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A NONPARAMETRIC HELLINGER
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We propose a nonparametric test of conditional independence based on the
weighted Hellinger distance between the two conditional densities, f(y|x, z) and
f(y|x), which is identically zero under the null. We use the functional delta method
to expand the test statistic around the population value and establish asymptotic
normality under B-mixing conditions. We show that the test is consistent and
has power against alternatives at distance n~'/2h~4/% The cases for which not
all random variables of interest are continuously valued or observable are also
discussed. Monte Carlo simulation results indicate that the test behaves reason-
ably well in finite samples and significantly outperforms some earlier tests for a
variety of data generating processes. We apply our procedure to test for Granger
noncausality in exchange rates.

1. INTRODUCTION

We investigate a nonparametric test of the conditional independence of Y and Z
given X, i.e.,

Y1 Z|X. (1.1)

This is related to the more familiar hypothesis that Y is independent of Z, but
neither implies the other in general (see Phillips, 1988). Moreover, this hypoth-
esis is important in both econometrics and statistics, in that many important
concepts can be formalized using conditional independence (see Dawid, 1979).

Our first motivation is testing Granger noncausality. As Florens and Mou-
chart (1982) and Florens and Fougere (1996) show, Granger noncausality is a
form of conditional independence. The hypothesis of distributional Granger
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(1980) noncausality for two stationary ergodic time series {Y,} and {Z,} is as
follows. Given lags p and ¢, {Z,} does not Granger cause {Y,} if

Y, L(Ziyyo o Zio ) | (YY), 1.2)

To test Granger noncausality, early studies often specified linear vector auto-
regressive (VAR) models. A serious problem with a linear approach is that such
tests have low power in detecting nonlinear alternatives. Bell, Kay, and Malley
(1996) propose a procedure using nonparametric additive models but do not
provide distribution theory. In contrast, Back and Brock (1992) use the corre-
lation integral to detect nonlinear alternatives in independent and identically
distributed (i.i.d.) data. Hiemstra and Jones (1994) modify Baek and Brock’s
approach to allow weak stochastic dependence.

Our second motivation concerns specifying the semiparametric binary choice
model

Y=1{G(X,B) = ¢}, (1.3)

with 1{-} the indicator function, G a function known up to a parameter 3 (e.g.,
G(X,B) = X'B), and ¢ an unobservable error. The literature divides according
to whether € is assumed independent of X or only median independent. The
latter condition, imposed by Manski (1975) and Horowitz (1992), accommo-
dates conditional heteroskedasticity of unknown form but precludes estimating
[ at the usual \/; rate. In contrast, if € is independent of X, one can estimate at
the \/; rate; see Klein and Spady (1993). As independence between X and &
implies conditional independence of observables,

Y 1 X|G(X,B), (1.4)

it suffices to assume the weaker condition (1.4) when specifying model
(1.3). This permits the dispersion of & to depend on X and still permits an \/——
consistent estimator. This approach holds generally for transformation models,
including binary choice, duration, and censored regression models. It also extends
to panel models. (See Linton and Gozalo, 1997.)

The next example concerns sample selection. A huge literature has devel-
oped from the work of Heckman (1974) and Gronau (1974), who consider the
following selection problem: each population member has a triple (X, Y, Z),
with vectors X and Y and Z =1 or O (e.g., Y is log offered wage, X is worker
attributes, and Z = 1 if the worker has a job and Z = 0 otherwise). A researcher
always observes (X, Z) but observes Y only when Z = 1. The researcher is inter-
ested in

PY|X)=PY|X,Z=1)P(Z=1|X)+P(Y|X,Z=0)P(Z=0|X).

The sample is uninformative about P(Y|X,Z = 0), and so early researchers
often assumed
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YLZ|X (1.5)

Given that P(Y | X, Z = 1) is identified, (1.5) identifies P(Y|X). Since the 1970s,
economists have used latent-variable models of the form

{Y: gl(X) +8l7
Z=1{g,(X)+ &, >0},

with g; and g, real-valued functions and &, and &, unobserved errors. The early
literature assumes &, L &,|X, implying (1.5) and the absence of selection bias.
For more, see Angrist (1997).

In each of these three examples it is of interest to test whether the condi-
tional independence hypothesis is true. This brings us to our contribution. There
are many nonparametric tests of independence for continuous random vari-
ables, starting with Hoeffding (1948), including empirical distribution-based
methods such as Blum, Kiefer, and Rosenblatt (1961) and Skaug and Tjg@s-
theim (1993), smoothing-based methods such as Rosenblatt (1975), Robinson
(1991), and Hong and White (2005), and others, e.g., Brock, Dechert, Scheink-
man, and LeBaron (1996). Nevertheless, practical nonparametric tests for
conditional independence are not as well developed.! Using empirical pro-
cess theory, Linton and Gozalo (1997) give a nonparametric test of condi-
tional independence using a generalized empirical distribution, and Delgado
and Gonzdlez-Manteiga (2001) give an omnibus test of conditional indepen-
dence using the weighted difference of the estimated conditional distributions
under the null and the alternative. Nevertheless, both tests are for the i.i.d.
case, and neither is asymptotically pivotal. In contrast, we build on the large
literature on kernel-based omnibus testing of restrictions on nonparametric
curves, initiated by Bickel and Rosenblatt (1973) and Rosenblatt (1975). We
give a test for conditional independence based on a weighted version of Hell-
inger distance under weak data dependence. A main advantage is that our
statistic is asymptotically pivotal. Despite its inability to detect local alterna-
tives at rate n~ /2 like the tests of Linton and Gozalo and Delgada and
Gonzalez-Manteiga, it turns out to be more efficient in the direction of certain
high-frequency alternatives such as those of Rosenblatt (1975) and Horowitz
and Spokoiny (2001).

Among other things, our test applies to test for Granger noncausality with no
need to specify a linear or nonlinear model. Also, it applies to cases where not
all variables are continuous or observable.

The paper is organized as follows. In Section 2, we give the basic frame-
work, assuming no parameter estimation and that all random variables are con-
tinuous. Section 3 studies the asymptotic null distribution of our statistic and
global and local power properties. Section 4 treats discrete variables, param-
eter estimation, and bootstrap approximation. We report a Monte Carlo study
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and an application in Section 5 and conclude in Section 6. We relegate techni-
cal details to Appendixes A-D.

2. BASIC FRAMEWORK

We wish to know if Y and Z are independent given X, where X, Y, and Z are
di-, d»-, and d5-vectors, respectively. We have n identically distributed, weakly
dependent observations (X,, Y, Z,), t = 1,...,n.

The joint density (resp. cumulative distribution function) of (X,, Y,, Z,) is f
(resp. F). We reference marginal densities of f(x, y, z) simply using the list of
their arguments—e.g., f(x,y) = [f(x,v,2) dz, f(x,2) = [f(x,y,2) dy, and f(x) =
[f(x,y,z) dy dz, where [ integrates on the full range of its arguments. This
notation is compact and, we hope, sufficiently unambiguous.

Let f(-]-) be the conditional density of one random vector given another.
Formally, the null is

Hy:Pr{f(y|X,2) = f(y|X)} =1 Vy€ER% 2.1

equivalent to f(x, y,z) f(x) = f(x, y)f(x, z), for all (x,y, z) in the support of f.
The alternative is

H, :Pr{f(y|X,Z) = f(y|X)} <1 forsomey& R®, 2.2)

Our test statistic is based on the weighted Hellinger distance between

f(x,y,2)f(x) and f(x, y)f(x,z2):

IR
I'(fF)= f{l f—(x, D ) } a(x,y,z)dF(x,y,z7), 2.3)

with a(-) a specified nonnegative weighting function with compact support
ACRYd=d, +d, + ds.

The weighting function is crucial. It truncates integration at the extremes,
where precise estimation of densities is quite hard. Thus, we only detect devi-
ations between f(x, y, z)f(x) and f(x, y)f(x, z) on A. One can also assume com-
pact support for (X,Y, Z) and use Hellinger distance (a = 1).

Other statistics can be constructed using entropy (e.g., Robinson, 1991;
Fernandes, 2000; Hong and White, 2005) or using the L? distance between
f(x,y,2)f(x) and f(x,y)f(x,z). It is well known that entropy- or Hellinger-
based statistics have better small-sample performance than L2-based statistics
when testing serial independence. Theoretically, Hellinger distance has some
advantages over distances based on the LY norm, e.g., ¢ = 1,2, or co. Let f; and
f» be densities. Then: (1) The L' or L* norm of f; — f, equally weights identical
differences between fi and f, regardless of whether the smaller of the two is
large or small, whereas L* only weighs the extreme distance between f; and f>.
(2) Like L™, L' is analytically awkward. (3) None of the L¢ norms, ¢ = 1, 2, or
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oo, are invariant to continuous monotonic transformation. In contrast, like Shan-
non entropy, Hellinger distance does not have these problems. In particular, it
is invariant to continuous monotonic transformation, which is important in appli-
cations. We use Hellinger distance instead of entropy as only the former yields
a second-order theory a la White and Hong (1999) in the presence of the weight-
ing function a. See Pitman (1979, Ch. 2) for more on distances between prob-
ability measures.

To define our test statistic, we first introduce kernel estimators for the
unknown densities. For a kernel function? K and bandwidth & = h(n), we define

K, (u) = h™“K(u/h), (2.4)

where u has dimension d. We use the standard Nadaraya—Watson (NW) density
estimator,

R 1
fWJJFE;EKﬂx—KJ—KJ—Zm (2.5)
=1

estimators for f(x,y), f(x,z), and f(x) are analogous. Let F' be the empirical
cumulative distribution function (c.d.f.) of (X,Y,Z). Our test statistic is a sam-
ple analogue of (2.3),

s ([ e | .
r= F(f;F)_ IA{I f(x,y, Z)f()C) } fl(x,y,Z) dF(xayaZ)

%_/ﬂ&nmsz
f(X,. Y, Z)f(X,)

g

2
} a(XT’)/;"Zt)'

n =1

We show that the properties of I follow from the properties of I'. Two obser-
vations are important: (1) the first-order terms in the expansion of T'( f, F) around
I'(f,F) degenerate under the null;® and (2) the distance between I'( f, F) and
T(fF) is asymptotically negligible. The latter is important as it is easier to
study the asymptotic behavior of T'( f. F). The former is important as it implies
that the usual \/;—asymptotics (e.g., Robinson, 1991) do not apply; different
normalizations must be used (e.g., White and Hong, 1999; Hong and White,
2005).

3. THE ASYMPTOTIC DISTRIBUTION OF THE TEST STATISTIC

We now treat testing conditional independence for a continuously distributed
stochastic process.
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3.1. Asymptotic Null Distribution

Our assumptions are as follows. See Appendix A for definitions and other tech-
nical material.

Assumption A.1 (Stochastic process).

(@) {W, = (X/,Y/,Z)) € Ritd+ds = R4 ¢t = 0} is a strictly stationary
B-mixing process with coefficients B8,, = O(p™) for some 0 < p < 1.

(b) W, =(X/,Y/,Z))" has joint distribution F and joint density f such that f
has continuous partial derivatives of order r = 4, bounded and integra-
ble on R?. The joint density f is bounded away from zero on the com-
pact support A of a(-), i.e., inf,,c4 f(w) = b > 0, and satisfies a Lipschitz
condition: | f(w + u) — f(w)| = D(w)||u|, where D has finite (2 + n)th
moment for some 1 > 0 and |- | is the euclidean norm.

