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Abstract

Y is conditionally independent of Z given X if Pr{f (y| X, Z) = f(y|X)} = 1 for all y on its support,
where f(-|-) denotes the conditional density of Y given (X,Z) or X. This paper proposes a
nonparametric test of conditional independence based on the notion that two conditional
distributions are equal if and only if the corresponding conditional characteristic functions are
equal. We extend the test of Su and White (2005. A Hellinger-metric nonparametric test for
conditional independence. Discussion Paper, Department of Economics, UCSD) in two directions:
(1) our test is less sensitive to the choice of bandwidth sequences; (2) our test has power against
deviations on the full support of the density of (X, Y, Z). We establish asymptotic normality for our
test statistic under weak data dependence conditions. Simulation results suggest that the test is well
behaved in finite samples. Applications to stock market data indicate that our test can reveal some
interesting nonlinear dependence that a traditional linear Granger causality test fails to detect.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we investigate a nonparametric test of conditional independence.
Let X, Y and Z be random variables. As in Su and White (2005, “SW?”),
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we write

YL1Z|X (1.1)

to denote that Y is independent of Z given X, i.e., Pr{f(y|X,Z) =f(y|X)} =1 for all y on
its support, where f(y|x, z) is the conditional density of Y given (X, Z) = (x, z) and f(y|x) is
that of Y given X = x.

In comparison with the number of nonparametric tests of independence or serial
independence in the literature, there are few nonparametric tests for conditional
independence of continuous variables. Tests previously given include those of Linton
and Gozalo (1997, “LG”), Fernandes and Flores (1999), and Delgado and Gonzalez-
Manteiga (2001, “DG”). More recently, SW have proposed a test for conditional
independence based on a weighted version of the Hellinger distance between the two
conditional densities f(y|x,z) and f(y|x), and they show that the asymptotic null
distribution of their test statistic is normal. Although this test is straightforward to
implement, it has two limitations. First, it uses the same bandwidth sequence in estimating
all required joint and marginal densities nonparametrically; this is unsatisfactory when the
dimension of (X, Y, Z) exceeds three. Second, their test can only detect deviations from
conditional independence on a compact subset of the support of the joint density of
X,Y,2).

Here, we study the use of conditional characteristic functions (CCFs) to test for
conditional independence, motivated by the following considerations: (1) the ability of
CCFs to characterize conditional independence, based on the fact that two conditional
distributions are identical if and only if their respective CCFs are equal; (2) the
demonstrated ability of empirical characteristic functions (ECFs) to yield well-behaved,
powerful tests for other important distributional hypotheses, such as goodness of fit,
symmetry, homogeneity, independence, and serial independence (see Hong, 1999 for a
brief account); (3) the appeal of obtaining a test with power complementary to that of
previous tests; (4) the desirability of obtaining a computationally convenient test, based on
limiting normal or chi-squared distributions, as in Hong (1999) or Brett and Pinkse (1997)
and Pinkse (1998, 1999), who use characteristic function-based approaches to test for
independence, serial independence, and spatial independence; and (5) the appeal of
obtaining a test statistic whose limiting distribution does not depend on the presence of
estimated parameters.

Concerning our last three motivations, we began with only a strong suspicion, based on
the previously cited work, that a CCF approach would yield tests with these appealing
properties. As we prove, however, this approach does indeed deliver the desired properties.
The extreme generality of the alternative hypothesis here makes it correspondingly difficult
to study the global efficiency (e.g., rate-optimality or minimaxity) of any particular test.
Indeed, as an Associate Editor has noted, it is possible to construct a large variety of
different tests by employing sample analogs of characterizations of conditional
independence (e.g., integral transforms) other than CCF. Nevertheless, because each such
test necessarily exploits certain features of the data generating process at the expense of
others, complementarities between tests can easily arise. For example, DG’s test effectively
uses only certain low-frequency information, as it is based on the empirical distribution
function; in contrast, our test is more powerful against high-frequency alternatives. This
validates our third motivation.
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We achieve the goal of our fourth motivation by exploiting ideas from the app-
roaches of Hong (1999) and Pinkse (1998, 1999). Like them, we base our test upon
the properties of characteristic functions and use a weighted integral approach.
Unlike them, we test for conditional independence instead of (serial or spatial)
independence; the conditioning significantly complicates matters. We also exploit
ideas from Bierens (1982, 1990) on consistent specification testing; our test is thus
consistent against all deviations from conditional independence on the full support of the
density of (X, Y, Z). Unlike Bierens’ tests and those of LG, Fernandes and Flores (1999),
and DG, and like the test of SW, our test statistic has a normal null distribution
asymptotically.

Finally, we prove that the asymptotic null distribution of our CCF-based statistic is not
affected by /n-consistent estimation of unknown parameters. In contrast, DG’s test yields
a statistic whose asymptotic null distribution typically is affected, as it is based on the
Cramér-von Mises criterion. This validates our fifth motivation.

Our paper offers a convenient approach to testing for distributional hypotheses via an
infinite number of conditional moment regressions, and by relying on the properties of
CCFs, it unifies the two branches of the literature in an insightful way. A variety of
interesting and important hypotheses other than conditional independence in economics
and finance, including conditional goodness of fit, conditional homogeneity, conditional
quantile restrictions, and conditional symmetry, can also be studied using our approach.
These tests are naturally suited to answering such questions as “Are the distributions of
assets, consumption, or income implied by a particular dynamic macroeconomic model
close to the actual distributions in the data?” “Is there any significant difference in wage
distributions between blacks and whites (or any two of the ethnics) conditional on their
characteristics such as age, education and experience?”” or “Does the stock market react
symmetrically to positive and negative shocks after taking into account the influence of all
fundamentals?”

It is well known that distributional Granger noncausality (Granger, 1980) is a particular
case of conditional independence. Our test can be directly applied to test for Granger
noncausality without the need to specify a particular linear or nonlinear model.
Additionally, our test can be applied to the situation where not all variables of interest
are continuously valued or observable. In particular, our test applies to situations where
limited dependent variables or discrete conditioning variables are involved. Further, it is
common in econometrics that conditional independence tests would be conducted using
estimated residuals or other estimated random variables, which are a function of the
observed data and some parameter estimators. It is straightforward to show that
parameter estimation error has no effect on the asymptotic null distribution of our test
statistic. For other motivational examples and potential applications of our test, see LG
and SW.

The remainder of this paper is organized as follows. In Section 2, we describe the basic
framework for our nonparametric test for conditional independence when there is no
parameter estimation involved and all random variables are continuously valued.
In Section 3, we study the asymptotic null distribution of the test statistic and discuss
the local power properties of our test. We examine the finite sample performance of our
test via Monte Carlo simulation in Section 4. We apply our test to stock market data in
Section 5. Final remarks are contained in Section 6. All technical details are relegated to
Appendices A—C.
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2. Basic framework

In this paper, we are interested in the question of whether Y and Z are indepen-
dent conditional on X, where X, Y and Z are vectors of dimension d;,d, and dj3,
respectively. The data consist of n identically distributed but weakly dependent
observations (X,, Y,, Z,), t=1,...,n.

The joint density (cumulative distribution function) of (X, Y,, Z;) is denoted by f (F).
Below we make reference to several marginal densities from f(x,y,z) which we denote
simply using the list of their arguments—for example f(x,y) = [f(x,y,z)dz, f(x,2) =
[f(x,p,2)dy and f(x) = [ f(x,y,z)dydz where [ denotes integration on the full range of
the argument of integration. This notation is compact, and, we hope, sufficiently
unambiguous.

Further, let f(-|-) denote the conditional density of one random vector given another.
The null of interest is that conditional on X, the random vectors Y and Z are independent,
ie.,

Hy: Pr{f(|X,Z) = f(|X)} =1 Vye R®. 2.1
The alternative hypothesis is
H, : Pr{f(y|X,Z) =f(y|X)} <1 for some y € R". (2.2)

The proposed test is based on CCFs. It is well known that two conditional distribution
functions are equal almost everywhere (a.e.) if and only if their respective CCFs are equal
a.e. To state this precisely, let i be the difference between the CCF ¢y y , of Y conditional
on (X, Z) and the CCF ¢y y of Y conditional on X, i.e.,

W x,2) = Gy 2 (U5 X,2) — Py x (5 X)
= E[exp(i' Y)|X = x,Z = z] — E[exp(iv/ Y)| X = x],

where i = +/—1 and u € R? is a real-valued vector. ¥ and Z are independent conditional
on X if and only if Y(u; x,z) = 0 a.e.-(x, z) for every u € R®.
Consider the following smooth functional

=1

where a(x, z) is a given known nonnegative weighting function with full support on R?1+43;
and dGy(u) = go(u)du and dG(r) = g(r) dr, where we choose g, to be a density function
with full support on R“ and the choice for g is arbitrary except that it must be
nonnegative, integrable, and bounded with full support on R,

The choice of the above functional is intuitive. Under the null, ¥(u; x,z) = 0 a.e.-(x, z)
for every u € R*, and consequently I' = 0. The following lemma says that the converse is
also true.

