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1. Introduction

Since Paelinck coined the term “spatial econometrics” in the
early 1970s to refer to a set of methods that explicitly deals with
spatial dependence and spatial heterogeneity, the field has grown
rapidly. The books by Cliff and Ord (1973), Paelinck and Klaassen
(1979), Anselin (1988), Cressie (1993) and Anselin and Florax
(1995) contribute significantly to the development of the field. For
arecent survey on the subject, see Anselin and Bera (2002).

Among the class of spatial models, spatial autoregressive (SAR)
models on lattices have attracted huge attention. Various methods
have been proposed to estimate the SAR models, which include
the method of maximum likelihood (ML) by Ord (1975) and
Smirnov and Anselin (2001), the method of moments (MM) by
Kelejian and Prucha (1999, 2010), and the method of quasi-
maximum likelihood estimation (QMLE) by Lee (2002b, 2004). A
common feature of these methods is that they are all developed to
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estimate finite dimensional parameters in the SAR models which
are frequently assumed to be linear. When an unknown infinite
dimensional parameter is present (e.g., the regression function is
of unknown form), there is a lack of guidance on the estimation
and inference process.

In this paper, we consider spatial autoregressive (SAR) mod-
els on lattices when the regression function is partially specified,
motivated by the following considerations. First, as was argued
in Paelinck and Klaassen (1979, pp. 6-9), econometric relations
in space result more often than not in highly non-linear specifi-
cations. It has well been documented in the literature that many
economic variables exhibit nonlinear relationships. For example,
economic inequality is associated with economic growth through
an inverse-U shaped Kuznets curve. Recent study also suggests
an inverse-U relationship between economic growth and envi-
ronmental quality even when the spatial effect is accounted for
(see Rupasingha et al., 2004). Ignoring the potential nonlinear re-
lationship in spatial dependence models often results in incon-
sistent estimation of the parameters of interest and misleading
conclusions.

Second, while most econometric analysis and empirical studies
using the SAR models ignore potential nonlinear functional forms,
there have been some considerations of flexible functional forms in
the literature that try to take into account certain form of nonlin-
earities in the models. See, for example, van Gastel and Paelinck
(1995), Baltagi and Li (2001), Pace et al. (2004) and Yang et al.
(2006). Most of these papers introduce a parametric transforma-
tion (e.g., Box—cox transformation) on the response variable or/and
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regressors. Nevertheless, parametric functional form transforma-
tion can at most provide certain protection against some specific
nonlinear forms. In the absence of a priori information and theoret-
ical foundation, it is generally advisable to consider more flexible
functional forms.

Third, as nonparametric techniques advance, more and more
researchers find out the advantage of nonparametric and semi-
parametric methods in modeling nonlinear economic relation-
ships (see, e.g., Yatchew, 1998). Recent researches have started
addressing the importance of nonparametric modeling in spatial
econometrics. For example, in modeling hedonic housing price,
Gress (2004) introduced two semiparametric spatial autocorrela-
tion models and compared them with a variety of competing para-
metric spatial models. He found that the semiparametric models
offer more accurate and stable estimates of the regression param-
eters and better out-of-sample predictions than do the alternative
parametric models. Basile and Gress (2004) proposed a semipara-
metric spatial auto-covariance specification of the growth model
for the European economy and found that nonlinearities are im-
portant in regional growth in Europe even when the spatial de-
pendence is controlled for. As a result, assuming a common linear
relationship between economic growth and inputs is misleading.

Fourth, as Robinson (1988) remarked, a correctly specified
parametric model affords precise inferences, a badly misspecified
one, possibly seriously misleading ones, whereas nonparametric
modeling is associated with both greater robustness and lesser
precision. So an intermediate strategy is to apply a semiparametric
form, among which partially linear models are widely used.

In this paper we extend the work of Lee (2004) and consider
estimating the parameters in partially linear SAR models by the
profile QMLE method. When the error term has a known density
form, Staniswalis (1989) proposed estimating the nonparametric
regression function by maximizing the local log-likelihood. In the
case of unknown error density, we can apply the idea of the quasi-
maximum likelihood (QML). Because we have both parametric and
nonparametric components in our regression function, we first
concentrate out the nonparametric component by expressing the
nonparametric component as certain function of the parametric
component and the data. Then we estimate the parametric compo-
nent and recover the nonparametric component after that. Conse-
quently, we term our estimator as a profile QML estimator. Like Lee
(2004), our parametric component includes the spatial parameter,
the coefficient of the linear part of the regression function, and the
variance of the error term. Because the parametric component is of
finite dimension, it is also called the finite dimensional parameter
in the literature.

Like Lee (2004), the rates of convergence of the estimators for
the finite dimensional parameters depend on some general fea-
tures of the spatial weights matrix of the model. The estimator of
the spatial parameter may indeed have a /n-rate of convergence
and a normal limiting distribution. Nevertheless, under some cir-
cumstances, the estimator has a slow rate of convergence for some
parametric components of the model, say when all elements of the
spatial weights matrix tend to zero as the sample size goes to in-
finity. In the former case, the nonparametric component can be
estimated consistently at the conventional nonparametric conver-
gence rate. But this is not true in the latter case where more strin-
gent conditions on the spatial weights matrix and the bandwidth
parameter are required to gain consistency of the estimators for
both the parametric and nonparametric components.

It is worth mentioning that the semiparametric models of
Gress (2004) and Basile and Gress (2004) are special cases of
our model. We can also apply our model to examine many other
well-known nonlinear relationships in economics, including the
relationship between economic inequality and economic growth,
the relationship between economic growth and environmental
inequality, the relationship between education and wages, etc.

The paper is structured as follows. In Section 2 we introduce the
partially linear SAR model and the profile QMLE approach to esti-
mate the finite and infinite dimensional parameters in the model.
We make a set of assumptions in Section 3. In Section 4 we study
the asymptotic properties of the profile QMLE estimators when the
information matrix is nonsingular and the parametric component
can be estimated at the regular /n-rate. In Section 5 we study the
asymptotic properties of the profile QMLE estimators when the in-
formation matrix is singular and some of the parametric compo-
nent can only be estimated at a slower rate. We conduct Monte
Carlo simulations to check the performance of the proposed esti-
mator in Section 6. Final remarks are contained in Section 7. All
technical details are relegated to the Appendix.

Like Kelejian and Prucha (2001), we adopt the following no-
tation and conventions. For a matrix A,, we denote its norm as
lA:ll = [tr(Aq,A,)]Y? and the (i, j)th element of A, as a, ;. Simi-
larly, for a vector ay, a, ; denotes its ith element. An analogous con-
vention is adopted for matrices and vectors that do not depend on
the index n, where n is frequently suppressed. We say A, is uni-
formly bounded in absolute value if SUp; i<, 1<j<n |an | < 00. We
say A, is uniformly bounded in row sums (resp. column sums) if
SuPlg)ign 2;121 lanijl < cq < o0 (resp. sup; i<, Z?:l lanijl < ca
< Q).

2. Partially linear spatial autoregressive models and profile
QMLE

In this paper we investigate estimation of the spatial autore-
gressive models:
Y, = Xnﬂo + mO(Zn) + ;OOWnYn + Uy, (21)

where X, = (X1, ...,X0n) and Z, = (z41,...,2pp) aren x p
and n x g matrices of regressors, respectively, W, is a specified

constant n x n spatial weight matrix, U, = (uy,...,u,;) is an
n-dimensional vector of i.i.d. disturbances with zero mean and
finite variance of, mo(Z,) = (Mo(zn1), - - -, Mo(Zn.n))’, and mg ()

is an unknown function defined on R%. Let 6y = (B}, po, o)’ be the
true finite dimensional parameter vector. Denote T,,(p) = I,—pW,
for any value of p. It follows that

Yo =T, " (Xafo + mo(Zy) + Uy), (2.2)

provided T,, = T,(pp) is nonsingular.

Let U,(8) = Y, — XuB — mg(Z,) — pW, Y, where § = (B, p)'.
In the case for which mg (") is missing from the definition of U, (6),
Lee (2002b, 2004) proposes maximizing the Gaussian quasi log
likelihood

n n
logLy (6) = —> log (2m) — 5 logo? + log|T, (p)|

1 )
- ﬁun (8) Un (3), (2.3)
where 6 = (8, p, 02).

Since mg () is present in Eq. (2.1), we propose estimating 6 by
the following two step procedure: (i) Estimate mg(z) for fixed 9,
denote the resulting estimator as my(z); (ii) Plug in my(z) into
Un(8) in (2.3), and obtain the QMLE estimator 6 for 6 and my(z)
for mg(2).

To estimate mg(z) for fixed 6 in the first step, we generalize the
approach of Staniswalis (1989) for likelihood-based estimation and
use a method that might be called profile quasi-maximum likeli-
hood estimation (QMLE). We give an asymptotic analysis based on
the local polynomial procedure. See Fan (1992) and Fan and Gijbels
(1996) for a discussion on the attractive properties of local polyno-
mials.

Let K(*) denote a kernel function on RY and h = h, a bandwidth
sequence. Set K, (z) = h™9K(z/h).LetY; (p) = Ty(p)Y, and denote
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its jth element as Y:,j(/’)- For the data set {Y;,, X;,, Z,}, the rth order

local polynomial regression of Y;i (p) —x;, ;8 onz, ; can be obtained
from maximizing the following profile likelihood criterion:

Qa(z) =n! ZKh (zni — z) log g2
i=1

X (Yﬁif () =X B— Y. ajh”(znﬁ,-—z)j),(z.zl)

0=ljl=<r

where ¢,2(") is the pdf for a normal density with zero mean
and finite variance o2. Here and below, we use the notation of
Masry (1996): j = (i1, ....J), lil = Y1 jiZ = M,z and

D o<lii<r = k=0 ]’f]=0~--21’-;:0. For |jl = 0,1,...,r, o5 =
Jittig=k
aj(z) corresponds to the scaled coefficient of (z,; — z)¥ in the
rth order Taylor expansion of mg(z,;) around z, ie, o5 =
(h1/§Na8mg(2)/(3121, . .., dazg), where jI = TIL,ji!. Further,
let a(z) = (ap(2), a1(2), ..., ar(2)"), where o;(z) is a collection
of all the parameters «j(z) with |[jl = [ (0 < | < r)in
the lexicographical order (with highest priority to last position
so that (0,0,...,]) is the first element in the sequence and
(1,0,...,0) is the last element). Denote the maximizer of (2.4)
as wp(z) = (wop(@),010@), ..., 0(2)), where, for given
0, ay(2) is the collection of the estimators «j ¢ of o with [j| =
I in the lexicographical order. Let Ny = (I + q — D!/(!(q —
1)!) be the number of distinct g-tuples j with |j| = [ (I =
0,1,...,r+1).Thenay(z) isan N x 1 vector, where N = Y |_/ N;.
In the special case r = 1, we have the local linear procedure
so that the above notation can be greatly simplified: a(z) =
(0(2), 01(2)") = (x,0,..0(@), %@©0,..1)@), ..., xaq0,.0@)
because «;(z) is a collection of gj(z) with |j| = [ (I = 0,1);
N:N0+N1 :1+q.
Given 6, the maximizer ay (z) of (2.4) can be obtained by

. - !
ag (z) = argmin (Y:(,o) —XuB— Z (2) oz)

% —>
<K @) (Y (0) = Xup = Z @), (25)
. —
where Ky (z) = diag(Kn(zn1 — 2), ..., Kn(znn — 2)), Z (2) =
(Z1@), ..., Zx(2) and Z () is a collection of h™ll(z,; —
zM(ljl = 0,1,...,r) in the lexicographical order. For example, if
9
r=1,then Z i(z) = (1, (zn,;—2)'/h)’". In general, the first element
in oy (z) represents the profile likelihood estimate of mq(z) given 0
and thus we denote it as my(z). Define the smoothing operator by

— — —
$.(2) =17 (2)Kn(2) Z (2)]"! Z (2)'Kn(2). Then

ap (2) =Su(2) Yy (p) — XuB) . (2.6)
In particular, the estimator for mg(z) is given by
me (2) =5(2)' (Y (p) — XuB) , (2.7)

where s(z)’ = €'S,(z),and e = (1,0, ...,0) isan N x 1 vector.