(c) The joint probability density function (p.d.f.) f, . ,.(-,...,-) of
(W, W, ,...,W,) (1 =1=5) is bounded and satisfies a Lipschitz condi-

tion: ‘f;‘] ,,,,, t,(WO + Ug,..-,W; + Ml) - frl ..... t,(WO"~-’Wl)| = Dt] ,,,,, 1
(Wo,...,w)|lul, where u = (ug,...,u;) and D, is integrable and
satisfies [D, ., (wo,...,w)|w|*dw < M < oo and [D,
Wos oo s wfi o (Wo, .o oywy) dw < M < oo for some & > 1.

.....

Assumption A.2 (Kernel). For some even integer r = 4, the kernel K is a
product kernel of the bounded symmetric kernel k:R — R satisfying
Jru'k(u)du=8;0(i=0,1,...,r—1), Co= fruk(u) du < oo, [gu’k(u)>du <
oo, and k(u) = O((1 + |u|""'*?)7") for some 6 > 0, where §,; is Kronecker’s
delta.

Assumption A.3 (Bandwidth). As n — 0, the bandwidth sequence 7 — 0,
such that

(a) nh*¥/(Inn)? — oo for some y > 0;
(b) nh¥/2+2r 2 0,

Remark 1. Assumption A.1(a) is standard for application of a central limit
theorem (CLT) for U-statistics for weakly dependent data (e.g., Fan and Li,
1999a). It is satisfied by many well-known processes such as linear stationary
autoregressive moving average (ARMA) processes and a large class of pro-
cesses implied by numerous nonlinear models, including bilinear, nonlinear auto-
regressive (NLAR), and autoregressive conditional heteroskedastic (ARCH) type
models (see Fan and Li, 1999b). Assumptions A.1(b) and (c) are primarily
smoothness conditions like those imposed by Li (1999). Assumption A.2 requires
a higher order kernel, which is common in the literature (see Robinson, 1988;
Fan and Li, 1996; and Li, 1999). Assumption A.3 restricts the bandwidth
sequence. Although we allow different bandwidths for different kernel density
estimators, we in fact use the same bandwidth /. This makes certain bias terms
cancel each other under the null. For more on bandwidth choice, see Chen,
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Linton, and Robinson (2001). Assumption A.3(a) is explicitly used in the proof
of Lemma B.7 in Appendix B. It is stronger than the common assumption
nh?/(Inn)” — 0 for some y > 0, which suffices for Lemmas B.2-B.6. We
conjecture that one can use the weaker assumption at the expense of highly
technical argument to show asymptotic negligibility of the remainder in
Lemma B.7. If so, as a referee comments, one can use a second-order positive
kernel (7 = 2) for the important case d = 3.*

To state the result and give the derivation, let> w = (x,y, z) and define the
following notation:

= d

Bl (Cl) L a(W) dW,
4 1

B,=(C)"'C X > @2f(w)/aw?)a(w)/f (w) dw,
i=1 JA

By = (Cl)d‘“’zf a(w)fw)/f (x,y) dw,

A

B = ()" [ atfon)fr(e.2)a,
A
B = ()" [ atwirn/pe) dv,
A

2= (C,)¢ 2 dw,
o (Cy) La(w) w

where C, = [rk(u)?>du, C, = [guk(u)?du, and C; = [r(Jrk(u + v)k(u) du)?
dv. For a kernel satisfying Assumption A.2, the C;’s can be calculated explic-
itly; e.g., when k(u) = (3 — u?)@(u)/2 with @(u) the standard normal p.d.f.,
we have C; = 27/(3247), C, = 15/(64/7), and C; = 7,881/(8,1924/27). We
can now state our first result.

THEOREM 3.1. Under Assumptions A.1-A.3 and under H,, if d = 7 and
d1_4<d3_d2<4_d],then

nhd/2{4fw _ n—lh—dB1 _ n—lh—d+2B2 + n—lh—(d1+d2)B3
+n tpm@rdIp, — = iR} 45 N(0,20°2).

The proof relies on a functional expansion of T'(-, F), as in Ait-Sahalia, Bickel,
and Stoker (2001), and some preliminary U-statistic results in Tenreiro (1997).
In studying goodness-of-fit tests for kernel regression, Ait-Sahalia et al. derive
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the functional expansion for the sum of squared departures between restricted
and unrestricted regressions. Similarly, we take a second-order expansion, as
the first-order term vanishes under the null.

Not all the bias correction terms, B;, i = 1,...,5, may be necessary. For exam-
ple, if d = 3 (implying d, = d, = d; = 1), both B, and Bs are asymptotically
negligible. If d, + d3 > d;, Bs is not needed. If d3 > d, + d, (resp. d, > d; +
ds) then Bj (resp. By) is unnecessary. If d = 5, as the “curse of dimensionality”
requires for realistic applications, the restriction d; — 4 < d; —d, < 4 — d, is
redundant.

To implement, we consistently estimate the last four bias terms at certain
rates as

) C d— IC n d 1 R N
B, = ( ) > Z E{ﬁ(Z)(VV,)a(VVt)/f(O)(VVt)2}’
. (C )d \tdy n

By=— E{a(W)/f(Xt,m}

(Cl )d1+d3 n

B4 = Tz{a(vvt)/f(xr’zt)}’

t=1

. ( 1)"' "
By E{a(W)/f(X )}

where, e.g., @ (w) =n"h; @I, ki ((w; = W, )/h )T, ko) ((w; — W, ;)/
hy), fOw) = nthy? S0 T ko) ((w; — W, ;)/hy), k) is the kernel of order
(v, p) for estimating the vth partial derivative of a univariate density, &, is a
bandwidth sequence, and W, ; is the ith element of W;, i = 1,2,...,d. Follow-
ing Gasser, Miiller, and Mammitzsch (1985), we assume 0 < v =< p — 2, where
v =0 or 2 and p is even. The choice of k) (v = 0,2) is crucial to estimate the
second-order partial derivatives effectively. For brevity, we refer the reader
to Gasser et al. (1985) and Singh (1987).° It is not hard to show that
h(d3*d17d2>/2(1§3 — B5), h<drdﬁd3)/2(1§4 — B,), and h(dz+drdl)/2(1§5 — Bs) are
0,(1) by Assumptions A.1-A.3. We show in Appendix D that, for i =1,...,d,

2—d/2 “ f,(z)(W)a(W) 9%f(w) a(w) } _
h/ {"21 FOw,) _JA ow? f() o,(1); G.D

given h2~92h 2v, = o(1), with v, = n"2h;*(Inn)” + hY for y > 0, and so
h2*42(B, — B,) = 0,(1).

Then the estimation errors for the bias terms are asymptotically negligible,
and we can compare
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T,=nh¥* {40 —n"'h =B, —n 'h™ "B, + n"'h~ (4B,
+n B, — g B Y202 (3.2)

to the critical value z,, from the N(0, 1) distribution, i.e., zgos = 1.645 and z ;o =
1.282, as the test is one-sided, and we reject the null when 7, > z,.

3.2. Consistency and Local Power Properties

We now study the consistency and local power properties of our test. Our con-
sistency result is as follows.

PROPOSITION 3.2. Suppose thatd =7, d, —4 <dy; —d, <4 —d,, and
h*~92p 2y, = o(1). Under Assumptions A.1-A.3, the test based on the statis-
tic (3.2) is consistent for F such that T(f,F) = € > 0.

Note that the preceding proposition is equivalent to saying that the test is
consistent when a(x, y, 2){1 — \f(x, y)f(x,2)/[ f(x,v,2)f(x)]} # 0 in a region
of positive density mass. In theory, we should require the support A of a(-) to
be as large as possible. In practice, we often have that A = A X A, X A; C
R X R%2 X RS A, = {x € R :x € [X — 2 Sy, X + 2 8¢]}, with X and Sy
the sample average and standard deviation of X, respectively; and A, and A;
are defined analogously.” Note that the support A chosen in this way is depen-
dent on 7, but this has no asymptotic impact on the distribution of our statistic.

To define local alternatives we follow the notation of Gouriéroux and Ten-
reiro (2001) and consider a sequence of d-dimensional strictly stationary pro-
cesses (W,,, 1 = 0).

Assumption A.1*. (a) {W,, = (X/,Y),Z.) € RIFTaTa = R ¢ =

1,...,n; n = 1,2,...} is a strictly stationary B-mixing process with coeffi-
cients B3 satisfying

B, =supB)=0(p™) forsome0<p <1I.
neN

Let f*)(x,y,z) be the joint density of X,,,Y,, and Z,. Let a, — 0 as
n — oo. We first examine the power of our test against the sequence of local
alternatives

Hy(a,):f"(y]x,2) = fO 01 + @, Aw) + o(a,) A, (W], (3.3)

where fl"l(y|x,z) and fU")(y|x) are conditional densities derived from
fl"(x,y,7) and A(w) and A, (w) are specified in Assumption A.4.
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Assumption A.4 (Local alternatives).

(@) 1+ a,A(w) + o(a,)A,(w) =0 for all w € R? and all n € N.

(b) [ra Aw) I (x, ) f1"(z]x)dw = 0 and [pa A, (W)U (x, y) f1")(z]x)
dw = 0 for all n € N.

(©) JalAW)[P I (w)a(w) dw < M and [4|A,(w) > (w)a(w) dw < M for
some M < oo for all n € N.

(d) lim,,_,o, f1"1(-) exists and f(w) = lim,,_,o, £ (w).

Assumptions A.4(a) and (b) ensure that fI"1(x,y, z) is a valid p.d.f. for all
n € N. Assumption A.4(c) ensures that the remainder term o(a,)A,(w) has no
impact on the asymptotic distribution of the statistic 7, and «, A(w) is at dis-
tance O(aw,) from the null. Also, we modify Assumptions A.1(b) and (c) as
follows.

Assumption A.1*. (b) and (c) Assumptions A.1(b) and (c) hold with f["]
and F" replacing f and F, respectively.

PROPOSITION 3.3. Suppose thatd =7, d, —4 < ds; —d, <4 — d,, and
h? 42p 2y, = o(1) and that a,, = n~"?h~* in H\(«,,). Then under Assump-
tions A.1* and A.2-A.4, Pr(T, = z.|H,(a,)) — 1 — ®(z, — 8/(\20)), where
8= [aa(w)A(w)>f(w) dw.

Remark 2. Proposition 3.3 indicates that our test statistic 7, has nontrivial
power against H,(a,,) with a,, = n~"/2h~%* whenever & # 0. The rate n~'/2h~%/*
is slower than n~'/2, as h — 0. In contrast, the Linton and Gozalo (1997) and
Delgado and Gonzélez-Manteiga (2001) tests have nontrivial power in the direc-
tion of alternatives converging to the null at rate n~ /2. Thus, the latter tests
would be more powerful than ours against local alternatives such as (3.3).

Next, consider the following high-frequency alternatives of the type consid-
ered by Rosenblatt (1975) and, more recently, by Horowitz and Spokoiny (2001):

Hy (A7) 1 f1(yx, 2)
= MO+ A, A0 = wo)/¥,) + o (L)AL (W =wo)/y,)],  (34)
where wy € A C R %74 with a(wy) > 0, A, and y,, = 0 as n — co.
Assumption A.4* (Local alternatives).

(@) 1+ A, A((w —wo)/v,) + 0(A)A,(w—wy)/v,) = 0 for all w € R and
alln € N.

(b) S AW = wo)/v,) f1(x, y) fI)(z] x) dw = 0 and [ga A, (W — wo)/¥,)
FU(x, y) (2] x) dw = 0 for all n € N.

