption A1. (Yi,Xi,Zi,Ui), i = 1, · · · , n, are independent and identically distributed (IID).
Assumption A2. E |εi|2+δ <∞ for some δ > 0. E kZaiX0

ik2 <∞.

Assumption A3. (i) The functions fU
¡·, eud¢ , Ω ¡·, eud¢ , and Ω∗ ¡·, eud¢ are continuously differen-

tiable for all eud ∈ D. 0 < fU
¡
uc,ud

¢ ≤ C for some C < ∞. (ii) The functions gj
¡·, eud¢ , j = 1, · · · , d,

are second order continuously differentiable for all eud ∈ D.
7



Assumption A4. (i) rank(Ω (u)) = d ≤ q, and the q × q matrix Ω∗ (u) is positive definite. (ii)
Ψn (u) = Ψ (u) + oP (1) , where Ψ (u) is symmetric and positive definite.

Assumption A5. The kernel function w (·) is a probability density function that is symmetric,
bounded, and compactly supported.

Assumption A6. As n → 0, the bandwidth sequences h = (h1, · · · , hpc)0 and λ= (λ1, · · · , λpd)0
satisfy (i) nh!→∞, and (ii) (nh!)1/2 (khk2 + kλk) = O (1) , where h! = h1 · · ·hpc .
A1 requires IID observations. Following Cai and Li (2008) and SCU (2009), this assumption can

be relaxed to allow for time series observations. A2 and A3 impose some moment and smoothness

conditions, respectively. A4(i) imposes rank conditions for the identification of the functional coefficients

and their first order derivatives and A4(ii) is weak in that it allows the random weight matrix Ψn to

be consistently estimated from the data. As Hall, Wolf, and Yao (1999) remark, the requirement in A5

that w (·) is compactly supported can be removed at the cost of lengthier arguments used in the proofs,
and in particular, Gaussian kernel is allowed. A6 is standard for nonparametric regression with mixed

data; see, e.g., Li and Racine (2008).

3.2 Asymptotic theory for the local linear estimator

Let μs,t =
R
R v

sw (v)
t
dv, s, t = 0, 1, 2. Define

Φ (u) = fU (u)

Ã
Ω(u) 0q×dpc
0qpc×d μ2,1Ω(u)⊗ Ipc

!
, and (3.1)

Υ (u) = fU (u)

Ã
μpc0,2Ω

∗(u) 0q×qpc
0qpc×q μ2,2Ω

∗(u)⊗ Ipc

!
. (3.2)

Clearly, Φ (u) is a q (1 + pc)× d (1 + pc) matrix and Υ (u) is q (1 + pc)× q (1 + pc) matrix. To describe

the leading bias term associated with the discrete random variables, we define an indicator function

Is (·, ·) by Is(u
d, eud) = 1{ud 6= euds} pdQ

t6=s
1{ud = eudt }. That is, Is(ud, eud) is one if and only ud and eud

differ only in the sth component and is zero otherwise. Let

B (u;h,λ) =

(Ã
1
2μ2,1fU (u)Ω (u)A (u)

0dpc×1

!

+
X
ud∈D

pdX
s=1

λsIs
¡
ud, eud¢ fU ¡uc, eud¢Ã Ω ¡uc, eud¢ ¡g ¡uc, eud¢− g ¡uc,ud¢¢−μ2,1

¡
Ω
¡
uc, eud¢⊗ Ipc¢ ·g ¡uc,ud¢

!⎫⎬⎭ , (3.3)

where A (u) = (
Ppc

s=1 h
2
sg1,ss (u) , · · · ,

Ppc
s=1 h

2
sgd,ss (u))

0, g (u) = (g1 (u) , · · · ., gd (u))0, and ·
g (u) =¡ .

g1 (u)
0 , · · · , .gd (u)0

¢0
.

Now we state our first main theorem.

Theorem 3.1 Suppose that Assumptions A1-A6 hold. Then
√
nh!{H[bαΨn (u)−α (u)]−¡Φ0Ψ−1Φ¢−1

Φ0Ψ−1B (u;h,λ)} d→ N(0,
¡
Φ0Ψ−1Φ

¢−1
Φ0Ψ−1ΥΨ−1Φ

¡
Φ0Ψ−1Φ

¢−1
), where we have suppressed the

dependence of Φ, Ψ, and Υ on u, and H =diag(1, · · · , 1,h0, · · · ,h0) is a d (pc + 1)×d (pc + 1) diagonal

matrix with both 1 and h appearing d times.
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Remark 3 (Optimal choice of weight matrix) To minimize the asymptotic variance-covariance
matrix of bαΨn , we can choose Ψn (u) as a consistent estimate of Υ(u) . Let eα (u) be a preliminary
estimate of α (u) by setting Ψn (u) = Iq(pc+1). Define the local residual eεi (u) = Yi −

Pd
j=1 egj (u)Xi,j ,

where egj (u) is the jth component of eα (u). Let
bΥ (u) = h!

n

nX
i=1

Ã
ZaiZ

a0
i eεi (u)2 Zai

¡
Za0i ⊗ ηi (uc)0

¢eεi (u)2
(Zai ⊗ ηi (uc))Za0i eεi (u)2 (ZaiZ

a0
i )⊗

¡
ηi (u

c)ηi (u
c)0
¢eεi (u)2

!
K2
hλ,iu

where ηi (u
c) = (Uc

i − uc) /h. It is easy to show that under Assumptions A1-A6 bΥ (u) =Υ(u) +oP (1) .1
By choosing Ψn (u) = bΥ (u) , we denote the resulting local linear GMM estimator of α (u) as bαΥ (u) .
We summarize the asymptotic properties of this estimator in the following corollary, whose proof is

straightforward.

Corollary 3.2 Suppose that Assumptions A1-A6 hold. Then
√
nh!{H[bαΥ (u)−α (u)]− ¡Φ0Υ−1Φ¢−1

Φ0Υ−1B (u;h,λ)} d→ N(0,
¡
Φ0Υ−1Φ

¢−1
). In particular,

√
nh!{bgΥ (u)−g (u)−fU (u)−1 [Ω0 (u)Ω∗ (u)−1

Ω (u)]−1 Ω0 (u)Ω∗ (u)−1B0 (u;h,λ)} d→ N(0, μpc0,2fU (u)
−1 [Ω0 (u)Ω∗ (u)−1Ω (u)]−1), where bgΥ (u)

and B0 (u;h,λ) denote the first d elements of bαΥ (u) and B (u;h,λ), respectively.
Remark 4 (Asymptotic independence of the estimators of functional coefficients and

their first order derivatives) Theorem 3.1 indicates the for the general choice of Ψn that may not

be block diagonal, the estimators of the functional coefficients and those of their first order derivatives

may not be asymptotically independent. Nevertheless, if one chooses Ψn as an asymptotically block

diagonal matrix (i.e., the limit of Ψn is block diagonal) as in Corollary 3.2, then we have asymptotic

independence between the estimator for g (u) and that for
·
g (u) . If further q = d, then the formulae

for the asymptotic bias and variance of bgΥ (u) can be simplified to Ω (u)−1B0 (u;h,λ) /fU (u) and
μpc0,2Ω (u)

−1Ω∗ (u) (Ω (u)−1)0/fU (u) , respectively.

3.3 Selection of smoothing parameters

By Corollary 3.2, we can define the following aggregate mean squared error (AMSE) of bgΥ (u) is
AMSE

¡bgΥ (u)¢ =

°°°°fU (u)−1 ³Ω0 (u)Ω∗ (u)−1Ω (u)´−1Ω0 (u)Ω∗ (u)−1B0 (u;h,λ)°°°°2
+
1

nh!
tr
µ
μpc0,2fU (u)

−1 ³
Ω0 (u)Ω∗ (u)−1Ω (u)

´−1¶
.

where terms of smaller order are ignored. By symmetry, all hj , j = 1, · · · , pc, should have the same
order and all λl, l = 1, · · · , pd, should also have the same order but with λl ∝ h2j . By an argument similar

to Li and Racine (2008), it is easy to obtain the optimal rates of bandwidths in terms of minimizing

a weighted integrated version of AMSE(bgΥ (u)) as follows: hj ∝ n−1/(4+pc) and λl ∝ n−2/(4+pc) for
j = 1, · · · , pc and l = 1, · · · , pd. Nevertheless, the exact formula for the optimal smoothing parameters

1Alternatively, we can obtain the estimates α (u) and thus gj (u) for u = Ui, i = 1, · · · , n, and then we can define
the global residual εi = Yi − d

j=1 gj (Ui)Xi,j . Replacing εi (u) in the definition of Γ (u) by εi also yield a consistent

estimate of Γ (u) , but this needs preliminary estimation of the functional coefficients at all data points and thus is much

more computationally expensive.
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is difficult to obtain except for the simplest cases (e.g., pc = 1 and pd = 0 or 1). This also suggests

that it is infeasible to use the plug-in bandwidth in applied setting since the plug-in method would first

require the formula for each smoothing parameter and then pilot estimates for some unknown functions

in the formula.

In practice, we propose to use least squares cross validation (LSCV) to choose the smoothing para-

meters. We choose (h,λ) to minimize the following least squares cross validation criterion function

CV (h,λ) =
1

n

nX
i=1

⎛⎝Yi −
dX

j=1

bg(−i)j (Ui,h,λ)Xi,j

⎞⎠2

a (Ui) ,

where bg(−i)j (Ui;h,λ) is the leave-one-out functional coefficient estimator of gj (Ui) by using bandwidth

(h,λ) , and a (Ui) is a weight function that serves to avoid division by zero and perform trimming in

areas of sparse support. In practice and the following numerical study we will set a (Ui) = Π
pc
j=11{|U c

i,j−
U
c

j | ≤ 2sUc
j
}, where Uc

j and sUc
j
denote the sample mean and standard deviation of {Uc

i,j , 1 ≤ i ≤ n},
respectively. To implement, one can use grid search for (h,λ) when the dimensions of Uc

i and U
d
j

are both small. Alternatively, one can apply the minimization function built in various software; but

multiple starting values are recommended to reduce the chance of local solutions.

