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We consider two tests of structural change for partially linear time-series models.
The first tests for structural change in the parametric component, based on the
cumulative sums of gradients from a single semiparametric regression. The second
tests for structural change in the parametric and nonparametric components simul-
taneously, based on the cumulative sums of weighted residuals from the same semi-
parametric regression. We derive the limiting distributions of both tests under the
null hypothesis of no structural change and for sequences of local alternatives. We
show that the tests are generally not asymptotically pivotal under the null but may
be free of nuisance parameters asymptotically under further asymptotic stationarity
conditions. Our tests thus complement the conventional instability tests for paramet-
ric models. To improve the finite-sample performance of our tests, we also propose
a wild bootstrap version of our tests and justify its validity. Finally, we conduct a
small set of Monte Carlo simulations to investigate the finite-sample properties of
the tests.

1. INTRODUCTION

Time-series data in economics and finance often have two prominent characteris-
tics, namely, instability and nonlinearity. The first feature has to do with whether
the underlying data generating process (DGP) is stable over time, whereas the
second has to do with whether the widely used linear model is adequate for
modeling the DGP. In principle, many economic and financial factors, such as
changes in tastes, technical progress, and economic and financial policies, may
lead to an unstable DGP. As the Lucas critique further suggests, changes in eco-
nomic agents’ expectations can induce changes in the reduced-form relationship
among economic variables. Even in the absence of instability, applying a linear
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parametric model to data generated by a nonlinear process can lead to apparent
model instability.

Since the seminal work of Page (1955) and Chow (1960), there has developed
a large literature on testing for structural change. One procedure that has played
a particularly important role in the study of structural change is the cumulative
sum (CUSUM) test proposed by Brown, Durbin, and Evans (1975) and extended
in a variety of ways by Kramer, Ploberger, and Alt (1988), Ploberger and Kramer
(1992), Kuan and Hornik (1995), and Lee and Park (2001), to name just a few.
Compared to some other tests in the literature (e.g., Andrews, 1993; Andrews and
Ploberger, 1994), CUSUM-type tests are computationally simple and thus easier
to implement in practice. On the other hand, all of these conventional procedures
assume a parametric regression model, usually linear. If the parametric functional
form is misspecified, then the test may not perform as intended.

Linear parametric models provide a parsimonious way to express relationships
among variables, but they also impose strong restrictions. Nonparametric mod-
els allow for much greater flexibility and thus may have certain advantages in
applications. For this reason, Delgado and Hidalgo (2000) advocate conduct-
ing nonparametric inference when testing for structural breaks, and Su and Xiao
(2008) propose a nonparametric test of structural change in dynamic nonparamet-
ric regression models. Nevertheless, as Robinson (1988) has remarked, a correctly
specified parametric model affords precise inferences and a badly misspecified
one, possibly seriously misleading inference, whereas nonparametric modeling
is associated with both greater robustness and lesser precision. An intermediate
strategy is to adopt a semiparametric approach. Partially linear models are widely
used in this context, motivating the approach we take here.

Since Engle, Granger, Rice, and Weiss (1986), partially linear models have
attracted much attention among econometricians. See Robinson (1988), Linton
(1995), Fan and Li (1999), Li and Wooldridge (2002), and Juhl and Xiao (2005a,
2005b), to mention only a few. To the best of our knowledge, early empirical
applications of partially linear models have focused on either cross-section or
conventional panel data. A few exceptions include Engle et al. (1986) and Hardle,
Liang, and Gao (2000), who survey empirical applications of partially linear mod-
els for some classical time-series data, such as the sunspot, the lynx, and the
Australian blowfly data.

Recent applications of partially linear models in economic time series include
four important branches. One is that of partially linear error correction mod-
els (e.g., Li and Wooldridge, 2002). See Bachmeier and Li (2002), Lee (2003),
and Gaul and Theissen (2006) for empirical data analysis. The second branch
generalizes conventional generalized autoregressive conditionally heteroskedastic
models to partially linear models. For example, Wu and Xiao (2002) study the re-
lationship between return shocks and conditional volatility, where the impact of
return shocks on conditional volatility is specified as a general function and esti-
mated nonparametrically, whereas lagged conditional volatility enters the model
linearly. The third branch reexamines certain economic and financial hypotheses
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by incorporating a nonparametric component. For example, Aneiros-Pérez,
Gonzalez-Manteiga, and Reboredo-Nogueira (2006) propose a new test for the
forward premium unbiasedness hypothesis based on a partial linear regression
model and find that the forward premium is an unbiased predictor of the spot
return when they add a nonparametric component with time as a covariate in
the traditional linear regression model. The fourth branch extends the theory and
applications of partially linear models from stationary time-series data to non-
stationary time-series data. Using U.S. monthly macroeconomic time series, Juhl
and Xiao (2005a) illustrate how using a partially linear model with covariates can
lead to a rejection of the unit root null hypothesis when standard unit root tests fail
to reject, and Juhl and Xiao (2005b) find that nonparametrically including a sta-
tionary covariate in testing a cointegrating relationship may result in conclusions
different from those of the standard cointegration test.

In this paper, we thus study tests for structural change using partially linear
time-series DGPs:

Ynt Zx;,[}’nt+mnt (an)—i_gl’lla = 1327 s N (1'1)

where y,; is the dependent variable, x,; is an R”-valued regressor, z,; is an
R?-valued regressor, y,; is a p x 1 vector of unknown coefficients, my,; (-) is
an unknown but smooth function, and ¢,; is a random disturbance term satis-
fying E (&, |Xns, znt) = 0 almost surely. Note that we have written (1.1) using
triangular array notation and that both y,, and m,, (-) may be time varying.
As Hansen (2000a) remarks, this notation facilitates large-sample distribution
assumptions allowing for a certain degree of nonstationarity in the process
{(xm, Znts €nt), 1 <t < n} In this paper, we assume that this triangular array
process is a strong (a-) mixing process. We are interested in testing whether (i)
the parametric regression coefficient, (ii) the nonparametric component, or (iii)
both change over time.

We distinguish two important cases. In the first case, we test the null hypoth-
esis that there is no structural change in the parametric regression coefficient
(Hog : ynt = yo for all t =1,...,n), allowing the nonparametric component to
be unstable over time. In the second case, we test the null hypothesis that there
is no structural break in either the parametric regression coefficient or the non-
parametric component (Hop : Yy = yo and P[mys () = mo (2n)] = 1 for all
t =1,...,n). Thus, the first test focuses on the stability of the parametric compo-
nent of the regression function, whereas the second test focuses on the stability of
the entire regression relation.

The motivation for the first test is threefold. First, there are cases where one is
only interested in testing the stability of the parametric component of the
regression function. For example, such situations arise when one firmly believes
that some policy change can only result in the potential change of the relationship
between the regressors of the parametric component and the dependent variable,
but not between those of the nonparametric component and the dependent vari-
able. Second, we allow the presence of structural breaks in the nonparametric
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component when we test Hy,. As we show, the stability test for the parametric
component is robust to instability in the nonparametric component. Third, when
one rejects the second null, Hyy, it is of interest to know whether the apparent
structural change is due to a break in the parametric component or in the nonpara-
metric component. In this case, a test of Hy, may provide useful information.

To test Hy,, it is desirable to allow potential structural breaks in the regres-
sor process {X,s,zn:}. When we allow the process {x,;,z,/} to be nonstation-
ary under the null, several possibilities arise: (i) the marginal probability density
function (pdf) f;; (-) of z,; can be time varying; (ii) the conditional expectation
function g,; () =E (x,¢|z4; = -) can be time varying; (iii) the nonparametric com-
ponent m, (+) in the conditional mean process of yy,; can be time varying. We can
also consider the marginal distribution of x,,;. Nevertheless, because our tests rely
directly upon kernel estimation of fy; (-), gns (), and m,; (+), the possible breaks
in these nonparametric objects will play essential roles. Of course, all the pre-
ceding three types of breaks may be due to the breaks in the joint distribution of
(Xnt» Znr» €nt)-

To proceed, it is worthwhile to distinguish two categories of breaks, namely,
small breaks and fixed breaks. The former means break sizes that shrink to zero
as the sample size n tends to co, a case that is widely used in the study of local
power properties for various tests. The latter means break sizes that do not vanish
as n — oo. For example, if

() = {fl (z) ift < [nmo]

) for some 7o € (0, 1),
fa(z) ift > [nmo]+1

where the functions f1 (-) and f> (-) satisfy P (f1 (znr) = f2 (zar)) < 1 and neither
f1 nor f, depends on n, then we say that there is a single fixed break in the
nonparametric object f (-) (or f for short). Following the literature, we call zg
the “break point” of the nonparametric component f. Analogously, one can define
fixed breaks in the nonparametric objects m () and g (-) (or m and g for short).

In this paper, we will allow for fixed breaks in f but not in m or g. In sharp
contrast to pure parametric models (e.g., Andrews, 1993; Bai, 1996; Hansen,
2000a), allowing for fixed breaks in the nonparametric objects m and g when
testing structural changes in the -dimensional parameters (Ho,) is complicated
by the need for consistent first-stage nonparametric estimation of these objects.
Further, it is much easier to handle nonstationary data in the parametric frame-
work because one has available a variety of applicable weak convergence results.
For example, Andrews (1993) assumes that the triangular array of random vari-
ables is LO-NED on a strong mixing process; Hansen (2000a) considers both
asymptotically stationary and asymptotically nonstationary processes and allows
for structural change in the distribution of the regressors.

Because our test is a nonparametric test for the semiparametric model, we
require a preliminary consistent nonparametric estimator to consistently estimate
the finite-dimensional parameter (y¢ here). The latter consistency under the null
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is essential for the derivation of the asymptotic null distribution of our test statis-
tic. Preliminary consistent estimation can be ensured if we consider only small
breaks in m and g, corresponding to the asymptotically stationary case of Hansen
(2000a). As we show, however, in the case of fixed breaks in both m and g, one
generally cannot consistently estimate the finite-dimensional parameters using a
two-stage kernel method. As a result, deriving the asymptotic null distribution
becomes intractable.

Similarly, in the case of the pure nonparametric model y,; = m; (zu) + €nt,
t=1,2,...,n, one can always estimate the conditional mean object mq (z) con-
sistently under the null (or the sequence of local alternatives). The test is based on
one-step estimation of mg (z) under the null restriction. There is no preliminary
estimate involved that can cause difficulties.

We propose a CUSUM-type test for each hypothesis. The test of Hy, is based
upon the cumulative sums of gradients from a single semiparametric regression,
whereas the test of Hy is based upon the cumulative sums of weighted residuals
from the same semiparametric regression. We derive the asymptotic properties
of the two tests under their corresponding null and for sequences of local alter-
natives. We show that the limiting null distributions of the proposed CUSUM
tests are generally not asymptotically pivotal if we allow for fixed breaks in
the process {(xns,znr,€nt)}. Nevertheless, under some asymptotic stationarity
conditions, these limiting distributions become asymptotically distribution free
under the null hypotheses; each is associated with a vector of independent stan-
dard Brownian bridges. We also show that both tests have nontrivial power against
n~1/2 local alternatives, and we propose a wild bootstrap version of our tests.
We demonstrate through simulations that our tests work reasonably well in finite
samples.

The paper is organized as follows. In Section 2, we introduce our hypotheses,
Ho, and Hyp, and the corresponding test statistics. We study the asymptotic prop-
erties of the CUSUM test of Hy, in Section 3 and those of the CUSUM test of Hop
in Section 4. In Section 5, we propose a wild bootstrap version of our tests and
justify its validity. We provide a small set of Monte Carlo experiments to eval-
uate the finite-sample performance of our tests in Section 6. Section 7 contains
concluding remarks. All proofs are relegated to the Appendixes.

Notation: Throughout the paper, B, denotes a p-dimensional vector of inde-
pendent standard Brownian bridges on [0, 1], [-] signifies the integer part, ||-||

denotes the euclidean norm of a matrix (e.g., ||A|l = [tr (AA/)} 1/2), and 1(-)
denotes the indicator function of a set. Let 71 A 7y = min(x(, 72), where x = y

indicates that x is defined by y. The operators 2 and 4 denote convergence in
probability and distribution, respectively. We use = to denote weak convergence
in the space D [0, 117 or D0, 1] of p-vectors of right-continuous functions with
left-hand limits, endowed with the uniform topology (see Pollard, 1984), where
p=porl. Welet £ denote weak convergence in probability as defined by Giné
and Zinn (1990); see also Hansen (2000a) and Cavaliere and Taylor (2006).
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2. HYPOTHESES AND TEST STATISTICS
2.1. The Hypotheses
Consider the following partially linear DGP:

ynt:x;,tynt+mnt(znt)+3nts t=1,2,...,7’l, (2°1)

where ynr, Xnt, Znt, and ey, are defined after equation (1.1). If my, (-) is absent
from the DGP in (2.1), we obtain the conventional time-varying linear regres-
sion DGP. If x,y,, is absent, however, the DGP in (2.1) becomes time-varying
nonparametric (see, e.g., Su and Xiao, 2008).

We consider two scenarios. In the first, allowing (but not requiring) the non-
parametric component function m,; (-) to change over time (so my,; = mg for
some mo when there is no change), we test whether the coefficient y,; is sta-
ble over time. In this case, the null hypothesis is that for some unknown yq, we
have

Hoq : ynr =y0 forallt=1,...,n, 2.2)

and the alternative hypothesis is the negation of Hy,.
In the second case, we consider testing the joint stability of m,, (-) and y,;. Our
null hypothesis here is that for some unknown yo and smooth mg, we have

Hop:yne =70 and  Plmy (zu) =mo ()l =1 forallt=1,...,n, (2.3)

and the alternative hypothesis is the negation of Hy,. When Hyp holds, we say
that there is no structural change or break in the conditional mean process.

We will not impose restrictions on the conditional variance process {E (8,2” [Xns s
z,,,)} or on other aspects of the joint distribution of x,;, z,;, and &,,. Indeed, fol-
lowing Su and Xiao (2008), we permit time-varying behavior in the conditional
variance process and a nonstationary distribution for {x,;, z,, &x;} under both the
null and alternative hypotheses. Nevertheless, to facilitate the presentation we will
assume that some aspects of the process {x,;, zxr, €:} are asymptotically station-
ary in a sense to be defined precisely subsequently.

2.2. Estimation and Test Statistics

We base our tests on estimates of the restricted model
ynl:xr/zly +m(an)+un[5 t:laz’“'yn: (2°4)

where u,; represents the model residual.

There are several ways to estimate the model of equation (2.4). One of the more
popular methods is the local constant estimator of Robinson (1988). Nevertheless,
to handle the random denominator problem, Robinson’s estimator requires not
only selection of a kernel bandwidth parameter but also a trimming parameter.
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To avoid the latter feature, we use density-weighted kernel estimation, following
Fan and Li (1999).

