Stochastic Calculus and Finance Theory Lecture 3

SOME TOPICS AROUND
THE LOGNORMAL DISTRIBUTION

Learning Objectives:

e The central concept behind the lecture is the lognormal distri-
bution

e The lognormal distribution is related to the normal distribution
by the change-of-variables formula

e The moments of the lognormal distribution are computable

e The gadget called the Moment Generating Function encodes in
a power series all the moments of a given distribution. The
moments of the normal distribution can be easily recalled this
way as its MGF has a very nice form.

e In the limit, the distribution of stock price in the binomial
model approaches the lognormal distribution.
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1. THE CHANGE-OF-VARIABLES FORMULA APPLIED TO DENSITIES

Recall the Change-of-Variables Formula from QF203:

Theorem 1 (The Change-of-Coordinates Formula). Suppose D € R?
is a closed and bounded domain and F' : D — R is a differentiable
transformation of the plane that is bijective outside sets of lower di-
mensions. Then for any continuous function f : F7*(D) — R, we
have

fcvydae = [ [ a2 aa,,,
D F-1(D) d(z,y)

where

0(x,y)
is (called) the Jacobian matriz of F.

In higher dimensions, an analogous theorem holds. In one dimension,
the analogous theorem is usually called the substitution method of
integration.

We will apply this to compare probability densities in this section.

Let V,W be two random variables with densities (over R) fv, fi .
Suppose there is a strictly increasing transformation 7" : R — R such
that V = T(W). What is the connection between fy, and fy 7

Let us compute:
PW <w) =P(T(W) < T(w))
—P(V < T(w))

T(w)
- / fo (8) dt.

—0o0

We also know that

POV <w)= [ fwit)dr
2/00
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Differentiating these with respect to w, we obtain

S (T(w) T (w) = fw(w).

Similarly, in two dimensions, if (Vi,V5) and (W5, Ws) are two ran-
dom vectors (over R?) with densities fi and fy, and if (V3,V5) =
T (Wi, W3), what is the connection between the two densities?

Let us compute:

P((Wl, Wg) € D) = P(T(Wl, WQ) S T(D))
=P((V1,V2) € T(D))

_ / Fo(X,Y) dAyy
T(D)

= [ [ e,

We also know that

P((W,, Ws) € D) //fwxy zy-

Hence, we obtain

(X )

Example 1. Suppose that X ~ N(u,0?). Normalization means defin-
ing Z = X—;H =: T(X). The purpose of normalization is that Z ~
N(0,1).

Since the density of a standard normal is given by

we have
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The method of argument above is related to a simulation method as
follows:

Example 2. Suppose X has a CDF F. How should we simulate draws
of X from the given distribution?

Suppose we can simulate the uniform distribution U0,1], and sup-
pose U ~ U[0,1]. Then we claim that X = F~Y(U) meets the require-
ment.

To see this, let us compute:
P(X <z)=PF YU) <)

=P(U < F(x)) = F(x).

This implies that this definition of X indeed follows the distribution
implied by F'.

Here is another sampling method that makes use of a known distri-
bution. It is called the rejection method and was found by the famous
mathematician von Neumann (the man who conceptualized the modern
computer).

Example 3. Suppose that U is uniformly distributed over [0,1], X
follows a probability distribution over R given by the PDF g(x), and X
and U are independent. Let f(x) be another PDF over R and let M be
a positive number for which the following inequality holds:

f(x)
Mg(x) =1

for all x € R. Consider the following procedure:

e Choose a sample U and a sample X.

o IfU < %, then accept X ; otherwise reject X.

Show that the accepted samples X follow the distribution associated
to f by answering the following questions:

4
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(1) Show that

M.
(2) Let I be the random variable defined by

Mg(Xy)™

where (U1, X1), (Ua, X2), ... are independent sampled pairs U

and X. Show that I follows the geometric distribution G(p),

where p = %

I'=min{k>1:U; <

(3) Show that the distribution of Xy is given by the PDF f.