4 A Specification Test

In this section, we derive test statistics for the hypothesis that some of the functional coefficients are

constant over the regressors in the functional coefficients. The test can be applied to any nonempty

subset of the full set of functional coefficients.

4.1 Hypotheses and test statistic

We first split up the set of regressors in Xi and the set of functional coefficients in g (u) into two com-

ponents (after possibly rearranging the regressors): X1i = (Xi,1, · · · ,Xi,d1)
0 associated with g1 (u) =

(g1 (u) , · · · , gd1 (u))0 , andX2i = (Xi,d1+1, · · · ,Xi,d)
0
, associated with g2 (u) = (gd1+1 (u) , · · · , gd (u))0 ,

where Xi,1 may not denote the constant term (1) in this section. Then we can rewrite the model (2.1)

as (
Yi = g1 (Ui)

0
X1i + g2 (Ui)

0
X2i + εi

E (εi|Zi,Ui) = 0 a.s.
. (4.1)

Suppose that we want to test for the constancy of functional coefficients for a subset of the regressorsX1i

and maintain the assumption that the functional coefficients of X2i may depend on the set of exogenous

regressors Ui. Then the null hypothesis is

H0 : g1 (Ui) = θ1 a.s. for some parameter θ1 ∈ Rd1 , (4.2)

and the alternative hypothesis H1 denotes the negation of H0. Under H0, d1 of the d functional coeffi-
cients are constant whereas under H1, at least one of the functional coefficients in g1 is not constant.
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There are many ways to test the null hypothesis in (4.2). One way is to estimate the following

restricted semiparametric functional coefficient IV model2

Yi = θ01X1i + g2 (Ui)
0X2i + ε

(r)
i (4.3)

where ε
(r)
i is the restricted error term defined by (4.3) such that E(ε(r)i |Zi,Ui) = 0 a.s. under the

null, and propose a Lagrangian multiplier (LM) type of test based on the estimation of this restricted

model only, say by considering the test statistic based on the sample analog of E[ε(r)i E[ε
(r)
i |Vi]fV (Vi)]

where fV is the PDF of Vi = (Z
0
i,U

0
i)
0.3 The second way is to adopt the likelihood ratio (LR) principle

to estimate both the unrestricted and restricted models and construct various test statistics, say, by

comparing the estimates of either g1 or g = (g01,g02)0 in both models through certain distance measure
(e.g., Hong and Lee, 2009), or by extending the generalized likelihood ratio (GLR) test of Fan, Zhang,

and Zhang (2001) to our framework where endogeneity is present. Clearly tests based the LM principle

(and E[ε
(r)
i E[ε

(r)
i |Vi]fV (Vi)] in particular) may suffer from the problem of curse of dimensionality

because the dimension of the continuous variables in Vi is typically larger than the dimension pc of Uc
i .

Tests based on the LR principle requires nonparametric/semiparametric estimation under both the null

and alternative, and unless d1 = d, the estimation of the restricted model (4.3) is more involved than

the estimation of the unrestricted model.4

For this reason, we propose a Wald type of test statistic that requires only consistent estimation

of the unrestricted model. Let bgΨn (u) denote the first d element of bαΨn (u) . It is the estimator of
g (u) = (g1 (u)

0
,g2 (u))

0. Split bgΨn (u) as bg1 (u) = bg1,Ψn (u) and bg2 (u) = bg2,Ψn (u) so that bgl (u)
estimates gl (u) , l = 1, 2. Our proposed test statistic is

Tn = (h!)
1/2

nX
i=1

°°°bg1 (Ui)− bg1°°°2 (4.4)

where bg1 = n−1
Pn

i=1 bg1 (Ui) . In the next subsection, we show that after being suitably normalized,

Tn is asymptotically distributed as N (0, 1) under the null hypothesis and diverges to infinity under the

alternative.

4.2 Asymptotic distributions of the test statistic

Let Φn (u) = n−1Qh (u)
0Khλ (u) ξ (u)H

−1. Define

Γn1 (u) = S1
h
Φn (u)

0
Ψn (u)

−1
Φn (u)

i−1
Φn (u)

0
Ψn (u)

−1
, and

Γ1 (u) = S1
h
Φ (u)

0
Ψ (u)

−1
Φ (u)

i−1
Φ (u)

0
Ψ (u)

−1
, (4.5)

2 (4.3) is similar to the partially varying coefficient IV model studied by Cai and Xiong (2006).
3Note that E[ε(r)i E[ε

(r)
i |Vi]fV (Vi)] = 0 under H0 and is strictly positive under H1.

4There are two ways to estimate θ1 and g2 in (4.3). One is through the estimation of the unrestricted model in (4.1),

i.e., by estimating g1 (u) and g2 (u) in (4.1), say by g1 (u) and g2 (u) , then averaging g1 (Ui) to obtain the estimate of

θ1, and using g2 (u) as the estimate of g2 (u) in (4.3). The other is to estimate the restricted model in (4.3) directly by

using the idea of profile least squares. The latter requires two steps: 1) approximate g2 (·) locally, minimize some kernel
weighted GMM objective function, and express g2 (u) as a function of θ1 for u = Ui, i = 1, ..., n, by treating θ1 as if it

were known, 2) plug in the above expression of g2 (Ui) into a global GMM objective function and minimize it with respect

to θ1 to obtain the estimate of θ1, and then recover the estimate of g2 (u) by using the functional relationship between

g2 (u) and θ1 obtained in step 1). This latter method is more involved than the former one unless d = d1 so that g2 is

absent in (4.3).
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where S1=
¡
Id1 ,0d1×(d1pc+d2(pc+1))

¢
is a selection matrix. We add the following assumptions.

Assumption A7. (i) Ψn (u) = Ψ (u) + OP (νn) uniformly in u, where Ψ (u) is symmetric and

positive definite for each u and νn → 0 as n→∞. (ii) supu
¯̄
Γ1 (u)

¯̄
< C <∞.

Assumption A8. As n→∞, (i) n1/2(khk2 + kλk)νn → 0, (ii) (khk2 + kλk) ¡h!−1/2¢√logn→ 0,

and (iii) n (h!)1/2 ( khk4 + kλk2 )→ 0.

A7 strengthens A4(ii). It is satisfied if one chooses Ψn (u) as the identity matrix Iq(pc+1) for all u, in

which case optimal weight matrix is not used to construct the test statistic and νn = 0. Alternatively,

if one chooses Ψn (u) = bΥ (u) , then one can verify that A7(i) is satisfied with νn = khk2 + kλk +
(nh!/ logn)−1/2 . A7(ii) is weak given the compact support of the continuous regressor Uc

i . A8(i) can

easily be satisfied whereas A8(ii) requires that pc ≤ 3, which is not restrictive due to the notorious “curse
of dimensionality” in the nonparametric literature. A8(iii) requires that undersmoothing bandwidth

must be used in order to remove the effect of asymptotic bias of our nonparametric estimators.

To proceed, we first consider the consistent estimation of θ1 under H0. We estimate it by

bθ1 = bg1 = n−1
nX
i=1

bg1 (Ui) . (4.6)

By (A.1) in the appendix, we have the following usual bias and variance decomposition for bg1 (Ui) :

bg1 (Ui)− g1 (Ui) = Γn1 (Ui)Bn (Ui) + Γn1 (Ui)Vn (Ui) . (4.7)

where Γn1 (u) is defined in (4.5), the bias term Bn (Ui) and the variance term Vn (Ui) are defined in

the line after (A.1). Under H0,

√
n
³bθ1 − θ1´ = n−1/2

nX
i=1

Γn1 (Ui)Bn (Ui) + n−1/2
nX
i=1

Γn1 (Ui)Vn (Ui) . (4.8)

We shall show that the first term (bias) on the right hand side of (4.8) is asymptotically negligible under

some extra condition on the bandwidth sequence, whereas the second term contributes to the asymptotic

variance-covariance (VC) of bθ1. To characterize the asymptotic VC matrix of bθ1, let ζi = (U0
i,Z

a0
i , εi)

0,

ϕ(ζi, ζj) = Γ1 (Ui)

Ã
Zaj εj¡

Zaj εj
¢⊗ ηj (Uc

i )

!
Khλ,jUi , and ϕ(ζi) =

Z
ϕ(ζ, ζi)dFζ (ζ) , (4.9)

where Fζ denotes the CDF of ζi. Let Σθ1 = limn→∞E [ϕ(ζi)ϕ(ζi)
0] . Straightforward but tedious

calculations show that

Σθ1 =

µZ Z
w (t)w(t− s)dtds

¶pc Z
Γ1 (u)

Ã
Ω∗ (u) 0q×pcq
0pcq×q 0pcq×pcq

!
Γ1(u)

0fU (u)
2
dFU (u) . (4.10)

The following theorem establishes the
√
n-consistency and asymptotic normality of bθ1 under H0.

Theorem 4.1 Suppose Assumptions A1-A4(i) and A5-A8 hold. Suppose that n1/2(khk2+kλk) = o (1) ,

νn (h!)
−1/2

= o (1) , and n (h!)2 / logn→∞ as n→∞. Then under H0,
√
n(bθ1−θ1) d→ N (0d1×1,Σθ1) .

12



Clearly Theorem 4.1 says that under H0, bθ1 can consistently estimate θ1 at the usual √n-rate. The
extra conditions on the bandwidth in the above theorem ensures that the bias term in (4.7) vanishes

asymptotically and the replacement of Γn1 (Ui) in (4.7) by Γ1 (Ui) has asymptotically negligible effect

on the asymptotic normality of bθ1. If all functional coefficients are constant under H0, then Bn (Ui) = 0

a.s. so that we do not need the first the extra condition on the bandwidth in the theorem.