For this, let f,,; (-) be the density function of z,,;. We first use kernel methods
to estimate f,; = fur (Zut), E (Vnelzne) , and E(xys|25¢) as

n n
St = fur Znt) =n"" thISs Yt =n"! zynsKhtS/fnt’ and
s#£t S#£t

n
Xur =071 Xns Kns/ for (2.5)
S#t

where Kpis = h 7K ((Zur — zns) /1), K (¢) is a given kernel function, and & =
h (n) is the bandwidth parameter. (We divide by » instead of n — 1 in eqn. (2.5)
for notational simplicity.) Then the Fan and Li (1999) density-weighted estimator
of y is given by

~

F=S s (2.6)

-1
X=X)F PX=X)f.(x=1)[>
where (X — X\)fis an n X p matrix whose zth row is given by (x,; — )?m)’f;,t,
(Y —Y)f is analogously defined, and, using the notation of Robinson (1988)
and Fan and Li (1999), for any two matrices with n rows, A and B, we define
Sa,B = n! py ayby and Sp = Su 4, where a; and by are the rth rows of A and
B, respectively. R R

Lets, = n! Z'J#, ens Kns/ fur and My = n! 2?#[ Mps (Zus) Knes/ fnr- Define
(M — M )f, sf, and ¢ f similarly to (X — X ) f . Then under either null hypoth-
esis we have /n (7 —y9) = S&l_g)fﬁs(x—)?)ﬁ(M—A?)f+gf—zf' Under some
regularity conditions, we can show that under either null hypothesis

Vi (F=y0) 5N (0, <D‘1‘P<I>‘1), Q2.7)

where
n
D= nli{gon_l z E{[xn: —E (xnrlzue) 1 [Xne — B (xns |Znt)]/ fnzz (Znt)} and (2.8)
=1
n
W= lim 0~ Y Bl —E Courlznd)] e = E Gonrl2n)) &5, fr Gu)) - (29)
=1
Once we obtain 7, we can estimate m (z,,;) in (2.4) by

n

i (zn) =", (yns = %0 7) Knes/ for- (2.10)
s#t

Let

ﬁnt = Ynr _x;t]j\_%(znl)~ (2.11)



1768 LIANGJUN SU AND HALBERT WHITE

As in Ploberger and Kramer (1992) and Bai (1996), our test statistics are based
on these estimated residuals. Under mild conditions,

n
O -1\ 2 = o~ v 73
W=n""Y it (onr = Fue) Cnr = Xur) Fry (2.12)
t=1
consistently estimates ‘P'. To test Hy,, we thus consider tests based on the stochas-
tic process

=R [nr] =N
Tna (@) =n" 287V N (=X tie frir, O0<7m <1 (2.13)

t=1

Note that (xm - fm) Uy fnz, appears as the summand in the first-order conditions
for the regression of (ym —j?m) ﬁ, on (xn, —)?nt) f,;,. Therefore, 'y, (7) is a
standardized cumulative sum of the gradients. We will show that under some
weak conditions, the process ', () = {4 (r) : 0 < & < 1} converges weakly
to a mean-zero Gaussian process I'; (+).

Note that I',,, will be sensitive to deviations from Hy, caused by changes in the
parametric regression coefficients. On the other hand, tests based on this process
will not have power to detect changes in the nonparametric component. Heuris-
tically, any deviations of m,,; (-) from mg (-) will appear in the residual sequence
{in }, and these are asymptotically orthogonal to (x,; — ;) . For this reason,
I",, cannot be used to test Hyyp,.

To test Hopp, we propose statistics based on the cumulative sums of weighted
residuals:

fnx]
Lo (@) =n""26"" Y G fr,  O<m <1, (2.14)
=1

where ¢ = {n_l i ﬁamﬁf,}l/z. We will show that Ty, (1) ={Tp (7):0< 7 <1}
converges weakly to a mean-zero Gaussian process I'p, (+).

Let £,(-) and £, () be continuous functionals that measure the fluctuations of
[pg (4) and Ty (+), respectively. By the continuous mapping theorem,

Lo (Tua () S L4 (Ta () and Ly (Tap () > Ly (Ty (). 2.15)

In principle, there is a rich variety of choices for £, and L£;. The classical
Kolmogorov—Smirnoff measure yields the following CUSUM-type test statistics:

KSpa= sup |The ()]s = max n_l/z‘I’_l/zz(xnt—fnt)ﬁntf;fz and
0<z <1 I<jsn =1
(2.16)
J ~
KSw= sup Doy (@)= max [n™%67" Y iy fur| (2.17)
0<r<l I<jsn t=1
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where for any p-vector a, = (an1, . ..,anp)/, lan|oo = Maxi<j<plani|. Alterna-
tively, the Cramer—von Mises metric yields the following test statistics:

. 2
1 1 & ~ J NP
CMnaE/O ”rna(”)”zdS:ZZ I”l_l/z‘y_l/zz(xnt_xm)untfr%t >
j=1 =1
(2.18)
! 2 1< 1/2~—1 Lo o~ ’
M= [ 1T @Pds == 3 (7% Yo | - 2.19)
j=1 t=1

where ||-|| denotes the euclidean norm. We will study the limiting distributions of
K Sna, KSnp, CM,,, and C M, subsequently.

3. ASYMPTOTIC PROPERTIES OF Tha(-)

In this section, we study the asymptotic properties of [, (-) under Hp, and a
sequence of local alternatives. We study I, (+) in the next section.

3.1. Assumptions

/

— /
Let wp = (x);, 2,

ent)’. We will use the mixing coefficients a,, (j), defined by

an(j)= sup {P(ANB)—P(A)P(B)|A€o (wy:1<t<]),

1<i<n—j
Beo(wp:l+j<t<n)}, j<n—1,
an(j)=0 forj>n.

Define the coefficient of strong mixing as a (j) = sup,cyan (j) for j € N and
a (0)=1.

To state the assumptions, let g,; () = E (X 120r) and v,y = x50 — gnr (2nr) -
Let anz, (x,2) = E(s,zltlxm =X,Zn = z) , a,%t (z) = E(e,zltlzm = z) , and Uft,i
(z) = E(vﬁt,ikm = z), where vy, ; is the ith component of v,;, i = 1,..., p.
We make the following assumptions on the disturbance term, regressors, kernel
function, and bandwidth.

Assumption A1

(a) {wy,} is a strong mixing process with mixing coefficients a (j) satisfying
supy X_; J3a (j)V @ < € < oo for some y > 0 with 7/ (4+ 1) < 3.

(b) E(ens |-7:n,t—l) =0, where ~7:n,t—l =0 (Xns» Znt> Xn,t—15Zn,t—1>€n,t—1,-- 2.

(c) Forallt > 1, fu () € G, my; () € Q;H'”, and g, () € gﬁ‘*” for some

integer r > 2, where G¢ is a class of functions defined in Definition C.1 in
Appendix C. Also, fp;,m,;, and the elements of g,, each satisfy a global
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Lipschitz condition: |¢(z*) —¢ ()| < Dy (z) lz* —z|| for all z*,z € RY,
where Dy (2,;) has finite 4 4 # moments and ¢ = f;,;, m,;, or an element

of gn;.

(d) supnzlmaxlggnE(llfm||4+’7) < c44y < 00 for & = ey and vy, . For all
t>1,(x,2)—> anz[ (x,2),z—> anzt (z),and z —> anzl’l. @E=1,...,p)all
belong to gf.

(€) With & = & OF Xur, SUp,supn>1maxi <r<n B(IGu I |20r = 2) fr (2) <
bi < 0o and for some ¥ > g, sup.sup,>maxi<r<n |2l E(&url 1zne =
2) fur (2) < by < 00. There is some ¢t* < oo such that for all # > t* > 1

SUp/SUPy> 1Maxi<g,r<nE(1&nsCurl 12ns = 2,20 = 2) farse (2,2)) < b3 <
00, where f;, ;; denotes the joint density of (Zys, Zur) -

(f) Forsome 8 € [1/2,1), we have logn/(n‘ghq) =o(l), and
q 1-0 ((2a+3)(n+2)
—+3420— —2q ] <0, 3.1
g T3+ 5 ( i3 q|< 3.1

where o =44 16/7.

(g) There exist m, (-) and g, (-) such that maxi<;<y | (z) —my (2) || < amn
Cmn (2) and maxi<i<n l18ns (2) — 8n (2)|| < @gncgn (z) for some functions
cmn (+) and cg, (+) and scalar sequences a,,, and ag,. In addition, sup,>
max| </ <nElcgn (zn) [T < 0o foré =m and & =g.

(h) Let f, () =n~ 37, fur (2) and fre = fo (zm) Heren-lz[" L F2 om0,

A D(7) umformly inz,n”! Z[MJ fromvl,e2, 5w (7)) uniformly in 7,

n= vyl 7262 4o, (1) B 62 (x) uniformly in 7, and n= 123" 724,

enr = N (), where ® (7)) and ¥ (7) are g x ¢ nonrandom positive def-
inite matrices and o2 (z) > 0 for any 7 € (0,1], ®(0) =0, ¥ (0) =0,
62(0) =0, and N (-) is a zero-mean Gaussian process with covariance
kernel E[N (z1) N (z2)' 1 =¥ (x1 A 7).

Assumption A2 The kernel function K (-) is product kernel of k (-), a sym-
metric rth-order kernel with compact support A such that [ a'k(a)da = 5
i=0,1,...,r=1), supgealk(a)| < c¢; < oo, and |k (a) —k(a’) | < éala—d|
for any a,a’ € R and some ¢; < 0o, where d;j is Kronecker’s delta.

Assumption A3 As n — oo, nh??/ (logn)*> — oo and nh* — 0.

Assumptions Al(a)—(d) parallel Assumption (A1)(i)—(iv) in Fan and Li (1999).
A noteworthy difference is that Fan and Li (1999) assume a strictly stationary
f-mixing (absolutely regular) process to use Lemma 1 of Yoshihara (1976).
It turns out that we can relax the f-mixing condition to a-mixing by applying
Lemma 2.1 of Sun and Chiang (1997) (see also Lemma C.1 in Appendix C). As-
sumption A1(a) implies that a (j) = o(j ~“+16/). The smaller is 7, the faster the
rate at which a (j) decays to zero. Assumption A1(b) imposes a martingale differ-
ence structure on {&,,}. The smoothness and moment conditions in Assumptions
Al(c) and (d) are similar to those in Robinson (1988) and Fan and Li (1999).
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In particular, Assumptions Al(a) and Al(d) reflect the trade-off between the
degree of dependence and the moments of the process {x,¢, Znz, €nr}. Assump-
tion Al(e) is used in the proof of Lemma C.4 in Appendix C. It controls the tail
behavior of the conditional expectations E(1&u 1 zne = 2), E(Ent] 20 = 2),
and E(|&s&nr| |2ns = 2,20t = 2), relative to the marginal density fy (z) or the
joint density fy s (z,2’). Assumption Al(f) reflects the trade-off between the
mixing coefficient, moments of the process {&y;, xu;, 2n:}, and the bandwidth 4.
For fixed 6 € [1/2,1) and ¥ > ¢, (3.1) can easily be satisfied by requiring suf-
ficiently small #. Assumption A1(g) specifies the nonstationary nature of the re-
gressor process {Xx,;, zn:} in terms of my, () and g, (-). It allows for both fixed
and small breaks, as we have not required that the sequences a;;, and a4, shrink
to zero as n — 00. (These sequences are not to be confused with the mixing
coefficients, subscripted differently.) In the case of fixed breaks for m and g,
one can take ayu, = 1 and agz, = 1, respectively. Assumption Al(h) is a
high-level assumption. If we only consider small breaks in the process
{Xnt>znt» €nt} , One can impose the following linearity assumption on @ (-), ¥ (+),
and o2 (-):

O(r)=rd, Y(r)=nVY, and o2 (n)=nog, (3.2)

where @ and ¥ are defined in (2.8) and (2.9), respectively, and 002 =g2 1.

Assumption A2 requires the kernel function K (-) to be compactly supported,
which can be relaxed at the cost of lengthier arguments (see Hansen, 2008).
Assumption A3 is a little bit stronger than the bandwidth condition of Fan
and Li (1999), who require nh?? — oo and nh* — 0 as n — co. With some
lengthier arguments, we conjecture that we can relax nh?? /(logn)2 — 00
to nh?? — oo.

3.2. Asymptotic Behavior of y

Because our test statistics rely heavily upon the asymptotic behavior of 7, it is
worthwhile to study 7 before we proceed to study the asymptotic properties of
our test statistics. Let Az, (z) = n~! Yi— St (2) e (2) for & =m, g, or 1. In par-
ticular, when & = 1, we have Ay, (z) = f, (z). To allow for possible fixed breaks
in either m or g, or more generally, the joint distribution of (x,;,z,r), we make

the following high-level assumptions.

Assumption Al(g*). As n — oo, n=!3" [Agn (znt) — Ay, @ne) 8ne (zne)]
[A,, @nt) = A, @ne) gt @n)! B g and 0~ S0 (A, (2nr) = A, (Znr) 8t
@A, @ne) — Ay, @ne) Mar (Zne)] LS ®,,,, where @4, and @y, are g x g and

g % 1 nonrandom matrices, respectively.

Clearly, if we have only small breaks in m and g, then @4, =0 and @, = 0.
These are generally nonzero if we allow for fixed breaks in m and g. The following
theorem characterizes the asymptotic behavior of 7 under Hy,.
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THEOREM 3.1. Suppose Assumptions AI-A3 and Hy, hold.
(i) If Assumption Al(g*) holds, then

~ -1
Yy —YV0= ((D(l)—l—q)gg) (ng+0p(1)'

(ii) If we have fixed breaks in m but not g and " = o(n~"/?), then

Vi (7=yo) =@ 1) {n—s/z N> KnijKni

i=1j£i ki

X [Muk (zni) = Mni (2ni)] (Unj - Dni)

n
+ n—l/Z 2 fnz (Zni)vnigni} +op (1).
i=1
(iii) If we have fixed breaks in g but not m and h" = o(n~'/?) and Assumption
Al(g*) holds, then

V(7 —yo0) = (®(1)+‘Dgg)_l {”_5/2 N> KnijKnik

i=1j#i ki

X [gnj (Zni) — gni (Zm’)] (enk — €ni)

n
+ n_1/2 2 fn2 (Zni) Vni€ni } +0P (1) .
i=1
(iv) If amn and oy in Assumption Al(g) and h in Assumption A3 also satisfy
aunh” =0 (n_l/z), agnh” =o (n_l/z), and 0ypGgn =0 (n_l/z), then

n
V(7 =10) =@M 072 Y £ (eni) vnieni +0p (1).
i=1

Remark 1. As mentioned before, if fixed breaks are present in both m (-) and
g (-), then generally @, # 0. This is true even if we have only a one-time
simultaneous fixed break in m () and g(-). As a result, we are unable to esti-
mate yo consistently by 7 and thus cannot derive an asymptotic null distribution
for our test statistics. If we have a fixed break in either m or g but not both, then
Theorem 3.1 indicates that 7 is ,/n-consistent for yo under Hy, and some fur-
ther conditions. Nevertheless, the unknown fixed breaks in m or g contribute to
the variance of /n ()7 - yo) and the expansion of our test statistics in a com-
plicated way, which makes characterizing the asymptotic null distribution of our
test statistics quite cumbersome. In contrast, if m and g have only small breaks,
Jn ()7 - yo) will have the same asymptotic distribution under the null as in the
purely stationary case. For these reasons, we focus only on this last case in what
follows.
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3.3. Asymptotic Null Distribution of I, ()
The following theorem gives the asymptotic distribution of I’ (-) under Hy,.

