Stochastic Calculus and Finance Theory Lecture 10

AMERICAN OPTIONS

Learning Objectives:

e In the perspective of probability, the notion of stopping times
is needed to define American options.

e In general, the prices of American options do not admit closed
form formulas.

e The American call option on non-dividend paying stock is the
same as its European counterpart.

e The price of an American put option on non-dividend pay-
ing stock does not (seem to) admit closed form formula. Re-
searchers have considered simpler cases or approximations. Here
we consider two: approximating the American put option with
Bermudan and European put options; and the perpetual put
option.

e American option prices can also be expressed as a free boundary
problem. The free boundary that characterizes the American
put option is called is exercise boundary. The exercise boundary
is hard to pin down analytically when the maturity 7" < oo, and
this is related to the absence of a known closed form formula for
the option price. When T' = oo, the exercise boundary becomes
flat, and accordingly the price is easily found.
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1. STOPPING TIMES

Some exotic options involve a time during the lifespan of the option
at which something happens - such as the option gets exercised, comes
alive, or the level of the stock price is noted at that time. The time is
not determined at the start of the contract - it is random.

Two classes of options involve this notion:

(1) Barrier Options - these are derivatives that expire (knock-out
options) or come alive (kick-in) contingent upon the spot price
reaching a certain level during their lives - the random time is
the time at which the stock price attains this level

(2) American Options - these are derivatives which give the right
to the holder to exercise at any time during the lifespan of the
option

We will consider the pricing of American options in the following.
But let us first define mathematically the central notion of a random
time - called ‘stopping time’ in the literature - here.

Definition 1 (Stopping Time). Let (0, F, (Fi)wcpo1), P) be a filtered
probability space. A random variable taking values in [0, T] is a stopping
time if for every t > 0,

{TSt}EFt

In short, we may say that the stopping time is a random variable that
s adapted to the given filtration.

The intuitive meaning of being adapted to the given filtration is this.
Randomness is due to uncertainty of future outcomes. Probability the-
ory models randomness via the notion of a filtered probability space.
To say that a stopping time is adapted to the given filtration is to say
that once we learn about the information that underlies the filtration,
we will also know about the stopping time. For instance, it is common
to have the filtration generated by the Brownian motions that func-
tion as basic noise drivers in a mathematical model. These Brownian
motions drive the stock prices and interest rate in the mathematical
economy. The stopping time is a time that is contingent upon the out-
come of the stock prices and rate moves, so that when the moves are
revealed, we will also know what the stopping time is.
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Related to stopping time is the following notion:

Definition 2 (Stopped Process). For any stochastic process S and any
stopping time 7, we denote by ST the process stopped at T:

St (w) = Star(w) (w),
for all w € Q and for all t € [0,T].

A fundamental fact regarding stopping times is Doob’s Optional
Sampling Theorem.

Theorem 1 (Optional Sampling). Let (22, F, (F¢)icpo1, P) be a prob-
ability space and S be an adapted process such that S, € L' for each
t. Then M is a martingale if and only if M™ is a martingale for any
stopping time T.

The theorem basically says: a martingale that is stopped at a stop-
ping time remains a martingale. It is plausible because a constant is
trivially a martingale and the only way the stopping time could destroy
the martingale property is it could decide to stop the process on one
side in order that the process has a tendency for the other side. Thus,
for instance, the stopping time would have to stop the process at times
when it would be going down while not stop at times when it would be
going up to destroy the martingale property and make it into a strict
submartingale. This would require the stopping time to be able to look
ahead. But since a stopping time is adapted, this is impossible.
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2. A BRIEF ON AMERICAN OPTIONS

We begin with an informal introduction. We work within the risk
neutral world and let Q be the martingale measure.

The holder of an American option has the right to exercise the op-
tion at any time during the lifespan [0, 7] of the option. Suppose she
exercises at the time 7. The choice of this time can only be made based
on what has unfold up till then. Thus 7 is a stopping time. We may
think of 7 as a particular strategy that the option holder assumes.

Let t € [0,7]. How should we price an American option at time
t? For a particular stopping time 7 in [¢, T], the value at time ¢ of an
American put option is

EQe T (K — S)F|S, = ],
where Q is the risk neutral measure of the Black-Scholes world. The
option holder is assumed to be rational and will therefore optimize the
value of the option. Hence, from the perspective of the option seller
who needs to manage the risk in being short the option, the value of
the option is
VPu(t, ) = max E%e " T(K — S.)1|S, = ],

T€Ty T

where 7; 7 is the set of all stopping times that lie in [¢, 7.

