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THIS APPENDIX PROVIDES PROOFS FOR TECHNICAL LEMMAS IN THE ABOVE PAPER.

Lemma 5.1 Let fu (·) be the p.d.f. of {ui} . Suppose A2-A3 hold. ThenR
u
h
Ln (2m)

−1Pm
α=−m f (u, x− μα)− fu (u)

i
du = O

¡
L2n/m

2 + L−υn
¢
.

Proof. The trapezoidal rule approximates
R b
a g (p) dp by

1
2 (b− a) (g (a) + g (b)) and the

approximation error is given by the Newton-Cotes formula (e.g., Stoer and Bulirsch (1993,

p. 162))
1

2
(b− a) (g (a) + g (b))−

Z b

a
g (p) dp =

1

12
(b− a)3 g00 (c) , (5.1)

where the second order derivative g00 (·) of g (·) is continuous and c ∈ (a, b) . Let βn = 2m/Ln.

Write

Ln

2m

mX
α=−m

f (u, x− μα)− fu (u)

=

(
1

βn

mX
α=−m

f (u, x− μα)−
Z Ln/2

−Ln/2
f (u, x− p) dp

)

+

(Z Ln/2

−Ln/2
f (u, x− p) dp−

Z ∞

−∞
f (u, x− p) dp

)

=

(
mX

α=−m

1

2

∙
f

µ
u, x− α− 1

βn

¶
+ f

µ
u, x− α

βn

¶¸
1

βn
−
Z Ln/2

−Ln/2
f (u, x− p) dp

)

+

(Z Ln/2

−Ln/2
f (u, x− p) dp−

Z ∞

−∞
f (u, x− p) dp

)

+
1

2βn

½
f

µ
u, x− Ln

2

¶
− f

µ
u, x+

(m+ 1)Ln

2m

¶¾
≡ I1m (u) + I2m (u) + I3m (u) .

1



By (5.1) and Assumption A3(i)

β2n

Z ∞

−∞
uI1m (u) du =

Z ∞

−∞
u

12βn

mX
α=−m

f 002 (u, x− pα) du

→ 1

12

Z ∞

−∞
u

Z ∞

−∞
f 002 (u, x− p) dpdu =

1

12

Z ∞

−∞

Z ∞

−∞
uf 002 (u, p) dpdu,

where pα lies between (α− 1)/βn and α/βn. By Assumptions A2 and A3 (ii)-(iii)¯̄̄̄Z ∞

−∞
uI2m (u) du

¯̄̄̄
≤

Z ∞

−∞
|u|
¯̄̄̄
¯
Z Ln/2

−Ln/2
f (u, x− p) dp−

Z ∞

−∞
f (u, x− p) dp

¯̄̄̄
¯ du

≤ (Ln/2)
−v
Z ∞

−∞
|u|Cf (u) du = O

¡
L−vn

¢
,

and ¯̄̄̄Z ∞

−∞
uI3m (u) du

¯̄̄̄
≤ 1

2βn

½Z ∞

−∞
|u| f

µ
u|x− Ln

2

¶
dufux

µ
x− Ln

2

¶
+

Z ∞

−∞
|u| f

µ
u|x+ (m+ 1)Ln

2m

¶
dufux

µ
x+

(m+ 1)Ln

2m

¶¾
= O

¡
L−υ−1n /βn

¢
= O

¡
L−υn m−1

¢
,

where f (·|·) is the conditional p.d.f. of ui given uxi. This completes the proof.

Lemma 5.2 Let Θjn ≡ Ln
n

Pn
i=1 (Xi − x)j Kh (Xi − x) for j = 0, 1, 2. Suppose A1-A6 hold.

Then (i) EΘ0n = 1 + o (1) , (ii) EΘ1n = o
¡
h2
¢
, (iii) EΘ2n = h2μ2 (K) + o

¡
h2
¢
, and (iv)

Var(Θjn) =
¡
h2j−1Ln/n

¢ R
z2jK2 (z) dz + o(h2j−1Ln/n) for j = 0, 1, 2.