When r = 0, ay(z) reduces to my(z), and we obtain the lo-
cal constant (or equivalently Nadaraya-Watson) estimator used by
Robinson (1988). Nevertheless, it is well known that the bias of
the local constant estimator is higher for z near the boundary than
for z away from the boundary. One needs to use either a “trim-
ming” scheme (e.g., Robinson, 1988), or some weight functions
(e.g.,Li and Stengos, 1996) to avoid the random denominator prob-
lem in the local constant estimation. So in the following we restrict
ourselves to the case where r > 1.

In the second step, we consider maximizing the following pro-
file likelihood

n n
log Ly (0, my (Zy)) = —= log (27) — 2 logo® + log|T, (p)|

1
T 352 (T (0) Y — XuB — My (Z1))'

X (T (p) Yn — XpB —my (Zy)) ,
where my (Z,) = (Mg (zn,1), - .., My (zn,n)).
Let S, = (s(zn.1), ---,S(znn)) . From the quasi log likelihood
function (2.8), given p, the QMLE of 8 is

B(p) = X, (In — S) (I — Sp) Xl !

(2.8)

X X,; (I = Sp) Iy — Sp) T (0) Ya, (2.9)
and the QMLE of o2 is
G2 (p) = % (s — S0) (Ta (0) Yo — XuB (0))]
% [(n = Sn) (Ta (0) Yo — X (0))]
= %Y,;Tn () Iy — Sp) My (I — Sp) T (0) Yo, (2.10)

where M, = I, — (I, — Sn)xn[x,;(ln —Sn) (I — Sn)xn]ilxrll(ln —Sn).
The concentrated log likelihood function of p is

logL; (o) = — (log (2) + 1) — 2 10g3? (p) + l0g|Ty (p)].
(2.11)

The QMLE 7 of p maximizes the concentrated likelihood (2.11).
The QMLEs of 8 and o2 are B(p) and 52 () respectively. Let § =
(B', P, 52). A by-product of the above procedure is

@) =05 @ =@ (Y () — XuB). (2.12)
the profile QMLE for the unknown function mg(z) and its scaled
partial derivatives up to order r. We will study the asymptotic
properties of § and @(z) in subsequent sections.

3. Assumptions

To provide a rigorous analysis of the QMLE, we assume the fol-
lowing basic regularity conditions.

Assumption 1. (i) (x,,2,:), i = 1,...,n, are nonstochastic
regressors that are uniformly bounded on X x Z. (ii) There exist
some functions m;(z) over Z such that forall 1 < i < nand
1<j<p

Xnij = M (zni) + N, (3.1)

and the real sequences {n;; = ny,;} satisfy

n
lim n~"' Z nin; = Px.x

n—o00 £
i=1

and

< o0 (3.3)

!
P
s=1
for any permutation (i, ...,jn.) of (1,...,n), where x,; is the
jth element of x,; (ie, Xp; = Kni1, .-, Xnip)' ) i = i =
(i1, - - -, Mip)’, Px x is a positive definite matrix, and ||'|| denotes
the Euclidean norm. (iii) m;(*),j = 0, 1, ..., p, are (r + 1)-times
continuously differentiable and their (r + 1)th partial derivatives
are Lipschitz continuous of order one. (iv) There exists a positive
density function f (*) such that

1
lim sup ——— max
n—oo NY/2logn 1<i<n

o1
lim —

n—oo n v (Z”’i) = / U(Z)f (Z) dZ

i=1

(3.4)

for any bounded continuous function v(*). f(-) is bounded away
from zero on Z.
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The fixed bounded design assumption in Assumption 1(i) is
made for several reasons. First, it parallels that of Kelejian and
Prucha (1998, 1999, 2001, 2010), Lee (2002a,b, 2004) and Lin and
Lee (2010). Second, it allows us to avoid the use of trimming
factors (e.g. Robinson, 1988). Like the aforementioned literature,
we allow the fixed regressors to depend on n. This is important
since X, or Z, can include columns like W, X,. By writing n; =
nng and n; = 1, we explicitly allow for triangular array n{js.
This is important since it is possible to have m;j(z,;) = 0 and
Nij = Nnij = Xa,ij- Nevertheless, we will suppress the dependence
of nis on n for notational simplicity. Assumption 1(ii) parallels
Assumption 1 of Gao (1995) and Assumption 1.3.1(ii) of Har-
dle et al. (2000) who considered only a scalar design. If {n;}l_;
were i.i.d. with mean zero and finite variance-covariance matrix
@y x, then we could think that Assumption 1(ii) holds with prob-
ability one. Assumption 1(iii) is standard in the literature on lo-
cal polynomial estimation. As in Linton (1995), Assumption 1(iv)
does not preclude {z,;}! , from being generated by some ran-
dom mechanism. For example, ifzr’u-s were i.i.d. with density f ("),
then (3.4) holds with probability one. So even though we focus on
the fixed regressor case, our analysis holds with probability one if
{Xn,i» Zn,i}i_; are generated randomly, and in this case, we can in-
terpret our analysis as being conditional on {x, i, Z, ;}i_ ;.

Assumption 2. {u;}!, are ii.d. with mean zero and variance o¢.
E(|lu1|**€) < oo for some € > 0.

Assumption 2 rules out heteroscedasticity. When heteroscedas-
ticity is present in the linear spatial autoregressive (SAR) models,
the QMLE of Lee (2004) is generally inconsistent. For this reason,
Kelejian and Prucha (2010) and Lin and Lee (2010) explore the
GMM estimation of the linear SAR models with heteroscedasticity.

Assumption 3. (i) The elements w, ; of W, are at most of order
171, denoted by O(1/l,), uniformly in all i, j. As a normalization,
wpi = 0 for all i. (ii) The ratio I,/n — 0 as n goes to infinity.
(iii) The matrix T, is nonsingular. (iv) The sequences of matrices
{W,} and {T,j]} are uniformly bounded in both row and column
sums. (v) There exists € [0, 1) such that I, = 0(n?).

Assumption 3(i)-(iv) concern the essential features of spatial
weights matrix and they parallel Assumptions 2-5 of Lee (2004).
Assumption 3(i) is always satisfied if {l,} is a bounded sequence.
We allow {I,,} to be divergent but at a rate smaller than n as spec-
ified in Assumption 3(ii). Assumption 3(iii) guarantees that (2.1)
has an equilibrium given by (2.2). Kelejian and Prucha (1998, 1999,
2001) and Lee (2004) also assume Assumption 3(iv) which limits
the spatial correlation to some degree but facilitates the study of
the asymptotic properties of the spatial parameter estimators. By
Horn and Johnson (1985, p. 301), lim sup,, || poW; || < 1is sufficient
to guarantee that T, 1 is uniformly bounded in both row and col-
umn sums. As Lee (2004) remarked, this assumption ensures that
the variance of Y;, is bounded as n — oo. Assumption 3(v) is a little
bit stronger than Assumption 3(ii) and is assumed to facilitate the
presentation in the proof.

Assumption 4. {T;'(p)} are uniformly bounded in either row or
column sums, uniformly in p in a compact convex parameter space
A.The true pg is an interior point in A.

By Lee (2002b, Lemma A.3), Assumption 3(iv) implies {T{] (0)}
are uniformly bounded in both row and column sums uniformly in
a neighborhood of pg. Assumption 4 restricts the parameter space
A to be compact and thus rules out the case where A = (—1, 1).As
a referee kindly remarked, one can relax the compactness of A to
establish the global consistency of our estimator but that is beyond
the scope of our study. As Kelejian and Prucha (2010) noted, in

the existing literature related to the Cliff-Ord models, the spatial
weights matrix W, is typically assumed to be row-normalized (say,
to avoid the singularity of I, — pW,,) so that the parameter space A
for p is taken to be the interval (—1, 1) and the spatial parameter
is assumed not to depend on the sample size. Nevertheless, row-
normalization may lead to misspecified model unless some theory
suggests so. For this reason, Kelejian and Prucha (2010) allow all
of the model parameters to depend on the sample size. To save
space, we refer the readers to Kelejian and Prucha (2010) for more
discussions on the parameter space.

Assumption 5. (i) The kernel function K() is a continuous
symmetric density with compact support on RY. (ii) h o« n='/% for
some § > 0 such that nh*! — oo, and nh*¢+V — 0.

Assumption 5 concerns the kernel and bandwidth sequence. It
is pretty standard in the nonparametric literature for local linear
estimation. Assumption 5(ii) requires that r > ¢q/2 — 1. When
g < 3, we can simply choose r = 1 and apply the local linear
procedure. When q¢ > 4, a higher order local polynomial is
required. Nevertheless, due to the “curse of dimensionality”, we
do not expect large g in practice.

To proceed, let G, = W, T, ! and R, = G,(X,f0 + my(Zy)).
Then ¢; = lim,_,  tr(G,)/n < o0, and ¢; = limy_oo tr((G, +
G,)Gp)/n < oo by Lemma A.5 and Facts 1-2 in the Appendix,
which also implies the existence of the following limits under
Assumption 1:

n n
— 1; -1
Gxp=lim n™' Y " mi ) gugnifo and

=1 j=1

2
n n
— 1 -1
Do = tim 1Y (Zgn.yn}ﬂo) |

i=1 \j=1

We next make a high level assumption.

Assumption 6. ||(I, — S,)G.mg(Zy)]|?> = O(nh?T+D + h~9),

Assumption 6 is a high level assumption which can be justified
by assuming that z ;s are iid. random variables with finite

variance, where O(nh?(*+") results from the squared bias by
approximating G,mq(Z,) by S,G,mq(Z,) and O(h~9) reflects the
variance of the approximation. In a fixed design partially linear
model, Speckman (1988) made a similar higher level assumption
which is justifiable by treating the regressors as being generated
randomly. See, e.g., Assumptions (e)—(f) of Speckman (1988) and
the discussions thereafter. In the special case where m;(z,;) = 0,
Assumption 6 is automatically satisfied.

Assumption 7. $pp — CD)/LR@)Z}(@X,R > 0.

Assumption 7 requires implicitly that the generated regressors
GnXnBo and X,, deviated from their nonparametric projection
onto Z,, are not asymptotically multicollinear. It is a sufficient
identification condition of 6y. By (A.4), ®xr = 0 and &xz = 0
if » > 0. So Assumption 7 implicitly requires that [, = 0(1), that
is, elements of W, cannot tend to zero uniformly as n increases to
infinity.

As Lee (2004) remarked, the set of regressors G,X; B0 and X,
deviated from their nonparametric projection onto Z,, can be
linearly dependent under some circumstances, e.g., if 8o = 0 or
the columns of G, X, 8o lying in the space spanned by the columns
of X;,. In some cases G, X, 8o and X, are linearly independent in finite
samples but they become asymptotically multicollinear (e.g., Case,
1991). This means that limy_ oo N7 (GpXn) (In — So)'Mn(, —
S1)GX,, = 0. In this case, we replace Assumption 7 by:
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Assumption 7*. &g — GD)/(’RQD)Z}(‘DX,R =0.
Denote

ol (p) =n"ogtr (T, T, (0) T (0) T, '} . (35)

When Assumption 7* holds, the parameter p, can be identified
in terms of the concentrated quasi-log likelihood when {I,,} is
bounded. This is stated in the next assumption.

Assumption 8. The sequence {l,} is bounded and for any p # po,

lim {%log‘aozTn ’—flog‘ oy, (0T, (o) (T, (p))”

n—oo

£0.

Like Lee (2004), under Assumption 7%, Assumption 8 implies that
limp_ oo n1tr(C3CY) # 0, where C, = G, — (n~'tr(G,))l, and C§ =
Cn + C,. The latter condition is necessary for the /n-consistency
and asymptotic normality of the QMLE 6 under Assumption 7%, see
Lemma 4.2.

4. Asymptotic properties: The regular case

In this section we first discuss the consistency and asymptotic
normality of  and then the asymptotic normality of @ (z).

4.1. Asymptotic property of§

From (2.1) and (2.2), we obtain the reduced form equation of Y;,

Yo = XufBo + Mo (Zy) + poGn XnPo + Mo (Z) + T, 'Uy  (4.1)

because I, + poG, = T, ', where G, = W, T, '. The above equation
is frequently used in later derivation.