(©) SalAw)|?dw < M and [4]A,(w)|>dw < M for some M < oo for all
n € N.

(d) f1(.) is bounded RY, lim,,_,, f1"1(-) exists, and f(w) = lim,_,o. f " (w).
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PROPOSITION 3.4. Suppose thatd =7, d, —4 < ds; —d, <4 —d,, and
h?~42h v, = o(1). Suppose Hy ,(A,,7y,) hold with nh?’* X%y, — C € (0,00].

Then under Assumptions A.1%, A.2, A.3, and A.4", Pr(T, = 2| Hy 1 (A vn)) =
1 — ®(z, — 8/(\20)), where § = Ca(wo) f(wo) [ A(w)?dw.

Remark 3. Proposition 3.4 indicates that our test statistic 7, has nontrivial
power against H; ,(A,,y,) for certain sequences of A, and 7,. For example, if
we choose A, = (nh¥?)~'3 and y,, = (nh¥?)~'3(In1n n)” for some y = 0, one
can easily see that the condition on A, and v, in the preceding proposition is
met. Noticing that A,y, = o(n~/?), it is known that in this case the powers of
the Linton and Gozalo (1997) and Delgado and Gonzalez-Manteiga (2001) tests
converge to zero as n — co. Therefore, our test is more powerful than the latter
tests for certain high-frequency alternatives of the form (3.4).

4. EXTENSIONS AND DISCUSSION

In the preceding discussion we treat a stochastic process that has continuously
valued realizations. Although this case suffices for many empirical applications
(e.g., nonparametric testing of Granger noncausality), our testing procedure is
applicable to a much wider range of situations. We now discuss two cases that
generalize the preceding basic results. Also, we propose a bootstrap approxima-
tion to the distribution of our statistic.

4.1. Discrete Random Variable

Our test can be modified to incorporate the case in which one of the random
variables in (X, 7, Z) is discretely valued. For notational convenience, we explic-
itly assume that Z is a binary variable.®

Let f1(x,y) =f(x, y)P(Z = 1] x, y) be the joint density of (X, Y, Z) with respect
to the product of Lebesgue measure on R“ "% and counting measure. Simi-
larly, one defines fi(x) = f(x) P(Z = 1|x), fo(x) =f(x) P(Z = 0| x), and fy(x, y) =
f(x,y)P(Z = 0] x,y). The test is based on the functional

L(fF)= f{l - ,/%} a(x,y) dF,(x,y)
+ J {1 _y %} a(x,y) dFy(x, y), @.1)

where a(x,y) is a nonnegative weighting function that can be understood as
our previous a(x,y,z) restricted to R4 dF(x,y) = f(x,y)P(Z = 1]|x,y)
dxdy, and dFy(x,y) = f(x,y)P(Z = 0]x,y) dx dy. Clearly, under the null that
Y L Z|X, T(f,F) = 0. It is easy to show that under suitable conditions,
a normalized version of the sample analogue of I'(f, F) is asymptotically
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normally distributed, and the dimension d; does not affect the convergence rate.
For brevity, we do not report the theoretical result here; it is available in the
working paper version of this paper at http://www.econ.ucsd.edu/ " Isu/.

4.2. Conditional Independence Testing with Estimated Variables

Now consider the case in which W = (X', Y’,Z")" is not observed directly but
can be estimated. Asymptotic results for this case are useful when a conditional
independence test is conducted using residuals or other estimated random vari-
ables. Let {M, € R ¢t = 0} be the observed process. Of interest are certain
functions calculated from M, i.e., W(M,0) = (X(M,0),Y(M,0),Z(M,0)") €
Ré*dtd = R4 where the parameter § € ® C R?”. The null is, for some
unknown 6, € 0O,

Hy:Y(M,0,) L Z(M,6,)| X(M,86,). “4.2)

Denote the p.d.f.s of W(M, 6) and its subvectors by f(w;6), f(x, y;0), f(x, z;0),
and f(x;0), respectively. Let F(w;60) be the c.d.f. of W(M,#). Under the null,
we have

_ ey z0) T o
I‘z(f,F,GO)=J{1 \/ Fovi80)f (260 }a(w,@o)dF(w,Oo)—O, 4.3)

where a(w;0) = a(w(#)) is a nonnegative weighting function that depends on
0 only through w and is otherwise the same as a(w) used in Section 3. We
suppose that there exist estimates 6 of 6, that are \/Z -consistent under the null.
To implement the test, we replace I ( f, F;6,) by its sample analogue

[ {1_\/f(Xt(é),Y,(é))f(x,(é),z,(é))
FW,(0)(X,(9))

where, e.g., W,(0) = W(M,,0) and f(w;6) is the standard NW density esti-
mator of f(w;#) that uses “observations” {W,(#),1 = t = n}. Under mild reg-
ularity conditions, we can show by applying results of Andrews (1995) that
estimation of 6 does not affect the asymptotics, as

} a(W,(6)),

L(f,F;0) = T,(f, F;0,) + 0,(n "h=%). (4.4)

4.3. Smoothed Local Bootstrap

Generally speaking, the basic problems for the bootstrap are how to impose
the null in the resampling scheme and accommodate the dependence structure
in the data. We stress the fact that the theorems obtained in this paper are
based on asymptotic considerations. As Neumann and Paparoditis (2000) noted,
to get an asymptotically correct estimator of the null distribution of 7, it is
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not necessary to reproduce the whole dependence structure of the stochastic
processes generating the original observations. Simple resampling from the
empirical distribution of W, = (X/,Y/,Z;)" will not impose the null restric-
tion. Paparoditis and Politis (2000) propose a local bootstrap procedure for
nonparametric kernel estimators under general dependence conditions. We essen-
tially do the same thing here, except that our conditioning variables are not
necessarily lagged dependent variables. Let W = {W,}/_,. We draw bootstrap
resamples {X;,Y*,Z'}/_, based on the following smoothed local bootstrap
procedure: (1) Draw a bootstrap sample X* = {X}/_, from the smoothed ker-
nel density f(x) =n' X", L, (X, — x), where L,(x) = b~“L(x/b) with L(-)
a product kernel of a univariate density /, and b > 0 the resampling band-
width. (2) For t = 1,...,n, given X;, draw Y, and Z; independently from
the smoothed conditional density f(y|X;) = X", L, (Y, — y)L,(X, — X})/

=1L, (X, — X[) and JF(Z|Xf) = 2 Ly(Z, — DL,(Xy — X))/ 202 L,
(X, — X/), respectively, and denote W* = (X;',Y,",Z}’) and W =
{W7}/_,. (3) Compute a bootstrap statistic 7," in the same way as T,,, with W*
replacing W. (4) Repeat steps (1) and (2) B times to obtain B bootstrap test
statistics {7}/ ,. Paparoditis and Politis (Rmk. 2.1) explain how to generate
the bootstrap replicates computationally.

Let Pr* denote probability conditional on the sample W. The level « critical
values ¢, are computed as an approximate solution to Pr*[7 > ¢,] = a. The
bootstrap p-value is then given by p* = B! Ele 1(T,; > T,). Several facts are
worth mentioning: (1) Conditionally on W, the bootstrap replicates W," and
W are independent for ¢ # s, and they have the same distributions; (2) condi-
tionally on W, Y,* and Z; are independent given X;". We shall use these facts
repeatedly in the proof of Theorem 4.1 in Appendix C.

To show that the smoothed local bootstrap procedure works, we impose the
following conditions on L(-) and b.

Assumption A.5 (Bootstrap kernel and bandwidth).

(a) The kernel L is a product kernel of a bounded symmetric kernel density
[:R — R" such that [gu’l(u) du = 8;o (i = 0,1).

(b) Iis r times continuously differentiable such that [z u/l'”(u)du = 0 for
j=0,1,....,r—1and [ru"l" (u) du < .

(c) Asn — oo, b = 0, and nb9"?"/(Inn)” = C € (0,00] for some y > 0.

Assumption A.5(a) is standard. We impose Assumptions A.5(b) and (c) to
ensure that the smoothed kernel densities f ’s are well behaved, e.g., the rth
derivatives of f(x) are bounded uniformly on a compact set with probability
approaching 1 as n — oo. When r = 4, [ = ¢, the standard normal density,
satisfies A.5(b).

THEOREM 4.1. Suppose Assumptions A.1-A.3 and A.5 hold; if d = 7 and
d1_4<d3_d2<4_d1, then
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(i) TF <% N(0,1) conditionally on W
(ii) P(T,, > T)) — 1 provided that T (f,F) = & > Q.

Theorem 4.1(i) shows that the smoothed local bootstrap provides an asymp-
totic valid approximation to the null limit distribution of T, (i.e., N(0, 1)). This
holds as long as we generate the bootstrap data by imposing the null hypoth-
esis. Theorem 4.1(ii) implies that the test 7, based upon the bootstrap critical
value is consistent against every global alternative for which f(y|x, z) = f(y|x)
does not hold almost everywhere. That is, 7,, — co with probability approach-
ing 1 under H,. We will compare the finite-sample performance of the smoothed
local bootstrap with that of the asymptotic normal approximation in our
simulation.

5. NUMERICAL RESULTS
5.1. Monte Carlo Simulations

We now present Monte Carlo experiment results that illustrate the finite-sample
performance of our test. First, we consider the following data generating pro-
cesses (DGPs):

DGPl1s: W, = (&y,;,&2.1,83,,), Where {e; ,, &2, €3, are i.i.d. N(0,13).

For DGPs 2s—4s and DGPs 1p-5p, which follow, W, = (Y,_,Y,,Z,_,)’, where
Z,=0.5Z,_, + &, {&1.1» €2,.} are i.i.d. N(0,1,), and

DGP2s: Y, = 0.5Y,_, + & ;

DGP3s: Y, = \h,e, ,, h, = 0.01 + 0.5Y2;

DGP4s: Y, = \[h, &, ,, Z, = \[hy &5 ,, By, = 0.01 + 0.9k, | + 0.05Y72,
hy., = 0.01+ 0.9k, , | + 0.05Z2;

DGPIp: ¥, =0.5Y,—, + 0.5Z,_, + &, ;

DGP2p: ¥, = 0.5Y,_, + 0.5Z2, + & ;;

DGP3p: Y, =0.5Y, 1 Z,_, + &, ;;

DGP4p: ¥, =0.5Y,_, + 0.5Z,_ &, ;

DGP5p: Y, = \h,e, ,, h, = 0.01 + 0.5Y2, + 0.25Z2 .

DGP6p: W, = (Y,-1,Y;,Z,)', where Y, = \/K,tsl,z’ Z, = Nhy, &5, by =
0.01 + 0.1k, ,_ +0.4Y2, +0.5Z> |, hy,, = 0.01 + 0.9k, , | + 0.05Z> ,
and {g, ;, &, ,} are i.i.d. N(0,1,).

DGPs 1s—4s allow us to examine the level of the test, whereas DGPs 1p—6p
are used to study power properties. These DGPs cover a variety of linear and
nonlinear stochastic processes commonly studied in time series analysis. In par-
ticular, we have Granger causality in the mean (resp. variance) in DGPs 1p-3p
(resp. DGPs 4p—6p). DGPs 3s and 4s and 5p and 6p specify processes of
(G)ARCH type.
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We use a fourth-order kernel in estimating all required densities: k(u) =
(3 — u?)@(u)/2. The weighting function a(w) is given in note 7. Thus,
frra(w)dw =1 and [psa(w)?>dw = 5. As it is difficult to specify the opti-
mal bandwidth sequence, we take & = cn~ /%3 for a variety of c’s.

