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Abstract

Traditional tests of financial risk for optimal portfolio choice based on Sharpe ratios
are inherently ensconsed in the normality assumption of the return distribution be-
sides independence. Such tests are not strictly valid for financial data that are known
to be leptokurtic, and often show persistence in levels or volatility. We propose a
smooth total moment risk measure with directional components that address the
drawbacks of such procedures for practical implementation and inference. Our illus-
tration of the proposed test on hedge fund indices with other existing measures show

promising future for the new risk measure that has known tabulated distributions.

Keywords: Sharpe Ratio, smooth test, score test, higher-order moments, de-

pendence test, hedge-funds



1 Introduction

Financial risk assessment exercises and inference based on parametric measures like
the Sharpe Ratio and Mean-Variance analysis ignore higher order moments of the
return distribution, and possibly a non-linear structure (Agarwal and Naik, 2004, see
Fama, 1970 or Campbell, Lo and MacKinlay, 1997, for review). Traditional tests for
optimal portfolio choice like those on Sharpe ratios are inherently dependent on the
normality assumption of the return distribution besides independence of the sample
drawn (Sharpe, 1966, 1994, Jobson and Korkie, 1980, Memmel, 2003). Hence, such
tests are not strictly valid for financial data that are known to be leptokurtic (heav-
ier tails than the normal distribution), and for time series of data that often show
persistence in volatility (e.g. stocks and mutual funds) or in levels (e.g. hedge funds,
see Getmansky, 2004, Getmansky, Lo and Makarov, 2003). It has been suggested
that bootstrap or resampling based tests on robust measures of (Studentized) Sharpe
ratio can address the problem of leptokurtosis and dependent structure using Het-
eroscedasticity and Autocorrelation Consistent (or HAC) type estimators (Andrews,
1991, Ledoit and Wolf, 2008).

We can identify at least four drawbacks of such procedure for practical implemen-
tation besides the computational complexity. First, “...for certain applications the
Sharpe ratio is not the most appropriate performance measure; e.g. when returns are
far from normally distributed or autocorrelated...” (Ledoit and Wolf, 2008, p. 851,
see Getmansky, 2004). Second, it is well established that bootstrap-based methods
might not capture the true dependent structure of the return distribution that can
be obtained by a reasonably “close” parametric specification or for certain limited
dependent variable (truncated or censored) distributions (see Hall, P., Horowitz, J.,
L. and Jing, B., Y., 1995). Third, tests based purely on the function of the first
two moments like the Sharpe Ratio fail to account for restrictions or differences in
higher order moments (like model selection including the assumption of normality)
jointly. Tests based purely on comparing two Sharpe ratios of competing asset classes
might ignore variations in higher order moments that among other things constitute
the estimation error of the Sharpe ratios. Finally, as a tool for financial risk assess-
ment Sharpe ratios are estimated based on past data to forecast future risk adjusted
returns.

A graphical test of Density Forecast Evaluation using probability integral trans-
forms discussed by in Diebold, Gunther and Tay (1998) was formalized analytically

in Ghosh and Bera (2006) as a variant of Neyman’s smooth test for parametric mod-



els. They explicitly looked at the dependent structure of the model besides the fat
tails to explore model selection issues along with testing. It has been empirically
observed that although financial returns data of stocks and mutual funds do rarely
show persistence or autocorrelation in levels, but they do often show persistence in
higher order moments like volatility. On the other hand, hedge funds and private
equity funds tend to show some persistence in levels as well (Lo, 2001, Brooks and
Kat 2002; Agarwal, V., and N.Y. Naik, 2004, Malkiel and Saha 2005; Getmansky,
2004, Getmansky, Lo, and Makarov, 2003, Kalpan and Schoar 2005; Ghosh, 2008).

If we have the return data given by R;, Rs, ..., Ry then the population Sharpe
ratio is

SR = (n — Ry) Jon (1)

where g, 0% and Ry are the population mean, population variance of the Return
distribution and the existing risk free rate, respectively. The corresponding sample

counterpart or the estimated Sharpe ratio is
SR = (jin — Ry) /on (2)

where fig = 7 S Ryand 6% = ol ST (R, — jig)” are the unbiased sample mean
and variance estimates. We observe that if we assume the data to be independent
and identically normally distributed then we can test the hypothesis Hy : ur = Ry
against H; : g # Ry, the test statistic is

pstat = Lr=Bs) _ plin = By) ey
or/ \/T OR

where 6% = 7 ST (R, — jig)” is an unbiased estimator of the population vari-
ance. Incidentally, the distribution of SR = (jiz — Ry) J6r = % is nothing
new, in fact, it was first proposed by Student (1908) himself, and only later Fisher
(1925) formulated the test statistic tstat and defined the Student’s t distribution
with (7" — 1) degrees of freedom. However, this test is crucially dependent on the
parametric assumption that the underlying distribution is normal, and that the data
in independently and identically distributed.

There are several objectives of the current paper. First we explore the incredible
and most definitely incomplete list of competing risk adjusted performance (RAP)
measures. We identify their similarities and differences, and if possible, statistical
properties.

Second, as part of this project we would explore the probability distribution of



a proposed measure of risk adjusted returns when estimated from a return distribu-
tion based on the smooth test methodology. Being a score test such tests could be
modified to be invariant to non-linear transformations of moments like the Sharpe
ratio.

Our third objective in this project is to relax the normality assumption and
propose a test based on the Sharpe ratio that is robust to violations of the iid
assumptions under general weak dependence through mixing conditions, and testing
them jointly (see White, 1984). Our proposed score test that would address the
leptokurtic and time series dependent structure not explicitly addressed in previous
literature (see Leung and Wong, 2007, Ledoit and Wolf, 2008).

Finally, we look at the hedge fund indices proposed in Diez de Los Rios and
Garcia (2008) and test for equity market neutrality and sensitivity to the market
and global hedge fund indeices Patton (2009). We also compare the nature of other
hedge fund strategies based on the proposed smooth moment risk measures (SMR)
incorporating dependence.

The rest of the paper is arranged as follows. In Section 2 we review a list of RAP
measures and compare and contrast them. We setup a time series framework in
Section 3, and apply theorems proposed by Rosenblatt (1952) and Ghosh and Bera
(2005), to propose a series of tests that are themselves test statistics with tabulated
distributions. We explore an empircal example of hedge fund indices with standard
risk measures and evaluate the effectiveness of the Sharpe ratio in Section 4. We
conclude in Section 5 and provide a proof of a theorem proposed in Ghosh and
Bera 2005, and give cases as examples of dependence functions as illustrations in
Appendices 5.0.1, 5.0.2 and 5.0.3.

2 Review of Risk Adjusted Performance Measures

Alternative investments like hedge funds suffer from severe information assymetry
as they are usually not under the purview of regulatory bodies like the Associa-
tion of Investment Management and Research (AIMR) and compliance with AIMR-
Portfolio Presentation Standards (AIMR-PMS) and more recently instituted Global
Investment Performance Standards (GIPS) that since early 1990’s are aimed to pro-
tect individual investors against predataory practices. Since Alfred Winslow Jones

formed the first hedge fund in 1949, he managed to operate in almost complete



secrecy for 17 years. Nearly 50 years later LTCM (Long Term Capital Manage-
ment) whose specatcular collapse and bailout brought the attention back to Hedge
Fund operational secrecy and risk measures (Lhabitant 2006). However, we are just
more brutally reminded the need for performance standards after Bernie Madoft’s
hedge fund, Ascot Partners turned out to be a 50 billion dollar Ponnzi scheme in 2008
(http://www.forbes.com/2008/12/12/madoff-ponzi-hedge-pf-ii-in_rl 1212croesus_inl.html).

Risk as a concept is often individual or target specific, application or theory
specific, uncertainty or risk aversion specific, and measures of risk also reflects such
dichotomies. This however leads to conflicts in ranking of portfolios by measures
of riskiness, as the measures are often non-affine or non-linear transformation, or
sometimes not even functions of each other. We provide here a brief description of
the standard measures of risk and risk adjusted returns following Lhabitant (2006)
and others.

In general, return of an individual asset in period ¢ is composed of two parts gains

and losses (Bernardo and Ledoit, 2000). So, in symbols we can write,
Rt - GtI {Rt Z 0} - LtI {Rt < O}, (3)

where G; and L; are absolute values of gains and losses made by the fund in period
t, respectively, and I {A} is an indicator function that takes a value 1 when A has
occurred. It is also worth noting that we cannot observe G; in a period of loss and L,
in a period of gain. The average return R is the difference of the average of gains G,
which is left-censored below at zero and average of losses L; that is right-censored at
zero. One measure to address this is to look the average gains G in periods of gains
and average losses L in the periods of losses. The gain-to-loss ratio is average gains
over average losses, G/L, is commonly used by fund managers. While it reflects the
average amount of gains made in good times to the average losses in bad times, it
however hides the number of periods of losses or gains. This is a naive measure of
risk that does not reflect the overall riskiness of the portfolio. A very high (or low)
value of gains-to-loss ratio does however reflect whether you expect some very high
gains (or losses) in very few periods and might affect the volatility discussed later.

One common form of measure of risk is the volatility measure Mean Absolute
Deviation (MAD) defined as

T
MADzE]Rt—R]:%Z\Rt—R

t=1

: (4)




that measures the average L, distance from the mean return. From an optimization
perspective, its better to use the deviation from median return than the mean as a
measure of central tendency as MAD is minimized at the median. This particularly
useful when there the data is skewed (like in many hedge funds) where mean and
median are different. It is also effective when there extreme observations or returns,
the median is not affected by movements in extreme tails unlike the mean.