THEOREM 3.2. Suppose Assumptions AI-A3 hold. Suppose the conditions in
part (iv) of Theorem 3.1 hold. Then under Hog, Tpy () = Ty (+), where T'y (x) =
Y ()TN (2) - @ (x) @ ()™ N ()]

Remark 2. By the continuous mapping theorem, Theorem 3.2 implies that

K Spa -5 supg<y <1 ITa (T)loo and C My <> [Ty (z)[1>d. Obviously, the tests
K S, and CM,, are generally not asymptotically pivotal. The asymptotic null
distributions of these test statistics appear to depend on the functions @ (7) and
Y () in a complicated way. As there is no way to tabulate the critical values for
the tests, we later provide a method to obtain bootstrap p-values.

Remark 3. Nevertheless, when both @ (z) and ¥ (x) are linear in 7 (see
(3.2)), the preceding I',,-based tests are asymptotically pivotal. In this case, we
have Iy (1) =¥~ V?[N(z)—zN(1)] = By, (m), where B, (-) denotes a vector
of p independent standard Brownian bridges defined on [0, 1] with zero mean and
covariance function E[B), (1) B (72)'] = (w1 Amy —mim2)Ip and I, isa p X p
identity matrix. The tests K S,, and CM,, are then asymptotically distribution
free, despite parameter estimation. For this special case, one can easily obtain the
critical values for the K S,,, and C M,,, test statistics and reject the null hypothesis
Hy, for large values of K S, and CM,,,.

3.4. Local Power of I,,,-Based Tests

Now we study the local power properties of the test based on I';,,. We focus on
the local alternative

Hign: yn = yo+n""251(t/n), (3.3)

where J1(-) is an arbitrary nonconstant p-dimensional measurable function
defined on the [0, 1] interval. Following Kramer et al. (1988) and Ploberger and
Kramer (1992), we only require that d; (-) be expressed as a uniform limit of func-
tions that are constants on intervals. Clearly, if 1 (t/n) =6 1 (¢/n > mg) for some
nonzero p-vector J, then equation (3.3) includes a one-time shift of the regression
coefficient at time nzg as a special case.

THEOREM 3.3. Suppose Assumptions AI-A3 hold. Suppose the conditions in
part (iv) of Theorem 3.1 hold. Then under Hi4,, we have I'yq (1) = Ty (0) +
Ay (0), where forO <z <1,

Ay (z) =¥ (1)~ {/” oM (5)0, (s)ds — @ (x) D (1)~ /1 oM (5)5, (s)ds}
0 0
(3.4)
and ®W (s) = (8/0s)D (s).
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Remark 4. Theorem 3.3 implies that the K S,,, and CM,,, tests have nontriv-
ial power in detecting n~!/2-local alternatives, provided A, (z) # 0 for 7 in a
set of positive Lebesgue measure. Even a single break at time ¢ = nx, that is,
o1(t/n)=01(t/n > mp), affects the right-hand side of (3.4) forall = € (0, 1), no
matter where the structural change occurs. More importantly, structural changes
affect the limiting rejection probabilities only via @) (-)d; (-); this is a semi-
parametric analog of the parametric case. In that case, if all structural shifts in
the finite-dimensional parameters are orthogonal to the mean regressor then the
residual-based CUSUM test is not consistent. See Ploberger and Kramer (1992).
In addition, if @ () is linear in = (see (3.2)), then the expression for A, (7)
reduces to A, (7) =¥ ()2 ([T 01 (s)ds —x [, 61 (s)ds).

Remark 5. As mentioned in Section 2, I',,,-based tests have no power to detect
structural changes in the nonparametric component m (+) . This can be seen more
clearly from the the right-hand side of (3.4), as my; (z;) — mq (z;) will necessar-
ily be orthogonal to v,, by the law of iterated expectations: E[vy; (mns (z2nr) —
mo (z2nt))] = E[E (ntlzne) (s (2ne) —mo (2nr))] = 0. Thus, if one replaces one
of the two v,,’s in the definition of @ (x) by my (z;) — mo (z;), then the matrix
@ (7)) becomes zero.

4. ASYMPTOTIC PROPERTIES OF Tnp(-)

In this section, we study the asymptotic properties of I',;, under Hp, and
a sequence of local alternatives.

4.1. Asymptotic Null Distribution of I',s(-)

Let Su(m,nz)_limn%on‘lz(”(””’””E(f,%, e2.), Sn(my, m2) =limy0on >

SIS ST B i (2nf) ke (z0) €2,) S12 (w1, m2) = limy oy o n =2 T3
S E [ fui foj Gai) e ] and $51(1, w2) = S1a (w2, 71) . The asymptotic null
dlstrlbutlon of I';;p is given in the next theorem.

THEOREM 4.1. Suppose Assumptions AI-A3 hold. Suppose the conditions
in part (iv) of Theorem 3.1 hold and nh®* — 0 as n — oo. Then under Hop,
Tnp (1) = Ty (+), where Ty, is a mean-zero Gaussian process with covariance ker-
nel E[Ty (x1) rb ()] = 04 > X7, T2, (=1)Sij (1, 72) and of = lim, o0

—12n lE(fnt nt

Remark 6. Note that we have strengthened the bandwidth condition from nh*"
— 0tonh? — 0in Theorem 4.1. This means that the optimal bandwidth chosen
by standard least squares or generalized cross-validation is not directly
applicable to I',,-based tests, because such bandwidths converge to zero at the
rate n~1/(@+2")  Instead, we require undersmoothing. By the continuous map-

ping theorem, Theorem 4.1 implies that K S,,;, $ Supg< <11l (m)|and C M, i)
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fol Ty (z)|?dx. Again, the tests K Sy, and C M,,;, are not asymptotically pivotal
in general. We provide a bootstrap method to obtain p-values.

Remark 7. When {z,;} is also asymptotically stationary in the sense that
maxj<;<n | far (z) —fn (z)| = 0 Vz for some continuous function f;, (-), we can
show that under Hyp, Iy () = 00_1 {n=1/2 ZIZJ forens —n~V2x p Fut€nt) +
op(1). If o2 () is also linear in 7 (see (3.2)), then by Theorem 1 in Herrndorf
(1985) we have I';p (1) = Bj (-) under Hop, where Bj (-) denotes the standard
Brownian bridge defined on [0, 1]. In this special case, the tests K S,,;, and C M,,;,
are asymptotically distribution free despite parameter estimation. One rejects the
null hypothesis Hyy for large values of K S,,;, and C M,,;,.

4.2. Local Power of I',,-Based Tests

Now we study the local power of T',,;,-based tests. We focus on the local alternative

Hipp:yne = 0+n"280@/n),  mpe (zue) = mo (zne) +17" 202 (e, /1),
4.1)

where 0j (+) is as defined following (3.3) and &, (-, -) is an arbitrary nonconstant
measurable function defined on Z x [0, 1], where Z is the support of z,;. In
addition, we follow Kréamer et al. (1988) and require that for each z, d» (z, -) can be
expressed as a uniform limit of functions that are constants on intervals. Clearly,
if 01 () =0and 0 (2, 1/n) =02 (zny) 1 (¢ /n > 7o) in equation (4.1), we have the
special case of a one-time shift in the nonparametric regression component at time
nmo.

THEOREM 4.2. Suppose Assumptions AI-A3 hold. Suppose the conditions in
part (iv) of Theorem 3.1 hold and nh? = 0 as n — 0o. Then under Hip,n, we
have Typ () = Tp () + Ap1 () + Ap2 (), where for 0 <z < 1,

[nz | B
Apy (n)zao_lnli)ngo{n_l > E(fuixy;) o1 (i/n)

i=1

[nm] n
—n2 Z ZE[fni (znj)x;,j]él (j/n)},

i=1j=1

nx]
Ap(r)=og" lim {n‘l >, E[fuid2 @nisi/n)]

i=1

mz) n
=172y S E[fui (z0)) 02 (an,j/”)]}'

i=1j=1
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Remark 8. The difference between the limiting distribution of I',;, under Hyy, ,
and its asymptotic null distribution consists of two terms. The first arises from a
shift in the parametric component y,,; the other arises from a shift in the non-
parametric component my, (). Thus I'yp-based tests have nontrivial power in
detecting n~!/2-local alternatives whenever these two components do not vanish
simultaneously. When we reject Hyy, we thus have evidence of structural breaks
in either y,; or my, (-) or both. To see whether the structural break is caused by
a break in the parametric component, we can apply the test of Hy, studied in the
previous section. If Hy, is not rejected, then the test indicates a structural break in
the nonparametric component. Of course, care must be taken to ensure the correct
probability of Type I error when conducting such a sequential test.

Remark 9. If {z,;} is also asymptotically stationary as in Remark 7, then the
proof of Theorem 4.2 can be greatly simplified. In this case, one can readily show

that ”_2ZrMJ i ELfni (an)x;,j] o1(j/n) = ﬂn_lz;LlE(fan;,j)(Sl (j/n)+
o(1) and n_ZZM”J _\E[fui (20j) 02 (2nj» j/n)] = mn™! Y0y ELfajo2(2n),
]/n)] +o0(1). Now the expressions for Apy (w) and Ap (7) reduce to Apy () =
THUT RY (5)61 (s)ds — 7 [ R\ ()61 (1) dr) and Apy (x) = 05 [Ra(m) — 7
Ry(1)], where Ry(r) = hmn%on—lz““ E(fuix,), RV (x) = (8/or)
Ri(z), Ry(x) = [§ [ f*(2)62(2,1) dzdt, and f (2) = limy 500 fo (2).

5. BOOTSTRAP TESTS

From the previous two sections we see that if we allow fixed breaks in the pro-
cess {Xus, Znt»> €nt} , neither I'y;-based tests nor I',;-based tests are asymptotically
pivotal in general, preventing tabulation of critical values. To obtain the p-values,
we now propose and analyze a wild bootstrap version of our tests.

From the proofs of Theorem 3.2 and Theorem 4.1, we have that under the
applicable null hypothesis

Lo (8) =Tpa (m) 40, (1) and  Tpp(w) = Tpp () +0, (1), (5.1)

where

~ N [nm] =N
rna (ﬂ):n_1/2\P—1/2{ z f}’%l (xm—xm) Ent
t=1

—O(z)P (])_] 2 ]/c;zzt (xnt _-;C\nt) Snt} > (5.2)
t=1
~ [nm] no
Lop () = n~!%G! { 2 Sntént — 2 Jnm ) (Znt) gnt} > (8.3)
= t=1

and fuz | (zy) =n""! Z["’” Kj:s. Even though Theorems 3.2 and 4.1 imply that
{Fna (7),0<m <1}and {Fnb (m), 0 <z < 1} are not asymptotically pivotal in
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general under the relevant null, we can mimic the asymptotic distribution of Iy,
(resp. I'yp) by bootstrapping F,W (resp. Fnb)

To obtain the bootstrap versions of our test statistics, we define the wild boot-
strap residuals as

Uy, = UniHs, (5.9

where {#,} satisfy the conditions stated in Assumption A4(a) later in this section.
One can draw such a sequence {#;} in a number of ways. In our simulations, we

draw {#,} independently from a distribution with masses ¢ = (1 + \/5) / (2\/§>
and 1 — ¢ at the points (1 - ) / 2 and (1 + \/g) / 2, respectively. Consequently,

the wild bootstrap draws each u},, from a different distribution with mean zero and

variance ﬁ?”, conditional on the data. Our bootstrap processes are then defined by

~ |
[ (n)= e A { Z fr (xnt _xnt) Un,

t=1

n
— @MW) 2 (xnr —%ue) u;t}, (5.5)
t=1
!'nnj N n R
U, (@) =n""26""1 8N fuug, =Y fran) @) ug, ¢ (5.6)
=1 =1

— ~ / —
where <D(7r) =n 12“”” 1 (xm—xm) (xm xn,) , P* = pn 12 1fn,um
(Xps — Xpt) ns — Xnr), and 6*2 = n~! ha fm m Using I';;,, we construct the

bootstrap version K S, of the statistic K S,,. We repeat this procedure B times

B
to obtain the sequence {K Sy ]} . . We reject the null when, for example,
j=

pf =B~ IZB 11K S < KS, ) is smaller than the desired significance level.
The procedure is analogous for C Myq, K Spp, and C My, where we use I';;, for
the latter two statistics. To prove the validity of the preceding bootstrap procedure
we need the following additional assumption.

Assumption A4

(a) {n} are independent and identically distributed (i.i.d) with E(#%;) = 0,
E (#?) =1, and E(}) < oo and independent of the process {yur, Xur, Znt} -

®) 7 Sy T2y Gae) (fine —ne) = 0, (1) for each = € [0, 1].

Assumption A4(a) is standard in the literature. Assumption A4(b) is a high-
level assumption that parallels the second condition in Assumption A10 of
Delgado and Fiteni (2002). Even though not stated explicitly, the proof of boot-
strap consistency in Hansen (2000a) also relies upon similar conditions.
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THEOREM 5.1. Suppose Assumptions A1-A4 hold. Then T, (-) LT, (), and
Ty () Th ().

Remark 10. Theorem 5.1 shows that each bootstrapped process ({an} or
{F;b}) converges weakly to the relevant limiting null Gaussian process, thus
providing a valid asymptotic basis for approximating the limiting null distribu-
tion of test statistics based on {I',,} or {I';p}. By the properties of the wild
bootstrap, our approximation to the limiting null distribution is valid even when
the null hypothesis does not hold for the underlying data. This helps ensure rea-
sonable power for the bootstrap test against potential departures from the null
hypothesis.

Remark 11. It is worth mentioning that the validity of the preceding bootstrap
procedure relies heavily on Assumption A4(b), which, unfortunately, we are un-
able to relax. This assumption can be easily satisfied under either null or local
alternatives. This is true no matter whether we have fixed breaks in the marginal
pdf fur () of z,; or not. Nevertheless, it may be difficult to ensure this in the
case of global alternatives. We note that this is a phenomenon associated with
many bootstrap versions of tests for structural change, including those of Hansen
(2000a) and Delgado and Fiteni (2002).

In what follows, we restrict ourselves to the case where the marginal pdf f,; (-)
of z,; has only small breaks and the linearity assumption in (3.2) holds. In this
case, we can reexgvmine the proofs of Theorem 3.{ and Theorem 4.1 and
obtain 'y, () = I'na(w) + 0, (1) and I'yp(z) = Tpp(z) + 0p (1), where
| (77) = n_l/z\P_]/ZEI[in]:J fnzt (xnt _fnt) Ent — 7[”_1/2‘{]_1/2 21;1:1 fr%t (xnt -
Tut)em and Ty (1) = n=V26 = 2" fien — an™26 7V S| fryen. In this
special case, we propose the following bootstrap processes:

=R [nm | =N
Iy, ()= n1/2gx-1/2 2 % (xm —xm) uy,

t=1

n
—an” PPN R (e — For) 1)
t=1

[nm] =R no__
Iy, () —n~ 1251 Z Snttt)y —an~ 1251 2 Sutttyy,
t=1 =1

where P* and 5*2 are as defined after equation (5.6). In this case, we have the
following corollary.