LetBn ≡ n−2 (h!)1/2
Pn

i=1

Pn
j=1 ||ϕ(ζi, ζj)||2 and σ20 ≡ limn→∞ 2h!EjEl[

R
ϕ(ζ, ζj)

0ϕ(ζ, ζl)dFζ (ζ)]2,
where Ej denotes the expectation with respect to ζj . We can now describe the asymptotic distribution

of Tn under H0 as n→∞.

Theorem 4.2 Suppose Assumptions A1-A4(i) and A5-A8 hold. Then under H0, Tn −Bn
d→ N(0, σ20).

Following the last remark after Theorem 4.1, Assumption A8(iii) is not needed for the above theorem

if we are testing the constancy of all functional coefficients.

To implement the test, we consistently estimate Bn and σ20 using

bBn ≡ (h!)
1/2

n2

nX
i=1

nX
j=1

°°bϕij

°°2 and bσ2n = 2h!

n (n− 1)
nX
j=1

nX
l 6=j

"
1

n

nX
i=1

bϕ0ij bϕil

#2
,

where bϕij = Γn1 (Ui)

Ã
Zajbεj¡

Zajbεj¢⊗ ηj (Uc
i )

!
Khλ,jUi

, and bεi = Yi− bgΨn (Ui)
0Xi. It is straightforward

to show that bBn −Bn = oP (1) and bσ2n − σ20 = oP (1) . Then we have

Jn ≡ Tn − bBnpbσ2n d→ N (0, 1) under H0.

When n is sufficiently large, we can compare Jn to the one-sided critical value zα, the upper α percentile

from the N (0, 1) distribution, and reject the null at asymptotic level α if Jn > zα.

To examine the asymptotic local power of the Jn test, we consider the sequence of Pitman local

alternatives

H1 (rn) : g1 (Ui) = θ1 + rnδn(Ui) a.s.,

where rn → 0 as n → ∞ and the δn’s are a sequence of real continuous vector-valued functions such

that μ0 ≡ limn→∞E[kδn (Ui)−E [δn (Ui)]k2] <∞. The following theorem establishes the asymptotic

local power of the Jn test.

Theorem 4.3 Suppose Assumptions A1-A4(i) and A5-A8 hold. Then under H1 (rn) with rn = n−1/2

(h!)
−1/4

, Jn
d→ N (μ0/σ0, 1) .

Theorem 4.3 shows that the Jn test has nontrivial power against Pitman local alternatives that

converge to zero at rate n−1/2 (h!)−1/4 . The asymptotic local power function is given by limn→∞ P (Jn ≥
z | H1 (rn)) = 1− Φ (z − μ0/σ0) , where Φ is the standard normal CDF.

The next theorem establishes the consistency of the test.

Theorem 4.4 Suppose Assumptions A1-A4(i) and A5-A8 hold. Then under H1, n−1 (h!)−1/2 Jn =
μA/σ0+oP (1) , where μA ≡ E [g1 (Ui)− θ1]2 , so that P (Jn > cn)→ 1 under H1 for any nonstochastic
sequence cn = o(n (h!)1/2).
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4.3 A bootstrap version of our test

It is well known that a nonparametric test based on its asymptotic normal null distribution may perform

poorly in finite samples. This is especially true for our test when we have discrete conditioning variables

inUi. So we suggest using a bootstrap method to obtain the bootstrap p-values. We propose to generate

the bootstrap data {Y ∗i ,U∗i ,X∗i ,Z∗i ,Za∗i } based on the following procedure:
1. Obtain the local linear GMM estimates bg1 (Ui) and bg2 (Ui) by using the optimal weight matrix

and the bandwidth (h,λ), and calculate the residuals bεri = Yi − bθ01X1i − bg2 (Ui)
0X2i with bθ1 ≡

n−1
Pn

i=1 bg1 (Ui) .

2. Draw {(X∗i ,Z∗i ,Za∗i ,U∗i , ε
∗
i )} randomly from {(Xi,Zi,Z

a
i ,Ui,bεri ) , i = 1, ..., n} .

3. Generate Y ∗i = θ̃
0
1X
∗
1i+ g̃2 (U

∗
i )X

∗
2i+ ε∗i , where θ̃1 ≡ n−1

Pn
i=1 g̃1 (Ui) , and g̃1 (Ui) and g̃2 (Ui)

are the local linear GMM estimates by using the optimal weight matrix and the bandwidth (h̃, λ̃)

which is larger than (h,λ) elementwise.

4. Compute the bootstrap test statistic J∗n in the same way as Jn by using {Y ∗i ,U∗i ,X∗i ,Z∗i ,Za∗i }
instead.

5. Repeat Steps 1-4 B times to obtain B bootstrap test statistic {J∗nj}
B
j=1. Calculate the bootstrap

p-values p∗ ≡ B−1
PB

j=1 1{J∗nj ≥ Jn} and reject the null hypothesis H0 : g1 (Ui) = θ1 a.s. if p∗ is
smaller than the prescribed nominal level of significance.

Note that we do not use the simple wild bootstrap method in the above procedure because it does

not take into account the endogeneity issue in the data. Instead, we draw (X∗i ,Z
∗
i ,Z

a∗
i ,U∗i , ε

∗
i ) as a

whole randomly from {(Xi,Zi,Z
a
i ,Ui,bεi) , i = 1, ..., n} which helps maintain the dependence structure

among these variables. In addition, we impose the null hypothesis in Step 3 and obtain estimates θ̃1
and g̃2 by using larger values of bandwidths. See Härdle and Marron (1991) for the justification of this.

5 Monte Carlo Simulations

In this section, we conduct a small set of Monte Carlo experiments to illustrate the finite sample

performance of our local linear GMM estimator of functional coefficients and that of our test for the

constancy of some functional coefficients.

5.1 Evaluation of the local linear GMM estimates

To evaluate the local linear GMM estimates, we consider the following data generating process (DGP):

Yi = (0.5 + 0.25U
c2
i + 0.5U c

i U
d
i,1 + Ud

i,2) + (1 + Ud
i,1e

0.1Uc
i + Ud

i,2U
c
i )Xi + sεi, (5.1)

where Uc
i v N (0, 1) truncated at ±2, Ud

i,1 and Ud
i,2 are both Bernoulli random variables taking value 1

with probability 0.5, εi vN (0, 1) , Xi = (Zi + τεi) /
√
1 + τ2, and (Zi, εi)

0 v N (02×1, I2) . Here we use τ
to control the degree of endogeneity and choose s to ensure the signal-noise ratio to be 1 when we generate

observations on Yi.5 We assume that
©
Yi, U

c
i , U

d
i,1, U

d
i,2,Xi, Zi

ªn
i=1

are observed and are interested in the

5We set s as the sample standard deviation of mi ≡ (0.5 + 0.25Uc2
i + 0.5Uc

i U
d
i,1 +Ud

i,2) + (1 +Ud
i,1e

0.1Uci +Ud
i,2U

c
i )Xi

over that of εi.
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Table 1: Finite Sample Comparison of Various GMM Estimators for the DGP in (5.1)
ROT bandwidth LSCV bandwidth

n τ MAD MSE MAD MSE
g1 (u) g2 (u) g1 (u) g2 (u) g1 (u) g2 (u) g1 (u) g2 (u)

100 0 0.553 0.339 0.649 0.325 0.578 0.301 0.692 0.321
0.671 0.350 0.770 0.320 0.694 0.320 0.819 0.327
0.311 0.300 0.920 0.447 0.303 0.131 0.602 0.188

0.32 0.545 0.342 0.627 0.334 0.568 0.313 0.668 0.334
0.659 0.354 0.746 0.331 0.680 0.329 0.792 0.340
0.616 0.398 1.132 0.527 0.634 0.299 0.861 0.259

0.75 0.509 0.358 0.558 0.375 0.525 0.351 0.585 0.389
0.607 0.372 0.652 0.375 0.621 0.365 0.683 0.391
0.908 0.593 1.317 0.716 0.908 0.521 1.122 0.440

2.07 0.420 0.484 0.424 0.651 0.453 0.526 0.449 0.673
0.464 0.529 0.468 0.690 0.481 0.536 0.464 0.659
0.737 0.832 0.734 1.020 0.743 0.750 0.669 0.747

400 0 0.378 0.200 0.376 0.118 0.399 0.153 0.418 0.100
0.553 0.246 0.554 0.138 0.579 0.223 0.593 0.120
0.123 0.143 0.385 0.134 0.107 0.036 0.264 0.058

0.32 0.367 0.201 0.356 0.121 0.390 0.155 0.398 0.106
0.540 0.248 0.531 0.144 0.567 0.226 0.572 0.126
0.570 0.312 0.654 0.219 0.570 0.306 0.547 0.147

0.75 0.337 0.212 0.307 0.145 0.357 0.173 0.345 0.136
0.487 0.257 0.445 0.168 0.509 0.239 0.484 0.155
0.933 0.589 1.071 0.459 0.924 0.588 0.989 0.390

2.07 0.261 0.332 0.216 0.354 0.281 0.356 0.229 0.362
0.333 0.385 0.262 0.379 0.347 0.394 0.276 0.372
0.764 0.886 0.636 0.867 0.752 0.876 0.595 0.796

Note: Columns 3-6 and 7-10 report the results for estimation based on the rule of thumb (ROT)
bandwidth and least squares cross-validated (LSCV) bandwidth, respectively. For each combination
of n and τ , the three rows report the results for our estimators with optimal and identity weight
matrices, and the SCU estimators, respectively. The values are averages over 500 replications.

estimation of two functional coefficients: g1 (u) = g1
¡
uc, ud1, u

d
2

¢
= 0.5 + 0.25uc2 + 0.5ucud1 + ud2, and

g2 (u) = g2
¡
uc, ud1, u

d
2

¢
= 1 + ud1e

0.1uc + ud2u
c.