A more common measure of volatility is the sample variance defined by

6% = E (R~ R)® = ——

T (R, — R)?, (5)

T
=1

t

or it’s positive square root 6x termed as standard deviation (of the same unit as
return) both of which are taken to be measures of absolute risk or volatility as it
uses all the observations to arrive at the statistics. Variance offers lots of advantages
as a measure of volatility (or volatility square) including in optimization, and in
particular, under the assumption of normality together with the mean its forms a
sufficient statistic (contains all possible available information) to characterize the
entire distribution of returns.

This also brings us back to the assumption of normality, a symmeteric bell shaped
distribution, that often is shown not to charecaterize the return distribution of fi-
nancial assets in particular alternative assets like hedge funds. We can perform the
celebrated Jarque-Bera (1983) test to verify normality before we embark on mak-
ing inference based on the mean and volatility alone. Higher order moments like
skewness and kurtosis seem to play a much more important role in determination of
riskiness of a portfolio that just mean and variance as Markowitz have promulgated
in his celebrated work (Markowitz, 1952).

The symmetric treatment of positive and negative deviations from a benchmark
be it zero (see G; and L; in gain-to-loss ratio) or the mean (or median) return in
standard deviation (or mean absolute deviation) makes more sense in symmetric
distributions where both positive and negative are treated equally. The case for
an asymmetric treatment of positive and negative returns have solid foundations
from the standpoints of economic and statistical theory, empirical evidence besides
behavioral finance.

First, in particular, hedge funds use dynamic trading strategies that are often
assymetric like stop losses, actively managed leverage and options trading (Lhabi-
tant 2006). Second, individual risk averse investors and institutions aspires to adopt

investment strategies that essentially limit their downside risk be it from a bench-



mark or an average return. Volatility measures that we have discussed so far fails
to take this into account. Finally, statistically return distribution show evidence of
dispersion in higher order moments like skewness and kurtosis from the Gaussian dis-
tribution, which is completely identified by the first two moments. Hence, statistical
inference based on normality will fail to differentiate the risk profile of individuals
or institutions who have divergent higher order moments or will have very low or
no power against such divergence. All these reasons lead risk managers delve into
measures of downside risk discussed below.

Generalizing a concept of variance (or standard deviation) let’s define a concept
of semi-variance (or semi-deviation). Suppose we have a prespecified benchmark or

target rate R*,

T
1
. . _ 2
Downside risk = T tE_l d?1 {d; < 0}, (6)

where d, = Ry — R* and [{d; < 0} = 1 if d; < 0;= 0 otherwise. When we replace
R* by the mean return we get the semi-deviation or below-mean standard deviation
(Markowitz, 1959). As mentioned before, setting R* = 0, makes d; = L, discussed in
the context of equation (3). On the other hand if R* is replaced by a moving target
like the treasury bill rate (risk free rate) or the returns to a benchmark like S&P 500,
we get a below-target semi-deviation often of interest to institutional investors.

Other measures inspired by downside risk concerns include:

1. The downside frequency or the frequency of occurence below a target R* (i.e.,

Zthl I{dt < 0});

2. The gain standard deviation or standard deviation conditional of a gain period
\/ﬁ STe (Gy — @)2, where Ty = Y°1_, I {R, > 0} , suppose we arrange the

gains to be the first Ty period and remaining 77, = T — T periods of losses;

3. The loss standard deviation or standard deviation conditional of a loss period
1 T 7\2
\/TL—I Zt:TG—H (Lt - L) .

4. An estimated shortfall risk measure, the shortfall probability is defined with
the target R* as

_ downside frequncy

T

— _ ]_

Risk:P(Rt<R*):TZI{dt<O}— (7)
t=1

T



5. Value-at-Risk is defined at the maximum amount of capital that one can lose
over a period of time say one month at a certain confidence level, say 100(p)%.
In other words, its the 100 (1 — p) % percentile of the distribution of profit and

loss percentage distribution. In notations, it can be estimated by

o . T

VaRp:]WRm{R:P(Rt <R) Zp} :]\%n{R:Z[{(Rt—R) < 0} sz}.
t=1

The calculations simplifies substantially if the original return distribution is
normal, then using normal probabilities it is easy to find the 100 (1 — p)th

quantile, it is simply VaR, = g + £&1-,0r, where P (Z < &_p) =1 —p.

6. Any period to period drop can be taken as a drawdown statistic during a holding
period, however, a maximal loss in percentage terms over a period (highest
minus the lowest) is called the mazimum drawdown. Maximum drawdown is
really the range of percentage returns over a period of time. In notations, we

can derive as

Mazx.drawdown = max{max (G;) + max (L;), (8)
max(Gy) — min(Gy), max(L;) — min (L) }.

It is clear that the gain standard debiation looks at the conditional volatility of
upside or gain period, while loss standard deviation measures conditional volaitility
of downside. Despite the obvious advantages of adoption downside risk measures
have a slow "penetration rate" among practitioners mainly due to assumptions of
normality (then downside risk is just a constant times the volatility) and the variety
of different options to choose from. Many of the other risk measures used are directly
or indirectly related to the ones discussed. Even though it is a simple measure of
probability of achieving a target, shortfall probability misses the expected value of
the underperformance (i.e. expected shortfall) or its variation.

Value-at-Risk is one of the most commonly used (and possibly, abused) measure
of risk management in the financial and banking industry, its quick interpretation
does betray a sense of oversimplification, and possible pitfalls under conditions of
extremes or rare events, and often non-normality. Besides, Value-at-Risk is not a
"coherent measure of risk," as it is not sub-additive like any other quantiles (Artzner
et al, 1999). That is to say, the value-at-risk associated with a combined portfolio of

two assets might have a higher risk than individual ones. So an investor can reduce



value-at-risk of a portfolio by simply holding several smaller portfolios.

Another example of a downside measure statistic is one of "disappointment aver-
sion" from not selling high or known as drawdown statistics defined as the drop from
the historical maximal points. The duration of drawdown or recovery time is the
time taken to recover from a drawdown to come back to original level. Though it is
not usually required some hedge fund managers voluntarily disclose their maximum
drawdowns, it is a tangible and intuitive measure of regret felt by investors. There
are two major concerns. First, because of smoothing longer the duration or mea-
surement period there will be less severe "spikes" hence lower maximum drawdown.
Second, if there is a longer series there will be more observations hence range i.e. the
maximum drawdown will be larger. Hence care should be exercized before comparing
such measures.

There are various statistics that are related to benchmarks chosen by investors
listed below. They are related to performance capture (capture indicator is the aver-
age ratio of funds returns and benchmark’s returns; up capture indicator is the ratio
of funds average return and benchmark’s returns in up periods; down capture indi-
cator is the ratio of funds average return and benchmark’s returns in down periods),
conditional probabilities (up number ratio is the conditional probability that fund
was up when benchmark was up; down number ratio is the conditional probability
that fund was down when benchmark was down; up percentage ratio is the condi-
tional probability that fund outperformed when benchmark was up; down percentage
ratio is the conditional probability that fund outperformed when benchmark was
down; ratio of negative months over total months gives the unconditional probabil-
ity of getting a negative month) and odds ratio (percent gain ratio is the ratio of
periods fund was up over benchmark was up).

Finally, a measure of systematic (according to CAPM) risk is the market beta
which reflects the sensitivity of the fund with respect to the market index. This
provides a measure of systematic risk.

Tracking FError is a commonly used measure of fidelity to a benchmark defined

by
1T

T
* 1 *
TED’Lff:T;(Rt_Rt) or TEMADZH;|R15_R1§|7 (9)
where there is a time varying benchmark R;, could be just a simple mean difference
or a standard or mean absolute deviation form (Rudolf et al 1999).

Two funds with same mean return and different risk characterestics are easy to

compare, less risk is better. Similarly, for two funds with the same risk but different



mean return, more return is better. However, the problem comes in when an investor
has to decide between two funds, one with a lower value of both risk and return
than the other. Risk adjusted performance measures (RAPM) helps an investor
to incorporate the risk return tradeoff in the decision making process. However,
alternate investment vehicles like hedge funds does share some common features and
some peculiarities that help us choose some RAPMs more often than others (Sharma,
2004). While on one hand there is no "one measure fits all" RAPM for investment
and risk profiles, there is usually a measure that addresses specific risk apetite and
direction. The indispensability of the "entire" risk distribution is gradually sinking
in.

Sharpe (1966) introduced the ratio, "excess return per unit of volatility" that has
stood the test of time, defined by

pp — Ry
op ’

SRp =

and is still one of the most commonly used RAPM. The attractiveness of the Sharpe
ratio stems from the "leverage" invariant measure, all funds with different portfolio
weights would have the same Sharpe ratio but that possibly could be taken as a
criticism as well. However, the Sharpe Ratio depends on the total risk and is not
related to the market index (and hence the systematic risk related to the market)
which might not be be well defined (Roll, 1977). Graphically, in the mean-volatility
space, Sharpe ratio is the slope of the line joining teh risk free rate and the point
representing the fund. However, there is a possibility there might not be any risk
free rate, hence Sharpe (1994) generalized the definition to a benchmark portfolio

return Rp, and defined the generalized version

pp—Rp  pp— Rp
TEP O'(RP—RB)7

Information Ratiop =

where TEp = \/ ﬁ Ethl (Rp — RBt)2 is the tracking error that gives the original
Sharpe ratio when Rp; = R;. It can be interpreted as a portfolio that takes a long
position on the fund and a short position on the benchmark portfolio. Statistically, as
seen before in (2), Sharpe Ratio can be interpreted as tstat/ VT for testing equality
of the average return with the risk free rate, Hy : up = Ry vs. Hy : pup # Ry.
Sharpe ratio has been used to test between two portfolio using the method sug-
gested by Jobson and Korkie (1981) who tested Hy : SRy = SRy vs Hy : SRy # SRy



and used
O1d2 — O2M1 d

Z:—\@ — N (0,1),

where the asympotic variance of the numerator is

! 1
0 = — |20707 — 20102012 + = (11102)° + = (1201)” — adla

2
T 2 2 0109 712

This however gives an asymptotic distribution that has low power for small samples,
as Jorion (1985) noted at 5% level the power could be as low as 15%. One of the
main problems in the test proposed by Jobson and Korkie (1981) is the assumption
of normality that is often not entirely justified in financial asset returns in particular
hedge funds.