2
/ W(u; x, z)eif/“ dGo(u)| a(x,z)dF(x,z)dG(7), (2.3)

Lemma 2.1. [(u;x,2)e"“dGy(u) = 0 a.e.-F on R for every © € R™ if and only if
Y x,z) = 0 a.e.-Gy x F on R x RN+,

The proof is given in Appendix A. It is an extension of the proof of Theorem 1 in Bierens
(1982). Bierens (1982, 1990) proposes consistent tests for functional form of nonlinear
regression models based on a Fourier transform of conditional expectations. Consider a
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generic regression Y = g(X) + ¢, where Y is the dependent variable (with d, = 1), X is the
independent variable and ¢ is the error term. Suppose one has specified the regression
function g(x) as f(x,6), where f(x,0) defines a known real-valued Borel measurable
function on R x ® and O is a parameter space containing the unknown ‘“true”
parameter 0, if the specification is correct. Under the null of correct specification, i.e.,
Pr[g(X) = f(X,0p)] = 1 for some 0, € ®, Bierens (1982) shows that the test based on the
sample analogue of E[(Y — f (X 00))e™™¥] (which is 0 for every T € R” under the null) is
consistent. The test function ¥ depends on the nuisance parameter 7. Stinchcombe and
White (1998) generalize this idea to allow the test function to be any nonpolynomial
analytic function.

An important point concerning (2.3) is that it is straightforward to develop asymptotic
theory for the resulting test statistic. Under some regularity conditions (to allow the change
of order of integration), one can write [(u;x,2)e""dGo(u) = [ [“OI[f(y|x,z)—
SIx)]dGo(u)dy. Define H(y) = [ ¢"YdGy(u), the characteristic function of the prob-
ability measure dGy(u). Then one can write

= / / |E[H(Y + 1)|x, z] — E[H(Y + 1)|x]|%a(x, z) dF(x, z) dG(1). 2.4)

This integral facilitates application of the convenient asymptotic distribution theory for
U-statistics.

To introduce the test statistic of interest, we first introduce kernel estimators for the
unknown conditional expectations above. For a kernel function K and bandwidth
h = h(n), we define

Ky(u) = h™“K(u/h),

where d is the dimension of the vector u. Let m(x,z;7) = E[H(Y + 1)|X = x,Z = z] and
m(x;7) = E[H(Y + 7)|X = x]. We estimate the latter two conditional expectations by the
standard Nadaraya-Watson (NW) leave-one-out kernel regression technique:

fﬁhl(Xt,Zt;T) = {(n - 1)71 zn: Kln(Xz - X, Z, _ZS)H(YS_FT)}/J{\hI(XUZI)

s=1,5#1

and

ﬁ%(X,;r)s{(n—l)‘ 3 K/,Z(X,—XX)H(YSH)} /fhz(x,),
s=1,s#t

where [, (X, Z)=(mn—-1)""Y0 L Kn(X, - X, Z,— Z), and f,(X)=@n—1)"
Z:,’zl’Av#,K/,l(X, — X5, Z,— Z;). Note that we have used different bandwidths in
estimating the two conditional expectations. In the sequel we will refer to iy, (x,z;7) as
the unrestricted regression estimator and 71, (x; 7) as the restricted regression estimator.
A natural test statistic immediately follows as

1 n N R
Pz >0 [ 00 Zi50) = i (X DPaCX,. Z) 4G, 25)
=1
Three main issues arise in analyzing I'y,: (1) bias reduction, (2) the random

denominator, and (3) the choice of a(-). The latter two are closely tied to each other.
For the first issue, as demonstrated in an earlier version of this paper, there are three bias
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terms to be corrected when using I}, as a test statistic, two of which can be removed by
appealing to the clever centering device of Héirdle and Mammen (1993). Given 7, (x; 1),
we can compute a smoothed version, smy, (x, z; t), of iy, (x; 1) by regressing 7, (X,;7) on
(X, Z,), and basing the test on the difference between 7y, (x, z; T) and smiy, (x, z; 7). For the
moment, assume the data are i.i.d. We are thus led to replace 1,(X; 7) in (2.5) with

St (X 1 Zi37) = {(n -0 > KX, - X Z, - Zs)rmz(Xs;r)} / (X0 Z)
s=1,5#1

(2.6)

to form
[y =1 / iy (X 12 Z23%) — g, (X s Zs OFPa(X 1, Z0) dG(2). 2.7)

In principle, one can choose any positive weighting function a that has support on
R+ Nevertheless, we would like to choose @ so that we can avoid the random

denominator issue. If we were to choose a(X,, Z,) to be fh (X, Z,), after multiplication by
fhl(X,, Z;) the random denominators in both i, (X;, Z,; 1) and smy, (X, Z;;1) would
disappear. But we still have the third random denominator built into 7;,(X; t), which is
used to form smy, (X, Z,;7) (see (2.6)). There seems to be no choice of @ that would enable
us to avoid this.

Note that we can rewrite (2.4) as

= / / |E[H(Y + 1)f (X)|x,z] — E[H(Y + 1)f (X)|x]]?a(x, z)dF(x,z)dG(1), (2.8)
where a(x, z) = a(x,z)/f*(x). We then consider the functional

Iy = Z [0 (X 2Z49) = 5, (X, 20T (X Z) 4G, (2.9)

where
’%/11 (th Zf’ T)

= {(n 07" Y K (X, - X, Z, — ZOH(Y, + r)flz(Xs)} / Tn (X2,

s=1,s#t
(2.10)
and
S’A/;l/n(XtaZl‘; T)
= {(n -7 Y K (X - X, Z - Zs)ﬁahz(xs;r)fhz(xs)} / (X0 Z)).
s=1,s#t
(2.11)

In other words, my, (x,z;7) is an estimator of E[H(Y + 7)f(X)|x, z] and smy, (x,z;7) is a
smoother version of the usual kernel estimator of E[H(Y + 7)f(X)|x]. Due to the use of the
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clever device of Hirdle and Mammen (1993), a simple “outer” weighting function a will

not suffice for our purpose. We need to use both an “outer” weighting function a = f Iy
and an “inner” weighting function f 5, in forming (2.9).
After some simple algebra, we have

2

F3n = / [Z Ku,zzfz,tz{H(Yfz + ‘C) - ﬁ\/lhz(sz;T)} dG(T)
11 1

h#1

= n(n _ 1)2 Z Z Z /KulzzKlzlz}f2,tzf2,t3[H(le + T) - ﬁ\'lhz(sz;T)]

th=1 h#th 374
x[H(Y,, + 1) — mp,(X 13 0] dG(7), (2.12)
where K, = K; (X, — X, Z; — Z;) and ]?2,5 thz(XS). The above statistic is simple to

compute and offers a natural way to test Hy. Nevertheless, we propose a bias-adjusted test
statistic, namely

ry —n (an— B,), (2.13)
where B,= n'n—1)7Y0 3, L, [K “Ifzjzh[H(Ytz—l—r) i, (X 1,: 0P dG(r).  In

effect, our test statistic I, removes all the ‘“diagonal” (z, = f3) terms from I3, in
(2.12), thus reducing the bias of the statistic. A similar idea has been used in Lavergne and
Vuong (2000).

We will show that after being appropriately scaled, I', is asymptotically normally
distributed under suitable assumptions.

3. The asymptotic distribution of the test statistic

In this section we first focus on the case of a stochastic process that has an observable
series of continuously-valued realizations. Cases for which a subset of the random vector
(X', Y’,Z"Y is discretely valued or unobserved are discussed at the end of this section.

3.1. Asymptotic null distribution

We work with the dependence notion of f-mixing. Let {V,, >0} be a strictly stationary
stochastic process and F’ denote the sigma algebra generated by (V, ..., V) for s<t. The
process is called f-mixing or absolutely regular, if as k — oo,

p(k) = sup E| sup [P(4]72 ) —P(4)|

seN AeT %,
Our assumptions are as follows.

Assumption A.1 (Data generating process (DGP)). () {W,= (XY, Z)), t=1} is a
strictly stationary absolutely regular process on R *>+% = R? with mixing coefficients

B(k) that satisfy Y 72, kzﬁé/(l+5)(k)§oo for some 0<6<}
() £, -) € 9%, m(1) € 921 and m(-, ;1) € %>+ for each t € R, where v>2 is
an integer and ¢ is a class of functions defined in Robinson (1988, p. 939). Furthermore,
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J and the m's satisfy global Lipschitz conditions: |[f(wo + w) — f(wo)| < Dr(wo)llwll, |m(uo +
u; 1) — m(uo; 1) < D(uo; D)||ull  for u = (x,z) or x, where [|Dy(w)P1*)dF(w)<oco,
[ 1D 7)1 dF(u) dG(t) < 00, and | - || is the Euclidean norm.

(iii) For 1</<10, the probability density function (pdf) 1,
bounded and satisfies a Lipschitz condition: [f,

.....

.....

Wiy WIS Dy, (Wi, ..oy wp)llull, where u = (uy,...,u;) and D, , is integrable and
satisfies the conditions that [pa Dy, ., (wi,...,w;) ]2+ dw< M < 0o, and S Dot
Wi sw)) [ V1, w))dw< M < oo

AAAAA

Assumption A.2 (Kernel and bandwidth). (1) The kernel K is a product of a univariate
kernel k£ : R — R such that k(-) fR wk(u)du =205, (i=0,1,...,r—1), and k(u) = O((1 +
|u["T1+%)~1) for some £>0, where J; is Kronecker’s delta.