Similarly, the American call option is valued by
vell(t, z) = max EQe " T"(K — S,)*|S, = ].
€Ty T

The pricing of American options is a difficult problem in general
as there is not formula and the numerical solution is computationally
intensive and requires approximations for feasibility.

We consider the most basic issues regarding the American options
with an underlying which follows a Geometric Brownian Motion (and
without dividend) in the following.
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3. AMERICAN CALL

Theorem 2. The price of an American call option on a stock that does
not give dividends is equal to the price of an Furopean call option with
the same strike and maturity. In other words, the American call option
should not be exercised early.

Proof. By the fact that 2 — (z — K)* is convex, we have
E%e T D(Sp — K)T|S] > EQ(e TS — K)1|S)]
> (EQeT=98,(8,] — K)*
= (e"E%e " 57]S) — K)*
= (e"te S, — K)*

= (St - K )+’
which shows that the value of the European call option always exceeds
the intrinsic value of its American counterpart. O
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4. THE GESKE-JOHNSON APPROXIMATION

Geske and Johnson finds a sequence of values Py, Ps, ... such that
lim P, =: P, = P =P(K,T),

the value of the American put with strike K and maturity 7.

The value of P; is just the value of the European put option p(K,T)
with the same strike K as the given American put option.

The value of P, is the Bermudan put option with exercise times
T/2,T. At T/2, the critical price Sy/o at T/2 (i.e. exercise if Sy, <
St/2 ) solves

K—S=p(S,K,T/2),
i.e. it is exercised if the payoff is greater than holding the option till

maturity - this is equivalent to holding an European put option with
time-to-maturity 7/2.

The value P; is the Bermudan put option with exercise times T’ /3,2T/3,T.
At T'/2, the critical price St/3 at T'/3 solves

K — S = Py(S, K, 2T/3).
AT 2T/3, the critical price §2T/3 at 27'/3 solves
K—-S=p(S,K,T/3).

The values Py, Ps, ... are defined likewise. It is clear that the limit
above holds. The indices denote step size T %T, %T, ... respectively.
The Richardson extrapolation takes linear combinations of such ap-
proximations to yield a higher order of convergence. Namely, if

Pl/h:Poo"i_Zaihia

=1

i.e. the Taylor expansion, then
Pl/(ah) =Py + Z ai(ah)iv
i=1

so that for h = 1/3 and o = 1, %, 3, a suitable linear combination will

result in an approximation of P, by knocking out the h and h? terms,
to an order of O(h?).
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With the three terms P, P, P3, Richardson extrapolation reads

7 1

POO%P3—|—§(P3—P2)—§

This then is the Geske-Johnson approximation of the American put
option value (as it is commonly known; otherwise the Geske-Johnson
approximation is this scheme of approximating the American put op-
tion by suitable Bermudan options with exercise dates designated at

regular intervals, with the interval lengths diminishing to 0).

(P, — Py).

Example 1. Verify that the Richardson approximation does what it is
supposed to do, i.e. approzimate up to O(h?).

Now, how are the critical values Sy /n and the values P, determined?

The critical values may be found using standard root-finding numer-
ical schemes (such as the Excel goal-seek function).

Let us illustrate how to find P,. The values of Ps, Py, ... may be
found similarly.

To be certain, the Bermudan option P, is
P, = EQ[e—rT/2(K _ ST/2)+1ST/2§§T/2 +e (K — ST)+1ST/2>§T/2]
_ e—rT/2EQ[(K _ ST/2)+1ST/2§§T/2] + e—rTE@[(K — ST)+1ST/2>§T/2]
= e PEY(K ~ Sty <5, + ¢ T EY(K = Sr)ls, o, s
= e ""PKQ(Srj2 < S1/2) — e_rT/QEQ[ST/ﬂST/zégm]
+Ke™"Q(Srj2 > Sry2, Sr < K) — e T E®[Srlg, 5, , sp<k]
= e ""PKQ(St/2 < Sr2) — SoT(Sr/2 < S1/2)

+K e Q(Srjo > Sry2, St < K) — SoT(Sty2 > Stp9, 51 < K),

where in the last lines, I've applied the change-of-numeraire method,
with the numeraire S;. Recall from Lecture 8 that z; = %ﬁpﬂ is a
martingale with respect to the measure T, and in the notation from
Lecture 8,

dr, = —ox dWy,

or

1 ___
dlog(zy) = —=d?dt — odW,.
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Let’s continue: the above is equal to