Gibbons et. al. (1989) suggested a test for ex-ante portfolio efficiency using
maximum Sharpe ratio as an estimator of risk adjusted returns. It has been used

in the literature to test for the effect of additional assets to the universe. The test

J1+ SRS
J1+ SR?

where SR, is the ex-post price of risk or maximum Sharpe ratio and SR; is the

statistic is given
2

—1=¢? -1,

Sharpe ratio of the portfolio. This would have a Wishart distribution (genealization
of x? under the null) and has been widely used in the literature. A more tractable

statistic is given by

under the null hypothesis where 7' is the number of returns observed and N is the
number of assets originally present (Morrison, 1976).

Lo (2002) finds that tests based on the Sharpe ratio crucially depend on the
normality, and assumptions of independence and identically distributed.

The other measures of risk adjusted returns are based on the CAPM model
E(Rp) = Ry + B[E (Ry) — Rf] = E(Rp) — Ry = Bp[E (Ry) — Ryl

gives the securities market line (SML) where Rp and R, are respectively the per-
centage returns on the portfolio P and on the market portfolio M, R denotes the
riskfree rate, Sp is the beta of the portfolio P with respect to market portfolio M,

and F (.) denotes the expectation operator. The time-series market model that as-
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signs ex-post excess return for individual asset ¢ in time ¢ is given in terms of risk
premium as
Ry = o; + Ry + Bi (Rve — Ry) + €t

where R;;, Ry and g5 are the returns of individual asset and the market model in
period t. For indivudual 7, and «;, (; are individual firm specific effects and risk free
rate Ry.

According to the Sharpe-Lintner one factor CAPM model, while the standard
deviation or volatility op gives a measure of the total or absolute risk, the systematic
risk is given by the regression slope coeffcient in the market model or Sp. Hence, while
the Sharpe ratio discussed before gives a measure of the return with respect to unit
volatility, a measure of the return for unit systematic risk (5p # 0) is (Treynor, 1965;
Treynor and Black, 1973)

Treynor ratio P:% = —(RP — ) .
Bp Bp

Treynor ratio is directly related to the CAPM slope Sp and is appropriate for a
well diversified portfolio, hence will be affected by the critique that the market index
might not be well defined (Roll, 1977). Srivastava and Essayyad (1994) proposed an
extension of the Treynor ratio that combines beta’s of different portfolio and as a
combination of the CAPM model and the mean-lower partial moment CAPM as a
combined index might be more efficient.

Another problem of the Sharpe ratio is that the volatility measure used is random,
hence there is estimation error involved in it (Lo, 2002). The Double Sharpe Ratio
was proposed to accomodate for the estimation error, and was defined as

SRp
DSRp = m,
where o (SRp) is the estimated standard error of the Sharpe Ratio using bootstrap
methods.

There are some alternate measures of volatility and downside risk that has been
used to replace the denominator like VaR of a particular confidence level expressed
as a percentage. Generalized Sharpe Ratio based on incremental VaR (Dowd, 2000)
and similar method with the benchmark VaR (or BVaR) (Dembo 1997) has been
proposed. It was notice that both Sharpe and Information Ratio may lead to spurious

ranking of mutual funds when excess returns are negative. Israelson (2005) proposed
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the modified Sharpe ratio

wp — Rf
(#P*Rf)/|#P*Rf’
9p

SRt =

that coincides with the Sharpe ratio when the excess return is positive. Similarly the
information ratio can also be modified.
Jensen’s alpha for a portfolio P is defined as the abnormal return of the portfolio

over and above the expected return under the CAPM model
Jensen’s ap = Rp — E (Rp) = (Rp — Ry) — Bp (Rym — Ry),

gives the difference between the observed and predicted risk premia (Jensen, 1968).
We can perform statistical tests on Jensen’s o using the standard t-tests assuming
normality of the errors in the market model. Unlike the Sharpe and the Treynor
ratio’s Jensen’s a can be expressed as an excess return and expressed in basis points,
it also suffers from Roll’s (1977) criticism as it depends on the market index. It
has also been brought to the attention that form money managers who practised
market timing, Jensen’s o might not be a good measure as it can turn negative
and fails to address the manager’s performance. It has been modified to accomo-
date for varying beta as well as for higher moments of returns minus risk-free rate
(Treynor and Mazuy, 1966, Merton, 1981; Henriksson and Merton, 1981; Henriksson,
1984). This model was particularly useful to check market timing ability incorpo-
rating non-linearities in the CAPM framework (Jensen, 1972, Bhattacharya and
Pfleiderer, 1983).

There were other extensions of Jensen’s « like Black’s zero-beta model where
there is no risk-free rate (Black, 1972), adjusting for the impact of taxes liabilities
(Brennan, 1970), considering total risk op as opposed to just market risk 5y, (El-
ton and Gruber, 1995). However, the total risk measure called Total Risk Alpha
along with Jensen’s alpha can be manupulated using leverage, as opposed to Sharpe
and Treynor ratios Jensen’s « is not leverage invariant (Scholtz and Wilkens, 2005,
Gressis, Philippatos and Vlahos, 1986).

One of the issues of all these three Sharpe Ratio, Jensen’s alpha and Treynor Ratio
is whether they will generate the same ranking of riskiness across funds or portfolios.
For portfolios which are dominated by systematic risk compared to diversifiable non-
systematic tisk it is expected that the ranks of funds in terms of riskiness will give you

similar rankings. However, in funds like hedge funds they are expected to generate
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very different rankings when the measure of risk is changed and the rankings will be
similar only under very restrictive conditions (Lhabitatnt 2006, p. 467).

CAPM is a single factor model where the only systematic risk is assumed to
come from the market, this has been generalized to multi-factor models like the
APT model. There are some generalizations to the standard measures like extension
of the Treynor ratio to a case of multifactor model by using orthonormal basis in
the directions of risk (Hubner 2005). However, as discussed before, hedge funds are
uniquely placed which focusses more on non-systematic or total risk, hence, Sharpe
Ratios and generalizations discussed are more commonly used.

The main drawback of the Sharpe ratio for an average investor was that although
it gives the excess return from risk free rate, it gives per unit of volatility op that is
not well understood. M? measure was proposed to put all returns in excess of the risk
free rate in terms of the same volatility, say the market or benchmark volatility o,
(Modigliani and Modigliani, 1997; Modigliani, 1997). They suggested de-leveraging
(or leveraging) using the risk free rate forming a portfolio P* of the portfolio and

treasury bills (with R; and no volatility) to equate the Sharpe ratios, i.e.,

fir =y _ B =0y vz g = PRy — Ry) - Ry,
op oM op

hence for this risk-adjusted performance (RAP) measure similar to Sharpe ratio the
fund with the highest M? will have the highest resturn for any level of risk. The
resulting ranking would be similar as Sharpe ratio of a portfolio on which M? is based
is not affected by leverage with the risk free asset. Here the term o), /op is called
the leverage factor. This measure is based on the total risk hence suitable for any
investors including those holding undiversified portfolio. Scholtz and Wilkens (2005)
suggests a measure that is a market risk adjusted performance measure (MRAP) that
accounts for the market risk rather than total risk, similar to the Treynor Ratio.

Muralidharan (2000) suggested the M?3 measure that corrects for the unaccounted
for correlation in M?2. Lobosco (1999) developed the Style RAP (SRAP) and Mu-
ralidhar (2001) also developed the SHARAD measure is an extension of the M3
measure that is adjusted for style specific investment benchmark (Sharpe, 1992).
There were two further measures that were proposed GH1 and GH2 that also uses
the leveraging-deleveraging approach of M? (Graham and Harvey, 1997). First mea-
sure (GH1) matches the volatility of the fund using the market and the T-bills, then
take the difference between the fund’s return and the return on the matched market

portfolio to evaluate whether the fund underperforms (or outperforms) the market if
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it’s negative (or positive). The second measure, GH2, takes an alternate route and
uses the fund and uses leverage or deleverage of the risk-free rate to replicate the
volatility of the market. Hence GH2 is given by the difference of return on the the
portfolio that matches the market’s volatility and the retrun on the market, hence
positive means outperformance. In essense, the Graham-Harvey measures GH1 and
GH2 (that refuses to take volatility of risk free asset to be zero) are similar to Jensen’s
alpha and M? respectively. Similar in essense to the GH measures Cantaluppi and
Hug (2000) proposed a measure of risk that is called the efficiency ratio that gives the
best possible performance by a certain portfolio with respect to the efficient frontier.

There are several measures that are based on downside risk listed below.

1. Define M AR as the minimum acceptable return and DDp is the downward
deviation below M AR, (Sortino and van der Meer, 1991)

. . Rp—MAR E(Rp) — MAR
Sortino Ratiop = DDy = ZT - AR =
T t=0 ( Pt — )
Rpi<MAR

which can be compared if the value of M AR is the same for the funds. Sortino
and Price (1994) proposed the Fouse Index =up — Bd? based on Expected
Utility Theory where B is the degree of Risk Aversion and ¢ is downside risk
with M AR.