To implement our test, we rescale the data so that each variable has sample
mean zero and variance 1. For each of DGPs 1s—4s, we choose ¢ = 1 in calcu-
lating 7,, and make a comparison between the asymptotic normal and bootstrap
approximations to the distribution of 7,,, with n = 100. For the bootstrap approx-
imation, we choose B = 1,000, b = n~ '/, and [ the standard normal p.d.f. In
Figure 1, the solid line (Hel) denotes the sample distribution of 7, obtained
over 2,000 simulations. The dashed line (Normal) denotes the normal approx-
imation and the dotted line (Hel,) the bootstrap approximation. For each of
DGPs 1s—4s, the bootstrap approximation is better than the normal approxima-
tion in the right tail. As Hérdle and Mammen (1993) remark, the inaccuracy of
the normal approximation increases with the dimension of (X,Y,Z), and so we
recommend the use of the bootstrap in applications.

Linton and Gozalo (1997) base their tests of conditional independence on
the functional A,(w) = {n ' 2", 1(W, = w)} X {n ' 2", 1(X, = x)} —
{n ' 251X, = x) 1Y, = y)Hn ' 2L, 1(X, = ) U(Z, < 2)}, where w =
(x,y,z). Specifically, their test statistics are of the Cramér—von Mises
and Kolmogorov—Smirnov types: CM,, = 3", A%2(W,), KS, = \ln max,_,_,
|A,(W,)]. Delgado and Gonzilez-Manteiga (2001) base their tests of condi-
tional independence on the functional L,(w) = n 'X27 {1(Y, = y) —
E,(y|X ) (X)1(X, = x)1(Z, = z), where for bandwidth %, and kernel K,,
Fu(y1X,) = n7 'y D Z0 1Y = )K(X, — X)/h)/f(X,) and f(X,) =
nthy 3" K, (X, — X,)/h,). We denote their two test statistics as SCM,, =
> L2(W,) and SKS, = \/n max,_,—,|L,(W,)|. We choose K, to be the stan-
dard normal p.d.f. and let 4, = n~'/? in our simulation. Note that both the Lin-
ton and Gozalo and Delgado and Gonzdlez-Manteiga tests were developed for
i.i.d. data. To implement their tests here, we replace their bootstrap procedures
by the preceding local bootstrap to account for data dependence. To compare
the performance of these tests with ours, we implement our test with ¢ = 1, 1.5,
and 2. To save computation time, we use B = 200 and 250 repetitions unless
otherwise stated.

Tables 1 and 2 report the estimated levels and powers for the 5% and 10%
tests. Also reported in the tables are the standard linear Granger causality results
(LIN,,) with 1,000 repetitions, where we examine whether Z, |, should enter
the regression of ¥; on Y,_| linearly. From Table 1, we see that the levels of all
tests behave reasonably well despite the fact that the both the Delgado and
Gonzdlez-Manteiga (2001) test and our test (for small values of ¢) tend to be
oversized for small sample sizes. From Table 2, we see that except for DGP1p,
where the linear Granger causal relation is true, the standard linear Granger
causality test performs worse than all other tests in all cases and SKS,, in some
cases. It is not surprising that the CM,, and SCM,, tests beat the KS,, and SKS,,
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TABLE 1. Level comparison of the tests

DGPls DGP2s DGP3s DGP4s DGPls DGP2s DGP3s DGP4s
=100, 5% n =100, 10%
LIN, 0.044 0061 0050  0.060 0.095 0.121  0.110  0.106
M, 0.054  0.058 0060  0.048 0.094  0.100 0.132  0.120
KS, 0.042  0.056  0.056  0.040 0.100  0.112  0.140  0.108
SCM, 0.076  0.060  0.084  0.064 0.108  0.080 0.156 0.116
SKS, 0.064 0.056 0.088  0.068 0.128  0.108  0.124  0.148
T, c=1 0.096  0.060 0.048  0.072 0.176  0.152  0.120  0.148
T, ¢ =15 0.068 0.056 0052  0.056 0.124  0.120 0.120  0.124
Ty c=2 0072 0.036 0072  0.048 0.136  0.072  0.120  0.084
n =200, 5% n = 200, 10%
LIN, 0.043 0053 0042  0.050 0.840  0.109  0.101  0.090
M, 0.044  0.056 0060  0.048 0.095  0.100  0.108  0.112
KS, 0.068 0.053 0048  0.084 0.096 0.088  0.104 0.124
SCM, 0.048  0.060 0064  0.068 0.092  0.100 0.124  0.140
SKS, 0.056  0.028 0064 0.072 0.092  0.084 0112 0.132
T, c=1 0.064 0.052  0.080  0.080 0.100  0.140  0.136  0.140
T, c=15 0.064 0.056 0.048  0.036 0.120  0.128  0.120  0.092
Ty =2 0.044 0060 0056  0.048 0.092  0.144  0.084  0.096

tests, respectively, as this has been seen in several other studies. Also, the CM,,

test tends to complement the SCM,, test whereas the KS, test tends to dominate

the SKS, test in power. As far as our test is concerned, the CM,, and SCM,,

tests are more powerful than our test in detecting linear Granger causality in

the mean for small values of ¢ whereas for other cases, our test outperforms.
Next, we consider high-frequency alternatives of the form

Y, = 0.5X, +47¢(Z,/7) + 0.5¢,,

where {X,,Z,,e,} are i.i.d. N(0,I;) and as before ¢ is the standard normal
p.d.f. We consider 7 € {0,0.5,1,2}, where ¥, = 0.5X, + 0.5¢, for 7 = 0, and
we denote the corresponding DGPs as DGP1h-DGP4h. In this case, W, =
(X,,Y,,Z,)". We also check whether Z, should enter the regression of Y, on X,
linearly and denote the resulting #-test statistic as LIN,,.

Table 3 reports the rejection frequency for various tests. For 7 = 0 (DGP1h),
the null hypothesis is true, and all tests tend to be undersized for small n.
When 7 # 0, the powers of the Linton and Gozalo (1997) and Delgado and
Gonzélez-Manteiga (2001) tests are significantly lower than the power of
our test, as expected. Also, for some values of 7, the Linton and Gozalo
and Delgado and Gonzalez-Manteiga tests are beaten even by the simple test
LIN,,.
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TABLE 2. Power comparison of the tests

DGPl1p DGP2p DGP3p DGP4p DGP5p DGP6p

n =100, 5%
LIN, 0.999 0.337 0.213 0.126 0.163 0.153
CM, 0.920 0.548 0.504 0.412 0.384 0.188
KS, 0.780 0.404 0.380 0.288 0.292 0.156
SCM,, 0.924 0.464 0.352 0.500 0.224 0.196
SKS, 0.728 0.236 0.288 0.340 0.120 0.112
T, c=1 0.668 0.756 0.388 0.860 0.828 0.680
T, c=15 0.888 0.940 0.512 0.924 0.952 0.812
T, c=2 0.952 0.944 0.576 0.940 0.988 0.912
n = 200, 5%
LIN, 1.000 0.354 0.250 0.113 0.172 0.143
CM, 0.992 0.748 0.788 0.680 0.476 0.360
KS, 0.952 0.552 0.660 0.532 0.336 0.284
SCM,, 0.980 0.648 0.620 0.720 0.352 0.280
SKS, 0.964 0.324 0.512 0.552 0.148 0.136
T, c=1 0.900 0.960 0.596 0.992 0.968 0.880
T, c=15 0.980 1.000 0.808 0.992 0.972 0.972
T, c=2 1.000 1.000 0.864 1.000 1.000 0.996
n =100, 10%
LIN, 1.000 0.436 0.284 0.175 0.239 0.233
CM, 0.964 0.652 0.644 0.480 0.472 0.304
KS, 0.868 0.492 0.496 0.428 0.408 0.232
SCM,, 0.960 0.564 0.488 0.612 0.324 0.300
SKS, 0.876 0.372 0.400 0.436 0.176 0.212
T, c=1 0.772 0.840 0.532 0.932 0.912 0.776
T, c=15 0.948 0.972 0.692 0.964 0.972 0.896
Ty c=2 0.976 0.988 0.712 0.964 0.992 0.928
n =200, 10%
LIN, 1.000 0.442 0.327 0.176 0.253 0.209
CM, 1.000 0.856 0.904 0.752 0.592 0.508
KS, 0.988 0.676 0.756 0.676 0.484 0.404
SCM,, 0.988 0.732 0.728 0.812 0.480 0.424
SKS, 0.984 0.468 0.604 0.664 0.276 0.232
T, c=1 0.944 0.984 0.712 0.996 0.976 0.936
T, c=15 0.984 1.000 0.896 0.992 0.984 0.996
Ty c=2 1.000 1.000 0.936 1.000 1.000 0.996

5.2. Application to Exchange Rate Data

Over the last two decades many studies have reported that foreign exchange
rates exhibit nonlinear dependence, but researchers often neglect this when test-
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TABLE 3. Comparison of tests for high-frequency alternatives

DGP1h DGP2h DGP3h DGP4h DGP1lh DGP2h DGP3h DGP4h

n =100, 5% n =100, 10%
LIN, 0.045 0.055 0.133 0.190 0.100  0.115 0.187 0.267
CM, 0.020  0.160  0.280  0.128 0.064  0.276 0.428 0.248
KS, 0.024  0.128  0.176  0.112 0.072  0.256 0316  0.172
SCM,, 0.012  0.088 0.180  0.080 0.036  0.168 0.288 0.120
SKS, 0.036  0.156  0.196  0.116 0.072 0220  0.292  0.152
T, c=1 0.028 0.696  0.948 0.764 0.072  0.808 0.968 0.876
Ty, c=1.5 0.044  0.828  0.980  0.892 0.068 0.916 0.984  0.948
Tyc=2 0.020 059 0976  0.936 0.044  0.708 0.992  0.968

n =200, 5% n = 200, 10%
LIN, 0.047 0.059  0.124  0.202 0.094  0.115 0.207 0.286
CM, 0.068 0.444  0.708 0.332 0.100  0.580  0.816  0.536
KS, 0.056  0.284  0.524  0.220 0.104  0.448 0.680  0.336
SCM,, 0.024  0.196 0356  0.104 0.036  0.272 0.488 0.196
SKS, 0.044 0204 0356  0.140 0.096  0.336 0.476  0.236
Tpe=1 0.040  0.980 1.000  0.964 0.072  0.988 1.000  0.988
T,,c=15 0.028 0.988  0.992 0.996 0.064  0.996 0.992  0.996
Tpc=2 0.020  0.972 1.000  0.996 0.080  0.988 1.000  0.996

ing Granger causality. One exception is Hong (2001), who proposes a test for
volatility spillover and applies it to study the volatility spillover between two
weekly nominal U.S. dollar exchange rates, Deutschemark (DM) and Japanese
yen (YEN).

In this application, we apply our nonparametric test to examine the causal
relationship between DM and YEN and that between DM and the British pound
(PD), and we compare this to some previous tests. The data are obtained from
Datastream for the sample period from 19 January 1994 to 19 January 2004,
with 2,609 observations total. The exchange rates are the local currency against
the U.S. dollar. As is standard, we let DM, YEN, and PD stand for the natural
logarithm of the preceding three exchange rates multiplied by 100. The aug-
mented Dickey—Fuller test indicates that there is a unit root in all three level
series but not in the first-differenced series, ADM, AYEN, and APD. Johan-
sen’s likelihood test indicates that DM is not cointegrated with YEN or PD.
Therefore, both the linear and nonlinear Granger causality tests will be con-
ducted on the first differenced data.