We consider three nonparametric estimator for g1 (u) and g2 (u) . The first two are obtained as

our local linear GMM functional coefficient estimators when the weight matrix Ψn is chosen to be the

identity matrix and optimal weight matrix, respectively, and the instrument Za
i is also set to be Zi. The

third estimator is local linear estimator of SCU (2009) where the endogeneity of Xi is neglected. For all

estimators, we use the standardized Epanechnikov kernel k (u) = 3
4
√
5
(1− 1

5u
2)1{|u| ≤ √5}, and consider

two choices of smoothing parameters (h,λ) = (h, λ1, λ2) for the conditioning variables Uc
i , U

d
i,1, U

d
i,2 in

the functional coefficients. We consider choosing the smoothing parameters (h,λ) by both the least

squares cross-validation (LSCV) method discussed in Section 3.3, and the simple rule of thumb (ROT)

method. In the latter case, we follow the literature and set h = sUcn−1/5, and λ1 = λ2 = sUcn−2/5.
To evaluate the finite sample performance of different estimators, we consider evaluating the es-

timates of the functional coefficients at some prescribed points. For each of the four possible values
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that (Ud
i,1, U

d
i,2) can take, we choose 25 equally-spaced points on the interval [−2, 2] for the continuous

variable Uc
i , which gives us 100 evaluation points u for the variables in the functional coefficients. We

estimate both g1 (u) and g2 (u) at these 100 points by using the above three estimation method and two

sequences of bandwidths, and calculate the mean absolute deviation (MAD) and mean squared error

(MSE) of each estimator based on these 100 evaluations. For each estimator, by averaging these MADs

and MSEs across 500 replications, we obtain the final performance measure as follows:

MADl =
1

100× 500
500X
r=1

100X
j=1

¯̄̄bg(r)l (uj)− gl (uj)
¯̄̄
and MSEl =

1

100× 500
500X
r=1

100X
j=1

hbg(r)l (uj)− gl (uj)
i2

for l = 1, 2, where bg(r)l (uj) is an estimator of gl (uj) in the rth replication by using any one of the above

estimation methods or bandwidth sequences.

We consider two sample sizes: n = 100 and 400. We choose four different values of τ , namely, 0,

0.32, 0.75, 2.07, to ensure the correlations between Xi and εi are 0, 0.3, 0.6, 0.9, respectively.

Table 1 reports the results. We summarize some important findings from Table 1. First, in the ab-

sence of endogeneity (τ = 0) , our local linear GMM estimators with optimal weight or identity weight

matrices may not outperform the SCU estimators in terms of either MAD or MSE, which is expected.

Second, in almost all cases, the local linear GMM estimators with optimal weight matrix tends to out-

perform the local linear GMM estimators with identity weight matrix. Third, in the case of endogeneity,

both local linear GMM estimators generally perform better than the SCU estimators in terms of either

MAD or MSE. The stronger endogeneity, the more gains to apply our local linear GMM estimation

method.

5.2 Tests for the constancy of functional coefficients

We now consider the finite sample performance of our test. To this goal, we modify (5.1) to

Yi = [0.5 + δ1(0.25U
c2
i + 0.5U c

i U
d
i,1 + Ud

i,2)] + [1 + δ2

³
Ud
i,1e

0.1Uc
i + Ud

i,2U
c
i

´
]Xi + sεi, (5.2)

where all variables are generated as in the above subsection, s is chosen to ensure the signal and

noise ratio to be 1, and we allow δ1 and δ2 to take different values to evaluate both the size and

power properties of our test. Here g1 (u) = g1(u
c, ud1, u

d
2) = 0.5 + δ1

¡
0.25uc2 + 0.5ucud1 + ud2

¢
, and

g2 (u) = g2(u
c, ud1, u

d
2) = 1 + δ2

¡
ud1e

0.1uc + ud2u
c
¢
.And when δ1 = δ2 = 1, (5.2) reduces to (5.1).

We consider the following three null hypotheses:

H0,1 : g1 (Ui) = θ1 a.s.,

H0,2 : g2 (Ui) = θ2 a.s.,

H0,12 : (g1 (Ui) , g2 (Ui)) = (θ1, θ2) a.s.,

for some unknown parameters θ1 and θ2.

To construct the test statistic, we need to choose both the kernel and the bandwidth. As in the

previous section, we choose the standardized Epanechnikov kernel and consider the use bootstrap to

approximate the asymptotic null distribution of our test statistics. Section 4.3 suggests that we need to

choose two sets of bandwidths (h,λ) ≡ (h, λ1, λ2) and (h̃, λ̃) ≡(h̃, λ̃1, λ̃2) : the former is used to construct
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Table 2: Rejection Frequency of Nonparametric Tests for the Constancy of Functional Coefficients
n δ τ 1% 5% 10%

H0,1 H0,2 H0,12 H0,1 H0,2 H0,12 H0,1 H0,2 H0,12

100 0 0.32 0.008 0.004 0.010 0.054 0.048 0.050 0.100 0.092 0.104
0.75 0.010 0.008 0.010 0.044 0.046 0.056 0.094 0.112 0.104
2.07 0.004 0.020 0.012 0.046 0.070 0.064 0.096 0.166 0.128

0.5 0.32 0.316 0.750 0.756 0.538 0.906 0.900 0.654 0.934 0.934
0.75 0.318 0.574 0.606 0.578 0.780 0.812 0.730 0.874 0.878
2.07 0.054 0.214 0.174 0.224 0.398 0.356 0.380 0.530 0.500

1 0.32 0.558 0.962 0.952 0.764 0.986 0.984 0.838 0.994 0.994
0.75 0.622 0.898 0.902 0.838 0.970 0.968 0.908 0.982 0.978
2.07 0.282 0.496 0.450 0.548 0.676 0.696 0.690 0.792 0.792

200 0 0.32 0.008 0.008 0.014 0.052 0.042 0.044 0.102 0.094 0.092
0.75 0.010 0.008 0.016 0.050 0.050 0.048 0.082 0.104 0.096
2.07 0.006 0.020 0.006 0.042 0.066 0.050 0.084 0.134 0.110

0.5 0.32 0.574 0.990 0.996 0.776 0.998 0.998 0.876 1.000 1.000
0.75 0.706 0.946 0.958 0.900 0.986 0.998 0.952 0.994 0.998
2.07 0.246 0.334 0.402 0.554 0.552 0.654 0.706 0.664 0.754

1 0.32 0.848 1.000 1.000 0.954 1.000 1.000 0.982 1.000 1.000
0.75 0.948 1.000 1.000 0.994 1.000 1.000 1.000 1.000 1.000
2.07 0.778 0.762 0.852 0.938 0.892 0.954 0.966 0.928 0.974

Note: The first three column contains information about the sample size n, the parameters δ and τ ,
respectively. The remaining nine columns report the tests for the three null hypotheses at 1%, 5%, and
10% levels, respectively. 500 replications and 200 bootstraps are used to obtain the results. The rule of
thumb method is used to choose the bandwidth.

the test statistic based on the observed data and to yield the restricted residuals, and the latter is used

to obtain eθ1 (Ui) and g̃2 (Ui) in order to construct the bootstrap dependent variable by imposing

the null hypothesis. We set h = csUcn−1/(pc+3), λ1 = λ2 = csUcn−2/(pc+3), h̃ = csUcn−1/(pc+5),
λ̃1 = λ̃2 = csUcn−2/(pc+5) for different values of c to check the sensitivity of our test to the choice
of bandwidth. Note that we apply undersmoothing bandwidth sequences (h, λ1, λ2) and purposely set

(h̃, λ̃1, λ̃2) to be larger than (h, λ1λ2) elementwise because they are required for the asymptotic theory

of our test. We have tried three values for c : 0.5, 1 and 2 and found that our test is not sensitive to

the choice of c. To save space, we only focus on the case where c = 1 in the following analysis.

We consider two sample sizes n = 100 and 200, set δ1 = δ2 = δ, and consider three values of δ :

0, 0.5, and 1. We choose three different values of τ , namely, 0.32, 0.75, and 2.07, which correspond to

low, moderate and extremely high degrees of endogeneity, respectively. For each case, we consider 500

replications and 200 bootstrap resamples for each replication.

The results are reported in Table 2. We summarize some important findings from Table 2. First

the level of our test generally behaves very well for all three values of τ , all three null hypotheses, and

all three nominal levels (1%, 5%, and 10%) under investigation. The only exception occurs for the null

hypothesis H0,2 when the degree of endogeneity is extremely high, in which case the test is moderately
oversized. Second, the power of our test is reasonably good. As either δ or the sample size increases, we

observe an increase of the empirical power. Third, endogeneity does affect the level and power behavior

of our test. When endogeneity is very strong (τ = 2.07), our test for H0,2 tends to be oversized in small
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samples. The power of our test for all three null hypotheses are also adversely affected by such strong

endogeneity.

6 An Empirical Example: Estimating the Wage Equation

Labor economists have been devoting a tremendous amount of effort to investigating the causal effect of

education on labor market earnings. As Card (2001 p. 1127) suggests, the endogeneity of education in

the wage equation might partially explain the continuing interest “in this very difficult task of uncovering

the causal effect of education in labor market outcomes.” The classical framework of the human capital

earnings function due to Mincer (1974) assumes additivity of education and work experience that used as

explanatory variables. However, recent studies have questioned the appropriateness of this assumption.

In particular, Card (2001) approaches the matter of non-additivity of the explanatory variables by

arguing that the returns to education are heterogeneous since the economic benefits of schooling are

individual-specific. Becker and Chiswick (1966) are among the authors who maintain that variation in

returns to education can partially account for variation over time in aggregate inequality. Card’s (2001)

claim suggests that a more general functional form of heterogeneity in the returns to education would

make the empirical relation between earnings and education even more realistic. Indeed, if, for example,

work experience is valued by employers, then one can expect earnings to be increasing in experience

for any given level of education. Further, the returns to education may also differ substantially among

different groups defined by some individual-specific characteristics, say, marital status. Therefore, we

estimate the causal effect of education on earnings in the following functional coefficient model:

log(Y ) = g1(U) + g2(U)S + ε, (6.1)

where Y is a measure of individual earnings, S is years of education, and U is a vector of mixed (both

continuous and discrete) variables. Equation (6.1) allows studying not only the direct effects of variables

in U on wage in a flexible way but also the effects of these variables on the return to education. Existing

literature has already provided support for a nonlinear relation between wage and work experience (see,

for example, Murphy and Welch (1990) and Ullah (1985)). In addition, Card and Lemieux (2001)

emphasize that the rising return to education has been more profound in the younger cohorts than in

the older ones since the 1980s.