2. Another variant of the Sortino ratio is to replace the denominator by the "up-
side potential ratio" that is the ratio of the upside potential and the downside

risk (Sortino, van der Meer, Plantinga, 1999).

3. Sharpe ratio has strong foundation in the underlying theory of normality in
mean-variance analysis, in particular, on the assumption of independent and
identically distributed returns (Lo, 2002). Ziemba (2005) calculates the Sharpe
Ratio with downside variance defined before as loss deviation o, (divided by
T-1),

i

V20,

which is similar and converges to Sortino ratio under normality or symmetry.

SRy

4. When portfolios are non-normal standard mean-variance analysis do it suffice
to capture the risk distribution of the portfolio, and higher order moments like

skewness and kurtosis need to be considered. If a three moment CAPM is

14



assumed with a quadratic return process Hwang and Satchell (1998) proposed

a new performance measure is proposed based on higher order moments.

5. Omega measure is closely associated with downside risk, lower partial moments,
gain-loss functions, breakdown of normality assumptions and need for higher
order moments (Keating and Shadwick, 2002). It is simple to define as for

certain M AR

b 1—F(z))dx
QAR = Dot

defined on (a, b) of possible returns and cumulative distribution function F'(.).
The ranking based on the omega measure is expected to be different from
Sharpe ratio, alphas and VaR. The Kappa measure generalizes Sortino ratio

and Omega measures (Kaplan and Knowles, 2004).

6. Sterling ratio also considers drawdowns to measure risk defined as

Sterling, = fr =Ry (or = fir = By

P o p— alternatz’ve) ,

drawdown
where drawdown is the average of the "high" drawdowns during the period.

7. Burke ratio looks at the average Lo-distance defined as the square root sum
of squares of the drawdowns instead of the average or the maximum (Burke ,
1994)

Rp — Rp

\/Zf\il (drawdown;)?

Burkep =

3 Testing moments of time series and Sharpe Ra-
tio

We can look at the two sample version of comparison of Sharpe Ratio to discuss

the benefits of the proposed methodology. Following Ledoit and Wolf (2008), consider

the following problem with the returns from two investment strategies say, R;; and

Ry, t = 1,2,...,T. First we consider a strictly stationary distribution, hence, the

covariance (and higher order moments) structure remain a bivariate distribution that

is Ergodic with
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To test Hy : SRy — SRy, = g—i— B2 = 0 against H, : SRy — SRy = ﬁ_;_
£2 # 0, we can use function of the parameter vector of the form g (p1, po, 0?,0%)
= f (p, pa, 12, po2) = f (0), where p;; is the j™ raw moment of the i asset return
distribution. For ease of exposition we will simply write p;; = pi,¢ = 1,2. The

hypotheses becomes Ho : f (pi1, iz, pta2, fi22) = 0 vs. Ho : f (p1, 2, paa, f22) # 0

where f (11, pi2, fa2, plag) = —2=—=— —=2—. Under the assumptions of stationar-
Vie—p3  \/p2a—i3
ity with the appropriate mixing conditions, existence of at least the fourth moment

and normality, and a consistent estimator of the parameter vector we can use the
delta method to v/T' (f (é) — f (0)) — N (0,V'f (0) QV f (0))where /T (é - 9) —
N (0,9Q) where €2 is an unknown symmetric positive semi definite matrix.

Further, we can estimate () by a heteroscedasticity and autocorrelation consistent
(HAC) estimator with an appropriate kernel like Bartlett kernel (Andrews, 1991,
Andrews and Monahan, 1992, Newey and West, 1994). As with other tests using the
HAC estimator, for small or moderately big samples the inference the test have high
size distortion, hence the true null hypothesis would be rejected too often (Andrews,
1991, Andrews and Monahan, 1992).

We would propose a score based test that will give at several advantages over
Wald-type test that is commonly used. First, unlike the Wald test it will be invari-
ant to the specification of the different functional form (see functions g(.) and f(.)
above, or several other equivalent forms). Second, it will adjust for size distortion
by appropriately controlling the same sizes and parameter estimation error in seri-
ally dependent structure like GARCH type disturbance (see Ghosh and Bera, 2006).
Third, we will jointly test normality like the Jarque-Bera statistic which is also a
ratio of excess skewness and kurtosis terms. Finally, the test will be an Locally Most
Powerful Unbiased test and in general optimal test as it will be function of sample
score statistics (Bera and Bilias, 2001). We would compare the test with the ex-
isting tests of comparing multiple Sharpe ratios and other measures of risk like the
Omega ratio commonly used used for evaluating risk of hedge funds accounting for
dependence.

Sharpe ratio and other measures if risk adjusted performance crucially depend on
the assumptions made on the return process particularly the assumptions of normal-
ity and hence, linearity and symmetry, and independence (Lo, 2002, Getmansky, Lo
and Makarov, 2003). Further more, the existence variation of higher order moments,
nonlinearity and significant probability of extreme or "iceberg" risk further compli-
cates the simplifying assumptions for testing with Sharpe ratio alone (Bernardo and
Ledoit, 2000, Brooks and Kat, 2002, Agarwal and Naik, 2004, Sharma, 2004, Malkiel
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and Saha, 2005, Diez de los Rios and Garcia, 2009). The need for a more robust test
using measures like the Sharpe ratio has been highlighted in several papers (Ledoit
and Wolf, 2008, Zakamouline and Koekebakker, 2009). It has also been noted that
tests based on specific moments like the Sharpe ratio is prone to manipulation (Le-
land, 1999, Spurgin, 2001). Goetzmann, Ingersoll, Spiegel, Welch (2002) observes
that "...the best static manipulated strategy has a truncated right tail and a fat left
tail."

All these accumulated evidence and a plethora of new risk adjusted performance
measures addressing some shortcomings of previous ones (partially discussed in Sec-
tion 2) brings to our attention the need for a few important developments. First,
a statistical inference framework that identifies the distributional differences among
returns of funds, particularly in the directions of several moments. Second, a joint
test that identifies the nature of dependence structure of the return series that aids
the testing, and hence estimation of moment based measures with minimal computa-
tional complexity. Third, an inference framework that is robust to existence of higher
moments on the return distribution ("iceberg risk" as defined by Osband, 2002). Fi-
nally, a test that limits the vagaries of simulation based inference due to issues with
unspecified dependence structure and block length selection. In the literature we
are aware of, GMM based method has been used to address most of these concerns
except that it still suffers from the estimation of the variance covariance matrix (Lo,
2002, Getmansky, Lo and Makarov, 2003). Ledoit and Wolf’s (2008) first procedure
uses asymptotic inference with a HAC type robust covariance estimator (Andrews,
1991, Andrews and Manohan, 1992). Their second procedure address finite sample
issues using a simulation based "studentized time series bootstrap." We propose a
smooth test framework that addresses at least three of theses concerns and partially
address the fourth one. One main advantage of the procedure is the orthogonal-
ity of moment and dependence directions and the score test framework reduces the
estimation complexity of the covariance matrix under the null.

Let (X1, Xo, ..., X,,) has a joint probability density function (PDF) ¢ (x1, 2, ..., x,) .
Define X; = {X1}, Xy = {Xo|X1 =11}, X5 = {Xs|Xo =20, Xy =11}, .., X, =
{X,| X1 =201, Xn2=2,2 ...,X17 =2x1}. Then we have

g (xla L2 -eey xn) = fX1 (3:1) fX2|X1 (x2’x1) "'anIananﬂle ('rn"rnfla Tn—2, --'7‘1'1) :

The above result can immediately be seen using the Change of Variable theorem
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that gives

Y1 Y2 Yn
P(Y;<y,i=12,..n) :/ / / [ (z1) day f (za|21) dog... f (2|21, .\ Tpr) dy
o Jo 0

Y1 Y2 Yn
— / / / dtydts...dt, (10)
0 0 0

= Y1Y2...Yn-

Hence, Y1,Y5,...,Y, are IID U (0,1) random variables. Let’s recall the following
theorem from Rosenblatt(1952).

Theorem 1 Let (X1, Xs, ..., X,,) be a random vector with absolutely continuous den-

sity function f (x1,xs,...,x,) . Then, if F; (.) denotes the distribution function of the

it" wariable X;, the n random variables defined by

Yi=F (X1) Yo = Fy (X2|X1 = $1) )
---aYn = Fn (Xn|X1 = $17X2 = T2, ‘“7Xn—1 = xn—l)

are IID U (0,1).

Furthermore, using Theorem 1 if we define (Y7, Y5,...,Y,,) as conditional cumu-
lative distribution functions (CDF) of (X, Xs, ..., X,,) or the probability integral

transforms (PIT) evaluated at (1, s, ..., 2,),

Y1 = Fx, ($1) Yy = FX2|X1 (902|$1) R FXn|Xn_1Xn_2...X1 ($n|$n—17$n—2; ---7$1)

are then distributed as IID U (0,1). Suppose now, under null hypothesis Hy of the
true specification of the model CDF F' (.) or PDF f (.), (Y1, Y5, ..., Y,) = (U1, Us, ..., Uy,)
where Uy ~ U (0,1), t =1,2,...n, so the joint PDF is

h(y1,y2s - Yn|Ho) = h1 (Y1) ha (42|y1) P (Yn|¥n—1, Yn—2, -, Y1)
—11.1=1.

Under the alternative Hy, Y/s are neither uniformly distributed nor are they IID.