For conciseness, we only consider the dynamic interaction between exchange
rates at the one-day lag. For example, for testing whether YEN Granger-
causes DM linearly, we check whether 8 = 0 in ADM, = «, + «ADM,_; +
BAYEN,_ | + g,;; for testing whether YEN Granger-causes DM nonlinearly,
we check Hy y.: ADM, L AYEN,_,|ADM,_,.

The results are summarized in Table 4. The linear Granger causality test (LIN)
does not reveal a Granger causal relationship between DM and YEN or PD at a



848 LIANGJUN SU AND HALBERT WHITE

TABLE 4. Applications to Deutschemark (DM), Japanese yen (YEN), and Brit-
ish pound (PD)

DM and YEN DM and PD

Tests/H, AYEN 5 ADM  ADM s AYEN  APD 5 ADM  ADM =4 APD

LIN,, 0.219 0.431 0.997 0.234
CM,, 0.915 0.790 0.900 0.320
KS, 0.915 0.625 0.785 0.365
SCM™,, 0.710 0.865 0.925 0.340
SKS, 0.620 0.905 0.770 0.635
T, c=1 0.185 0.020 0.005 0.105
T, c=15 0.385 0.025 0.020 0.110
T, c=2 0.450 0.020 0.065 0.200

Note: The notation % means “does not Granger cause.” The central entries are the p-values for each test. Band-
width sequences and kernels are chosen as in the simulations.

one-day lag, similar to the Linton and Gozalo (1997) and Delgado and Gonzilez-
Manteiga (2001) tests. In contrast, our nonparametric test reveals unidirec-
tional Granger causality from DM to YEN and from PD to DM. This suggests
that at a one-day lag the exchange rates across countries interact strongly with
each other. One obvious reason for the failure of the linear Granger causality
test and the Linton and Gozalo and Delgado and Gonzdlez-Manteiga tests in
detecting such causal linkages is that exchange rates exhibit unambiguously
nonlinear dependence across markets. The volatility spillover between exchange
rates is a special case of such nonlinear dependence.

6. CONCLUSION

This paper develops asymptotic distribution theory for a nonparametric test of
conditional independence under weak dependence conditions. The test is directly
applicable to testing Granger non-causality. It also applies to cases where not
all variables are continuous or observable. Monte Carlo experiments indicate
that the our test outperforms the Linton and Gozalo (1997) and Delgado and
Gonzdlez-Manteiga (2001) tests significantly in a variety of DGPs. An applica-
tion to exchange rate data demonstrates the power of our test in detecting non-
linear Granger causal relationships.

To improve the asymptotic approximation to the finite-sample distribution of
our test statistic, one can consider higher order refinements. If the distributions
of our test statistic and its bootstrap analogue admit Edgeworth expansion, we
conjecture that the bootstrap distribution approximates the null distribution of
the test statistic with an error rate that can be arbitrarily close to O(n~'/?), and
this will significantly improve the normal approximation rate of O (h® + h%),
Recently, Nishiyama and Robinson (2000) and Linton (2002) have established
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the validity of Edgeworth expansion for a degenerate U-statistic with variable
kernel. This suggests that a rigorous proof establishing the validity of Edge-
worth expansion in our context should be possible. Also, such an expansion
will offer a solution to the choice of optimal bandwidth; we leave this for future
research.

Other interesting directions for future research are to accommodate nonsta-
tionary processes and to extend our test to the case in which some of the ran-
dom variables are nonparametrically estimated.

NOTES

1. For categorical data there are numerous tests of independence and conditional independence;
see Rosenbaum (1984) and Yao and Tritchler (1993), among others.

2. We adopt the same notational convention for the kernel K as for the density f, namely, to
indicate the kernel by the list of its arguments or by specifying the dimension of its arguments.

3. Fernandes and Flores (2000) employ a generalized entropy measure that includes Hellinger
distance as a special case to test conditional independence. The first-order terms of their functional
expansion are also degenerate, and so they use a weight function to avoid the degeneracy, which
unfortunately results in poor small-sample performance.

4. In simulations we find that for some DGPs, there is about a 0.1% chance that f(x, y)f'(x, 2)/
[ f (x,v,2) f (x)] takes negative values when (x, y, z) lies two standard deviations from the sample
mean of (X,Y,Z). To avoid negative density estimates, we recommend replacingf(~) by max ( £(-),
0.1/n) 1{f(-) = 0} + f(:)1{f(-) > 0}; this change does not affect the asymptotic theory.

5. For the vector argument in a function, we find it convenient to assume that every vector is a
row vector to avoid proliferation of transposes.

6. We thank a referee who kindly brought to our attention these two references.

7. Alternatively, one can use the Bartlett kernel function (or other density-form function) as
the weighting function a. For example, if the ith element of W, W;, has mean zero and standard
deviation one (perhaps after being recentered and rescaled), for i = 1,...,d, one can use a(w) =
O [G + sw)l{=2=w; = 0} + (3 — 4w) {0 < w; = 2}].

8. If Y is a binary variable, one can exchange the role of ¥ and Z because ¥ L Z| X if and only
if Z L Y| X. The case for which both Y and Z are discretely valued is treated in Rosenbaum (1984).
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APPENDIX A: Some Useful Definitions,
Lemmas, and Theorems

Here we provide a definition, two lemmas, and one theorem that are used in the proofs
of the main theorems and propositions in the text.



852 LIANGJUN SU AND HALBERT WHITE

DEFINITION A.l. Let {U,, t € Z} be a d-dimensional strictly stationary stochastic
process and let F! denote the a-algebra generated by (Us,...,U,) for s = t. The pro-
cess is called B-mixing or absolutely regular, if as m — oo,

B, = supE[ sup {|P(A|F*) —P(A)‘}:l -0

SEN AE}:TM

For a sequence of d-dimensional strictly stationary processes (U, t € Z), denote by
Bl the B-mixing coefficient of process (W, t € Z):

" = E[ sup {|P(A|£°_,) fP(A)l}],

o
AeFnm

where F,5, (resp. _7-',,?,00) is the o-algebra generated by U,,, t = m (resp. Uy, t = 0).

LEMMA A.2 (Yoshihara, 1976). Let {U,, t = 0} be a d-dimensional stochastic pro-
cess satisfying Assumption A.1(a) in the text. Let h(vy,...,v;) be a Borel measurable
function on R* such that for some 8 > 0 and given j, M = max{ [ |h(v,,...,v,)|'"?
dF(vy,...,00), [ fgwa|h(vy, ..., o) "2 dF D (vy,...,0)) dF P (0,44, ..., 00} exists. Then
[fgrah(vy,...,0) dF (vy,...,v0) — [farh(vy,...,0) dF D (vy,...,0) dF @ (v, ...,
v)| = AMVIFORYIT yhere m = ipyy — i, F, Y, and F® are distributions of
random vectors( U,,...,U), Vi=(U,,...,U ) and V, = (U, f (- Uy, respectively;
and iy < i, < -+ < iy.

LEMMA A.3 (Yoshihara, 1989). Let h be defined as before; then E|E[h(V},V,)|V,] —
Ey h(V,,V,)| = 4MVU+0BYAT0 - \where By h(V,,V,) = H(V,) with H(v,) =
E[h(vy,V2)].

Now let g,,(+) and ,,(-,-) be Borel measurable functions on R and R¢ X R respec-
tively. Suppose E[ g,(Up)] = 0, E[h (Up,v)] = 0, and h,(u,v) = h,(v,u) for all (u,v) €
R?Y X RY Define G, = n="?3"_,¢,(U;) and H, = n ' 3i<ij=,[h,(U,U;) —
Eh,(U;,U;)]. Clearly, G, and H,, are degenerate U-statistics of respective orders 1 and 2.
Let p > 0 and let {U,, t = 0} be an i.i.d. sequence where U, is an independent copy of
Up. Define

w,(p) = max { mua [ (U, Ul U, (U, G |

u(p) = max { max | Guo(Uss Ul | GuoUos Do), |

w,(p) = [Go(Up, Up)l»

z,(p) = max max {”GnJ(UnU())” ”an(UO7Ui)Hp7Han(UO’L_/O)Hp}9

O=i=nl=

where Gn,i(uvv) = E[hn(l]iyu)hn(U()yv)] and H : ”p = {E| : |p}l/p'

THEOREM A .4 (Tenreiro, 1997). Using the preceding notation, suppose there exist
80> 0, yo < %, and v, > 0 such that
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(i) 1g.(Up)ls = 0(1);
(ii) E[g.(U)g,(Uy)] = ¢; + 0(1), i =0,1,2,...;
(iii) u,(4 + 89) = O(n);
(iv) v,(2) = 0(1);
(v) wa(2 +80/2) = 0(n'/?);
(i) z,2)n" = 0(1);
(vii) E[h,(Uy, Uy)]> = 267 + o(1).

Then (G,, H,) is asymptotically normally distributed with mean zero and covariance

Te2 0 2 _
matrix | ¢ _2], where G2 =cy+ 2>, c;.
0 &5 ! !

APPENDIX B: Proof of Theorem 3.1

We begin by expanding the functional T'( f, F) using the functional delta method. The
only difference between T'( £ F)and T =T (£ F) is that the latter is an average over the
empirical distribution function F instead of F. We will show in Lemma B.6 that this
difference is asymptotically inconsequential. To bound the remainder term in the func-
tional expansion of I'( f,F), we define the sup norm, |g| = sup,csngzr|g(u)|. In what
follows, the dimension p of u will be d, d| + d,, d| + ds, or d,, depending on which
subset of w = (x, y, z) we are referring to (in this Appendix all vectors are row vectors).
Define ; ={g:R” — R, g is bounded, [g = 0, and | g| < b/2}, with p;, = d, d, + d,
dy + ds, and dy, for i = 1,...,4, respectively. Throughout this Appendix, C denotes a
generic constant that may vary from one place to another. The bar notation denotes an
i.i.d. copy of the corresponding processes, independent of that process. For example,
{W,,t = 0} is an i.i.d. sequence having the same marginal distributions as {W,,r = 0}.
See Lemmas B.4 and B.6 for details.

One of the main ingredients in the proof is the functional expansion of I', summa-
rized as follows.

LEMMA B.1. Let F be a c.d.f. on R Let g,,., 8 8w and g, belong to Q;, i =
1,2,3, and 4, respectively. Then under Assumption A.1(b) and Hy, T'(-,F) has the fol-
lowing expansion:

_l Sz 8wy 8 8« 2
F””J“4fbmw>fmwfunfmﬁﬂm”M+”“”

where Sup{‘R(g,F)V(”gxyz“} + ”gxy”3 + ”gsz3 + ngHB) : (gxyza gx,v, 8xz> gx) € Q'l X QQ X
93 X 94} < o0.

Proof. Define

Wﬂ=f%— (f(x,) + 784)(f(x,2) + 78..)

d
(f(x,3,2) + 78,) (F(x) + 78,) } a(w) dF (w),

where (gxyz’ 8xy> 8xz> g‘() are such that (Tgxyz’Tgxvagxszgx) € Q'l X QZ X QS X Q4 for
all 0 = 7 = 1. From the explicit expression for ¥(7) and the properties of the f’s and
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g’s, it follows that ¥ is three times continuously differentiable in 7 on [0,1]. Applying
Taylor’s formula with Lagrange remainder to ¥, we get

W(7) = ¥(0) + 7¥'(0) + 729" (0)/2 + 73V (7%)/6,

where 0 =< 7% = 7. Note that ¥(0) = 0 under Hy. Define ¢(7,w) = [ f(x,y) + 78]
[f(x,2) + 78], @2(7,w) = [ f(x,9,2) + 784 ][ f(x) + 7g.]. It is immediate that

, _ _ ¢2(va)
v _f{l (P1(7',W)}
{aso1<r,w>/ar  ilm, Wi (7, w)/or
@ (7,w) @ (1,w)?