(ii) As n — oo, the bandwidth sequences /; and h, are such that n/1(1d'+d3)/ 2h§’ — 0,

nh%(d‘”}) — oo, and h(ld‘“"}) <hg‘ <h’ljl.

Assumption A.3 (Weight functions). (i) The weight function g, has full support on R%; is
bounded, even, integrable, and everywhere positive; and is chosen such that its
corresponding characteristic function H is real valued and boundedly (r + 1) differentiable.

(ii)dThe weight function g is uniformly bounded, integrable, and nonnegative everywhere
on R

Remarks. Assumption A.1(i) requires that {¥,} be a stationary absolutely regular process
with algebraic decay rate. This is standard for application of a central limit theorem for
U-statistics for weakly dependent data (e.g., Tenreiro, 1997). Assumption A.1(ii) imposes
smoothness and moment conditions on fand the m's. For instance, if u is a positive integer,
then g € ¢, means that ¢ is differentiable up to order u, has Taylor expansion with the
remainder satisfying a local Lipschitz condition, and g has finite ath moment. Assumption
A.1(ii)) imposes smoothness and moment conditions on f, . Similar conditions are
imposed in Li (1999). Assumption A.2(i) requires that the kernel be of second order or
higher and it implies [, u'k(u) du<oo. Unless d + d3 = 2, a higher order kernel is needed,
which is nevertheless common in the literature (e.g., Robinson, 1988; Li, 1999; Fan and Li,
1999). Assumption A.2(ii) specifies conditions on the choice of bandwidth sequences.
Assumption A.3(i) is not as strict as it appears. The uniform boundedness of H comes free
as one important property of characteristic functions. That H is real valued and boundedly
(r+ 1) differentiable is also easily met in practice by choosing ¢, appropriately. For
example, g, can be either a normal density function on R?, or a double exponential density
function. A potential opportunity created by Assumption A.3 is to choose g, and ¢ in
applications so that any numerical integration can be done quickly or one can work out the
integration analytically. We return to this point in Section 4.

Now let V(x,z1,7) = cov(H(Y +1), H(Y +7) | X = x,Z = z). Define ¢* = 2C(d‘+d3)
[ [ [V2x, 21, ) () (x, 2) dG(t) dG(T)d(x, z), where C3 = Jr [ K + v)k(u) du] dv.
Our main result is

Theorem 3.1. Under Assumptions A.1-A.3 and under Hy, nh(d‘+d3)/2 r, N(O a?).

The proof is tedious and is relegated to Appendix A. To implement the test, we require a
consistent estimate of the variance o>, Let ¢° = 2C =25 s fffhl(X,,Z,
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7z 2 2 ™ o AN o A / ~ —~
I X, Z)f 1,(X0) [, (X s)e(D)e(t)es(0)es(t)) dG(r) dG(x'), where (1) = H(Y, + 1) — my,
(X ;7). It is easy to show that &~ is consistent for ¢ under Hy. We then compare

T” Enh(llerd})/zrn/\/az (31)

with the one-sided critical value z, from the standard normal distribution, and reject the
null when T, > z,.

3.2. Asymptotic local power properties

To examine the asymptotic local power property of our test, we let {f”)(x, y, z)} denote a
sequence of densities, f"(x,y) = [1(x,y,2)dz, fM(x,2) = [T (x,y,2)dy, and fM(x) =
ff[”](x,y, z)dydz. Assume that ||[f")(x,y,z) — f(x,7,2)ll — 0 as n — oco. Let o, — 0 as
n — oo. Let E, denote expectation under the law associated with fU. Define ml"(x, z; 1) =
E,[H(Y +1)|X = x,Z = z] and ml"l(x;1) = E,[H(Y + 1)|X = x]. Given our setup, local
alternatives can be specified as

H (o) - mP(x, z; 1) = m"(x; 1) + e, A(x, 23 ), (3.2)
where A(x, z; t) satisfies

)= / / Ax, = 120 (%, 2)d(x, 2) dGr) < oo

The following proposition shows that our test can distinguish local alternatives H;(a,) at
_ 12y —did)/A SR :
rate o, = n=/°h, while maintaining a constant level of asymptotic power.

Proposition 3.2. Under Assumptions A.1-A.3, suppose that o, = n="2h7 " iy H ().
Then, the power of the test satisfies Pr(T, = z,|H(a,)) = 1 — &(z, — 7/0).

3.3. Remarks

Theorem 3.1 covers the asymptotic null distribution of the test statistic when the null
hypothesis involves a stochastic process that has observed continuously-valued realiza-
tions. While this case suffices for many empirical applications (e.g., a nonparametric test of
Granger noncausality), our testing procedure is potentially applicable to a much wider
range of situations. We now discuss several of these.

1. Conditional independence test with unobservables: When W = (X', Y',Z') has to be
estimated from the data, two cases are possible. First, if 1 is estimated by using a finite-
dimensional /n-consistent parameter estimator, one can show straightforwardly that the
results in Theorem 3.1 and Proposition 3.2 continue to hold, and we say our test is “free of
parameter estimation error’’. Second, when ¥ is estimated nonparametrically, say by W, a
sufficiently fast convergence rate is required. For brevity, we leave this for future research.

2. Limited dependent variables and discrete conditioning variables: As mentioned in the
introduction, our test is also applicable to situations where not all variables in (X, Y, Z) are
continuously valued. Although we have made reference to the joint density f(x,y,z) to
facilitate the presentation, there is no explicit use of the continuity of the random variable
Y in our derivations. In particular, the joint density f(x, y, z) can be replaced everywhere by
f(x,z)dF(y|x,z) without changing any of the derivations. This is more than a superficial
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change, as it allows the application of our test to any situation involving discretely
distributed variables. For example, Y may be a discrete response, or a more complicated
censored or truncated version of a continuous (latent) variable. Also, one can treat a
mixture of continuous and discrete conditioning variables with more complicated notation.

3. Testing for independence: 1t is possible to extend our procedure to the case where
d; =0, i.e., testing for independence between Y and Z. In this case, the null hypothesis
reduces to

Hy :Pr{f(n12) =f()} =1 Vye R®.

To test Hf, we can replace 7, (X ;; 1) in Egs. (2.12) and (2.13) by H(t) = n= 'Y H(Y + 7).
One can readily modify the other assumptions in Section 3 and show easily that Theorem 3.1
and Proposition 3.2 continue to hold. For brevity, we do not repeat the argument.

4. Monte Carlo experiments

In this section we report results of some Monte Carlo simulation experiments designed
to examine the finite sample performance of our nonparametric conditional independence
test. Specifically, we conduct simulation experiments focused on testing the order of
nonlinear autoregressive (NLAR) processes. For each DGP under study, we standardize
the data {(X,, Y;,Z,), t = 1,...,n} before implementing our test so that each variable has
mean zero and variance one.

4.1. Motivation

During the last two decades, interest in nonlinear models in economics, econometrics
and statistics has increased significantly. One area of wide interest is nonlinear time series
model identification, and more specifically, lag selection. See Auestad and Tjostheim
(1990), Cheng and Tong (1992), Tjostheim and Auestad (1994), Tschernig and Yang
(2000), Finkenstddt et al. (2001), and Lobato (2003), among others. These methods
investigate the order d of a strictly stationary f-mixing univariate autoregressive time series
model of the form

Yt = g( Yt—l, Yt—27 BRI Yt—d7 8[)3 (41)

where the function g is unknown and {¢,} is a noise process.

In contrast, our theory pertains to the entire conditional distribution, not just the
conditional location or conditional standard deviation. As before, let f(-|-) be the
conditional density of one random variable given another. The null of interest is

Ho(d): f(Y Y1, .., Yimam) = f (Y Yion, .., Yica), 4.2)

i.e., conditioning on (Y, y,..., Y, 4), the random variable Y, 4_; has no explanatory
power for Y,. If d* is the minimum of  such that (4.2) is true, we say the nonlinear time
series is of order d*. In the following, we write Hy(d): d* = d to represent (4.2). In the
special case when d = 0, the test reduces to a test of serial independence of first order:

Ho(0) : /(Y| Y1) = f(Y ).
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4.2. Simulation design and practical issues
We consider the following DGPs in our Monte Carlo study.