Define Qq(p) = maxg ;2 E[logL, (0, my(Zy))]. The optimal
solutions of this maximization problem are

B* (0) = X} (In — S) (In — Sa) Xal~'X;, (I — Sp)’
X (In = Sp) Ty (0) Tn_l XnBo +myg (Z,)) , (4.2)
and the QMLE of o2 is
o (p) = g
n

x [ = 50) (Ta (0) Yo = X" ()]}

[ =50 T (0) Yo = Xu" ()]

1
E {mg (Z,) + (po — p) Ra} (I — Sn)’
X My (I, — Sy) {mg (Z,) + (oo — p) Rn}

2
+ B (1,71, (0 T (0 ;7). (43)

Consequently, we have

n n
Q (p) = 3 (log (27) + 1) — 3 logo ™ (p) + log|T, (p)| . (44)
To show the consistency of 0, we follow Lee (2002b) by identifying
po based upon the maximum value of {Q,(p)/n} and showing the

uniform convergence of {log L (p) — Q,(p)}/n to zero on A.

Theorem 4.1. Under Assumptions 1-7 or Assumptions 1-6, 7* and
8, Oy is globally identifiable and 6 is consistent with 6.

Next, we derive the asymptotic distribution of 0 by using a
Taylor expansion of 8 log L,,(0) /36 at 6g. Let P, = (I, —S,) (I, — Sn).
The first order derivatives of n=/? log L,(6) at 6, are

%alogalg (b)) _ 21/» X'P, (mg (Zy) + Uy) ,

%ZﬂogaL; o) _ 001 R, PoUs + I{U;G;P,,Un
—o2tr (G)} + # (WaYn)' Pammig (Z2) ,

% aloichnz(Oo) _ 20(;\/5{11,’,13,1Un—no(f}+2061;\/ﬁ

X {mo (Zn)' Pamyg (Z,) + 2mg (Zn),PnUn} .

By Lemmas A.7 and A.8 in Appendix A, (1/4/n)A/ P,my(Z,) = op(1)
for A, = X, mg(Z,), U, and W,,Y,,. Consequently, we have

1 dloglL, (90) 1

ﬁ 3,3 \/» HP U +OP (1)
1 dlogl, (90) RPU + 1
N NN
x {UpGPaUy — ogtr (G)} +0p (1),
1 dloglL, (6y) 1
= 8()’n2 o =204\/H{U;1Pnun—n0'02}+0p(1).
0

It follows from Assumptions 1-5 and Lemmas A.5-A.8 that is given
in Box L.

The expected Hessian matrix is given by Eq. (4.5) in Box IL. Itis
easy to verify that

£ 1dlogL, (6y) dlogL, (6y)
n a6 a0’

where £2,, ¢ is given in Box III.
Before we state Theorem 4.3, we first prove a lemma.

] =S4 2upto(l).  (46)

Lemma 4.2. Under Assumptions 1-7 or Assumptions 1-6, 7* and 8,
Xy is positive definite.

With the above lemma, we can state the second main result in
this section.

Theorem 4.3. Under Assumptions 1-7 or Assumptions 1-6, 7* and

8, V1@ — 6) > N© T + 3,'25;"), where 25 =
limy o0 $2,6.

Remark 1. As in Lee (2004), the asymptotic results in Theo-
rems 4.1and 4.3 are valid under the two sets of conditions. In either
case, the sequence {l,} is bounded so that c; is generally nonzero
and Xy is usually not a block diagonal matrix in (4.5). When U, is
normally distributed, £2, 9 = 0. Even in this case, the estimators

(,@, 7)" and & will be generally asymptotically dependent.

Remark 2. To make a statistical mference on 6, we need to
estimate §2yp and X, consistently. Let u,., i = Yni —

0 Z] 1 Wni¥nj — M(zn,i), where m(z) is the first element in w(z)
and y, ; is the ith element of Y,. We can estimate 00, U3, [Lgq CON-
sistently by the sample moments of U, ;. We denote these esti-
mators as 62, [i3, and 14, respectively. Then we can estimate £2y
consistently by £2, which equals .Qn A with oo , M3, M4, Gy, Rpand
¢y, being replaced by ¢ a/{ug, 4, Gn)\ ., and C; respectively, Here
Gn = Wyl — DWa) ™', Ry —W(Xﬂ+m(Z)) 1, ¢ = tr(Gy)/n,
and the ith element of m(Z,) is given by mi(z, ). It is standard to
show that @n is consistent with £2. Similarly, we can estimate Xy
consistently by

X! PoXo X!/P.R,
;. n_ 0
o2n c2n
Sy= | XiPeRe  XiPaRe tr(G2 4+ GPaGr) 1
o2n o2n n o2
T 1
0

R 204
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E 10logL, (6y) 0 logL, (6p)
n a0 a0’
1 X'P,P,R X' P,diag(G’ P,
TX;PnPan n nzn n + M3A, P 4g( n n) Mz X,/,Pndiag(Pn)
on ogn ogn 2051
R/ P.PiR, N 2/13R, P,diag(G,Py) w o
o2n oin 205 RoPrdiag(P)
= k n 1
(1a —307) g2 ' (ma —303) tr (Gn) | tr(Gn) +o()
i=1 tr (Gn (Gn + G")) + 4 + 4
+ 7 opn oyn
oyn n
1 Hg — 3(76l
* * Py -
204 40,
which is a symmetric matrix with g, ;; being the (i, i)th element of G, and ; = E (uj]), j = 3 and 4. To get the above result, we have
used the facts that E(U/AyU,) = o2tr(Ay), and E(U/AyUaU;BaUy) = (a—303) D | Gniibn.ii+0g [tr(An)tr(By) +tr(ABy) +tr(AuB))].
Box I.
X! PuX, X! PaRy X, Pamyg (Z,)
oin ogn ogn
e[ 9%logLn (B0) ] _ . R/ P.Ry L (G2) + tr (G,PyGn) tr (G,Py) N R.P,my (Z,)
no 0036’ ogn n ogn oon
1 tr (Pn) m6 (Zn) anO (Zn)
* * T 9.4 a1 6
20, ogh ogn
! () ! () 0
Gg XX 002 X.R
1, 1 1
= TQ)X,R 7¢R,R+C2 — | to()=Xs+0(1) (4.5)
0o 99 09
c 1
0 = Py
of 20,
Box II.
0 w3X; Pydiag(G,Pn) w3X; Prdiag(Py)
agn 208n
n
o pa=30) Y g
Qnp = . 2us3R;, Pydiag(G,Py) N ( ) ,; M sR Pdiag(Py) (4 — 30y) €1
crén ag‘n 20§n aén
s — 304
* * —_—
403
Box III.

4.2. Asymptotic normality of & (z)

To study the asymptotic property of @(z), we denote the true
value of @(z) in (2.4) as «%(z), an N x 1 vector that is a collection
of my(z) and its scaled partial derivatives up to rth order. Also, we
arrange the N, elements of the derivatives
1 dllmy(z)

1oz, ..., Dz,

(Dimg)(z) = (4.7)

(il = r + 1) as a column vector m, (2) in the lexicographical
order. Then we have the following theorem.

(r+1)
0

Theorem 4.4. Under Assumptions 1-7 or Assumptions 1-6, 7* and
8, if nh?(*D+1 . ¢4 e [0, 00), then V/nhi(@(z) — o®(z) —

AT BmItV(2)) S N(0, 02T/ (2)), where IT, I
and B are defined in (Matrix) in the Appendix.

Remark 3. Theorem 4.4 tells us that o&(z) is asymptotically
normally distributed as if the finite dimensional parameters 6 =
(B, p, 0%) are known. In particular the estimator for mg(z) and
that for its partial derivatives have different rates of convergence
(see the definition of «®(z)). In the special case where r = 1, IT
and I" reduce to

1 0
0 /uu/K wdu |-
RY

1

/ K (u)® du 0o
r=|Jr (4.8)
0 / u'K (u)? du
RI
(4.8) implies that the estimator for mg(z) is asymptotically



24 L. Su, S. Jin / Journal of Econometrics 157 (2010) 18-33

independent of the estimator for its first order partial deriva-
tives. Furthermore, the asymptotic normal distribution given by
Theorem 4.3 can be used to calculate pointwise confidence in-
tervals for mg(z) and its derivatives. To do so, we only need to
estimate mgH)(z) and f(z) consistently given the fact that B, IT
and I' can be calculated once K(-) is chosen and that 002 can
be estimated consistently by 2. It is easy to show that f(z) =
(1/nh?) ZL K((zni — 2)/h) — f(2). To estimate mgﬂ)(z), one
can use a higher order local polynomial regression of y, ; — x;u-A
',52;'21 Wy iiYnj ON Zy;. The procedure is standard in the nonpara-
metric literature and we omit it for brevity.

5. Asymptotic properties: The irregular case

When lim,_ [, = 00, Xy is singular. The singularity of the
information matrix affects the convergence rate of the estimators.
This is true because when lim,—. Il = 00, (1/n)logLS(p) is
rather flat in p and the convergence of (1/n)(logL;(p) — Qu(p))
to zero is too fast to be useful. Nevertheless, we follow Lee (2004)
and demonstrate that with a properly adjusted rate,

(n/m) [(l0g L;, (0) — Tog L; (p0)) — (Qn (0) — Qu (p0))] > 0
uniformly in A. (5.1)

We consider the situation in which

Bim (/) R, (I = S)' My (I = S) Rn = €

where 0 < ¢ < o0. (5.2)

In this case, it is natural to assume that elements of (I, — S,)R,
are of uniform order 0(1/+/1,,), implying that elements of M, (I, —
Sn)R, are also uniformly 0(1/+/1,) by Fact 2 and Lemma A.5 in the
Appendix. We make the following assumption.

Assumption 9. The sequence {l,} is a divergent sequence, ele-
ments of (I, — S,)R, have the uniform order 0(1/+/1,,), and (5.2)
holds. Under this situation, either (i) c > 0, or (ii) if c = 0,

1 - 1 - -
lim {;:log|002Tan,; 'l _510g|‘7p2,n(P)Tnl(P)Tr/t 1('0)|} >0

n—o00o

whenever p # pop.

Assumption 9(ii) modifies Assumption 8 with the factor I, that
takes into account the proper convergence rate of the profile
likelihood function.

5.1. Asymptotic property of§

The following theorem claims that the spatial parameter can be
consistently estimated from the concentrated log-likelihood.

Theorem 5.1. Suppose Assumptions 1-6 and 9 hold and lim,_, o
1,h?TtD = 0. Then D is consistent with pg.

We can also derive the asymptotic distribution of p from the
concentrated log-likelihood function. Once we obtain the asymp-
totic distribution of 0, we can apply the delta method to derive the
asymptotic distributions of the estimators of other parameters in
the partially linear SAR model.

To proceed, we derive the asymptotic distribution of p by using
a Taylor expansion of 9 log L,,(0)/d 0 = 0 around pg to obtain

no_ L 2 logLy (Bn)\ ' [In 9 logLy (o)
S B =) = — (L 22260l (53)
I n ap n op

where p, is the mean value. We shall show that (I,/n)d? log LS (p)

/9 p? converges to a nonzero scalar uniformly on A. Also, we can
apply the central limit theorem of Lee (2004) to /I, /nd% log L (p)/
d0%. The result is reported in the next theorem.

Theorem 5.2. Suppose Assumptions 1-6 and 9 hold, lim,_
nh2r+ 0 and tr(G,(S, + Sy — S.S))) = o(y/n/L,). Then

VAL — po) > N(O, 2), where

l ! -2

2 . n n /

oy = lim [nag R\MIR, + -t (Gp (PuGn + G;))]
In

nog

+ 2R M, diag(P,Cp) 3] ,

X

[03R,M Ry + 0t (PuCy (PaCo + CiPy))

and My} = (I, — Sp)' My (In — Sp)-

The condition that lim,_, . nh?"*D = 0 implies that an
undersmoothing bandwidth has to be used. The assumption that
tr(G,(S,+Sn—S,Sn)) = o(y/n/l,) is a high-level assumption, which
is difficult to verify. Without this assumption, we need to correct
the bias of D in order to get the above limiting distribution. See
Step (3) in the proof Theorem 5.2. The above theorem implies that
the asymptotic distribution of p has the /n/I,-rate of convergence,
which is slower than the regular »/n-rate as I, — oo. As Lee (2004)
remarks, some practical formulae for classical inference statistics
associated with the spatial parameters are still valid after one takes
into account the factor [, in addition to the sample size n.