Let us suppose the conditional density function of Y; depends on p lag terms, that
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is to say,

h (yt|yt—1a Yt—25 -1y yl) =h (yt|3/t71, Yt—2, -y ytfp)

k q
=c (9, ¢) €xXp Z gjﬂ-] (yt) + Z ¢l5l (yt7 Ye—1, -4y yt—p) ’ (1]-)
j=1 =1

where we have assumed for now k > q.
For simplicity, we start with p = 1, this could be more general than it sounds in

one-step-ahead forecasts as we can test pairwise dependence including models like
AR(1), ARCH(1) etc.

Theorem 2 (Ghosh and Bera, 2005) If the conditional density function under
the alternative hypothesis is given by equation (11) and p = 1, the augmented smooth

test statistic is given by

UU+UBEBU—-V'EB'U

@2
k— / /
—U'BEV +V'EV

=UU+(V-BU)E(V-DBU)

has a central x? distribution with k + q degrees of freedom where U is a k—wvector
of components u; = \/LEZ?:I i (ye), j = 1,...,k, V is a qg—vector of components
v = \%Zﬁzl 0 (Y, ye-1), L = 1,...,q, B = E[rnd], D = E[§d] are components of
the information matriz defined in equation (44) in Ghosh and Bera (2005) and E =
(D—B'B)"".

Proof. See Appendix and Ghosh and Bera, 2005. =
As an illustration of Theorem 2, let us now consider a very simple example of the

smooth test for autocorrelation for

Yo — = p Y1 — 1) + 0184 (12)

where E (g;) =0,V (g;) =1, 0y = 0 and alzx/%.We define, if m; = F (y;—1),
o1 ( )= (y: — 0.5) ( ) ! (ye) ( ) (y2) ( )
Y1) = —0. i—mp) = —T 1—Mmp) =T 1—Mmq).
1 \Yt, Yt—1 Yt Yt—1 1 \/ﬁlyt Yi—1 1 171 \Yt) \Yt—1 (1)
13

Then, we can denote v; = \/Lﬁ Y101 (Y Y1) = \/Lﬁ Yoy (g —0.5) (y—1 — m).
Given information set € = {y;—1,y:—2, ...}, applying the Law of Iterative Expecta-
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tion,

/0 ar17j (y) (ye — 0.5) (ys—1 — ma)dy;

— (yt,1 — ml)/o Uy (yt) m (yt) dy; = { a1 (ytfl — TTL1) j=1 7

0 j#1
=L [E {/0179‘ () (ye — 0.5) (ye—1 — m1)dyt\QtH = { glE ey =] =0 i ; 1 .
(14)

Applying the Law of Iterative Expectation once again, defining 02 = E (y;_1 — ml)2 ,

4<@r4wﬂwl—mnf@t

1

G% (ytfl - ml)z/ W% (?Jt) dy;
0

= af (Y1 — m1)2

éEPﬂAV@—oawq—mm%me=ﬁEm4—m$=ﬁﬁ.ua

Hence, it follows that

/

Ehﬂz(OOO.UO):B
E[60] = d®E [y,1 —mi]* = D, (16)
which in turn gives the information matrix
1 0., O
IT=n| 041 Iyp—1 Ok (17)

/ 2 2
0 0,4 ajo

where I, is the identity matrix of order p and 0, is a p'" order vector of 0's. In order
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to evaluate the inverse of the information matrix in (17) we use the following results:

D~ B'B=di[E(y1) — (E(y-1))] = aio?,
U'BEB'U = ajuip?®/ (ajo®) =0,
V'EB'U = viuipi/ (afo®) =0,
V'EV = v}/ (ajo?). (18)

Hence, using (47) we have a correction term as an LM test for autocorrelation
(Breusch, 1978)

1
\I’zﬂ :Zuf + (a20?) [ ﬂ
j=1 !
k 2 k 2
2 (v1) s, 12 (v1)” 2
— ui + = u; + ~ X7, under Hy. (19)
jzl (G%O'Q) ]Zl 0_2 k+1

2
VES = 05) py —m)\
12 —— — 22 (20)
\/m 1 (Y —7)

It is evident that this will give us an asymptotic test for autocorrelation of the first

order in a global sense. To further illustrate this technique, let us consider a test for

ARCH (1) type alternative with mean equation (12),
of = ap + 107 467, (21)

For testing ARCH(1) dependence, define

1
b ) = s = ma) (08 = 3 ) = 02 = m) Coums () + came ) (22
where a1 = =, ay = gz, af = af +af = 4 and m; = E (y]_,) for notational

convenience.

The joint smooth test statistic incorporating an ARCH(1) type effect where v; =
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\/Lﬁ Z;; 0y (yhyt—l)a

k
N —1
W=+ (3B, —ma)’) )

~ Xit1 (0)- (23)

Similarly, we can obtain a joint test incorporating leverage effect (a negative

correlation between past returns and future volatilities) with an appropriate function
like

03 (ye, Ye—1) = (g1 — M1 ( ) Y1 — ma) (a7 () + azm2 (ye))

= VU3 = Z (Ye, Yo 1
=1

that yields the test statistic defining mqy; = E (y;—1 — m1)2 ,

k+1 = ZU a3m11 B [U3]2
~ Xk+1 (0). (24)

The joint test of both leverage effect and ARCH(1) type effects is more involved but

can be derived from the shortcut matrix formula for the correction term given

1

F=a

2
a3m22 —Aasmig ]
)

2
—a3m12 as3Mmi1

where m;; = E (yi_, —m;) (yi_; —m;) and A = a3 (m11maz — m3,) Jhence,

2
372 2 2
== |v3mag + v3My — 21}3v2m12] ~ X5 (25)

A L
Similarly, a joint test of AR(1) and ARCH(1) effects can be shown to be function
of the crossed and central moments of y; 1, besides the score functions ug-s and v]s
follows a x3.
Unfortunately, the choice of the dependency function &, (v, yi—1),l =1,2,....,q (a
moment condition to capture the dependent structure) involves a trade-off. On one

hand, the smaller the number ¢ there are fewer parameters to estimate, however,
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there will be a loss of power owing to the types of dependencies that are ignored;
on the other, if ¢ is large we will suffer from a curse of dimensionality as there will
be several parameters to be estimated based on the same data. In the following
examples we illustrate how to incorporate more general dependence structures like
ARMA(1,1), GARCH (1,1) and several ARCH parameters, and not to increase the
dimensionality of the problem substantially under certain regularity conditions.

Suppose we want to incorporate an ARMA (1,1) error term of the following form
[Bera and Ra (1994), Andrews and Ploberger (1996)]

Y — (0 + &) yio1 = &1 — Per, (26)

where &, is IID N (0,02), ¢ and (¢ +&) € (—1,1) and ¢t = 1,2, ...,n. Here, to test
for white noise we can test Hy : £ = 0 against H; : £ # 0. It is worth noting that
under Hy, the parameter ¢ becomes unidentified, hence we have a nuisance parameter
under the null which is often termed as the Davies’ problem (Davies 1977, 1987). We
will start of assuming that the parameter ¢ is fixed and then relax that assumption

to do the test. Define the dependency function for some fixed and finite r (<t — 1),

T

01 (Wes Ye—1, -, y1) = (yr — 0.5) Z ¢ (Yros —ma). (27)

s=1

Hence, if ¢ is a known constant and for some finite r, as shown in the Addendum
A subsection 5.0.2, the smooth test statistic incorporates the LM test similar to
Andrews and Ploberger (1996),

k 1

. 1— o

Ui, = Zuf + v? <a%m11 : _gz))
=1

It is worth noting that putting ¢ = 0 we get back the test using AR(1) terms. In
order to test for dependence alone of ARMA(1,1) form we can simply look at the
second expression in (54) and follow a test procedure like the suggested in Bera and
Ra (1994) or Andrews and Ploberger (1996). See Ghosh and Bera (2005) for details.

We would finally suggest a procedure inspired by Engle (1982, 1983) where we

considered a weighted ARCH type alternative. The conditional variance function
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suggested by Engle (1982, 1983) was

1) —
(r+l)-s for some fixed 7. (29)

2
hi = ap + o Zws (ut_s — mg) , where w, = W

s=1
We explicitly derive the RS test for testing H; : oy = 0 against Hy : ay # 0 which
tests whether there is an ARCH term against a constant variance in Addendum A,

subsection 5.0.3. From our results, if r is a known constant, the smooth test statistic

(347) -
k+1 - ZU’ +v ( ( + 1) §m22> ~ Xi—l—la

where vy = \/Lﬁ Do (= 3) e ws (Yiy —ma) -

Unfortunately, this formulation also suffer from the Davies’ problem through the
choice of r, though to a lesser degree. We can choose the r through maximization
of some likelihood based information criterion or model selection. For details, see
Ghosh and Bera (2005).

Now suppose we wantto test for moments of the return distribution of hedge
funds (say, a hedge fund global index) and test for independence and identical
distribution. Using the augmented smooth test of density forecast evaluation , we
would be able to individually test all the moments of the distribution, say upto
order k = 4 (Ghosh and Bera, 2005). This can be used for testing both in-sample
(estimation and testing on the same sample) and out-of-sample (split sample and
estimate using one, and test with the other). We would also be able to test jointly
whether moments of the distribution are the same. In particular, as a corrolary to
Theorem 2 we can formulate a test for comparison of the a modified version of Sharpe
Ratio composed of the probability integral transforms and any other moment based
test. The attractive feature of the smooth test is that as individually each of the ﬁ?
are asymptotically distributed as x?, we can construct ratios of variables that will
be distributed as F'—distribution. One further note, as the Rao score or LM test
is transformation invariant unlike the Wald test, we would be able to run the test
whether in any equivalent way. We summarize this is the following theorem.