COROLLARY 5.1. Suppose Assumptions AI-A3 and A4(a) hold. Suppose
that the linearity condition in (3.2) holds and maxi<;<n | fur (z) — fu (2)| > 0 Vz
for some continuous function f, (-). Then Iy, (-) L By (-), and T, () L B ).
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Remark 12. We sketch the proof of the preceding corollary in Appendix A.
A crucial point here is that we do not require Assumption A4(b). Under the stated
conditions and the extra condition in part (iv) of Theorem 3.1, both I';,,- and [',,-
based tests are asymptotically pivotal under the relevant null hypothesis. We thus
are able to compare the bootstrap versions of the tests with those based on the
asymptotic critical values in this case.

6. MONTE CARLO SIMULATIONS

In this section we present a small set of Monte Carlo experiments to evaluate the
finite-sample performance of our tests. We consider the following DGP:

Ynt = VntXnt + Mpt (Znt) +é&nts Ent =V ﬂnt(lnt: (6.1)

where ¥ = 0.05+0.900,, ;1 +0.0565 , _}, Znr = 0.5+ 0.825,—1 4 (2nts Xnt =
14cos(znr) + v, and {C1ur ), {20}, and {v,,} are each i.i.d. N (0, 1) sequences,
mutually independent of each other. The subscripts for y,; and m,; (-) indicate
that both the parametric and nonparametric components of the regression func-
tion may be time varying. We consider the following specifications of y,, and
My ()

yut =14011(t > [nmg]) and

Mt (Znt) = 2nt — 0.52;, ml(t > [nmo]). (6.2)
+exp (znr)
We consider three different break ratios 7o = 0.25,0.5,0.75 and (J1, d2) pairs
with d1,d, =0, 0.25, 0.5, and 1.
To construct the test statistics, we choose the fourth-order (r = 4) Epanech-
nikov kernel, K (1) = 3/4+/5((15/8) — (7/8)u?)(1 — (1/5)u®)1(|u] < +/5). To
motivate our choice of the bandwidth 4, let X = (x,1,..., %), ¥ = (ynl, e,

y,m)/, X =A()?n1,...,)7,m)/, Y = (y,,lA,...,y,m)’, and U = ?—)N(;?, where fmAz
(xnl - -;C\nt)fnt and ynt = (ynt - i)\nl)fnt- The tth element of U is given by ﬁnlfnty
that is, the residual from the partially linear regression weighted by the density
estimate, f,;. Let K denote the n X n smoothing matrix whose (s, 7)th element is
given by Knsi /(n fm) and let W = dlag(fnl,.. f,m) Then X = W(I —K)X

Y=W({,—K)Y, and y = X'X)"'X'y. Consequently, U =Y — X(X'X)7!

XY = A(h)Y, where A (h) = [I, — XX’ X)~ ' W (I, — K). Following Xu
(2006), we propose to choose & to minimize the following generalized cross-
validation (GCV) score:

GCVy(h)y=n""Y'A(hY A(h)Y / (n_ltr(A (h)))z. (6.3)

Let & denote _the minimizer of GCV,, (h). Then his optimal in the sense of Xu
(2006), and 7 o n=1/2+4) = p=1/% Because undersmoothing is required for
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the tests based on I, (1), we apply a rule of thumb to choose / according to
h=hn'"n"1% We study the behavior of our tests with different choices A =
7, 6,5 to examine the sensitivity of our test to the bandwidth sequence. Robinson
(1991, p. 448) proposes similar devices. Note that these choices for 4 and the
kernel function meet the requirements for both tests.

In what follows, we will report the empirical rejection frequencies of the tests
KSyu, CM,,, KS,p, and CM,,, for different choices of d; and J,. Because the
process {xu¢, Znt, €nr} does not exhibit fixed breaks under either the null or lo-
cal alternative, the linearity condition in (3.2) holds and Corollary 5.1 applies.
Both T';,,- and T',,5-based tests are asymptotically pivotal under the relevant null
hypothesis, and they can be conducted based on the asymptotic critical values.
To see how well our nonparametric tests based on asymptotic distributions per-
form in finite samples, we report the rejection frequencies for both the boot-
strap versions of the tests, denoted as KS5,, CM%,, KS?,, CM?,, and the
tests based on critical values from the pivotal asymptotic distributions. We use
1,000 replications for each sample size n and 199 bootstrap resamples for the
bootstrap test in each replication. For ease of reference, we refer to the K S,,,,
CM,,, KS? and CM? tests as a-tests and the KS,.,,CM,p, KSbb, and CMZb

na?’ na n
tests as b-tests.

6.1. Finite-Sample Level

We first examine the finite-sample performance of a-tests under Hy,. To do so,
we set 01 = 0 and allow J; to take different values (0, 0.25, 0.5, and 1) in (6.2).
Table 1 reports the empirical rejection frequencies of these tests at the nominal
level 0.05 and break ratio 7o = 0.5. We summarize some important findings from
Table 1. (i) Surprisingly, the C M, test based on asymptotic critical values is as
good as the bootstrap version of the tests (K S2, and CM?,). The K S, test based
on asymptotic critical values is undersized for small sample sizes (n = 100, 200),
but its level improves as n increases. (ii) All tests are robust to different choices of
bandwidth % (or equivalently A). (iii) The CM,,,, K Sz sand CM Za tests behave
similarly. In all cases, the empirical levels of these tests are close to the nominal
levels. (iv) As predicted by our asymptotic theory, the empirical levels of the
KSy., CM,,, K Sﬁa, and CM ﬁa tests are robust to the presence of structural
changes in the nonparametric component.

To examine the finite-sample performance of b-tests under Hpp,, we set 1 =
d2 = 0in (6.2). Table 2 reports the empirical rejection frequencies of these tests
at the nominal level 0.05 and break ratio 7o = 0.5. From Table 2 we have findings
similar to those in Table 1, except that the K S,,;, test based on asymptotic critical
values performs almost as well as C M,,;, and the bootstrap version of these two
tests (K Sz pand CM 2 5)- As before, all tests are robust to the choice of bandwidth,
and all tests have empirical levels close to their nominal levels.

We also conducted tests for other choices of break ratios: 7o = 0.25,0.75 (not

tabulated here). We find that the results are similar to those just discussed.
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TABLE 1. Finite-sample rejection frequencies under Hy, (nominal level: 0.05)

n =100 n =200 n =400
1) Test A=7 A=6 Ai=5 A=T7 i=6 1i=5 A=T7 A=6 1i=5

0 KSu, 0.023 0.023 0.023 0.028 0.023 0.025 0.043 0.037 0.038
CMy, 0.044 0.044 0.050 0.030 0.029 0.031 0.050 0.047 0.051
KSZa 0.044 0.048 0.044 0.045 0.040 0.036 0.051 0.053 0.046
CMZa 0.043 0.045 0.047 0.033 0.036 0.036 0.048 0.053 0.050

025 KSpa 0.023 0.023 0.023 0.028 0.023 0.025 0.043 0.041 0.041
CMyq, 0.044 0.044 0.050 0.030 0.029 0.031 0.047 0.047 0.053
KSZa 0.044 0.048 0.044 0.045 0.040 0.036 0.052 0.054 0.047
CMZa 0.043 0.045 0.047 0.033 0.036 0.036 0.047 0.051 0.049

05 KSpe 0.023 0.023 0.023 0.028 0.023 0.025 0.042 0.037 0.041
CMpq 0.044 0.044 0.050 0.030 0.029 0.031 0.052 0.049 0.049
KSZH 0.044 0.048 0.044 0.045 0.040 0.036 0.052 0.052 0.049
CMZu 0.043 0.045 0.047 0.033 0.036 0.036 0.050 0.052 0.051
1 KSus, 0.023 0.023 0.023 0.028 0.023 0.025 0.043 0.040 0.040
CMyq, 0.044 0.044 0.050 0.030 0.029 0.031 0.048 0.048 0.053
KSZa 0.044 0.048 0.044 0.045 0.040 0.036 0.050 0.055 0.047
CMZa 0.043 0.045 0.047 0.033 0.036 0.036 0.046 0.052 0.051

Note: h = ﬁnl/9n_]/;~, where 7 is chosen by GCV.

TABLE 2. Finite-sample rejection frequencies under Ho, (nominal level: 0.05)

n =100 n =200 n =400
Test A=T7 A=6 1=5 A=T7 A=6 1=5 A=T7 1=6

~
Il
(9,

KS,p, 0.050 0.044 0.040 0.055 0.057 0.053 0.060 0.057 0.055
CM,, 0.059 0.058 0.055 0.062 0.061 0.059 0.061 0.057 0.057
K Sz 0.068 0.062 0.054 0.059 0.070 0.064 0.068 0.064 0.056
cMm,, 0.064 0.057 0.056 0.057 0.060 0.063 0.060 0.056 0.054

Note: h = ﬁn1/9n—1/2’ where 7 is chosen by GCV.

6.2. Finite-Sample Power

To examine the power performance of the tests, we first focus on the a-tests. Here
and in what follows we conserve space by only reporting results for the bootstrap
version of the tests. Table 3 reports the results of these tests based on the bootstrap
critical values where the break ratio 7 is 0.5. Some of the main findings from
Table 3 are as follows. (i) As in the level study, the K S5, and C M2, tests behave
similarly. (ii) As the sample size increases, the powers of both tests increase.
(iii) The choices of the bandwidth sequence have little influence on the power
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TABLE 3. Finite-sample rejection frequencies under Hi,,, (nominal level: 0.05)

n =100 n =200
A=1 A=6 i=5 A=7 1=6 i=5
51 & KSbcmb kst cmb kS cmb ksb cmb ksb cmb KSP cmP®

0250 0.12 0.12 0.12 0.12 0.11 0.12 0.23 024 0.22 023 023 0.23
0.25 0.11 0.12 0.11 0.12 0.11 0.12 022 023 022 022 0.22 0.22
05 0.11 0.11 0.11 0.12 0.11 0.12 021 021 021 020 0.21 0.20
1 0.09 0.09 0.09 0.10 0.10 0.09 0.16 0.17 0.17 0.16 0.17 0.17

05 0 039 039 037 035 035 035 0.70 0.72 0.70 0.71 0.69 0.69
0.25 038 036 035 034 033 033 070 0.71 0.69 0.70 0.68 0.68
05 035 035 033 033 031 031 0.68 069 0.67 0.67 0.66 0.66
1 029 028 0.27 0.27 0.27 025 0.60 060 0.60 059 0.58 0.59

1 0 088 088 0.86 0.86 0.85 0.86 0.99 0.99 0.99 098 0.99 0.99
0.25 0.87 0.87 0.85 085 0.84 0.85 0.99 099 098 098 0.99 0.99
05 085 085 0.83 0.83 0.82 0.84 099 099 098 098 0.98 0.98
1 0.80 0.81 0.77 0.78 0.76 0.78 099 098 097 097 098 0.98

Note: h =hn'/9n=1/% where I is chosen by GCV. The terms K S and C M refer to KSZa and CMQHA

performance of these tests. (iv) For fixed Jy, the powers of both tests increase
as the break size d; increases. (v) For fixed J;, the power does not increase as d,
increases. Instead, there is a general trend suggesting that power may be adversely
affected by an increase in J;.

We next examine the power performance of the b-tests. Table 4 reports the
finite-sample performance of these tests based on the bootstrap critical values
where the break ratio 7o is 0.5. We find that (i) as in the case for size study, the
K Ssb and CMfl’b tests behave similarly in terms of power; (ii) as n increases,
the powers of both tests increase; (iii) the choice of the bandwidth sequence has
little influence on the power performance of these tests; (iv) when either d; or d»
increases, holding the other fixed the powers of both tests increase.

Comparing the results in Table 4 for b-tests with those in Table 3 for a-tests,
we have two interesting findings. First, when there is a structural break in the
parametric component only (i.e., d; # 0, d» = 0), the a-tests dominate the b-tests
in terms of power. Second, except in this case, the b-tests tend to dominate the
a-tests in terms of power for the same values of (d1,d>). This is not surprising,
because the a-tests are designed to test for structural changes in the parametric
component only. Even though we cannot prove that a-tests are more powerful
than the b-tests when we have only breaks in the parametric component, they
definitely outperform the b-tests for certain alternatives. On the other hand, if we
have breaks in both the parametric and nonparametric components, the b-tests can
pick up both types of divergence from the null and are thus expected to be more
powerful than the a-tests against certain alternatives. As is well known, no theory
can ensure a uniform dominance of one class of such tests over the other class.
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TABLE 4. Finite-sample rejection frequencies under Hyp , (nominal level: 0.05)

n =100 n =200
A=1 A=6 i=5 A=7 1=6 i=5
51 & KSbcmb kst cmb kS cmb ksb cmb ksb cmb KSP cmP®

0 025014 0.14 0.14 0.14 0.14 0.15 0.23 024 0.24 023 023 0.23
0.5 038 037 038 038 038 037 0.68 0.67 0.67 0.67 0.66 067
1 089 088 0.88 087 0.88 0.88 0.99 099 099 099 0.99 0.99

0250 0.12 0.12 0.11 0.11 0.11 0.11 0.15 0.15 0.15 0.14 0.15 0.13
025 029 0.28 0.29 0.28 0.29 0.28 0.53 0.51 0.51 0.50 0.52 0.50
0.5 0.60 058 0.59 058 059 058 090 090 0.90 0.89 0.89 0.88
1 094 093 094 093 094 093 099 099 099 099 0.99 0.99

05 0 022 021 021 021 022 021 038 037 0.37 036 037 0.38
0.25 0.48 047 0.48 047 047 047 079 078 0.78 0.77 0.78 0.77
05 075 073 075 073 0.74 0.72 097 097 097 096 0.97 0.96
I 097 097 09 096 097 097 0.99 099 0.99 099 0.99 0.99

1 0 051 050 051 050 050 049 0.79 0.78 0.78 0.77 0.78 0.77
025 0.75 0.72 0.74 0.72 0.73 0.72 096 095 095 094 0.96 0.95
0.5 0.89 0.88 0.89 0.87 0.89 0.87 099 099 098 098 0.99 0.99
1 0.99 098 098 098 098 098 1 1 1 1 1 1

Note: h = 5,11/9,1—1/),’ where 7 is chosen by GCV. The terms K S and C M? refer to Kszb and CMzb.