DGPI: Y, =0.3Y,_1 +¢;

DGP2: Y, =(—0.5Y,_ 1 +e) (Y, <)+ 04Y,_ + &) (Y ,_>1);

DGP3: Y, =08|Y,_1|% + &

DGP4: Y, =0.60(Y,)Y, | + ¢, where @ represents the cumulative distribution of a
standard normal distribution;

DGP5: Y, = —0.5Y,_1 +0.5Y,5{1 +exp(—0.5Y,_)} ' + ¢

DGP6: Y, =0.11log(Y? ) +1/0.1+0.9Y? j¢;

DGP7: Y, =exp(—Y? ) +10.1Y,5(16 — Y, 2)le;

DGP8: Y, =0.5Y,_1 +0.25Y,, 4+ 0.125Y,3 + /03 + Y, _3le;;
DGP9: Y, = Vhei, hy =001 +0.8Y2 | +0.64Y7? , +0.512Y7% 5;
DGP10: Y, = Ve, hy = 0.01 + 0.8, +0.15Y> ;

where {¢} are i.i.d. N(0, 1) in DGPs 1-5 and 8-10, they are the i.i.d. sum of 30 uniformly
independently distributed random variables each over the range [—0.1,0.1] in DGP6, and
the i.i.d. sum of 10 uniformly independently distributed random variables each over the
range [—%, %] in DGP7. DGPs 1-3 are studied in Hong and White (2005) in testing for serial
independence. DGPs 4 and 5 are studied in Lobato (2003) in testing for nonlinear
autoregression. DGPs 6 and 7 are used in Finkenstddt et al. (2001) in determining the
order of nonlinear time series. Clearly, DGPs 14 are of order 1, DGPs 5-7 are of order 2,
and DGPs 8-10 are of order 3 or higher. Note that all DGPs except DGP1 are nonlinear in
the mean or in the variance or in both.

We test for Ho(d) : d* = d, where d = 1 or 2. We use a fourth order kernel in estimating
all required quantities: k(1) = (3 — u?)p(u)/2, where @(u) is the pdf of the standard normal
distribution. We choose both g,(-) and g(-) (see Assumption A.3) to be a standard normal
pdf. For this particular g, the corresponding characteristic function H(y) = [ e dGo(u)
has the simple form H(y) = exp(—y?/2). Given our choice of g, and g, we can work out the
integration analytically so that no numerical integration over dG(z) is required.

Since we have two bandwidth parameters to choose, /; and /,, and it is difficult to pin
down the optimal bandwidth sequences, we choose /; and /i, separately by cross validation
in our simulation. Specifically, lettind di3 = d + d; we set

h = h’l“n‘/(8+d13)n—‘/(4+d13) and h, = h’z"nl/(8+d‘)n_'/(4+d‘), 4.3)

where /i and 4} are the least-squares cross-validated bandwidths for estimating the
conditional expectation of Y, given (X,, Z,) and X,, respectively. Note that given the
fourth order kernel we use, A} and h5 converge at rates n~!/G+d) and p~1/G+d),
respectively. Undersmoothing is required for our test. We use Lee (2003, p. 16) to adjust /1
and /5 appropriately in (4.3) to make sure Assumption A2 is met.

It is well known that a nonparametric test that relies on the asymptotic normal
approximation may perform poorly in finite samples. An alternative approach is to
use bootstrap approximation. Based upon the Paparoditis and Politis (2000) local
bootstrap procedure, SW propose a smoothed local bootstrap procedure to obtain the
bootstrap data {X7¥, Y*,Z¥}. In the following we follow SW’s method to obtain the

t
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bootstrap resamples. One can follow SW to verify the validity of their bootstrap method in
our framework.

4.3. Results

Table 1 reports the empirical rejection frequency of the 5% and 10% test for Hy(1) and
Ho(2). For brevity we only study sample sizes » = 100 and 200; we use 200 Monte Carlo
replications for each experiment. The number of bootstrap resamples is also set to 200 for
each scenario. From Table 1 we see that the size of our test is well behaved in that most of
the empirical frequencies are close to the nominal significance level when the null hypothesis
is true. The test has reasonable power when the null hypothesis is not true. For example, in
testing Ho(1), the 10% test powers for both DGP8 and DGP9 are above 0.90 for as small a
sample as 200. Similarly, in testing Hy(2), the 10% test powers for both DGP8 and DGP9
are above 0.80 for as small a sample as 200. We view a sample of 200 as small, given the fact
that densities of dimension two or three must be estimated in constructing the test.

5. Application to stock market data

Although many studies conducted during the 1980s and 1990s report that financial time
series such as exchange rates and stock prices exhibit nonlinear dependence (e.g., Hsieh,
1989; Sheedy, 1998), researchers often neglect this when they test for possible dependence.
As documented by Hiemstra and Jones (1994), all prior studies of causal relationship rely
exclusively on the traditional linear Granger causality test, which unfortunately may have
little power in detecting nonlinear relationships. In this section, we use both our test and a
traditional linear Granger causality test to study the dynamic linkage between three US

Table 1
Empirical rejection frequency of the tests

DGP1 DGP2 DGP3 DGP4  DGP5 DGP6 DGP7  DGP8 DGP9 DGPI10

Ho(1)
n =100

5% 0.050 0.065 0.060 0.055 0.305 0.300 0.160 0.410 0.865 0.230
10% 0.095 0.120 0.095 0.090 0.405 0.465 0.240 0.600 0.910 0.310

n =200
5% 0.070 0.060 0.055 0.045 0.450 0.400 0.210 0.765 0.910 0.275
10% 0.115 0.105 0.110 0.100 0.600 0.610 0.385 0.910 0.945 0.410

Ho(2)

n =100

5% 0.040 0.050 0.060 0.035 0.055 0.065 0.030 0.395 0.655 0.230
10% 0.105 0.110 0.095 0.075 0.115 0.125 0.050 0.615 0.750 0.300

n =200
5% 0.045 0.050 0.055 0.030 0.045 0.070 0.035 0.700 0.780 0.325
10% 0.100 0.120 0.100 0.070 0.120 0.125 0.065 0.875 0.830 0.485

Note: DGPs 1-4 satisfy Ho(1) and DGPs 1-7 satisfy H(2), whereas the other DGPs satisfy neither Hy(1) nor
Hy(2).
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stock market price indices (Dow Jones 65 composite, Nasdaq, and S&P 500) and the
trading volumes on the New York Stock Exchange (NYSE), Nasdaq, and NYSE markets,
respectively.

We obtain daily data for the three major stock market price indices and trading volumes
from Yahoo Finance for the sample period from January 3rd, 2000 to January 10th, 2003.
After excluding weekends and holidays, the total numbers of observations are 759 for the
Dow Jones 65 composite and Nasdaq series and 761 for the S&P 500 series. Following the
literature, we let P, and V, stand for the natural logarithm of stock price indices and
volumes multiplied by 100, respectively.

We first employ the augmented Dickey—Fuller test to check for stationarity of {P,} and
{V,}. The test results indicate that there is a unit root in all level series but not in the first
differenced series. Therefore, both Granger causality tests will be conducted on the first
differenced data, which we denote as AP; and AV, below. Next, we employ Johansen’s
likelihood ratio method to examine whether P, and V; are cointegrated or not. We find no
evidence of cointegration. Consequently, we include no error correction term in our linear
Granger causality test.

For the linear Granger noncausality tests, we are interested in whether AP, and AV,
Granger-cause each other linearly. For example, in testing whether AP, Granger causes

AV, linearly, one would typically check if the null hypothesis Hop : f; =---=f L, =0
holds with
AVi=o0g+AV, 1+ -+ OfLL.AVz—L,, + ﬁlAPt—l + .. 4 ﬁL,,APl—Lp + &, (5.1)

where ¢~i.i.d.(0, ¢%) under Ho1. Nevertheless, to permit a direct comparison with our
nonparametric test for nonlinear Granger causality, we focus on testing HKL :f=0in

AV[=O(0~|—O£1AV;_1+'-'+O£LL,AV;_LU+ﬁAP;_,‘+8,, i= 1,...,Lp. (5.2)

To implement our nonparametric test, we set all smoothing parameters according to
those used in the simulations in the last section. To mitigate the curse of dimensionality, we
focus on testing

HS,NL . Pl‘(f(AV,|AV,_1, “ee 3AVI—LL;AP[—i) =f‘(AV[|AV[_], cee 3AVY—L1,)) == 1,
i=1,...,L (5.3)

in checking the Granger causal direction from AP, to AV, and similarly for the reverse
direction.

The results of linear and nonlinear Granger causality tests between AP, and AV, are
given in Table 2, where we choose L, and L, to be 1, 2 or 3. For example, when L, is 1, we
also choose L, to be 1 so that we only check whether AP,_; should enter (5.2) or not. This
corresponds to the first row in each panel of Table 2. When L, is 2, we choose L, to be 2. In
this case, we check whether AP,_; or AP,_, (but not both) should enter (5.2) or not, which
corresponds to the second and third rows in each panel of Table 2. The case for L, = 3 is
done analogously, corresponding to the fourth to sixth rows in each panel of Table 2. The
case for testing whether AV, Granger causes AP; is done similarly.