} a(w) dF(w). (B.1)

Under the null, ¥/(0) = 0. That is, the first-order term vanishes in the expansion of
W(7) around 7 = 0.
Next, we have

vo-3] —

ei(1,w) [ @a(T,w)de,(T,w)/dT  d,(T,w)/0T }
@, (7,w) @i(7,w)? @ (7,w)

» {Ggol(T,w)/ar B @, (T, W), (7,w)/0T
¢Z(T’W) ¢2(T’W)2

@, (7, w)
i)
{82¢1(7,w)/87'2 B 20¢,(1,w)/0Td@, (T, W)/dT
QDz(T,W) QDZ(TaW)Z

} a(w) dF(w)

pmwes(rw)/ar 2, (r.w)(aa(r,w) /o)
@, (7, w)? @, (1,w)?

} a(w) dF(w).

Note that under Hy, at 7 = 0, the second term in the last expression vanishes and that

dp1(0,w)/97 = g f(x,2) + gef (x,¥), d02(0,w)/07 = gy f(x) + g f(x,¥,2), and so
we can easily obtain that under H,

1 8xyz 8y 8z g, 2
=3 B - — dF (w).
v J {f”»y’ﬂ fxy) f(x,z)+f(x)}a(w) )

Further, notice that 3¢, (7,w)/d7> = 2g,,8.. and 9%@,(7,w)/d7> = 2g,,.g,, both of which
are free of 7. One can characterize the remainder term by first computing ¥'”(7). The
explicit formula for W' (7) is lengthy. By the Cauchy—Schwartz inequality and Assump-
tion A.1(b), we can bound this remainder by a factor of (|g..|* + lgul® + lg.l® +
lg«l?). Consequently, for 7 = 1, we obtain that under H,




TEST FOR CONDITIONAL INDEPENDENCE 855

1 Sure S o g |?
= - - = d
v 4f{ﬂ%%@ Fxry) ﬂma+ﬂm}“W)”M

+ 0(l g

T gl + gl + g7,
and the lemma follows. n

LEMMA B.2. Under Assumptions A.1, A.2, and A.3(a), and Hy, we have for any
c.df. F,

. 1
L(LF) =7

f {f(x,y,nf(x,y) fx2) )
4

B Y d
favz) fuy)  flxz) +f(x) } a(w) dF (w)

+0,(1f(x,3,2) = f(x, 3,22,

where || f(x,y,2) = f(x,9, 2o = SUP(s, y, eal F(x, ,2) = F(x, 9, 2)].

Proof. We apply Lemma B.1 with g, =f(x,v,2) = f(x,,2), &y =1(x,y) —f(x,y),
g = f(x,2) — f(x,2), and g, = f(x) — f(x). First note that the 8-mixing condition in
Assumption A.1 implies a-mixing. One can modify the proof of Theorem 4.3 in Lieb-
scher (1996) with Assumption A.2 in place of his condition on the kernel function K and
get

| Fw) = fW)lo = O, (2R~ (Inn)?/® + h") = 0,(1) (B.2)

for some y > 0. Similar expressions hold for || f(1) — f(u)]e, with u = (x, y), (x, 2), or
x. Let S ={[ £(w) = fW)le = b/2, 1f(5,3) = f(6, 9)e = b/2, 1 (35, 2) = f(x,2) o0 =
b/2, and | f(x) = f(x)]|e = b/2}. Then Pr[S] — 0 so that Pr[(g,y., 8xys 8rzs &) € Q1 X
0, X Q3 X Q4] = 1. Last, notice that | f(w) — f(w)|.. dominates | f(«) — f(u)]., for
u = (x,v),(x,z), or x. The result follows. |

To facilitate the presentation, we introduce some new notation. Let

_ f(xsyyZ) f(x,y) f'(x,z) @ 2 B .
L= f{f(x,y,z) Bl Flx,y) - flx,2) + f(x)} a(w) dF (w) = Jr,l(W) a(w) dF (w).

Then I, = [[r,(w) — Er,(w)]?a(w) dF (w) + 2 [[r,(w) — Er,(w)]Er,(w)a(w) dF (w) +
J[Er,(w)]?a(w)dF(w) and I, — E[I,] = 2 [[r,(w) — Er,(w)]Er,(w)a(w)dF(w) +
Mlr.(w) — Er,(w)]> — E[r,(w) — Er,(w)]?}a(w) dF (w). Throughout the rest of this
Appendix, we let w = (x,y,z) € R" X R2 X RE u=(x',y,7') € R X R> X R4,
and v = (%, 9,7) € R X R X R%, Define

n

K, (w —u) B K, (x —x")K,(y —y")

ROw) = =200 F)
Ky(x—x)Kpz—2) Kp(x—x) &
T e s 2R,
Rovw) = SE[RGnu) — ERGwW)] = S RiOnw), Golu) = [ROvu)h~"

Er,(w)a(w) dF(w), and H,(u,v) = h%2f R(w,u) R(w,v)a(w) dF (w). Note that we have
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suppressed the dependence of R(-,-), R;(-,-), R(-,-), and R;(-,-) on n. Then we can
write

1,—E[L,] = 2n*'/2h'{n*/2 > Gn(W,-)}
i=1

+2n"h"”2{n’1 S [H,(W, W-)—EH,,(W,-,VVJ-)]}

>0
1=i<j=n
+nth {n_l 2 [H,(W, W) — EHn(W,-,VW)]}
i=1

=207 2h U, + 207 WU, + 0T U, (B.3)

It is easy to verify that U, 3 = O,(n~"2h~%2) = 0,(1) under Assumptions A.1-A.3.
We shall use Theorem A.4 to study the asymptotic normality of U, ; and U, , with G,,(-)
and H,(-,-) in place of g,(-) and h,(-,-) in the theorem, respectively. Moreover, the
term involving U, ; is asymptotically negligible given our restrictions on bandwidth and
kernel (Lemma B.3). To get the asymptotic distribution of our test statistic, we need to
calculate both asymptotic variance (Lemma B.4) and bias correction terms (Lemma B.5).

LEMMA B.3. Let h — 0. Under Assumptions A.1 and A.2 and Hy, U, <5 N(0,52),
where 6% = Var(y(Wp)) + 2 X7, Cov(y(W,),y(W,)) and y(-) is defined in equation
(B.4), which follows.

Proof. First, 2~ "Er,(w) = h™"E[R(w,W)] = AL f(W)/f(w) — ALf(x,¥)/f(x,y) —
A f(x,2)/f(x,2) + AL f(x)/f(x) = F,(w), where

(=10 d L9 f(w — hut)

Al f(w) = > Ui ...t K(u)f f—(lft)"fldtdu,
(r=D':, =1 Jre " " o 0w ...0w;

and A/ f(x,y),Al f(x,z), and A’ f(x) are defined analogously. Because & — 0, by the

dominated convergence theorem and Assumption A.2, lim,,_,, ¥,(w) = A F(w)/f(w) —

AT, )/ (x,9) = Af(x, 2)/f (x,2) + ATf(x)/f(x) = ¥(w), where ATf(w) = ((—1)"/

M Cy S8 a7f(w)/ow!, Cy is defined in Assumption A.2, and A’f(x,y),A’f(x,z), and

A’f(x) are defined analogously.

Notice that EG,(W) = 0 by construction and sup,ey sup,.es|G,(w)| < oo under
Assumptions A.1(b) and A.2. Now lim,_,E[G,(W;)G,(Wy)] = [F(w;)a(w;)¥ (wg)
awo)il + f(yi, zilx:) — f(zilxi, yi) — f(ilxi, z)H1 + f(yo, zolx0) — f(zol X0, o) —
F(yolxo, zo)fi(wo, wi) dw;dwo — {7 (w)a(w)[1 + f(y,z|x) — f(z|x,y) — f(y|x,2)]
F(w) aw}? = Cov(y(W;),y(Wy)), where

y(w) =aw)yw[1 + f(y,z|x) = f(y]x, z) — fz]x, y)]. (B.4)

Consequently, conditions (i) and (ii) in Theorem A.4 are satisfied, and thus U, , N
N(0,52).



TEST FOR CONDITIONAL INDEPENDENCE 857

LEMMA B.4. Under Assumptions A.1, A.2, and A.3(a) and Hy, U, » N N(0,0%/2),
where o? is defined before Theorem 3.1 in Section 3.1.

Proof. Note that U, » = n~ ' 3 =icj=,[H,(W;,W;) — EH,(W;,W,)]. By construction,
H,(u,v) = H,(v,u), and EH,(Wy,v) = 0. We verify conditions (iii)—(vii) in Theo-
rem A.4. First, H,(W;, W) = h¥2[R(w,W;) X R(w, Wp)a(w) dF (w) = }4:, St h?
fﬁj(w,m)ﬁk(w, Wo)a(w)dF(w), and so for p = 1, [H,(W, W], = 2;‘:1 S,
| R [ R (w,W;) R, (w, W) a(w) dF ()], = C[h“?[Ry(w,W;)R\(w, Wo)a(w) dF (w)|, =
C|H,(W;,Wy)l,,, where the first inequality is due to the triangle inequality for the L,
norm and the second follows from the fact that |H,,; (W;, Wy)||, is the dominant term in
the double summation. Notice that H,,,(u,v) = h%? [, K,(w — u)K,(w — v)a(w)/f (w) dw +
O(h%?), and by Assumptions A.1(b) and (c)

a(w) 4
E J;K,,(w - W)K,(w— Wo)m dw
—dp u—v\alu+hw) P
=h L(ILJ LK(W)K(W+ n >f—(u+hw) dw f}(u,v)dudv

a(w)\?
= 14D qup , sup sup f;(u,v) |K(u)K (1 + v)|” du dv,
Rd Rtl

wEA iEN u,vEA

and so we have | H,(W;,Wp)[, = Ch¥/2p=dr=D/p = C(pd)1/p=1/2),

Letting W, be an independent copy of W, one can show by similar argument that
|H,(Wo, Wo)ll, = C(h¢)/P=1/2), Consequently, u,(p) = C(h4)»~1/2 for some C > 0.
Now we show v,(p) = C(h?)"P. Note that G,o(u,v) = E[H,(Wy,u)H,(Wy,v)] =
GnO,l(uru)(l + 0(1))7 where GnO,l(u’U) = th{ffRI(Ws WO)RI(Wr M)EI(W’1 WO)
Ri(w"v)a(w)a(w') dF (w) dF(w')} = C [ga [ga [pa KW)K(w + w)K@KG + w' +
(u — v)/h)ydwdw'dw + O(h?), and so |G, (W;,Wp)|, = C(h¥? + h9), and
1Go(Wi, Wo)l, = Ch¥P. Similarly, one can show |G,o(Wo, Wy)l, = Ch??, and thus
va(p) = C(h)'P.