6.3. Comparing the a-Tests with the Andrews Test

Itis interesting to compare our a-tests with the Andrews (1993) test. To implement
the Andrews test, we must specify the conditional mean function parametrically.
Suppose that the data are generated according to (6.1) and (6.2) but we pretend
that the DGP is linear: y,; = Bons + BintXnt + PontZnt + tns, and we test the null
hypothesis

Hop : fine = p1 forsome i e R forallt > 1 6.4)
or
Hop : fonr = Po and 1, =P for some (fo, f1) € R? forall ¢ >1. (6.5)

We follow Hansen (2000a) and calculate his statistics Sup F,,, ExpF,,, and AveF,.
For example, to test Hpj, we first run the restricted ordinary least squares
regression y,; = Bo + B1Xn: + P2zn + enr and denote the residuals as e; and vari-
ance estimate as 62 = (n —3)~! " etz. Then we run the set of unrestricted
regressions: yu; = o+ f1Xu + f2zne + 01X 1 ( = 5) 4 €. Denote the resid-
uals from the preceding regression as e;; and the variance estimate as o¢ =
(n—4~'3" | 2. Define Fy, = [(n —3)5% — (n — 4)5?]/52. Then SupF,,
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ExpF,, and AveF), are defined as

SupF, = sup Fj, ExpF, =log (/exp(FS/2)dw(s)> , and
N

s€(r1,m2)

AveF, =/Fsdw(s),
S

where w(s) = 1/(rp — 11) if s € (71, 72) and O otherwise. The asymptotic null
distributions of these test statistics are given in Andrews (1993) and Andrews and
Ploberger (1994). Table 5 reports the finite-sample “level” of these tests for the
case g = 0.5 when we choose 7; = [0.151], 75 = [0.85n] and the number of
replications to be 1,000. From Table 5, we see that under this functional misspec-
ification, the levels of the Andrews tests are highly distorted, and the distortion
tends to increase as n or ¢, increases. In this case, it is inappropriate to compare
the power performance of the Andrews tests to that of our a-tests. In addition, it
is difficult, if possible at all, to calculate the level-adjusted empirical power.

Nevertheless, if we stick to linear DGPs, we can compare the power perfor-
mance of the two sets of tests. For simplicity, we consider the following linear
DGP:

Ynt = ﬂlntxnt +ﬂ2ntznt +ént (6.6)

where we generate {x,;} and {z,;} as two independent N (0, 1) sequences with
independent observations and with {¢,;} as in (6.1). We consider testing the null
hypothesis Hp; specified in (6.4). The Andrews test of Hp; requires no struc-
tural change in f,;, and so we now assume that f,, = 1 for all + > 1. Table 6
compares the Andrews test of Hy; with our a-tests when the parameters are gen-
erated according to S,y = 1+ A11(¢t > [n/2]) and fo,; = 1 for all £ > 1. To
save space, for our nonparametric a-tests, we only report the empirical rejection

TABLE 5. Finite-sample size of Andrews’s tests for DGP (6.1) and (6.2)
(01 = 0, nominal level: 0.05)

Test Hyp Test Hyp
n 1% SupF,,  ExpF, AveF, SupF,  ExpF, AveF,
100 0 0.286 0.314 0.256 0.299 0.323 0.243
0.25 0.286 0.317 0.265 0.331 0.350 0.259
0.5 0.304 0.336 0.289 0.398 0.425 0.328
1 0.350 0.378 0.315 0.566 0.602 0.547
200 0 0.308 0.348 0.244 0.379 0.386 0.268
0.25 0.319 0.339 0.268 0.412 0.409 0.320
0.5 0.353 0.366 0.306 0.501 0.520 0.434

1 0.438 0.468 0.405 0.753 0.766 0.720
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TABLE 6. Finite-sample rejection frequencies under DGP (6.6) (nominal
level: 0.05)

Our a-tests
Andrews’s tests A=17 A=6 A=5
n Ay SupF, ExpF, AveF, KSbi, cmb, Kkst, cmb, Kksb, cm?,

100 0 0.042 0.059 0.054 0.046 0.038 0.050 0.044 0.052 0.049
025 0.157 0209 0216 0.146 0.156 0.146 0.152 0.144 0.138
0.5 0501 0588 0594 0433 0428 0426 0429 0412 0421
1 0977 0986 0986 0927 0914 0914 0.908 0.900 0.894

200 0 0.042 0.046 0.046 0.040 0.046 0.041 0.039 0.049 0.051
025 0.261 0.320 0335 0259 0264 0.267 0.262 0.241 0.243
05 0.812 0.868 0.872 0.741 0.742 0.730 0.726  0.699 0.716
1 1 1 1 0.993 0.994 0990 0992 0.984 0.987

Note: For our nonparametric test, we set 1 = 7in'/9n=1/% where I is chosen by GCV.

frequencies based upon the bootstrap critical values with 199 bootstrap resamples
in each replication. The total number of replications is 1,000 for each scenario.
When A = 0, Table 6 reports the level behavior of both types of tests. Clearly,
the levels of all tests behave reasonably well. When A # 0, Table 6 reports the
power behavior of both types of tests. We see that the Andrews parametric tests
outperform our nonparametric test in most cases. Nevertheless, the power loss of
our a-tests in this case is not severe.

7. CONCLUDING REMARKS

In this paper we propose two tests for structural change in partially linear time-
series models. One procedure tests for structural change in the parametric com-
ponent only, and the other tests for structural change in both the parametric and
nonparametric components jointly. Our tests complement the conventional pro-
cedures for testing for structural change in parametric models and are natural
diagnostics for testing for structural change in partially linear regression models.
In particular, both tests have nontrivial power to detect deviations from the null
at the parametric rate n~!/2. The generality of our second test does not come for
free, as it requires more stringent assumptions on the bandwidth parameter.
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APPENDIX A:
Proofs of the Main Results in Sections 3—-5

We use C to signify a generic constant whose exact value may vary from case to case.
For any random sequence {w; } and function ¢ (u) s w,-) , letE; [([) (w s w,-)] denote expec-
tation with respect to w; only, for example, Ej Kj;j = fh_dK ((zni —2)/ h) fuj (@) dz.
Let fui = fni @ni)s Mpi = Mpi Zni)s &ni = &ni @ni)» frnz) (2) = ﬂ_lz,(nzﬂlj Jnj @),
fn (2) =n_12}'=1 faj @), and fui = fu (zni)- Let f = (fals-- s fan)'s M= (mu1,...,
mun)'s G= (g1, csgn) s € = (enls-.renn)s and V = (v} |,...,0},). Similarly, let
f= 15 fan) andfor & = ¢, V, M, or G, define ¢ = (5,’”,...,5,’1")’ with &,; =n~!
2}-1# EnjKnij/ fni- We write Ap =~ By, to signify that A, = B, (1 +op (1)) as n — oo.
Denote v, =n~/2h=2/2 /logn+h' .

Proof of Theorem 3.1. Under Hy, : y,; = yg, We can write

> un — D1 PN P PN ~
7=10=8" {Sy_g) 7. ity Sk f =017} - (A.D)

We first study the asymptotic behavior of @, S(X—)?)/A',(M—M)f’ and S(X—}A()f, (=2) "
Then we discuss what occurs if we have fixed breaks in both m and g, in either m or g, or
in neither. Note that Lemma B.1(i) in Appendix B holds whether we have fixed breaks in
m and g or not.

Step 1. We study o, S and S

(X=X)F.(M=M)f> X=X)].c=B)f"
Step 1(a). We show & 5 (1) + @gg. Write & = n~' 37, /.2 (0 + gni — i)
—~ / —_ N
(Um' + &ni _xni) =0y + Dy + Pp3 + @;3, where @, = n 12;;1 fmzl)nil);”-,
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Oy =n"V S £ (8ni = %ni) (8ni —Fni) s and @3 ="V S| F 20, (gni —%ni) -
By Lemma B.1(i) and Assumption A.1(h), ®,; = n~! P f? (zni) Opivy; +op (1) LA
@ (1). By Assumption Al(a), (d), (e), and (g*) and Assumptions A.2 and A.3 and the
repeated use of Lemma B.1(i), Lemma C.1 and Lemma C.2 in Appendix C, and the
Chebyshev inequality,

n n n
=133 KnijKnit (xnj — 8ni) Cnk — gni)
=1 i ki

n o n on
=n"3 Z Z Z Khinhik (gnj _gm') (&nk — &ni) +op 1
i=1j#i kA

=n73 2 2 2 fnj (zni) fuk (zni) [gnj (zni) _gni] [gnk (zni) _gni] +op M
=1 i k£i

L = = = / p
=Y (A i) = Ay, i) gni] [Agy i) = Ay, i) i) +0p (1) 5 Dgg.
i=1
Clearly, if no fixed breaks are present in g (-), then ®gp = 0. It is straightfoward to show
that ®,3 =0, (1). Hence

5 1)+ g, (A2)
Step 1(b). We analyze S(X—)?)f,(M—/Vl)f‘ Noting that x,; = gnt + vns, We can write

Sx—%)F.m-in 7 =5G6-6)F.m—in 7 T Sw—)F.m—iny 7= Sn1 52> say. (A3)

For S,,1, we have

n o n o n
Sl = n=3 2 2 Z Khinhik [mnj (an) —Mpj (Zni)} [gnk (znk) — 8nk (Zni)]
i=1 )i kEi

n n n
+n3 S 3 S KnijKnik [mnj (znj) —mnj @ni)] [8nk @ni) = 8ni @ni)]
i=1j2i kA

n n n

+ n=3 2 2 2 Khij Khik [mnj (zni) —mpi (Zni)] [gnk (znk) — 8nk (Zni)}
i=1j#i ki

n n n
+n73 > 3> KnijKnik [mnj (zni) — mni (zni)] [8nk Zni) — &ni (Zni)]
i=1j#i ki
= Sp11 +Sn12+ Sn13 + Su14,  say. (A4
By using Lemma C.3 repeatedly, it is standard to show that

Sin=0p(h),  Sua=0p(agah’),  Su3=Op (amah’), and

Sn1a = Op (agnamn) . (A.5)
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In particular, if we allow fixed breaks in both m and g so that agy = amn = O (1), then
we have

n

2 [Agn (zni) _Aln (Zni)gni} [Amn (zni) _Aln (Zni)mni} +op (D g q)gm-

i=1

Spl4=n"

(A.6)
For §,,», write
PR
Spp=n" 2 Z 2 Khij Khik (Unj _Um') [mnk (Znk) —mnk (Zni)}
=1 i ki
n n on
2 Z 2 Khu Khik Un] _Dm) [mnk (zni) —mpi (Zni)}
i=1 /i i
= Sp21 + Sn22- (A7)

By the repeated use of Lemmas C.1 and C.2 and the Chebyshev inequality, we can show

Spa1 =0p(n™Y2) and  S,20 = Op(amnn™?). (A.8)

It follows from (A.3)—(A.8) that

n n n
Sx—%)F.(M— M),?=n_2 Z z Z_Khinhik [mnj (zni) = mni (zni)]
i=1j#i k#i

X [gnk (Zni) — &gni (Zni)}

n n n
Y Y KnijKnik [mak Gni) = mni @ni)] (0n) —vni)
=1 i ki

+ 0p (W +agah” +annh”) +0p(r="/?). (A.9)
Step 1(c). We analyze S(X ) Fo(e—3)F Write
Sx=%)7.(6=8)7 = SG-0)7.(e=8)F TSv=0)F (o) 7 = 53 F 5nas - say. (A10)
For S,,3, we have
3 n n n
Si3=n""3 >3 KpijKnik [8nj (znj) — 8nj @ni)] Enk — &ni)
=1 jZi kA

n n n
n=3 3 3D KnijKnik [8nj @ni) = 8ni (2ni)] (Enk — €ni)
i=1 i kA

= Sp31+ Sn32-

(A.11)
It is standard to show that

Sp31=0p(n™Y?) and S35 = Op(agan=1?). (A.12)
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Similarly, write

n n n
-3 3 XY KnijKnik (vnj —vni) (Enk — €ni)

i=1j#i k#i
3 n n n 3 n n n
=n" Y Y Y KnijKnikonjenk —n"" Y, X, X, KnijKnikvnjéni
i=1j#i ki i=1ji k#i
n n n 3 n n n
2 > > KnijKnikvnienk +n"" 3, Y, Y, KnijKnikvnieni
i=1ji ki i=1ji ki
= Sp41 — Spa2 — Spa3 + Spaa,  say. (A.13)

It is standard to show that
Suaj = Op (n—lh—q) —op(n™1/?),  j=1,23, and
v 2 12
Spaga =n" Z Sritnieni top(n™ / ) (A14)
i=1

It follows from (A.10)—(A.14) that

n n n
S(X—)?)f,(e—?)f: n=3 2 2 Z Khij Knik [gnj (zni) — 8ni (Zni)] (enk — €ni)
i=1j#i k#i
1 < 72 1/2
n Y faonieni +op™!/?). (A.15)

i=1

Step 2. We discuss the various cases. Combining (A.1), (A.2), (A.9), and (A.15) yields

7—70= (1) +Dgg) ™" (1+0p (1))

4

IIM:

Z > Knij Knik [mnj @ni) = mni @ni)] [8nk @ni) — &ni (@ni)]
1jFi ki

Knij Knik [mnk zni) = mpi @ni)] (0nj —0pi)
i k

+
i
T
s
M:

~
>
s

n
z Khl] Khik gnj (zni) — &ni (Zmﬂ (enk — €ni)
i ki

ui
M:

~.
*
-

n
n~! z fn2 (Zni) Vni€ni } +0p (hzr +agnh” +amnhr)
i=1

+op(n~1/2) (A.16)
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If both m and g have fixed breaks so that one can take am, = agn = 1, then the first term
inside the braces in (A.16) dominates, and by (A.6) we have 7 — yg = (® (1) +CI>gg)_1
Dom +o0p 1.

If only m has fixed breaks, so that ap, = 1 and agy, = o(1), then (A.16) in con-
junction with (A.5) implies /n (7 —y0) = ®(1)~! {n-5/2z;?:12;?# S i KnijKnik

[mnk (zni) —mpi (Zm')] (Dnj _Dm') +n_1/2 2?;1 fnzl'vnieni} +0p (\/ﬁhr) +op . If
only g has fixed breaks, so that agn =1 and am, = o(1), then (A.16) in conjunction

. . . ~ —1 —
with (A7) implies /7 (7 —y0) = (® (1) + D) {n SIS SN S Knij Kk

(807 Gni) = 8ni Cni)] k= eni) 417 V2 50| Poieni } + 0p (VAH') + 0p(1).
If neither m nor g has a fixed break, so that o, = 0(1) and atgp, = 0 (1), then combining
(A.5), (A.8), and (A.16) yields /i (7 — o) =n~ V23| fopieni + Op (Vr(amnh™ +
(xgnhr + amnagn)) + 0p(1). The conclusion then follows under the given extra
condition. u

Proof of Theorems 3.2 and 3.3. The proof of Theorem 3.2 is a special case of that of
Theorem 3.3, and so we only prove Theorem 3.3. Noting that y,; = yg +n_1/2§1 (i/n)
under Hy, ,, we have

V(7 =y0) = &1 n (S(X—)?)fw—n?)f +S(X—}?>ﬁ(e—?)f)

o { 3 72 (xni = i) 01 /)

i=1

n n
—n2 > fui (tni = Xni) Y Khijx:1j51 (j/n)}~ (A.17)

i=1 i
Under case (iv) in Theorem 3.1, we have shown that /n (S (X=X)F.(M—0T) f~|—
S(X_;()ﬁ(g_g)f) =n=V25" | 20,60 +0p(1). By Lemma B.1(i) and (ii), it is
straightforward to show that n_lz?zl J?nz,'(xni —Xpi)x);01 (i/n) = n_lzg’zl fn2,~0ni
x;“.o‘l (i/n)+o0p (1) and that the last term inside the braces in (A.17) is op (1). In addi-
tion, ® = @ (1) 40, (1).. It follows that

Vi —yo) = (1)~ {n‘”z S Favnieni+n7" Y, Fhopixg01 (i/n)} +op(1).
i=1 i=1
(A.18)

By 2.1) and (2.11), itni = éni =23 (7 = 70) =1t (zni) =mpi (zni) )40~ 2), .01 i/ m)
under Hj, . It follows from (2.13) that

~ [nz ] [nm ]
LPl/zrna (m) =n"1/2 z .f,;zi (xni _fni)gni —n~1/2 z J/c},l’ (Xni —fni)x;,,-(?—yo)

i=1 i=

[nz ]
—n~1/2 2 le' (xm' _fni) [m (23i) — Mpi (2ni)]

i=
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[nz |
7" X T (oni = i) 2701 G /)
i=1
=A (@)—Ap@)—A @)+ A (), say. (A.19)

We analyze each of the four terms in the last expression in separate steps.
[nm]

Step 1. We show that A,; (7) = n=1/2 Yioi f -Upi&ni +0p (1) uniformly in r € [0, 1].
Write

[nz ]
Ay (z) = n~1/2 z [Uni - (fm — 8ni (zm'))] ];Z,'Eni

i=1

[n7m ] ~ N B B N _\2
_n—l/2 2 {fnzjvnigni'f'z(fni_fni)ﬁ1iuni8ni+(fni_fni) Vni&ni

i=1
— [Rni = &ni @ni)V i Fui€ni — [Rni — gni (zni)]
X f;zi (ﬁu _fni)gni}
=Au1 (@) +24512 (7)) + Ap13 (7)) — Ap1a (m) — Apis(m),  say.