Solution. (1) Conditional on X, P(U < z\i(;i()z)) = 1\55(;?()3) Now, take

the distribution of X into account, we have

fX) @)
PO < 570 = ). Mgla) I
1 1

(2) ‘Success’ is the event: U < %. And the probability of

this has been shown to be ﬁ Hence the distribution of [ is
geometric with parameter p = ﬁ
(3) We have
P(X;<y) =) P(X:<yl=k)
k=1
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Here is another sampling method whose validity is established with
the change-of-variables formula in dimension two. It is called the Box-
Muller method.

Example 4. Suppose Uy, Uy ~ U[0,1] are uniformly distributed and
independent, and define

X =/ —2log U cos2nUs,,
Xy =+/—2log U, sin 2wUs,.

Show that X1, Xs are iid standard normals.

Solution. By the change-of-variables formula,

3(:131, I'Q)
— (T 2\, 42)
fU(ubuQ) fX( (ul’UZ))Ha(Ul,Ua)H
o a(‘rla Ig)
= fX($17132)||a(u17u2>| -
The Jacobian matrix has components:
8ZE1 1 -2
_—=—— COS 2Ty,
ouy 2uq log u4
19)
8—1‘1 = =214/ —2loguy sin 2mus,
Uz
81'2 1 —2 .
— = sin 2mus,
ouy 2u log uy
81‘2

E 21/ —2log uy cos 2mus.
Uz

The absolute value of the determinant of the Jacobian is therefore i—?

From the defining equations,

x + 25 = —2loguy,
which implies that
_u
[x (w1, 20) = o
1 _;(x2+x2) 1 _ 1,2 1 _1,2
= —e 2\71 772/ — e 271 . e 272,
2 V2m V2m
Hence, X, X5 are iid standard normals. 0



Stochastic Calculus and Finance Theory Lecture 3

2. THE LOGNORMAL DISTRIBUTION

We say that a random variable X has a lognormal distribution log N (u, 0%)
if the random variable Y = log X ~ N(u,0?) is normally distributed.

The lognormal distribution is an important distribution in QF be-
cause the Black-Scholes Theory assumes geometric Brownian motion
for the underlying stock, which leads to lognormal distribution of stock
prices at any fixed time of observation.

First, let us write down the density fx of X:

fr(e) = fr(loga)t =

T ToV 2T

o2 (logz—p)?

Let us find the basic parameters of the lognormal distribution. These
are:

the mean 1y

the standard deviation o

the skewness 113/0® - what does positive skew look like typically?
the excess kurtosis /0% — 3 - what does ‘excess’ refer to?

These parameters affect the shape of the distribution in visible ways,
and are all defined from the moments u, = E[X™"]. But this is just
a rough guide more than anything. Two distributions can have equal
first four moments but look rather different in shape.

Let us now compute the moments of the lognormal distribution. We

have
o0 1 1 (logz — )\
BIX] = / v exp [ -1 (M) i
0 ox/ 21 2 o

1 /°° 1 (log:zc—u)2
= exp| —= | —— dz
oV2m Jo 2 o

Let y = log% Then dy = Ldx or dz = oxdy = ge”vTdy.

And we have
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1 > 1
E[X] = . 27r/ exp (—§y2) oe’V T dy

et o

- V2T J o

et o 1(y2_9 2y, 1 2
- e 2 —20y+07)+ 350 dy
Vel J—co

+ o0
— eu ° / 6_%@_0)2 dy
V2T J oo

Lecture 3

1,2
e 2V T dy

Let z =y — 0. Then dz = dy and

[ €“+G22 2d
FlX| = e 2% dz
V2T J_ oo
2
ot
¢ 22 X V2 = et 2
T

The second moment is

e 1 1 [logx — 2
E[X?] = z?- exp | —= T H dx
2
0 ox\ 2T o

o< coytu 1,
= / T exp | —5y ~oeVtH dy
—0 O ™
2 o)
_ 62“ / 6_%y2+20y dy
V4T J—c0
2 o)
et / 67%(y2740y+402)+202 dy
V2m J