Theorem 5.3. Under the conditions of Theorem 5.2, \/n (E —Bo) 4
N(0, 02), and /A(G? — 0) > N(O, jug — o), where

of = of lim n (X2PuXs) ™" X PaPuXn (X,PoXn) ™!

+op lim I, (X.PuXy) ™" X\PaRy (XPaRy) (XiPuXn) ™' (5.4)

In the special case with fo = 0, 0 = o limy_. oo 1(X;PuXn) ™' X} Py
PoXn (X PuXn) ™.

Despite the slow convergence rate of p, Theorem 5.3 implies
that both 8 and 62 converge to their true values at the regu-
lar 4/n-rate. The /n-rate of convergence of 52 is not surprising,
which is also obtained in Theorem 5.3 of Lee (2004). Neverthe-
less, Lee A(2004) obtained a /n/h,-rate of convergence for his es-
timator 8, of By, where Lee’s notation h, plays the role of I, here.
To see why this occurs, we first take a close look at the asymp-
totic variance formula of \/n/h, (8, — Bo), which is proportional to
limnﬁoo(nilx,;Xn)ilnilx,;(cnxnlgo)nil(annﬂo),xn(ni]xéxn)iy
His result relies highly on the assumption that n”Xr/lGan,Bo has
anon-degenerate limit. Nevertheless, if elements x,, ; of X;, are i.i.d.
with zero mean and finite variance or behave like i.i.d. zero-mean
random variables, it is easy to apply Lemma A.2 in the Appendix A
and conclude that n‘lx,;(Ganﬁo) — 0as h, — oo. When this

occurs, Lee would need to rescale 8, — By by 4/n to obtain a non-
degenerate distribution and thus obtain the regular /n-rate of
convergence. See Lee (2004, p. 1912) for discussions on the case
where some components of n”X,/, (GnXnBo) have limit zero. In our
case, because of the presence of a nonparametric object in the re-
gression function, the data are pre-smoothed before they appear
in the variance formula, resulting a zero limit for n‘IX,/anR,1 when
lim,_ o, = o0. Instead, (\/E/n)X,’anRn has a non-degenerate
limit under Assumption 9. N

The asymptotic variance formula of ,/n(8 — Bo) consists of two
parts. The first part is present even if we do not need to estimate
po while the second part reflects the effect of estimating o on the
estimation of f,.

5.2. Asymptotic normality of & (z)

When lim,_, I, = oo, we require that lim,_,, nh?(*?) =
0 in order to ensure ./n/l,-rate of consistency of p. This means
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that undersmoothing is required in the estimation procedure. The
side effect of undersmoothing is that the asymptotic bias of a/(z)
vanishes, as is shown in the following theorem.

Theorem 5.4. Under the conditions of Theorem 5.2, v/nhi(c(z) —

%)) 4 N(0,0f T~ 'I" 171 /f (2)), where I1, T and B are defined
in (Matrix) in the Appendix.

Theorem 5.4 says that @(z) is asymptotically normally dis-
tributed and @(z) converges to «’(z) at /nhi-rate. Because of
undersmoothing, this rate is slower than that obtained in Theo-
rem 4.4.

6. Monte Carlo simulations

We now present Monte Carlo experiment results that illustrate
the finite sample performance of the QMLE estimator. Like Lee
(2004), we focus on the spatial scenario in Case (1991) with R
number of districts, m members in each district, and with each
neighbor of a member in a district given equal weight, i.e., W;, =
Iz ® B, where By, = (Inl;,, — Im)/(m — 1).

We first consider the following data generating process (DGP)
with and without the nonparametric component in (2.1):

Vo= Xo+ 10— @) Wve 4+ U (6.1)
n n Ol—l—exp(Zn) 0V¥nIn n» .
where U, ~ N(0, ), X, = (Xn,lv e an,n)/y Zy = (Zn,lv e 7Zn,n)/'

and z,, ;s are i.i.d. and each is equal to the sum of 48 independent
random variables each uniformly distributed on [—0.25, 0.25].
According to the central limit theorem, we can treat z,; as being
nearly a normal random variable with truncated support on [—12,
12]. We generate x,; as X,; = 0.22,?,- — Zni + nn,i, wWhere n,’”s
are i.i.d., independent of z ;s and generated in the same way as
Zni. Here, By = 002 = 1,and mp(z) = toexp(z)/(1 + exp(z)).
We will consider two choices of spatial parameter pq (0.25, 0.75),
and three choices of 7y (0, 1, 2). po = 0.25 represents relatively
weak spatial dependence whereas pg = 0.75 represents relatively
strong spatial dependence. 7 = 0 represents the case where the
regressor Z, does not explain Y;;; and larger value of 7, indicates
stronger nonlinear effect of Z, on Y,

We choose r = 1 and the standardized Epanechnikov kernel:
K@) = (3/4V5)(1 — 1291z < 5). As it is difficult to specify
the optimal bandwidth sequence, we choose the bandwidth by a
rule-of-thumb method: h = s,n~/@*% where s, is the sample
standard deviation of Z, and g = 1. In practice, it is recommended
that we use this bandwidth as the initial smoothing parameter
to obtain a preliminary consistent estimator (8, p) of (8, p) in
the model. In the second step, we conduct the least squares
cross validation method to choose the bandwidth by regressing
Y, — XuB — pW,Y, on Z, using the local linear procedure. We
have applied both methods to obtain the estimators but found
their performances are similar for the DGPs under study. So we
only report the simulation results for the former case. We have
experimented with two values for R and m: 10 to 40. For each case,
there are 1000 repetitions.

Table 1 reports the empirical mean, finite sample standard er-
rors, and asymptotic standard errors for the parameter estimators
of 6 = (Bo, po, 002)/ and the point estimator of mg(0). The finite
sample standard errors are the empirical standard deviations of
the estimators obtained in the 1000 replications; the asymptotic
standard errors are calculated from the formula for the asymptotic
variance-covariance matrix of these estimators and are averaged
across the 1000 replications. We summarize some interesting find-
ings from Table 1. First, we see that the biases for the estimators
of Bo, 002 and mg(0) are fairly small for almost all cases and they

decrease as R or m increases. Like Lee (2004), there are finite sam-
ple biases in the estimators of py that are not negligible for small
sample sizes (m = R = 10), but they decrease as R increases.
Second, for fixed m (10 or 40), as R quadruples, we observe that the
standard errors for the finite dimensional estimators are roughly
halved for most cases as predicted by the theory in Section 4. For
the estimator of the nonparametric component, as R quadruples,
their asymptotic standard errors drops less than 50% while the de-
crease of their finite sample standard errors varies across cases
(one reason might be that mg(0) cannot be estimated well for small
sample sizes). Third, for fixed R (10 or 40), as m quadruples, the
standard errors for the estimators of 8y and 002 are also halved ap-
proximately, whereas the empirical standard errors for the esti-
mators of py do not vary much. As m changes the behavior of the
nonparametric estimator of mg(0) is similar to the case where R
changes.

For comparison purposes, we report in Table 2 the estimation
result when we fit a linear SAR model of Lee (2004) to (6.1). As
a referee remarks, the linear SAR model accommodates situations
where the regressors include powers of z, ;. So even though the
data Y, are generated according to (6.1), we consider fitting the
data by the following two models:

Yo = B1Xn + B2Zn + pWnYy + Up, and (6.2)
Yy = BiXn + BoZn + ,332112 + ,3423 + pWhY, + Un. (6.3)

Model (6.2) includes a linear term z,; in the regression whereas
model (6.3) includes z, ;, z ; and z, ;. Unless 7o = 0, either model
is misspecified so that we will study the consequence of such
misspecification. To save space, we only report the empirical mean
and standard deviation for the estimator of py. From Table 2 we see
that when the model is misspecified (7o = 1, 2) the biases of the
estimators for pg do not decrease when either R or m increases.
This indicates the inconsistency of the estimator of pg when fitting
a misspecified linear model.

To check the sensitivity of the estimator to the choices of param-
eters other than the spatial parameter, we consider the following
DGP:

Yn = Bo1Xn1 + Bo2Xnz2 + Mg (Z,) + 0.5W,Y,, + U, (6.4)

where U, ~ N(0, I), Xpj = (Xnj, .-, Xnp) forj = 1,2, Z, =
(Zn1s - -+, 2n.n)- We consider generating Z, from a SAR process:
Zy, = 0.5W,Z, + E,, where E;, = (ep1,...,enn), en; are iid.
and each is equal to the sum of 48 independent random variables
each uniformly distributed on [—0.25,0.25]. Fori =1, ..., n, xni2
are i.i.d. U(0, 4), whereas x, ;; are generated analogously to x, ; in
(6.1): xps1 = 0.22,21’,- — Zn,i + nn,i, Where 1, ; are generated like ey ;.
{uni}, {en.i}, {nn.i} and {x, 2} are mutually independent. We will
consider two choices of Byq (0.2, 1), two choices of Sy, (0.2, 1), and
three choices of my('):

Case(a): mg(z) = —0.252% + z, (6.5)
Case (b): mg(z) = 0.2444 + ¢ (z;0.2,0.5)

+2¢ (z;0.8,0.25), (6.6)
Case (c): mp(z) =1+ 1.5sin(0.572), (6.7)

where ¢(z; a, b) is the normal density function with mean a and
standard deviation b.

Table 3 reports the empirical mean and standard errors (in
brackets) for the parameter estimators of 6y = (801, Boz, Lo, 002)’
and the point estimator of m((0). We summarize some findings.
First, we see that the biases for the estimators of 8y1, Bo2, and 002
are fairly small for almost all cases and they decrease as R increases.
There are finite sample biases in the estimators of pg and mg(0)
(especially for Case (a)), but they decrease as R increases. Second,
as R quadruples, we observe that the standard errors behave like
the case for fixed m in Table 1. In particular, the standard errors of
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Table 1
Empirical mean and standard errors (in brackets) of our estimators.
m Po To R=10 R=40
B p o? my(0) B o o? mp(0)
10 0.25 0 0.995 0.196 0.917 0.012 0.998 0.242 0.968 0.002
(0.104) (0.144) (0.137) (0.096) (0.052) (0.059) (0.070) (0.049)
[0.101] [0.172] [0.130] [0.131] [0.050] [0.079] [0.068] [0.075]
1 0.995 0.192 0.917 0.547 0.998 0.241 0.968 0.507
(0.104) (0.152) (0.137) (0.139) (0.051) (0.063) (0.071) (0.067)
[0.102] [0.181] [0.130] [0.131] [0.050] [0.083] [0.068] [0.075]
2 0.995 0.189 0917 1.085 0.998 0.240 0.968 1.013
(0.104) (0.159) (0.137) (0.212) (0.051) (0.066) (0.071) (0.096)
[0.102] [0.188] [0.130] [0.131] [0.050] [0.086] [0.068] [0.075]
0.75 0 0.999 0.730 0.924 0.013 0.999 0.747 0.970 0.001
(0.104) (0.052) (0.139) (0.097) (0.052) (0.021) (0.072) (0.049)
[0.102] [0.086] [0.138] [0.131] [0.050] [0.039] [0.072] [0.075]
1 0.999 0.729 0.925 0.550 0.999 0.747 0.970 0.507
(0.105) (0.054) (0.139) (0.144) (0.052) (0.022) (0.072) (0.068)
[0.102] [0.088] [0.138] [0.131] [0.050] [0.039] [0.072] [0.075]
2 0.991 0.728 0.925 1.091 0.999 0.746 0.970 1.028
(0.104) (0.057) (0.139) (0.222) (0.052) (0.023) (0.073) (0.099)
[0.102] [0.090] [0.139] [0.131] [0.050] [0.040] [0.072] [0.076]
40 0.25 0 0.998 0.200 0.968 0.011 1.001 0.245 0.989 0.005
(0.051) (0.144) (0.070) (0.057) (0.026) (0.061) (0.036) (0.038)
[0.051] [0.177] [0.068] [0.075] [0.025] [0.081] [0.035] [0.043]
1 0.998 0.194 0.968 0.545 1.001 0.244 0.989 0.509
(0.051) (0.154) (0.070) (0.118) (0.025) (0.066) (0.036) (0.061)
[0.050] [0.186] [0.068] [0.075] [0.025] [0.085] [0.035] [0.043]
2 0.998 0.188 0.968 1.008 1.001 0.245 0.989 1.011
(0.051) (0.164) (0.070) (0.199) (0.025) (0.068) (0.036) (0.095)
[0.050] [0.194] [0.068] [0.075] [0.025] [0.089] [0.035] [0.043]
0.75 0 0.999 0.733 0.970 0.011 1.001 0.748 0.989 0.003
(0.051) (0.049) (0.071) (0.057) (0.025) (0.019) (0.036) (0.028)
[0.050] [0.084] [0.069] [0.075] [0.025] [0.038] [0.035] [0.043]
1 0.999 0.731 0.970 0.545 1.002 0.749 0.991 0.507
(0.051) (0.052) (0.071) (0.119) (0.025) (0.027) (0.035) (0.056)
[0.050] [0.085] [0.069] [0.075] [0.025] [0.038] [0.035] [0.043]
2 0.999 0.729 0.970 1.084 1.001 0.748 0.989 1.013
(0.051) (0.055) (0.071) (0.201) (0.026) (0.020) (0.036) (0.078)
[0.050] [0.087] [0.069] [0.075] [0.025] [0.039] [0.035] [0.043]