It suffices to show that supg< <1 14,1 ()| =0p (1), 1=2,3,4,5. First, write A,,12 (7) =
_%/22“"” ki (Knij —EjKnij) fuiVnini +n73/2 Z{ZJ i [Ej Knij — fnj @ni)]

fntumam +n73/2 El[iﬁj Z" [f}’lj (zni) — fm]fmvmgm = Ap12qa (@) + Apiop (m) +
An12¢ (m), say. By Lemma B 3(1) supo<z <1 14124 ()l = 0p (1) . By the same arguments
as in the analysis of A,7; () in the proof of Lemma B.3(ii), we can show that supp<, <1

|A, 125 ()] = o (1). Noting that 2}?# (fnj (zni) — Fni) = fni = fni, it is straightforward

to show that supy<z <1 1A4n12¢ ()l = supg<r<qn™ 3/22“””(fm Jni) FniVninil =
op (1). Hence supg<r <1 [An12 (7)) = 0p (1). Next, by Lemma B.1(i) and Assumptions
Al and A3, supg<y < 1413 @) < n'2supy<icy | fi = fuil® 07 T llopienill =
0p(n'/2v2) = 0, (1). By Lemma B.3(ii) and (iii), A4 (%) = n—3/22ifﬁ’§J i i Knij
[gnj(znj) 8ni (Zm)] fmgnl +”_3/2Z’—n7” J#L Khijonj fnzgm =o0p(1)+op (1) =0p(1)
uniformly in z. Now, by Lemma B.1(i) and (ii) and Assumptlons Al and A3,
supg<z <1 1415 (@) < 1/2m3X1§j§n ”(xnj — 8nj (an))fn/” maxi<k<n |fnk
_JEnk|n_] 2;1_1 lenil = Op (n 172 (vn +agn)vn) =0p (1.

Step 2. We show that A, (1) = @ (2) @ ()~ (V23| 2080 +n7 S0 2
vn,xmél (i/n)) +op (1) uniformly in 7 € [0, 1]. By Lemma B.2 and equation (A.18) we
can write

[nm |
Apa (m) =n"! 2 j:,zi (xm' _fni) (xni _fni)/\/’;(i’\_VO)

i=1

[nz)
+n ™Y 2 (% —Fi) Spi v/ (7= 70)

i=1



TESTING STRUCTURAL CHANGE IN PARTIALLY LINEAR MODELS 1793

n n
=0 @) (1)~ {n—l/z N Fhvpieni +n" VY, Fropixlon (i/n)}
i=1

i=1
+ Ay (@) /(7 = 70) +0p (1),
where A, (r) =n~1 Zrm” J2 (xni —%pi) X, It suffices to show supg<, <1 | A2 (7)| =
op (1), as /n (7 —y9) = Op (1). Write
[nx |

AnZ (”)Zn_l Z f/‘l\’li (xm' _fni)gni (Zni)f_ni
i=1

[nz |

- z fm Xni — xm) [fnzxm 8ni (Zm)fm}

i=1

_1 (EJ { [gm (zni) — xm] &ni (Zni) fm (J/c;u - fnt) Vi &ni (Zni) fm’

+ f_nzi”nigni (Zni) + fui (xm' _)?ni) [fnik\ni — &ni (Zni)fni]}

=An21 @)+ Ap2a () + App3 (m) + Appa (), say.
By Lemma B.1(i) and (ii), it is straightforward to show that supg<, < 14,21 (@)l =
Op(vn + 0gn),  supo<z<i lAn22 (@) = Op(vp), and SuPOS_ﬂS_l I Ap24 (7)1l
Op(vn +ogn). Here supg< ;<1 1An23 (@)l = Op (n_l/z) by the invariance principle for

(heterogeneous) strong mixing processes (e.g., Herrndorf, 1985). It follows that supg< , <|
[ An2 @) = o0p (1).
Step 3. We show that A3 (7) = o) (1) uniformly in z € [0, 1]. Write A3 (7) = n~1/2
2["’” ]?;121 (8ni — Xni 1l (20i) — mpi 1+ n_l/zz[nzj Sni (fnz f_ni)oni[% (zni) —mpil +
—‘/22““’ T Fioni 1 @ni) =mni] = Ap31 (1) +Apzp (1) + A3z (7)., say. It suffices
to show that each of these terms is o) (1) . First, by Lemma B.1(ii) and (iii) and Assump-
tions Al(g) and A3, SUPo<z <1 lAn31 ()l = Op(nl/z(vn +agn) n +amn)) = Op 1).
Similarly, supy<, <1 14432 (m) Il = 0p (1). By (2.1) and (2.10),

n
M (zni) foi =070, Kpijlmnj (znj) +enj = x5 (7 = ym)]l.
J#i

Under Hyg , : ynj = yo+n"128, (j/n), we have

5 zfnnj n _ ;3 zfnnj n _
A3z @) =132 YN Kpij fuivni [maj —mui] #1073 Y Y Knij fuivnieng
i=1 jAi i=1 jAi
3 2|'n7zj n _ 2|'n7rJ no__ ,
-3y D Knij Fnivnixnj (7 =70) +n7" 2 D fui Fnivnixn;01(i/n)
i=1j#i i=1j#i

= Ap33q () + Ap3ap (1) — Apzze () + Ap33q (1) , say.
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By Lemma B.3(iv) and (v), supg<z <1 | An334 (7) Il = 0p (1) and supg< <1 | An33p (7)1l =
op (1). For A,33. (), itis easy to show that each element of the p x 1 vector n=3/2 Zrm”

2 Kht/fmvmxn/ is Op (1), implying that SUPp<z <1 1An33c ()|l = Op(HV - VOH) =
op (1) It is straightforward to show supg<, <] 14,334 (7)I| = 0p (1). Hence supg<, <

1An33 (@)l = Op (1.

Step 4. We show that A, 4 (7) = n! ZMM /anz vm-x;nél (i/n)+op (1) uniformly in 7 €
(0,11 Write Ayg (r) =n~" 525 P2 0,000 G/m)+n S0 72 (g (ani) = %)
x ;01 (z/n)—{—n_lzhmJ (fm - fnzl)vmx ;01(i/n). By Lemma B.1, one can show that
the last two terms are op (1) uniformly in 7. The result follows.

Combining (A.19) with the results in steps 1-4 yields

@I/Zrna<n)={ 2SR -0 @om ‘1/2mevm6m}
i=1 i=1

fnx]
+{n—1 N Fopixl;o1(i/n)

i=1

—d(m)o (1) n! i FPopix! .61 (i/n)} +op (1)

i=1
=ayo(m)+ay (r)+0p (1) uniformly in 7.

By Assumption Al(h), a,0(:-) = N()—D ()P (l)_1 N (1). By extending Lemma 4 of
Kriimer et al. (1988) (see also Bai, 1996), we can show that a,,) () 5 [F ®1) (5) 8y (s)ds
~® (@)D (1)~ [ @D (5)6; (s)ds, where @D (s) = (8/85)® (5). Under Hy,_,, we can
similarly show that ¥ = ¥ (1) + 0, (1). Consequently, Tya(-) = T (-) + Ag () as
desired. n

Proof of Theorems 4.1 and 4.2. By (2.1) and (2.11), iy = &pj —x); (7 — yni) —
(7 (2i) — mpi (2i)]. By (2.1) and (2.10), 71 (z4;) = n_lfn_,‘l 277&,' Khijlenj — x;,j(? -
Vn/)+mn/ (Zn/)] Under Hip,n, we have u,; = (‘Snz Em) - (xni _fni)/ (7 —yo) —{iig
(zni) = mo i)} + (n=V2x),01 G /m) = n =32 VS0 Kpijx) 00 G/m)} + (n =120,
(nisi/m) =32 f V1 Koy (2> j/m)), where g (zai) = n=' 7' S Kiij
mo (znj) . It follows that under Hyy, ;,,
0T, () = By (1) = Byo (1) — By3 () + Bug () + Bys (7)), (A.20)

where By, (7) = "_1/22[’“” Jnileni —€nil, Bp2 (n) —n_l/ZZWJ i [ni = Xni 17 =
v0l, Buz(x) =n 1/22‘.'—”7” Ji [0 (22) —=mo (24i)], Bpa(m) =n IZMEJ fmxmal
(i/n)=n=25"S1 Kpijx); 01 G/n), and Bys () = n= S £i00 (i i /m) —
_22['”” >n ki Kpijoo (zn],]/n) Note that under Hyy, B4 (7) and B,s5 () vanish in
(A. 20) The proof of Theorem 4.1 is thus a special case of that of Theorem 4.2.
First, write By (n) = n_l/zz(m” Fnini _n_3/22(n7rj i Khijenj +n~1/2 zl[iﬁj
(fnt - fm) eni = Bp11 () — By1a(w) + By13(z), say. By Assumption Al and
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analogously to the proof of Lemma B.3(ii), we can show B, 12 (r) = n—3/2 Z[MJ Z" 1 fni
(Zn/) enj +op(1). Observe that B3 ()= ”_3/22“”” (i [Knij —E; (Kh,/)]{;‘m +

i=1
_3/22!7:7[] i [Ej (Khij) fnj (zni)leni +n_3/22]'n7rj 2"7&, [fn] (zni) — fni]gni =
By13a (7[) + By13p (m) + By13c (7). By arguments similar to the proof of Lemma B.3(i),
SUpg<z <1 1Bni3a ()l =0p (1). Itis easy to show that supo< <1 |By135 (7)1 = 0)p (h") =
Op (1). Noting that 27#,’ (fnj (zni) = fni) = Jni — fui> we have SUPp<z <1 [Bu13e(m)| =
supg<rt 112 525 (fui = fui)enil = Op(n™"). Consequently

ZMM . 3 ZFMJ n
Bnl(n):n_l/ 2 fm-am-—n_/ Z me- (znj)snj—i—op(l) uniformly in 7.
- i=1j=1

(A.21)
Next, write By (7) = n—1/22T7l7TJ {fm Leni —%nil (7 = y0) + (fnt fni)u;u‘ G =70

+ fni0); (7 = 70)} = Bua1 () + Byp () 4 Bz (), say. By Lemma B.1(i) and (ii) and
the fact that /n (7 — yo) = Op (1) under either Hop, or Hip p, SUpg<y<q |Bn21 (w)| =

Op(vn +agn) and supg< <1 | Bp22 (7)| = Op(vy). By the invariance principle for (n~1/2
S0 fuivni) and the fact that i(F = y0) = Op(1). SuPg<n<i|Byo3 (@) =
Op(n ( _1/2) . Hence

sup [Bp (r)l = Op(Vn +ogn) =o0p 1. (A.22)

0<m<l1

Using Lemma C.3 we can show that uniformly in z, [n~! 2;’:1 K (z—2nj) (mo (zj) —
mo ()| = |n~! X E [Kn (z—=2nj) (mg (2nj) =m0 (2))] | < B Dy (z). Hence, with
probability approaching 1 asn — oo

sup |Bysz(w)| < Cn~ 120" 2 Dy (zni) = 0p (' 20"y = 0, (1). (A.23)
O<z<l i=1

Next, by Lemma B.1(1), n~! Zm” fn,xmél (i/n)y=n""1 2“”” fmxmél (i/n)+op (1)
uniformly in 7. One can also show n_22["7” Hgl Kh,,xnjél (j/n) = n—zz(mrj

i (2nj) xnjél (j/n)+o0p (1). It follows that

j=1

[nm ] [nm] n
Byy(r)=n"" 2 Faixpi01 G /m)=n2 YN fui (zaj) X001 G/m) +o0p (1) (A24)

i=1j=I
Now write Bys () =n~V S 710y Gisi/m) = n =2/ S, Kijo (2n, /)

= B,51 (r)— B,50 (7). By Lemma B.1(i), it is easy to show that B,51 (7)) =n -1 Z[MJ fm
02 (zni,1/n)+0p (1) uniformly in 7. One can also show that B,55 (7) = n—2 Ziij i1
i (an) 1 (an, j/n) +o0p (1) uniformly in 7. Hence

[nr |
Bus (1) =n™" 3 fuida Gniri/m)

i=

5 [nm] n .

=== ¥ fui (2nj) 02 (2 d/m) +0p (1). (A.25)

i=1j=1
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Combining (A.20)—(A.25) yields

128 328
ol (r) = {n_ / z Snigni —n~ / 2 z Sni (an)gnj}

i=1 i=1j=1

nz] _ [nm] n
+{n—1 Y, Fuixpior (/) =n"2 Y fi (2g) X001 (j/n)}

i=1 i=1j=1

[nm] [n] n
+{n_l Y Faid2 Gisi/m) =0 Y, Y fai (2af) 02 (an,j/n)}+0p(1)
i=1 i=1j=1

=buo(m)+byy () +byp () +0p (1)  uniformly in 7,

where b, (r) and by, (z) obviously vanish under Hyy. Clearly, b, (7) LN oo Ap; ()
uniformly in 7 for [ = 1,2, where Ay (-) and Ay () are as defined in Theorem 4.2.
Under either Hyy, or Hyp 5, it is straightforward to show that 62 = ag +op (1). It remains
to show that

buo () = ool (). (A.26)

We prove (A.26) in three steps. First, we show convergence of the sample covariance kernel
to the specified covariance kernel. Then we establish the convergence of finite-dimensional
distributions. Finally, we prove the tightness of {b,,o (7)}.