Our goal is to study the empirical relation between earnings and education as presented in (6.1)

using our proposed estimator from the previous sections. For this purpose, we use the Australian

Longitudinal Survey (ALS) conducted annually since 1984. Specifically, we employ the 1985 wave of

the ALS, and consider young Australian women, who reported working and were aged 16 to 25 in 1985.

Our sample is constructed using the guidelines from Vella (1994), who is among the first researchers

extensively working with this dataset. We follow the empirical analysis from Vella (1994) and choose

U to include a continuous variable — work experience, and four categorical variables for martial status,

union membership, government employment, and whether a person is born in Australia.

We follow CDXW (2006) and Das, Newey, and Vella (2003), who rely on findings from Vella (1994),

and use an index of labor market attitudes as the instrumental variable for the schooling levels.6 The
6Here, we do not question the credibility of the instrument but take its validity as a maintained assumption in order

to illustrate the proposed estimation method.
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Table 3: The ALS Sample Characteristics
Variable Source Mean St. Dev. Min Max
Born in Australia B.3 .862 .345 0 1
Married A.7 .183 .386 0 1
Union Member G.11 .425 .494 0 1
Government Employee G.10 .286 .452 0 1
Age A.4 20.718 2.622 15 25
Years of Education E.3, 5, 8, 12, 14, 21, 23 11.736 1.529 3 16
Years of Experience F.3-4, 7-10, 31-3, G.23-5 1.489 1.997 0 14
Hourly Wage ($) G.3-5 and 7-8 6.662 2.579 .375 47.5
Attitudes Index O.1 1.969 .351 .7 2.8
Notes: The sample is based on the 1985 wave of the Australian Longitudinal Survey (ALS). The
sample size is 2049 observations. Column Source provides information about the questions from
the ALS, which were used to obtain the variables. Hourly wage is in 1985 dollars. Attitudes Index
is constructed using only six out of seven equations about work, social roles and school attitudes
of individuals toward working women. Specifically, we exclude question (iii).

ALS includes seven questions about work, social roles and school attitudes of individuals toward working

women. Individuals respond to these questions with “(1) strongly agree; (2) agree; (3) don’t know; (4)

disagree; and (5) strongly disagree”. The wording of the questions implies that a response with a higher

score indicates more positive attitude towards the schooling of women and their role in the labor market.

We use only six out of seven available questions to construct our attitudes index, since questions (ii)

and (iii) seem to be very similar to each other and might be repetitive.7 We sum the responses to the

questions we pick, and divide the total by 10. This way our attitudes index can range from 0.6 to 3.0,

similar to CDXW (2006).8 We exclude two observations with reported wage being more than $200 per

hour as extreme outliers.9 The resulting sample consists of 2049 observations. Table 3 reports summary

statistics for our sample. Figure 1 plots wage against work experience and years of education. The right

panel of Figure 1 suggests that there is a positive relationship between wage and years of education.

The left panel describing the relation between wage and work experience is not that straightforward.

However, both figures also provide some evidence of a nonlinear nature of the two relationships they

present. The peculiar relation between wage and experience is actually not surprising as our sample

consists of young adults being 15 to 25 years old.

Without accounting for the endogeneity of education in the wage equation, SCU (2009) estimate the

returns to education using the same specification — (6.1), while also allowing for mixed covariates in the

model. CDXW (2006) employ the same data set but use a somewhat different model specification:

log(Y ) = Zδ + g1(U) + g2(U)S + ε, (6.2)

where U contains work experience only, and Z includes the four categorical variables, i.e., indicators for

marital status, union membership, government employment, and whether a person is born in Australia.

CDXW (2006) exploit a two-step nonparametric procedure to estimate the returns to education in

7Questions (ii) and (iii) read “A woman is really fulfilled only when she becomes a mother,”and “Whatever career a
women may have, her most important role in life is that of becoming a mother?”, respectively. Source: Question O.1 of
the 1985 wave of the ALS. We choose Question (ii) over Question (iii).

8We point out that we do not know if our index is based on the same questions as the index of CDXW (2006), since
we do not know which six questions were used to build the index from CDXW (2006).

9The highest hourly wage in the sample after the exclusion of the two outliers is $47.5 per hour.
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the context of model (6.2). Cai and Xiong (2010) consider the same data set and model specification

as CDXW (2006). However, they use a three-step nonparametric method to estimate this model.

We compare our estimates of the return to education with the estimates based on all there existing

approaches — the ones from SCU (2009), CDXW (2006) and Cai and Xiong (2010). When doing so,

we mainly concentrate on work experience below 8 years. The main reason for our decision is that

our sample contains only 8 observations (out of 2049 available) with experience being more or equal to

9 years. We also suspect that the sample used by CDXW (2006) and Cai and Xiong (2010) excludes

observations at the high levels of the observed years of experience in our sample, as their sample contains

1996 observations only.10 Thus, for comparative purposes, we primarily focus on work experience being

less than 8 years.

For the ease of presentation of the regression results of model (6.1) we plot wage-experience profiles

of different cells defined by a discrete characteristic averaged over other categorical regressors. We use

the second order Epanechnikov kernel in our estimation, and choose the bandwidth by both the rule of

thumb and LSCV methods discussed in Section 3.3.

Figure 2 reports the estimated g1(Experience, :) and g2(Experience, :) of model (6.1) depending on

whether a woman is married or not, a union member or not, employed by the government or not, and born

in Australia or not averaged over all other categorical variables. We use the rule of thumb bandwidth to

obtain Figure 2. Following SCU (2009), we will view g1(Experience, Individual Characteristic, :) as

the direct effects of experience on wage for a particular characteristic of a woman (averaged over all other

categorical variables). At the same time, we can think that g2(Experience, Individual Characteristic, :)

represents the return to education as a function of experience for a particular individual characteristic.

In both profiles — with and without controlling for endogeneity, i.e., profiles using the SCU method

and our approach with optimal weight matrix, respectively, we find that the range of ĝ2 is positive

and nonlinear for all values of experience in our sample. However, the apparent differences between

correcting and not correcting for endogeneity are in the magnitude and shape of ĝ2. When correcting

for endogeneity, the returns to education, on average, are predicted to be higher for most of the observed

years of work experience. Also, when correcting for endogeneity, ĝ2 is mostly concave, while it is convex

for low levels of experience (below about 5 years) and concave for high levels of experience (above

5 years) when we do not correct for endogeneity. Further, we observe that the returns to education

are smaller for non-unionized women than for the unionized ones. We also note that the profile of ĝ1
when correcting for endogeneity is almost constant, while it is quite nonlinear without the correction.

Specifically, the estimated direct effects of the four categorical individual characteristics we are able

to control for seem to be close to zero for most of the interval of the observed work experience, when

controlling for endogeneity. Without correcting for endogeneity, we do observe some differences both

across and within the categories of the four individual characteristics.

Figure 3 plots the estimated g1(Experience, :) and g2(Experience, :) of model (6.1) averaged over

all categorical variables. We use the rule of thumb bandwidth to obtain Figure 3. Similarly to Figure

2, we notice that the direct effect of work experience on wage is almost constant and close to zero

for high levels of experience when controlling for endogeneity. At the same time, when correcting for

endogeneity, the derivative of return to education as a function of experience changes over its range,

10Since there is no descriptive statistics provided by either CDXW (2006) or Cai and Xiong (2010) we cannot verify our
guess.
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being negative at high levels of experience (above about 8 years) and positive at low and (most of)

middle levels of experience (below 8 years). In other words, while the marginal returns to education are

positive, the returns themselves decline in experience for high levels of the observed years of experience.

To the contrary, when we do not correct for endogeneity, it is the other way around: the returns to

education decrease in experience for low levels of experience (below about 5 years) and increase for high

levels of experience (above 5 years).

While we do not observe overly drastic distinctions in the results based on our approach and ap-

proaches by CDXW (2006) and Cai and Xiong (2010), we do see some notable differences across the

three approaches. First, findings by Cai and Xiong’s (2010) and CDXW (2006)11 indicate that the

returns to education may vary from (roughly) 15 to 22% and 16.5 to 30%, respectively. Our findings

reported in Figure 3 suggest that the returns to education may vary from about 12 to 18%.12 Clearly,

our range is tighter than the other two ranges suggested, and the middle point for the range obtained

using our approach is (at least) 2.5 percentage points smaller than the middle points for the other

two intervals. Second, the shapes of the estimated g2 from the three methods being compared — our

approach, CDXW (2006) and Cai and Xiong (2010) — are somewhat different, as well. Contrary to

CDXW (2006), our approach suggests that the returns to education start declining after (about) 8 years

of experience, which would be more compatible with the shape of the estimated g2 from Cai and Xiong

(2010) for the high levels of observed experience. However, in sharp contrast to Cai and Xiong (2010),

our results predict a different behavior of the estimated g2 for the low levels of observed experience. Cai

and Xiong’s (2010) results are indicative of the sharply declining returns to education for experience

below (about) 3 years. We suggest that the returns to education are increasing for that interval of

observed work experience.

Figures 4 and 5 provide the same information as Figures 2 and 3, respectively, when the LSCV

method is used instead of the rule of thumb to obtain the bandwidths for findings in Figures 4 and 5.

The LSCV method provides very similar results to the ones based on the rule of thumb approach to the

choice of bandwidth.