Note: Numbers in round brackets are finite sample standard errors based upon 1000 replications. Numbers in square brackets are standard errors based upon asymptotic
formula averaged over 1000 replications. By = of = 1.m(0) = 0, 0.5, 1 for 7o = 0, 1, and 2, respectively.

Table 2
Estimator of spatial dependence parameter when model (6.1) is mistaken as model (6.2) or model (6.3).
m 0o To Model (6.2) Model (6.3)
R=10 R =40 R=10 R =40
Mean (s.e.) Mean (s.e.) Mean (s.e.) Mean (s.e.)
10 0.25 0 0.220(0.124) 0.246 (0.055) 0.214(0.129) 0.245 (0.056)
1 0.513(0.067) 0.519 (0.031) 0.460 (0.080) 0.472 (0.036)
2 0.699 (0.038) 0.697 (0.019) 0.651 (0.047) 0.655 (0.022)
0.75 0 0.739 (0.045) 0.748 (0.021) 0.736 (0.046) 0.748 (0.020)
1 0.841 (0.023) 0.842 (0.011) 0.822 (0.027) 0.826 (0.012)
2 0.903(0.013) 0.902 (0.007) 0.887(0.016) 0.888 (0.007)
40 0.25 0 0.228 (0.114) 0.250 (0.046) 0.223(0.119) 0.249 (0.049)
1 0.674(0.035) 0.674(0.018) 0.639 (0.042) 0.639 (0.021)
2 0.810(0.022) 0.811(0.012) 0.789(0.026) 0.789 (0.014)
0.75 0 0.742 (0.039) 0.749 (0.016) 0.740 (0.041) 0.749 (0.017)
1 0.892(0.012) 0.892 (0.006) 0.881(0.014) 0.882 (0.007)
2 0.939 (0.008) 0.940 (0.004) 0.932 (0.009) 0.932 (0.005)

all parametric estimators are roughly halved, which is consistent
with the /n-asymptotics in Section 2.

For comparison purposes, we report in Table 4 the estimation
results for the spatial parameter when we fit the data by a linear
SAR model which includes either z,; or (z,, 2} ;. z; ;) (c.f. model

(6.2) and (6.3)) in the regression. Note that in this case, the linear

model which includes (z,, z2;, z ;) in addition to the parametric

component of (6.4) is correctly specified for Case (a). From Table 4
we see that the biases of the estimators for pp do not decrease
when R increases whereas the variances decrease as R increases.
Interestingly, this is true even for Case (a) when (z,;, zii, zg_i) is
included in the model. '
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Table 3
Empirical mean and standard deviation (in brackets) of our estimators.
Bo my R=10 R =40
B B2 P o? mg(0) B B2 P o? mo(0)
(0.2,0.2) (a) 0.196 0.204 0.452 0.911 0.979 0.198 0.197 0.489 0.967 0.974
(0.105) (0.093) (0.124) (0.137) (0.283) (0.051) (0.046) (0.053) (0.070) (0.130)
[0.103] [0.088] [0.167] [0.135] [0.132] [0.050] [0.044] [0.075] [0.070] [0.076]
(b) 0.195 0.205 0.446 1.139 1.269 0.198 0.197 0.489 1.111 1.205
(0.114) (0.101) (0.132) (0.169) (0.332) (0.054) (0.047) (0.050) (0.075) (0.163)
[0.117] [0.100] [0.175] [0.181] [0.151] [0.055] [0.047] [0.077] [0.085] [0.082]
(c) 0.197 0.205 0.450 0.935 1.114 0.199 0.197 0.490 0.977 1.031
(0.105) (0.093) (0.126) (0.138) (0.304) (0.052) (0.046) (0.050) (0.070) (0.149)
[0.105] [0.090] [0.167] [0.141] [0.135] [0.051] [0.044] [0.072] [0.070] [0.077]
(02, 1) (a) 0.196 1.004 0.465 0911 1.041 0.198 0.997 0.492 0.968 0.972
(0.105) (0.093) (0.103) (0.137) (0.445) (0.052) (0.046) (0.042) (0.070) (0.195)
[0.107] [0.088] [0.143] [0.135] [0.132] [0.050] [0.043] [0.065] [0.070] [0.076]
(b) 0.195 1.004 0.461 1.139 1.331 0.198 0.997 0.492 1.111 1.221
(0.114) (0.102) (0.104) (0.169) (0.542) (0.054) (0.048) (0.041) (0.076) (0.225)
[0.117] [0.101] [0.152] [0.180] [0.151] [0.055] [0.047] [0.067] [0.084] [0.082]
(c) 0.197 1.004 0.464 0.935 1.175 0.199 0.997 0.493 0.977 1.046
(0.105) (0.093) (0.100) (0.138) (0.483) (0.052) (0.046) (0.041) (0.070) (0.212)
[0.105] [0.090] [0.144] [0.140] [0.135] [0.051] [0.044] [0.065] [0.070] [0.077]
(1,0.2) (a) 0.996 0.205 0.456 0.911 0.986 0.998 0.197 0.494 0.970 0.971
(0.105) (0.093) (0.115) (0.137) (0.302) (0.052) (0.046) (0.050) (0.070) (0.134)
[0.108] [0.088] [0.157] [0.135] [0.132] [0.050] [0.043] [0.071] [0.069] [0.076]
(b) 0.995 0.205 0.457 1.138 1.249 0.998 0.197 0.493 1.110 1.198
(0.114) (0.101) (0.114) (0.168) (0.358) (0.054) (0.047) (0.042) (0.076) (0.154)
[0.117] [0.101] [0.156] [0.180] [0.151] [0.055] [0.047] [0.069] [0.084] [0.083]
(c) 0.997 0.205 0.460 0.935 1.103 0.999 0.197 0.493 0.977 1.024
(0.106) (0.093) (0.107) (0.138) (0.320) (0.052) (0.046) (0.043) (0.070) (0.145)
[0.105] [0.090] [0.150] [0.140] [0.135] [0.051] [0.043] [0.067] [0.070] [0.077]
(1,1) (a) 0.996 1.004 0.467 0911 1.045 0.998 0.997 0.494 0.968 0.975
(0.105) (0.093) (0.095) (0.137) (0.467) (0.052) (0.046) (0.040) (0.070) (0.197)
[0.103] [0.088] [0.137] [0.134] [0.132] [0.050] [0.043] [0.063] [0.070] [0.076]
(b) 0.995 1.004 0.466 1.138 1311 0.998 0.997 0.494 1.110 1.210
(0.114) (0.101) (0.096) (0.168) (0.516) (0.054) (0.047) (0.036) (0.076) (0.210)
[0.117] [0.101] [0.139] [0.179] [0.151] [0.055] [0.047] [0.062] [0.082] [0.083]
(c) 0.997 1.004 0.469 0.935 1.161 0.998 0.997 0.495 0.977 1.036
(0.106) (0.093) (0.090) (0.138) (0.471) (0.052) (0.046) (0.037) (0.070) (0.204)
[0.105] [0.090] [0.133] [0.140] [0.135] [0.051] [0.044] [0.061] [0.070] [0.077]

Note: Numbers in round brackets are finite sample standard errors based upon 1000 replications. Numbers in square brackets are standard errors based upon asymptotic
formula averaged over 1000 replications. py = 0.5, <702 = 1, and my(0) = 1 for each case.

Table 4

Estimator of spatial dependence parameter when (6.5)-(6.7) are approximated by linear or cubic forms.

(Bo1, Boz) mg Linear model with z, ; Linear model with z,,;, 22, z3 ;
R=10 R =40 R=10 R =40
Mean (s.e.) Mean (s.e.) Mean (s.e.) Mean (s.e.)
(02,0.2) (a) 0.652 (0.055) 0.660 (0.027) 0.685 (0.049) 0.693 (0.024)
(b) 0.691 (0.048) 0.699 (0.024) 0.726 (0.043) 0.729 (0.022)
(© 0.673(0.053) 0.681(0.025) 0.681(0.048) 0.686 (0.025)
(02,1) (a) 0.612 (0.034) 0.615 (0.017) 0.642 (0.034) 0.645 (0.017)
(b) 0.649 (0.036) 0.652 (0.019) 0.679 (0.034) 0.680(0.017)
(© 0.633 (0.036) 0.636 (0.019) 0.634 (0.033) 0.636 (0.017)
(1,0.2) (a) 0.649 (0.050) 0.656 (0.025) 0.683 (0.046) 0.689 (0.022)
(b) 0.677 (0.047) 0.684 (0.023) 0.709 (0.043) 0.712 (0.022)
() 0.661 (0.049) 0.667 (0.024) 0.667 (0.045) 0.671(0.023)
(1,1) (a) 0.608 (0.032) 0.610(0.016) 0.637 (0.032) 0.639(0.016)
) 0.641(0.035) 0.644 (0.018) 0.669 (0.033) 0.669 (0.017)
(© 0.625 (0.034) 0.628 (0.018) 0.626 (0.031) 0.628 (0.016)

Note: The true parameter is pp = 0.5.

7. Concluding remarks

This paper develops asymptotic theories for the profile quasi-
maximum likelihood estimators for the parameters in partially
linear SAR models. We show that the convergence rate of the esti-
mator of the spatial parameter depends on some general features
of the spatial weights matrix of the model while the estimators of

other finite-dimensional parameters in the model have the regu-
lar /n-rate of convergence. The estimator of the nonparametric
component is consistent under different assumptions on the spa-
tial weights matrix and the bandwidth parameter. Simulations in-
dicate that the proposed estimators perform reasonably well in
finite samples. By allowing for the regression function to be par-
tially specified in the SAR model, our model is applicable to many
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situations where we need to take into account both spatial depen-
dence and nonlinearities simultaneously.

Several extensions are possible. First, the error terms in our
partially linear model are homoscedastic, which is rather re-
strictive in some empirical applications. In linear SAR models
with heteroscedastic errors, Lin and Lee (2010) demonstrate the
inconsistency of the QMLE estimator of Lee (2004) under general
cases; Kelejian and Prucha (2010) and Lin and Lee (2010) explore
the GMM estimation of the linear SAR models with heteroscedas-
ticity. We conjecture that we can extend the work of Ai and Chen
(2003) to the partially specified spatial model with heteroscedas-
tic errors. Second, as a referee notes, the specification of the spatial
weights matrix is controversial. It is also interesting to introduce
some unknown functional form into the spatial weights as was
done by Pinkse et al. (2002) who specified elements of the spa-
tial weights matrix to be an unknown function of some distance
measure between spatial units. The simultaneous consideration of
nonparametric weights and nonparametric/semiparametric func-
tional form definitely complicates the matter to a great degree. We
leave these topics for future research.