First,

E [bpo (1) by (m2)]

[n(myAm2)]

5 [nmi] n [nm
=n Z E(fm m)+n 2 Z z [f’” Znj fnk(zﬂj) %]]

i=1 i=1 j=1

TmrlJ [nms ] _ 5 . [nmo| [nmy] 5
CX oy i g @) el | =n7 X X E [ fui fuj i) ]
i=1 j= i=1 j=1

= Si1 (w1, ) + S22 (1, 72) = S12 (w1, w2) = $21 (71, 72) -

Next, write by (x) = n™ 25}, [fu Gui) 1G < [n2)) = frnz | Gni)] eni- Fix k = 1,
o= (w,..., o) € R with [|o|| = 1, and (z1,...,7x) € [0, 1]7F. Let ¢, = 2};1 il fu
(zni) 1 (i < [n7j]) — ﬂmﬂ (zni)]. By Assumption Al(c), the ¢,;’s are bounded con-
stants, that is, sup, > maxj<;<y [gpi| < ¢ < 0o. By the Cramér—Wold device, it suffices to
show that Zle ;b (n]) =n~1/2 7| Sni€ni is asymptotically normally distributed.
Because the degenerate case is trivial, we assume that llm,,_>ooVar(Z =1 9j buo (71.,)) >0

—12

if the limit exists. This implies that n — ¢ > 0 where s =" |E (g En l) . In view

of the preceding covariance results, it remains to verify the Lindeberg condition. That is,
for each € > 0,

n
Ly (€)= sn_2 Z E [g,%is%il (Icnienil = €sn)| = 0.
i=1
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Because sup,>|maxj<;<, ¢yl < ¢ and n/s% — 1/c < oo, we have by the Cauchy-
Schwarz and Markov inequalities that

Ln(©) < 22 (o2 (temit = 1))

I‘ll ¢

<< Z[E(fm)]l/z[ (1w = )] < o > B (54) - 0

}’l I‘l i=1

Now, we show the tightness of {b,q(7)}. Let 0 < 7] <7 < mp < 1. Then by the

. . 2 2 r
Cauchy—Schwarz inequality, E{ [bno (m)—byo (7[1)} [bnO (mp) —byo (n)] } < 2;;1 b,
where

) T e 2r mml 72
by =4n""E S fuieni Y fuini ,

li=Tnm]+1 i=[nm |+1

5n2:4n—6E{' o zfm<z,u>e,u]2[ oy ifm<zm8nj]2},

Li=[nm]+1j i=[nm|+1j=1

_ [zl 12 mml o oa 12
bn3:4n_4E Z fnigm':| |: Z ani (an)gnj , and

Li=[nm]+1 i=[nm]+1j=1

_ 4 [ [nx] 2 [nms | 12
I T M T

Li=[nm1]+1]j i=[nmz|+1
By Assumption 1(a) and (b) and Davydov’s inequality (e.g., Bosq, 1996, p. 19),
[nz | (7]

Enl =4n"’E 2 Z (fm Eni fnkgnk)
i=[nry|+1k=[nr|+1

[nmy) _ _ =
+ 8n—2 2 z Cov (fnignifnjgnj’ fnzk‘(“lzk)
[nmy|+1<i<j<[nm]k=[nm]+1

[nz] —[nmy] [nmy] — [nx]

< 461
n n
- fnz]  [nm]—[nm;]
+8con~! [nay] —[nz | v S a(o)/ @+
n i=lnm]+1 =1

<C@@—m)(my—m)<C(mr— 7r1)2 for some large constant C,
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where ¢ = sup, > Maxi<j<p ffiE(sﬁi) and ¢ = (2+8/7) 21/ (4+n) SUp,, > Max|<j<p

Fni[Eleni [A+n4/ @41 To find an upper bound for b,, we first apply the Cauchy—
[nm ]

i=[nm|+1
S i (enj) en* and buoy = 4n SB[ SM | fi (enj) eng]t Let & =

Z,rgffz I+1 Jni (zn j) €nj, where we suppress the dependence of &; on n, «, and 75. Then

by Assumptions Al(a), (b), and (d), the Davydov inequality, and the Holder inequality, we
have

_ n n n n
br:22=4”_6 Z 2 2 _ZlE[gjléjthéﬁt]
Ja=

Schwarz inequality to obtain (Enz)z < byo1byro, where byy) = 4n OE[Y

J1=1p=1j3=1
6 < 6 < 2
< 96n Y [E[Ggg8] =6 > [Elggdd]
1<j1£j2<j3<jasn I<j1<h<j3sn
n
-6 2 o 4+
sen® 3 [Gnllany 6267 50 G2 0O

I<ji<h<j3<n

o0
Y a ()G < cp~* sup max IS}

-4 )
< Cn~ " sup max Héj up max,
n> =/=

I3 I:
n>11<j<n 4+ A+

7=

Then by Assumption Al(c), the definition of &;, and the triangle inequality, we have by <

C{sup, > maxj<j<y n_lziiﬁjﬂﬂ ||8,1j||4_,_,7}4 < C(mp —71)4‘ Analogously, we can

show that byp; < C(x — 7:1)4. Then byy < C (75 — 7r1)4. Similarly, one can show that
byt < C (my —71)3,1 =3, 4.t follows that E{ [b,0 () = buo (1)] [buo (x2) = buo ()]}
<C(m— 711)2 . By Theorem 13.5 of Billingsley (1999), the weak convergence result fol-
lows. u

Proof of Theorem S.1. We only prove I';, (-) L1 » (+), as the proof for the other
case is similar. Let P* denote the probability conditional on the original sample W, =
{(ym,x,,t,zn;)};’:l and E* denote the expectation with respect to P*. Let Op+ (1) and
op+ (1) denote the probability order under the bootstrap, for example, b, = o0p+ (1) if for
any € > 0, P*(||byll > €) = 0p (1). Note that b, = op (1) implies that b, = op+ (1). We
prove the theorem by showing that conditional on W, (a) *T';, (-) L o00B1 (-) and (b)
G*2 =08 +o0, (1).

We show (b) first. By the law of large numbers for independent but non-identically
distributed (i.n.i.d.) sequences, 5*2 = G *2 +op (1), where 6*2=p! > P-ﬁz Now

nini’
.= — — ~ 2 — ~
write *2 =n VS| fhel +nT VS 2 (g — i) 207 S feni (”"_i = Zni)
=d, +d,p+2d,3, say. By Lemma B.1(i), it is easy to show that d,;; = n~! > f,fis,%i +

op(l) = 0(% +o0p (1). By Assumption Ad(b), d,;» = op (1). By the Cauchy—Schwarz in-
equality, dy3 < {dy1}!/*{dy2}'/? = 0p (1). Hence 5*2 = 63 +op+ (1).

Now, as in the proof of Theorem 4.2, we prove (a) in three steps. First, we demonstrate
that the covariance kernel of 3*f;: ;, converges to that of ooI'p. Then we investigate the

finite-dimensional distribution of 5 * f; ;, conditional on W, . Finally we show the tightness
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of g* f; ,- First, by the independence of {#;}, we have

P e _ [n(zAm2)] - 3[n7r1j n [nmwy) >
E [U*r;b(ﬂl)a r"b(nz)] =N 21 Joiti +1 21 )y kzl Kijtiy; Knij
i= i=1 j=1 k=

_nmiJinma ] _z(nﬂszMlJ
-n 2 z f’llumKh]l 2 2 fm mKh]k
i=1 j=1 i=1 j=1

= ;11 (”1’7772)"‘5;22 (771,”2)—5212(71'1,”2)
- ;21 (r1,m2).

Let Sn11 (m) = n! ZM m m Then we can write S* o (@) = n_lzl[ﬁiij fm i
_1 ztl—zﬁj fm (u’” 8’”) —|—2n_1 EIrTiJ jzt (u’” g"’) éni = Snlla (71') + S nllb (”) +

257110 (@) s casy to show that 55y, (r) =n ™' 527! 7262, 40, (1) 5 n =527

E( fn21 s%l) By Assumption A4(b), S* w115 (@) = o0p (1), and by the Cauchy-Schwarz in-

equality S*“C(n') =op (1). It follows that S¥ , (1, 72) EA S11(mq, ). Let f(m” (zni) =
n—lz]f":ﬁ Kjpjj- Then

n
Sron (1, m2) = n~! N Fruz) Gai) Frnm) (Zni)g;%i
i=1

2 f(nmj (zni) f[mrzj (zni) (“m _gm)z
i=1

n
2n_1 2 fl'mrlj (Zni)f(mrzj (Zni) (ﬁni - Sni) Eni
i=1
= S22a + Sn226 + 25722

where we suppress the dependence of S;'l"zzs on 7| and 75. Similarly to the proof of Lemma
B.1(i), one can show that f[m” (zni) = j_'(nﬂ (zpi) + Op (vy) . With this, it is straight-
forward to show that § *22 » LA 8>y (71, mp). By the Cauchy—Schwarz inequality and As-
sumption Ad(b), S n22b <{n™ Z[_l f(mr]j (zni) (”m _Sm) }1/2 {n_l 2” 1 f[mrzj (zni)
(iini = i) Y2 = 0p (1), and Sy, < (290} /2 (800172 = 0p (1). Hence S7y,
(71, m2) LS Sy (my, 7). Simllarly, one can show that S¥,(71,72) LA S12
(m1,m2). By symmetry, S*», (11, 72) L 1 (x1, 7). N

We now show the finite-dimensional convergence. Write 6 *I'y, (7) = n—1/2 2?:1 [fn
@ni) LG < [nx)) = fraz ) Gui)linin- Fix k 2 1, 0 = (@1,..., o) € R* with [lo] = 1,
and (z1,...,7x) € [0,11%. Let & = Z;C:le[fn (zni)1G < [nmj]) — fl'mrjj (zni)]- By
the Cramér—Wold device, it suffices to show that F;, = 21/.‘:1 wj&\*l:; b (71' j) —1/2 z—l
Coilini 0 is asymptotically normally distributed given W,,. Write F, =n~1/2 Z?:] Cni€ni
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ni+n— 1/22 1(§mum —Cniénifi) = Fy1 + Fyo, where ¢y = 2;'(:1 wj[fn (zpi) 10 <
[am;]) — fi [nz;] (zni)]- We prove the claim by showing first that conditional on W, Fy,;
is asymptotically normally distributed and then that Fy5 = 0+ (1). Conditional on W,,
{cni€nini} is a mean-zero independent sequence It remains to Verify the Lindeberg or
Liapounov condition. The latter holds if 1 a2 E* |gmgm ’71| B¢ <. By the bound-
edness of ¢,; and Assumptions A4(a) and Al(d), 1 7 21 B Inieni ;71| <cl Zl_l m

B Climyy o0 1 51 E (54 ) < 00. Now E* (Fy2) =0 and Var* (Fy) < 20~ 51 62

ni
(ini —ani)z +2n_12;’=1 (Sni —g,,i)zeﬁi. The first term on the right-hand side is
— ~ ~ 2
bounded by Cmax)<j<xn 1 > [fm2 + f[zmr_,-J (zZni)] (um- - Sni) =o0p (1) by Assump-
tion A4(b). The second term is o, (1) by the consistency of f[m,J (zni) With frpz) (2Zni)
for each w. Hence Var* (Fj;3) = op (1) and Fy;5 = op+ (1) by the conditional Chebyshev
inequality. _
Finally, the proof of the tightness of {*I';, (7)} is analogous to that of {b,q (7)}
in Theorem 4.2, and so we only sketch some of the differences. For example, now by,

in the proof of Theorem 4.2 becomes b*, = 4"_22r”?nn1j+1 Zrnﬁjﬂﬁ ﬁlzlﬁ%lf;lz]ﬁ%]

E(n2n?) < 4[n—1z“’f;£n 4 fmi%,]z = 4|Hy (m3) = Hy (z1)I?, where Hy (z) =
=3[0 F 22, Note that Hy (x) =n~1 3" f,,% it S 72 G — eni)? +
n! Zi(i’ij fm. (Mni - gni)ani =n"! Zi@ii fm wi top (D) LS 02(71') by Assumptions
A4(b) and Al(h) and o2 () is a nondecreasing and continuous function on [0, 1]. The
proof is complete by Theorem 13.5 of Billingsley (1999). n

Proof of Corollary 5.1. Similarly to the proof of Theorem 5.1, we only prove ', (-) A
By (-) by showmg that conditional on W, (a) *I'y, () BN 0 B () and (b) 72 =52+
op+ (1), where & 62 =limp—soon™ 12" lE{fm [eni —H)m ni =7 7 = ]‘Py, and

¥y =limpoon™ lZl’: (fmvm m) Vni -
To proceed, we first show that

~ o1 Y

y = S(X_;?)fS(X—X)f,(Y—Y)f 7 4+o0p (1) and (A.27)
fmﬁm- = fui [sm- +u,/“~ (yni — )7)} +o0p (1) uniformly ini. (A.28)
Here S X-%)F = ¥ + o0p (1) holds under both the null and alternative hypotheses. Not-

ing that yui —E (nilani) = 0} 7ni + i, we have Sy o 5 gy p=n" T fon
U,/”'Yni + n~! 2;121 J,cziunigni + n~! 27:1 fzivni (E (nilzni) = ?ni) +”_1 Z:‘l:l ]/CZ,'
[gm' _fni} [D,/”'Vni +3m'] +n_l 2?21 J/CZ,' [gm' _fni] [E()’nilzni) _ym'] =T +Tn+
T3+ Tha+ 15, Say.ABy Lemma B.1(i) and (ii), supj<;<, |ﬁ1i — fuil = Op (vp), and
SUP1<i<p (X — gni) fuill = Op (v,, +ag,,) . Using Lemmas C.3 and C.4, one can also
show that sup;<;<, | (Vi —E(ynilz,,i))f;,il = Op(vn +agn +amu). With these, it is
straightforward to show that T,,; = n= Y| f0,;0):ypi +0p (1) = ¥, +0p (1) and
Tyj = op (1) for j =2,3,4,5. Similarly, by (2.10) and (2.11), uniformly in i, fm’ﬁm’ =
Fai leni +0%; ni = 7)) + Fui [EOuilzni) =Fni] = Foi [gni =%ni)' T = fui[eni +
U;”' (rni — 37)] + Op(vn +agn +omn).
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To show (a), let M} (z) = n_l/zz["” fniu;. Conditionally on W, My (-) is a mean-
zero Gaussian process with 1ndependent 1ncrements and covariance kernel E* (M) (1) M;;

()] = n=Lg[MmATI] £252 (oo e.g., Cavaliere and Taylor, 2006). Now, by (A.28)
and for fixed 7, n—lzr’1’”fz~2 ==V 2 (e 0] i = 7)) 40p () D 752,

ni “ni
nmw
Because ! Zl[_]J fn ; n ; 1s monotonically increasing in # and the limit function is con-

tinuous in 7, the preceding convergence holds uniformly in 7 by the proof of Lemma A.10
in Hansen (2000b). Hence, M;; (-) £ 5B (-), where B (-) is the standard Brownian motion
on [0, 1]. An obvious implication is that O'*F*b O=M;()—-M; Q1) L o B (+) . Finally,
for (b), 5*2 =n"! > P uZ. +op+ (1) = 52 +o0p+ (1), where the first equality follows

|

ntr-nit
from the law of large numbers for i.n.i.d. sequences.

APPENDIX B: Some Technical Lemmas

Recall that f; = fui (Zni) s fni = fn (zni)s mpi = my; (Zni) > &ni = &ni (2ni), and
vu =n"1Y2p=4/2 flogn+h". We prove the following lemmas under Assumptions A1-A3
without imposing any null hypotheses.