Finally, using the specification tests introduced in Section 4, we test the hypothesis that g1, g2 or

both are constant over the four categorical variables and experience. We calculate the normalized test

statistics for the following three null hypotheses:

H0,1 : g1 (Ui) = θ1 a.s.,

H0,2 : g2 (Ui) = θ2 a.s.,

H0,12 : (g1 (Ui) , g2 (Ui)) = (θ1, θ2) a.s.,

for some unknown parameters θ1 and θ2, where U contains work experience and four categorical vari-

ables for martial status, union membership, government employment, and whether a person is born in

Australia. Using the rule of thumb approach and 500 replications, the obtained p-values for the three

considered hull hypotheses are 0.180, 0.006, and 0.006, respectively. These results imply that we cannot

reject H0,1 at any conventional level. Clearly, this finding is not surprising, given that ĝ1 obtained when
correcting for endogeneity seems almost constant and close to zero for a large domain of work experience
11See Figure 1 in Cai and Xiong (2010) and Figure 3(a) in CDXW (2006), respectively.
12 Such high returns to education are actually not surprising as we observe young women being between 15 and 25 years

old.
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in Figures 2-5. More importantly, both H0,2 and H0,2 can be rejected in favor of a one-sided alternative
at 1% level. Therefore, our empirical findings strongly support the discussion of the nonlinear nature of

the effect of education on wages from Card (2001).

7 Concluding Remarks

This paper proposes a local linear GMM estimation procedure for functional coefficient IV models where

endogenous regressors enter the model linearly, and the functional coefficients contain both continuous

and discrete exogenous regressors. We establish the asymptotic normality of the local linear GMM

estimator. We also propose tests for the constancy of the functional coefficients. Simulations indicate

that our tests perform reasonably well in finite samples. Applications to an Australian Longitudinal

Survey data indicate the importance of our estimation and testing procedure in empirical research.

Although we have not shown in this paper, we conjecture that the theory of our paper continue to hold

when the coefficients are the function of some of the continuous variables which are unobserved, but as

long as their estimated values converge to their truth at sufficiently fast rate. Also, it will be a subject

of the future study to develop results for the case where the coefficients are functions of endogenous

variables.
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Appendix

A Proof of the Main Results

A.1 Proof of Theorem 3.1

For notational simplicity, in this proof we suppress the dependence of ξ, Khλ, Qh, and Ψn on u.

Let dUd
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t=1 1{Ud
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whereΦn = Φn (u) = n−1Q0
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We prove Theorem 3.1 by proving the following three lemmata.

Lemma A.1 Φn (u) = Φ (u) + oP (1) , where Φ (u) is defined in (3.1).
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Define two column vectors ω1 ∈ Rq and ω2 ∈ Rd such that kωlk = 1 for l = 1, 2. Then it is easy to show
that Var(ω01Φn,11ω2) =
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³
kλk+ (nh!)−1/2

´
= μ2,1 [Ω (u)⊗ Ipc ] fU (u) + oP (1) .

By the same token, Φn,12 = oP (1) , and Φn,21 = oP (1) . This completes the proof. ¥

Lemma A.2
√
nh!Bn (u) =

√
nh!HB (u;h,λ) + oP (1), where B (u;h,λ) is defined in (3.3).

Proof. Write
√
nh!Bn (u) = 1

n

Pn
i=1

√
nh!Khλ,iuQh,iuRi =

1
n

Pn
i=1 ςi, where

ςi =
√
nh!

dX
j=1

£
gj(U

c
i ,U

d
i )− gj(u

c,ud)− .
gj(u

c,ud)0 (Uc
i − uc)

¤Ã ZaiXi,j

ZaiXi,j ⊗ ηi (uc)

!
Khλ,iu

=
√
nh!

Ã
ZaiX

0
iGi

(ZaiX
0
iGi)⊗ ηi (uc)

!
Khλ,iu.

It follows that
√
nh!E [Bn (u)] = E (ςi) = E(ςi|dUd

iu
d = 0)p

¡
ud
¢
+ E(ςi|dUd

iu
d = 1) P (dUd

iu
d =

1) +O(
√
nh! kλk2) ≡ bn,1 + bn,2 + o (1) .

On the set
©
Ud
i = u

d, Wh,iuc > 0
ª
, gj(U

c
i ,U

d
i ) − gj(u

c,ud) − .
gj(u

c,ud)0 (Uc
i − uc) = 1

2Ai,j (u) +

o(khk2), whereAi,j (u) = (U
c
i − uc)0

..
gj (u) (U

c
i − uc) and

..
gj (u) = ∂

.
gj (u) /∂u

c0. LetAi (u) = (Ai,1 (u) ,

· · · , Ai,d (u))
0. Recall A (u) = (

Pp
s=1 h

2
sg1,ss (u) , · · · ,

Pp
s=1 h

2
sgd,ss (u))

0 and
·
g (u) = (

.
g1(u)

0, · · · ,
.
gd(u)

0)0. Then we have

bn,1 =
1

2

√
nh! E0

"Ã
ZaiX

0
iAi (u)

(ZaiX
0
iAi (u))⊗ ηi (uc)

!
Wh,iuc

#
p(ud) + o(

√
nh! khk2)

=
1

2

√
nh! E0

"Ã
Ω (Ui)Ai (u)

(Ω (Ui)Ai (u))⊗ ηi (uc)

!
Wh,iuc

#
p(ud) + o (1)

=

√
nh!μ2,1
2

Ã
fU (u)Ω (u)A (u)

0

!
+ o (1) ,

and

bn,2 =
√
nh!E1

⎧⎨⎩
dX

j=1

[gj (Ui)− gj (u)− .
gj (u)

0 (Uc
i − uc)]

Ã
ZaiXi,j

ZaiXi,j ⊗ ηi (uc)

!
Khλ,iu

⎫⎬⎭ p1

=
√
nh!E1

⎡⎣ dX
j=1

Ã
ZaiX

0
iGi

(ZaiX
0
iGi)⊗ ηi (uc)

!
Khλ,iu

⎤⎦ p1
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=
√
nh!E1

"Ã
Ω (Ui) [g (Ui)− g (u)]−

¡
Ω (Ui)⊗ ηi (uc)0

¢ ·
g (u)

(Ω (Ui) [g (Ui)− g (u)])⊗ ηi (uc)−
¡
Ω (Ui)⊗ [ηi (uc)ηi (uc)0]

¢ ·
g (u)

!
Khλ,iu

#
p1

+o (1)

=
√
nh!

X
ud∈D

pdX
s=1

λsIs
¡
ud, eud¢ fU ¡uc, eud¢Ã Ω ¡uc, eud¢ ¡g ¡uc, eud¢− g ¡uc,ud¢¢−μ2,1

¡
Ω
¡
uc, eud¢⊗ Ipc¢ ·g ¡uc,ud¢

!
+ o (1) ,

where El {·} = E{·|dUd
iu

d = l} for l = 0 and 1, and p1 = P (dUd
iu

d = 1).

Consequently,
√
nh!E[Bn (u)] =

√
nh!B (u;h,λ) + o (1) , where B (u;h,λ) is defined in (3.3). By

straightforward calculations, we can show that Var(
√
nh!Bn (u)) = O(khk2+ kλk) = o (1) . The conclu-

sion then follows by the Chebyshev’s inequality. ¥

Lemma A.3
√
nh!Vn (u) = n−1/2 (h!)1/2

Pn
i=1

Ã
Zai εi

(Zai εi)⊗ ((Uc
i − uc) /h)

!
Khλ,iu

d→ N (0,Υ (u)) ,

where Υ(u) is defined in (3.2).

Proof. Let c be a unit vector on Rq(pc+1). Let ζi = (h!)
1/2
c0
Ã

Zai εi

(Zai εi)⊗ ηi (uc)

!
Khλ,iu. By the

Cramér-Wold device, it suffices to prove
√
nh!Vn (u) = n−1/2

Pn
i=1 ζi

d→ N (0, c0Υc) . By the law of

iterated expectations, E (ζi) = 0. Now by arguments similar to those used in the proof of Lemma A.1,

Var
³√

nh!Vn (u)
´
= Var (ζ1)

= h!c0E

(Ã
ZaiZ

a0
i ε

2
i Zai

¡
Za0i ⊗ ηi (uc)0

¢
ε2i

(Zai ⊗ ηi (uc))Za0i ε2i (ZaiZ
a0
i )⊗

¡
ηi (u

c)ηi (u
c)
0¢
ε2i

!
K2
hλ,iu

)
c

= h!c0E

(Ã
ZaiZ

a0
i σ

2 (Zai ,Ui) Zai
¡
Za0i ⊗ ηi (uc)0

¢
σ2 (Zai ,Ui)

(Zai ⊗ ηi (uc))Za0i σ2 (Zai ,Ui) (ZaiZ
a0
i )⊗

¡
ηi (u

c)ηi (u
c)0
¢
σ2 (Zai ,Ui)

!
K2
hλ,iu

)
c

= h!c0E

(Ã
Ω∗(Ui) Ω∗(Ui)⊗ ηi (uc)0

Ω∗(Ui)⊗ ηi (uc) Ω∗(Ui)⊗
¡
ηi (u

c)ηi (u
c)
0¢
!
K2
hλ,iu

)
c

= c0Υc+ o (1) .

Thus Var(
√
nh!Vn (u))→ c0Υc as n→∞. It is standard to check the Liapounov condition holds (see,

e.g., Li and Racine (2007)). ¥
By Lemmas A.1-A.3 and the Slutsky lemma,

√
nh!

³
H (bαΨn (u)−α (u))− ¡Φ0Ψ−1Φ¢−1Φ0Ψ−1B (u;h,λ)´

=
¡
Φ0nΨ

−1
n Φn

¢−1
Φ0nΨ

−1
n

√
nh!Vn (u) +

¡
Φ0nΨ

−1
n Φn

¢−1
Φ0nΨ

−1
n

√
nh!Bn (u)

− ¡Φ0Ψ−1Φ¢−1Φ0Ψ−1√nh!B (u;h,λ)
d→ N

³
0,
¡
Φ0Ψ−1Φ

¢−1
Φ0Ψ−1ΥΨ−1Φ

¡
Φ0Ψ−1Φ

¢−1´
.