T2 . Ke—rT/2
e KQ(log Stj2 < log St/2) — SoT(log z7/2 > log ———)
T/2
+Ke""Q(log St/2 > log St/9,log St < log K)
Ke—rT/Q
—SoT(log x7)2 < log ———,logzy > 0)
S1/2
__—rT)/2 I
=€ KNlogSo+(T*%o'2)T/2;ow/T/2(log ST/2)
1, 1, Ke T2
—Sd]T(log /2 —log o+ 50 T/2 > —logxo+ 50 T/2+log _—>
T/2

log S7/2 — log So — (r — 20%)T'/2
T2 ’

log K —log Sp — (r — 30°)T
T )
10g Ke /2

= log zo + 10%T/2
—SoT(Z7)9 < i

+K6_TTQ(Z’1€/2 >

zp <

1
Pl LR L
o\/T/2 oT
where Zﬁ/z,Zﬁ,Z%/g,Z;} are standard normals and COT(ZZ‘S:/Q,ZT‘S:) =

Cor(Ziy, Z5) = — 5.

(Why?)

Continuing, the above is equal to
IOg(gT/Q/So) — (T’ — %OQ)T/Q

efrT/2
KN o\/T/2 )
log(St/2/So) — (r + $62)T/2
—&N( i )

r e (108(S0/Stpe) + (r = 30°)T/2 log(So/K) + (r —30°)T 1
KT o T2 - T VG
s N(log(So/gT/g) + (r+ 20*)T/2 log(So/K) + (r + 50°)T _i)

’ o+\/T/2 7 oT T2/

Exercise 1. Find Ps.

)
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5. PERPETUAL AMERICAN PuT

Just as the European option satisfies a PDE with a suitable terminal
condition, the American put option is the solution to a free boundary
value problem.

The free boundary alluded to is called the exercise boundary. If .S; is
sufficiently small, one exercises the put option to deposit the quantity
close to the strike price at the risk-free rate. If it is sufficiently large,
then one does not exercise as it makes more sense to wait for the stock
price to fall further. Thus, it is conceivable that there is an exercise
boundary b(t), such that if S; > b(t), one does not exercise the option,
and once S; rises to b(t), one exercises. We may also describe the
stopping time 7* to be

™ =inf{t € [0,T]: S, > b(t)}.

The free boundary problem is stated as follows:

Let G be an open domain in Ry x [0,7) (T possible co) with a b(t),
le.
G=A{(s,t) : s> b(t)}.
The function v : Ry x [0,7] — R satisfies the following PDE on G:

1
vy + 50282%5 + rsv, —rv =0,

and
v(s,t) > (K —s)*, V(s,t) € G,
o(s,t) = (K — )", Y(s,1) € &,
v(s,T) = (K — s)%, Vs € Ry,
lim vs(s, t) = —1, vt e [0,T).
Jim v (s:t) [0,T)

Then v(s,t) is the value at time t of the American put option with
strike price K" and maturity 7', and b(t) is the exercise boundary of the
option. Conversely, the value function of the American put option is a
solution of the free boundary problem above.

The last boundary condition above is called the smooth fit principle
since the slope of (K — s)* is —1 when s < b(t) < K.
9
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Justification of the statements above may be found in the paper ‘On
Optimal Stopping and Free Boundary Problem’ by van Moerbeke.

Let us apply the facts above to price the perpetual put option (7" =
o0). Since the option does not mature, the dependence of ¢ disappears!
Let us reap the benefit of this observation.

The exercise boundary is is flat: b(t) =b < K.

The PDE becomes an ODE:

L5,
—0°5%Vgs + 15V, — 1V =0,

2
where now v = v(s) and s € (b, 00). The boundary conditions become:
v(b) =K —b
and
lggws(s) = —1.

We look for a solution of the form
v(s) = cs?.

Substituting this into the ODE above, we have

1
—o*d(d—1)+rd—r =0,

2
b =K —b,
and
cdb®t = —1.
This implies
2r
d — ]_, —;
If d =1, then ¢ = —1, which will make v negative - inadmissible. Next,
from
b
K—-b=—-
d’
we get
K 2rkK
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Finally, we have

v(s) = cs? = cbd(g)d = (K —b)(-)-2.

Remark. The free boundary problem formulation of the price function
of the American put option allows the price to be found by numerical
methods developed for PDEs. An alternative approach - the varia-
tional inequalities approach - developed mathematically by Bensoussan
and Lions and applied to American options by Jaillet et. al. does not
require making the exercise boundary explicit and state the mathemat-
ical problem as a system of inequalities.

11