Appendix

Recall S, = (s(zn1),--.,S(znn))’.- We will denote a typical
element of S, as s, ; and a typical entry of s(z) by s(z,;, 2), i.e.,

i 2) = €12 @K@ Z DT Z i@)Kin(z0; — 2). Let K, =
Ky(zn,; — ). Let C signify a generic constant whose exact value may
vary from case to case.

Recall that we used Ny = (I 4+ q — 1)!/('(q — 1)!) to denote
the number of distinct g-tuples j with |j| = [ and arranged the N,g-
tuples as a sequence in a lexicographical order. Like Masry (1996),
let qb,’] denote this one-to-one map. For each j with 0 < [j| < 2r,
let uj(K) = [oq WK@)du, vj(K) = [, K*(u)du, and define the
N x N dimensional matrices IT and I" and N x N, matrix B, where
N =31 oNiby

Moo Io1 -+ oy
o Iy, --- Ty
11 = . . )
I 1 oI
o n o (Matrix)
Ioo Toqr -+ Toy Iy ;11
o Ing -+ Ty ITy 41
r=| . . . N B= . ,
Fr,O Fr.l e Fr,r Hr,r+1

where I7;j and I5; are N; x N; dimensional matrices whose (I, m)
elements are, respectively, [Lg;@)+¢m) and Ug+q;em. Note that
the elements of the matrices I7 and I" are 51mply multivariate
moments of the kernel K and K2, respectively; and the matrix B
depends on the kernel and the order of the local polynomial we
use.

Frequently we will use two evident facts (see, e.g., Kelejian and
Prucha, 1999; Lee, 2002a,b):

Fact 1. If By, and B,, are n x n matrices that are uniformly bounded
in row sums (resp. column sums), then their product By;B;; is also
uniformly bounded in row sums (resp. column sums).

Fact 2. If By, is uniformly bounded in row sums (resp. column

sums) and By, is a conformable matrix whose elements are uni-
formly O(oy,), then so are the elements of By,,By;, (resp. BaB1n).

Appendix A. Some useful lemmas

We first state two lemmas that are used in the proof of other
lemmas.

Lemma A.1 (Abel’s Inequality). Let {£&,,n > 1} be a sequence
of real numbers such that Z _1 &n converges. Let {a,} be a monotone

decreasing sequence of positive constants. Then a; (minj <x<n Zi:l &)
k
<>, ai& < ag(MaXq<gen Y g &)

The above lemma restricts the sequence {a,} to be non-
increasing. Recently, Dragomir et al. (1998) obtained the Abel-type
inequality for non-decreasing sequences. Under Assumption 1(ii),
we can readily apply Abel’s inequality to obtain

n k
E aiNis E : Njis
i=1 i=1

< max la;] max
1<i<n 1<k<

= max |a;| 0 (v/nlogn)
1<i<n

(A1)

fors = 1,... .Jn} of {1,

2,...,n}.

,p and for some permutation {ji, ...

Lemma A.2. Let vy, ..., v, be independent random variables with
means zero and finite yth moments (y > 2), i.e,, sup;j<, E|v;|” <
C < oo. Assume that {a;,i,j = 1,...,n}is a sequence of real
numbers such that sup1<,j<n lag| < O(n P1) for some 0 < p; <
1 and lel laj| = O(nP?) for p, > max(0,2/y — py). Then
maxi<j<n | Yo, a;vil = 0(n~®17P2/2 Jogn) as.

The above lemma was initially proved by Liang (1999) for the
case where {a;} is a sequence of positive numbers. The positivity
of aj;s is not needed once we alter his condition Yo @ = 0(nP2)
to ZLI laj] = O(nP2). As Hdrdle et al. (2000, pp. 182-183),
remarked, the conclusion of Lemma A.2 remains unchanged when
{a;} is a sequence of random variables satisfying sup;; -, |a;| <
O(nP1) as. and Z?:l laj] = O@P?2) as. for some 0 <

p1 < 1land p, > max(0,2/y — py). It also holds for a
nonrandom sequence, e.g., {n;s,i = 1,...,n},s = 1,...,p,
which behaves like an i.i.d. sequence. In particular, letting v; =
Niss @ = Snjj OF Spji, ¥ = 28/(6 — q),p1 = (& — q)/4,
p2 = 0, we obtain

n
max ;sn,iﬂ]is =0(n""9/® ]ogn) and

- (A2)

5—q)/(25

Si’ﬁ anﬂms =0(n ~(-0/@ jog )

fors =1, ..., p, where we have used Lemma A.5 and the fact that
MaXxi<i j<n |sn il = 0(n~'h=%) = O(n=©®~9/%). Similarly, letting

Vi = nis, G = My = Mi(Zy) — Zk L SnikM(Znk), Y = 2,p1 =
(r+1)/8,p, = 1— p1, we obtain

Z mijNis

where we have used the fact that max<j<, || = o™t =
O(n~"+V/%) by Lemma A.4. (Notice that (A.3) can be obtained
directly by using Abel's inequality and (A.1) in particular.)
Similarly, letting v; = nis, @i = &njj OF &ji, ¥ = 2/0,p1 =
¥, p» = 0, we obtain

max =0(n 1/2= (T‘H)/‘?logn) fors=1,...

0<j<p

, b, (A3)

P
max E 8nijmis| = O (min(n~"/*logn, 1)) and
(A4)
Z P
{Ela<)1(1 8n,jiNis| = mln(n /2 lOg n, 1))

fors =1, ..., p, where we have used the fact that G, is uniformly
bounded in both row and column sums by Lemma A.5. In particular,
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when © = 0, maxi<j<n| Y i, &njinisl = O(1) by Fact 2 and
Lemma A.5.

Next, we state ten lemmas, the detailed proofs of which can be
found from the long version of the paper which is available upon
request.

Lemma A.3. (1) Forall z, Y i, $u(znj, 2)(2nj — 2 = O for [j| =
1,...,rand 1 for |[j| = O. In particular, Z}‘len,,-j = 1 for all
i=1,....,n.Q2) Y snj=1+0) forallj=1,...,n
Lemma A.4. (1) maxlsisn |T7l,~s| = O(hr+])' where ﬁli: = ms(zn,i) —
> it SniMms(znj) for all 0 < s < p. (2) MaXi<i<y [Ms(zni) —
Ms(zq,)] = O(W*! 4 n=C~9/@Y logn), where fy(z,;) = Y iy
Sn,ijXnjs for 1 <s < p.

Lemma A.5. (1) G, is uniformly bounded in both row and column
sums. (2) S, is uniformly bounded in row sums. It is uniformly
bounded in column sums for sufficiently large n. (3) W, (I, — S,)’ is
uniformly bounded in column sums. It is uniformly bounded in row
sums for sufficiently large n. (4) R, = G, (X, Bo+mg(Z,)) is uniformly
bounded. (5) My, = I — (In — Sp) Xn [X,/] (In—Sn)' Uy _Sn)xn]71x,; (In—
S,)’ is uniformly bounded in both row and column sums for sufficiently
large n. (6) M,i = (I, — S;)’' M, (I, — Sp) is uniformly bounded in both
row and column sums for sufficiently large n.

LemmaAS6. (1) tr(P,)/n = 1 + o(1), 2) tr(G,P,)/n =
tr(G)/n + o(1), (3) tr(P2)/n = 1+ o(1), (4) tr(G,P,G)/n =
tr(G,G.)/n 4 o(1), (5) tr(G,P,G,P,)/n = tr(G,G.)/n + o(1),
(6) tr(G,PyP,Gy)/n = tr(G,Gy)/n + o(1), (7) tr(G\M)) =
tr(G,P,) +0(1), (8) tr(G;M,IGn) = tr(G,P,Gn) +O0(1). Furthermore,
under the assumption that w,; = O0(1/l,) for all i and j, we
have: (9) (L,/mtr(G.M}) = 0(1), (10) (l,/m)tr(G,MiG,) =
o(1), (1) L/ntr(CM) = o(1), (12) tr[CMI(CM] +
MiCo)] = tr(CPy(PaCa + CiPa)) + O(1), (13) Y1, [(MI G
S ((PCo)i)? + 0(1/L) = o(n/ly), where recall G, = G, —
n (Gl If limyool,/(nh%) = 0, then tr[CM)(C/M] +
M C)] = tr(C.CS) + o(n/ly).

LemmaA.7. n~'/2A P,my(Z,) = op(1) for Ay = Xn, mg(Z,), and
Up.

Lemma A.8. n~'/2A' P,my(Z,) = 0p(1) for Ay = GuXy, Gumo(Zy),
and G,U,.

LemmaA.9. (1) Hi(p) = n'mg(Z)MiT.(0)T; U, = o0p(1)
uniformly on A; (2) Ha(p) = n'RMIT. ()T, Uy = 0p(1)
uniformly on A; (3) Han(p) = n="Up (T, ) T, (0)MATo(p) T, Uy =
o2(p)+op(1) uniformly on A, where a2 (p) = n~'odtr[(T, )T, (p)
MiTa(p)T; 1.

LemmaA.10. (1) n7'X/ P, X, — Pxx, (2) N7 X\ PRy — Pxp,
(3) nT'RLPuRy — P, (4) nTRIMIR, — Ppg — Py xPy x Pk
Furthermore, if lim,_, o I, = 00, n7'X/P,R, — 0, n"'R,P,R, — O,
and n”R;M,fRn — 0.

Lemma A.11. Under the conditions of Theorem 5.1, (1) Ty, =
(/MRMIU, = 0p(1), 2) Ton = (n/MRMIG Uy = 0p(1),
(3) Tsn = (n/mmo(Z)MIGUy = 0p(1), (4) Tan = (In/n)
UG, MiU, — agtr(GuMY)) = 0p(1), (5) Tsn = (In/n) (U, G,M;{ Gy
Un — 02tr(G,M}Gy)) = 0p(1).

Lemma A.12. Under the conditions of Theorem 5.1, (1) (I,/n)my
) Mimo(Zy) = 0(1), (2) (ln/n)Mo(Z) My GGy Mimo (Z,) =

o(1), 3) VR/nRMimg(Z,) = o(1), (4) 52(p) = of + op(1)
uniformly on A.

Appendix B. Proof of the main results

Proof of Theorem 4.1. We adopt the idea of Lee (2004, 2002b) to
prove the theorem. The major difference lies in the appearance
of nonparametric objects in our setting. By White (1994, Theorem
3.4), it suffices to show

n~" [logL (p) — Qu ()] 2 0 uniformly on A, and (B.1)

limsup max n '[Qn(p) — Qu(po)] <0 foranye >0, (B.2)
n—oo PENE(po)
where N¢ (o) is the complement of an open neighborhood of pg on
A of diameter €.
By (2.11)and (4.4), n™ '[log Ly (p) — Qu(p)] = —(1/2){log 5*(p)
—log 6*2(p)}. To show (B.1), it is sufficient to show

62 (p) — 0™ (p) = 0p (1) uniformly on A. (B.3)
By (2.10) and (4.3), we have
52 (p) — ™ (p) = 2H1 (p) + 2 (po — p) Hzn (p)

+Han () — 07 (0) (B4)

where H,(p) and 02(p) are defined in Lemma A.9. (B.3) follows
from (B.4) and Lemma A.9.
To show (B.2), write

1 1
Qi () = Qi (po)] = [Q.n (P) — Qpn (00)]

1 1
+ 5H4n (o) + 5H5nv (B.5)

where 02,(0) = ofn (T THOT(OT, ") Quilp) =
—%(log(2m) 4+ 1) = S log o2 .(p) + |Ta(0)|, Han(p) = log oy, (p) —
logo**(p), and Hs, = logo*?*(pp) — loga},(po). To show
n*][Qp,n(p) — Qp.a(po)] =< 0 uniformly on A, we follow Lee
(2002b) and define an auxiliary SAR process: Y, = poW,Y, +
Un,, where U, ~ N(0,0Zl;). Denote the log likelihood of
this process as logLy (0, o). One can verify that Qo) =
max,2 Eg[log Ly » (0, 0%)], where E, denotes expectation under the
auxiliary SAR process. Consequently, for any p € A, Q,q(p) <
max,, ;2 Eq[10g Lon(p, 02)] = EqllogLan(po. 03)] = Qpnlpo0).
Hence n! [Qp.n(P) — Qp.n(po)] < 0 uniformly on A. To show that
Hs, = o(1), recall M} = (I, — So)'My(I, — Sp). Then tr(M,}) =
tr(My) + tr(S;,Sp) — 2tr(M,Sy). It is easy to show tr(M,) = n — p.
By Lemma A.5, both M), and S, are uniformly bounded in both row
and column sums for sufficiently large n. In addition, the elements
of S, are O(n~'h~%) uniformly. With these, it is trivial to show
that tr(S;S;,) = O0(h™9) and tr(M,S,) = O(h™9). Consequently,
t(Mj) = n—p+ 0(h™) and 62,(00) — 0*2(po) = 0§ —
ogn”tr{My} — n~'mo(Zy) Mimo(Zy) = O(n™'h™? + KD =
o(1), implying that Hs,, = o(1).

