
Real Analysis Lecture 2C

LIMIT AND CONTINUITY OF FUNCTIONS - PART 1

Learning Objectives:

� Understand the concept of limit for single variable functions
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Real Analysis Lecture 2C

1. Limits of One-Variable Functions - Part 1

The following de�nes the limit of a function. Intuitively, the value
of the function gets closer and closer to its limit as x approaches the
point under consideration.

Figure 1. Limit of a function
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De�nition 1. Suppose D � R and f : D ! R is a function on D.

We say that f tends to L as x tends to a if the following criterion is

satis�ed: for each � > 0, there exists a � > 0 such that

jf(x)� Lj < �

whenever

0 < jx� aj < �:

In short, we write: f(x)! L as x! a.

We may also write:

lim
x!a

f(x) = L:

Figure 2. Game interpretation of the de�nition of limit
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Example 1. Let f(x) = 2x + 5, a = 1, � = 0:01. Given that L = 7.
Find an appropriate � to satisfy the requirement that the limit of f at

1 is 7.

We require:

j2x� 2j = j2x+ 5� 7j = jf(x)� Lj < 0:01 = �:

This is equivalent to:

jx� 1j < 0:01=2 = 0:005:

Hence, we may choose � = 0:005.

Example 2. Let f(x) =
p
2x+ 1, a = 4, � = 0:1. Given that L = 3.

Find an appropriate � to satisfy the requirement that the limit of f at

4 is 3.

We require:

jp2x+ 1� 3j = jf(x)� Lj < 0:1 = �:

Multiplying both sides by
p
2x+ 1 + 3, the above is equivalent to:

j2x+ 1� 9j = jp2x+ 1� 3jjp2x+ 1 + 3j < 0:1jp2x+ 1 + 3j:
This is equivalent to:

j2x� 8j < 0:1jp2x+ 1 + 3j;
or

jx� 4j < 0:05jp2x+ 1 + 3j:
In other words, this last inequality must be satis�ed in order the re-

quirement is met.

Now, if we impose:

jx� 4j < 0:15 = 0:05� 3;

the last inequality would be satis�ed:

jx� 4j < 0:05� 3 < 0:05jp2x+ 1 + 3j:
Hence, an appropriate choice is � = 0:15.
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Example 3. Let f : R! R be de�ned by

f(x) =

(
0 if x 6= 0

1 if x = 0:

Find the limit of f as x approaches 0.

Here is another way to de�ne the limit of a function, using the notion
of sequences:

Proposition 1. If for every sequence a1; a2; a3; : : : with an 6= a for

all indices n and which converges to a, we know that the sequence

f(a1); f(a2); f(a3); : : : converges to the same limit L, then

lim
x!a

f(x) = L:

The converse is also true.

Proof. Suppose limx!a f(x) = L:

Let a1; a2; a3; : : : be a sequence such that an 6= a for all indices n and
which converges to a.

Let � > 0. Then there exists � > 0 such that whenever x 2 (a �
�; a+ �)nfag, we have

jf(x)� Lj < �:

For that �, there exists an index N such that whenever n � N , we
have

jan � aj < �:

This implies that

jf(an)� Lj < �

whenever n � N .

Now assume that it is false that the limit of f at a is L, i.e. limx!a f(x) 6=
L:

5



Real Analysis Lecture 2C

This implies that there exists some � > 0, such that for all � > 0,
there exists some � 2 (a� �; a+ �)nfag for which

jf(�)� Lj � �:

For each � = 1; 1=2; 1=3; : : :, pick the corresponding �1; �2; �3; : : :.

Then the sequence �1; �2; �3; : : : converges to a while

jf(�n)� Lj � �:

�

Very often, we may �nd the limit without having to go through the
de�nition.

Example 4. Find limx!3
x
2�9
x+3

.

Example 5. Find limx!0 x sin(
1

x
).

Example 6. Find limx!1
x�1
3
p
x�1 .
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