24202 00

_ e pt / 6_%(?/_20_)2 dy
V2T S
8
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Let w =y — 20. Then dw = dy and
62u+202 1,2

E[X? = Ner /Ooe—zw dw

2
X 2 = 2t

o0

2
62u+20

V2r

Hence,
Var(X) = E[X?] — (E[X])?

— 62u+202 _ 62u+02
= 2 (7" — 1),
In fact, the following proposition holds:

Proposition 1. The n-th moment of the lognormal distribution is
given by
E[X"] = e

Example 5. Prove the proposition!
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3. LOGNORMAL DISTRIBUTION AND QF
The lognormal distribution arises in QF from the Geometric Brow-

nian Motion:

d—St = pd; + odW;
St

You will later see that the solution to this at time T is given by

SO e(uféo'Q)Tﬁ*O'WT

St

(Soe(u—%az)T)eaWT

By the basic properties of the Brownian Motion,
Wr ~ N(0,T),

hence e”"7 is lognormal (i.e. its log is normal.).

Let’s take a look at the shapes of the lognormal density function:

fx(z) = !

¢~ 25 (log—p)? (x >0)
To\ 2T

In R, use the command: dlnorm (z,u,0)
Do this, for example:

x =1:1000/100

y = dlnorm(z,0, 1)
plot(z,y)

y = dlnorm(z,1,1)
points(x,y)

10
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Lecture 3
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FIGURE 1. (p,0)=(0,1)vs(1,1)

FIGURE 2. (u,0)=(0,1)vs(-1,1)
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FIGURE 4. (u,0)=(0,1)vs(0,0.1)
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Let’s check how close/far the lognormal assumption is from reality.

Consider daily stock prices:

LY S(’i*l)(;ta Si5t7 S(i+1)5t7 LI
and their continuous returns:
S; S
..., log o 1 (+1)5t,...
S(i-1)st Sist

If the lognormal assumptions holds,then

1
dlog Sy = (1 — 502)dt + odW;

-This is a consequence of the Ito’s Lemma which will be explained
later.

This implies:
1
log S(it1)ot — 10g Sige ~ (1t — 502)& + o(Wis1)sr — Wise)
i.e. approximately

Stit1)st

lo
& Sist

1
~ N((u— 502)&, a?ot)

We’ll compare the distribution of the daily returns of the S&P500
index over the period 2-Jan-2008 to 6-Mar-2009 with the best-fit normal
distribution.

13
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R Code:

datal < —read.table(”C' : Jusers/tanchonghui
/Documents/Work [temp/S& P500.csv” header=T, sep=".")
x = datal$Date

y = datal$Close

length(y)

# length is 14889

yl = y[:14888]

y2 = y[2:14889]

y3 =yl/y2

y4 = log(y3)

x([1]

# Start date is 6 Mar 2009

x[297]

# Last date is 2 Jan 2008

z = y4[1:297]

hist(z)

# observe there are 10 columns between -0.1 to 0.1
# each mark is .2 /10 = .02

# total area is thus:

a = .02 * length(z)

xx = (~1000:1000) /10000

yy = dnorm(xx,m,sd)

# re-scale the vertical direction

yy =yy *a

points(xx,yy)

14
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FIGURE 5. (p,0)=(0,1)vs(0,0.1)
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4. OTHER DISTRIBUTIONS IN QF

To improve the fit between the theoretical distribution and the true
distribution of stock price returns, various models have been proposed
in QF, the simplest (and in a sense the most important) ones are:

1) Jump diffusion model:

d
% — rdt + odW, + dJ,
t

2) Heston Stochastic Volatility Model:

%St = rdt + /V,dW}
t

AV, = k(0 = V;)dt + E/VidW!