Next, write 62, (p) — 0" (p) = (o3 /m{tr[Ty ' Ty()Ta(p)T; ']
— [T, T, (0)MA Ta (p)T, 1} — n ™1 {mo (Zo) + (po — )Ry} My {mg
(Zy) + (po — p)Ry}. One can show the first term of the above
expression is 0(1) uniformly while the second term is nonnegative.
Consequently,

limsup max n~'[Qn(p) — Qn(0p)] <0 foranye > 0. (B.6)

n—oo PENE(po)
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To show that the above inequality holds strictly, by the
compactness of NS (po) we assume that there exists a sequence py
converging to a point p* # po such that lim,_ . n7'[Qs(0n) —
Q.(po)] = 0. This would be possible only if (a) limn_,oo[ap%n(p*) —

0'*2(,0*)] = 0, and (b) limn—>oo nil[Qp,n(p*) - Qp,n(pO)] = 0.
(a) generates a contradiction to g — (D)’QR(D)Z)Ld?x,R > 0 by

Assumption 7, Lemmas A.10 and A.12 (nilmo(Zn)’MJmo(Z,,) =
o(1) in particular). If &g g — Py Py xPx.r = 0 by Assumption 7*,
the contradiction follows from (b) under Assumption 8.

The consistency of p and hence @ then follows by Theorem 3.4
of White (1994). =

Proof of Lemma 4.2. The proof of the lemma is analogous to that
of Theorem 3.2 of Lee (2002b). Let « = (a, &2, &r3)’ be a column
vector of constants such that Xy = 0. It suffices to show o = 0.
It follows from the first block of the linear system Yy« = 0 that
o = —@g}( @y ret2. The last equation of the linear system gives
o3 = —2(702610(2. Plugging oy and «3 into the second equation of
the linear system, we have

[(DR,R — <p)/(,R@X_’)1(¢X,R + 0'02 (C2 — ZC]Z)] Oy = 0. (B7)
We can verify that ¢; — 2¢} = limy_ 0o n~'tr((G, + G)Gy) —
21limp— 00 N2 [tr(Gy)]? = limy 0o 1 'tr(CSCY) > 0, where recall
G = G+ G with Gy = Gy — (07 'tr(Ga))n. P r — Py x Py x Px R >
0 when Assumption 7 holds. If instead Assumption 7* holds, then
c — 2612 # 0 is implied by Assumption 9. In either case, we have
o =0andsoax=0. W

Proof of Theorem 4.3. By a Taylor expansion of the first order
condition from maximizing (2.8), we have

192 log L, (8,
ﬁ@_%):_(EL())

1 dlogL, (6p)
Jnoooa0
where 5,, lies between 6 and 6p and thus converges to 6, in proba-
bility by Theorem 4.1. The proof is complete if we can show

B.8
00006’ (B8)

102logL,(6,) 10%logL, (8 ~
197logLu®n) _ 197108La B0) _ 1y niormly in B, (B.9)

n 0006’ n 0000’

19%1logL, (6p)

———— — 3y = 1), d B.10

2030 o =op (1), an (B.10)
1 dlogL, (6g) d

———F = > N(0, X 20) . B.11
N (0, Zg + $20) (B.11)

To show (B.9), we show that each element of =192 log Ly (6,)/
(3096") converges to n~'3% log L,(6p)/(3096") uniformly in prob-
ability, where

9% logL, (0) 1

W = —70-2X1;ann!

9%logL, (0) n 1 /
907907 = 391~ 56 Tn(P)Yn = XuB)' Pa (Ta(p)Yn = Xuf)
82 logLy, (6) L
T@; =-tr{G2(p)} — VW P Wi Y,
3% logL, () 1

TBUHZ = —;X;Pn (Tn(p)yn - XTIIB) )

9% logL, (0) 1

T{);Z = —;YéWnPn (Ta(P)Yn — XuB),
9% logL, (9) 1

W = — S XPWa¥.

Noting that 8 and 1/ appear only in linear, quadratic or cubic
forminn=18%logL,(8)/(3638"), it is easy to show that (B.9) holds

for all elements but the second derivative of log L,(6) with respect
to p. The latter is 82 log L,(0)/3p* = —tr{G2(p)} — J%Y,;W,;(In -
Sp) (I —Sp)W, Y, where G, (p) = Wr,T,j1 (p). By Assumptions 3(iv)
and 4 and the mean value theorem, tr{G2(p,)} = tr(G?) +

2tr{G2 ()} (Ppn— po) for some o between p, and po. Consequently,
1 {d%loglL, (én) 9% log L, (6p)
n 902 9p?

tr{G: (7n)}

_ 11 ) YW/ P, W, Y,

(Pn—/Oo)+<%2—gnz ;

(B.12)

Since G, (p) is uniformly bounded in row and column sums uni-
formly in a neighborhood of pg by the remark after Assumption 4,
tr{G3(p})}/n = 0(1/l,), implying that the first term in (B.12)
is 0,(1). The second term in (B.12) is also 0,(1) because we can
show Y, W, (I,,N— Sp) (In — Sp)WyYn/n = 0p,(1/1,). Consequently,
n~'[9%log L, (6,)/0p* — 8 10g Ly (69) /3 p*] = 0p(1).

The proof of (B.10) is straightforward by showing that linear or
quadratic functions of U, deviated from their means are all 0p(1).
The components of n~'/23 logL,(6y)/36 are linear or quadratic
functions of U,.. By Assumption 1, we can apply the central limit
theorem for linear quadratic forms of Kelejian and Prucha (2001,
Theorem 1) to obtain (B.11). m

Proof of Theorem 4.4. Denote S;(z,;, z) as a typical column of
Sn(2),1.e.,8n(2) = (Sa(2n,1,2), - .., Su(znn, 2)). By (2.12),

a (2) = Sy (2) (Mg (Zy) + Uy) + Sp (2) Wy Ya (00 — D)
+50 @) Xa (Bo — B) -

By Theorem 4.3 (see also the proof of Theorem 5.4), it is easy to

show +/nhiS,(z)W,Y,(po — ) = op(1) and v/nhiS,(2)X,(Bo —
B) = op(1). By the (r + 1)th order Taylor expression,

mo (z0) = Z 12)a® (2) + 3 (Dimo) @) (zni — 2

lil=r+1

(B.13)

+o (h*1) (B.14)

. - — . —

for ||z,,; — z|| < Ch.Noting that [ Z (2)'Kn(z) Z ()17 ' Y1, K Z
=, N = =

(2) Z i(z)' = Iy and Sy(z4,1,2) = [ Z (2)'Kn(2) Z ()] Z i(2)Ky,
we have v/nhi(@(z) — %)) = +/nhi Y L, Su(zni, 2) D lil=rt1
(D'mo) (2) (zn.i —Z)ji;v nhis, (Zly" +0p(1) = By1 +B12+0,(1). By
Assumption 1, n7! Z (2)’Ku(z) Z (z) = IIf(z) + o(1), and By; =
v nhLIhr“H‘1Bmg+])(z) + o(1). Next it is standard to show that
B, = V'@ "0 Y, Z @)K (zni — s + 0,(1) >
NO, 17 ' 1/f(z)). =

Proof of Theorem 5.1. Like Lee (2004), we prove the theorem in
three steps: (1) We show that

(la/n) [(log L;, (0) — logL;, (po))

— (log Q, (p) — log Qy (o)1 20 uniformly on A. (B.15)

(2) We show that (I,/n)(log Q,(p) — logQn(po)) is uniformly
equicontinuous on A; (3) We show that pg is uniquely identifiable.
To show (B.15), we apply the mean value theorem to obtain

ln
o [(log L}, (0) — logL;, (o)) — (log Qu (p) — log Qu (p0)) ]

ln — ar% (ﬁn) - 0*2 (ﬁn)
= Bn n) — — 5, =~
no; (0,) { (7) o*%(n)

An (pn)} (p — po)
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where p, lies between p and pg, Ap(p) = (po — p)R;Mﬂ:Rn +
M(Zy) MiRy + 03 tr(G,MiTo(p) T, 1), and By(p) = Y, WM T, (p)
Y, — An(p). Simple algebra shows that
(In/n) Bn () = (In/m) (RMJ +2 (po — p) RyMIGy

+myg (Z) M Gy) Uy + (In/n) (UM GyU, — otr (G, M}))

+ (a/n) (po — p) (U, GyMiG,Uy — agtr (G,MG,))

=0, (1) uniformly on Aby LemmaA.11.

Similarly, (I,/n)A,(p) = O(1) uniformly on A. By (B.4) and
LemmaA.9, 57 (p) — 0**(p) = 0,(1) uniformly on A. Also, 57 (p,,)
and o*?(p,) are bounded away from zero. Consequently, (B.15)

follows. I
Next, (Il./n)(logQu(p) — logQa(po)) = —3[logo™*(p) —

logo*?(po)] + “[log|T.(p)| — log|Ta(po)l]. Since T,(p) =
T, + (po — p)W,, it follows from the mean value theorem that

(In/m)[log | Ty (p2)| — 10g [Ta(p)I] = (bn/Mtr(WyT,; (5p12)) (02 —
01), where p,;, is the mean value. Noting that (l /mtr(W, T, 1

(Pn12)) = 01, (y/mlog |Tu(p2)| — log|Ty(p1)]] is uni-
formly equicontinuous. Similarly, I,[log 0*2(p) — log o*2(pg)] =
lhlo*(p) — 0*2(po)l/Ti*(p) for some 7:*(p) that lies be-

tween o*2(p) and o*2(py) and is uniformly bounded away
from zero. In addition, simple algebra shows that I,[c*%(p) —

o2(po)] = Uu/Mlpo — p)*RMiR, + 03tr(G,MIGy)) +
2(p0 — P)RMimy(Z,) + aoztr(G;lM,I))], which is uniformly
equicontinuous because (ln/n)(R;MJRn + ooztr(G;IM,fGn)) and
(I./m) (R,Mimg(Z,) + o2tr(G,My)) are both O(1) by (5.2), Lem-
mas A.6 and A.12. Consequently, log Q,(p) — log Q,(pe) is uni-
formly equicontinuous on A. .

