Real Analysis Lecture 5A: Answers to Exercises

LECTURE 5A: ANSWERS TO SUGGESTED
EXERCISES

10.6.1.14 Given that the function h(x) = 23 + 2z + 1 for v € R

has an inverse h™! on R, find the value of (h™Y)'(y) and the points
corresponding to x = 1,1, —1.

y = h()
z=h7'(y)
dx 1 1
hil ! = — = =

When z =0, (h1)'(y) = 3.
When z =1, (b1 (y) = 3.
When z = —1, (h71)(y) =

10.6.2.1a For each of the following function on R to R, find points
of relative extrema, the intervals on which the function is increasing,
and those on which it is decreasing

<0ifz <

Therefore f is increasing on [3, 00) and decreasing on (—oo, 3]
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10.6.2.4 Let ay,ao,...,a, be real numbers and let f be defined on R
by

n

f(z) = Z(ai —z)?, z€R

. Find the unique point of relative minimum for f.

As f"(X0 a) = Y0 ,2=2n> 0,z =13 " a is a relative
minimum for f.

10.6.2.6 Use the Mean Value Theorem to prove that |sinz —siny| <
|z — y| for all 2,y € R.

By the Mean value Theorem,

|sinz —siny| = |cos(E)||z — y]

for some ¢ € [z,y].

Hence |sinz —siny| < |z — y|.
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10.15.5.1: Use the chain rule to find dz/dt or dw/dt

Given: z = 2%y +ay?, v =2+t y=1-1%

=z =z(z,y)
z = x(t)
y=y(t)

do_dsds | dsdy
dt  drdt dydt
= (2zy +y?) - (48%) + (2% + 229)(—3t%)
= 4t (2zy + y*) — 3% (2% + 22y)

12.15.5.21: Use the chain rule to find the indicated partial derivatives

z=22 4y}, r=w +uwd, y=u+ve

= 2=z
z = z(u,v,w)

y = y(u,v, w)

32_8z8x 0z dy ,
ou = dwou T oyou — 2V + Bry)()

= v’ (2z + ¢°) + 3zy°

0z 0z0r 0z0y 9w
0= 3250 T ayae = 2+ @w) + Bay)(e)

= 2uv(2z + ¢°) + 3zy’e”

0z 0z0x 0z 0y , -
o~ dedw T oyow — (20 TG0 + ey (ve)
= 3u?(2z +y°) + 3zy ve”
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12.15.5.52: Suppose z = f(x,y) where x = g(s,t) and y = h(s,t).

a) Show that

9%z (8_x>2+2 0z dudy 0% @)2 9z P 0z 0%
0x? \ Ot OxQy Ot Ot Oy \ Ot Ox 02 ' Oy Oy?
b) Find a similar formula for 8*z/dsot.
7= flz,y), 2 =g(s,1),y = h(s,1)
= 2= f(g(s,1),h(s,1))
0z  0z0x L9 azay
ot~ Oz ot oy ot
L Pe_ (20 0 (0:00)
o2 ot \ 0z Ot ot \ Oy Ot
_ 0 <82> Ox Lo 0z 0%z
ot \ox ) ot ' 0z o2
N 9 (82) dy N %@
ot \dy) ot Oy 8t2
9 [0z y 835 0z 0%x
B (% (ax) "oy (%) a_> ot ' Oz o2
9 (02 ax 0 [0z 8y 0z 0%y
B (8_ <8y> a "oy (a_) ) ay o
(P, 2 onyor o
x? Ot 8y8x 0 Ox Ot?
LR N AL L
Oxdy Ot 0Oy?> 0Ot) 0ot  Ox Ot?
(Y g ey 0 00y 0
0x? \ Ot Oxdy dt ot~ Oy? \ Ot ox 02

0z 0%y
Ay 8y?
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b)
0z _g(%) _2(828x+828y>
dsot  0s \ Ot 0s \Ox Ot Oy Ot
SO (Z) e, s
Os \0zxz ) 0 Ox 0s0t
P2 (Z) o0y
ds \ 0y ) Ot ayasat
0 (0z y\ 0 0z 0%z
:<a_x<_x>% ( >8_>_ Oz 950t
() B
ox \dy /) 0 ﬁyﬁsat
(L, 2 @)a_me
0x? Os Oxdyds/) Ot  Ox dsot

