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Abstract. The forward start American derivative contract is de-
scribed and priced in the martingale pricing framework.

1. The Derivative Contract

The contract depends on an underlying S, initiates at time 0 and
expires at time T1. At some time τ , the party who is long the contract
exercises and receives a payoff of F (Sτ ). It is mandated in the contract
that he should not exercise at any time prior to a certain T0 < T1 and
that if he had not exercised by expiry, he has to exercise.

In this note, we are interested in the price Vt of the contract primarily
in the cases F (S) = S − K and F (S) = K − S which correspond to
what may be called the forward-start American long and short forward
contracts respectively.

We will assume that F is bounded below in this note.

2. The Model

Let us assume that the time horizon is [0, T1], the interest rate r is
risk-free and constant and the underlying satisfies the geometric Brow-
nian motion:

dSt/St = µdt + σdWt,

where Wt is Brownian with respect to a real-world measure PI. With
the intention to hedge by trading in cash and the underlying, deriv-
ative contracts are priced with respect to a measure under which the
process Ste

−rt is a martingale. The usual Girsanov argument produces
a process W̃t, Brownian with respect to a certain measure P̃, under
which St satisfies

dSt/St = rdt + σdW̃t.
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3. Theoretical Result

We will now show that the price of the contract is given by

V0 = sup
τ∈TT0

Ẽ
[
e−rτF (Sτ )

]
,

where Tt denotes the collection of stopping times τ ∈ [t, T1]. The plau-
sibility of this result is seen by comparison with the price of the ordi-
nary American contract (i.e. without the forward-start clause) which
is known to be

sup
τ∈T0

Ẽ
[
e−rτF (Sτ )

]
.

We hereby state and prove the following result.

Theorem 1.

(1) The no-arbitrage price at time t of the forward start American
derivative contract is given by a process Vt that satisfies

Vt = ess sup
τ∈Tt∨T0

Ẽ
[
e−r(τ−t)F (Sτ )|Ft

]
a.s. P̃.

In particular, its price at time 0 is

V0 = sup
τ∈TT0

Ẽ
[
e−rτF (Sτ )

]
.

(2) There exists an optimal stopping time σ which satisfies

Ẽ
[
e−r(σt−t)F (Sσt)|Ft

]
= Vt a.s. P̃.

(3) The price V = V (S, t) satisfies the PDE

∂V

∂t
+

1

2
σ2S2∂2V

∂S2
+ rS

∂V

∂S
− rV = 0

when t ∈ [0, T0). When t ∈ [T0, T1], it satisfies the PDE together
with the boundary conditions V (S, t) ≥ F (S) and V (S, T ) =
F (S).

Proof. The idea is to regard the derivative as European on [0, T0] and
American on [T0, T1].

By a suitable translation, we may assume that F is non-negative.
The theory of optimal stopping [MR, App. D] provides us with the
Snell envelope X of the process u 7→ e−ruF (Su) which allows the price
of an American derivative contract at time t to be expressed as

ertXt = ess sup
τ∈Tt

Ẽ
[
e−r(τ−t)F (Sτ )|Ft

]
a.s. P̃
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and the stopping time

ρt := inf
{
t ≤ u ≤ T1 : Xu = e−ruF (Su)

}

which is optimal in the sense that

Ẽ
[
e−r(ρt−t)F (Sρt)|Ft

]
= ertXt a.s. P̃

for t ∈ [0, T1].

Let us define

Vt =

{
Ẽ

[
e−r(T0−t)erT0XT0|Ft

]
, if t ∈ [0, T0],

ertXt, if t ∈ [T0, T1].
.

On the interval [0, T0], V is the no-arbitrage price process of an Euro-
pean contingent claim, while on [T0, T1], it is an American derivative
price process. Standard option pricing theory ([KS, Cor. 3.1.3 and
Thm. 5.1.1]) tells us that V is replicable and there is no arbitrage op-
portunity on [0, T1]. Hence V is the no-arbitrage price of the forward
start American derivative contract with payoff function F .

Since

Ẽ
[
erT0XT0|Ft

]
= ess sup

τ∈TT0

Ẽ
[
e−r(τ−T0)F (Sτ )|Ft

]
a.s. P̃

when t ∈ [0, T0] ([KS, Prop. D.2]), (1) is proved.

Let us set σt = ρt∨T0 . When t ≥ T0, (2) follows directly from the
definition. When t < T0,

Ẽ
[
e−r(σt−t)F (Sτt)|Ft

]
= er(t−T0)Ẽ

[
e−r(ρT0

−T0)F (SρT0
)|Ft

]

= er(t−T0)Ẽ
[
Ẽ

[
e−r(ρT0

−T0)F (SρT0
)|FT0

]|Ft

]

= Ẽ
[
ertXT0|Ft

]

= Vt.

Lastly, (3) is a consequence of how V is defined above. ¤
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