LEMMA B.1.

(i) $Up1<j<p | fni = fuil = Op (vn);
(ii) SUP1<i<n | Gni = &ni @ni) fuill = Op (Vn +agn) >
(iii) SUPi<i<n | (% (zni) —mnpi (Zni)) Jnil = Op Wy +0mn) .

Proof. By the triangle inequality, supj<;<, |f:,,~ — Fil 5 SUP1<i<p |l 27#
[Khij _Ej (Khij)} | +supj<i<p |% ;751 [ (Khlj) fnj (Zm)] | + 7 SUPI<i<n Jni- By
Lemmas C.4 and C.3 the first and second terms are O) (n_l/zh q/za/logn) and Op ( ) ,
respectively. By Assumption Al(c), the last term is Op (n ( _1) Hence (i) follows. Next,
write (xm 8ni (Zm)) fm (zni)=n 12 i Khz/ [gn/ (Zn/) —8ni (Zpi)1+n~ IEJ;,gl Khlj
Unj =G1(24i) +G2 (zn) - By the trlanglelnequallty, SUP1<j<n |G1 (Zni)l SSUP|<j<, |G

(2ni) —E[G1 (zni)]| +5up1<j<n |E[G1 (zni)]| - The first term is Op (n~ 1/2p=4/2 /logn)
by Lemma C.4. Next, by the triangle inequality, Assumption Al, and Lemma C.3,

sup [E[G1 (zni)]]

1<i<n

< sup n=' Y |EE; {Knij [gnj (znj) — gnj Gni)] }]

1<i<n J#i
n
+ sup n7! > [E{Knij [gnj zni) — &ni (zni)] }|
1<i<n J#i

n
< sup h"E [Dg (Zm)] + sup 2‘lgnn 2 ‘E{Kh (an _Zni)cgn (Zni)}|

1<i<n 1<i<n J;ﬁ[

=0+ O(agn),
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where oig, and cgp (-) are defined in Assumption Al(g) and Dy (*) is as defined in Lemma
C.3. Hence supi<;<, |G (zpi)l = Op(vn +0agn). By Lemma C.4, sup,cpq G2 (2)] =
Op(n~1/2h=4/2 /logn). Hence (ii) follows. Note that (77 (zp;) — mpi (zni)) fui =n~!

27751 Khij [mnj (Zn./) My (Zm)] + n_12,¢, Khijf"nj —n~! 2775,' Khijx,/zj (5’\_ 70) .
Uniformly in i, the first term is Op (v,) by the same arguments as in the proof of (ii), the

second term is Op(n_l/zh_q/z./logn) by Lemma C.4, and the last term is Op (n_l/z) ,
because /n (¥ — y9) = Op (1) by Theorem 3.1. Then (iii) follows.

LEMMA B.2. n~! Z!Zij jzi (Xni —%ni) (xni —)?ni)/ = ®(z) 4 0p (1) uniformly in
7 €[0,1].

Proof. We only consider the case p = 1, as the other cases follow from this case and the

Cauchy—Schwarz inequality. Noting that x,; = vy; + guni, we have n‘lil-[l’ij f;zi
2 _ _ ~ \2 —
T S il P NS ol S M PIE ) LR P S Al o

(gm fm) = Tn1 (@) + T2 () +2T3 (). Write Ty (w) = n~! zl[iﬁJ fn2ivr21i +n~!
I[ﬁﬁj ( le fnzl.)vrzli. The first term converges in probability to ® () uniformly in 7 by

Assumption Al(h). By Lemma B.1(i) and Assumption A1, the second term is SUpp< <1
n~! Ziri’ij (jZi - fnzl-)v%i < maxj<j<p Ifm - fnzl n=1y7 iV m = op(1). Similarly,

SUPp<z <1 [Tyo ()] < max|<j<p | (gm' _xm') fm' =0p (1) by Lemma B.1(ii). By the
Cauchy-Schwarz inequality, supg<, <1 T3 (7)| = 0p (1). u

LEMMA B.3.
(i) Ap1(m) = _3/22“”” i (Knij —EjKhij) i faieni = op (1) uniformly in
7 €[0,1];
(i) Apa () = n =SS0 Kiij (8 — ni) Fieni = 0p (1) uniformly in 7
[0, 11;

(iii) Apz () = n=3/2 Zi[gij ;’# Khijonj Fri€ni = op (1) uniformly in = € [0, 1];
(iv) ﬁ)n41](n') =n=3/2 Zl-[:ij ;’# Kpij(my; —mm-)fm-z:ni = op (1) uniformly in = €

(v) Aps(x)=n=3/23["")yn

iti Khij“nifni&‘nj = 0p (1) uniformly in = € [0, 1].
Proof. We only prove (i) and (ii), as the other cases are similar. To prove (i), let w; =

/ r —_
(enis v} 2);) and ¢ (wj,w;) = (Knij —EjKpij) Oni faieni. Then Ay (z) = n=3/?2

21§j<z<(mj ¢(szwl) “‘71_3/221<l<]<n¢S (w]:wz) —n3/ 22|'nvj+l<t</<n¢(w]’
w;) = Api1 (T) + Ap12 — Ap13 () . It suffices to show supp<z <1 |An11 (w)] = 0p (1),
and supo<z <1 14,13 (7)| = 0p (1). Write

[ (@] =n"" 3 > > Y d(wiwp)

1<ii<ip<[nrm] 1<iz<ig<[nrm] 1<is<ig<[nrm] 1<i7<ig<[nm]

x¢ (wis’ wi4) ¢ (wis’ wio) ¢ (w,-7, wis) . (B.1)

It is easy to show that the dominating terms in the preceding summation constitute two
cases: (a) iy,...,ig are distinct integers; (b) {i1,iz}, {i3,i4},{i5,i¢}, and {i7,ig} form
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two identical pairs (e.g., {i1,i2} = {i3,i4} and {is, ic} = {i7,ig}). We willuse EA, 1) to
denote these two cases (I = a, b).

For case (a), letiy, ..., ig be distinct integers with | <i; < [nz |. Let1 <ky <--- <kg <
[nz | be the permutation of i1, ...,ig in ascending order and let d. be the cth largest dif-
ference among kj 4.1 —kj, j =1,...,7. Define H (ki,...,kg) = ¢ (wj,, wj,) ¢ (wi5, wi,)

, 8
¢ (wis, wig) ¢ (wi;, wig) . Forany 1 < j <7, put Pé ) (E(S)) =P ((wil,...,wis) € E(S))
and P¥ (E(J) x E® J)) = P((wjy, ..., w;;) €BD)P((wi, ..., wi) € EG=I), where
E() is a Borel set in R/? and d is the dimension of w;. It is easy to verify that for any
0<j<7 [1H(.....ke)"*1/*aP®) < Ch=47. By Lemma C.1 with 77 = n/4,
}E[ “ . )” Ch=4an/GF+m o/ G+m) (ky —ky) i ky —k| =d)
H(ky,...,kg)|| <
Ch=4an/GF+m o1/ G40 (kg — k7) if kg —k7 = d.

Therefore

S |E[H (ki,....kg)]|

lfkl <-~~<kg§n

ky—k1=d;
n—7 n—6 n—>5 n
< ch~%an/ G+ 3 D > ooy a4 (ky — k)
ki=1 ko=ki+max;>3{kj—kj—1} kz=kr+1 kg=k7+1
n—17 n—6
< ch~%an/ G+ S OY (- k)0 a4 (ky — k)
ki=1 ky=k +1
< Cnh~%an/ G+ i Ot/ Gt (. (B.2)
j=1
Similarly, we have
n
3 |E[H (ki,...,kg)]| < Cnh =4/ G+ 5 j6on/GHm (jy - (B.3)
1<k <--<kg<n j=1
ks —k7=d
n
> [E[H (ki ... kg)]| < Cn®h= 40/ EGFD 5 S5q1/GH0 (jy - (B.4)
1<k <--<kg<n Jj=1
ko—k1=d, or ks—k7=d>
n
> [E[H (ki, ... kg)]| < Crdp=4a0/@FD 3 jdan/@Hn (jy - B.5)
1<k <--<kg<n Jj=1

ko—ki=d3 or k§—k7=d3
and for all other subcases (ko — k| = d, and kg — k7 = d for ¢, ¢’ > 4) we have
n
> |E[H (ki,...,kg)]| < Cntn=4an/GHm 3 B3gn/GHn) (B.6)

1<k; <---<kg<n j=1
other subcases
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By (B.2)-(B.6), Assumption A3, and the fact that /(4 +#) < 1/2, we have

EApiy <n® Y [E[H,....ks)]|

1§k1 <-~<kg§n

< Cn=2p—%an/@+n) i PBatl@ (jy = o (n—Zh—4qn/(4+n)) Y (n—l) ,
j=1
(B.7)

Now for case (b), some calculations show that
EAnll(h) =0 (n_zh_2q) =o0 (n_l) . (B.8)

Hence E [A,11 ()] * =0 (n_] ) by (B.7) and (B.8) and the remark after (B.1). Let € > 0 be
arbitrary. Then by the implication rule and the Chebyshev inequality, P(supp< <1 |An11
(@) >€) < P(Ap1 (U/n) > €) <€ 43 E|A,1; (1/n)* = 0(1). It follows that

sup |Ap11 (@)l =o0p (1). (B.9)

0<z <l

Now let ¢ (w;, w;) = ¢ (wj,w;) and @; = wy_;41 for 1 < i, j, < n. Then sup;<;<,
[Zi<i<j<n® (wj, w;) | =sup<j<p | Zi<i<j<n—i+19 (Wn—jr1, Wa—ix1) | =SUpj<j<p
|Si<i<j<i¢ (wi,w;)]. We can thus apply the preceding method to {w;} to obtain
Supo<z <1 |An13 (@) =0p (1).

To prove (ii), let w; = (gni’Z;i)/’ 00 (0, ;) = Knij (8nj — 8ni) fuieni> and p(wj,
w;) = @g (wj,wi) —Ej[(p() (u)j,wi)]. Then A, (7)) = n_3/22i[ini-J 7?5(/) (wj,wi) +
n=3/2 Z[EJ ;’# Ejpo (wj, w;) = Apa1 (7)) + Ay2a () . Analogously to the proof of (i),
we can show supy<, <1 14,21 ()| = 0p (1). For Ay (z), let Ay j(w) = n=1/2 Zi[iﬁj
{[ K (2) [8nj @ni +12) = 8ni @ni)] fnj @ni +h2)dz} fuieni. Obviously E[Ag, j ()] =
0, and by Assumptions Al and A2 we can easily show that E[A7; ; ®*=0m* +a§n).
By the implication rule, the Chebyshev inequality, and Assumption A3, supp< <1 ’A22) j
(@) | = Op((h* + ag,)) = 0p (1). It follows that supg<r < An22 ()| < n~ 150,
SUPg<z <1 |A22,j (m)| = 0p (1). Hence supy, < |Ap2 (1) = 0p (1). u

APPENDIX C: Additional Technical Lemmas

This Appendix presents some technical lemmas that are used in proving the main results.

LEMMA C.1. Let {W;} be a strong mixing process with mixing coefficient a (i). For
any integer d > 1 and integers (i1, ...,iq) suchthat 1 < iy <ip <--- <iq, let be a Borel
measurable function such that max{[ |0 (wy,..., wd)|1+’7dF (wi,s...,wg), [ !0(101,...,
wp)’H_”dF(l) (wl,...,wj)dF(z) (wj+1,...,wd)} < M for some i > 0 and M > 0,
where F = F; ., FD = Fiy, . ijs F@ = Fii1,...,iq are the distribution functions
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0f(W,~1 ,...,Wid), Wy, ,...,W,-j), and (W,'_ W;,), respectively. Then

SITTRTR
‘/a(wl,.‘.,u)d)dF(u)l,...,wd)
—/H(u)l,.,.,wd)dF(l) (u)l,...,wj)dF(Z) (wj+1,...,wd)

§4M1/(1+ﬁ)a( -,)ﬁ/(1+77).

lj+1 =
Proof. See Lemma 2.1 of Sun and Chiang (1997). n

LEMMA C.2. Let {W;} be a strong mixing process with mixing coefficient o (i) and
taking values in R?. Let ¢ (-,-,-) be a symmetric Borel measurable function defined on

R x RY x R such that My,1p = maxi<;<j<i<pmax {3 ‘g{) (u),-,u)j,wl)’l'i_ﬁdFi
(w;)dFj (wj,u)l),fR3a ‘gzﬁ (wi,luj,u)[)}l"_”jiFi (w;) dF; (wj)dFl (w))}, and M3 =
max | <; < j <j<p max{ fsa |¢ (i, wj, wp) | T dF; (wi)dFjy (wj,07), fgaa | (wisw;,

wl) }H—ﬁdF,-ﬂ (wi, wj, wl)}, where Fi (), Fij(,-), and Fyj; (-,-,-) are the distributions
of Wi, (Wi, Wj), and (Wi, Ww;, W[), respectively. Then

E 222 ¢(Wi’Wj’Wl)] =0(n3E [QZ&(WII’W/]’WI)])-I-O(n2Mi{§H';7))

I<i<j<l<n

+0 (nb, 57,

where {Wi } denotes an independent process that has the same marginal distribution as the
dependent process {W;}.

Proof. The proof follows from a modification of that of Lemma B.2 in Fan and Li
(1999). u

The following definition is adopted from Robinson (1988).

DEFINITION C.1. G%,a > 0, 1 > 0, is the class of functions ¥ : RY > R satisfy-
ing the following conditions: ¥ is (m - 1)-times partially differentiable, form —1 < u <
m; for some p > 0, SUPyeg,, [0 () =9 @)|/|ly—z|* < Dy (2) for all z, where ¢z =
{y:ly—zl <p}; Qv =0whenm =1; Qy is an (m — 1)th degree homogeneous polyno-
mial in y — z with coefficients the partial derivatives of ¥ at z of orders 1 through m — 1
when m > 1; and ¥ (z), its partial derivatives of order m — 1 and less, and Dy (z) have
finite ath moments.

LEMMA C.3. Suppose K satisfies Assumption A2, f,; €G!, and¥,; € G}*. Let z e RY
and h — 0 asn — 0o. Then

(i) [E[K ((znj —2) /h) =h9 fnj ()] | < h9¥ Dy, (2) uniformly in z, and

(ii) }E{ [ﬁnj (znj) —Vyj (z)} K ((znj —z) /h)}| < h"‘”D,gnj (z) uniformly in z,
where fy; () denotes the density function of z,,; and both Dy, (znj) and Dy,; (znj)
have finite o.th moments. '
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Proof. See Lemmas 4 and 5 of Robinson (1988). u

To apply Lemma C.3, we will suppress the dependence of D foj (-) and Dy, ()on je
{1,2,...,n} by assuming that they are dominated, respectively, by functions Dy (1) and
Dy (-) that have finite oth moments.

LEMMA C.4. Under Assumptions A1-A3, sup,cgq |¥ (z) —E¥ (2)| = 0, (n~1/2n=2/2
Vlogn), where ¥ (2) = n~'h™4 S & K (zpi —2) /h) and &ui = 1, vni, epi, or my;.

Proof. The proof follows from Lemma D6 of Su and Xiao (2008). u