For the one sample version the test is straightforward. Suppose, we assume
the distribution of the index of hedge funds as F;(.), this can be generated using
the Cumulative Distribution Function (CDF) of returns of a relevant index fund
(say, the Hedge Fund Index). First, suppose we want to test Hy : up = Ry
vs. Hy : purp # Ry, we can use k = 2 or k& = 4 if you want to hold higher
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moments fixed. For simplicity, in our Theorem 2, we simply replace ¢ = 0. We
however, would be testing in the direction of normalized Legendre polynomials of
the probability integral transform of the original variable X;, hence the test is
Hy : 6, = 0 vs. Hy : 6, # 0.Since these are orthonormal polynomials =; (.)’s, we
do not need to recalculate the joint test statistic W2, with additional directions of
departure, simply adding 11? for extra j would suffice. For completeness, we de-
fined the probability integral transform g; = f_m;o fi(z)dz, t =1,...., T where f; (.)
is the probability density function (PDF) of the relevant index. As the probabil-
ity integral transform is a monotonic transformation, the directional results true in

y; are also true in the original variable x,. Further j** order normalized Legendre
polynomials are 7 (y) = 1, 71 (y) = VI2(y—3). m(y) = V5 (6 (y — %)2 _ %) ,

73 (y) = ﬁ(?O(y—%)3—3(y—%)) , T4 (Y) :210(y—%)4—45(y—%)2+§, etc.
Hence, the moments we are testing are in orthogonal directions of the normalized
Legendre polynomials of the probability integral transform.

Hence, we can define the smooth test statistic \i/%k for each value of £k =1,2,3,4
that provides the aggregated level of risk from each moment of the distribution upto
that k as the Smooth Total Moment Risk (ST M R%k)) measure with respect to the
benchmark distribution F; (.),

k n
. 1
STMR%C) = V3, = 5 u%; ~ Xi, where up; = NG g 7 (Ye)
t=1

j=1

In particular, as we are interested in the amount of risk associated with 7"
moment in the presense of higher order moments upto k, we define a new measure
the i order Smooth Moment Risk <SM R;’“Z) with respect to F'(.) as

2

U -

SMRY) = " ~ Fi
’ Zj:lu%,j/ (k—1)

JFi

has a central F' distribution with 1 degree of freedom in numerator and k£ — 1 degree
of freedom in denominator asymptotically. For k = 2, this can give the overall risk
associated with the first moment direction. For higher values of k, we can identify
the levels of return risk from higher order moments. The main advantage of these
smooth moment risk measures are they are themselves test statistic with tabulated
asymptotic distributions.

These can be generalized to include different flexible dependent structures like
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AR(1) or ARMA(1,1) as dicussed before, to get the Dependence Smooth Total Mo-
ment Risk (DSTM Rg+q)) with benchmark distribution F; (.)

DSTMRY =%, =U'U+(V — BU) E(V - BU) ~ 3,

where U,V, B and E are as defined in Theorem 2 and proof.

Similarly, the different dependence functions can be tested with the " Depen-
dence Smooth Moment Risk (DSM RgH)) (like the Autocorrelation Smooth Moment
Risk, Leverage Smooth Moment Risk, ARCH smooth moment risk etc.) as

Correctionp; a

DSMRY) = e
" DSTMRW /k

1,k

where Correctiong; is the correction factor that itself has a x? distribution asymp-
totically. These can be extended to a variety of tests that are targeted at particular

moment risk premia.

4 Empirical Applications: Checking for Evidence
for Market Neutrality in Equity Market Neutral
Funds

We address the issue of distributional test of neutrality of equity neutral hedge funds
using a equity market neutral index fund provided in Diez de Los Rios and Garcia
(2009). In particular, we want to compare the equity neutral fund index (C4 in their
Table 1) with the global index they created. The data provided is monthly between
Jan 1996 till March 2004 (99 observations). We would compare some standard risk
measures and our smooth moment risk measures across the board. We wish to
address the issue raised in Patton (2008) about whether Equity Neutral Funds are
truly neutral with this index returns.

We first estimate the parametric distribution of the global hedge fund database
using the smooth test technique starting with the naive model with the empirical
distribution function (EDF), then gradually increase the level of complexity (reported
in Table 1). We observe that there is substantial difference of all the moments
in particular, the second, third and fourth moments from the market index fund
(here we are using the Value Weighted S&P 500 returns from WRDS database).
We further update the model using an ARMA specification, but it gives the same
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qualitative results, although now only the second and fourth moment are signficant
(u? = 0.42 or u3 = 109). We introduce conditional heteroskcadisticity along with
MA(1) term. We also introduce leverage effect in the model by using a linear GJR-
GARCH model. The overall smooth total moment risk (STMR) declines slightly with
higher level of compexity in the model,. and is statistically distinguisble from the
equity market index particularly in the directions of the second and fourth moments.
The first smooth moment risk (SMR;) shows that the MA(1) t-GARCH(1,1) gives
very small and statistically insignificant measures in presense of 4 moment directions
for all these models F. It appears that the main dispersion is coming from the second
moment risk (SMR;), however, none of them turn out to be statistically significant at
5% level in the presense of higher order moments. This implies that there is significant
influence of higher order moment directions like skewness and kurtosis that affects
the returns dispersion. If however we use only moment moment directions there will
be overwhelming evidence that the second moment direction is strongly significant in
determining Equity Neutral Hedge Fund index returns. So based on this evidence we
cannot support the claim that Equity Neutral hedge Fund index seems to be fairly
independent of the market risks both in returns and in volatility. We also calculate
the augmented smooth test jointly for autoregressive and ARCH type errors that
gives the dependent smooth total moment risk (DSTMR(®)), which shoes a very
similar pattern as the STMR® and hence dependence across the moments does not

seem to have an affect either.

F(.) STMRW | a2 a2 a2 a2 | smMrY | smr{Y | DSTM R
EDF 201.86"" | 4817 1046 2283 6962 | 007 | 323 | 201.88"
(0.00) | (0.03) (0.00)  (0.00)  (0.00) | (0.81) | (0.17) (0.00)

ARMA(1,1) 104117 || 042 109”209 826 | 001 | 384 || 194.88"
(0.00) | (0.52) (0.00)  (0.15)  (0.00) | (0.92) | (0.14) (0.00)

MA(1)- 183.64”" || 036 10580 1.88 755" || 001 | 4.09 183.8"
t— GARCH (1,1) | (0.00) | (0.55) (0.00)  (0.17)  (0.00) | (0.93) | (0.13) (0.00)
MA(1)-t- 172.49" | 0.48 102187 245 6738 | 001 | 436 17262
GJRGARCH (1,1) | (0.00) || (0.09) (0.00)  (0.12)  (0.00) || (0.93) | (0.13) (0.00)

sk ok

significant at 1% level.” significant at 5% level.

Table 1.Smooth Moment Risk and components (p-values are in parenthesis).

We use the MA(1)-t-GARCH(1,1) as a benchmark distribution of the market

27



index (Value weighted returns), and evaluate all the 10 hedge fund indices. We
wanted to evaluate how the market index affects Hedge Funds in our sample, in
particular with respect to the Equity Market Neutral Index (Patton, 2008). We
observe strong overall statistically significant difference or significant STM R®* al-
most all hedge funds indices except Emerging Markets and marginally for Dedicaed
Short Bias funds. This is expected, as Emerging Market funds often include all asset
classes, hence it is very much like a mutual fund in that respect. We find Equity
Market Neutral Funds to be quite strongest in significance in smooth moment risk
coming from all moment directions (ST'M R = 183). This does confirm the doubt
about overall market neutrality of such funds (Patton 2009). If we lookly closely
enough, none of the significance is coming in teh direction of the return level (a?)
but mostly, from the second moment dispersion (43) except emerging market funds.
Convertible Arbitrage and Fixed income arbitrage from the index, particularly in
the direction of the second moment. This does assure us that hedge funds indeed
does "hedge" or change teh variability of the return distribution compared tto an
equity fund. There is however a very strong influence on higher moment directions
that causes the F-statistics in the form of both first and second Smooth moment risk
(SMR) measures. They show that comparatively there is insignificant effect in the
direction of the first risk moment (SM R;) for all funds. Further, only Long-Short
Equity that thrives on volatility, and Managed Future funds have a higher contribu-
tion of volatility compared to other moments (SM Ry). We also looked at the level
of dependence in terms of autoregressive smooth moment risk (D.SM R®) and found
no residual dependence in that direction.

We also report the Sharpe-Lintner CAPM based measures like the Beta (3) and
Jensen’s alpha (a). As expected the Market Neutral Hedge Fund does show close to

" as it is close to zero, but so is Global Macro and Fixed Income

"Beta neutrality,’
Arbitrage. The highest beta is for the Emrrging Market fund that is really an
international mutual fund, and the lowest one is on Dedicated Short Bias that thrives
on betting against the market. From the smooth total moment risk standpoint
(STMR), Beta does not replicate the same ordering. This is expected as beta is
based on inherent normality assumption of CAPM that assumes away dispersion
risk in higher order moments. In fact, systematic risk from beta can be take to
be the risk associated with market, hence those funds which play the market like
emerging market and dedicated short are most sensitive, while equity neutral strategy
is not. Higher Jensen’s alpha also do not price higher order moments hence are not

dependent on STMR. Using Spearman’s rank correlation and Pearson’s product
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moment correlation (not reported here) we see that STMR is negatively correlated
with Beta, moderately correlated with alpha and quite strongly correlated with the
Sharpe Ratio.