The terms W;, W, W} are Brownian motions. The processes W,
and W) are correlated:

dW2dW) = pdt

(To be interpreted in either expected-value sense or diminishing-
standard-deviation sense.)

The term J; is a pure jump process with Poisson arrivals and normal
distributed jump sizes. In the following, let us consider the distribution
of log(%) for the two models above.

Jump Diffusion Model

In Lecture 11, we will see that

S 1
log(S—Z) =(r— 502)T +oWr + Jr

Let us compute the CDF, namely

Pllog (21 < a)
16
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This is equal to
1
P(cWr + Jr <a—(r— 502)T)

= 1
= PloWr+(Zi+ Za+ .. —|—Zk)§a—(r—§<72)T)><IP’(NT:k)

k=0

If we assume that J; is independent of W;,and where N7 is a Poisson
process with parameter \T'. (A is the per-unit-time rate).

Since oWy + Z1 + ... + Zy ~ N(0,0%T + k) the above computation
continues.

— ZN(a — (r—30°)T — O)Q—AT()‘IZ;)

La—(r—1o2)1)2 1

- AR 1
o) = eiAT( . e o2T+k S —
/) kZ:O Kl Vor Vo?T + k

Heston Stochastic Volatility Model

Analytical results concerning the Heston stochastic volatility model
are much harder to obtain. For instance, one such result is

an(t, T)

P(Vr < a | Vi) = Fya(S8n=did Vi (. T)),

where

4I{/€7K(T7t)

n(t,T) = 2(1 — e—r0—0)

The Heston stochastic volatility model is a popular model because
it is a model that improves upon the lognormal distribution (really, by
having an additional parameter that admits an intuitive interpretation)
and yet remains simple enough for option prices to be found by Fourier
transform techniques.

17



Stochastic Calculus and Finance Theory Lecture 3

5. LINK BETWEEN THE BINOMIAL MODEL AND THE LOGNORMAL
DISTRIBUTION

Let the time horizon be [0,7] and let it be discretized in to n equal
intervals, each of length h := T'/n. Let r be the annualized risk-free
rate. For time of length h, we have to compound by 1+, := (1 +7)".

Let us compute E[log(S7/Sy)] and Var[log(Sr/Ss)]:
Ellog(Sr/S)] = 3 _ Ellog(Sin/Si-1yn)]

= n(plogu + qlogd),

Var[log(Sr/S)] = Z Var{log(Sin/Si-1)n)]

Znﬂmbgw2+ﬂbgb5—Om%u+qbg®3-

We want to investigate the limiting behaviour of the distribution of
the stock price in the binomial model as n — oco. Thus, it make sense
to impose the conditions:

Ellog(S7/S)] = pT,
Var(log(Sr/Sy)] = o*T.

Combining with the above, there are the following constraints on the
parameters u, d, p, ¢ of the binomial model:

pt+qg=1,
n(plogu + qlogd) = uT,
n((p(logu)® + q(log d)*) — (plogu + qlog d)*) = o°T.

Set x = logu, y = logv and p = % Then the above equations reduce
to




Stochastic Calculus and Finance Theory Lecture 3

Note that when n >> 0, then the RHS of the second equation is
positive.

Equivalently, we have

2uT
I’+’y:L’
n
26PT? 02T
a1
n

Exercise 1. Solve the above.

What is the limiting distribution of log(Sr/Sy) as n — oo? By
writing

log(St/So) = Zlog(sm/s(i—nh),
i=1

and noticing that the stock price process is Markovian, we know that
the terms X; := log(Sin/Si-1)n) are iid and each has the Bernoulli
distribution

P(X; =logu) =p, P(X; =logd) =g,

with mean pT'/n and variance 02T /n as we have constrained above,
we then write it in the form

X1+X2+---+Xn—,uT
oT

for the application of the Central Limit Theorem.