0%z 0x 0%*20y\ Oy 0z 0%
(m& * @7) ot oy aso
o0 0 (00 o)
0x20s Ot  Ox0y \ Ot s  0Os Ot

0%z (0y\ [ 0Oy 0z 0%z 0z 0%y
+ () (2 )+ e+ =
dy? \ Os ot Ox dsdt Oy 0s0t

12.15.7.12: Find the local maximum and minimum values and sad-
dle point(s) of the function. If you have three-dimensional graphing
software, graph the function with a domain and viewpoint that reveal
all the important aspects of the function

f(z,y) =zy(l —z —y) = zy — 2%y — zy°

af 2
—=y—2z2y—y =0
a9 YTy
%:y—mQ—Qxyzo
Ay

y(1—2z—y)=0
z(l—z—-2y)=0
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y=0 y=10 1—-2x—y=0 1—22—y=0
z=0 1l—2—-2y=0 x=0 1l—2—-2y=0
= (z,y) = (0,0) = (z,y) = (1,0) = (z,y) = (0,1) Sr=y=3

D= fxxfrv = fxy
= (=2y)(=22) = (1 - 2z — 2y)°
=dxy — (1 — 22 — 2y)?

(,y) D fxx  Type
(0,00 -1 saddle point
(1,00 -1 saddle point
0,1) -1 saddle point
(1/3,1.3) &+ =2 local max

12.15.7.29: Find the absolute mazimum and minimum values of f
on the set D.

f(x,y):x2+y2+:zz2y+4
D={(z,y) = [z| <1,y < 1}

0
g—f: 20 +2zxy = 0
j: 2 2 =0
By y+x
z(l+y)=0
=
2y +22=0
x=0 y=—1
= or
y=20 r =42

Only (0,0) € D is admissable
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fxx = 242

fyy = 2 = fxxfry — [y = 2(2+2y) — 4z
XY = 4> 0at (0,0)

Furthermore, fxx(0,0) =2 > 0= (0,0) is a local minimum.

Now let’s restrict f to 0D, the boundary of D.

d
|
a | |
-1 E 1
ﬂ:C
= &%1 il
b F
It may be described as
a z _17 1Sy§1
b: y=-—1, 1<z<1
c: xz=1, 1<y<1
d y=1 —-1<z<1
fla= (D)2 +y* + (=1)%y +4
=y’ +y+4=(y+05)>+475 —1<y<1

On side a, f|, € [4.75,7]
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flo=2>+ (=1 +2%(~1) +4

=2’ -1’ +5=

On side b,f|, =5

fle=1 49>+ (1)%y +4

3 1\?
:5+y+y2:41+<y+§>

Onside ¢, flo € |2, 2+ (3)°] = [1.7]

fli=2?+12+2°(1) +4=22"+5

On side d, f|4 € [5,7].
Hence the absolute minimum of f on D is 7 and the absolute mini-
mum of f on D is 4.

12.15.7.41: Find three positive numbers whose sum is 100 and whose
product is a maximum

The problem may be cast as:

Maximize xyz
r+y—+2z=100

given constraints

x,y,z >0
Apply the Lagrange Multiplier Method.
Let f(x,y,2) = vyz
hz,y,2) =2 +y+2z=100
Thus we need to solve
Vf+AVh=0
h =20
x,y,z >0
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(yz,zz,zy) — A(1,1,1) =0
Or r+y+z=100
z,y,z >0

xY=9yYz=2z2r= A
= r+y+z2=100
x,y,z >0

= ayz =z =Ar = \y
3zyz = Az + Ay + Az = ANz +y+ 2) = 100A
= 100°)\* = 92%¢?2% = 9(wy)(y2)(zz) = 9\
= A(9\ — 100*) =0

100\ 2
=2 =0 (=) .
(%)

But A = 0 is not admissible, since z,y, 2z > 0.

1 2
s ()
3
100

(—)3 ( which occurs when v =y = 2 =

100
A 3

)

and xyz =

).