Proof. Note that

EΘjn =
Ln

2m+ 1

mX
α=−m

E
h
(μα + uxi − x)j Kh (μα + uxi − x)

i
=

Lnh
j

2m+ 1

mX
α=−m

Z
zjK (z) fux (x− μα + hz) dz.

If j = 0, we have

EΘ0n =
Ln

2m+ 1

mX
α=−m

fux (x− μα) +
Lnh

2μ2 (K)

2m+ 1

mX
α=−m

f 00ux (x− μα) +R0n,

whereR0n = Ln
2(2m+1)h

2
R
z2K (z)

R 1
0

Pm
a=−m

£
f 00ux (x− μα +whz)− f 00ux (x− μα)

¤
(1− w) dwdz

is the remainder term. Noting

Ln

2m+ 1

mX
α=−m

fux (x− μα) ≈
Z Ln/2

−Ln/2
fux (x− p) dp→

Z ∞

−∞
fux (x− p) dp = 1,

Ln

2m+ 1

mX
α=−m

¯̄
f 00ux (x− μα)

¯̄ ≈ Z Ln/2

−Ln/2

¯̄
f 00ux (x− p)

¯̄
dp→

Z ∞

−∞

¯̄
f 00ux (x− p)

¯̄
dp <∞,
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it follows that R0n = o
¡
h2
¢
by the dominated convergence theorem. Thus, EΘ0n = 1+o (1) .

Similarly, for j = 1, 2, we have

EΘ1n =
Lnh

2μ2 (K)

2m+ 1

mX
α=−m

f 0ux (x− μα)+o
¡
h2
¢
= h2μ2 (K)

Z ∞

−∞
f 0ux (x− p) dp+o

¡
h2
¢
= o

¡
h2
¢
,

since
R∞
−∞ f 0ux (x− p) dp = 0, and

EΘ2n =
Lnh

2μ2 (K)

2m+ 1

mX
α=−m

fux (x− μα) + o
¡
h4
¢
= h2μ2 (K) + o

¡
h2
¢
.

Now, by Jensen’s inequality, a change of variables, and since (ui, uxi) is iid, we have

Var (Θjn) =
L2n

M (2m+ 1)2

mX
α=−m

Var
³
(μα + ux − x)j Kh (μα + ux − x)

´
≤ L2nh

2j

M (2m+ 1)2 h

mX
α=−m

Z
z2jK2 (z) fux (x− μα + hz) dz

=
Lnh

2j−1 R z2jK2 (z) dz

M (2m+ 1)

Ln

2m+ 1

mX
α=−m

fux (x− μα) +O

µ
Lnh

2j+1

M (2m+ 1)

¶
=

Lnh
2j−1 R z2jK2 (z) dz

n
+ o

µ
Lnh

2j−1

n

¶
.

This completes the proof of the lemma.

Recall bn = cnb, an = cna, and in the special case where Ln = L is fixed, cn = 1.

Lemma 5.3 Let Φjn ≡
R bn
an

xj bf (x) dx for j = 0, 1, 2. Suppose the conditions in Theorem 3.3

hold. Then for j = 0, 1, 2, (i) EΦjn = (bj+1n − aj+1n )/ (j + 1) + O(h2cj+1n ), (ii) Var(Φjn) =

O(Lnc
2j+1
n /n), and (iii) c−(j+1)n Φjn =

¡
bj+1 − aj+1

¢
/ (j + 1) + o (1) .