The results of the linear Granger causality test between stock prices and volumes are
given in Panel A of Table 2. At all levels of L,, we find causal links from stock prices to
trading volumes for the Nasdaq and S&P 500 data but not for the Dow Jones at the 5%
nominal significance level. Unambiguously, we find no Granger causality from trading
volume to stock price using the linear causality test.
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Table 2
Granger noncausality tests between stock prices and trading volumes
Hy : AP does not Granger cause AV Hy : AV does not Granger cause AP

Dow Jones  Nasdaq  S&P 500 Dow Jones  Nasdag  S&P 500
Panel A: Linear Granger noncausality test between AP and AV
L,=1,AP,_, 0.910 0.001 0.007 L,=1,AV,, 0.211 0.953 0.979
L,=2,AP,, 0.504 0.002 0.005 L,=2,AV,, 0.209 0.812 0.871
L,=2,AP,» 0.369 0.011 0.018 L,=2,AV,., 0957 0.564 0.758
L, =3,AP,, 0.374 0.004 0.004 L,=3,AV,_, 0.210 0.816 0.855
L, =3,AP,, 0.201 0.008 0.008 L,=3,AV,., 0970 0.591 0.789
L, =3,AP,; 0.231 0.719 0.241 L,=3,AV,; 0.969 0.662 0.983
Panel B: Nonlinear Granger noncausality test between AP and AV
L,=1,AP,, 0.045 0 0.015 L,=1AV, 0.125 0.370 0.380
L,=2,AP,_, 0 0 0 L,=2AV,, 0.060 0.340 0.420
L,=2,AP, > 0 0 0 L,=2AV,, 0.055 0.355 0.665
L,=3,AP,_, 0.020 0.010 0.020 L,=3,AV,, 0.280 0.490 0.545
L,=3,AP, > 0.005 0.025 0.015 L,=3,AV,, 0240 0.460 0.605
L,=3,AP,; 0.020 0.005 0.030 L,=3,AV,3 0.205 0.475 0.550

Note: Numbers in the main entries are the p-values. For the nonlinear Granger noncausality test, the number of
bootstrap resamples is B = 200 in each case.

The results for our nonparametric test are reported in Panel B of Table 2. From Panel B,
we see that at the 5% nominal significance level, stock prices lead trading volumes for all
three data sets and this is true at all lags of our study. Further, like the linear Granger
causality test results, our nonparametric test results find no evidence of Granger causality
from trading volumes to stock prices.

6. Concluding remarks

This paper develops asymptotic distribution theory for a consistent nonparametric
conditional independence test. It is based upon properties of the CCFs and transforms
the notion of conditional independence into the equivalence of two infinite collections
of conditional moment restrictions. Together with the previous work of SW, this addresses
the long-standing need in econometrics for an asymptotic theory for a practical
and powerful nonparametric test for conditional independence. We extend the test
of SW in two directions: our test is less sensitive to the choice of bandwidth, and it has
power in detecting deviations from conditional independence in the full support of the
density.

To improve the asymptotic approximation to the finite sample distribution of the test
statistic, one could consider higher order refinements, which may offer a solution to the
choice of optimal bandwidth. However, it is well known that estimation of higher order
refinements is tedious and may not necessarily provide a sufficiently good approximation
in finite samples. Another topic not addressed here, and a suitable subject for future
research, is the optimality of the test.
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Appendix A

Throughout this appendix, C is a generic constant that may vary from case to case.
Denote W, = (X,, Y,.Z ) fu=fX,2Z), flz —fhl(Xz,Zz) fa=f(X0), fz; _fhw(X[)
Klts = K/’l](XI - XSs ZI Z ) K2rs = Khz(Xt ) K(X,Z),I = Kh](x - XIaZ - t) K)C,I -
Khz(x —X,),and dj3 = dy +ds. Let

n n n n n

D=2 > > = > )

t#s s=1 t=1t#s Lh#hL#10 Hh=1 b=1h#1t t=113#1t,3#0

n n n
=2 > and > =2 > X
HFELF I # D H#ELF =147 W F L F LI F D571 LH#Oh# =11+ ts=115#1
Let n3 =n(n— 1)(n—2), ng =n3(n—1), and ns = n3(n — 1)>. Let E K thz(Xt

xs) dF(xy). Further, let the bar notation denote an i.i.d. process. For example (W, t=0}is
an i.1.d. sequence having the same marginal distributions as { W, t=0}.

A.l. Proofs

Proof of Lemma 2.1. The “if”” part is trivial. Now suppose that [(u; x, 2)e"* dGy(u) = 0
a.e.-F on R?" for every € R®; we follow Bierens (1982) closely to show that y(u; x, z) =
a.e-Gy x F on R x R7s.

Denote Re(y) and Im(y) as the real and imaginary part of iy, respectively. Put

(1) = max(Re(()), 0), ¥5(-) = max(—Re(¥(-)),0), ¥3(-) = max(Im(y(-)),0), and () =
max(—Im(@y(-)), 0) Then obviously ;, j = 1,...,4, are nonnegative Borel measurable real
functions on RY satisfying Re(y)) = x//l Vs, and ImQy) = 3 — Yy

Now assume for the moment that ¢; = fz//j(u; x,z)dGy(u)>0forj=1,...,4. We define
four conditional probability measures

vi(B;x,2) = / Yi(u; x,2)dGo(u)/¢j, j=1,...,4, where Bis a Borel set on R%.
B

(A.1)
Writing dv;(u; x, z) = vj(du; x, z) for j = 1,2,3, and 4, we have

/ Y x, 2)e’ " dGo(u)
= [ / ¥, (u; x, 2)e " dGo(u) — / o (u; x,z)eif’”dGo(u)}

+i[ / W5 (u; x, 2)e'™ " dGo(u) — / Yo x, z)e”’"dGo(u)]
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= {cl /e”l” do(u; x, z)—cz/e”,“ dovy(u; x, z)}
—i—i[c_;/e”/” dos(u; x, z) — C4/e”’“ dog(u; x,z)}

= [e1ny (75 x, 2) — canp(Ts X, 2)] + 1[eans(T; X, 2) — cang(T; X, 2)],

where 7,(t; x,z) = [ e dvj(u; x,z), j=1,...,4, are CCFs of the conditional probability
measures v;, respectively.

If [y(u;x,2)e"" dGo(u) = 0 a.e.-F on R for every T € R, c1n,(1;x,2) = cana(t; X, 2)
and c¢3n5(t; X, 2) = cany(t; x,z) a.e.-(x,z) for every 7€ R%. Note that 1(0;x,2) =
15(0;x,2) = n3(0; x,2) = n4(0; x,2) = 1, so

1 =10, C3=(4, (A.2)
and

n(75x,2) = y,(1;x,2) and #5(75x,2) = n4(t;x,2)  a.e.-F on R for every T € R%.
(A.3)

Consequently, for every Borel set B on R?2, we have
v1(B;x,z) = v2(B; x,z) and v3(B; x,z) = v4(B; x,z) a.e.-F on R,

From (A.1)~(A.3), we obtain that for every Borel set B on R%,

/ V(s %, 2) d o) = / Uit %, 2) dGo(u),
B B

/ Vi(u; x,2) dGo(u) = / Va(u; x, z) dGo(u),
B B

and consequently,

/Blﬁ(w x,z)dGo(u) = 0.

Note that B = {u e R™:Re(y(u;x,z))>0} is a Borel set, and fBl Re(y(u; x, 2))
dGo(u) = 0, which is only possible if B is a null set with respect to dGy(u) a.e.-F on
R?:. Similarly, one concludes that the Borel sets B, = {u € R™ : Re(y(u; x,z)) <0}, By =
{u e R® : Im((u; x,2)) >0} and By = {u € R : Im(y(u; x,z)) <0} are all null sets with
respect to dGy(u) a.e.-F on R?. Hence, UleBi ={ueR®: Y (u; x,z)#0} is a null set with
respect to dGo(u) a.e-F on R?3. This means Y(u; x,z) = 0 a.e.-Gy x F on R x RY5. If
¢ = flpj(u; x,z)dGy(u) = 0 for some j € {1,2,3,4}, our conclusion still holds as an easy
exercise. This completes the “only if”” part of Lemma 2.1. [

Proof of Theorem 3.1. Let ¢(t)=H(Y;+1)—m(X,,Z;71), and ¢,(t) =m(X;1)—
mp, (X ;7). Under Hy, H(Y, + 1) — My, (X5 7) = (1) + ¢(r), and from Egs. (2.12) and
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(2.13), we have

1
ry=— /K11112K1/1:3f2t2f2t3[H(Yt2 +1) - mhz(thﬂr)]
h3 h#b#t

><[H ( Yrg + 1) — My (X 1,3 1)]dG(7)
/ Koy Ko P2l 20 060(06(0) + 26,(08,(2) + @, (1)2,, (1)} dG(r)

h3 h#b#t
=1 +200n+ T3

We complete the proof of Theorem 3.1 by showing that nhf"‘/zf,,] S N(0,6?), and I',; =
op(nflhfd”/z) for i = 2, and 3. These results are established in Lemmas A.1-A.3. O

Lemma A.1. nhd”/2 Ty S N(0, 6?).