By the same argument, we have w,(p) = |G,o(W, Wo)l, = C and z,(p) = Ch“. For
some fixed 8, > 0, conditions (iv) and (v) in Theorem A.4 are satisfied by Assumption
A.3(a). By Assumption A.3(a), n”'h < oo for some y; € (0,1), and so condition (vi) in
Theorem A.4 is satisfied. Now take yo = (2 + 8,)/(8 + 28,) € (0,3); then condition
(iii) in Theorem A.4 is satisfied again by Assumption A.3(a). Finally, E[H,,(W,, W,)?] =
Taa(w)? dw [pal fge K(u + 0)K(u) du]*dv + o(1) = 0% + o(1). It follows that U, , KN
N(0,0%/2). |

LEMMA B.5. Under Assumptions A.1-A.3 and Hy, if d =7 and d) — 4 < d; — dr, <
4 — dy, then

nh¥?El, = h™¥2B, + h~ 922, — p@=d~d)2p, — plds=di=d)/2p,
+ h B dI2B - o(1),

Proof. El, = [s[Er,(w)]?a(w) dF(w) + Efs[r,(w) — Er,(w)]*a(w) dF(w) = A, +
A, . From the proof of Lemma B.3, we obtain
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nh'?A, | = nh‘””z’f Y (w)2a(w) dF (w) + o(nh??*?7) = 0(1), (B.5)
A

where the last equality follows from Assumptions A.1(b) and A.3(b). Now write

An,2

n? é E{f R(w,W,)2a(w) dF(w)}

+2n7% E{fﬁ(w,ﬂﬁ)ié(w,%)a(w)dF(w)}

1=i<j=n

n"h’d/z{EHn(WO,WO)-i-Zn" s EH,,(Vl/i,Wj)}.

1=i<j=n
We want to show
EH,(Wy,W,) = h~¥/?B, + h~4/>*2B, — pldo—di=ds)/2p _ p(ds=di=d)/2p
+ pldrds=anizp

+ O(hd/Z + h*d/2+4 + h(d37d|7d2+4)/2 + h(d27d|7d3+4)/2

+ h(d2+d3fd,+4)/2) (B.6)
and
D=2n"' 3 EH,(W.W)=o,(). (B.7)
=i<j=n

Now EH,(Wy,Wy) = E[h¥?[R(w,Wo)R(w,Wp)a(w)dF(w)] = 3} ,_, h?E{[R,
(w, Wo)R; (w, Wy)a(w) dF (w)} + o(h¥?) = ;121Bn,5 + O(h%'?), where B, ; = h“’E
SR (w,Wo)?a(w) dF(w) for | =i=<4,B,; =h"?E[2R(w,Wy)R;_3(w,Wy)a(w) dF (w)
for5=i=<7,B,,;=h"?Bf2R,(w,Wy)R;—s(w,Wy)a(w) dF (w) for § =i =09, and B, 1o =
h¥2E[2R5(w, W) R4(w, W) a(w) dF (w). We can expand each term to the order of neg-
ligible asymptotic effects to obtain (B.6). For example,

B,, = h"’/zf K(u)? duf a(w)dw + h"”“zf K (u)?u? du
’ R A R?

4 1 82f(w) a(w)
2 )2 " row

dw+ O(h=2*4),

To show D,, = 0,,(1), let m = [L1og n] (the integer part of Llogn), where L is a large
positive constant so that n*82/'*®) = o(1) for some 8 > 0 by Assumption A.1(a). (For
example, for fixed 6 > 0, if p < 1/2.71828 in Assumption A.1(a), B = 4(1 + 6)/8
would suffice.) We consider two different cases for D,: (a) j —i > m and (b) 0 < j —
i =m. We use D, , and D, , to denote these two cases. For case (a), we use Lemma A.2
and the bound u,(p) = C(h¢)'P~1/2 with p = 1 + & (see the proof of Lemma B.4)
to obtain D,, = n 'Y, -, BH,(W,W,) = Cn 'n?(h)V/1to-12go/0%8) =
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o(nh=42B2/019)y = 4 (1). For case (b), use the bound u,(1) = Ch%? to obtain D, , =
n 'Y ic BH, (Wi, W;) = Cn™ 'nmh®/* = O(mh¥?) = 0(1). Consequently, (B.7) holds.
Last, given h = o(1) and the restrictions on d;, i = 1,2,3, it is easy to verify

O(hd/Z + hfd/2+4 + h(d37d|7d2+4)/2 + h(d27d|7d3+4)/2 + h(dz+d3fd,+4)/2) — 0(1)’ (B-s)

where, e.g., h(@TB=aT9/2 = (1) because d = 7 implies d, = 5. Combining (B.5)-
(B.8), the conclusion follows. u

LEMMA B.6. Let A, = T(f, F) — T'(f,F). Then under Assumptions A.1-A.3 and Hy,
nh¥?A, = op(1).

Proof. By the same argument used to obtain the expansion of I'( f, F), we obtain that
under H,,

S| {ﬂx,y,z) Cfeen) fn

B vy dF
R AT e f<x)}"(w) )

+0,(1f(x,y,2) = f(x,3,2)3).
It thus suffices to show that

faya) ey fxa) f@? )
[ - o~ Tes 7 et o

= op(n’lh’d/z).

n

Write A, = [4r,(w)2a(w) d[F(w) = F(W)] = n7> 27, - {R(W,, W) R(W,, W) a(W,) —
JROv,W)R(w, Wa(w)dF(w)} = Zi_,4A,,, where A, = n 2L, {R(W,W,)
R(W,,W)a(W,) — [R(w,W;)R(w, W) a(w)dF(w)} is the summation of the centered
terms with [ # j, [ # k, and j # k, A, » = 2n7> 27, R(W;, W))R(W;,W)a(W;) is the
summation of the terms with [ =j # k, A, 3 =n"> X7_, R(W;,W;)?a(W,) is the summa-
tion of the terms with [ = j =k, and A, , = —n > 27, | [R(w,W,)R(w, W,)a(w) dF (w)
is the summation of the centering terms for A, , and A,, 3.

Dispensing with the simpler terms first, we have by Assumption A.3(a), (B.3), the
remarks following (B.3), and Lemmas B.3 and B.4,

—A,,=n'l,=n"'(I,—EL)+n 'El,=n"*h *{nh"*(1, - EI,)}
+n ' (W +n'h9)
=0,(n?h= )+ 0(n~"h=?h*>*2") + O(n?h~) = 0,(n""h~9/?) (B.9)

and E|A, 3] = n P 27 E[R(W,W)?a(W,)] = O(n"*h=>?) = o(n~"h=%?). Conse-

j=1 [

quently, by the Markov inequality,
A,z =o0,(n""h™9?). (B.10)

It is difficult to show that the other two terms are small. Our strategy is to use Lem-
mas A.2 and A.3 repeatedly and show these terms are asymptotically negligible in that
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A, = 0,(n"'h™%?), i =1 and 2. For j # k, we can show that (recall the bar notation
previously defined)

E[R(W,, W,)R(W,, W) a(W))] = O(h™) (B.11)
and
ELR(W,, W) R(W,, W,)a(W,)] = O(h™). (B.12)

To bound D, = E(A,,) = 2n* 27, E[R(W;,W,)R(W,,W,)a(W,)], we consider
two different cases for D, 1: (a) |j — k| > m and (b) |j — k| = m. We use D, ;, and
D,.1, to denote these two cases. By Lemma A.2 and (B.12), D,;, = 2n3
S o ELROW WORW, Wa(W)] = Cln T4+ p-3n2(p-4)1+20/0+9)
Br(?z/(l+3)} — O(n—lh—d/zhr—d/Z) + O(nflhfdﬁi/(l+8)) — O(I’l_l/’l_d/z). By (Bll),
D,y = 2073 2| 4)=m E[R(W;, W) R(W;, W)a(W))] = Cn*nmh™¢ = O(n"?mh™9) =
o(n '"h=¥?). S0 D, = o(n"'h=¥?),

Let Dn,2 = E(An,Z)Z = 4n_6 Erl#rz Erﬁ&mE{R(VVI,’WIII)R(VVI,’WZ)a(WIrI)R(VVtymg)
R(W,,,W,,) a(W,,)}. We consider two cases: (a) for all i € {1,2,3,4},[1; — ;| > m for all
J # i; and (b) all the other remaining cases. We will use D, 5, to denote these cases
(s = a,b). Observe that by Lemma A.2 and (B.11), D, 2, = (D, 1,)? + C(n~?
(h=d)@+40)/(1+6)gdl1+8)y — ,(n=21,=4), For all the other remaining cases, there exists
at least one i € {1,2,3,4}, such that |, — ;| = m for some j # i. The number of
such terms is of the order O(n’m). For t; # t, and t; # t4, one can bound
E[R(W,,W,)R(W,,W,)a(W,)R(W,, W, )R(W,, W, )a(W,)| by Ch=>% if {#,5} N
{ts,t4} # {t;, 12} and by Ch 3¢ otherwise. Consequently, D, ., = C(n ®n*mh™2¢ +
n~%n%h3) = 0(n"2h~9). So E(A,,)? = o(n"2h~¢), and by the Chebyshev inequality,
we have

A, L= op(n’lh’d/z). (B.13)
Now, we want to show

A,y =o0,(n Th9?), (B.14)

n, 1

Write A, = n7? 2L AR(W, W)R(W,,W)a(W;) — E[R(W,,W;)R(W,,W)a(W,)|
W, Welb + n 20 AE[R(W, W) R(W, W) a(W)|W;, W] —  [R(w,W;)R(w, W)
a(w)dF(w)} = A, 1,1+ A,12. By Lemma A.3,

E‘An,l,2| = l’l73 z E ‘ E[R(WI?M/])R(‘/VhWk)a(VVI)“/VJ’WA]

17,k
*fR(w, W,)R(w, W,)a(w) dF (w)

<= C{[(h—d)za/(Ha) + n_l(h_d)(l+25)/<1+5)]B5/(1+5) + (n_lm + n_zmh_d)}

=o(n 'h™¥?),
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and by the Markov inequality
A1 =0,(n"th= "), (B.15)

Now let S; ., = R(W;, W) R(W,, W)a(W;) — E[R(W,, W;) R(W;, W) a(W;)|W;, W, ]; then
Ay =0 20080 with B(A, ;) = 0 because E(S; ;) = 0 for all [ # j and [ # k.
Denote

Dn,3 = E(An,l,l)2 = n76 2 2 E{Stl'rz,@ St4't5,tb}‘

L #13, h#13, 13 14716, IsF 16, Lo

We consider four different cases: (a) for all i’s, [#; — #;| > m for all j # i; (b) for exactly
four different i’s, [#; — ¢;| > m for all j # i; (c) for exactly three different i’s, |1, — ;| >
m for all j # i; (d) all the other remaining cases. Using D, 3, to denote these cases
(s = a,b,c,d), by Lemma A.2, one can show that | D, 3;| = o(n"2h~9) for s = a,b, c,d.
In sum, D, 3 = o(n~2h~%), and thus by the Chebyshev inequality

A= op(nflh"’/z). (B.16)

Combining (B.15) and (B.16), we have (B.14). The conclusion follows. |
LEMMA B.7. Under Assumptions A.1-A.3, nh®/?| f(x,y,2) — f(x,,2)[3, = 0,(1).

Proof. By (B.2) and Assumption A.3, nh®?|f(x,y,z) — f(x,y,2)3 = nh??0,
(n=32R =342 (1n )72 + B37) = O (n~2h~4(Inn)Y"? + nh@2¥37) = g, (1), u

Putting Lemmas B.2-B.7 together, we have proved Theorem 3.1.