(4) (4) (4)

sTMR® | a2 SMR)” a2 SMRS” | AR™ DSMR™ | Beta | alpha
Under Hy ~ Xi Xi Fi3 X3 Fis X Fia to7 tgr
C1 Cnvrt. Arb 156.12" | 0.05 0.00 93917 453 |032 0.01 0.34 | 4.63
C2 Fxd. Inc. Arb. || 176.42" | 0.49 0.01  98.76" 3.82 |0.89 0.02 0.06 | 2.68
C3 Evnt Driven 11552° | 0.00 0.00 775 612 [012 0 0.49 | 239
C4 Eqt. Neutral || 183.64" | 0.36 0.01  105.80° 4.09 |0.06 0 0.05 | 3.34
C5 Lng-Shrt Eqt. || 28.6° | 0.16 0.02 274" 685" |1.09 0.15 098 | 1.72
C6 Global Macro || 83.75" | 0.79 0.03 59.71" 7.45 |0.72 0.03 0.07 |2.05
C7 Emrgng Mkts. || 5.04 091 066 14 1.15 | 3.07 244 1.69 | -3.44
C8 Ded Shrt Bias || 11.77° | 348 126  5.78 280 |0.14 0.05 -1.77 | 7.83
C9 Mngd Fut. 32367 [1.00 0.1 2856 2255" | 1.03 0.13 -0.11 | 2.8
C10 Fnd of Fnd | 9426" | 0.61 0.02  67.17° 7.44 |0.01 0.00 0.53 |-0.57
Global Index 7413" [ 011 011 584"  11.14" | 0.01 0.00 0.67 | 0.32

Table 2: Hedge Fund Styles and Smooth Risk Moments with R ,;=3.775% (+sigm’ f.at 5%, signif.at 1

From tests with the market index we would like to explore the relationship with
the Global Hedge Fund Index (Diez de los Rios and Garcia, 2009). Table 3 also
provides the Sharpe ratio for all the hedge fund indices (using Ry = 3.775, given
in Table 1 of Diez de los Rios and Garcia 2009). Both the Arbitrage Funds (C1
and C2) shows a substantial risk exposure measured by STMR compared to the
Global Hedge Fund Index. Both these are in the specific direction of volatility
as shown in 42, however due to the presense of significant higher order moments
their contribution measured by Smooth Moment Risk of first and second order are
not statistically significant at 5%. This implies that the arbitrage funds probably
strategize on oppurtunities that possibly assymetric , and in the tails of the return
distribution. Further, we find that event driven fund, long short equity and global
macro shows very little dispersion in moment risk from the global index as they form
a majority of the funds out there at that period. However, equity market neutral
funds have has a strong deviation in the direction of the first moment though overall
it is similar to the global index. Short bias and Managed Futures funds shows affects

of overall dependence and variation in volatility risk from global hedge fund. Fund of
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Funds is very similar and indistuishable from the Global index. Sharpe ratio gives an
indication of the level of risk assuming underlying normality. Hence funds that have
higher order moment exposure like Arbitrage funds and dependence like Managed
Futures and volatility dynamics like dedicated short are not adequately treated by
the Sharpe Ratio.

sTMR™”  DSTMR® |42 SMR)’ a2 sMrS” | AR psMRr™ || SR
Under Hy ~ XZ X%‘ X% Fis X% Fis X% Fia T-31
C1 Cnvrt. Arb 136 17.63" 1.14 0.27 10.38"" 9.67 3.77 1.11 1.63
C2 Fxd. Inc. Arb. || 33.377 34767 0.38 0.03 11.98™" 1.69 0.59 0.07 0.73
C3 Evnt Driven 461 7.99 0.07 0.05 2.69 4.2 0.74 0.64 1.02
C4 Eqt. Neutral 6.33 7.15 517 12447 0.26 0.13 0.00 0.00 1.29
C5 Lng-Shrt Eqt. || 4.65 6.09 1.07 0.9 1.08 0.91 0.39 0.34 0.78
C6 Global Macro || 5.89 8.32 232 1.95 3.43 4.18 1.06 0.72 0.4
C7 Emrgng Mkts. || 5.55 6.89 222 2 0.18 0.1 0.58 0.42 0.45
C8 Ded Shrt Bias || 8.78 12.97 224 1.03 4217 276 | 247 1.13 -0.18
C9 Mngd Fut. 7.96 17.617 0.81 0.34 56177  7.16 824" 4.14 0.23
C10 Fnd of Fnd 2.81 457 1.01 1.68 0.03 0.03 0.05 0.07 0.47
Global Index 0.69

Table 3: Hedge Fund Styles and Smooth Risk Moments with R ,;=3.75% (" signif.at 5%, signif.at

5 Conclusion

Financial risk evaluation had attracted substantial attention of late both in the acad-
emic community and outside with the growing financial crisis that might have had its
genesis in faulty methodology. Rampant use measures like Value-at-Risk as expressed

by practitioners, consultants and field experts described in the New York Times as

Risk Mismanagement (http://www.nytimes.com,/2009/01/04/magazine/04risk-t.html?em),

fails to prevent the effect of “black swans” or very rare events like market crashes
or meltdown. Our objective in this paper is to look at the instruments of risk as-
sessment like the Sharpe Ratio that are commonly used and make it more robust in
cases of extreme uncertainty or misinformation that leads to noisy data (see Garcia,
Renault and Tsafack, 2005). One way of achieving that would be to account for the

higher order moments of adjusted return distributions.
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We would like evaluate the effectiveness of the forecast models for risk man-
agement using out-of sample performance (see Santos, 2008). Hence, out-of-sample
forecast evaluation of Sharpe ratio or risk adjusted return distributions using “in-
sample” bootstrapped confidence intervals might not be optimal in case there are
structural breaks. Further more, the commonly used risk measures like the Sharpe
ratio or Value-at-Risk might not be “a coherent measure of risk” (Artzner et. al,
1999, Garcia, Renault and Tsafack, 2005). Under certain weak parametric speci-
fications the entire distributions of the Sharpe ratios can be compared themselves
using smooth type tests. Distributional tests of Sharpe Ratio is still in its infancy
particualrly accomdating for higher order moments and dependence. An exploration
of comparisions of various measures proposed particularly in an inference context is
an object of ongoing and future research.

Finally, another possible aspect of returns data is selection biases like survivor-
ship and other non-linearities particularly for Private Equity and Hedge Fund data
(Agarwal, and Naik, 2004,. Diez de los Rios, A. and R. Garcia, 2005). Ideally, a
model selection and testing procedure should be robust against such problems of
truncation or censoring (See Ghosh, 2008). We would explore the robustness proper-
ties of the proposed test procedure in the presence of survivorship and other selection

biases (Cakici and Chatterjee, 2008, Carlson and Steinman, 2008).
Appendix Al (Proof of Theorem 2)

5.0.1 Proof of Theorem 2

Proof. In order to test for uniformity and as well as for dependence, one would test
Hy:0,=0,=..=0,=0; ¢ = ¢p2 = ... = ¢, = 0 against the alternative H; :
0; # 0 for at least one j or ¢; # 0 for at least one [. However, we have not specified

the forms of the functions ; (.) and d; (.) . The log-likelihood function is

> I (b (elyr yor o yem1)) = I f (Yo, vi-1)
t=1 t=1

n n k n q
= Z Inc(0,9)+ Z Z 0,7 (yr) + Z Z G161 (Yes Ye-1)
t=1 t=1 j=1 t=1 =1
k n q n
=nlnc(0,¢) + Z 0; Zﬂ'j (ye) + Z ol Z O (Yt Ye-1)
j=1 =1 =1  t=1
=InL =1, say. (30)
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So, if we use 0 = (01,0, ...,0;) and ¢ = (¢1, Pa, ..., ¢,) then under the null hypothesis

ol dlnc (6, 9) n
00, + T (Y
90; |g—0,9—0 00, 0—0.6—0 ; J
L d Olnc (0, 9) 1 &
Nox =V = "miw). (31
\/_ 05 19=0,6=0 00, o050 \/ﬁ; 5 (Yt
Similarly, we have
ol Olnc(0,¢) n
s L Y + >0 (Yt Yi—1)
3¢l 6=0,$=0 8gbl 0=0,6=0 ; ty Yt
L ol dlnc (0, 9) 1
- _ ydmell, o) N ).
Vn 9¢; 6=0,6=0 vn oy 6=0,4=0 NG ; L (Yes Ye-1)

(32)
Further, if we take derivative twice and evaluate at Hy : 6 = 0, ¢ = 0, from (30)

& _%(0,0)

89189] 9:07(25:0 89166] 6:0,¢:0
2 2
0l _, 9c0,9) , (34)
06100 | 50,5 90100; |o_o 40
2l 2
) _, cl0,9) . (35)
000 0=0,6=0 ofonteel 6=0,¢=0
Since (11) is a density function under H;, we have for each value of y;_4
1
6(9,415)/ exp [ZG 5 (y) + ZW& Ye, Y1) | dyr = 1. (36)
7j=1

Evaluating the identity in (36) at §; = 0, j = 1,...,k and ¢, = 0, | = 1,...,¢q,
¢(0,0) = 1. Also, if we differentiate (36) and evaluate at § = 0, ¢ = 0 the following
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results are obtained:!