Proof. First, write

Iy = — / Ky Koy o (00 (1) G (2)

3 inrn
2

+2 / Koy Ko Py = o) ons (@), (1) 4G(2)
3 ihen
1 -~ -~

T / Ky Ko Py =2 Fo — Fon e (e (1) dG(2)
3 h#h#13

= I + 2By + B

By Lemma B.1, B, =op(n'h;"*?). By Lemma B.2, B, = oy(n~'h;™*%). Recall

=X, Y, Z). Let ¢,=dpWi W) =h"" [ [ KaoyKosfonf 20)e(t) dG()
dF(x,z), and 2h{"”? T =201— 17" ,scn b By Lemma B.S, Iy =i+
0,1~ H77%). So it suffices to show nh?/* T,y > N(0, 62).
Clearly, ¢ is symmetric in its argument, and E[¢(w, W)] = E[¢p(W,w)] = 0. Now
nhd”/ ’T #1118 a second order degenerate U-statistic. As in the proof of Lemma B.4 of Su

and White (2005), it is easy to verify that Conditions (iii)—(vii) in Theorem 1 of Tenreiro
(1997) are satisfied, so that a central limit theorem applies to nh| 42 I',11. The asymptotic

variance is given by o2 = plim,_, o, 2E[p(W 1, W1)*] = 2C5" fff V2(x, 21, T) A (x, 2)f 1 (x)
dG(1)dG(t')d(x, z), where C3 = [p[ [ k(u + v)k(u) dul’ dv. The proof of Lemma A.l is
complete. [

Lemma A.2. [, = Op(n’lhl_d”/z).
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Proof. Write

o=— / Ky Ky St 21,20(0) AG(2)
3 t1¢f2¢1‘3
b 3 [ KK G = e 012,8,) G
n3 Hh#h#1
= Bn3 + Bn4-

By Lemmas B.3 and B.4, B,; = op(n_lhl_d”/z), i=3and 4. O
Lemma A.3. I',; = op(nflh_d”/z).
Proof. Noting that fz,ta(r) n—1)" Zs 1521 Kosm(X 5 t) — H(Y s + 7)), we have

1
F”3 = — Z /KIIII') KIIII;KZHIA;KZI;IS [H( Yf4 + T) - m(sz; T)]
S n#h#n
lyF#D,ls#13
X[H(Y s + 1) — m(X4; 1)] dG(7)
= Dps + 2Bn6 + Bn7s

where

1

B”l5 = - Z /Klrlr7 Klzlf;KZr-,uK’zm [H( Yf4 + T) - m(XM; T)]
ns 4 intn,
laF#,ls#13

X[H(Y s + 1) — m(X ;1)) dG(7),

1

Bn6 = n_ Z /KIII1ZK11113 K71214K21;15 [H( Yl4 + T) - m(XtA.; T)]
5 h#L#Lt3,
laF#b,ls#13

xX[m(X ;1) — m(X4,; 0] dG(1),

and

1
Bop=— > / K, K, K, K, ["X,;:1)—m;X,:0)]

ly3 TR 2004 7 20515
N5 it
laF D, ls#13

x[m(X ;1) — m(X ;1) dG(7).
Noting that E[H(Y, + 7)|X,] = m(X; 1), one can follow the proof of Lemma B.2 to get
By = op(n~ '), i=56,and 7. O

Proof of Proposition 3.2. Let A4,(t) = A(X,,Z;;t). Using the fact that H(Y,, + 1) —
My, (X 1,57) = e,(r) + o, 4,(t) + e,(t) under H;(,), we have from Egs. (2.12) and (2.13) that

F” = /Knm 1111;f2 tsz 3 {8,7(‘[,')8,3(‘[) + 28,7(‘[,')613(’[) + etz(f)eh(‘c)

™ intn
+ o5 A0, (D) A1y (1) 4 20080, (D) A1, (0) + 200,41, (1)1, (1)} A G(2)
EFnl +2Fn2+rn3+rn4+2F115+2Fn6a
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where I',;, i = 1, 2, 3, are as defined in the proof of Theorem 3.1. It is straightforward to
show that for o, =n='"2h """ nh TSy = [ [ A(x 20 () (x, 2)d(x, 2) dG(o),

= op(n_lhl_d”/z), i=5 and 6. Also, 6° > 6> under Hl(n_l/zhl_d13/4). Consequently,
Pr(T, =z, Hi(ey) > 1 — &(z, — /o). O

Appendix B. Some useful lemmas

Let 0<5<% be as defined in Assumption A.1(i). Below we frequently use the facts that
(1) §/(1 +6)<}t and (2+40)/(1 +8)<3; and (2) |E[Kp(x — X,) — f(x)]|<H;Ds(x) by
Lemma 4 of Robinson (1988), where D(x) is defined analogously to Ds(w) in A.2(ii). To
save space, we denote v, = (X}, Y,, Z)).

Leﬂ%a Bl By =(1/n3) Y i [ K Ko oy = fo) Sy (D2 (1) dG(1) = o (™!
hy 7).

Proof. Write B,; = B,11 + By, where

1 X )
Bi=— 3 / Ky, Ky (BulKo 1= Fau)f a0 (2) AG(D)

11 =
n3 Hh#h#L

and

1
Bp=— > / K, K, (K, —Ey[K, Dfyee@en(®dG).
M4 5ot

First, we want to show

By = op(n™ i ). (B.1)

Let QDO(UIW Uy 013) = lellfz K1r113 (Eto[Kzfer] _f2tz)f2t3812(f)8l3(r) dG(T) Because Po is not
symmetric in its arguments, we need to symmetrize it in order to apply Lemmas C.1 and
C2. A Symmetrized version of bo 8 (P(Utl > Utys vt3) = (%){(/)0(17[1, Uty Ut3) + (P()(Utz, Uty UI3)+
@01, Uy, Uy, )}. Noting that ¢ is of the same order as ¢, we will apply Lemmas C.1 and C.2
directly to ¢, to simplify the proofs. This simplification is applied throughout this
appendix.

Let M, be as defined in Lemma C.1, then M}/"*? = O(h; /" 1)), So by Lemma C.1
and Assumptions A.1-A.3, E[B,] = O~y /U Opy = o(n=1h; "), Let My, R,
Rys, and Rys be as defined in Lemma C.2. Then M;/(Ha) = O(hl_(2+4(>)d”/(1+b)h§"),
Ry = O h 22 13"), Rys = O(m*h;"0h%), and Ry = O(n*h 22 13"). So by Lemma C.2,
Assumptions A.1-A.3, E[B,]* = n= 80> M}/ ") + O(3%_, Ryy)) = o(n~2h7*"). Conse-

—11.—di3/2
lh] 13/

quently, B,i1 = op(n ) by the Chebyshev inequality.

Next, we show

Buiz = op(n~ iy 7). (B.2)
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It is easy to show that the summation of the 74 =t or 74 = 13 terms in By, is of order
op(nthy s/ %) by applying Lemmas C.1 and C.2, and Bys — 24B,,12, where

By = / Ky Ko, (Ko, = BilKo, D f (0 (1) 4G (D),

1<t1< <ty <n
and 4-~,B means 4 = B{l + op(l)}
Now let ¢(vy,, vy, Vs, 0,) = [ K (K., — EulK,,, D ,1en(1)en () dG(z). Let M3 be
as defined in Lemma C.3. Then MY/ = Q(h; 2090/(1+9) 7 2001/059)) "g6 by Lemma C.3
and Assumptions A.1-A.3, E[B,5] = O(n~2h; /07200 /AH0)y — =1 5/%) Let

My, Mys, Ras, and Ry be as defined in Lemma C.4. Then Ml/(Hé) O(h, (2+49)d13/(140)
h2—26d1/(1+6)), Mélu/;(lﬁ) _ oy (2+48)d13 /(1+9) h2(1+25)d1/(1+o)), R = O(nShl_M”hz .

eyt lzlz;

and

47=O(n4h1_2d‘3h2_d‘). So by Lemma C.4 and Assumptions A.1-A.3, E[B.] =
n= 30 MY ") + 0m* M) + O Rey)) = o(n~2h;"").  Consequently, Byp =
op(n~1h;"*/?) by the Chebyshev inequality. [

Lemma B.2. B, = (1/n3)2t1 #h# f 11y 11113 (fz t f2t2)(/?2,t3 _f2t3) 8;2(‘5)8,3(‘5)(1(;(‘5) =

op (17 'hy %),
Proof. Write
1
B”2 = Z /Klrlrzle]g [K21214 - Et4[K212y4]][Kz/3;5 - Ets[Ky}rj]]‘gtz(T)sh(T)dG(T)
hs h#FhF# Bl F D IsF 13
2
T /K./I,,K.,m [K.,, — EulK,, JIEL[K,, 1=/ )en(D)en () dG(T)
4 tl#’z#li tutn
1
+7 /K|1|17 |/,:;[Ef0[ 2, ;U] fztz][Efo[ 21310] fzt;]stz(f)stx(f)dG(f)
3 h#h#13

= B + 2B, + Bis.