Proof. Recall N = n/Ln = (2m+ 1)M/Ln. By the Fubini theorem and Taylor expan-

sion,

EΦjn =
Ln

2m+ 1

mX
α=−m

Z bn

an

Z
xjK (z) fux (x− μα + hz) dzdx

=
Ln

2m+ 1

mX
α=−m

Z bn

an

xjfux (x− μα) dx

+
h2μ2 (K)Ln

2m+ 1

mX
α=−m

Z bn

an

xjf 00ux (x− μα) dx+Rjn. (5.2)

whereRjn =
h2Ln

2(2m+1)

Pm
α=−m

R bn
an

R R
xjz2K (z)

£
f 00ux (x− μα + whz)− f 00ux (x− μα)

¤
(1−w) dw

dzdx is the remainder term. Noting

Ln

2m+ 1

mX
α=−m

fux (x− μα) ≈
Z Ln/2

Ln/2
fux (x− p) dp→

Z ∞

−∞
fux (x− p) dp = 1,

Ln

2m+ 1

mX
α=−m

f 00ux (x− μα) ≈
Z Ln/2

Ln/2
f 00ux (x− p) dp→

Z ∞

−∞
f 00ux (x− p) dp <∞,
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it follows that the first term in (5.2) is approximatelyZ bn

an

xjdx =
bj+1n − aj+1n

j + 1
, (5.3)

the second term in (5.2) is approximately

h2μ2 (K)

Z ∞

−∞
f 00ux (p) dp

Z bn

an

xjdx = O
¡
h2cj+1n

¢
,

and Rjn = o(h2cj+1n ) by dominated convergence.

Now, by Jensen’s inequality, the Fubini theorem, a change of variables, and since (ui, uxi)

is iid, we have

Var (Φjn)

=
L2n

(2m+ 1)2M2

nX
i=1

Var
µZ bn

an

xjKh (Xi − x) dx

¶

=
L2n

(2m+ 1)2M

mX
α=−m

Var
µZ bn

an

xjKh (μα + ux1 − x) dx

¶

≤ L2n
(2m+ 1)2M

mX
α=−m

Z bn

an

Z bn

an

xjexjE [Kh (μα + ux1 − x)Kh (μα + ux1 − ex)] dxdex
=

L2n
(2m+ 1)2M

mX
α=−m

Z bn

an

Z bn

an

xjexj Z Kh (μα + ux1 − x)Kh (μα + ux1 − ex) fux (ux1) dux1dxdex

=
L2n

h(2m+ 1)2M

mX
α=−m

Z bn

an

Z bn

an

xjexj Z K (z)K

µ
z +

x− ex
h

¶
fux (x− μα + hz) dzdxdex

≈ Ln

nh

Z bn

an

Z bn

an

xjexj Z K (z)K

µ
z +

x− ex
h

¶
Ln

2m+ 1

mX
α=−m

fux (x− μα) dzdxdex
=

Ln

nh

Z bn

an

Z bn

an

xjexj Z K (z)K

µ
z +

x− ex
h

¶
dzdxdex {1 + o (1)}

=
Ln

n

Z bn

an

Z (bn−x)/h

(an−x)/h
xj (x+ hv)j

Z
K (z)K (z − v) dzdvdx {1 + o (1)}

= O

Ã
Lnc

2j+1
n

n

!
.

(iii) follows from (i) and (ii) and the Chebyshev inequality.

Lemma 5.4 Let Ξjn ≡
R bn
an

N−1/2Pn
i=1 x

j (Xi − x)Kh (Xi − x) dx for j = 0, 1. Then Ξjn =

OP (h
2
p
n/Lnc

j+1
n +hc

j+1/2
n ).
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Proof. By the Fubini theorem and Taylor expansion,

E (Ξjn) =

r
MLn

2m+ 1

mX
α=−m

Z bn

an

E
£
xj (μα + ux1 − x)Kh (μα + ux1 − x)

¤
dx

=

r
MLn

2m+ 1

mX
α=−m

Z bn

an

Z
xjzK (z) fux (x− μα + hz) dzdx

= h2
r

n

Ln
μ2 (K)

(Z bn

an

xj
Ln

2m+ 1

mX
α=−m

f 00ux (x− μα) dx {1 + o (1)}
)

= h2
p
n/Lnμ2 (K)

Z bn

an

xjdx

Z
f 00ux (p) dp {1 + o (1)} = O

³
h2
p
n/Lnc

j+1
n

´
.

Analogous to the proof of Lemma 5.3(ii), we can show that Var(Ξjn) = O(h2c2j+1n ). The

result follows from the Chebyshev inequality.
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