, oc (0, !
() SO ee0.0) [ m e =0
i lo=0,¢=0 0
1
= 96, 9) =0, since / 7 (ye) dyr = 0, j #0. (37)
891' 0=0,¢p=0 0
dc (0, !
(i7) Cé¢ ?) + ¢ (0, 0)/ 0 (Y, ye—1) dy, = 0
L 19=0,¢=0 0
dc (0, !
= M = —/ 0 (e, Y1) dyr = 0. (38)
Iy 0=0,6=0 0
Pe(0.¢)  0c(0,9) [
dc (0,

0—0@@/0 7 (ye) dys + ¢ (0, ¢)/0 i (ye) 5 (ye) dyr = 0

1
= Cp,0, + Cp;-0 + cp,.0 + / i (Ye) 75 (ye) dye = 0
0

= Cp,0; = —Oijs (39)
N Ty . _ 9%c(8,¢ _0c(6,0)
where 6;; = 1if i = j; 6;; = 0if i # j, cg9, = aei(aej) 9050 and cp;, = I
Similarly, it can be shown that
0%c(0,0) 0c(0,¢) [*
. Y ) 5 _ d
(ZU) 8¢laej + 80] \/0 l (ytv yt 1) yt+
dc (0, 1 !
6.9) / T (ye) dy: + ¢ (0, ¢)/ 75 (Ye) 1 (Ye, Y1) dys = 0
oo Jo 0
' 0% (9, ¢)
= Cp0, = — | T, 01 (ys, ye—1) dy;, where cg9. = ————= 40
== G0 0 oya)ds where cap, = R a0

Finally, using the same procedure we can obtain

0%c(0, )

1
= —— 17 = — » _1)0 _1) dyy. 41
(U) Coigy D6:001 /0 0 (Yt Ye—1) 61 (Yr, ye—1) dyy (41)

0=0,4=0

'For (i) we can choose §; appropriately to make fol 01 (y#,y+—1) dy: = 0, this can be achieved by
.z 1 o 1
using 0; (Ye, Ye—1) = 0t (Yes Ye—1) — fo 01 (e, ye—1) dyq if indeed [ 6y (e, yi—1) dy: # 0.
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Using (i) — (v), the score functions under the null are given by

n

ol .
a_ezzﬂ-j (yt>7 j:17"'ak7
7 =1

) &
a—(m = ;(Sl (yt,ytfl) y [l = 1, .. q. (42)

The information matrix under Hy, Z is given by

foud! foud!
L [8989/} b [aqslae; ]

I:_ ! ) (43)
o2l o2
E[a@aeﬂ E[a‘f’i‘%l] 0=0,¢=0
where given [ is the k£ x k identity matrix
0?1 ]
———— | =nl
{ o000 | ~ "
i a2l T rrl
E |- =n|FE /71" 01 (Ye, yp—1) d ])
| 04,00 | ( /o 3 (60) 80 (91, 1) j=1,k; =1,....q
= E[nd],
r a2l T r rl
E |- - E 67, s Yt— ) s Yt— d
| 9000 ”( /o (s o yies) ytDj_l ..... 511
= E[60]. (44)

So, using the well-known results of the Rao score test, defining u; = \/Lﬁ S (),

j=1,...,kand v, = \/Lﬁ S0 (e yim1), L=1,....q,

I —1

vnU nly nE [md] VU ()
N4 I nE 78] nE [§0] N Xk+q

vl I E [md] v ,
- Vv ] E [71-5]/ B [55] 174 ~ Xk+q (0) ) (45)

where U = (uy,ug, ...,u)', V = (v1,v,...,v,) and x2(0) means a central x? dis-
tribution with d degrees of freedom. Simplifying the notation further, and defining
B = E[r6], D = E [60] ,from results on block matrices we have

I, B
B" D

Iy + BEB" —BE
—EB’ E
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where E = (D — B'B) " . From (45) and (46),

A E [r0] U ]

% Eré) E[§6] v
|vu+vBEBU-VEBU |, |,
N ~U'BEV +V'EV |

As FE is non-singular there exists a non-singular matrix L, such that F =

Substituting this in equation (47), we can rewrite as

UBEB'U - V'EB'U —U'BEV +V'EV

=U'BLL'BU —V'LL'BU —UBLLV +V'LL'V

:(UVYDV—(UVYUBW
—('BU) L'V + (L'B'U) I'BU
=(L'V-LBU)(L'V - LBU)

(LW B'U)) (L' (V — B'U))

=(V-BU)LL (V- BU)

= (V- BU)E(V - BU)

From (47) this gives

U'U+(V—-BU)E(V—-BU) &,

5.0.2 Case 1: (Fixed ¢) Test for Weighted Autoregressive Terms

(47)

LL'.

In our usual formulation with ¢ = 1, 61 (y¢, Ye—1, -, y1) = (g — 0.5) >0, "1 (y4—s —

we can obtain
n

1 r
= — r — 0.5 e (T
o v%??y )§;¢ (Yes — M)
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as the score function related to d;. Furthermore, given the model in (26), FE (y;) =
p=0,

r

/(; Ty (Z/t) Q17 (yt) Z d)sil (ytis _ ml) dyt

s=1

1
E |:/ T (yt> 51 (yhyt*l? "'73/1) dyt‘| =F
0

_ { W B[S 6 (g —ma)] =1

0 otherwise.

ay 1;?:;E (Yypos —mq) =0 if j=1
0 otherwise.
(51)

since under Ho, E (1—s —my) = 0, for all s. Similarly,

1 1 r 2
E [/0 [51 (ytayt—la ---791)]2 dyt} =F a%/o 7% (yt) <; 9258_1 (yt—s - ml)) dyq

, 2
= aiE Z " (Yoo — m1)]
s=1
1 — 2 1 — ¢2(")
= fﬁl_—%E (Yr—s —ma)* = af ] _¢¢2 mii,

since under Hy all y/s are independent, and F (y_, — m;)* = 02 = my;. Hence, the

asymptotic information matrix is given by

1 0 0 . B
1= 0 I+ O - k/ (53)
0 0, a2 17¢2(r) B D

17 1-gz M

Using the same notations as before we obtain the following results:

—¢?r m 2 __A2r m -1
()0 B =at 0 - () s p= - = a0
(1) U'BEB'U = 0.
(iii) U'BEV = 0.
(

-1
42T mii
i) V'EV = vIE = v? {a%—(l fb,¢)2 —} :
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Hence, if ¢ is a known constant,
k
2 2
E u; + vk

-1
—Zu +U1 |:(11 1qi<22m11}
~ Xk+1‘

5.0.3 Case 3: Weighted ARCH Model

The log-likelihood function is
1 — 1 e u?
L =Const — - Inh, — = —t
1 n
= Const — 3 Z In
t=1

Differentiating (55) with respect to ay,

n 2

t=1

T
+ } : 2 1 }: Uy
Qp Qaq WsUy_g| — = T 5 -
s=1 2 OéO + aq Zs:l wsutfs

;
aO + a Z s=1 wsut 8] 2 t=1 [040 + 631 Es:]_ wsu%—s]
n T
T E wsu?_,, where i = u? — .
s=1

2

= _ _Z Z =1 wsu? s} + 1 . u% [ZZ:]_ wsuf_s}

ja_L
aole

B 1
202 —

From (56) differentiating again

PL_ 15~ [Nlwad]t 2gn [Nl et ]

dai 2 oo+, wsuf_s]2 2~ lap+ar1 >, wsuf_s]3

2

%L I & d
= 507 E [2uf — ap] [E wsu?_S] .

t=1 s=1

= — —
2
doq |y
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Now taking expectation of (57) as n — oo the asymptotic information matrix is

]_O_/O
22 | = lim -2 N
H] nl—>Holon2aZ
0

2
Z wsut s]
1

= gnlingo - tzlszlw2E ut S} IID under H,

- Y oo ‘1;]5
_ 27%E o] £ D
-2 1 [ ] §£2(r + 1))
_ % putting E [u}] = 302, (58)

Hence, the Rao Score Statistic is

9.2
Qp
r

RS =n~ Z Zws wl (r+1) r(r+1) X4 Y ws“?—sr

=n n 2
(2r+1) (2r+1) 40570 uf]
(59)
which for testing for ARCH(1) becomes
noo~ 2
n [Zt:l u?u?—l] ) (60)

D) n 2
12 > i1 uy]

Now let us setup the augmented Neyman Smooth test for incorporating several

ARCH effects using a linear weighting scheme suggested by Engle (1982, 1983).

We choose

(r+1)—
5 1. — h s = T v
2(ytayt 1, 7y1) (yt ) Z yt s mz)’ where w %7‘ <T+ 1)

n T
5 a1 yt + aomo yt E Wy yt o= m2) is the score function.
=1 s=1

(61)
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Furthermore,

fol T (ye) (@171 (ye) + aoma (yr))

X Dy W (Y7o — ma) dy,
(B[ w, (g2, —ms)] ifj=1
=< aB Y w (yp, —ms)] ifj=2

1
E [/ T (yt) 52 (ytJyt—b "‘7y1> dyt:| =F
0

[ O otherwise.
{alzs LW E ( —mg) ifj=1
=9 ad . wE (yi, —ms) ifj=2
0 otherwise.

(Y w.E (g2, —my) =0 ifj=1

=q azd i wE (yP,—me) =0 if j=2

0 otherwise.
(62)

since under Hy, E (y_, — ms) = 0, for all s. Further,

B[ [ 2P tu] = 5

i (@ (o) + aams (y))? ]
< (S0 w, (2, —m2)) " dys

Zws v s—mz)r
AS L)

= a%mzz Z U}g (63)
s=1

= a1+a2

since under Hj all y;s are independent and F (yf_s — m2)2 = Moo, for all s. Hence,

the asymptotic information matrix is given by

100 0
010 0 I, B
7= § (64)
00 [_; O B D
000 34r(8j:1)) a5mas

Using the same notations as before we obtain the following results:

(i) D= B'B = 3% a3my = E = (D - B'B) "'
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(i) U'BEB'U = 0.
(i#i) U'BEV = 0.

-1
(iv) V'EV = v? [ 4(3+T)) a%mm} :

3r(r+1

Hence, if r is a known constant,

k

2, 2
E uj + vy B
j=1

‘= 3r(r+1)
~ Xerl' (65)
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