The proofs of B,y = op(n~ 'h d”/z) and By = op(n~ 1h iz/2 ) are analogous to those of
(B.2) and (B.1), respectively. Note that B, -~ 512081, where B,,21 is defined as B,»; but
with summation », , . _, ., in place of Z“#Z#m#zh#s We are left to show

By = op(n~ ), (B.3)
Let @(vr, vry5 Vsys Uy Uss) = le,l,z i Koy, — EulK,, DK, — EslK,,  Jlen (e (1)
dG(x). Let Ms be as defined in Lemma C.5. Then MY = o(h "/ (1+) h;z‘”‘ (140
So by Lemma C.5 and Assumptions A.1-A.3, E[B,»] = O(n_3M;/(l+5)) = o(n_‘hf‘i'3/2).
Let Mg, Mgy, Mc5Rg7, and Rgs be as defined in Lemma C.6. Then Mé/“”) =
O(hl_(2+45)d'3/(l+5)h2_25d'/(Hé)),Méi“M) _ O(hl—(2+45)d13/(1+5) h2—(1+25)d| [+ Méé(lm) _
O(hl—(2+45)d13/(1+5)h2—(2+2o‘)d1/(1+o‘))’ Rey = OGoh7 2% i) and  Reg = O(n3hy 22,
So by Lemma C.6 and Assumptions A.1-A.3, E[B]> =n"'° (O(n7Mé/(1+5)) +
0 MYy 4O ML) + OS5, Rey)) = o(n=2h;™").  Consequently, By =
op(n~'hy d”/z) by the Chebyshev inequality. [



L. Su, H. White | Journal of Econometrics 141 (2007) 807-834 827

Lemma B.3. Bn3 = (1/1’[3) le Fh#I3 fK111!2 K11113f2t28f2(f) J/{\Q,t3/e\1‘3(r)dG(7) = OP(nilhl_d”/zl

Proof. Write

1
Ba=n Y[ KK K S X0 — (X, 0)AGE

4 n#FL#6G,u#0

1 '
+ — Z /Kl[llz K11113 K21314f2Z28[2(T)[m(X’4; T) - H( Y’4 + T)] dG(T)

4 h#Lh#L,Fh
= By + B

Noting that E[H(Y, +1)|X,]=m(X ;1) and |m(x;1) — m(xX'; )| < Dp(x; 7)llx — X'|| with
| Di(x; r)z(”") dF(x)dG(r) <oo, we can modify the proof of (B.2) in Lemma B.1 and
show B,z = op(nflhl_d”/z), i=land2. O

2?;“1:/153 B.4. Bn4 = (1/”13) Ztl #Fh#Hh le/|12K1z113 (lez _f212)812(‘f)f2t3a3(f)dG(T) = Op(n_l
)

Proof. Write

| .
PR >3 / KoKy Ko Ko K, — L IH(Y (4 1) — m(X 13 0] dG(r)
S hth At sEl
1
_ ) / K, K, K, K, AK,, —EJK, JHY;+7)—mX;7)

NS 4t #idstings 0
+[K,,, — Eu[K,, Im(X 5 7) — m(X ;O] + [E[K,,, ] — L H(Y s + 1) — m(X ;5 7)]
+[EL[K,,, ] — /o llm(X 5 7) — m(X 5 0]} dG(T)

= By + Buz + Buz + B

As in Lemmas B.1 and B.2, we can show that each of B, i=1,...,4, is
—17,—d13/2
op(n™ h "), O

Lemma  B.S. i = (1/n)Y Loen [ Ko Ko oS o s 0(Den(D) dG(2) = Ty + op(n™!
_d ~
h; 13/2), where Tyiy = 2/n(n— 1)) <o coen | [ KoK o i ys6(0)es(t) dG(r) dF(x, 2).

Proof. This lemma is an analog of Lemma B.6 in Su and White (2005). We simplify their
proof by applying a technical lemma given in Appendix C. Let 4, = I'y;; — I'nyy. Let
l//(l)[l, Uty UI}) = fK11112K1[113f2t3 f2[38f2(f)sl3(f) dG(T) Then Fl’lll = Ev,l [W(Ufla Uty UI})] and

—_—

Ay=— " (Yo, vi00) = Eo, W(vr,, 00, 0)])

Y h#ELFL

= — Z {E[l//(vfl > U Ut3)|vtz: 1)[3] - EU;] [lp(vll > Uty Ung )]}

I<thi<thh<tz<n

6
+— Z {lp(vll > Uty Ur_«,) - E[‘//(Un > Uty UI3)|Ulzs Ut3]}

3 I<ti<t<tz<n

=64, +64,,.
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—17.—d1i3/2
lhl 13/

It suffices to show 4,; = op(n ), i =1, 2. By the triangle inequality,

1
E|An1 | < - Z E|E[lﬁ(l)[1, Utzs Ul3)|Ulza Ul3] - Ev,l [l//(vtls Ulza UI3)]|
n I<ti<thh<tz<n
h—t =2t—1

1
+ - Z E|E[lp(vlly v[g) Ul‘3)|vlga DI3] - El/‘/l [lp(vtly U[ga Ul3)]|
3 ISt <<tz <n
L—h=h—1

= Ay + 412
By Assumption A.1(1) and Yoshihara (1989),

n—=2 n—1 tH+(t—t) 2rs/(14) 3/
I D DD DD DI el KOS
tl 1 Hh=2 t=0+1
4n h*2d135/(1+5) n ( o
\4 Z kﬁ$/(l+5)(k) o(n lh1 13/ ).
Similarly, we can show 4, = o(n—lhl’d”/2
Markov inequality.
NOW let q)f]fzI} = 90(1-7113 Utza U[}) = lrb(vtp U[Z, U[3) - E[lﬂ(v,l N U[z, U,3)|l],2’ Ut3]~ Then AnZ — ngl
D oi<t <t<ts<n Punt- Clearly, E(4,2) = 0. By the Chebyshev inequality, it suffices to show

). Consequently, 4,1 = o,(n~'h} d”/z) by the

E(4,,)* = o(nfzhl_d”)). This follows by an application of Lemma C.2. The conclusion thus
follows. [

Appendix C. Some technical lemmas

Let {V, t>=1} be a d-dimensional stationary absolutely regular process satisfying
Assumption A.1(i) in the main text. Let P(}') denote the probability law of a random
variable V. Let 1 <iy, iy, ..., iy <n be arbitrary positive integers. For any j (1 <j<k), define
a collection of probability measures Q}f‘ by

J
P Vi Vi) = {P}‘(V,-l,..., Vi) =[P : ¥, is a subset of {Vi,..., V),

J
UKS={V1‘1,~ Vi, and ¥V, NV, _ijoralll<z;és<]}
s=1

In the following, we frequently suppress the arguments of Pk and ﬂjk when no confusion
can arise. For example, when k = 3, we use max; ¢ <3 maxP3 7 S lp(v, 0,0, )|1+5 dP3
to denote

maX{ /3]{|(p(v19vzsv3)|}l+(s dFiligi;‘(Ulavza 03)5 / . |(p(vlavgavg)|l+($ dF(Ul)dFi2i3(D2»U3)»
R‘ R}z
/ lp(v,, vy, v,)' T dF(v2) dF 1, (v1, v3), / lp(v,, vy, v,)|' T dF (v3) dF 1, (v1, 02),
R3 R

3
/R oL, o) ] dm,.)},
: i=1

where, e.g., Fj;,;, is the joint distribution of (V;, Vi, V).

iiaiy
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Below we assume ¢ is symmetric in its arguments, and state the lemmas without
presenting detailed proofs. Note that Lemma C.1 is implied by Lemma B.2 in Fan and Li
(1999), and Lemma C.2 is an extension of Lemma A of Hjellvik et al. (1998). In
comparison with Hjellvik et al. (1998), we do not assume Eo(V;,v;,...,0,) =0, and
hence our results are not as succinct as theirs. All lemmas can be proved by using Lemma 1
of Yoshihara (1976) repeatedly.

Lemma C.1. Sy = E[Y, _._. 0(Vi,, Vi, Vi)l = O Elp(Vi,, Viy, Vi) + 02 M),
where

M;= max max max/ lo(v,,v, v, dP;.
R3d “

I<ii<ia<n 1<j<3 Pfey?

Lemma C.2. S;=E[Y, _,_. o(Vi, Vi, Vi) = 0@ MY ") + O(CC_, Ry, where
M> = max{M>;, M, M},

— 146 qp6
My =  max max max /RM|(/)(U,.], v,0.)0(,,v,,0,)l + dp;,

I<ij<-<ig<n 1§]S3 Pﬁep}§
X J J

My =  max max max lo(v, v, ,v,)(, ,v, v )T dP3,
R4 17 7?7y B! '4 '5 J

I<ij<--<is<n 1<j<3 PSE;?f
J p

— 146 4 p4
My = max max max /R“d |(/’(Uw"rz>“f3)‘P(U,-la . u)| + de,

I<ij<--<ig<n 1<j<3 plep?
A

Ry =1 max / Elo(v, .0, V.)o(w,. V... V) dF@, ) dF(v, ) dF(0,).
R 270 . 6 2

3 <is<lig

3
— 5
R22 = n max AM E[(P(U[] ] U‘Z s v,’3)(P(U,'1 ] I/,'4 s V,‘S )] H dF(v,’S )a

i4<i5
s=1

_ 5
Ry; = n” max /R“ Elo(V, ,v,, h)(p(V 2,V )]H dF(v,),

i <is

Ry=n max /R” [qo(v,], 1y Vh)(p(vll, ” 4 )]dF(v )dF(v )dF(v ),

i3<lis

Rys = n*E[o(V,, V2,V )o(V,, V2, V)],

and

Rys=n’ max E[p(V, V. V,z)]2~

I<ii<ih<n
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Remark. In certain cases, the above results can be simplified: (1) if [po0 @(v1,0,, vg)Hf:l
dF(p) =0, S, = O MY ") 4 O(X°, Ryy), and (2) if [ (01, 0,,03)dF(v,) =0, S5 =
O M/ ) + O(Ry).