This completes the proof.

A.2 Proof of the results in Section 4

Proof of Theorems 4.1
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Under H0, we have
√
n(bθ1 − θ1) = n−1/2

Pn
i=1 Γn1 (Ui)Bn (Ui) + n−1/2

Pn
i=1 Γn1 (Ui)Vn (Ui) .

Noting that supu kΦn (u)−Φ (u)k = OP (khk2+ kλk+(nh!/ logn)−1/2) by strengthening the result in
Lemma A.1, following the same lines of proof as in Masry (1996) we can readily show that

sup
u
kΓn1 (u)k = OP (1) and sup

u

°°Γn1 (u)− Γ1 (u)°° = OP

³
νn + khk2 + kλk+ (nh!/ logn)−1/2

´
(A.3)

by Assumption A7, where Γ1 (u) is defined in (4.5). It is standard to show that

sup
u
kBn (u)k = OP (khk2 + kλk) and sup

u
kVn (u)k = OP ((nh!/ logn)

−1/2). (A.4)

It follows that n−1/2
Pn

i=1 Γn1 (Ui)Bn (Ui) = n1/2OP (khk2 + kλk) = o (1) , and

n−1/2
nX
i=1

Γn1 (Ui)Vn (Ui) = n−1/2
nX
i=1

Γ1 (Ui)Vn (Ui) + n−1/2
nX
i=1

£
Γn1 (Ui)− Γ1 (Ui)

¤Vn (Ui)

= An + n1/2OP

³³
νn + khk2 + kλk+ (nh!/ logn)−1/2

´
(nh!/ logn)−1/2

´
= An + oP (1)

whereAn = n−1/2
Pn

i=1 Γ1 (Ui)Vn (Ui) .Next, using the notation in (4.9), we haveAn = n−3/2
Pn

i=1

Pn
j=1

ϕ(ζi, ζj) = n−1/2
Pn

i=1ϕ(ζi) + oP (1) . By direct calculations, E [ϕ(ζi)] = 0, and

E [ϕ(ζi)ϕ(ζi)
0] = E

⎡⎣Z Z
Γ1 (U)

⎛⎝ ZajZ
a0
j ε

2
j Zaj ε

2
j

³¡
Za0j
¢⊗ ηj(eUc)0

´
¡
Zaj ⊗ ηj (Uc)

¢
Za0j ε

2
j

¡
ZajZ

a0
j ε

2
j

¢⊗ ³ηj (Uc)ηj(eUc)0
´ ⎞⎠

× Γ1(eU)0Khλ,jUKhλ,jUdFζ (ζ) dFζ(
eζ)i

=

Z Z Z
Γ1 (U)

Ã
Ω∗ (Uj) 0q×pcq
0pcq×q 0pcq×pcq

!
Γ1(eU)0Wh

¡
Uc
j −Uc

¢
Wh(U

c
j − eUc)

× Lλ
¡
Ud
j −Ud

¢
Lλ(U

d
j − eUd)dFU (U) dFU(eU)dFU(Uj) + o (1)

=

Z
Γ1 (u)

Ã
Ω∗ (u) 0q×pcq
0pcq×q 0pcq×pcq

!
Γ1(u)

0fU (u)
2
dFU (u)

µZ Z
w (t)w(t− s)dtds

¶pc
= Σθ1 + o (1) .

One can also verify the Liapounov condition and conclude An
d→ N (0,Σθ1) . This completes the proof.

¥

Proof of Theorems 4.2 and 4.3
We only prove Theorem 4.3, as the proof of Theorem 4.2 is a special case. Decompose Tn as follows

Tn = (h!)
1/2

nX
i=1

hbg1 (Ui)− g1 + g1 − bg1i0 hbg1 (Ui)− g1 + g1 − bg1i = Tn1 − Tn2,

where Tn1 = (h!)
1/2Pn

i=1[bg1 (Ui)−g1]0[bg1 (Ui)−g1], and Tn2 = n (h!)1/2 [g1− bg1]0[g1− bg1]. It suffices
to show that under H1 (rn) , (i) Tn1 −Bn − μ0 → N

¡
0, σ20

¢
and (ii) Tn2 = oP (1) .
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To prove (i) , we further decompose Tn1 as follows:

Tn1 = (h!)1/2
nX
i=1

[bg1 (Ui)− g1 (Ui)]
0 [bg1 (Ui)− g1 (Ui)] + (h!)

1/2
nX
i=1

[g1 (Ui)− g]0 [g1 (Ui)− g]

+2 (h!)
1/2

nX
i=1

[bg1 (Ui)− g1 (Ui)]
0
[g1 (Ui)− g1]

≡ Tn11 + Tn12 + 2Tn13, say. (A.5)

We study each of the three terms on the right hand side. By (4.7), we can decompose Tn11 as follows:

Tn11 = (h!)
1/2

nX
i=1

Vn (Ui)
0
Γn1 (Ui)

0
Γn1 (Ui)Vn (Ui) + (h!)

1/2
nX
i=1

Bn (Ui)
0
Γn1 (Ui)

0
Γn1 (Ui)Bn (Ui)

+2 (h!)1/2
nX
i=1

Bn (Ui)
0 Γn1 (Ui)

0 Γn1 (Ui)Vn (Ui)

= Tn11 + T
(1)
n11 + 2T

(2)
n11, say.

First, T (1)n11 = OP ((n (h!)
1/2 (khk2 + kλk)2) = oP (1) by (A.3), (A.4), and Assumption A8. Applying

(A.3), (A.4), the fact that n−1
Pn

i=1 kVn (Ui)k = OP ((nh!)
−1/2), and the fact that B (u) = E[Bn (u)] =

O(khk2+kλk) and Bn (u)−E[Bn (u)] = OP ((nh!/ logn)
−1/2 (khk2+kλk)) uniformly in u, we can show

that

T
(2)
n11 = (h!)1/2

nX
i=1

B (Ui)
0 Γ1 (Ui)

0 Γ1 (Ui)Vn (Ui)

+ (h!)1/2
nX
i=1

£Bn (Ui)− B (Ui)
¤0
Γ1 (Ui)

0 Γ1 (Ui)Vn (Ui)

+ (h!)1/2
nX
i=1

Bn (Ui)
0 £Γn1 (Ui)

0 Γn1 (Ui)− Γ1 (Ui)
0 Γ1 (Ui)

¤Vn (Ui)

= OP

³³
khk2 + kλk

´³
h!−1/2 +

√
nh!

´´
+n (h!)1/2OP

³
(nh!/ logn)−1/2 (khk2 + kλk)

´
OP ((nh!)

−1/2)

+n (h!)
1/2

OP

³
(khk2 + kλk)

´
OP

³
νn + khk2 + kλk+ (nh!/ logn)−1/2

´
OP ((nh!)

−1/2
)

= oP (1) by Assumption A8.

It follows that

Tn11 = Tn11 + oP (1) . (A.6)

Now, write

Tn11 = (h!)1/2
nX
i=1

Vn (Ui)
0 Γ1 (Ui)

0 Γ1 (Ui)Vn (Ui)

+ (h!)1/2
nX
i=1

Vn (Ui)
0 £Γn1 (Ui)− Γ1 (Ui)

¤0 £
Γn1 (Ui)− Γ1 (Ui)

¤Vn (Ui)

+2 (h!)1/2
nX
i=1

Vn (Ui)
0 £Γn1 (Ui)− Γ1 (Ui)

¤0 Vn (Ui)Γ1 (Ui)Vn (Ui)

≡ T 11a + T 11b + 2T 11c, say. (A.7)
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Recall ζi = (U
0
i,Z

a0
i , εi)

0 and ϕ(ζi, ζj) = Γ1 (Ui)

ÃÃ
Zaj εj¡

Zaj εj
¢⊗ ηj (Uc

i )

!
Khλ,jUi

!
. So

Tn11a =
(h!)

1/2

n2

nX
i=1

nX
j=1

nX
l=1

ϕ(ζi, ζj)
0ϕ(ζi, ζl)

=
(h!)1/2

n2

nX
i=1

nX
j=1

°°ϕ(ζi, ζj)°°2 + (h!)1/2n2

nX
i=1

nX
j 6=i

nX
l6=j,i

ϕ(ζi, ζj)
0ϕ(ζi, ζl)

+
2 (h!)

1/2

n2

nX
i=1

nX
j 6=i

ϕ(ζi, ζj)
0ϕ(ζi, ζi)

≡ Bn + Vn1 +Rn1, say. (A.8)

Let ϕ(ζi, ζj , ζl) ≡ [ϕ(ζi, ζj)0ϕ(ζi, ζl) +ϕ(ζj, ζi)
0ϕ(ζj , ζl) +ϕ(ζl, ζi)

0ϕ(ζl, ζj)]/3. Then

Vn1 =
6 (h!)1/2

n2

X
1≤i<j<l≤n

ϕ(ζi, ζj , ζl) =
(n− 1) (n− 2)

n
V n1,

where V n1 ≡ 6(h!)1/2

n(n−1)(n−2)
P
1≤i<j<l≤nϕ(ζi, ζj , ζl). Note that for all i 6= j 6= l, θ ≡ E[ϕ(ζi, ζj , ζl)]

= 0, ϕ1 (a) ≡ E[ϕ(a, ζj , ζl)] = 0, and ϕ2 (a,ea) ≡ E [ϕ (a,ea, ζl)] = 1
3E[ϕ (ζl,a)

0 ϕ (ζl,ea)], where a
and ea are nonrandom. Let ϕ3 (a,ea,a) ≡ ϕ (a,ea,a)−ϕ2 (a, ea)−ϕ2 (a,a)−ϕ2 (ea,a) . By the Hoeffding
decomposition,

V n1 = 3H
(2)
n +H(3)

n ,

where H
(2)
n ≡ 2(h!)1/2

n(n−1)
P
1≤i<j≤nϕ2(ζi, ζj) and H

(3)
n ≡ 6(h!)1/2

n(n−1)(n−2)
P
1≤i<j<l≤nϕ3(ζi, ζj , ζl). Noting

that E[ϕ3 (a,ea, ζi)] = 0 and that ϕ3 is symmetric in its arguments by construction, it is straightforward
to show that E[H(3)

n ] = 0 and E[H(3)
n ]2 = O(n−3 (h!)−1). Hence, H(3)

n = OP (n
−3/2 (h!)−1/2) = oP

¡
n−1

¢
by the Chebyshev inequality. It follows that Vn1 =

n(n−2)
n−1 V n1 = {1 + o (1)}Hn + oP (1) , where

Hn ≡ 2 (h!)
1/2

n

X
1≤i≤j≤n

3ϕ2(ζi, ζj) =
2 (h!)

