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THIS APPENDIX PROVIDES PROOFS FOR TECHNICAL LEMMAS IN THE ABOVE PAPER.

Lemma 5.1 Let f, (-) be the p.d.f. of {u;}. Suppose A2-A3 hold. Then
S |Ln @m) S0 f (@ = 1) = fu ()] du= O (L2 /m? + L57).

Proof. The trapezoidal rule approximates ff g(p)dp by 3 (b—a)(g(a)+ g (b)) and the
approximation error is given by the Newton-Cotes formula (e.g., Stoer and Bulirsch (1993,

p. 162))
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where the second order derivative ¢” (+) of g (+) is continuous and ¢ € (a,b) . Let 3,, = 2m/L,.
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By (5.1) and Assumption A3(i)
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where p, lies between (o —1)/f,, and «/f3,,. By Assumptions A2 and A3 (ii)-(iii)
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where f (+|-) is the conditional p.d.f. of w; given u,;. This completes the proof. m

Lemma 5.2 Let O, = == 3" | (X; — ZL‘)j K, (X; —x) for j =0,1,2. Suppose A1-A6 hold.

Then (i) EOon = 14 0(1), (ii) EO1, = o (h?), (iii)) EOg, = h?uy (K) + 0 (h?), and (iv)
Var(©;y,) = (h* 1Ly /n) [ 2% K? () dz + o(h* 1Ly, /n) for j =0,1,2.

Proof. Note that
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If 7 =0, we have
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is the remainder term. Noting
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it follows that Rg, = o (h2) by the dominated convergence theorem. Thus, EQq, = 1+0(1).

Similarly, for j = 1,2, we have
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since [ fl (x —p)dp =0, and
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Now, by Jensen’s inequality, a change of variables, and since (u;, uy;) is iid, we have
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This completes the proof of the lemma. m

Recall b,, = ¢,,b, a,, = cna, and in the special case where L, = L is fixed, ¢, = 1.
Lemma 5.3 Let @, = ff: x]f(az) dx for 7 =0,1,2. Suppose the conditions in Theorem 3.3
hold. Then for j = 0,1,2, (i) E®;, = (i —al™)/ (G + 1) + O(h2ch™), (ii) Var(®;,) =

O(L nciﬁl/n) and (i) c, ]H)(I)]n = (ijrl — ajH) /(G+1)+o0(1).
Proof. Recall N =n/L, = (2m + 1) M/L,,. By the Fubini theorem and Taylor expan-

sion,
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dzdz is the remainder term. Noting
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it follows that the first term in (5.2) is approximately

bo bj+1 _ gt
an

the second term in (5.2) is approximately
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and Rj, = o(hgclfl) by dominated convergence.
Now, by Jensen’s inequality, the Fubini theorem, a change of variables, and since (u;, ty;)

is iid, we have
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(iii) follows from (i) and (ii) and the Chebyshev inequality. m

%

Lemma 5.4 Let Zj, = f;: N2 29 (X — x) Kp (Xi — ) dx for j =0,1. Then Ej, =
Op(h2\/nfLycitt +hel™?).



Proof. By the Fubini theorem and Taylor expansion,
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Analogous to the proof of Lemma 5.3(ii), we can show that Var(Z;,) = O(h2cZ*Y). The
result follows from the Chebyshev inequality. =