To show that po is uniquely identifiable, define Q,(p) =

—(,/2)[log o (p) loga; ,(po)] + (In/m)[log |Tx(p)| — log|T,
(P!, where (T 2(p) is deflned in (3.5). Then (I,/n)(log Q,(p) —

loan(po)) = Qn(p) (I /2)[(10g0*2(;0) logo*?(pg)) —
(logo? () — loga?,(po))] = Qu(p) — 3An(p). By the second
order Taylor expansmn
In do*(po) 30,2, (po)
An (p) = -
(0) 2(po) [ op ap }(p o)
In ) 2 BG;H (00) .
+70*2(p0)6;n 7 [6*2(p0) — 0 (0)] 9 (p — po)
I aa*z(ﬁn) 2 aapzm (ﬁﬂ) ’ 2

Iy
204 (p,)o, (Pn)

902, (7.)\°
x (Up’an (p)) (p — po)?
0
ln 32 *Z*H a
{ AT gz( )}(p—po>2

20%2(p,) ap?
(ﬁ ) { *z(pn) - U (pn)}

{0 (@n) = o (Pn)}

In

20%2(pp)oy,

5 82 2 (ﬁn)
8 2

6
= Z Ans (0) .
s=1

Analogous to the proof of (B.15), we can show that A,(p) = 0
for s = 2,4,6. We now evaluate the other terms in (B.16). By
Lemma A.12,

(p — po)*

(B.16)

2l v 2
Am (p) = mRnMan (p = po)
2,
- MT(p)RnMnmo (Zn) (p = po)
0
21, vt .
= UT('O) MRy (p — po)® + 0 (1) uniformly on A.
Let cni(p) = (Vh/m(R\MiRa(p — po) — mo(Zy)'MyRy) and

t(p) = Wh/mt(GMi(y + (po — p)Gy)). Then cu(p) =
o(1) uniformly on A by (5.2) and Lemma A.12, and cpp(p) =
o(1) uniformly on A by Facts 1-2 and Lemma A.5. So Ap3(p) =
—2/0** (P))n1 (P) (Cn1(Br) + 2e2(P)) (0 — po)®> = o(1)
uniformly on A.Aws(p) = (a/no*2(B)RMiRa(p — po)>.
Consequently,

R.MIR, (0 — po)* +0(1) uniformly on A,

An(p) = nT()
and it is nonnegatlve for sufficiently large n when p # p and
(I /n)R/M R, — ¢ € (0,00). Whenever p # pg, Q,(p) < 0
under Assumption 8(ii). Consequently (I,/n)(logQ,(p) — logQ,
(po)) < O whenever p # pg, implying that pp is uniquely
identifiable. This completes the proof. ®

Proof of Theorem 5.2. We prove the theorem in three steps: (1)
Show that (I,/n)[82 log LS (5n)/80? — 3% 10g L5 (00)/dp%] = 0p(1)
for all B, = po + 0p(1); (2) Show that (I,/n)[3? log LS (po) /0 0 —
E(3? log LS (po)/dp?)] converges to zero in probability; (3) Apply
the CLT of Lee (2004, Appendix A) to /I,/nd logL;(po)/dp. To
show (1), we obtain from (2.10) and (2.11) that

dlogLy (p) _

YaWiMIT, (p) Yo — tr (W,T,; ' (p)), and

ap G2 (p)
92 log L (,0) 2
Y, W/ MIT, (o) Y,
22 50 )( (0) Ya)?
-1 2
“F0 )YWM W, Y, —tr([WnTn (] )

Note that (I,/n)Y,W.MiW, Y, = (I,/m)R,MiR, + (I,/n)U.G, M} G,
Up + Ql/mRMIGaUy = (Ln/mR,MIRy + (In/m) UG MIGrUy +
op(1), (/MY W;MITu(0)Ye = (n/mU,GMiUy + (po —
P)(Un/M{RMiRy + UiG,MiGyUn}) + o0p(1), and G2(p) =
002 + op(1) uniformly on A by Lemmas A.11 and A.12. When
iMooy = 00, Y, W/MiT.(0)Y, = op(1), implying that
(In/n?) (Ya WM T, (p)Yn)? = 0p(1). So

I, 3% log L¢ L 1
b 97logly () _ — L Y, W MW, Y,
n o 9p? naz(p)
l _ 2
~ T ([WnTn (0] ) +op (1)
11, ,
= —— 2 {R\M{R, + U,G,M G,Uy }
oy n

ln -
i ([war

Noting that (ln/n)tr(Gﬁ(p)) = 0(1) uniformly on A, we have by
the mean value theorem

by (8*logL; (Bn) 9 logLy (po)
n 02 002

:_L[ <[WT 1(,0n)]>_

21, - -
=-—u (Gy (Pn)) (Bn — po) + 0p (1) = 0p (1)

L)) +or (.

tr (Wil o0)]") | + 0 (1

(B.17)

for any 0, which converges in probability to pg.
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Next, we show (2). By the above arguments and Lemma A.6,

Iy 3 log L§, (po)
n 0 p2

! I ,
__ {miz MR+ [1r (GMIG) + i (cg)]} o)
0
! I
=— {n;g ' MR, + Entr (G, (PuGn + G;))} +o0(1)
=0(1). (B.18)
By the Chebyshev inequality, we can show that
I, [8%logL (po) p 8% log LS (po)
n 0 p2 002
I
= m; [U/GM]GuUy — E (U,G,MGaUy) ] + op (1)
0
=op (1). (B.19)
(2) follows.

We now show (3). By the proof of Lemma A.12, v/I, /nmy (Zn)/M,;r
mo(Z,) (tr(Gy)/n) = /I,/nOmh*> " )0(1/1,) = 0(/n/l;R>" V)
=0(1),and /I,/n ;,Mﬂ:mo(Zn) = 0(1). It follows that

In 8 log LY (po)
n ap
1

Iy
= = (,00)\/7 {YnW M TaYn — 02 (po) tr (Gn)}

—

1l
=50 {amUn + UlazU, + R,Mimy (Z,)

—my (Z,) M,Imo (Zy) (tr (Gy) /m)}

1

I
= 7\/% {d},Un + UpazaUp} + 0p (1),

)

(B.20)

where a}, = R;,M,Jlr + mo(Zn)/M,IG,, — ZmO(Zn)/MJ(tr(Gn)/n) and
ayy = C,;MJ. We verify that E(a},U,) = 0, and E(U,a,U,) =
aoztr(C,;MnT) = o(y/n/l,) by Lemma A.6. By Lemmas A.6 and
A.12, and the Cauchy-Schwartz inequality, ol = Var(d,U,) =
old),am = azR’M R, + o(n/ly), 02n = Var(U az,,U) = (U4
- 3(70) Zz 1[(C 1\/111)11]2 + U(?tr[C/Mn (C/Mn + Mncn)] U(;ltr
(C,P(PyCy + CPy)) + 0(n/1y), and

0ty = Cov (a},Up, Uaz,Uy) = af,diag (azn) i3
= [RM] +myg (Z,) MGy — 2mg (Z,)' Ml (tr (Gy) /)]
x diag (C;M)
= R M diag(P,Co)es + O ('™ /1) + 0(1/ /),
because diag(M,IC,,) = diag(P,C,) — O(1/n) and elements of P,C,
are uniformly O(1/l,). Consequently, Var(a’]nUn + UlaxnU,) =
{O'zR, MJRn + O'(;ltr(c Py(PyCy + C; WPn)) + R, Mndiag(PnCn)M3} +

o(n/ly) = a . + o(n/l). By the CLT for linear-quadratic forms
(Lee, 2004, Appendlx A), we have

/1, dlog LS l
L‘M _d>N 0, lim 7“0211 .
n p n—oco ngy

By (5.2) and (B.17)-(B.21), we have /n/I;(p — po) = [(l./no})R,
MR, + (l /Mr(G (PG + G~ '/ Iu/n{a), Uy + Uy az0Up} /03 +
op(1) 4 N@©,02). =

(B21)

Proof of Theorem 5.3. By (2.9), Lemmas A.7, A.10 and A.11,
Theorem 5.2, the fact that T,(p) =T, — (0 — po)Wh,

V(B = po)
= /1 (XiPoXe) " XPaUn + /1 (XoPoXe) ™ X, Py (1)

- /lﬁ B — 0) (X.PuXa) " VInX.PoGrUy
n

- /lﬁ @ — po) (X,;ann)*‘ VLX PR,
n

' __X'p,U,

f "
n . / - /

— T @ = ) (5iPuXa) " RXPuRy + 0p (1)
n

It is easy to verify that Cov(n™"/2X]P,Uy, /I /n(d},, Uy + U} az,Uy))
= (In/n) (02X Paarn + X,Py diag(azq)3) = o(1), where ay, and
ay, are defined after (B.20). This implies that the two dominating
terms in (B.22) are asymptotically independent. Consequently, we
can apply the CLT for linear-quadratic forms (Lee, 2004, Appendix
A) to obtain /(B — fo) 4 N(O, 03), where o} is given in (5.4).
When By = 0, noting that X; = my(Z,) + p,, it is easy to
verify that the sth element of (y/I,/n)X/ PR, is (JL/n)X P.R, =
(\/E/n)ms(zn),PnGan(Zn) + (\/E/n)n;PnGnmo(Z) = o(l) +
0o(1) = o(1), by the proof of Lemma A.10(2). Consequently, the

= (n7'X[PuXa)

(B.22)

second term in (B.22) vanishes asymptotically and \/ﬁ(ﬁ — Bo) 4
N(0, 0 limy 0o N(X,PaXp) "1 X) Py P X (X, PaXn) ™).

By (2.10), 52 = (1/mU,MiUy + (1/m)mq(Z)'Mimo(Zy) +
(2/mmg(Zy) M{U, + (1/n)(B — po)2Y,WiMIW,Y, — (2/n) (P —
P0)YWIMIT,Y, = (1/mUMIU, + 3% Rys. By Lemma A7,
J/nR,; = o(1). Because E(/nRy) = 0 and Var(y/nRy) =
odn T 'mo(Z) MiMimo(Zy) = O(R**Y), /iRy = op(1).

ViR = VR/AWILG = o) P/ MY WMWY, =
VI/mop(M)0p(1//I) = o0p(1), and /nRng = —2[/n/l,(D —
POV /MY, WIMIW,Y, = 0p(D0p(1/V/l) = op(1).
Furthermore,
n~2UMIU, = n~V2UP.Uy — n™ V2 (n"V2ULPX,)

x (07X PX,) " VX! P,U,

= n""2U/P,U, —n""20, (1) 0 (1) 0, (1)

n~V2UPU, + 0p (1),

and n=V2U!P,U, = n~V2U/U, — n=V2U/(S, + Sy — S/Sp)Uy =

n~2U'U, + op(1), because n~2U/(S, + S, — S!SHU, =
n=V262tr(S), +Sp — S;Sn) +0p(1) = 0(n~2h~9) +0p(1) = 0p(1).

Consequently, /n(62 —od) = (1/4/n) Y[, (u? — o) +0p(1) 4
N, g — 051). |

Proof of Theorem 5.4. By (2.12), (B.13) and (B.14), we have

Vnht (@ (2) — ° (2))
= /nha Zs @,2) Y (D'mo) (2) (i — 2

ljl=r+1
+ /1S, (z) Uy — ~/nhsS, (2) X, (B — fo)
— ~/nhis, (z) W, Y, (1/5 — po) +op (1)
=Biy1+Bia —Bi3s —Buato0p (1),
where By, and By, are analyzed in the proof of Theorem 4.4. The
only difference is that now By; = ~/nhih™*' 1~ 'Bm{ ™" (z) +
0(1) = o(1) because /nhih™*! = o(n'/2h"™t1) = 0(1).
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Now write B3 = Bi3s/n(B — Bo), where Bi3 = +/hiS,(2)X,.
Then the s(1 < s < p) column of By; is Bz, = ~/hif

@' (1/n) YL, Z i(2)Kn(2ni —2) (Ms(Zn,i) +mis} (1+0(1)) =
VhOW ! + n=0-0/@) |og 1) = 0(1), where the second equa-
lity follows from analogous analysis to Lemma A.3 and (A.2). For
Bi4, write Byy = «/n/ln(ﬁ — 00)v/1h9 (8, (2)GrUn + Sp(2)Rn)
= /n/1,(p— o) {B1aa+B14p}, whichis 0p (1) provided Bl4a_=> op(1)
and Bygp = 0(1). Note Bisg = /Lhif (2) T Hn" ' YL, Z i(2)K,
Z — 2) 2;7:1 ZnijuiH1 + o(1)}. We verify that E(By4,) = 0, and
E(B14aB}4,) = O(h?) = o(1).It follows by the Chebyshev inequality
that By4q = op(1). Let R, = X[, B0 + mMo(Z,). Then elements 1y, ;
of Ry, are uniformly bounded by Assumption 1, which implies that
the elements of S,R, = S,G,R1, are also uniformly bounded by
Lemma A.5 and Facts 1-2. Noting that R, = (I, — Sp)R, + SuRy,

we conclude that the elements r,,; of R, are uniformly O(l, Y 2) by

Assumption 9. With this, we can show that ||B4|| = O(+v/h9) =
0(1). This completes the proof. B
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