APPENDIX C: Proof of Theorem 4.1

Let f*(x), £*(x,¥), £ *(x, 2), and f*(x, y, z) be defined as f(x), f(x,y), f(x,2), and f(x, y, 2)
with W* replacing W. Let f(w) = f(x, y, z) denote the p.d.f. of W* = (X}, Y,*', Z"),
i.e., f(x,y,2) =f(y|x)f(z]x)f(x), and denote the corresponding c.d.f. as F(w). Let F*(w)
denote the empirical distribution of {W;*}. We first state a lemma that is proved in
Appendix D.

LEMMA C.1. Suppose that Assumptions A.1-A.3 and A.5 hold. Then

(i) SUp,eanr® |f*(x) = f(x)] = 0,(n" "2 h="2(Inn)"? + h");

(ii) Sup,canga+e| f*(x,y) = f(x,y)| = O, (n~2h =@+ &)/ (Inn)?/2 + p7);
(iii) Sup,eanga-a|f*(x,2) = f(x,2)| = 0, (n™2h= @2 (Inn)?/2 + h7);
(iv) supeeal (%, 9,2) = f(x,5,2)| = 0,(n""> h=*(Inn)*/? + h").

Let Ay =A NRN A, =AN RN and A; = A N RY“"%, Define S,(C) =
{SuprAl‘f(x) — f(X)] = C(n 2b= 42 (Inn)"? + b?), max;<;=q4, SUPxea, lo7f(x)/
d"x;| = C}. Similarly, we define the random sets S,(C), S3(C), and S4(C) for f(x,y) =
F(yx)f(x), f(x,2) = f(z]x)f(x), and f(x,y,z), respectively. A standard result gives
sup.eq, | f(x) = f(x)| = 0,(n"?b~*/>(Inn)*’? + b?) (e.g., Fan and Yao, 2003). By
the proof of Lemma C.1 in Appendix D, sup,e4, [07F(x)/97x;] = 0,(1) fori=1,...,d,.
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So for any € > 0, there exists a sufficiently large constant C; such that P(S{(C,)) =< €/4
for sufficiently large n, where Sy is the complement of S;. Similarly, for any € > 0,
there exists a sufficiently large constant C; such that P(S/(C;)) = €/4 for sufficiently
large n and for j = 2,3,4. Let C = max;<;=4 C; and S(C) = ﬂj‘ ; Si(C). Then the Bon-
ferroni inequality implies that for any € > 0, there exists a sufficiently large constant C
such that P(S¢(C)) < e.

To show (i), by the law of iterated expectations, we have

P(T; =ulW) = P(T,; = ulWW N S(C)P(S(C))
+ P(TF = ulW N 8¢(C)P(S(C)).

Because the second term in the last expression can be made arbitrarily small for suffi-
ciently large n, it suffices to show P(T,* = u|W N S(C)) — ®(u) for all u € R, where
®(-) is the standard normal c.d.f.

Define

Be=r(fE = ;:1{1/%’(5;{” wz)
FHXEYEZ0 (X))

2
} a(X; Y, Z7).

One can modify the proofs of Lemmas B.1 and B.2 to obtain

(B = 1J{f*<x,y,z> ey e W
’ faya)  Fy) o fG)

4
+0,(1f(x,3,2) = f(x, 3, 2)12),

} a(w) dF (w)

where

| £, 3, 2) = F(x, 3, 20 = JSup |f* (6 y,2) = Fx, 3,2)]
X, ¥, 2
Let r*(w), R*(w,u), R*(w,u), I n, G, (u) H;(u,v) be defined as r,(w), R(w,u),
R(w,u), I, G,(u), H,(u,v) with f* f and F replacmgf f, and F. Throughout, let E*
denote the expectation with respect to the smoothed kernel density f(x, v, z) conditional
on W N S(C). Noticing that E*G,;(W;") = 0 and E*H,/(W;", W) = 0 for i # j, we have

—E*[1;]1=2n""?n" {n—m > G;(W,.*)} +2n th? {n_' > H,T(W,.*,W]-*)}

i=1 1=i<j=n

+n”th {n*‘ 2 [Hy (W7, W) = E*H:(m*,m*)]}

i=1

=2n""PR7US + 207 W PUS, T T PU .

Conditional on W, {W;*} forms a triangular array of independent random variables,
and so do {G,(W;)} and {H,(W,W")}. It is easy to verify that U;, = O,(1) and
U = 0,(n""2h=472) = ¢,(1) conditional on W N S(C) followmg the proof of
Lemma 5.2 in Paparoditis and Politis (2000). By construction, H, (u,v) = H, (v,u),
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and E*H}(W*,v) = 0. Let G} (u,v) = E{H (W,u) H:(W;,v)}. We verify that
E*[H2 (W, W,)] = a? + o(1), E*[H;* (W, W;)] = Ch~¢ and E*[G;> (W, W,)] =
Che, and thus {E*[G2(W;', W)l + n™ VE* L (W7, I} AE* [H2 (W, WIE — 0.
Consequently, U,", <5 N(0,0%/2) conditional on W N S(C) by Theorem 1 of Hall
(1984).

Next, we can show that nh“?*E*[I}] = B*H*(W;", W) = h=¥?B, + h~¥>"2B; —
pldmdimd)2px — p(ds=dimd)/2px 4 |y (datds=d)/2B% 4 (1), where for i = 2,3,4,5, B is
defined as B; with f’s replacing f7s, e.g., B: = C{1[, a(w)f(w)/f(x) dw. Let A* = [ —
I'(f* F). We can show conditional on W N S(C) that &%, = 0,(n~'h~%?) with argu-
ments similar to but simpler than those used in the proof of Lemma B.6 because {W,*} is
an i.i.d. sequence given W. Let l§’f‘, i =2,3,4,5, be defined as B; with {V* f*} replac-
ing (W, f}, e.g., BX = (C)n ' " {a(W)/f*(X*). Applying Lemma C.1, we
can show that h2~%“?*(B} — B}), hB=h=&/2(Br — B¥) pla=d=d/2(Br — Br)
h(tds=d/2(Bx — B¥) and nh¥?| f*(x,v,2) — f(x,y,2)|2, are 0,(1) conditional on
W N S(C). The completes the proof of part (i) of Theorem 4.1.

To show (ii), by the law of iterated expectations, it suffices to show that P(T, >
T*|W) — 1 with probability approaching 1 (wpa.l) when T'(f,F) = & > 0. Using the
notation defined previously, we only need to show P(T,, > T,|\W N S(C)) — 1 wpa.l
provided that T'(f, F) = & > 0. Conditional on W N S(C), we still have by part (i) that
1) 4N (0,1), which holds as long as we generate the bootstrap data by imposing the
null hypothesis. Hence, 7, = O,(1) conditional on WW N S(C), and so P(T, > T, W N
S(C)) —» 1 when I'(f, F) = & > 0 by Proposition 3.2. |

APPENDIX D: Other Proofs

Proof of Proposition 3.2. The analysis is similar to that of Lemmas B.1 and B.6,
now keeping the additional terms that do not vanish under the alternative. First, ¥(7) =
W(0) + 7%’ (0) + o(¥'(0)), where ¥(0) = I'(f, F) and W'(0) is obtained from (B.1). So
T(£F) =T(fF)+ ¥ (0) + o(¥(0)). Noticing that Lemma B.6 also holds under the
alternative (i.e., T(£,F) =T(f£,F) + 0,(n"'h~9?)), we have T (f,F) = T'(f,F) + ¥'(0) +
o(V'(0)) + 0,(1). It is_easy to show that n'/2¥'(0) = O,(1) when I'(f,F) > 0. Thus
T, = 4nh“>T(f,F)/N202 + n'2h920,(1) 25 00 if T(f,F) > 0. u

Proof of Proposition 3.3. First, for_the double array stochastic process {W,,,0 =
t = n}, the functional expansion of T'( f["], F["]) and subsequent lemmas in Appendix B
continue to hold when accommodating the additional terms arising under the local alter-
native. Under H(a,), T, — 4nh®>T(f"] Finl)/A[262 <5 N(0,1). Moreover, under
Hy(a,), T(fU", FI") = (a;/4) [A(w)>a(w) dF"(w) + o(ay). For a, = n~'/2h=%",
Anhd2T (flnl Flnl) = [A(w)2a(w) dFU(w) = [A(w)?a(w)dF(w) = & as n — oo.
Consequently, Pr(T, = z,|H(a,)) = 1 — &(z, — 8/(\[20)). |

Proof of Proposition 3.4. Under H, ,(A,,v,), T, — 4nh®>T(fI"V Fi1) /\202 4
N(0,1), and 4nh®?T(fULFU) = nh@2)2 [A((Ww — wo)/ya)?a(w) dFUI(w){l +
o(1)} = nh? X3y, a(wy) f(wo) J A(w)* dw{l + 0(1)} = Calwo)f(wo) [ A(w)*dw = 5 as
n — oo. Consequently, Pr(7, = z,|H;(a,)) = 1 — ®(z, — 8/(\[20)). u
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Proof of (3.1). To sketch the proof, first note that | /@ (w) — f(W)]e = 0,(v,) and
12 (w) = 92f(w)/ow? ., = 0,(hi*v,), where v, = n~"2h;“*(Inn)? + h{ for some
v > 0. So

n FPW)aWw) 1 (W) a(W)

Z—— >

n =1 fhl(‘/Vy) n =1 Bwi f(VV,)Z

{1+ h%v,}

By Assumption A.1(b), & = (32f(W,)/dw?)a(W,)/f(W,)? is a bounded random variable
with compact support A, and {£,} is a mixing process with the same mixing coefficients
as {W,}. One can thus apply a CLT for mixing processes to obtain

1.2 9*f(W,) a(W,) 3’ f(w) ) a(w)

- 2: IZ —f dw = 0,(n""?).

ne=ooowg o f(W)P 0y Jf(w)

It then suffices to ensure that 12~ %2k ?v, = o(1), which holds by assumption. u

Proof of Lemma C.1. We only prove part (i), because the proof of parts (ii) and (iii)
is analogous and part (iv) follows from (i)—(iii). Let A; = A N R, Write

F5) = f(x) = {f*(x) = E*[ f*0)]} +{E*[ /*(x)] = f(x)} =V, (x) + B, (),

where V,(x) and B,,(x) contribute to the variance and bias of the estimate of f(x), respec-
tively. Let € > 0 and A = {u:|u — v| = € for v € A,}. By Assumptions A.1, A.2, and
A.5 and the uniform consistency of the kernel estimate of density derivatives on a com-
pact set (cf. Hong and White, 2005, p. 899),
E [ a"f(x) ] ‘
ox;

3"f(x) 37 (x) [ 9"f(x) ] ‘
—E + sup
ox; ox; XEA,
= 0,(n"2p~ 22 (Inn)?2) + 0(1) = 0,(1),

sup
XEA,

= sup
XEA,

axir i
where x; is the ith component of x. Noting that E*[ f*(x)] = E*[K,(X} — x)] =
Jra K(u) f(x + hu) du, by the rth-order Taylor expansion, the bias is

K){f(x+ hu) = f(x)} du

R

sup

XEA,

sup | B, (x)]
XEA,

r

9"
- f(x)
Xi

Ch" d;
== | K@l sop

=0,(h").

XEA] i=1

Noting that conditional on W, {X;} is an i.i.d. sequence, standard arguments show

that sup,e4, [V, (x)| = 0,(n"2h~*/>(Inn)??) (e.g., Newey, 1994, Lem. B.1; Masry,
1996, Thm. 2). Hence

sup |/ (x) = f(x)| = 0, (n~ 2k~ (In n)?/? + 1),

XEA,