Lemma C'3' S3 = E[Zil <[z<i3<[4(p(Vi]9 Viz) Viga ViA)] = O(n4E[(/)(7jl,V[2,7j3,V[4)]) +

O MY ™) +002 ML) + 0y "), where

— 140
M3l = max max{/ﬂ |¢(Ul, Uz; U3, U4)| + dFi]i2i3i4(vlavzav3av4)7
R(

I<ii<--<ig<n

/41 |(P(U],U2,U3,U4)|1+6 dF(Ul)dFi2i3i4(vzyU33U4)}a
R4

My = max max{/M lp(v1, v, v3,v4)|" T AF (v1) dF 11,1, (0, 03, 04),
R(

2<ih < <ig<n
/41 lp(v1,v,, 03, va)|'° dF (v1) dF (v2) dF 1, (v3, U4)},
-

and

M3 = max max{ /M @1, 0, 03, 0)|'T° AF (1) dF (02) A F 1,7, (03, v4),
R

3<iz<iy<n

4
/ ’ lp(v1,v,, v3, va)|' H dF(Us)}-
R4

s=1
Remark. In certain cases, the above results can be simplified: (1) if fRM o(vy,...,04)
[T dF @) =0, §3= 0 M3\ ") + 00 M3 ™)+ 0uMy ™) @) if - farg
@1, 0)dF(©)dF() =0, 83 =0 MY+ 0M;{"*?); and  (3) if o
(v1,...,04)dF(v,) =0, S35 = O(HM;{(H—&)).

Lemma Cd4. Sy =E[Y ;i (Vi Vi, Vi, Vi)l = 005 M) + Ot My )+
O(Y1_, Ray), where My = max{Mai, M, Ms3},

My = max max max lop(v, ,v,,0,,0,)0(v,_,v, 0, ,0, )"+ de,
I<ij<--<ig<n 1<j<5 plge;)ji? RS 17 77 737 Ty 57 Tig? Tip? Tig )

_ 140 4 p7
My = max max max lo(, ,v,_,v, v, ), ,v,_,0, ,0, )] "°dP;,
I<ij<-<iz<n 1<j<5 P]e;’%} R 17277 1 57 e’ 17 J

_ 140 4 pb
My = max max max lp(, ,v,,v,,0, ), ,v,,0,_,0 )| "°dP;,
I<ii<--<ig<n 1<j<5 Poest Jpod 17707 737 177027 7057 e J
My = max max max lo(v, v, ,v,,0,)0, v, 0, ,0,)"dP3,
I<ij<--<is<n 1<j<4 pSep’ Jpsd 1 27 Ti3? iy 1 27 Ti3? Vs J

J J

iy <i7<lIg

3 6
Ry =n* max /R Elp(,. 0,0,V 0,0, v, VL] dF@) T dF,).
s=1 t=5
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ic<iy

R42En7max/RSd [(p(v Vs Uy v)<p(v sV V)HdF(v

i1<iy

6
R43 E’171’1’121)(/de [ (VI]5UV27 iy? 14)¢(V ) 157 16 17)]H2 dF(UiS)a
§=

£
I

135<ly

3 6
= max [ Flotw, v V00000, VN ] @) [ are),
S= 1=

and

Ry=n' max _Elp(V1,V,.V .V P

I<ii<ih<iz<n

Remark. In certain cases, the above results can be simplified: (1) if fRM 10}
W1, v dF (W) = 0, Sq = O My ") + Om* MY ") + O(C T Ray); (2) if [
@(1,...,04)dF(0)dF (1) = 0, S4 = O MY/ ") + O(m* M) + O(S]_ Ryy); and (3)
if fra @01, .., 04)dF(v,) = 0, S4 = O M) + O(n 4M‘/<‘”)) + O(R4).

Lemma C5. §s= E[Z” <iy<i3<ig<is (P( ViisVi, Vig, Viw‘ Vi)l = O(HSE [(p(vil ’I_/izvviw
Vi))+ O(n 4Ml/(ler)) + O(n3M¥(l+())) + O(nzM;é(Ho)) + O(nM;{(Hé)), where

l4a

_ . . 140 4
Ms = max de{/”Iw(vl,vz,vs,vzx,vs)l dF iisigis (U1, 02, 03, 04, U5),

1<ij<--<is<n

/5[ lp(v1,v2, 03, V4, v5)|' 70 AF(v1) AF 151,45 (02, 03, 04)},
-

— 140
M52 == max maX{/Sl |(P(Ul, U2, U3, U4, U5)| + dF(Ul) dFi2i3i4i5(UZ9 U3, U4, US):
RS

2<ih < <is<n

/5[ l@(v1, 02, U3, 04, v5)|" T AF (01) AF (v2) A F 1y1,45(v3, 04, Us)},

Msy = max max{ /51 |p(v1, 02, 03, 04, 05)| "+ AF (01) AF (03) dF 1,55 (03, 04, 05),
R

3<iz<--<is<n

3
/5[ (01, v2, 03, v4,5)| " T | dF () dFi4i5(U4a175)}>
R

s=1
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and

3
Msys = max max{/w (01,02, 03, v4,05)| " T | dF(w5) dF i (04, v5),
R

4<ig<is<n =1

5
/Sd lp(v1, 02, 03, vg, 05)|' T H dF(Us)}
R

s=1

Remark. In certain cases, the above results can be simplified: (1) if fRM o, ..., 0s)
I, dF () = 0, S5 = O(* MY+ 4 00 MY + 002 MY ) + 0mMm YD) (2)
i e (01, 0Ly AF(@) = 0. S5 = OGP M) 4+ O My™™) + OGu ™)
(3) if S @(v1, .., 05) dF(0,) dF(2) = 0, S5 = O MY D) + 0 *); and (4) if
ot @01, .., v5)dF(v,) = 0, S5 = O(ML/1),

Lemma C.6. S¢=E [Zh < <iy<iy<is oVi, Vi, Vie, Vi, Vi5)]2 — O(H7Mé/(l+6))+
O(nﬁMé£(1+5)) + O(nsMéé(lJr&)) + O(2_ | Rey), where Mg = max{Mg), My, M3},

Mg =  max max  max o, ,v,,v,,0 0 )0 v v v v )'T0dPY,
1<ii<-<ig<n 1<j<7 ploggpld [piod S N M /
7 7
Mg = max max max lo(v, v, ,v,.,0,,0 )0, ,v, 0,0 0 )| dP,
I1<ij<-<ig<n 1<j<7 P?e;?;’ R 1 27 Ti37 g2 Tis 1 67 77 Tig? Ty J
Mgz = max max max lo(, ,v,,0,,v,,0, )0, ,0,,0, ,0,,0, )1+ de,
I<ij<--<ig<n 1<j<7 P?EW;‘ RS 1 2 3 4 5 1 2 6 7 8
Moy = max max max U, 30,50, 50, 0 )P, 40,0, 50, ,0,)] T d P
ISii<-<i<n 1<j<7 Pleg] Rm'q)( b2 U Uigs Uss Ui JP(0 > 1y Oy O ) 7’
Mgs = max max max o, ,v_,v. v, ,0 )00 0,0 v ,0)'T0dPS,
1<ij<-<ig<n 1<j<6 poepb |pod i12 Tip? Ti3? Tig? Tis 12 T2 Ti3? Tig? 76 J
) J=0

is<ig<ig

4 8
_ 10 -
Rq =1 max /R SEIO0 0000V, 0000, 00,V VT R ) [T R,

ig<i9

7
— 9
Ra = max [ B0, 0,00,00,00,0000,0,00, V, V) ] arc),

&
I

i1<i7

8
= »n° max /R” Elo(V, v, ,v.,0,,v )0V, v, v, 0.,V )] H dF (v, ),
‘ §=2

4 8
Res = n° max /R SE00, 000 V00,0t VO T aFe T 6,
S= =

iy <iy
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R65 = nSE[@(Vl > ?2’ 73’ 743 Vs)(p(vl > Vza Vﬁ?v77 Vg)]’
R66 = H7E[(D(7] H ?2’ Vq’ 743 Vs)(p(vl > Vza V}?Vﬁﬁ V7)]’
R67 = néE[(p(Vlavpvw 4 V )QD(V 14 V )]

Regg=n’ max Elo(V1,V, .V, .V, . Vi)l

l<ii<ih<iz<ig<n

Remark. In certain cases, the above results can be simplified: (1) if [ @(vr,...,0s)
HS ldF(D)— 0 R61 R53 vanish in Sﬁ, (2) if wa qD(Ul,.. 1)5)1—1A ldF(U)— 0 R61 R65
vanish in S¢; (3) if fde o(v1,...,05)dF(v,)dF(v2) = 0, Rs1—Res vanish in Se; and (4) if
fRd QD(U], ey U5) dF(Ul) =0, Rg1—Rg¢7 vanish in Ss.
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