1/2

n

X
1≤i<j≤n

Z
ϕ (a, ζi)

0ϕ(a, ζj)dFζ (a) .

As Hn is a second order degenerate U -statistic, it is straightforward but tedious to verify that all the

conditions of Theorem 1 of Hall (1984) are satisfied, implying that a central limit theorem applies

to Hn : Hn
d→ N

¡
0, σ20

¢
, where the asymptotic variance of Hn is given by σ20 ≡ limn→∞ σ2n and

σ2n ≡ 2h!EjEl[
R
ϕ(ζ, ζj)

0ϕ(ζ, ζl)Fζ (dζ)]2. Consequently

Vn1
d→ N

¡
0, σ20

¢
. (A.9)

For Rn1, it is easy to verify that E (Rn1) = 0 and E
¡
R2n1

¢
= O

¡
n(h!)−1

¢
= o (1) . So Rn1 = oP (1) by

the Chebyshev inequality. Combining this with (A.8) and (A.9) yields

Tn11a −Bn
d→ N

¡
0, σ20

¢
. (A.10)
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By Assumption A8, we have

Tn11b = (h!)1/2
nX
i=1

tr
n
Vn (Ui)

0 Vn (Ui)
£
Γn1 (Ui)− Γ1 (Ui)

¤ £
Γn1 (Ui)− Γ1 (Ui)

¤0o
≤ (h!)

1/2
sup
u

°°Γn1 (u)− Γ1 (u)°°2 nX
i=1

Vn (Ui)
0 Vn (Ui)

= (h!)1/2OP

µ³
n−1/2 (h!)−1/2

p
logn+ khk2 + kλk

´2¶
OP

³
(h!)−1

´
= oP (1) .

Similarly, Tn11c = (h!)1/2OP (((nh!)
−1/2√logn + khk2 + kλk))OP ((h!)

−1) = oP (1) . It follows that

Tn11 −Bn
d→ N

¡
0, σ20

¢
, and by (A.6) that

Tn11 −Bn
d→ N

¡
0, σ20

¢
. (A.11)

Under H1 (rn) , g1 = n−1
Pn

i=1 g1 (Ui) = θ1 + rnδn, where δn = n−1
Pn

i=1 δn (Ui) = E [δn (Ui)] +

OP

¡
n−1/2

¢
. It follows that

Tn12 = n−1
nX
i=1

°°δn (Ui)− δn
°°2 = lim

n→∞E
h
kδn (Ui)−E [δn (Ui)]k2

i
= μ0, (A.12)

and

Tn13 = rn (h!)
1/2

nX
i=1

[Γn1 (Ui)Bn (Ui) + Γn1 (Ui)Vn (Ui)]
0 £δn (Ui)− δn

¤
= rn (h!)

1/2
nX
i=1

Γ1 (Ui)Vn (Ui)
£
δn (Ui)− δn

¤
+ oP (1)

= Tn13 + oP (1) ,

where Tn13 =
rn(h!)

1/2

n

Pn
i=1

Pn
j 6=iϕ(ζi, ζj) {δn (Ui)−E [δn (Ui)]} . Noting that E

£
Tn13

¤
= 0 and

E
£
Tn13

¤2
= r2nh!O(n + (h!)

−1
) = o (1) , we have Tn13 = oP (1) by the Chebyshev inequality. Conse-

quently,

Tn13 = oP (1) . (A.13)

Combining (A.5) with (A.11)-(A.13) yields Tn1 −Bn − μ0
d→ N

¡
0, σ20

¢
.

Now we show (ii) . Noting that bg1 − g1 = 1
n

Pn
i=1 [Γn1 (Ui)Bn (Ui) + Γn1 (Ui)Vn (Ui)], we have

Tn2 =
(h!)

1/2

n

nX
i=1

nX
j=1

Bn (Ui)
0 Γn1 (Ui)

0 Γn1 (Uj)Bn (Uj)

+
(h!)1/2

n

nX
i=1

nX
j=1

Vn (Ui)Γn1 (Ui)
0
Γn1 (Uj)Vn (Uj)

+
2 (h!)1/2

n

nX
i=1

nX
j=1

Bn (Ui)
0 Γn1 (Ui)

0 Γn1 (Uj)Vn (Uj)

≡ Tn21 + Tn22 + 2Tn23, say.
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For Tn21, we have Tn21 ≤ supu kBn (u)k2 (h!)
1/2

n

Pn
i=1

Pn
j=1tr(Γn1 (Ui)

0 Γn1 (Uj)) = n (h!)1/2 supu
kBn (u)k2tr(Γ0n1Γn1) = n (h!)1/2OP ((khk2 + kλk)2) = oP (1) , where Γn1 = n−1

Pn
i=1 Γn1 (Ui) =

OP (1) . For Tn22, we can show that Tn22 = Tn22 + oP (1) , where Tn22 =
(h!)1/2

n

Pn
i=1

Pn
j=1 Vn (Ui)

Γ1 (Ui)
0 Γ1 (Uj)Vn (Uj) . Noting that E

¯̄
Tn2,2

¯̄
= E

£
Tn2,2

¤
= O((h!)1/2 + n−1 (h!)−1) by straightfor-

ward calculations, we have Tn22 = oP (1) by the Markov inequality. Then by the Cauchy-Schwarz in-

equality, Tn23 ≤ (h!)1/2

n

Pn
i=1

Pn
j=1{Bn (Ui)

0
Γn1 (Ui)

0
Γn1 (Uj)Bn (Uj)}1/2 {Vn (Ui)

0
Γn1 (Ui)

0
Γn1 (Uj)

Vn (Uj)}1/2 ≤ {Tn21}1/2 {Tn22}1/2 = oP (1) . So Tn2 = oP (1) . ¥

Proof of Theorems 4.4
Using the notation defined in the proof of Theorem 4.3, we have n−1 (h!)−1/2 Tn = n−1 (h!)−1/2

(Tn1 − Tn2). Under H1, it is easy to show that

n−1 (h!)−1/2 Tn1 = n−1 (h!)−1/2 Tn12 + oP (1) = n−1
nX
i=1

[g1 (Ui)− g]0 [g1 (Ui)− g] + oP (1)

= E kg1 (Ui)−E [g1 (Ui)]k2 + oP (1) = μA + oP (1) ,

and n−1 (h!)−1/2 Tn2 = oP (1) . On the other hand, n−1 (h!)
−1/2 bBn = OP

¡
n−1(h!)−1

¢
= oP (1) andbσ2n = σ20+oP (1). It follows that n−1 (h!)

−1/2 Jn = (n−1 (h!)
−1/2 Tn−n−1 (h!)−1/2 bBn)/

pbσ2n P→ μA/σ0,

and the conclusion follows. ¥
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Figure 1: Experience-Wage and Educaiton-Wage Profiles
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Figure 2: Plots of g1(Experience, Individual Characteristic, :) and g2(Experience,

Individual Characteristic, :) Averaged over Other Categorical Variables

Notes: Horizontal Axis - Experience. Vertical Axis - g1 or g2. SCU estimate, dashed line; our proposed
estimate with optimal weight matrix, solid line. The rule of thumb method is used to choose the bandwidth.
The four rows correspond to Individual Characteristic being a binary indicator of whether a woman is
married, a union member, a government employee, and born in Australia, from the top to the bottom. The
four columns from the left to the right correspond to g1 for Individual Characteristic = 1 and 0, and g2

for Individual Characteristic = 1 and 0, respectively.
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Figure 3: Plots of g1(Experience, :) and g2(Experience, :) Averaged over All Cate-
gorical Variables

Notes: Horizontal Axis - Experience. Vertical Axis - g1 or g2. SCU estimate, dashed line; our proposed
estimate with optimal weight matrix, solid line. The rule of thumb method is used to choose the bandwidth.
The two columns from the left to the right correspond to g1 and g2, respectively.
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Figure 4: Plots of g1(Experience, Individual Characteristic, :) and g2(Experience,

Individual Characteristic, :) Averaged over Other Categorical Variables

Notes: Horizontal Axis - Experience. Vertical Axis - g1 or g2. SCU estimate, dashed line; our proposed
estimate with optimal weight matrix, solid line. The LSCV method is used to choose the bandwidth.
The four rows correspond to Individual Characteristic being a binary indicator of whether a woman is
married, a union member, a government employee, and born in Australia, from the top to the bottom. The
four columns from the left to the right correspond to g1 for Individual Characteristic = 1 and 0, and g2

for Individual Characteristic = 1 and 0, respectively.
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Figure 5: Plots of g1(Experience, :) and g2(Experience, :) Averaged over All Cate-
gorical Variables

Notes: Horizontal Axis - Experience. Vertical Axis - g1 or g2. SCU estimate, dashed line; our proposed
estimate with optimal weight matrix, solid line. The LSCV method is used to choose the bandwidth.
The two columns from the left to the right correspond to g1 and g2, respectively.
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