A remark: the vanilla version of the CLT has the random variables
X1, Xy, ... iid regardless of the index n. In the present scenario, the
distributions of these Bernoullis change as n changes. It turns out
fortunately that the constraints that the first two moments have limits
are enough to enable CLT to be suitably extended to hold in this
scenario.

19
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By the Central Limit Theorem, we have
Xi+Xo+--+ X, —uT

— N(0,1
T 0D
in distributions. In other words,
log(S7/So) — uT ~Z

VT

where Z ~ N(0,1). Put it another way,
log(Sr) ~ N(log Sy + uT,o*T),

or St is lognormal, in the limit.

20
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APPENDIX A. MOMENTS AND CUMULANTS

Moment Generating Function

All moments of a distribution are encoded in a single object known
as the moment generating function Ex(z) := E[e*X]. Notice that

(o.9] 1 .
E(z) = E[Z —(2X) }
m!
= 1
=) —2"E[X™,
m!
m=0
so that
EM™(0) = E[X").
Hence, if F(z) can be found in a nice closed form, then the moments
are found by differentiation. While the normal distribution has a nice

MGPF, the lognormal distribution does not, even though its moments
are quite computable.

Example 6 (Standard Normal Distribution). We compute:

1 1.2
FE(z) = ——e* 72" (g
0= [ o=

1 1 2 2 2

—5 (2% —2zx+2%) ,22/2

= e 2 e dx
/R V2T

o 22/2/ 1 7l(:t:7z)2
=e e 2 dx
R V2T
2

=" /2,

Hence, it is clear that all the odd moments are zero, and

E[Z?"] = E®(0) = (5'—7;2;

Example 7. Find the MGF of the normal distribution N (u,c?).

21
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Example 8. A fair coin is tossed until a tail appears. Let X denote
the number of heads required. Find:

(1) the density function of X
(2) the mean and variance of X

(3) the MGF of X

Example 9. If XY are independent random variables, then the MGF
Exiy of X +Y 1is equal to the product ExEy of the MGF's of X and
Y.

The Moment Problem

If one is given a sequence of numbers piq,p0,u3,. . ., does there exist
a distribution £’ whose moments are fi,/t9,/43,. . - .

If two distributions F' and G have the same moments jiq, 0,113, . . ,does
it follow that F=G?

The common answers to these questions is: it depends. Check out
the internet for more information.

Cumulant Generating Function

A notion related to the MGF is the cumulant generating function
(CGF): given a random variable X, its cumulant generating function
L(z) is defined as

L(z) =log E(2).

When written out in full,

[eS) o
L(Z) = Z /inma
n=1 ’

and the coefficients x,,’s are called the cumulants of X.
22
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Let’s try to relate cumulants and moments. Since E(z) = e/®) we

have
>y = e (k)
n=0 n=1

Expanding the RHS, we have

e R
> ()
1 2\.2
:1+m12—|—§(ﬁ2+m1)z +oee
Hence,
H1 = K1
pi2 = K2 + K7,

which implies that the first cumulant is the mean and the second cu-
mulant is

_ 2 _ 2
Ko = Mo — Ky = M2 — My,

the variance.

In general, the expressions above show that the moments and the
cumulants determine one another.

Example 10. Find the third and fourth cumulants in terms of the first
four moments.

Example 11. If X, Y are independent random variables, then the CGF
Lx.y of X+Y is equal to the sum Lx + Ly of the CGFs of X and Y.

Example 12. Find all the cumulants of the standard normal distribu-
tion.

Solution. The MGF of the standard normal is E(z) = e**. Hence its
CGF is L(z) = 2. This says that apart from ky = 1, all the other
cumulants vanish. O

23
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Example 13. Find all the cumulants of the normal distribution N (p, o?).

Example 14. Find all the cumulants of the lognormal distribution
log N (1, 0%).

24



